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qQLnku i

UwhdwlGnid 16: 4 pwqdmppul pninp hwydwl Ybinbph pwqdnipimGn
Ynsyfrd b wyn puwqdmppul hwlynid:

A pwqinpjwl tulynudp Y wlwybbp [4] wwjdwlwlwGny:

Uwhdwlnwd 17: A -G ynsymid ¢ shwly pwqdmpyniG, tpl wnbnph mGh

A=[4]
hwiwuwpnipiniOp.

UwhdwGnwd 18; g Ybwnp ynsdnid ¢t A pwqdniprwl vwhdwlughl wd
Junwgowl b, bt win Ybunh jmpwpwlsymn )powluwyp wwpmGuwlymd ¢ A
pwinigywl, a -hg wnwppbn qnbl dby Lbwn:

Jwulwlbwth &, np pwqdnpjwl vwhiwlwiha Yhvp Yupnn b wwinluwbbg,
Qupnn t Gwh swunnlpwGhb wjn pwqinpjwip:

Uwhdwlnd 19: 4 pwgdmpwl a Ybunp Ynsymd t wyn pwqdnippwl J6-
ymuwgywo Ybin, bpl wyl A pwqinipywl vwhowluwihG Ybw st:

3b2unnippuudp Yupnn GGp hwingyk), np npwbugh ¢ -0 (hGh 4 pwqinpjwl
dblynwuwgldwd Yhwn, wlhpwdbn t L pwywpwn, np wjb nbbiw wybwhuph p-
owlwip, npwntin g -hg pwgh 4 pwquinipjwG wyi Ybwn s1hGh:

Uwhdwlnd 20: a -0 ynsifmid t A pwqdmppul GenphG Ybwn, Gpb qninip-
Jma nGh wyn Ybnh wiowhup € powluyp, npl wdpnneniprwdp pbljwo ¢ A
pwqinipyuwl vby:

UwhdwbGma 21: 4 -G §ngyfnid b pwg pwqdmpint i, bpt Gpw pnpnp §bunk-
nn GbnphtG Ybintn &G:

Uy Swlnpwlwlp pyuwjhlG pwqdnipnilltph htiwn:

UwhdwGnwd 22: 1;2;3;... pybnh pwqdmpinilp Ynsifmd ¢ pOwlwl pibpfi
pwqinipintl.

Fhwlwh pytiph pwqdnpynilp Grwlwybind N -nY hwiwdw)b uwhdwG-
dwl YnGbGwGp

N={h2$“k

UwhidwGnS 23: POwlhwl pybpp L Gnwlg hwlwnhp pybph pwqdnipni-
ap. qpmyh hbwn dblpuntn, Ywaedmd 66 wdpnne pdbinh pwqinipymip:

Udpnny pubiph pwqinpyniGp GawGwybing Z -nd’ hwdwdw)b uwhdwldwh
L G6GwGp

Z={Qihiznk

Uwhdwlnul 24: p/q hwpwpbpmpiwl inbupny Ghpluywgynn pybnp, np-
wlin p -G L q -G wdpnnp pybp 6G, pOn npmtd q -6 hwdwuwn st qpoyp, Ynsynd
b6 nwghnGuy pybp:

fwghnGwy pYtiph pwqinpniGp YGwGwytGp Q-ny:

Uwhdwnid 25: UG pybinp, npnlp hGwpwynp st Gphuywglty plq hw-

-10-
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nwpbpmppul inbupny, npunbin p -0 L q -G wdpnnp pdbn 66 (q # 0), Ynsifrd 66
ng mughnbwy fwd hrwghnbwy pybn:

PrwghnGwy pybiph pwqinipntlp YowGwytGp 7 -ny:

Ophlwy 2: Ywpbih t hhnnpuidp hwinqyby, np JE -¢ hnwghnGwy phy L:

UwhdwGnd 28: wghnlwy b prwghnGuy pybnh pwqimpmGGbph dhw-
ynpmdp Ynsdmd b ppwlwl pifinh pwqinipim G:

bpuwywG putph pwqdnipynibp Grwlwytiing R-ny’ hwiwdw)l uwhiwG-
dwG YniOLGwhp

R=QUI:
Uwhdwlnd 27; a pyp pwgupdwly wnpdbpp oh ns pwgwuwlwi phy ¢,

npp Gowlwlydncd ¢ la| -ny b vwhowldmd ¢ hbwnlbywy Ybmy®

al= -a,btipb a<0,
al=
a, tipti a20: 2

Gupnn bOp htiznnnippudp hwinqut; hbitnlywy wlnnuiGhph 620wpuwghne-
pjwl dty’

1°.dbpgwinp pyny hpwlwl pdbph qnidwph pwgwndwl wpdbpp sh gb-
npuwqulgmd wyn plbnh pwowndwly wpdtipGbph qmdwnp.

la,+a,+-+al|<|a|+|a]|+--+]a]: 3)

UwubGwynp nbwpmd, gwiuwgwd a L b ppwliwl pdbph hwiwn inbnp
n Gh

la+ 8] < o] +[8} @)
wlhwdwuwpmpiniGp:

2. a L b hpwlwl pdbiph tnwppbpnippwl pwguwndwly wndbpp hnpn st
wyn pdbiph (Gqwé hbppwiwlmpywdp) pwguwpdwly wndbplbph nwppbpnp-

JntGhg.
o~ o2}l @
3°. Uh pwGh pdbiph wpnwnpyuih pwguwnpdwly wnpdbpn hwdwown t wn
pdbpfh pwgundwly wpdbplliph wpwnwnpywihl.

lag, - a|=laja--[al: ®)
Uwulbuwnp nbwypmd, gwllwgws a L b ppwlhwl pybph hwdwn nbnh
mGh
Job} =alls] (| =1al) (5)
hwifwuwnnipymGp:

4°. Luwinpnh pwgunduwly wpdbpp hwwuwn t pwdwibihh b pwdwlwpw-
nh pwgwnpdwly wpdtipGbiph hwpwpbpnpwip.

%1=l‘§ll- (b#O): (6)

-11-
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UwhdwGmd 28: U d6ompynilp, nplG pnmamd t apwphg tnwppbn pyuw-
JhG wndtiplbn, gnsdmd b hnpnfuwlwl d6nipim0 wd wwpquubu’ ¢hngin-
Juwlhwi:

VwhiwGmd 29: Oninfuwlwl s66mpywl pninp wndtiplbph hwdwfunid-

2o ynsdmd ¢ wyn dbSmpywl hininfudwl inppnyp:
Uydd nhinwpytlp Ywiduwjwlywo whytpe pyuwjht pwqdnipynih:

Uwhdwnud 30: YwubliGp, npn X pyuyhl pwqdmpinilp vwhdwluhwly t
{tiplpg (Gnplpg), bpL qrympyml nibh wylwhup M (m) hwutunnmd, np X
puqunipnuwl quililjugqws x - hwdwp nbnh mih x<sM (x2m) wlhunfunnw-
npnpnep:

Phpdwé uwhidwGdwlp puwdwpwpnn M (m) php Ynsynid ¢ X pwqimp-
Jwi bphG (unnphl) bgp:

Uwhdwlmd 31: @4wihG pwqdnpiniGp Yngynid t vwhiwbwhwly pug-
onupynul, Gpb wyt vwhiwGwihwy t W dbplhg, L Gpplhg:

UyGhwpun ¢, np X pwqdmpnilp YhGh vwhiwGwpwly uyl b dhuyl uyl
nbwpmd, bpp qympyntG mOGlw wiGwhuh M ppwlws phy, np X pwqdnip-
Jwa popnn x -6ph hwdwn wnbnh nbbGw

M <M )
whhwiywuwnpmpintop:

Jwuywiwth t, np Gpb M -p ¥ pwqimpyuwl ybiphG tiqn t, wuw M -hg 06o
gwlywgwé phy Onulwbu wn pwqdnupjuil YtiphG tign t: WuhGph, bpt pyujhG
pwqinip)niGG nuGh ybpowynp 4biphG Gagp, www wjG mGh wiphy pwqinip-
jwip ytphG Lqpbp:

Lnyl duny, tpk m -p X pwqdnpjwl uwnnphG bqp t, wwyw m -hg thnpp
gwllwgwé phy Gnylwbu win pwqdintpjwl uwnnphG tqp t: Luhlpt, tpk plw-
JhG pwqinpyntfl nGh Yppwynp utnnphl biqp, www wjG nubh wlphy pwquint-
pjwip unnnphG bgptip: )

Uwhdwlind 32: X pwqdnipiwl JbphG bagnbnhg wibGwihnppp §nginid
t wyn pwqinppwl Grgphwn Jbphl bgp L Grwlwldm o ¢ M* -ny fwd sup X -nyf
(unuppbonid), puly unnphG bqpbinhg widbGwdbon' ygnppin wnnphl bgnp L Grw-
Gwldnid b e -ny uwd inf X -pyf (hGphdnmd).

Lgtilp, np X pwqinipjwl G2qnphn dtiphG tapp thadhG plntpwgnynid t
hbwnbyw; Gpynt wGhwwuwpnipintGGhpny.”

w) Vxe X, xsM" (pwGh np M°-p X pwadnpjwl tphG tgp b),

p) Ve>0, Ix e X, np x> M’ —¢ (pwlh np M°-p X pwqinipjwh Sqnhn
ybphG banG t):

) vx b 3m wunydwOwGauGibpp hwdwwuanwsuwGwpwn unnuwgynud b6 «guilluguwd x -h hw-
Swip» L «gnpnepynil nuGh m »:

-12-



§18
Lnuh dlny, X pwqdmpywi S2gphwin utnphG Gapp thndhG pGnupwgnynud
b htinbywy Gpynt wihwywuwpnipynmGobpny’

w) Vxe X, x2m" (pwGh np m*-p X pwqlnpjul uinnphG tgp t),

p) Ve>0, 3x,e X, np x,<m’+¢ (pwlh np m*-p X pwqimpjwh Ggphin
uwnnphl tqnG t):

MuydwlwynpytiGp Owl, np Gpb X pwqinipyntGp Jbplhg uwhdwGuwdiwuly
st, www wyn pwqdnpjub Sgphn aphl bqpp wynu wiuwhdwGnepndGG t:

Lnyh dlny, tpt X pwqinpynilp Obpplhg vwhiwlwhwy st, www wjn
pwqinipjwl Ggnphwn unnphl Gqpp Ghintu wivwhdwbnpntGG t:

Pwih np vwhiwbwhwly pwqdnigim Ol wlybhwpnnpbl nGh wiphy pwq-
dmpywdp JbphG Ggnbn L waphy pweimpjwde utnnphlG bqpbn, wuww hwnpg ¢
swamd. wpryn’p (iplhg (Gnplpg) vwhdwluhwly pwidnpinoG mah grgppun
ybpht (unnpht) bgn:

Jwngl hdwun nibh, pwbh np dhawn 3¢, np wiyting pywiht pwqinipynlGG
hp Yuwqdnid nilh deéwagnl Yud thnppugnyb phy:

OphGwy 3: (0;1) pqujhl pwqinipyniGl hp Yuquimd gnuGh ng watiGuhngp phy L ng
tp wobGwdts phy: UhGsntin [0;1] pwqinieymGh nuGh b dhyp, L §jntup:

Muwpqymd £, np wybniwibow)Ghy wbnh nbh htwnbywy pbnpbip, npp pb-
pnud Glp wnwlg wwwgnijgh’

Bunpbd 1: Jbplpg (Ghnplhg) vwhdwlwhwly ympuwpwlsymp pwqdnip-
Jmg mGh grqppn JenhG (wnnphl) bgnp:

dbppnud SwilinpwGwlp Gwh hbwnbyw) uwhdwlGnidGeph htun’

UwhdwGnid 33: a<x<b wlihwywuwnmpmGhbnhl pwdwnpwpnng pn-
nn x -bph pwqdmpimOp GwldwiGblp a L b Suypwlbinbpny dhowluyp L
YGpwhwlybip (a,b) Wuydwlhwlywiny:

Uwhdwlnid 34: g<x<b wlhwwuwnnipmGabpht pwwpwpnn pn-
(nn x -bph pwqdnipinlp Guwldwlbbop o L b dwypwlbinbpny (hwly) dhow-
Ywip ywd hunnfwo b YO wowlbip (a,b] wuydwliwlywlng:

Uwhdwenid 35: a<x<b (a<x<b) wlhwdwuwpmpimbGbphG punjw-
pwpnn pgnp x -bph pwqdmpiniOp Ywiuwiblp a L b dwymwlbinbpng Yhuw-
pwg (qwd Ypuunpurly) dhowlpup b YGrwiwlbip (a.b) ((a,b)) wuydwlwGiu-
any:

wGwhu gnd YniGEGWGP Gwl (—o,b), (~0,], (a,+®). [a,4+x), (~o,+0) Yh-
uwwbybpy Ywd wGjbnpg Showlw)ptiph hbwn:

-13-
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§19. Qunuwthwp pyuwihG hwonppulwinipjwl dwuhl: Bdwjhi
hwonpnwlwlnipjwl vwhiwbp: Uwhiwlwhwy L ny vwhdwbw-
thwy hweonppulwbnip)ntGatp: Uwhdwl niGigng hwenpnwlw-
GnipjwG uwhiwbOh dhwynipjnilp: Uwhdwl nGlignn hwonpnu-
Jwlnpjwt vwhiwGwhwynipjniip: Vwulbwlp hwenpnuwlwline-
pjnLGGEp:

Uwpbdwwhiywih hhiGwlwh hwulwgnipintGibphg dGLh' hwenpnwlwbne-
pjwl hwuyuwgnipjwl htwn Swinpwlwint hwiwp, nhinwpyhip wsiwG Ywp-
any nuuwynpywsé piwlwl pybph htnbywy wnpp’

L2,....nn+1,...: M

Gt nplt opbiGpny (1) wnph wenwiGbpp thnfuwphlbGp hpwlwl pybipny,
www Yuinwlwlp dh Gnp pwshG Jwpp.

30O 36 S 2)
nph winwilbpp nwuwdnpywé b0 wyn winwibbph hwiwnpGtiph wéiwh Yup-
qny’ pln npnud hwdwpwlwdwlp dwubGwlygnd &G pnpnp pGwlwG pytpp:

Ulwipwgpdwo duny winwgywo pduyhl )wnpp hwidwiblp pyuyhl hwenp-
nuwlwlmpynt G, huly x, (n = 1,2,...) pYbpp” win hwonpnuwiywlniprwl winwdlbn:

x, (n=12,...) pubnhg Yuqdiywé hwenpnuwlwGnip)niGp tnpbidl LO2wlw-
yhGp {x} wuydwbwhwbny:

Ophlwy 1: Swlipwhwyh nwpngwijwld nwupGpwghg hwjinGh &G htwljwy hwenp-
nulwlnipmGotipp’

w) a, a+d, a+2d,...,a+(n—1)d,... (d—canst),

p) b, bqg,bq’,....bq"",... (q=consl),

npnGghg wowehlp, hoswbu ghwntlp, Yngynid b pwpwlwlws wpngptiuhu, hul bpypnp-
np’ bpypwgwduwlywh wpnqpbiupus: .

Ujdv Swlnpwlwlp (2) pdwihl hwenpruwlwbnipjwl uwhdwlh hwuljwgni-
pjwl htwn:

Uwhdwbmd 1: g phyp ynsyntd t (2) hwenppuwilwlnipiwl uwwhdwd, bpb
quwlwgws s ppwlwl pdh hwdwn qninipiniG niGh wybuhup n, hwdwp, np
h&Gg n2n,, wnbinh ntGh

Ix,—al<e (3
whhwywuwnmpniap:

UG thwunp, np g -0 {x} hwenpnwlwinipywl uwhdwGa t, Y60 hbwnlywg

Ubpy’
limx, =a (4)

[

L YwubGp, np » -p wiybpeh dqubithu, {x.} hwenpnwlwhnipsnilp dqund ta -h:

-14-
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LwnkGp, np puwhl hwenpnwlwlnippul vwhdwlh uwhdwGndp Yupb-
th t dhpwélawlybnuby htwbywy Ybpy
UwhdwGnd 2: a phyp Ynsdmd ¢ (2) hwonppwlwlmpnul vwhiowd, bpb
wyn hwonpnwiljwlGmpywl winwdGbpp gublwgws swihng dmnbGmd &G a -hG

(uyuwo pls np n, hwiwnhg):

LatGp, np n, hwdwpp, npwbu Yuinh, Yufudwsd t ¢ -hg L € -p hinppwglt-
inG qnigplpwg w;b plnhwipwwbuy wuwd dESwlnd t:

2utinp t Jwnoky, np pninp hwenpawlwOnipniGGtna nGbG uwhdwG: Ujn
Juywlgnipjwdp plipklGp htnbyw; uwhdwbmdp

Uwhdwlnd 3: Uwhdwl niGlgnn hwonpnwlwlniginiop Ynsyfnid £ qnt-
quibn hwonpnwlwlmpml, puly vwhdwl snibbignn hwonppwlwlmpinmanp’
wnwpwidtn hwonpnwlwlnipini:

JwulwGwh t, np pGnhwGnip nbwpnd, hwonpnwlwinipjwl wanwdiGtpp
Juwpnn G L hwipGyGki:

Ophlwy 2: Mwpgk) hbwnbjwy hwenprwlwbGnipinblbiph qniquidhunnipywl hwpgp'

1 1+(-1

wlen ey, @ ki=s mMr{l:

Lnudntd: w) Rwlh np g =1 nbwpmd guwllugws » -h L gwbwgwd ¢ npuljwt pyh
hwidwp nhuvwpldng hwonprwuwingwt winudGhpp pwywpunpnd 66 (3) whihwfwuw-
pnwpjwlp, hbwnbwpwnp {x.}=1 hwpnpnuwwinipjul vwhdwip 1-G t:

P) Spywé hwenpruwwnipintGp pwnwgwd t dhwjl -1 L 1 wpdtpliphg L wiGhuwy-
nnpbl nwpwdtn t:

Ppnp, bpb blpwnpblp, ap a -0 {x }=(-1) hwerpnwywinipws uwhiwGh t, wuw

Yquwlp hwlwunipjwa, pwGh np, ophGwy € = 0,1 wpdbph hwdwn gnynepynil snibih uylugh-
up hwdwp, nphg ufuwd wyn hwenprwwbnipub papnp winwdlspp pujwpwpbo (3)
whhwwuwpnipywip:

1
q) {X.}=; hwonpnwwlnipjwl vwhdwlp qpnG t, npmdhbink guiiwgwd € nhw-

4wt pyh b 1/¢ -hg 666 pninp -bph hbwidwp wjn hwenprwlwinpjwl wlnudttpp pu-
Jupwpmd &0
s, -0 =[x =L <o
. 4=

wlhwywuwpnepjulp:
n) POswbu L Gwhunpn hwenprwlwintpjwG abwpndd, wpon GGp hwdngqybi, np

fr)- 2L

hwonnnuwiwinipywl uvwhdwGp qpnG L:
Jwgnpnwwbnipjulb uwhiwbp Bpypwswihnptl ShYGwpwls n hwiwp
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(3) wOhwywuwpnipymbp GGplYuwswgltlp
a-g<x <a+¢ (3)
wntiupng L (2) hwenpnuwinipjwl winwdbbplb nt a, ate pdbipp wwwnlib-

pbGp pdwjhlt wewigph hwiwwwunwuhuwl Yhnbpny: Ujn nbiwpndd, bpb 6o-
pwnpklp, np a -G (2) hwenppuwwlnipjwl uwhiwil b, wwyw Yuinwlwbp, np

gwliwgwéd ¢ npwlwlt pyh hwiwp qninip)nitG ntGh wybughup n, hwdwp, np
wjn hwiwphg ufuwé wnbnh nibh (3) wihwjwuwpnipynlp: Uuwép Gouwlw-
ynd &, np Gpb a -0 (2) hwenpnwljwinpjwl uwhiwho b, www win Ybnnh hGs-
whuh 2pewlwyp tp Yyepgltbp (GY.7), qnynipyntd YniGbGw wylwhuh n, hwdwp,

np wjn hwiwphg vljuwsd wpdwd hwenp-

5. 8. 8%¢ »>x NwliwinipjwlG pagnp whnwiGbpp YpGLoka
B X Xa & a Ytwnh £ ypowljuwph dbip:
ay. 7

Uydd Swinpwlwlp vwhiwlwhwy L ny uwhiwiwdwly hwonpnwlwlnig-
jnuiGEph htw:

LuiGh np (2) hwenprwiwbnipjnilp pughG pwqinipynl b, hbnlwpwp Gu-
funpn Wwnwapw$dh 30-pn L 31-pn uwhdwlnudlbpp wwpwdymd 6G Gpuw Ypw:

Fbuinbwpwp, {x} hwenpnwlpwbnipim Gp Y hah vwhbwlunpwly wyl b dhuyl
wyl dwdwlwy, bpp gninpimb mbbow wibwhuh M npwlwl phy, np win hw-
onpnwlwlnipyuwl popnp wlnwdlbph hwiwn wnbnh moGow

Ix|sM (5)
whhwiwuwpmipiilp:

dbpngnpwihg hbwnbmd t, np bpb {x} -p uwhdwlwhwly hwonpnuwlwbnip-
Jml gt, wupw pGswhup M npuwlwl phy & ingGlp, qninipintd ymGblw wyl-
whup n, hwiwp, np x, whowdh hudwnp nbnh imGbGw

|x”‘ >M (6)
wohwywuwnnipymGp.

Ujtnihbiink: wwywgnigtGp hwenpnwlwinipjnuGGephG ybpwpbpnn 6h pw-
Gp Ywplnp pbnpbdGbp:

Ptnptd 1: &pb {x} hwonpnuwlwbnipywl vwhowlp a -G t b a>b, wyw
qrynpyntl ntOfp hwdwn, nphg uljuwd inpdwo hwenpnuwlwbnepywl ponp wi-
nwitknp V66 EG b -hg:

Uwwugniyg: dhgnip o -0 {x} hwonpruijutnipjwl uwhiwGo t L -0 JE6
t 5-hg:

Wn nbwpnid hwenpnwywGnpjwl vwhdwbh vwhiwGiws hwiwdw;G,
gullwgwd ¢ npwlwd pyh hwiwp gnynipymb niGh wybwhuh 7, hwdwp, np
uyn hwdwphg uluwd inkinh mGh (3) wGhwywuwpnepyniOp: JdbpgGhing ¢ -p
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thnpp g-5 wwppbpnipjnibhg’ YniObGwhp
b<a-t: (7)
dbpoht wlihwywuwpnipjwl hwdwnnidnd, Gnyl x -tiph hwdwp (37) wo-
hwywuwpnipyntGGtphg uwnwbwbp
b<x,:
hupw

PGwywlwpwp, Shon Gniys dlnd wwwgnigynud b Gwh hbwnbywy plinplidp’

@Bbnpbd 17 Epb {x} hwonpnwlwGnipywl vwhdwlp a phyfs ¢t L a<c,
www qympntd nLGh hwiwn, nphg vhuwd hwenppwlwlnipywl popnp wo-
nwdtkpn hnpp 6G ¢ -hg:

ItwnlawGp 1: Epb {x} hwynpnuwlwlmpywl vwhdwlnp npwlywl (pwgw-
uwlywl) phy t, wuyw qrympim G mGh hwiwn, nphg vhuwd hwenppwlwlnip-
Jwl ponp winwdbbnp Gnylbwbu npwlwl (pwgwuwlwld) 60:

2Luwlybpuwé htinLwipl wwywgmgbin hwiwp pwydulwl t ptinptd 1-nud
(ptinptid 1-nu8) plnnuGly =0 (c=0):

Ujdd wwwgnighGp htiwnbyuy jwplnp phnplidp’

Bhnpbd 2: Lpb hwonpnuwlwlnigim 06 mOf uwhiwl, wuw uyn vwhdw-
ap dhuwyl ¢
Uwyjwigniyg: @Lnpbil wwwgnighlip hwywunn plnnubb nipjwh inwlw-
yny:

hgnip {x.} hwenpnwywGnipyntGh niGh hnwnhg wwnpbp o L » uwh-
OwGObp: Npnzwyhmpywb hwduip GopwnphGp g <p L UtipgGblp a<r<b wwj-
Swlp pwjwpwpnn nplt » phy: » pyh GOwG pGunpnipniGp hGwpwynp k, npny-
hhwnbk guilhwgwé Gpynt hpwlwb pybph Shel gnpnupyniG nuGh bppnpn hpuw-
Ywl phyp?: Pwbh np o -0 {x} hwenpnwywbnipjwl uwhiwbG t L a<r, ntunp,
hwiwdw)h phinptid 1-h, gmynipynih nibh wybwhuh 7 hwdwp, np wn hwdwphg
uluwé nbinh nbGh x, <r wihwwuwpnipibn (GY.8):

Usntu Ynnihg, pwGh np 4 -0 OnyGwbu nhunwpyynn hwenprwlwbnipjwb
uwhiwG t, hbnbwpwn qnynip)niG nGh wybwhuh 7, hwdwp, np wyn hwiw-

a-g a a+s b-¢, b b+g,  phg tp uuwé ntinh mOh x, > wihwyw-
x, r X, uwpnipniGp:
ay. 8
Ujdd, bpt nhunwpytlp {x} hwonprnuwywbnpjwl wyt winwibtpp, rpnlig
hwdwpbbipp dbd GO max(n,,n,)—hg, www Yuunwlwhp, np wyn wlnuwdGtpp dhw-
dwdwlwly L' 366 50, LW thnpp » -hg, hlsh wlGhwynnpth hGwpwynp st
Unwgywo hwlwunepyniGp gniyg t nwihu, np juwinwpjuws GGpunpnipiniGl

*) bunnwnywsé winnudhg. npp Yngdnud & hpulywG pdbph unnippwt hunynepndl, wyGhwpnnpbG
hbunlnd £, np guilijwgué bpynt hpwlwG pdbph Shel grynupn i ntibG wiphy pwqinupurip hpwdjwG pybn:
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qLntu HI

wyl GwuhG, np {x} hwonpnuljwbnipintGh nGh hpwphg nwnppbp Gpyne uwh-
dwh, upuwy t:

Ujuwhuny, Gpt hwenpnwlwinipniGo nilh uwhdwl, www wyb Shwlb t:

bPujw

UwhdwG0Gph whbunipjwG dbp Yuplnp wntn b qpuwnbglGnid Gub hbnbgug
ptinpkip’

BEnnb6S 3: Vwhdwl mbbgnn hwonpnwlywlnpimlp vwhdwlwhwy ¢:

Uwjwgntyg: BEnpbil wwwgmgbint hwiwp Ghpwnptlp ¢ -G {x} hwonp-
nwiuwbnipjwl uwhowdG t:

Jwonpruwlwinippwl uwhiwbh vwhiwliwé hwdwdw)l, gwijugwd ¢

npwlwl pyh hwiwp gnynipynild nilh wjGwhuh n, hwdwn, np win hwdwphg
uljuwé ntinh nuGko (3) wlihwyjwuwpnipinGGEpp: Uujwdhg hbnbnwd t, np
G{wé whhwlwuwpnepiniGhbphG Jwpnn 60 spwdwpwpty nhuwnpldnn hw-

enpnwlwlnipywl dhuyl x,x,,....x ., winwdlbpp: IGwnlaupwn, bpb
lx‘l, |x,| Ix‘_,], |a —s|, |a +e|

pdtnphg wibklwdbkon Grubusytlp M -ny, www wpnb0 guwilwgwd » -h hwdwp
YniGEGwlp

lx_ISM,

hGsp GawsGwlynid &, np {x_}-n uwhiwlwdhwly hwenpruwywbnipymb t:
huyw
Juipg ¢ Swgmd. wpynp pbnpbd 3-p Guwnbih ¢ spoby, wyuhlpl® hwenpnw-
Yuwlmpgywl uwhdwlunpwly (hG61G wonynp pwdwpwn b, npwbugh wil mObGw
uwhowi:

MNuwpqynl £ hwpgh wwinwutowip pwgwuwluwl b, wyuhGplG’ ng pninn uwh-
dwlwgrwy hwenpnwlwimpyniGabpt nObs vwhdwb:

OnhGwy 3: {x}=(-1f uwhiwGwwy hwenpnwlwinipnilp snth uwhdw (Wb
ophGwy 2-p):

Uidd 06l wyp hupg ¢ Swand. hGswhuh”™ wuydwllbph whbung t punfwpwnh
(2} hwonpnuwlwlnipymlp, npwbugh wyl mOEGw bpouninn vwhiws:

Jwngh wwwnwuhuwlp wwihu b henlyw; pbnpkidg, npp ptipaud Gop wnwig
wuwjwgntjgh’

BUnpbS 4: (Pnigwin-Gnyf) Npwbugh {x} hwonpnuwlywbnipyni GG n GG
fbpowiinn vwhdwG, wohpwdbyin t b pufwpwn, np quwlliwgwd ¢ ppwlwl
P hwdwp gnimpimG mGbOw wiGwhuh n, hwowp, np hbhg nzn, L m2m,,
wnbnh mobow

[x,-x|<e (8)
wohwywuwpnipniGp:
Pnpgwln-4nzhh plinpkdp, npp Yngynud b qniquishinnepywt uyqpniGp, Yuw-
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§19
ptth t dGpwéliuybpwtiy hbwnbgwy Yepw'

Nnwbugh {x} hwonpnuwlwlmpintG6 niGbGw Gpowynp vwhdwl, wih-
pwdtipn £ L pwywpwn, np n hwdwnph wodwop qnigplpwg win hwenpnwljw-
Gmpywl winwdlbpl wiuvwhdwlunpwlnpbl dninbGwl hoywag:

UGgGtiinyd dwulwYyh hwenpnuwywlnipiniGlbph hbwn dwlnpwlwiniG {x}
hwonpnwlwinipjwl htwn dblntn npunwpyblp Gwh wn hwenpnwwbnipynt-
Ghg nplt optilipny plwnpduwd

X

‘,X

SO 9)
hwonpnwlwanipjniLGp;
Uwhdwiny 4: {x} hwonppuwlwonipywl winwibbphg Guwquyws (9) huw-

onppwywlnipynelp, npunbn {n,} -G wonn powlwl pbphg qwevdwsé hwenp-
nuwlwampnt t.

n<n, < <N <y

Ynsimu ¢ {x} hwonpnwlhwGnipnuwt Gpwhwenpnuwlywompntb ywd” dwulbw-
Uh hwonpnwlwlGnipim i:

LiwwnkGp, np (9) bwenpnwlwinipjwl wwpwquwynid, pninp plwlwG wp-
dtipGbpl pGnniGnn hwdwph nbpp wnwpmd t ng pb 7 -p, wyl’ & -0:

Swpptip bnwiwlGbpny pGaptiiny {n,} tiGpwhwpnpulywlnipyntGGbpp’
pOnhwinip nhwpmd Yunwlwlp (2) hwonpnwiwinipjwlt quibwqul Jwubw-
4h hwenpnuwljwbnipnLGabp:

UwhdswGmd 5: {x} hwonpnuwiywlnipywt dwulGwlh hwenpnuwlwbnp-
Jwl vwhdwlp Ynsmd t wyn hwenppwlwlnipiwl Jwulwlp vwhiwl:

Ywpnn GGp hbunnipjwidp hwingyb| hbwlyw) pinpbdh G20wpunwghnip-
jul gk

Btnptd 5: 5pb {x} hwonpnwlywlnipim 66 mGh vwhiwl, wwyw Gpw pn-
(nn dwulbwlh hwonpnwlywGnipim 606G mGEG GnylG vwhdwlp:

Cuwn tnipywl, plinpbd 5-p GrwGwlynid k, np gniqudbttn hwenpnwlwbnip-
jwl papnp dwuGuwyh hwenpnubwbnipynilltipp Gnylwbu qniquidbun GG:

JwuljwGuwih t, np GnuyGip sh Yupbih winbp nwpwibn hwenpnwywlngg-
jnuGGhph nbwpnud:

Uwluyl, wupgmid £ np vnwpwidbn hwenpnwlpwlnugincp wpnn b nGb-
Guwy qmiquibin GapwhwenpwljwlnpimG:

OphGuwy 4: hOswbu ghwbGp, {x,}=(-1] hwenpnuwywinpyniGp wwpwdtin t: Uw-
YuwjG, tpt n -hG uwnhwbGp pGnnilby Shwyl qnyg wpdbipGp, wuw nhnwpyynn hwenp-
nwiulnpjnilhg Ywhowwnbklp 1; L 1... qniquitn LGpwhwynpnutwinupinilp:

dtpgnud dLuwybtpwblGp Gwl hbwnbjw) Yuwplnp pbinpbidp’

Btinptd 6: (Pnygwiln-dbjbinyinpwu) Swllwguwsd vwhdwlunpwly hwonn-
nwlwlmpyniGhg Gupbih ¢ plGupbp gniqudbin bGpwhwenpnuwlpwlnipn G:
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aLnthe 1

§20. Vwhiwlw)h0 wGgnid wihwywuwpnipyntGGpnud: UGytipp
thnpp hwonpnwlwGnipyntGGlp b Gpwhg hhdGwlwl hwwlynipynil-
Gtpp: UGYLipp dti6 hwonppwiwlnipyniGGtp, Gpwhg juwwp whytpy
thnpp hwenprwywlmpyniGGEph hbwn:

UuuwgnighiGp dh pwGh plinptdlhp, npnGp hGupwynpnepintlG 0 nwhu
wihwlwuwpnepniGGbph dhe Yuwwwnb| uwhdwlwihG whgnud:

Bbnpbd 1: &b {x,} hwenpnwlywlnipyul winuwidGhnp pnpp s66 {y.} hw-
onpnuwlwonipywl hwwwyuwwnwefiwl winwdbbphg.

x2y (n=12..) (0
L wyn hwonpnwlwlniginGGlnhg impwpwlsimnb mGh Ybppunfnn uwhdwd.
limx, =a, limy =5, 2

www (1) whhwywuwnnipintG06pmd qupbih t juwinwpby vwhdwbughl wi-
gmd.

limx, >limy, (3)
quwo
azb: 3

Uwjugnijg: BLnptit wujwgnightp hwiwunn plnniGbinipjwl bnwlw-
yny:

Thgnip hwlwwwunwuppwlwpwp a L p Ybppwynp vwhdwlGhp nmbGtgnn
{x,} L {y} hwenpnwlwlntpniGGtph hwiwwwwwufuws wonwabtpp pwyw-
pwpnd G (1) wGhwywuwpnipymbGGbphlG L g<b:

Gpt a L p pdtinh Ghol YtinglkGp nplt » phy.”

a<r<b,
www th Ynndhg gnympntl YniGblw wjGwhuh n hwdwp, np wn hwdwphg
uluwd nbnh YmGEbw x, <r wihwjwuwpnipyniGp [19,p11, Gjnu Ynnihg gn-
ntpyntl ynbbGw wibwhuh n, hwdwp, np wyn hwdwphg uljuwd nbinh Ynlk-
Gw y >r wihwywuwpmpnilp [19,p1]: 3wulwbuwih t, np tpb bpgGkbp -

hg L n, -hg 666 nplt 7, hwdwp, wwyw wn hwiwphg ujuwd Shwdwilwbwy
wnbnh YnGEGwG

x,<rby>r

wihwywuwpnppniGGtpp, npuintinhg £ hbwnlinud £, np GYwé hwdwphg uljuws
wnbnh YnGEGwG

X, <Y.

*} Sty 17 pn tph winuanwyh winnudp:
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whhwywuwpnipntGGepp” hGsp hwhwunmd t pbnpGdh (1) wWwydwGhh: Unw-
gwd hwlwunipyniGp gnuyg ¢t twihy, ap g <4 Ghpwnpnepinulp ufuw) L:

Uuhuny, bpl Jbpowdnp vwhdwl niGlgnn hwenpnuwlpwlnipym GGEph hw-
Swupunnwufuwl winwdbbpp guwllwgwo n -h hwidwn puwdwpwpnd 66 (1) wo-
hurfwuwpnpim 666pHG, wupw wyn wlhwwuwnmpmGoEpmyd qunbih b vwh-
Jwouwhl whigmo Gunwnby:

huyw

Ywommpym& 1: Twpq L, np bpt (1) wihwwewpnpinGGbpmy > Gw-
ap infuwuphGliGp < Grwing, unyw (3) wlhufwuwnpmpywl obe b wm Grwip
ppnfuwphldh < Guuwlny: buly bpb (1) whhwiwuwpnipimG06pnld > Gwlp
nfuuphGblp > Grwlny, wyw ponhwipwwbu wuwd, wmunbnhg sh htinkp,
np (3) whhwdwuwpnippwl 669 ty > Guuwan Yhnfuwunhldp > Gruwlny: Twpg-
ymd ¢, np wyn nbiypmd (3} wihwywuwnpmpwl Gruwlp YoGw Gnylp:

Ophliwl 1: Shunwplbip hbwnlgyw) hwenprulwimpnlbbpp’

e

20wjwd guwlywgwd n-h hwiwn nhinwpyynn hwenpnwlwlnpnGGenh hwdwuyw-
tnwufuwl winwibtpe pwywpwpmd b6

n n

wihwywuwpnipyntGibphG, winnithwlnbpd wbnh nibh

I
liml=lim —-—):0
™n T\ n

hwwuwpnipyn Gp:

Ywl hwonpnuwliwGnipniGObp, npnGg uwhdwbp hwadbihu hbwnlywg phin-
ptdp Yupnn t oquiwlwn (hGty

Bunpbd 2: (Whowllywy hwonppulpwlnipyul vwhiwlh dwufl):

bpb guwlbljwgwds n -h hwiwn {x} , {y} U {z} hwonpnwlwOnpimGGbph
hwiwwunnwufuwl winwdbbph hwiwp wnbnh nG6G
x, <y <z {4)
wihwydwuwnnpm G06pp L {x} m {z} hwonpnwlwlnpmO66nt niGLG
ohbbnyl a ybppwynp vwhdwlp.
limx, =limz, =a, (5)
wuww {y} hwenppwilnipywl uwhowbt & a -0 L.
limy, =a:
Uwwgnijg: BEnpbit wuwgnigbint hwiwp YtpglhGp wiwjwywl ¢
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npwywb phy:
Jwenpnwlwinipjwld vwhiwih vwhdwsiwb hwiwduyl {19,u1] (5) hw-
JwuwpmpjniGotphg hGunlinud t, np Ybipgpwd ¢ -h hwidwp gnjnepynth nlGbG

wjGwhuh n L n, hwiwnGbp, np 2 -hg uljuwé nbkinh NG
a-g<x <a+e (6)
whhwywuwpnipiniGllipp, huly n, -hg uluwd’
a-e<z <a+e¢ (7)
wGhwjwuwpnipniGabinp:
Wdd, tph ytingGLlp 7 -hg L 7, -hg d& npLt n, hwiwp, wwyw wn hwiw-
nhg ujuwé ShudwiwGuwy wnbnh YnlbGwb (6) L (7) wihwdwuwpnipjm GGtpp:

JEwnLwpwn, (4) wGhwywuwpnipymGGhph hwyywneming wyn Gyl 2 -tiph hu-
Owp YnGLEGwGp

a-e<x <y <z <a+eg:

Ujuwghuny, Yuwidwjwlwb ¢ npwywi pyh hwdwnp gnynipinth nilh wiGwhup

n, hwdwp, np wyn hwiwphg uljuwd nbnh mGka
a-e<y <a+g
Ywd np GnyyGo t°
Iy, -4|<e

whhwywuwpnipmGibipp, hGgp GawGwynid t, np # -p wlhuwhdwGnipjwb &q-
wtihu o -0 {y} hwenpuwlwnipjwG vwhdwGo t:

huyw
Punptd 2-hg Jwuluwynp nbwpmd Juunwbwbp htinbjw pbnptidp’

Btinptd 2 bpt gwliwgwd » -h hwdwp {y} L {z} hwonpnwlwintp-

jnuGbph hwiwwwwnwuuwG winwdbbph hwiwn nbnh nulbl
a<sy <z (a=const) 4)

whhwywuwpnipintGGEpp L {z} hwonpnuwlwiGnippuG uwhiwGl g-0 t, wupw
{y} hwenpnwywlnpywl uwhdwbp Gnylwbu o -0

Uwhdwlnid 1: bwublp, np {x} hwonpnwlwlmpywl vwhiwln wyny
whuwhdwlnipm G0 t (Bhlmu wluwhdwlmpim oG t), tpb gwllwgwé E npw-
Yuwt pdh hwown erympim b mGh wiGyhuh n, hwown, np hiGg n>n,, wnbnh
mbp x,>E (x, <-E) wlhunjwuwpmpnilp:

UwhdwGGhph tbunitpjwl dbp hpbGg wnwbdGwhwwnlynpimGhtinny wsph
60 pGUGnd qpnyh dgunnn hwenpwlwhnipymGGhipp:

Uwhdwlmd 2: UG hwonppwlwlnpymlp, npp vwhdwlp qont £, §ngdmd
t whtipe thnpp d66mpintl (hwonpnuwlwbmpymb) Ywd ywpquuby' wodbng
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thnpp:
JwonprwljwGnipjwl uwhdwGh vwhiw0dwb dke pGnnibbny a=0, Yu-
nwiwbp

|x.l<e (nZno): (8)

Oquytiiny (8) whhwywuwnnipjntGGbphg” Yupnn Gop wadtipg thnpp k-
onipjwl uwhdwbnuip Jbpwdbkwybpyby hhnlywy Yepw®

UwhdwGmd 3: {x} hwonpnwlhwGnipimGp nsyfnid ¢ wlilipg ¢hnpp Jb-

onipym G (hwonpnwlwGmpyntl) Guwd vuunpquuybu” wiybng hnpp, bpt Guwdw-

Jwlhwl ¢ npwlhwl pih hwdwp grympim G mlh wybwhup n, hwdwp, np wn

hwiwphg vhuwd inpydwé hwenpnuwlwlmpjwl wlinwdGbpp pwgwpdwl wp-
dtipm nwebnid b JamJ &G unfbih thnpp, pwil € -p:

1
OphGuly 2: {x.}=; hwonpnwlwGnipniGG whybpg tnpp t [19,02], npnyhtn

hGswhuh apwlwG phy tt YopgGhGp, annupynit ntlh wybughuh 7, hwdwp, np win hwdw-
nhg ufuwsé wnbinh nilh

1
= L<e
n
wihwywuwnpnipintGp:
bpng, wyGhwiwn b, np pGinpdwé €-h nbwpndd, npuwgiv 7, hwdwp Yunnn bGp Ykipghby

1
n> ; wihwywuwpnipyjulp pwywpwpnn gullwgwd wipnng phy:

UwhdwGnud 4: JEppwinn pynyd hwonpnuwlpwlnpim Gabph gnidwp (wp-
wnwnpuy) wubiind hwolwlwGpe wyG hwenpnwlwlnmpyntGp, nph winwotbpn
hwywuwn 66 inpdwé hwenppwlwinipint666ph hwiwwwanwufuwl wlnuwd-
Obph enidwpha (wnunwnppuhG):

UGybpe inpp 0LEOnLpimGGLEPG odnwd GG htwbjw) hwinynepniGGepny’

Btnptd 3: Jhppwifnp pyny wihdbpy thnppbinh qmidwpp GnyGwbu wi-
ybnp thnpn t:

Uwjugn)g: Apnpjuil wwpgnipjwl huiwp uwhdwGuwdwipltGp tpynt we-
uting nppbiph nbiwpmy:

Ihgnp fo,}-p U {B.}-p whubing thnppbin 6G, huy € -p° Gudwuiws npw-
Ywh phy:

UGytpe ¢hnpph vwhiwGiws hwidwdw)d npdwé e -h hwiwp qninpynil
mObG wilwhuh 1 L 7, hwdwplbp, ap wn hwdwnpGbphg ufuwd hwiwww-
nwuluwbwpwn wnbnh nlGeG

ed<} uBl<3
wihwywuwnpnipintGGhpp:
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qLNt 11
Uydd, tiph n, L 7, hwiwplbhphg dbop Gawbwykbp 7, -ny, www n, hwiw-
phg uluwd YnGbOwGp [18.(3))

€ &
|a.+ﬁ,|sla_|+IB.l<5+5=e.

Ujuwhuny, qublwgwd ¢ npwlwl pyh hwdwp gnympimb nbh wibwhuh
n, hwiwn, np wjn hwiwnhg ujuwé nbinh mbh

o, +B.| <€

wlhwywuwpnipyniGp, hGgp hwowdwG vwhiwGiws Gwwymd t, np {o, +B.}

hwenpnwlnipyniGl wiykipy thnpp t:
hPuyw

Btnptd 4: Lps {x} -1 vwhdwlunhuwly hwenpnuwilpwGnipimt G t, huly {a} o
wiliftipg shnpp, wyw lox,} - Grylybu wiitnp inpn ¢

Uwuwignijg: Ghpwnpbp {x,}-g uwhdwbwhwy hwenpnuljwbnipyntG t: hGs-
wbu ghwnblp, Yuwwnwpuwé Gapwnpnipinilp Grwlwynd £, np qnynipiniG niGh
wjlwhuh M npwlwi phy, np quiljuwgwé » -h hwdwp wknh nGh

|x., <M (9)

whhwywuwpnipniOp [19,(5)]:

Ghpwnpllp Gwh {a_}-n wadbne hnpp hwenprwlwGnupyniG t: Ujn nbu-

pnid hGswhuh ¢ npwlwG phy by yepglbtGp, gnnipinth YniObGw wybuhuh n,
hwiwp, np wyn hwiwphg uljuwé nbnh YmGEGw

e <= (10)
M

whhwywuwpnipynilp:
Oquybiny (9) L (10) whhwdwuuwpnpynGGtphg” wyn GniylG hwiwphg uy-
uwé Yuunwbwip [18,(5)]

lax|=la,||x,) < L M=¢:
M
Upuwhuny, guwllwgwd s npwlwld pgh hwiwp qnynipynild mGh wiluhuh
n, hwdwp, np wyn hwdwphg ujuws ntnh niGh
ex|<€

wlihwyjwuwpnepynilp, hGsp huwdwdw)l uwhdwGiwh GwlwGwynid t, np {ax}
hwenpnwlwGnpinGs wiytpe thnpp t:
hww
Ibunbwibp 1: Jbppunfnp piynyd whdbne hnppbph wpumwnmuyp GnyGubiu
wibng thnpp ¢:
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Uwuwgnijg: Spnipjwld wwngnupjwl hwiwp Gnphg nhinwpyblbp tipynt wo-
ytipg thnpptiph nbuwpp:

Ingnp {a,}-p L {8,}-p whubng thnpntin bG.
lima, =0, limB, =0:
Lwlh np uwhdwl nGtgnn hwenpnwlwbnipnilp vwhdwbwthwy t [19,p3],
hEwnbwpwn {a,}-n uwhdwliwihwy hwenpnwlwintpynil t:

Wuwhuny {a,}—n uwhiwbwgwly hwonpnwlwbnipynil £, huly {p,}-n‘ wG-
ytng thnpn:

Jwiwdw)b Gwhunpn pbinpbdh, Ywunwpywéd Ggpulwgnipyniiihg htinlind L,
nn {a.8,}-n whytpg thnpp t:

hwyw

IGwnbwGp 2: Ubifbpe hnpph L hwuwrnwinniGh wnwnwnpyuyp Gnybubu wi-
ybng snpp t:

Uwwgniyg: Rwlh np ¢=0 nbwpnud winnuit wlGhwjwn £, nwuwnh LGpwn-
nkGp ¢ -G qpnjhg tnwppbn nplk hwuwnwnniG t, huy {o,}-p° wGybpe tnpp:

Un ntiwpntd, wiybpg thnpph uwhiwidwd hwiwdwG higwhuh ¢ npw-
Luw phy b ybpgGhGp, qnjnupiniG YniGtGw wylwhuh #, hwdwp, np w)n hwiw-
phg ujuwd wnbnh YnibkOw

€

<

il

wGhwywuwpnipynelp: Mwpg t, np wyn Gnyyb 2 -Gph hwdwp nbnh YniGEGw
Gwk

e | =l <lel- =

wlhwywuwpnepjnilp, hGsp hwiwdwt vwhdwidws GawGwynd t, np {cu}

(c = const) hwgnprwynipyniGG whybpg thnpp L:
huyw
LnyG nwwngnipyntGlbipnyg Ywpbp b hwdnqyby Gwb hinbywy wiGndw §;-
dwpwnwghnipywl dbe
Jtwnbwlp 3: Gpb {a_}-p whtipg hnpp £ puly {x} hwonpnwlpwlnpni GG

map gpyhg wnwnpbn Jbpewydnp uwhdwl, www {a/x} -n Gnybubu wobpg
thnpp L:

Suwinpwlwnd wiybpp tinpp hwenprnwlwimpniGGbph hwnlnipjntGGL-
phl” wyds wuugnighilp hbinbywy Yuplnn phinpbdp’

Bunphd 5: Npwbugh a hwununnibp (HohH {x} hwonpnuwiwlnpywl uwh-
dwip, wohpwdtiyn t L puwddwpwn, np
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qLNthu 1
a,=x-a (n=12,..) (11)
hwenpnwlwbnipjnilp |hGh wiykipg thnpp:

Uwwgnuyg: UGhnwdbnnipintG: Whgnp a -G {x} hwonpnwiwlnipjul
uwhiwGa t.

limx, =a:

Ujn nbwpnid, hwenpruwwlnipjwl vwhiwlih vwhiwbGiwh hwiwdw),
guwljwgwé ¢ npwlwh pih hwiwp gnyntpymb nGh wyGwhuh 7, hwidwnp, np
wyn hwdiwphg uyuwd nbnh nbh

|x,—d<e
Ywd np GnyGo t
a|<e
wihwywuwpnipyntbp, hGsp hwiwdw0 vwhiwbdwl Gwiwlmd t, np {u,}-n
wlybipg thnpp L:

PuwfwpwpmpimG; Uydd GhpwnptGp (11)-p waybng thnpp dtiénepinil t:

uaybipe thnpp dtdnipjwl uwhiwGiwh hwiwduyl, gwifwgws ¢ npwywl
puh hwdwp gnnipynilh niGh wybwhuh 2, hwdwp, np wn hwdwphg uljuwd
wbtnh mGh

|

<g

Ywd np GnyGo £
|, ~al<e
wlhwywuwpntpinilp, hasp hwdwdw)t uwhiwGiwi GwGwynd t, np g -6 {a}
hwenpnwlwbnipjwi vwhdw(a t:
hyw
UYuwpuny, 6pb a hwuwnunnniGp {x} hwonpnwlwimpyuwl vwhiwll {

wyw wyn hwonpulpwGnipmp Yupbith b Gbpluywglly Gojwé hwununnnOh
L wlbpg whnpp JEomppul gmdwph inbupny.

x,=a+a_, (n=12,.) (an
L huwlpunwdyp® bpl winbinh nGh {x} hwonpnuwlwbnipywt (11) Gipluywgnidp,

npwkin {a} -0 whtfbpe hnpp J6ompintl ¢, wwyw a -0 nipdwd hwenpnwlywini-
pjwl vwhdwll t:
wUmngwé qpulwgnepyntlp Jupbih b slawybpwbi hunbjwy pinpbdh wtu-
pn
Btinpbd 5 Npwbugh a hwununnniGp (HGhH {x} hwonppwlwbnpywl
vwhdwlp, wohpwdtizn t L puwpwp, np inbnh mO6Gw wnpdwé hwpnpnwlw-
Gmpywl (11) Gopluywgmdp, npwnbn {a} -p whifbpe hnpn dESnipyml £
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§20
UGyLpp thnpp dténipjwGG hGs np hdwuinny hwlwapynmd b wGtpy &6
stonipnilp:

UwhdowGnLd §: {x} hwonpnwlwGnipinp Yngymd t wiifbpe 066 Jb6m-
pinil (hwonpnuwilywlnpmb) Gwd wwpquuyb™ widbpe 066, Lpt wiwnulwl
M npuwlwl pdp hwdwp qrympymlG mbh uylwhup n, hwdwp, np wn hwdw-
nhg vhuwé npdwo hwonpnuwlhwlmpwl winwdGbpp pwgwnduwly wndbpny
nwelnd b 056md 66 wbih 066, pwl M -p:

OphGwy 3: {x,}= -n hwonpnuwluwGnipintGls wigbpy 6bé t, npadhtwl hGgwhuh M
npwlwG phy b YbpgltGp, qnynipynth neGh wybwhuh 7, hwdwp, np wyn hwdwphg ujuws
wbnp neGh {18,(5)).

e =] A= m
wlhwwuwnnepniGp:

bpnp, wylhwjn t, np pGnpdwid M -h nhwpnd, npwbu #, hwdwp Ywpnn GGp Jbpg-
Gy n> M wGhwwuwpnipjwlp pwywpwpnn gwijwgwsé wipnng phy:

Itwnlywi phinpbdp gniyg b wwihu, np wiytipe tinpp L wiybpe dtié hwenp-
nwywbnipyniGibph Shole qnjnupyniG nibh ubpin fuw'

Runptd 8: &pb {x.} -p whybpe d66 hwonpnwlwlnipinG t, wuyw
{a.}= {I/x,} -p wihdbpe hnpn hwonppuwlwlnpma t:
Uwwgniyg: Tthgnip {x_}-n wiybtpe 066 hwenpnwlwanipinl t, puy € -p’

Juiwjwiwo npwlwG phy:
Wn nbwpmd, widting dbé hwenpnwlwlimpywl vwhiwidws hwiwduw)l

M=Ve npulwh pyh hwdwp gmnipynid niGh wyGuwhuh n, hwdéwp, np wyn

hwiwphg ufuwé wbnh mGh |x|>1/e wihwywuwpmpinilp:
UyGhwyun t, np wyn GniyG » -Gph hwiwp nbnh nGks Gwb

el e

wlhwywuwnnipymGGbnp, hGsp GawGwynd t, np {e,}={1/x} hwenppuwywGni-
PIMGG wGybpg thnpp t:

m\_l

huyw
JwuljwlGurh t, np Gyl by Ywpnn bGp wupugmgt Gwl hbnbyuw| ptinpb-
dn
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QLN 1
Bunpbd 6- Ept {x.} -p qon wpdbpp splnmlnn wlybpe inpp hwenpnw-
Yquwbmpinib £, wwyw {a} = {l/x,} -p whfbpe 066 hwonppwlwbmpynio t:

§21. dbpowynp pyny hwenpnwlwlnipjniGGhph gnudwph
(nwppbpapjwi) b wnnwnpjuph vwhdwGGhpp: Gpynt gniquidbwn
hwonpyuwlwGnipjniGGhph pwlGnpnh  uwhdwGp: UnGnunG
hwonpnwlwhGnipjniGhtip: ¢ phyp: POwlwl (nquphpdllp:

Ujdd wwwgmghlp oh pwhh pbinpbdGlp, apnlip twwbu hbanwglnud GG
qulwquwl hwonpnwlwinipynulGlbph uwhdwGOliph hwaynidp:

@unpbd 1: 6pb {x} /] {y} hwenpnwlpwlbnpim 6G6pp hwidwuwunnwufuw-
Gupwip mG6G o L b bpowninn vwhdwlGGbp.

limx, =a, limy =6, (1)
wuww Gpwlbg gmidwpp (inwppbpmpyniln) GnyGubu moh Jppwydnn uwhdwd,
pon npncd ntinh nuGh

tim(x, +,)=a+b, [lim(x,-y,)=a-b] @)
hwywuwpmpimbp:
Uwuwgniyg: Yhgnip {x} L {y} hwenpnuwlwiinipynGGtpp hwdwuwwnwu-
hwGwpwp nilbl ¢ L p YLppwynp uwhiwGGhn:

Ujn nbuwpnid, hGgwbiu ghinkGp, nhnwplynn hwenpnuwlwlnupimGobpp Yw-
pnn LOp Ghplw)wgll)

x =a+a, y =b+8, (n=12..) (3

wnbupny [20,p5], npuntin {u}-n L {ﬁ_}—g wlybpe thnpp dGonLpyntGhLp LG:
UGnwd we winwd gndwnpbiny (3) hwdwuwpnip)ntGGlipp” YuwnwGwGp
[20,u4d]
x,+y.=a+b+a +B, (n=12..): 4)
RwGh np {a +B,} hwenpnwlwhnipini0G waybpe thngp t [20,p3], htiwnluu-

pwp (a+5)-0 {x, +y,} hwonpnuwiwGnipjwl uwhowGG t:
Jwuywbwih t, np Gnyl dLny wwwgnigynid t Gwl (2) hwyjwuwpnippniG-
Gtphg Gpypnpnp:
huyw
LiwwnkGp, np (1) hwywuwnpmpyntGGbph 2Gnphhy Yuwpnn GGp (2) hwyjwuw-
npnipintbGlpp GopYwjwglhby
lim(x, £ y,)=limx, £ limy, @
wnbupmy:
Wuwhuny, pbinpbd 1-p Yupnn b0p Ybpwélbwybpwb) hinbywy Yhny
Bunpbud 1: Epym gqniquititn hwonpnwlywlnupnlGGERL gmidwiph (nwp-
phpnigywl) uwhdwlp hwjwuwn t win hwonpnwlwGnipinG66ph vwhdwbob-
nh gnidwphG (nwppbpmippuwip):
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LatiGp, np pinpkd 1-p (hbwhwpwp Gul pbnptid 1-p) Ghawn t Gwl qubyw-
gwd yeppwynp pyny hwenpnwlwlnipymGGtph hwiwp:

Punpbd 2: 6p6 {x} L {y} hwonpnuwlywbnipimGo6pp hwlunywiumwufuw-
Gwpwn m06G a L b Ybpowdnn nwhdwbibn, wwyw Onwlg wpwnwnpuwip GneyG-
whbu map ybapouninn uwhdwl, pdn npmd nbnp mGh

lim(x,y,)=ab: (5)
hwywuwpmpynianp:

Uwwgnijg: Ghpwnpbiiny, np {x}{y} hwenpnwlwinipinGGhipp hwiw-
wwuowuhiwiwpwp MGkl o L p ybppwynp vwhiwaGtp Lk oqudbiny (3) hw-
JuwuwpnipyniGGbphg” YuunwOwGp

xy,=ab+(aP, +bo, +aB) (n=12,.): (6)

RuwGh np (6) hwyjwuwpnipjwl hwlwqstiph Ghpuh qnuiwpp wiytpe thnpp
t [20,p3,31,32), htwnlwpwp gb-G {xy.} hwenpnuwlwinpywh vwhiwGa t:

hwyw

LlwintiGp, np (1) hwywuwpnipynulGhiph 2Gnphhy Ywpnn Ghp (5) hwdwuw-
pnipjniGp GEplujwgObi|

limx,y, =limx, -limy, ()
wnbkupny:

Ujuwhuny pbnptd 2-p Yupnn tp dtpwdbwybpwhb; htnbywy Yepuy”

Bunpbd 2 Epym qniquwibn hwenpnwlwlnipm GaGph wminwnpuwih
vwhiwlp huwdwuwn t win hwenpnwlwlnipinGGph vwhowGGbnh wmwnwnn-
Juho:

Liwwnh nibbGwiny, np hwuwnwwniGh uvwhdwGp hwdwuwp t hptG, pnphd
2-hg JunwlwGp hbwnbywi phnphdp’

Bunpbd 2" Jwwwnwinnb wpwnwmphsp Gupbih ¢ pnipu pbnlp uwhdwih
Lpwoh nwlphg.

l,i’l‘(c-".)= ¢ lig_nx, (c = consz) : 569

Ywpbith t gnyg thwy, np pbnpbd 2-p (hbwnbwpwp OGwl pbinptid 2-p) Ghoin t
fwl guwlywgws Yopowynp pyny hwenpruwlwlnipyniGGliph hwdwp:

UwhdwGma 1: {x} 4 {y} (y ¢(),n=l,2,...) hwonpnwlwlnipint GGEPH pu-
anpn wubind Ghweluwbwlp uwylG hwenpnulpwlripinilp, npp wonwdGhpnp hw-
Yunwn 66 inpfwé hwenprulwlnigm 6G6ph hwiwwywonwufuwl winwdGbnh
pwlnpnht:

Bunpbd 3: Lplb {x} L {y} hwonpnwlywlmpn GGpp hwiwwunwufuw-
Owpwp mG6G a L b (b=0) ybpouninp vwhiwlblp, wuyw Grwhg pwlnpnp
nybuwbu mGh bpowynp uwhdwl, pGn npmd nbnh nGh

limZX -2
=~y b M

hwiwuwpmpiniOp:
-29.



qQLntiu 1
Uwwgnyg: Shanip {x.} L {v.} hwenpnwywGnipniGGling hwiwwwnwy-
hiwbGwpwnp mGkG a L b (5>0) Ybppwynp uwhdwGtbp:?

LwhGh np {y} hwonprwlwinipjwl uwhdwlp puwiywh t, hbnlwpwp gn-
japgntG nuGp hwidwp, nphg ujuwé npwywi GG Gwl wyn hwenpnwlwbnipjwl

winwibbpp [19,31], npnbinhg £ hiinlmd £, np G24wé hwiwnhg uluwd x, /[y,
ynunnpwlltpa hiwuwn niGkG:

UjGnihbinl oqunybiny (3) hwywuwpnipynilGhiphg L uwhdwOwthwlybiny
n-h Gjws hwiwplbpny™ YniGkGwop

X, _a+aq, a+[a+a. a] a ba -aP,

= ——{==+ :
b+B, b| b b(b+B,

y, b+B, b

bPOswhbu whulnd LGp, GEpYuywgywsé Yninnpwllbphg YtpphlGh hwdwph-
¢0 whybng thnpp t, huy bwpnwpwpb nGh qpajhg wwpptp Ybpewynn uwhdwb:
IGwnbwpwp, win Ynunpwlt wGybkpe tnpp Gaénupynh t [20,33], npuntinhg
Lg hbwlinud t [20,p5], np afb Ynuinpuiyp {x/ y,} hwenprwhwinppul uwh-
OwGao t:
huw
LjwinkGp, np (1) hwywuwpnipintbGbph 2Gnphhy Yuipnn GGp (7) hwdwuw-
pnupynilp Gepluwiwglby

lim > = & (timy, » 0) (7)

nbupny:
Ujuwhuny, pbinpkd 3-p Ywpnn Gp Yhipwdlkwybpwb) htnlyw) Yhpw'
Runpbd 3: {x.} & {y.} gmouutin hwenpnwlwtnipnGatpp (timy, #0)
pwhnpnh vwhdwlp hwiwuwn ¢ win hwenppwlpwGnipnGo6ph vwhdwoGeph

pwlnpnhl:
Udhnthtipnd wju wwpwopuwdpmd plipdws wpnynlplbpp’ Gapwlwglnid
Lp, np Yupnn GGp hbaunnipywdp huwpytip

limfx, + y), lim(x,y,) ly,,n(;) ®

»

uwhiwhibpp, bpk {x} L {y} hwonpnwlwnipn GGtnpG nLGkG Ypowynp uwh-

JwaGhp L (8) uwhdwGGhphg ybpohlh nbupnud {y} hwenpnwlwinipjwl uwh-

dwGp wnwppbp t qpnihg.
UwluyG wybih hwSwiu wihpuwdtaw b (hGnud hwybi (8) tntuph wylGwhuh
uwhdiwGbp, Gpp O24wé hwenpnuwlwinipmGGbphg dthh Ywd bpyniuh uwh-

+) Ghpwnpbiiny, np 5 -0 npwljwh phy t. ShGp waywignygh pighwlnnipniGp shhp fwhannud:
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21
dwiatpp hwywuwp 6O wyniu uwd ohGntu wGuwhdwGnipjwh, huly bpg funupp
qlnid Lt (8) uwhdwGGEphg tppnpnh dwuhl, www {y} hwonpnwlwlnip)wb
vwhdwGp hwdwuwn t qpajh:

UnwGdhG-wnwidhG pGGwnltlp wnwyb| Ywplnp htinljwp nbwpbpp’
. Gpumptip {x.} L {v.} hwenpnwlwlnipmGGEpp dqunmd 66 qpyp.
limx, = limy, =0 ()

& npunwplblp {x,[v.} hwenpnululngmbp:

Jwulwbwih b, np dhuyG (9) hwywuwpnipinGGGpe nuGEGwp pwywpuwp st
utq htunwpppnpnn pwinpnh uwhdwlh dwuhl nprawyh bqpuywgnipinil wib-
tnt hwdwp, pwGh np win uwhdwip wibhwpnnpbl Yuhwfwé t {x} L {y} hw-
onpnwlwlnipyniGGlph qpnjh dqunbint wpwgnipynibhg:

Swiwnnn 2wpwnpwipny Ghpluyugyus hbnbyuwy ophGuwlp (nwwwpewbnud
b wudwép

OphGwy 1:
1 1 X, 1 A
=, = —_—r=— ——rz=n
B R R
1 . X, 1
hmx,=1|m—7= , limy =lim—=0, lim—=lim—=0, lim===limn=+wo
n n ™y "n 2

p &}== (a=const) {y.}%, {i}w. lims, =limy, =0, lim=*=a:

i o

limx, = im0, fimy, ~limt =0, lim® < lim%
= pat - oy ey e
hGswbu ghnblp, Ybpehl uwhdwbGp qnnipnib sniGh [19,02]:
YWunwnlyws ophlulihg bpknud &, np x, >0, y, -0 nbwpnud {x,/y.} pw-
Gnpnl hpbOhg GhpLwywgOnd t, wjuwbu Ynsgwdé, 0/0 inbuph whnpnanupintG:
W. EGpunpbip {x} L {y} hwpnpnuwlpwbnipint666pp shwdwdwbwly 4q-
wnmd b0 wyniu quwd Shiny wlvwhdwlnipiuwd.
limx, =0, limy, =1 (10)

=

L Gnphg npunwnpyblp {x, / y"} hwonpnwljwlnipimGp:

Jwdngybint hwdwp, np ghuowplynn nbiwypnud tp qapéd nGhGp wlinpnanip-
jwlb htw’ nhunwpytGp hbivnbywy ophGulyp

.
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QLN I
OppGuwy 2:

o ko bl {5ed {5l

. . .l . .
limx, = limn =40, limy, = limn’ = 4o, im== =lim—=0, limZ~=limn=+o:
=X =00 et =0 ~. =n . e

o Elean (>0, blen, {—}

limx, = lim{an)=alimn=+o, limy, =limn=+o, lim>*=lma=a:
limx, = lim lim limy, = lim imo=hm

o El=mecr bl=n {%}=3+(-1)',

xl

limx, = lim{r{3+ (=11} = +o, limy, =limn=+o, lim

=lim{3 + (-1)"):

bGswbu ghintlp, Yupehl uwhowlp gnympynil snilh:

Munwplyws ophGulhg bpund t, np x, = 4o, y, — +eo phwpbpnid {x,/y,}
pwlnpnb hptiGhg GhpYupuglimad b, wjuwbu Ynsywd, =/« nbuph winpnznip-
JniG:

. &Gpwnptlp {x} hwonpnwlywbmpimbp douwmd  gpyh, huly {y} hw
onpwlwlmpintOp” wyniu ywd dhinu wivwhdwlbmpug.

limx, =0, limy, =+ (1)
4 npuowplyblp {x,y} hwonpnuwilpwbnipim Gp.

IhLwnlgwy ophlwyp gnuyg b wwhu, np pGhwplynn nbwpnd qnpd mGLGE
Gnp wbuwlyh winpnnipjwl hbiin’
OphGuly 3:

w k)= ben bl

e 3

n

p) {X.}=%, =n, fyt=n

! : . 1
limx, =lim—=0, limy, =limn=+o, hm(x_y,)=hm—=0:
L aad Arm L ad Laad Eaad n

limx, =lim—=0, limy, =limn’ =40, lim(xy,)=limn=+o:
g x, =m-— hmy, = lm um m
-1y )
R e L R
limx, = lim SN limy, =limn=+o, lim(xy,)=lim(-1),
um— hm y, = lm um hm
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38

ml== (@20 {=n bl=a

1 . .
limx, = timZ = alim— = 0, limy, =limn=+w, I'l_rnn(x.y_)= limg=a:

—o — n

Nhunwplyywé ophGwlhg bpknud t, np x, 50, y, >+ nbwplipnid {x_y}

wpunwnpywi b hptlhg Obpluwpwglbnud k, wjuwbu Yngws, 0.0 wbuph winpn-
2nipynil:

\V. Eapunpblp {x} hwonpnwlywlmpinlp deumd ¢ yymu wivwhiw-
amipjwl, huly {y} hwonpnwlhwlmpinp” ShGmu wluwhdwlnpwl.
limx =+w0, limy, =-o (12)
L phuwunlbGo {x + y,} hwonpnwlpwlmpimiGpn:
LGOwpyynn ntiwypnd vinwgynn winpnnmpjul wnbuwyh htn éwinpwiw-

. hwiwp nhunwplybGp hbubjwy ophGwlp’
Onphouwy 4:

w {zi=2n, Hl=-n {er}en,

limx, =2limn=+0, limy =-limn=—wo, I'E(x,+y.)=l.i1.nn=+eo:
B fxt=n P2 ey }=-n

limx, = limn = +o, limy, =-2limn=—0; lm(x, +y,)=~limn=—o:
Q) {x,}=n+a, {)'_}=—n, {x.+y_}=a.

[irjx,:lj{_n(n-&a):m, limy =-limn=—o; li{_n(x_«{-y_):l.i_rnna:a:
M ft=neey Bleon far)=cnn
li__g_}x,=]i._x.1_1[n+(—l)']=+co,|i£y.=—Ii£n=—oo,!.i_1.r_l(x_+y_)=]~il~n(-l)':

Ahunwnpywo ophGwyhg plnud &, np x, & 0, y, = to phwpnid {xy} qni-
dwnl hpkGhg Ghplwywglnud b, wjuwbu Ynsdwd, o - inbuph wiGnpnznipynih:
Tungqnibwl ophGwlGhph Jpw dwlnpwluwiny
G,S,O.w’m-w (13)
intiuph winpnnipintGGbph htwn® wydd Swhnpwlwbp G2Jwé wnbuph «wlnpn-
mpntG0tph pwglwl» wybkih htvwppphn tuGnhpltph hGu:
OphGuwy 5: Iwyyby
pln)=an' +an'' +..+a_n+a, (keN) (w)
pwqiwGnuwdh uvwhowGp, bpp 7 -p dqunnid b wluwhdwGnupjuwG:
Latdmid: Mwng t, np bpb nhuwpyynn pwqdwGnwdh papnp gnpéwihgbbnp npwiwG
60 (pwgwuwywl b6), www wyn pwqdwbnwsdh vwhiwip hwywuwp b wynu (pGniu)
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wluwhdwGnipjwl: buly tpb p(n) pwqdwlnuwdh gapdwihglGhinh ¢h Swup (funupp 4, -h
dwupG st) npuw t, huy gnwu Swup” pwguiutulwl, www 7 -p wyniu wivwhSwinepywl
dqubihu ppuiwb gnpéwlihgGipny gnudwpbhGhpp dquind b6 wymu wiuwhdwhnip-
b, huy pwgwuulwl gnpéwlhglinay gnudwnpbthGhpp” ShGnw wluwhdwGnipjwi, ho-
0 GawGwymd t, np pGGwplynn nbuwpnid gnpd nGlilp o — o wnbiugh winpnznpjwb htwn:
Ladwéd wihnpnzmpyniOp wwpgbint hwdwp (w) puqiwGnuwip GepluywglGp

pln)= n'(a°+ﬂ+--~+g::—:+a—:] .
n n n
wnbupny:
fwGh np hwlwqodtiph Bk qpywd qnudwpp, # -p wluwhowbnippul dqunbithu, wyt-
hwywnnpbl dquinud t g, -h, huly »* -p° wynie wiuwhdwbnpywl, hbnlawpwn npywéd pwg-
Swhnuwidp aquanid b wpmu Yud dhint wluwhSwinipjwl, Yuhwjwsé Gpuwihg npwlwG t

pln) puwqiwlnuwsh wiwqe winwsh gapdwlhgp, pb° puguuwuI:
Ujuwhund, (w) pwqiwbnudth vwhowlh hwiwp Yepelwlubwuby unwinud tip

limp(n)=lim{a,n' + an*' +-+a,n+a,) +o,bpli g, >0,
impin)=limlan" +an" +---+a, n+a )=
-np ploei Y 2y * _a)’bphae<0; (p)
OphGwy 6: 3wy
plr) an'+an'+--+a n+a
o) b +bn s rbprp BIEN) @)

pwlnpnh uwhdwGp, bpp # -p dquantd b wluwhdwinipjul:
Lawdnud: Spywé pwlnpnp Ghpluiugbhipnyg

' a,+ﬂ+---+a—:
PR} N n n
‘1(") n b°+b_'.+...+£"_ ()
n n

nbupny L Ghwinbignd, np 7 -p wluwhdwGnipjwl dqunkthu, (n) wpunwhwpnnipywb Gplr

pnpr wpnwnphsp dqunud & a,/b, - phuwpyynn pwinpnh uwhdwGh hwdwp YniGt-
Guwap

0, upt k </,
2. bpb k=1,
() )"
. pln
lim =4 a,
== aln +, Gpb K>/ LW >0,

q(n) y "

qa,

-, bpb k> U 2 <0:
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Ahunwnlytip Gwl hpwghnbwy wpnwhwywonpniGGhp wwpnibwynn hw-
pnpnwlwinipntG:
OnhGuwy 7: 3wyb) hbunkjw| uwhdwbp

Laudnmd: NulbGp

| s et ]
i 1) S T e i

I+—+1
n

Ujdd whghlbGp dnGnunnG hwenpnwlwinigyniGGEph nuunuiGwuhpnipjwGn:
Uwhdwind 2: {x} - Ynsdmd t OnlGninnlG wonn hwenppwlywlnipyma,

bpb Opw ympwpwlsinin wonwd (vquwds Gphypnpnhg) 066 ¢ hp Owfunpn winw-
dhg.

X, <X, <o <X, <ol (14)
Uy funupnyd’ {x} -p Ynsnmed ¢ OnGnunnl wann hwenpnwlwlnipintl, bpb
n>k wohwywuwpmpinihg hbinbmd ¢ x, > x, wlhwywuwnpmpimap:
UwhdwbOnd 3: {x} -0 ynsdmd b sGfwgnn hwonpnwlwlnipini, tpt Gpw
Jpuwipwlymp winwd (uhuwd Gpipnprhg) hinpn st pn Gwfunpn winwdhg.
x, <x,£---Sx <--- (14°)
Uy funupny’ {x} -p Ynsydmd t sGqwann hwenpnwlwbnpima, pt n > k
wohwywuwpmpimbhg hbnbmd ¢ x, 2 x, wihwdwuwpmpimop:

UwhowGnud 4: {x,} p Ynsymid t dnlninnG Gywqnn hwonprudpwGnepndd,

bpb Gnw ympwpwlymn whnwd (vjuwds Gphpnpnhg) hnpp ¢ hp Gwfunpn wi-
nwihg.

X, > X, > DX, >0t (15)
Uy funupny’ {x} -n Ynsymd £ InbnnnG Gywqnn hwenpnwlpwlnipim 0, bpb
n>k wohwywuwpnginiGhg hbnbnid b x, < x, wihwywuwnmpiniGp:
UwhdwGnid 5: {x} -0 Ynsymd t swdnn hwenpnwlwlGnipym G, bpt Gnw
Jpwpwlymn wonwd (uuwd bphypnpnpg) 066 st pn Guwfunpn winwdhg.
X 2x, 22X 200 (15)
Uy funupny” {x,} -p Ynsdmd b swdnn hwgnprudpwlnipymd, bpb n >k wo-
hufwuwpniginiOhg hbinbmd t x, <x, wlhujwuwnnigyntGp:

UnGnunnl hwenprwywGnipiniGGliph dbpwpetipjwg wnbinh nuGh htitnbywy hho-
Gwywl phnpbiip’
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Btnpkd 4: Lpb dnnuinG wonn (sGdwann) hwenpnwlwlmpimGp ybplhg
vwhlwwhwly ¢, wyw wyl wohpwdbynwpwn mah eppwynn uwhdwdl, hw-
Ywowly nbupmd wn hwenpowlwlmpywl vwhdwlp wymu wuwhdwinp-
ag t:

Uugwgneyg: Thgnip {x} dnGnunl wonn hwenpnuwlwinipynelp Ybplhg
uwhowlwdwy t: rGaswbu qhinklp, Ybpkhg vwhiwbwhwl puqinipiniGh nith
Szqnhwn YbiphG bqn [18,p1]: {x,} pYw)hl puqdnipjwG Sqnhwn YbiphG Lqnp
OwOwykGp a-ny L gniyg nwGp, np a -6 nhunwpyynn hwenpnwlwbnepjwG
uwhdwo L:

Jwiwdw)l pwihG pwqinipjwl 62qphwn Ubpht tgqph vwhiwGdwG
[18,u32]" Gwju qulhwgwd n -h hwdwp nbnh mah

x <a 16
wihwywuwpnipnilp, wjGnihtbunl h.ﬁzumuh e npwiwl phy ki qtingﬁbﬁp,(qn?
jnpgnil niGh wylGwhuh 7, hwdwp, np wbnh nlGh Gwh

0—8<X‘
wihwywuwnnipinilp: LwGh np {x}-ﬂ dnGnuinG wénn hwenpnwlwnipim t,
nuwnh n, -hg G6d » -Gph hwiwp wowyby L nbnh nGh

a-e<x,
Yuwad np GnyGGo b
-€<x,—a (17
wihwywuwnnipynilp:
Uinwu Ynnihg (16) whhwywuwpnipyniGhg htwnbmad t, np
x,—a<0<e: (18}

Uphwdnpbinyg (17) L (18) wihwywuwpnipyniGGbpp” Yuwnwbwlp, np 7, -hg

056 » -6ph hwdwp wbnh mGh

|5, -al<e
wGhwjwuwnpmpynOp, hGosp Gowbhwynd £, np a -G {x} hwonpnwlwlnipjui
uwhiwaG t [19,u1]:

Ptnptich Gplpnpn dwulb wwwgnigtiint hwdwp, GapwnpbGp {x} hwenp-
nwiwbnipjniip ybipLpg vwhdwbGwduwy sk Ujn nbwpnid hGspwl t) 066 M
npwlws phy YtipgGhlp, gninipinG niGh wylwhuph 7 hwiwp, np x, > M : Rwih
np {x,}-n GnGnunG wSnn hwynpnwwGnpyniG t, ntuwnh wyn nr -hg Gtid » -bph
hwiwp wnwybi bu wnbnh mbh x, > M whhwwuwpnipymGp, hGsp OwGwind
t, np plGGwpidnn ntiwypntd {x} hwenpnuwlwinigjwt uwhiwip yyniu wGuwh-
SwOnepyni(l t [20,u1].

limx, =+

huyu

~
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JwuljwGwih t, np Ywpnn t0p Gyl dkny wugugnigh) Gwl hbnbyw) pbnntb-
ip’

Btinptd 4" 6pb InlGnunG Gdwqnn (swonn) hwegnpnwlwbnipiniln
G6nplpg vwhowGuhwly &, wuw wyl wihpwdtiinwpwn nibh bpowdnn vwh-
Jwl, hwlwnewl nbwpmd wyn hwenpnuwlwlnppwl vwhdwlp dhinu wihuwh-
Jwlnipyni 66 ¢

OphGwly 8: Snyg nwy, np

x,=—c';- (c>0; ¢ =const; n=1,2,...) Q)
hwpnpruwljwGnepynilp qnequidbnn b b hwgly Gpw vwhdwGp:

Lasnad: tuGnhpp (nusbint hwiwp Gwhu wpdwé hwenpwlwGnipjwG (n+1)-pn
wGnuil wpnwhwjinklp Gpw 2 -pn wlnuwdh Shongny.

X, =r——Y=———=x < (n=1,2,...): 3]

(n«rl)! n o+l “n+l

UsGnihbunbl GluinkGp, np hblg np (n+ l)-n wibny nunliw ¢ -hg 566" nhinwipyynn
hwenpnwwlnepiniGp Yuluph Gwqby:

Usnwu Ynnidhg, pwGh np (q) hwenpnwijwGnipjuwl whnwdbbpp npuwlwo b6, ntunh wyl
Ghpplhg uwhdwlwtwy b L hwiwdw;G penpbd 4-h" niGh Yopowynp uwhiwb: Lawiwls-
14 uyn uwhdwip a-nyY L () hwwuwpnipyul Sbp wGgbbyny vwhdwGh, bpp n-p 4g-
wnnud b wGybpeh, YniGEGwip

a=a-0,

npuntinhg Yunwbwlp a=0:
Ujuwghund, ybpeGuwlwbuwbu unwbnud blp, np

limc—.=0 (c>0; c=con.tt): )

~ n
Uwwgnigbop Gl dnOnuinG hwenpnwlwlnipinitGGhiphG yhpwpbpnn
htinbsywy Yupknp phnptdp
Rtinptd 5: 2hgmp gwllywgws n -h hwdwp dnGmanG wonn {x} 4 dnln-
winli Gwqnn {y} hwonpnuwlwlnp/n GO6pH hwlwuwunnwufuwl winwdGéph
hwdwn wtinp nGh
x, <y, (19)
wohwdwuowprpinGp: Up nbypnd, Gpt n -p wifbpeh dqunbipu wyn winwo-
Gbph twppbpnigyniap dqunned  gangh.
lim(y, - x,)=0, (20)

www nndws hwenpnuwlwlnpimbabpl nilG6G dhblnyG Ybpeunfnp uwhiw-
ap.

*) 2wbh ap hwenprutjuilnipjwt woweh Sh pwih winudGiph bt Ghunnudp wiGhwynnpbG sh
thajunid Gpw uushduwGp, htunluwpuwn pbnpbid 4-p L pbinpbid 40 Shawn bG Gul w)G ghugpntd, bpp nhunupipdnn
hwenpiiulwGnip)niGp ng pb dnGnunnl t, w); nuaGnud £ wnwhuhG, Skihg 686 hGg-np hwidwphg ujuwe:
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limx, =limy,=c (c}<+o0): (1)
Uugpugnijg: Benpbih wwdwalbphg hGwnbkndd t, np gwilwgwéd » -h hw-
Owp wnbnh nGkG
X, <)y,5¥
wihwywuwpnpyntGGhpp:
Ibwnbwpwp, hwiwduyh ptnptid 4-h, hGbny Ybplhg vwhdwGuwthwy, tn-

GnunnG wtinn {x} hwenpruwljwinpniGh nGh Yhppwnp uwhdwa.

limx, =¢  (cl< +): (22)

LnyG duny gubywgwéd » -h hwiwp nGthGp

y.>x.2x,
wjuhlpl” dnlinnnk Gywqnn {y} hwenpnwlwGnipynGG b nilh Jeppwynp uwh-
dwa.
limy,=¢" (|¢'[< +0): - (23)
hGswbu ghwnkGp, dkpehG tpynt hwdwuwpnipimGibiphg YunwGwGp
lim{x, - y,)=c-c": (24)
Liwuwh nbbGwiny (20) wuwydwlp® (24) hwywuwpnipymbhg YnGLGwGp
c=c":
hww
Uwwgnigwé pbinpbip hwtwhu oqunuignpdyntd b htinlyw; wbkupny’
Btnptd 5 Gpt hwl chowlwpbiph
[al’b|]’ [a:,b’],..., [a.’b. l?"' (25)
hwonpwlwimpywl mpwpwlsinin Sheowlwyp (vijuwsé Gplypnpnpg) wuwpne-
Guldmd ¢ Gufunpnh dbe L n -p widbneh deunbipu Opuwlg GphwnpnipinGG6pn
dqunmd 66 qpnyf, www npdwo dhewluypbnh a, L b, suypwibinbpp dguinid
&G pGnhwlmpn vwhowih.”)
lima, =limb, =c:

Uyjwgnijg: BGnpbdl wuwgnigbint hwiwp pwywlwG t Ghuwwnby, np (25)
dhowlwpliph dwtu uypwlbwnbph pwqdnepynilp fuwnnid t Gwiunpn phinpbdh
{x.} hwenpnwlywGnipjwG ntinp, huy we Swjpwlbtnbph pwqinipyniGp” {y,}
hwenpnuwiybnpyjwb nbipp:

huyw
Utgbtiny e pyhl’ nhunwnplybtlp

1y
={1+— n=12...

x, ( n) ( ) (26)

*) Wywunh nilibGunny, np (25) Shewywipbphg jntpwpwilisinunp upwpnGuwlpdaud t Yust Ghpgpywo t

thuppq dheulwiph dby’ plnpbs 5-h0 whdwinid b Ghpnpywéd dhewlwipbph phnphis:
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hwonpnlwimpniGp L wwwgnighlp, np wyG qniquidbin t:
Lwtu gnuyg wnwlp, np (26)-p dnlinuinG wénn hwenpnwiwnipnd t:
Oquybiny hwGpwhwyyh nypnguwywl nwuplbpwghg hwpnbh’ LynunnGh
Gplwinwdh pwGwdlhg.

(a+b) =a +%a*‘b+£§"2';]2a"’b’ o 4 n(n_])“'lg'—(k —1)10**5' et b,

(26) hwgnpnwlwinipjwG n-p (n=12,...) winwsh hwiwp YunwGwip

x =(1+l).=]+n.l+M.L+...+ n(n—l)"-[n—(n—l)]‘L=
" n n 2 A n! n

-_-1+1+l(1__l_]+...+.1_(1_l](1_3)...( -f—_lj; @7)
2 n nl n n n

dbpohG gnidwph wkuphg Gplndd £, np Gpt x, wlnwihg wGgGhkGp x_,
winwdh, www Gwh Yuybpwiw L sk, (7+ 2)-pn npuwlwG qnudwnbigh, wylne-
htwnb GEpJuwjwgdwd n+1 gnuwpbihbphg jntpwpwbgnipp (ujuwsd Gpypnp-
nhg) YdbéwlOw, pwlh np YbipehlG hwywuwpnipjwl we Ynnidh phwlwqdbpnid
qnwed 1-s/n (s=l,2,...,n-1) wbuph jnupwpwtiginup wptwnphs YthnfuwnphG-

dh wybith 066 1-s/(n+1) wnnwnphsny:

Luwn knepywl, ybpngpjup Gawlwynud b, np (26)-p dnGnuinh wénn hwenp-
nwiwlnpjnib t:

Wdd gnijg wnwbp, np nhunwpyynn hwenpnwlwbmpinilp dbplhg uwhiw-
Gwthuy t:

(27) hwywuwpniejntlGGephg yGpohGh we dwuh thwlwqétpmd qpdwé wp-
nwnphsOipp dhinfuwphbing deyny (uyuhlplt wn wpnwnphsbbpp dESwgbl-
ind), QuunwbwGp

1 1
Xﬂ(l+l+5;+‘“+; (n=12,..) (28)
UjGnihbwnk Yuunwpbing

TR IR
y.=1+ +2!+" +n! (29)
Gwlwinudp L (29) wpunwhwjnnipiwl pninp YnuinnpuiGinh hugnwnpwnGbph
Lpyniuhg dB6 wpwnwnphsGbpp hinfuwphGhing tpynwenyg” YnuGbGwbp

y, <l+|+l+-~+~l——: (30)
" 2 2.»1
POswbu tbuGnud GGp, unwgywsé wihwywuwpmpjwl we dwuh dbpohlt »
gniiwpb hGhpp Jwqondd 60 1/2 hwiinwpwpny Bplpugunpwliul wpnqpbiuhw:
Ibunlwpwp, oquting bpYpwiwwywé wpngpiuhw fuqinn pdbph qnidw-
nh pwlwdlhg' qullwgwsd »-h hwdwp YunwOwlbp
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1

x,Sy'<l+—ll'-=3—%<3
1--—

2
qLGwhwwnwlwbp:
Ujnwu Ynndhg, (27) hwywuwpnipintGGtiphg Gplmd £, np quiywgwd n -h
hwiwp wbnh mbh Gwl x, 22 wihwdwuwpnipyniGp:
Ujuwghuny, juduwywywb » -h hwdwp inbnh nGh

Y
2$(l+;) <3 (31)

qGwhwwnwlywhp, hGgp Gawlwyntd t, np {x,}-n uwhdwGwhwy hwenprwlw-
Gnepynil L:

UdthnihGiny wpmyynulpGtipp” unnwlnud GGp, np {x,}-n wonn L vwhiwlw-
thwly hwenpnwlwlnipyntG t: Inbwpwp, hwiwdwyG pbnptd 4-h, wyl nLGh
yGpowynp uwhiw: LawGwybind wyn uwhdwbp e -nyd L (31) YpyGwyh wbhw-
JwuwpnpyntGGEpmud whglGbiny uwhdwGh, tpp 2~ -p dguinud £ wGybpoh®™ Yu-
nwiwip, np e -0 Wunwomd t [2;3] dwy dhowlywyphG [20,p1]:

Gwpbih t hwingyty, np e -G hpwghnGuwy phy t, nph dnunwynp wpdtipp 2,71
L:

Ujuwhuny, Y6pelwhwiwwbtu uwnwind LGp, np

Y
limj1+—| =e=2,71:
____m‘ n) e~ (32)

Ljwuwnh nGEGwiny e pyh npny hwnynipyniGGp’ wylG YpGupkGp npugtu
tnquphpdh hhip: x puh inquiphpdp e hhipny YGowlwybGp Inx -ny b Ywlyw-
G60p pOwywh hhdpny (nquphpd:



§22
QLNHU IV

Uty ononkuuuuukh dAruushl

§22. dniGughw L Gpw wnpdwl bnwGwlybGbpp: dowGlyghwh
swhiwih uvwhdwGndGlipp wpgnuiGunh dbppwynp wpdbph
nbwpnid: UhwlynniwGh uvwhdwGGtp: UGYbpy uwhdwkGbp:
Snbyghwih uvwhdwGE wpgnuiklGnh wGdbpp dbé wpdbph
ntwpnid: Uh pwGh plinptidGbop vwhiwlh niGhignn dnibyghwibph
ybpwpbpjwi:

Ujdd dwlnpwlwip Jwpbiwwhlwh ULEGupnbwlwh hwulugntpiniGit-
phg okyh™ dnulyghugh huulwgnipjwh hbw: Un Guwwnwyh hwdwp nhunwn-
ytGp hwiwwuwnwuluwlwpwp X L Y tinthnfudwh whpnypltip nbtgnn x L
y thnhnfuwlwG oténipyniGGbp” [18,u28,29):

UwhdwGnid 1: y ¢mpnfubquian ynsymid ¢ x  hnipnfuwlwGh pniblghw
npnpws X wppnypnd, Gpl qrynipimG nibh opbiGp, npp X pwqUnippuwl Ypw
hntpnfudnn x  hnpnfuwwlh npwpwlsinn wpdbph hwiwuwuwnwufuwiGbg-
amd t y hnpnfuwlpwGh npnpwlh wpdbp:

UwhdwGnil8 2: x hrpnfuwlwip Ynsdnid b whhwfv pnipnfuwlwi uwd
Dnibhyghuyh wpgnidblwn, pulp X pwqdnipinilp’ wyn pnblyghuyh npnydwl
Lwd grympywl inppnyp:

Ept $nLblghwih uwhdwhdwb kg pnuy wbp, np x wiywh hnhnfuwuyw-
Gh jnipwpwlggnip wpdtiph hwdwwwunwubuwGhsl y ghnghnfuwlwih dh pwbh

wpdbplbp, www qnpé Ynbblwhp, wjuwbu Ynsywd, pwqiwnpdbkp Pnellyghiuh
htun:

ULztilip, np dkGp Ynhwwpyblbp pwgwnwwtu Shwnpdtip nillyghwbbp L w)l
thwuwnp, np ¥ -p x -p PniGlghw t YG6Gp htinbywy Gepwy
y=rx):
dmilyghwo Ywpbith b nwl wyniowyny, gpuwdhlnptt Yuwd pwiwdtng (w-
GwihwnhynpkG):
bnutyghwsh wnpdwld wnnuwluhe bnuwbwlyh nliypnud
Unyntuwly 1

X X X, « .o X,

b gl Vs e Y.

npnawih  Juwpgny wipynud GG wpgmudbGuh Yppwidnp pyny wndtiplbp L wyn
wndtipGiphl hwiwwwwnwuluwbnn $niGlyghw;h wpdbplbp:

°) OnthntuwluiGp hwidwnynud tinpuwé, bipb Gdus bG w) wpdbpGpp, nanGp Yuinnn t phigniGby win
Grnpnudyustip:
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SnibGlyghugh nipdwG wyniuwlwihG bnwbwyh nbwpntd hwuwnnntG ni-
GhGp $nbbyghwih ybppwynp pyny wpdbpGtp, huy Gpw dGwgwéd wndtpGhph
Gwuhl G2qphwn nghGs sqhunblp:

dnlyghwsh inpdwh gpwdhlywlws bnwbwyh nbwpned, ninqubyniG Ynnp-
nhiwwnwiwi hwiwyuwpgnild, wpgnusknh thnginfudwb dh nplt Ybpgwinp
dhowlwipnid tpynud t $nelyghwih gpuwdhlp:

Snibhghwh gpwdphlnpblG nwint nbwpnid d60p wyGhwypnnplilG nbulnud
tGp wjn Pnilyghwih Juppp Gpw npnzdwG whpnyph Shwjb 6h Ytipgwynp duw-
unud” pOn nprid OnyGhuly wyn Shewlwiph Yewnbpnud, npwbu Ywhnk, smbkip
nhwwnlynn pniblghwh S2qnhin wpdbplinp:

Gpt $niGyghwl wpynid t pwlwdling, www wyn $niblyghwih npnzdwh inh-
nnyph qwllwgwéd nbnwdwunuld Jupnn GGp Ywnnigh) Gpw qpudplp, hGswbu
Guwl’ Yuwpnn GGp Ywqdky nhunwnldnn $nilyghwsh dtiq htinwppppnn wndtp-
Obph wnyniuwl:

IGnwgquynid, ncundGwuhpynn $nGyghwibpp Yuwilp Ghwjl pwlwdlng,
huly wGhpwdbunnipjwl nbwpnd, dkq htitnwppppnn intnwdwubinntd Yywent-
gtilp Owb wyn nibyghwlGbph gapwdhlltinp:

Udd Lopwnptlp X pwqinipjwl Ypw, nph hwdwp g -0 vwhiwbwjhG Yhin
t [18,u18], npnaqwé t y=f(x) dnllyghwl L nuuntdGwuhptiGp win dniGly-
ghuyh Juwppp, bpp x -p wivwhdwGwihwynptl SnintGnd b g -hG:

UwhdwGnid 3: Ywublbp, np x -p a -h deuibipu [ (x) pntOlghwyh vwh-

JwiG A phja Lt 6pb guwlhwgwd s nppuwlwl pyh hwdwn grynigintG nGh wyl-
whup & npuwlut phy, np hbibg |x-al <38, wnbinh moh
[f&)-4<e  (xeX,x=aq) (1
whhwjwuwnpmipinGp:
WG thwuwp, np x -p a-h dqunbithu 4-G £ (x) PniGlghuwsh uwhswGE b YG-
2t0p htwbyuy Ybpuy
lim f (x)=4: 2
dnilyghwih uwhdwlh hwulwgnipjut phipdwéd vwhdwbnedp wijwGbiny
IniGyghwih vwhiwlh uwhdwbnd wpwnpyws, wuwbu Ynsdws «¢,5 » (ta-

4nd, owbnpwluwlp Gwl wyn hwujwgnipjws dh Gnp uwhdwGiws htw, npp
dlwybpuynd t <hwenpnwlwhnipymGGtiph (bquyny»:

UwhdwGnd 4: bwublp, np x p a -h dqutgu f(x) publgpuyh wwhiw-
Gp A phyl t, bpt X pwqdmpulp wuwnljwbng wpdbplGbnh hGswhuf

X,5X,0 X, 5. etIOAPRWWGnUe N b bngGliap, nnp qmouidpinmd t a -p, f (x)
Prilyghuwyh hwiwupunwufuwl wpdtplbphg Yuwqddws

ri) &) fx), .
hwenpnwlwlnipynp qniquidfunmd A -p:
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dnGyghwih dhwiynndwth vwhdwGGbph b Swinpwlwim hwgum LG-
punpblp ¢-0 X pwqinppul wjlwhuh vwhiwGwihG 4w t, np Opw guwbyw-
gwé 2npuwilyuypmd [18,u14], hGswbtu a Ybunh dwhu Ynndnud, wibuwbu tp Gpw we
ynndmd, yw X pwqinpjwl a-hg wwppbp Ybwn:

UwhdwGnid 5: 6p6 f (x) dnblghwt dgquimd t A —/77, &np x -p a -pg Ympn
JGuyny t dquimd a -h, wwyw A-G ynsymd t f (x) dmbyghwyp dwfuwlynndpul
vwhowl x=a Ybwnmdy:

LnyG duny uwhowlynid t wl f (x) dnGyghwgh wewynnijwl uwhdwlp
x=a Ybwnd:

WG thwuwnp, np 4-G f(x) $niGlghwih dwhuwlynnijuwb (wewlynnijwh) uwh-
0wlb t x=a Yhwmd® YhpkGp hbwnlyw Yepw'

limf(x)=4 qui f(a-0)=4, [imsf(x)=4 yws fla+0)=4]: (3)

Uhwiquiduy hwuhywGuh t, np npwbugh x = a Ybnnmd (2) vwhdwlp gn-
Jmpiml nGtibw, wihpwdtipin t L pwiwpwp, np wyn Yinnd erynipim G niGb-
qwa f (x) dmoyghuyh dwhuwynndiwl L wowlynnduulG vwhdwGGbpp, hiswbu
Gl wnbinp ntO6OwG htinlywy hwywuwpmpim GGbpp*

lim / (x)= lim f (x)= 4: @)
6wpwynp t, np x -p o ybpewynp uwhiwGh dqubihu 7 (x) prublghwt
4dquh wlybipe 466 uwhdwhh:

Uwhdwlnid 8: YwubliGp, np x -p a dbpguninp uwhdwih dquibipu (x)
DnlGlghugh wwhowlp wyymu wGbpel t (honw wifbnel b, bpl qwilwguwo
E npuiqwl pdh hwowpn qrynpinid mOh wybwpuh § npwlwi phy, np hbGg

|x—-a|<8 (xeX.x#a),
wbnp mGh

fW)>E  [fl)<-£] (1)
wehwiwuwpmpniGp:

LzkGp, np Pniblyghwsh dwhuwlnnijwh L wewlnpnijwlb vwhiwGGbph Sw-
uhl Jtipknud phpws nwwnnnnipimGlbpe GGnd B0 nidh Gk Gwl pGGwplynn
nbwpntyd:

UwhdwGnwd 7: YwwblGp, np wyniw wodbpep X = {x} pwadnipywl uwh-
dwlbuyhl Ybn ¢, 6p6 wn pwqdmpinilp wwpntGwlmd ¢ gulblugwd sunping
ub6 npuljwl phy:

UwhdwGnid 8: Ywwklp, np dhlmu whibpop X = {x} pwqldmpiwl uwh-
Jwluyht htun ¢, bpl wyn pwqimpinlp wwpnGulnid t pwgunduwly wpdtpny
guwllpugws swipny 066 puwguuwlwl phy:

*YUuhlpt £ (x) pnibyghuyh uwhiwp 4 phyG t:
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UwhdwGmd 9: LGwubilp, np x -p wymu wiybpeh (ShGmu wGdbpeh) dg-

wnbthu f (x) PnuGlyghwi dqunid £ 4-h L wyn hwuwnp YG6Gp hbinbjwy Yepw'
imf(x)=4  Qlims(x)= 41, 2)
bpt gwlljwgwé ¢ npwiwh pyh hwiwp qninipynth nGh wiliughuh A npwiwl
phu. np htlg
x>A (x < —A),
wnbnh niGh
[7(x)-4<e

wﬁhwdmuwnmmmﬁpf)
OphGwl 1: Uwwgnglp htnlywi hwdwuwpnipynilp”

lima® =+ (a>l): (w)

Lawdnud: Gpb qullwgws £ npuwlwl pdh hwiwp npwbtiu A JtipgGbGp log, £ -G,
www Yunwlwbp, np hbGg x > A . tnbnh mGh
a">E
wlhwljwuwpnipynilp, hGgp L wwwgnignid b (w) hwywuwpmpgnlap:
LnyG dunyg Ywpnn bGp wurugnigti Gwl hbwnlyw] hwjwuwpmpnebbopp’

lima =0 (a>1), lima'=0 (0<a<l), lima =+ (0<a<i): ®

OphlGwl 2: COonhwipwglhing 21-pn wwpwgpwdh 5-pn L 6-pn ophGwylbipp” hb-
nwuqnnblp

P(x)=ax +ax"+-+a, x+a, (9
wipnng pwqiwlnuch L
B(x) ax +ax'’+--+a x+a,
o, x)_ bx" +bx™ 4 4b_x+b, )
nwghnGw Ynunnpwih duppp, Gpp x -p dquinud § wynwu wd ShGnw whuwhdwlnupywi:
P(x) pwqiwbnwin Ghnluwyuwglbiny

& al al-l al
ﬂ(x)—x [a°+—+~--+.—_‘+—'—

X X X
wnbupny’ iqpulwglbned bGp, np wbnh nLlkG
lim £, (x) = £ (o) (&)
hwywuwpnip)nGltpp, pln npnud & -h qmyg wpdapGiph nbwpnud (B) hwywuwpnip)nit-
Gbph wy dwubpnid gpywé whuwhdwinipywl Gawlle wylhwpnnpbG Yuiujwd t Shuyl
nhwnwpyynn pwqbutnwih wiwg winwsh gnpdwlgh Gawhg, huy Ybln wpdbpGliph

nbwpend” Gwb wyl wluwhdwlnpjuwG Gawihg, nphG dqumd b x -p:
LnyyG dlny Yuinwlwip

*) W st plipdusd wwhdwinudp Yhpuwdluibpuby 4 = +co nbugpbph husdwn:
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o [teobpb k>n,
a +—L 4+ 4o
P . x-1 L3

lim; '(‘)=1iT_x"' x ={% tph k=n,
~e(x) b+ a2y

x

aq,

&

(q)

<o

, Gpb k<n

hwywuwnnipyniGitpg, pGn npmd & >~ atwpntd, bpb (k) -p qnuyg phy &, wupw (Q)
hwdwuwpnpmbaepnid Swulwlygnn wiuwhiwinpyut Gawlp Ywhudws b ShuyG P,(x)
L Q.(X) puwqiwlnwdGtnh wywq winwdbiph qnpéwyhglbiph GawGGkphg, huy Lpk
(k - n)-p YbGw phy b, wwyw' Gwb wylb wGuwhdwGnpjwl Gawehg, nnhG dqund t x -p:

Lybbp, np f (x) Pmblighuyh vwhdwlht (bpwpbpnn pbpywdé prynp uwh-
swlimobbnh tmpymp hbinbyuy o t°

f &) pmbughuyp wpdbplnp qublwgws sunpny dnnklmd 66 Gpw A
uwhdwihG, hbGg np whhwfu hnpnfuwlhwih wpdlipbbnp «pwwwbwswih»
dmnbomd 66 wyn hnhnfuwlwh a vwhdwlhs:

UwhdwGnud 10: £ (x) pmblyghwt fnsydmd t fbplpg (GEpplhg) vwhiw-
Ounpwly X pwqdmpywl dpw, bplk qrympmG mp wylbyhup M (m) hwwwnw-
i, np X pwqlnipyuln wunlwing guwllwguws x -h hwdwn wnbnh mah

fEsm [r(x)zm (5)
wihwidwuwpmpinGp:

UwhdwGnd 11: f (x) DdnGlhyghwl Unsdmd ¢ vwhowGunpwly X pwqini-
pwl pw, tpk wyl L (bplpg, L' O6pplfhg vwhowlwhwly t wyn pwqdnipiuwl
Ypw:

Uythwypn t, np X pwqdmppwt ypw f(x) pmbhyghwl Ypbh vwhiwGw-
huwly uyl b dhuyl wyl dwidwlwly, Gpp gnimpimG mObGw wibGwhup M npwliwl
ph, np X pwqdmpywl pmnp x -bph hwdwp inbnh nGbGw hbunbywy wihw-
Ywuwpmpynip’

lr)sm: (6)

Pbpdwd vwhdwbmdhg hwnlbmd £, np bpl f (x) dmblyghwl vwhiwluw-

thwly st X pwqimpyuwl Jpw, wuyw hGsypuh M npwhwl phy b ybpgltop,
qrymipym b yme 666w X pwqdnippulp wunnfwing wybwhuh x, wpdtip, np wyn
wpdbiph hwdwp inbnp GniG6Gw
\f () > M

wohwywuwpnipimlp:

Ujdi phipkGp dh pwGh pbnptidGhp, npnGg hiswb u dlauybpwynudGepny, wy-
whb'u b wwuwgnugGhpny 0wl 66 hwenprnwlwbnipnGGhph hwdwp phipwd
hwlwwwwnwuhiwG pnptiGaphG [19,p1,p1,31,p3], [20.p2]:
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Runpbid 1: Epb x p a - dqubipu? f(x) Pmblhghws mbh Ybpguninp A
vwhowl b 45 B, www a -pl pufwlwbuwsuh dmn b a -hg unwppbp x -bph
hwdwnp nbnh nmGh

sx)>B (7)
wohwywuwpmpimp:
Uwwgntjg: 5Gpwnpblp pbnptoh wwydwGGhpg wbnh mGkG L pOnpbbp
€<A-B
Jwd np GnyGo t
B<A-¢ 8

wwdwbhl pwywpwpnn npld ¢ ppulwb phy:
Snutlghwyh vwhdwhh uwhdwidwd hwiwduwyb, phunpdwé € -h hwiwp gn-

joupjntG mOp wybwhuh § npwlws phd, np htiGg

|x—a[<8 (xeX, xza), (9)
wntinh niGh
|f(x)— Al<e
Jwd np GnyGG t°
A-e<f(x)<A+e (10)
wlhwjwuuwpmpinGGpp:

(8) L (10) whihwywuwpnipynillbphg hGwnlinld £, np (9) wwydwlhG pwtw-
pwpnn x -Gph hwdwp wbnh nbh Gwl (7) wihwdwuwpnpnilp:
huyuw
6hwn Gnyl duny wnnn bip wwwgnighip Gwb hbinbyw; pbnptidp’
Rtnpbd 12 6pb x -p a -h dquabgpu f(x) Pmublyghwl mGh bpownnpy A
vwhiwb b A<C, www a -pl pwdwlwlbuwswh dmn L a -hg twppbp x -bpp
hwowp nbnh map
flx)<c (1)
whhwywuwpmpiniGp:
wnkwlp 1: 6pb x -0 a - dquitijpu f(x) Bmublygfw moh npwlws (pu-
quuwlwl) uwhiwd, uyw a -h0 pujwlwlwswip dn b a -hg trwppbp x -bpp
hwiwn f (x) Pnlghwt Gnylubu plnniGnid ¢t npwlwl (pwgwuwlwl) wp-
dtipltn:
QLwitpuws hbnlwGps wwwgnigbint hwiwp pufwlwh b plinpkd 1-nul
L ptinptd 1-nud hwdwwwinwupuwGwpwnp pGaniGh B=0 U C=0:
Runptd 2: 6pb x -p a - Squibipu f{(x) Prullyghwl map Jbpguninp A

vwhdwl, wyw a -hG pudulpwlwsunh dnn x -biph hwdwn wiG vwhdwGunpul
t-.

*} 3hzbglbGp. np a G S (x) dnGlghwih npndwh inhpniyph uwhdwbught Yhwn t:
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Uwwgntjg: Nhanip x o f(x) pmblghush npnzdwh whpnuph o uwhiw-

fiughG YLwnhG dqunbihu win PniGlghwt niGh yhipguinp A uwhidwi.
limf(x)=a (4<+o): (12)

SntGyghwih vwhiwth vwhiwbiws hwiwdéw)t (12) hwywuwpntpniGp
Gawlwyntd t, np gullwgwsd € npwlwh pdh hwiwn qrynepynth nilh wybuhuh

§ npwlwb phy, np htGg

Ix—a|<8 (xeX, x#a),

wbnh niGh
lF (x)-4]<¢

wihwyjwuwpnipynp:

Uyanhtiwnb ogingbigny

la|~{b] <|a- |

wohwjwuwpnipymibhg [18,(4)]" x -hb Gajwé wndbpbbph hwdwp YnGkGwop
lf(x)|—IA| <t

Ywd np GnyyGo £
|7 () <|4+¢

qGwhwuwnwywbp' hGsp., hwiwdw)l (6) wihwdwuwnpnipywld Gawbwynid t, np
a -hb pwjuwlwbwswth dnn x -Gph hwowp f (x) $nLblghwl vwhdwbwhwy t:
buyw

Bhnptd 2-p hwibkiwwbiny hwenpnuljwlnipjnilGGtph hwiwp wwwgni-
gwé hwiwwwwnwufuwb phinpbdh htwn® Ghwnnd GGp, np wyn pnptdatiph pn-
qubnwynipnbitpp wwppbpdnud G hpwphg.

dbppunnn vwhdwl ntGbgnn hwenpnwlwlnipnilp uwhdwbunpwly t pln-
hwlpwwbu, dhisnbe a Yinmd dbpouninn vwhdwl nibbgnn pmlyghwl uwh-
Jwlunpuwly ¢t ShuylG a Gbinh npnpwlh )powluypnid 7.

Bunpbd 3: Whowblyuwy pnillyghuyh vwhdwah swupl):

Thgnip (x),(p(x) L g(x) PdmGhyghwltpn npnpyws 6G dhlbnyG X pwq-
dmpyw pw, nph hwidwp a -G vwhdwlOughl b t: U nbwpmd, bpb Gpywé
pwadmpyul jupwpwlynip Yinnd wnbnh mobs

fx)sol)<glx) (13)
whhwywuwnmpinGabpp L x -p a -h dquibihu [ (x) [ g(x) dniGlyghwiGbpn

dquintd G dplGnyl B pyhl, wujw (p(x) S byghwl GnylGwbu dqunmd ¢ wyn
PUpG:

Uwwgnyg: Thgntp x-p a-h dquikithu f(x) L glx) $niblghwlbipp éq-

*) Uyuhlipl 0kl wyt Ywh zpgwijusgpnd uyl fupng t L swhdwbuhuly 3 hGhy:
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unnid 66 ohulnyl B pyha.
limf(x)=8, limg(x)=8: (14)

(14) hwjwuwpmpntGGbphg wewehGp Gwlwymd t, np gulluwgws ¢ npw-

YwG pyh hwidwp gmnipinil mGh wybwhuh 8, npwlwG phy, np htlg
jx-d/<8,
wntinh nGh
|/(x)-Bj<e (xeX, x#a)

wihwywuwpnipnilp:
LG duny (14) hwyjwuwpnipnilltiphg pypnpnp Gawlwlynid t, np Ybipg-

pwé ¢ npwlws pyh hwidwp gnynpyml niGh wyGuhuh 8, npwlwG phy, np
htGg

h—4<&,
wnbnh nGh
lg(x)-Bj<e (xeX, x#a)
wilhwywuwnpnipjnilp:
Gpb 3, U 5, pytphg ¢nppp GzwGwlkGp §-ny, www wwng t, np hkGg
|x-dl <8,
GhwdwdwGwy wntinh YnbtGwh
—s<f(x)—B<s, -e<g(x)—8<s (xeX, x¢a) (15)
wlhwyjwuwpnipjnGGtipp:
Wdd, tpt (13) wehwywuwpmpniGlibpp Ghipyw)wgltGp
f&)-B<olx)-B<glx)-B (13)

ntupny, wwuw (15) wihwywuvwpnipyneGabph 20nphhy (13°) wGhwywuwnpnip-
JniGtphg JuunwGuwlp, np htGg

k-4<&
wnbnh YniGEGwh
—e<(p(x)—B<s (xex, x#a)
wihwywuwpnpyntGGbpp, hasp Grwlwynid t, np x p o -h dqubjhu B-0 Gwl
olx) pniGyghwih uwhiowGa t:

hyw
uGgGlGp dnGnuinG pniliyghwlitph hbwn SwhnpwlwyniG;

UwhdwGmd 12: x ={x} pwqdmpuut pw npnpdwo f(x) pnbyghwt
Ynsdnid t InGninnG wonn (BnGninnG Gwqnn) wyn pwqumpwl ypw, bpk X
puwqdnippulp wunnljwlng gwilwgws x, L x, wnpdbplbph hwdwp, x, <x, wo-
hwywuwpngimGhg hiinbnid ¢
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fe)<rw) re)> () (16)
wohwiywuwnpmpintGp:

JuwlwGunh t, np wpughulbbph wowlgpny we )wndybypu dnGmnnl wonn
Srblyghuyh qnuwdhlp rwnnibwly (bp t pundpwlmd, puly dnGrinnG Gfuqnn
Pmbyghuyh gpwdhlyp” Gbppk t holmd:

UwhSwGnid 13: X dpowhuypp fnsgmid ¢ f(x) $mbhygpuyp dnGrunntni-
pruwl Showlwyp, bpb wyn dhowluwyph Ynw wiG dnlGmunnk ¢, uwuhGpl urd winng
¢ quwd by OGwqnn:

UwhswGnd 14: X = {x} pwqdmpul dpw npnzdws f(x) $niblghws
Yngdnidd E sGduwgnn (swidnn) Ywd juyld hdwuwnny dnGminnb wénn (b hdwu-
iy dnGmunnl Gwgnn) wyn pwqdmppul Ypw, pb X pwqimpnulp wuwnlw-
onn gwluwguweo x, L x, wpdbplGbph hwiwn x, <x, wGhwywuwnpnipinbhg
hbwnlimd

fe)ssle) k)2 rx) (16°)
whhwwuwnpmpmbp:
PEpJwéd vwhiwGmatkpny GYwpwgpynn IntGyghwbbpp YwhywbtGp dn-

GninnG pniGyghwihp:
OphGwly 3:

w) S (X)=% dnGlyghwl (400) L (O+eo) dhewluwpbpnid onGnuinG Gywqnid t
(GY.9wy):

Y =1}
) y=lx
Lol
AU . /
\l ' l/l
B)

w)

¥

q)

6y. 9

P f (x): Inx $mbyghwl UnlnunnG wénud t hp npndwl wnhpnypntd (G4.9p):

) f{x)=e* Pnllghwt dnGninnG Gwqned t hp npn20wG whpnypnd (G4.9q):

Ujdi pbipklp dnGnuinG $nillyghwhbphG gepwpetbpynn htitnlyw; Ywplinp plin-
pbkdp’

Bunptd 4: 2hgmp Inlnunnb wonn (qwi gnlb sGdwann) f (x) Ddmblyghwl
nanawo t a vwhdwluyht Ybin mltignn X pwqdnippuwl dpw, pln npmd a -G
U660 t uyn pwqimpuuln wuwwnlwlnng pninn wndbplbnhg (a -G uwpnn £ (hoby
ybppuninn lpwd wibng): U nbupmd, bpb f(x) Prublghwl Yepkhg vwhiw-
Gunhwly ¢, wupw x -p a -h dqunbhu uylG mGh (bpouninp uwhdwl, hwlwnuly
nbiwpnid” wyn pnbhghuyp vwhdwln wynu wivwhdwlnpnGa
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PGwywGwpwn, gnynipinih mOL0 phpdwd pbnpbdhG Gowh pbnpbdGp, n-

pnighg ubyntd 4 -G thnpp b X pwqinipjulp wwwnlwlnn pngnp wpdbplhphg,
huy §jneup Jbpwptipgnud £ onbGnuinnG Gwgnn $nublighwbhbph:
bOswbu L hwonpnuljwlnipiniGGEph nbwpnid dwenmd ¢ htiinlyuwy hwngp'
hlsuhup” wuydwiGtph wbnp t pudwpwnh f(x) Brublghwt, npubugh x p
wyu wd wyG uwhdwOhl dqunbipu wyn pmlblyghwl nibbow Ybpouninp uwhdwy:
QLuwitipwwé hwpgh wwwnwupuwbp nwihu b hGunlywy pbnptdp, npp pb-
pnid GOp wnwlg wupugnigh’

Bunpbd 5: (Prygwln-Ynyp) Npwbugh a uvwhdwbughl b mbbgny X
pwqimppul dpw npnpywé f (x) Inllyghwtl x -p a -h deubihu mGEGw Ybp-
ounfnp vwhdwl, wohpwdbyn ¢ L puwpwn, np guwlwgws ¢ npwlwl puh
hwown qrympym G mbhGw wibwhuh § npwlwl phy, np hbiGg

|x'~a| <3, Ix'—a|<8,
wnknh ntbb6w
If&)-f)<e (YeX,¥#a,x eX,x"#a) (17)
wihurfwuwpnigynip:

dbponud plintp pwqiwehy GhpwnempniGGtip nulkgnn hbunbywy pbnpbdp’

Btnptd 8: 5pbi a vwhlwluyhG 4bwin mbkgnn X pwqdmpul mu npnp-
quo f(x) L gx) prublyghwttnp x o a - dqunbigpu hwdwuumuufuwbwpwn
mbb66 A L B dbppuninp uwhowGGbp.

lim/(x)=4, limglx)=38, (18)
www bpoundnp vwhdwllbn nGb6 Gwl.

w) f (x) A g(x) Prlblyghwlbph gemdwpp L vnwuppbpmpinip, pln npmd
wnlinp nG6G

lim[/ (x)tg(x)]= 42 B (19)
quwd np Gnylo
lim[f (<)t g (&)= lim 1 ()£ lim g (x) (19°)
hwifwuwnpnipini 6G6pp,
) f&) L glx) pmublghubtnh wpnwnppuyp, pln npmd wnbnh moh
lim{/ (x)g (x)}= 4- B (20)
qwd np GnyGl
tim{ (x) g (x)]= tim / (x) lim g (x) (20))
hwywuwpnipimGp,
q)f (X) L glx) Ddrullghwlbph pwinpnp, bpb B « 0 , pln npnd wnbnp map
. fix) 4
lim g(x B (21)
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G np GrylGa £
imZ ) _ lim/ () ,
eglx I‘i_r’x.xgix) (21)
hwiwuwnmpinilp:

UztiGp, np dLwybpwwé plinpbdl wwwgnigbint wBhpwdbnnipynilp slw,
npnyhbnk prublghwih vwhdwbh, «hwenpnwlywlnipymGGbph (kquny» pbip-
Jwdéd uwhdwGiwh 2Gnphhy hwenpnwlwlnipniGitiph hbwiwp wwwgnigwd
hwiwwwwnwuluwlb pbnptdbhph [21,p1,p2,p3] G20wpwwghnipinilhg
htiinkmud t piinpbd 6-h G0wpwwghntpynLip:

Ljunnpr mGGGuyny, np hwuwnuwann Gh vwhdwlp hwdwuwn t ppba, (20°)
hunjwuwnpmpyntOhg unwbwlp

timle f (x)]=clim /&) (c = const), (207)
Pasp GrwlOwlymd &, np hwununnm G wpuwphsp qunpbih t nmpu pbplp vwh-
dwih Grwhh nmwlihg:

§23. UGybLpg phnpp Lk widtpy dté ImbGughwbbp: UGYbpe thnp-
pph L wOybpp dE6LEph hwdkdwwnnudp: dnellyghwyh Ghplwjwg-
Ghp hp vwhdwGh L wGybpe hnpp Inillghwih gnudwph wnbiupny:

Swlnpwlwiny $nilyghuyh uwhiwlh hwuljwgnipjwl htin’ wiu wwpwg-
pwdnuld Ynhunwpybbp Pniblghwlbp, npnGp dquinid G qpnjh Jud wlGuwhdw-

Gnipjwl, bpp Gpwag wpgnudtGunp dqunmud § wju Yuwd wyl uwhiwGwihG wpdb-
BhG:

Thgnip y = f(x) $nbyghwh npndwé & ¢ uwhdwGuwghG Ybwn niGbgnn X
pwquntpywl Ynw (¢ -G Yupnn t (hGG dbpewynp Yuwd whbipg):
Uwhdwlnud 1: Guwbilp, np x -p a -h dquilithu | (x) - whting thnpn pniGl-
ghw ¢ uwd upupquwbiy wiifbpe hnpn ¢, bpl inbinh niGh
lim f (x)=0 (1)
huwjwuwpmpiniGp:
bdnullyghw)h vwhdwGh vwhdwbdwl hwiwdw)o [22,u3), tipk x -p a-h &g-
whihu f(x) pniGyghwt whybng dnpp t, npbidl gwlywgwd e npwlwG pyh
hwiwn qnynupynil nGh wybwhuh § npwlwi phy, np htog
|x-d| <8,
wtinh nuip
Ifx)}<e (xeX, x#a) 2)
wihwywuwpnipiniGp:

OphGwy 1: w) x-p 2-h dquibthu = (x - 2] InLllghwG whybpe thnpp t, pwGh
an wntinh nGh
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hwiwuwpnipjniGp (GY.10w):
p) x-p wymu Lo Ghonty wi-
uwhdwbnppul dgqunbighu y=1V/x

« Pnilyghwl whybpg thnpp t, pwbh
> np nbnh niGh

1
lir£—=0
=

p) hwyjwuewpnipjntlp (GY.10p):
Gy. 10

Uwhdwlnud 2: Ywublp, np x -p a -h dqunbithu f (x) - whjbpng 066 pnily-

ghw t ywi yupquiybe wbpe 066 ¢ bpl nbnh niGh
fimlf (x)| = 40 (3)
hwywuwpmpinp:

SniGlyghugh uwhiwGh [22,u8] uwhiwiiws hwiwdw)l, tpt x -p a-h 4g-
wkthu f (x) dnGyghwt whybpe d66 £, mpblil guilwgwsd E npuljwé pyp
hwdwp qrympynilG niGh wyGuwhuh § npwlwG phy, np htiGg

Ix - a‘ <$,
wntnh nGh
|f(x)'>E (xeX,x#a) (4)
wGhwywuwpmpjnibp:

OphGwl 2: Lwhinpn oppGwynud nhuwplywd PmGyghwlbbnhg wewehlp wiybny
o t x-p wymu Ywd ShGniu whuwhdwlnpyw6 dqunbihu, huy Gpypnpnp’ x-p qpnsh
dqunbjhu:

uaytipe thnpp L wiybpe d66 $niblighwbbpp vhdjwlg hbn Yuwywd GG
htwnlywy ptinptdny (hwdbkdwunhp [20,6]-h htw).

Rkl 1: 6pb x -p a -h dquibypu f(x) Prllghwl wiiftpe J66 ¢, wuw
wyn GnyG x -bph hwdwn V f (x) Imblyghwl wifbpe thnpp E:

Uwwgnijg: BLnpbdl wwwgnighint hwdwp ybpgGhtp Ywidwjwlwh €
npwywh phy: Rwhh np, pun wuwydwlh x-p g -h dqublhu f (x) $nblghwi

wlybpg 066 t, hbwnbwpwnp E=1e pyh hwiwp qunipntl nulh wilwhup §
npwywG phy, np hblGg

|x-a|<3,

wbnh muGh

]f(x)|>% (xeX, x#a)
wihwdwuwpnipiniGp:
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UyGhuywn £, np wyn GnylG x -tph hwdwp wbnh nGh Gul

1
e
wlhwywuwpnipymbp, hGsp hwdwdw)l vwhdwbiwh Gawbwynid t, nap xp a-
h dquithu 1/ (x) Pnililighwt whyting thnpp t:

<t

huyw

UnyyG dbnd Yuwpnn GOp wwwgnigh] Gwl hbunlywy ptinpbdp’

Btnpbd 1°: Epb x -p a -h dqubthu | (x) PImGlyghwl waifbng hnpn t L sh
plnniGnd qnn windbp, wuww wyn Gnylb x -bph hwown 1/ f (x) dmbhyghwl wi-
bipp UGG t:

Ujdd wogbhbp waytipe thnpp $nLGlghwlbph nuunudlwuhpnipswln:

Lljwinh mGEGwiny $niGlghuh uwhdwlh «hwonpruwluwGnipynilGliph (tiq-
yny» pbipjwéd vwhdwbnidp L hwitdwnbiny wiybkpe thnpp pnbhghwih L wh-
ytpe thnpp hwenpnwiwbnipjwl [20,u2] uwhdwinudGhpp™ tiqpuljwgbnid tGp,
np whybpe dinpp Pniliyghwl whinp t nlGbiw whytpe hnpp hwenpnuijwbng-
pjul hwinlynipjniGlGbphG Gdwl hwwnlympntOlGtp [20,p3,p4,0h1,h2,h3]:

Jwyp welbny yepngpywip’ Yupnn GGp uwhdwGunhwiyyt; wiybpg thnpp
dniblyghwltiph hwinynipiniGlbph unul pdwpynidng, uwluwyd wdbinpn stGp
hwiwpnid wyjpwnbn pbpbp Gl wyn hwnympintGGbph wwwgniyglGbpp, pbl wyn
wwwgntjghpmd pOingpyywéd hwuljwgnipjnillbpp Gmbwbu oquwgnpdyb
66 whybpy thnpp hwenpnulwinipntGGhph hwiwwwinwufuwG hwnlnieynG-
Gbpl wwwgnigt)hu:

BLnpbd 2: Jbppunnn pyny wlfbpe pnpn prullhghwlGbph qidwpp GnyG-
whu wafbng hnpp ¢

Uwjwgnyyg: Spmpjul wwpgmpjwi hwdwp pbnpbdl wwwgnighGp Gpynt
whytpe thnpptph hwdwnp:

9%hgnip f(x) L g(x) PnGyghwlbinp npndwsé 6G o uwhiwGughG Ybn
nilitignn X pwqdnipjwl Ypw L x -p a -h dqubithu, dquinud BG gpngh.

limf(x)=0, limg(x)=0: (5)

UwjwgnighGp, np x -p a -h dqubithu

o(x)= s (x)+g(x)
Inlilighwl by t dgquanit qpngh:
dniGhghuwyh uwhdwih uwhiwGiwh hwiwdw)l, (5) hwwuwpnipniGGb-
np Gawbwynid GG, np qulyuwgwd ¢ npwlws pydh hwdwnp gnynpnth muGkG

wjlwhuh 8, L 3, npwlwG pytp, np htiGg
lx—a'<8,,
wnbnh nGh
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[f(x)[<§ (xe X, x#a) (6)
wihwywuwpnipymbp L htGg

lx - aI <3,,
wntinh ntGh

lg(x)]<§ (xe X, x=4) N
wihwywuwpnipjncGp:
Mwpq &, np htlg
lx—a]<8 (xeX, x#a),
npunbin 8= min(&.,S,), thwdwdwlwy wnbinh YmGLGwWO (6) L (7) wihwywuwpni-
pymtGGbpp: bwlwpwp, wn Gnyb x -bph hwdwp YmGEGwGp [18,(37)]

loG)| =1 (e)+ g ()] < | ()] +]g bl < —;—+-§— =€,

hOsp L wwpugnignid b pbnphbdp:
huyw
Bunpbd 3: UGyYbpy hnpn Imlyghuyp b vwhiwlbunpwly J66mprul wn-
wnuwnpyuwp Onylwbu wabpe thnpn L

Uugugnug: hgnip x -0 a-h dqubthu f(x)-p whitng thnpn t, huly g(x)-
p' uwhdwiwhpwy pnllghw:

Rwbh np x-p a-h dqubihu g(x)-n uwhdwbwgwy dnGlyghw t, htinluw-
pun [22,(6)] gmnipyntG mGh a Ytinh wyGwhup 2pgwlwip L wybwhuh M npw-
LwG phy, np htiGg

Ix—al<8\,
wnbnh niGh

lg(x)}< M 8)
wihwywuwpnipnibp:

Upnws Ynndhg, pwiih np x -p a -h dquntithu £ (x)-p wilybing thinpp PrLlbghw
t, hbwnbwpwnp gnynpynil nbh ¢ Ybwh wyGuhuh 2ppwlwyp, np hklg

lx-—a‘<5,,
intinh niGh

‘f(x)‘<% (xex, x#a) )
whhwyjwuwpnipynilp:

Uuwhuny, htiGg np x -p wuwnwGh a Yewh 8=min(3,5,) 2npwlwypht
(xe X, x#a), Shwowdwlwy wknh YniGhGwE (8) L (9) wihwdwuwpnupnil-
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§23
Ghipp: Y6wnbwpwp wyn GG x -Gph hwiwp nbnh YnlbOw Gwk [18,(57)]

[ Eg =17 ENlg @<=
wlhwywuwpmepnilp, hGsp hwiwdwyl vwhiwbiwb Gawiwynd t, np xp a-

h dquibihu £ (x) g(x) wpinwnpjuwiG widbng thnpp t:
huw
ItnbwGp 1: dbGnownn pyny widbpg hnpn Pmlblghwiblinh wmmwnnw-
1n GnyOwbu widbne ¢inpp t:
Uupugnijg: Apnipjwl wwpgnipjwl hwiwp Gnphg nhuwpyblp Gpyne wi-
ytne thnpntiph nbwpp:
Shgnip x -p ¢ uwhdwlwihG GhwnhG dqunbipu nbinh mbkG (5) hwywuw-
pmpintGGLpp:
fwGh np Yappwynp uwhdwb nbbgnn dnelyghwl vwhdwGuhG Yhwh pw-
Juijwowswih thnpp 2ppwijupnld uwhdwbuwhwy b [22,p2], htwlwpwp nh-
wwnlydnn $nuGlghwlbinhg jntpwpwlgnipp, ophGul g(x)-p, a Ybwh Gajws
2nowtpupnud uwhdwbGwihwy t:
MNendwh wwwgnygh wiyjwpnbint hwdwp J0nd t ogqunyby pbnpbd 3-hg L
huiinqytit, np x-p a-h dquibihu £ (x)g(x) wnnwnppwiG widtng tnpn t:
hwyw
Ieinbwlp 2: Ubybpg thnpn Prilblhyghuyp b hwunwwnni G wpnwnpuwp
OnyGubu wifbpy npn t:
Uwwgni)g: Lhwnbiny, np ¢ =0 nbwpnud winnuiG wyGhwn t' GGpwn-

nGp x -p a-h dqukithu f (x)-p whybpg thnpn &, hul ¢ -G° qnnjhg wwnptip npbt
hwutnwwnntG: Uy nbwpnud, hudwdw)G wadbpg ¢gnpp dnllyghugh uwhiwd-
two, gwllwgwd ¢ npwlwh pyh hwdwp qrynupynth nuGh wibwhuh & npwljwa
phy, np htlg

|x—a| <8,

wtnh nGh
If(X)I<|s_l (xeX, x=a)

C|

wGhwywuwpnip)nGp:
Mwing t, np wyn GnyG x -bph hwdwp nknh mGh Gwb
Il &) <ld Tj—i

Ywd np GnyGG t°

les(x)<e

wihwywuwpmpymGp, hGsG b wwwgngmd t, np x-p a-h dqnbthu ¢ f(x)
dnibyghwG whytipg thnpp t:
hwyw
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qlLNtu 1V
Jdtplnid pipdwé nwnnnnipniGGtph oqlnupywdp Ywpnn LG hwinqub;
Gwl htwbywy pnpbdh §20wpniwghnipjwl Oby’

Runnbs 4: Ept x -0 a -h dquibihu f(x)-G whfbng ynpp t puly g(x)-G
mah qpghg vnuppbn bppuninp vwhiowl, wyw | (x)/ g (x) pwlnpnp GnyGubiu
witpg thnpp t:

Uydd nhunwpltlp dhubnyl x ghnhnfuwwihg Ywhugws h pwGh pniby-
ghwGbp, npnGp dquenud GG qpngh, Gpp x -p dquims t wyn dnulilyghwlGbph npnp-
dwl wnppnypltph ¢ uwhdwGwhG YbwnhG.

lima(x)=0, limp(x)=0, limy(x)=0,...: (10)

Cwn nbwpbpnd wlhpwdbiaw t (hind qpnihG dgunbint wpwgnipjwlb k-

uwlbinhg wyn wlybne thnppbipp hwibtdwinb| hpwp hbwn: Gphyne wiybpg thnp-

ptph hwibdwwndwh bhdpnud npynud £ wyn diénpyntGGeph hwpwpbipnepywl
Jupph qlGwhwnnidp, Gpp x -p dqunud t hp uwhdwGwhG wpdbphG:?

UwhiwGnud 3: bpb x -p o -h dqubthu B(x)/alx) pwGnpnp (L Gpw htn
stk Gwb ofx)/(x) pwGnpnp) nih qpnhg vuwppbp Yepwiinn uwhSw.

B() [""T_— A#0, |A[<+oo] (1)
Wy a(x) L B(x) mGL[th thnpptipp Yngmd LG ShuGnyG Ywpgh dtdntpynil-
Gbp:

OphGurly 3: Lipplinid 56Gp gnuyg YuuwGp [25,(18)], np dhlhg vwpptin guiblpuguwd
npwluwl g -h hwiwp nbnh ntbh hbnbjwy, wjuwbu Ynsyws, «Gawluwynp» uwhdwbp’

]imax_l-lna‘ 2)
=0 x - . 0 (w)

UwhiwGnid 3-hg L (w) hwijwuwpnipniGhg hbnlintd t, np x -p qpngh dgunkighu
a(x):a’—] (a>0,a¢1) L B(x)zx
whytipg thnpp GGénLpynLGGENG nLlbG dhLGryl Yupgp:
Vwhdwnud 4: 6pb x -p a -+ dquibip glx) Lx(x) whytpp pnpptipp
pwlnpnp GnyGwbu wdbng thnpp ¢ (a (x)/ B(x) pwlnpnl ly* whifbpe v66), wuyw
Bx) -0 4nstrud ¢ olx)-p Gyunndusde wiftyh pupdp Yungh whddtpp yinpn Jt-

ompyruls, puly alx)-p Blx)-h Gyunndundp” wnftiph guidp yupah witne npn
Jbonipm G:

WG thwuing, np Blx) whybng tnpno o(x) wybng tnpph Gyundwdp nGh
wybih pwpdp bwpg' Y026Gp htwnlyw) Yepwy'

B(x) = o[a(x)] : (12)

llm

“Yhpwnpnud bp. ap 1 ¢ hp uwhiwGushG wpdtiphl dqubghu nhtuplidna pwnpnGliph hupurupwn-
Gbpp qpn b0 nunbng:
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§23
UwhdwGnud 5: x -7 a 1 dquatihu B(x) -p Yngyned ¢ a(x)-p Glpuwndwdp -

m (k>0) Yungh whbpe ginpp J66mpmid, bpt Blx)-p b o' (x)-p dhllbinyG
Yuwngh wiybng sinppbn 60.
a'{x

OphGwy 4: Lbppluntd StGp gnyg YnwGp [25.(2)], np x -p qpnjh dquntithu wbph
mlp hbwnbgwy «Gwlwynp» vwhdwbp®

[lﬂl B x))=A (A¢0,IAI<+OO) (13)

. sinx . (0
im=—=1: (o (®)
Ywwnwnbnyg
. X :
1-cosx 1) 7
x 2] x
2

nwppwiwi dlunhnfunipyntGhbpp L hwayh wnlbiny, np x -p qpnjh dqunbthu ¢ =-;E Gyt
dqunud qpngh” (p) hwywuwpmpywl hwgwnenudng YuinwbwGp [22,(20°7))

. X
sin> N
i L 995% _ % ] =l[l' smt) _!

o 40

hGgp, hwiwduyl vwhowGiwe Gaulwynud t, np x -p gpngh dqunbithu Bx)=1-cosx wh-

qtpg thnppp, a(x)=x whytng gnpph Guwwndwdp Gpypnpn Yuingh dbénipyma t:
Oqubiny (12) GawGwynudhg' Yuipnn LGp qpb
1-cosx = ofx): (9)
UwhdwGnLd 6: &pt x -p o vwhiwluyhl wpdtiphl dqutyhu alx) & Blx)
whbpy thnpplinh hwpwpbprupimap npnpwih vwhdwlh sh dqunmd, wuw wyn
dbompymGGap Gnsymd 66 wohwobounnbh d66mpmG66n;
OphGwy 5: 2wGh np

B(X)=xsin% b alx)=x m

$nulilghwilinh (x)/a(x) pwlnpnp hwwuwp t sin% -h. npp x -p qnngh dqunbihu [24,04]

npnawih uwhdwGh sh dguwnnud, hitnbwpwn x -p qpngh dqunbithu shunwpyynn wiybpe
thnppbpl wihwdbdwinkih dténtpynlGGEp bG:

UwhswGmad 7: 6p6 x -p a -h dquntypu B(x)alx) pwlnpap (L Grw hbn
dblpntn Gul ofx)/plx) pwilnpap) deuincd t dbyp.
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qLNtu IV

Blx)_,  |ipel)_
im 37! ['1‘1‘5(;)“]' (14)

wupw u(x) b B(x) waibine pnpplbipp Ynsymd 66 hwdwndbp d6énipin GG6p:
UjG thwuinp, np a(x) L ﬁ(x) whybpe thnppbipp hwiwpdtip G&nLpjntGhtp
GG YyGt0p htwnlywy Ybpuy
a(x)~B(x): (15)

Onhfiwl 6: w) Ywhiwlnws 7-hg L (p) hwywuwpnipintlhg htinkintd t, np x -p qpnjh
dqintithu

Blx)=sinx L alx)=x
whybpe thnpplipp hwiwpdtp SGénipynLliGlp GG.

sinx~x: (t)
£) Lbpplnud skGp gnyg YuwGp [25.(177)], np x -p qpgh dqunbithu tnbinh niGh
-0 x

«Gwhwynp» vwhdwGp:
Uwhdwiinwd 7-hg L (@) hwywuwpnipintlhg hbintnid £, np x -p qnnjh dquabhu

Blx)=tn(+x} L alx)=x
whybpe Yynppbipp Gnylwbu hwiwpdtip StonipyniGtp GG.
ln(l + x)-— x: Q)

Ujdd wwwgnighlp hwiwndtp wiygbpe thnppbinhG Ybpwpbpynn hbunbyw
pbnnpkidp’

Btnpbd 5: Mpwbugh a(x) 4 B(x) waybng hnppbpp (h66G hwiwnpdbp
Gbonipym 006, wohpwdtyn ¢ L pujwpwn, np Gpwig wnwppbpmpmbn (Hhah
wifbith pundp Luwipgh wifbne inpn d6émpym b, pwl hGswh'u a(x) -n, wibwt'v
4 Blx)

1)=alx)-Bl)=dal)l,  v(x)=op(): (16)

Uwwgnyyg: Ubhpwotynmpmt: Yhgmp alx)-p L Bx)-p hwiwndtp wh-

ytipp thnpp 0ESnpjnLGGhp HG: Oqunybiiny hwiwpdtip wGybing thappbph uwh-
Gwlntihg™ YniGhGwGp [22,(197]

hmy()—h ﬂJﬁ%—ﬁ—)—lu‘\[ %}—l hm% 1-1=0,
”‘ax ax) atx alx

npunbinhg uwOnid Ghp (16) hwywuwpnipniGGbphg wewehGp:
POwywGwpwp, Gnyl duny Ywpnn Gip unwlw] Gwl (16) hufwuwpnip-
jnbGGphg tpypnpnp:
Pwywpwpmpym: Uydd LhpwnptiGp wntinh nGkl (16) wnGsnupiniGGbinG,
wyuhOpl’ GOpwnpkGp wbknh nulbh
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a(x) (x) oal)- -B(x -0
a(x) B(x) (17)
hwyjwuwpnpjnt0GEpp:

(17) hwdwuwpnipyntGlGtiphg wnwehGhg Lunwbwip
lim[l _B ")] =0,
o alx

limB")=|:
= alx

npunbnhg YniGtGubp

(18)
UnyG alLny, (17) hwywuwpnipiniliGbphg tpypnpnhg Gunwbwip

mel)
SO 19)
Jwiwduyl uwhdwGdwG, (18) L (19) hwywuwpnipniGGhpp Gwlwyned
66, np alx) U B(x) whyting Ynppting hwiwpdtp dLénLpynLGGLR 6G:

huww
Ljwwnkbp, np ptinptid 5-p sh Ynpghh hp mudp, bipt wwhwiokGp Shwyh, np

v(x)-0 (hGh wytith pwndp Yungh waybng thnpn dbéntpnil, pwG o (x) L Blx)

hwiwnpdtp whybpe thnppbphg nplt dkyp (pwGh np wyn nbwpnid Gaywé G-
onipynLGG wyGhwpnnptl YhGh wynwhuhl Gwl $nu wGybpe happh Guin-
Juwdp):

UGghtiiny whytpg k6 $nibyghwihph hwitdwwndwbp' nhiwpybGp
dhLGnyG dhnnfuwlwbhg Ywhuws y(x) b z(x) $nibGlghwhbpg, npnip x -p a
vwhiwGwihG wpdtphG dqnkihu, dquinud 66 wymu wiuwhdwingpywh:

Uwhdwinud 8: pb x -p a -p dquibipu 2(x)/y(x) pwlnpnp (L Gpw hbw
Ublpinkn Gwl y(x)/ z(x) puwbnpnp) nbh gpnihg nwnpbp Jbpoundnn vwhdwa,
wupw z(x) L y(x) whbpg J66bnp Ynsdnid 6G Shlbnyl lupgh Jkdnpnt0GEn:

UwhSwGnLS 9: £p6 x -p a -h dgubphu y(x) L z(x) wlybpe daokpp
Z(x)/ y(x) pwlnpnp Gnylwbu waybpg 066 £ ( y(x)/g(x) pwlnpnb by widbne
npp), wuyw z(x) -p Gnsdmd ¢ y(x) -h Gyunndwde uwnfbh pwpdp Yunpgh wo-

ybpp b6 vt puly y(x)-p z(x) - Gyunndwdp’ unlyh guwon yupgh wi-
ybpp 66 vLmpymG:

UwhdwGmd 10: x -p a -/ dguitiipu z(x) whybne v66p Ynsymd ¢ y(x)
wotpg Jtoh Ghwndwdp k -npn (k>0) lwpeh wldbpe V66 v6émpymal, bpk
#x)-p by (x)-z UpllnyG Yupgh TE6mpnLOGEN bG.
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aLAty IV
2lx) _

hmm—A (420, |4]<+o): (20)

Uwhdwnid 11: Epb x -p a -h équnbiipu 2(x)/Wx) pwlnpp npnzwlip uwh-

dwih sh deumd, wyw z(x) L y(x) wltpe d6dtpp Ynsymd b6 wlihwibdu-
wlith JE6nipimGGLn.

UwhidwGnid 12: &6 x -p a -h daubihu x)/(x) pwinpnp (L Gpw hown

Ublpntn Owl Ax)z(x) pwlnpap) dqumd b dblp, wuw z(x) & y(x) wiybpe
gbobpp Ynsdmd 66 hwiwndbp d66nmipimGatn:

hGswbu wnbulinid BGp, Gpunt wGykpe Ghékph hwibdwuwndwb hhdpntd Gnyl-
whu npdnud £ hwotdwnnynn SeonepiGatiph hwipwpetpnipjw Jwnph qlhwhuw-
wnudp, bBpp x -p dqunud t hp uwhdwGwihG wpdtiphl:

Llwinthp, np dbpunid phipdwé ophGwiliGtipnid nhunwplidwé waybpe thnp-
pbpp dinfuwphGiny ppblg hwywnwpd dkonpynibltipnd’ YunwlwhOp tipym
wiytpe dGétph hwdbiunnnuip |nuwpwbnn ophlbwlyGkn:

Jdhponid, GOpwnptiiny, np 1 (x) dnibyghwl npndwé t g vwhdwbughl
Yt nGlgnn x pwqlnipywl Ypw' wuywgnighlp hbnbyw) Ywplnp pinpbdp’

RPbnpkd 6: Npwbugh x -p a -h dquibithu b hwuwnunnmdp thGh f(x) rudl-
ghuyh uwhdwlp.

lim /(x)= 5, 21)
whhpwdbpn t L pwywpwn, np uyn Gyl x -bph hwdwp inbnp mOGw f(x)
Pmlyghuyp

fx)=b+alx) (22)
Gplwpugmdp, npunbin a(x) -p whbng hnpn Pmblhghw t, bpp x -p dgunmd ¢
a-f

Uwwgniyg: UGhpwdtipmmpnl: thgnip x -p a -h dqubiihu wbnh mGh (21)
hwyjwuwpnipyniGp: ]

dnGyghwih vwhiwbh uwhiwGiwld hwiwdwl, Ywunwpywé Lhpwnpnip-
jnilp Gawlwynmd t, ap qullwgwd ¢ npwlwi pyh hwiwp gnnipncl niGh

wjlwhuh 3 npwlwG phy, np htiGg
h—4<&
nbnh nGh
|fx)-bl<e  (xeX, x#a)
whhwywuwpnepnibp: dbpngpywil tp hp hepphG Gawlwlnid t, np x ¢ a-h
dquibithu f(x)- 5 wwnpplipnipymGp wiyting thnpp GEdNLRINLG t: Lawlwltiind
wyn wwppbpnipnuGp ofx) -y
flx)-b=alx),
-80-



24
Yurnwbwip nhinwpyynn nbyghwih (22) GhpYuwywgnidp: S
Funjwpwpnipym: Ujdd GGpwnpblp x -p a -h dqubihu wbnh niGh £(x)
$niGhghwih (22) Gpluywgnidp, npnbn o(x)-p wyn GnyG x -bph hwdiwp wo-
dbpe thnpp pnullighws b Ywnwptipny vwhdwbwyhG wlgnud® (22) hwwuwpni-
pintlhg Yuunwlwip

lim f(x)=lim[b + a(x)] = b + lima(x)= 5,

hGsp GawGwymd t, np x -p a-h dqubithu -G f(x) PnilGlghwih uwhdwha t:
huyw

§24. dnuGyghwjh whGphnhwwnipjnibp: Ouwpwlwlws
qnpénnnipynillbp wipGnhwwn dnclyghwbliph hbwn: dnilyghw;h
luqiwh Ytwbipp L Gpwlg nuwuwlwpgnidp: UnGnnG dniGyghugh
whipnhwwnipinelp: Pwpn dnilighwih wlpbnhwwnipynilp:
Fwhwqupd pnGyghw, Gpw wiplnhwwnipjnLBp:

bauGlghwih vwhiwbh hwuugmpjwh hbwn [22] ubpunnpbl Guwwyws t
Gwpbdwwhluwjh d6y wyp Yupbnp hwulwgnigintd”™ dniGlghwih wGpbnhwinni-
pjwl hwulwgnipjniGp:

Uwé hwulwgnipjwC hbin swhnpwlwint hwiwp Llpwnpbbp y= f(x)
InibyghwG npnwé t X = {x} pwqdnpjwl ypw, nph hwiwp x,-0 uwhdwGw-
JhG Ut t [18,u18]): Ghpwnptlp Gwl, np x,-0 wwwnljwGnud t x pwqinipywap,
wjlwbu np wyn Yhwnmd wpdwé niGyghwb nilh npnawilh Jtppwynp wndtp:

UwhdwGmd 1: &b f(x) dmblghugh wpgndblng x,-h dqunbipu grynip-
Jma ntGh

tim /(x) (1)
uwhiwlp b wyl hufwuwn t f(x) dnibhyghuyh wndtiphl Grdwé Ybunmd.
lim £(x)= f(x,), @

wupw f(x) pmbhyghwt Ynsymd t wlplnhunn %, Ybunimd:
Jwulwlwih t, np bpb £(x) Pnillyghwh npndwéd t x, Yhwnnd L wn Yhnh
dh npbt 2ppwluypnid, www Opw whpGnhwwnnipymGp x, Yhunmd Gawlwyntd

t, np wyn Ybwnwd gnynupyneG nuGbG £(x) dnibyghwh L dwhuwlynndjw, L’ w-
wlynnijwl uwhdwGGlipp {22,u5), hGswbu Gwh wbnh nubka

f(xo—0)=f(xo+0)=f(xo) (3)
hwyjwuwpnipyniGGtpp:
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QLN 1V
Wdd, tipt x, wpdbphb nwip wiGwhuh Ax (Qupnwgdnud b nbipvw x ) ws,
np x=x,+Ax wpdbpp nnipu sqw x pwqinepjwl vwhdwbGbophg L Ay, -ny
GwGuwybGp tnpdwé pniblyghwih unwgwd wdp (wjuhlpl’ £ (x) ImlGyghwih
«Onp» L «hhO» wpdbpGtph wwppbipnepnilp)” YnbkOwGp
&y, = £z, +ax)- f(x,)= 1) - /(): )
Ywpnn bOp hepnmpyudp wuywgnigly, np npybugh f(x) Prlblghwi x,

Yl (hGh wilpGnhwen, wihpwdtn b L puwpwp, np inbnh mO6Gw hbnlyuy
hwiwuwpnipiniGp’

Lug Ay, =0: (5)
Pbpywdé huwuwnmpymGp Gwlwlymd &, np wipbnhun $nllyghwt pbni-
pwamimd t Gnwiny, np wyn Pmlyghuyh wpgmobinp whibpe hnpp wihi

hwiwwunnwufuwlmd ¢ inpwe pmblhghuyh GnyGubu widbpe hnpp wa:
Ujdd oguytiiny dniblighuh uwhdwh vwhiwbmohg $niGlghuyh whphn-

hwuwnpymGp x, Ghwnid dbwybipulilop «€,8 (hqyuny»:

UwhidwGmd 2: f(x) pnbyghwi Ynsymd t whpbnhunn x, Ybunmd, bpb
qwllwgws € npuwlpwl pydh hwdwpn gimpim G niGh wybwhup 5 ppwlwl phy,
np h&Gg

|,x - x,[ <3,
wbnfr nLGh
lr(e)- £lx )< (6)
whhwywuwpmpntp:

dnllghwih wipGnhwwnipintlp wpywsd Yonnud dhwlbpwbbp Gwl «hu-
enpnwlwGnip)ntGGhph (Gqyny»:

UwhdwGms 3: Gwublp, np f(x) Pmblghwl whpGnhwn t x, Ybwnd,
bpt x pwqdmpyuwlp wunlwing hGswhuh hwenpnwlwGmpima by plunpbp,
npp gniquidpunmd b x, -ha.

limx, =x,,
npdwé Inblyghush hwiwwuwnwuhuwl wpdtipGliphg Gwqiywé hwonpnwlyuw-
GripyniGp dqund £ f(x,)-hﬁ.

lim f(x.)= f(x,): "
LhwuwnbiGp, np bpt x,-0 f(x) $niGyghuyh npnuwh whpnyphl sh wwwnlu-
Gnud, pwyg qnymipynth mGh
limfG)=d (4 <)
ybEpowynp uwhiwbp, www pGnnlbbing f (x,,)=A, nplwo $ntGlhghwl Ynwpd-
G66p whpGnhunn Gwbl x, Yhwnnud:

~
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Vywpwandwd hunnlinipyn Gl ntGbgnn YinbphtG ywlwlblp Ybpweltyf
JuquwG Ybunbin:
Ujdd oqunyligny Gplnt $nulGyghwGlph qnudwnh, nwppbpnipjwG, wpnwn-
pjwih b pwGnpnh vwhiwGGtphl YGpwpbpnn ptnpkdhg [22,p6] wuwgnt-
gblip htinlyw) Ywpbinp pbnpbdp’

Rinpbid 1: Epl dpllinyl X pwadnpul ypw npnpdws f(x) L g(x) prly-

ghwitnG wiplnhunn 66 wyn puwqinippwlp wwinlwing x, Yeinmd, wuw Gy-
ywo Ybwnmd wlplnhunn 60 Guwlb

[R)el), fele), L) @
glx)

Dllghwlbnl, pn npmd npdwo pmbhghwlbph pwinpnl wipbnhunn t x,
Ybwnned, bpt g(x,)#0:

Uwwgnyg: Thgntp Shulnyl X pwqimpjwl dpw npnpjwé f(x) L gx)
dnbyghwibint wiplnhwwn 66 wyn pwqinippulp wwwnfwbng x, Yhunnd.

lim f(x)= /(%) limg(x)=glx,):

Oqunytiiny ybplnud hhpwwnwlwé penptithg L LGpwnntiny, np g(xo):o,

YynGEGwap

, S ) ()
I = l = - =2 vl
o) ) " e~ )
hGsp GawGwlmd &, np
olx)= sx)
g(x)
Inullyghwl wapGnhunn t x, Yhwnnud:
Ywunwpywd GGpwnpnipjwl ntiwpnid, Yupnn LGp Gnyt dund wuywgnighi
Gwbk f(x)tg(x) b f(x)e(x) PniGyghwltinh whpGnhwinmpniGp x, Yhwnnud:
huww
Vwhdwlnd 4: y= f(x) pmbhghwl yngdmd t wiplnhunn X puwqinp-
Jwl Ypw, bpb uyl wlpGnhwen t uyn pwqdnipnul mpwpwlsnn Ybwnmd:
OphGwy 1: BYwyhG wowligph Jntpwpuwibgnip Ghnmd wipGnhwin $nllghuwh wuipq
ophGwl t f(x)=x Pmullyghw:
bpnp, nuGtiGp
E{E.f(x)=!£n'}x=xo =f(xt) (Xo € R) ,
npinbinhg bqpuilpugGnug bGp, np ghownplynn nllighwt wipGnhwn t x, Ywnmd:
2wlh np x,-0 pYwhG wowbgph Ywiwjwlws Yk t, hnbwpwp f(x)=x dacGy-
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ghw( wGpbnhwin t wipnng pyushl wnwbgph Ypus
Lwjunpn phinptith 2Gnphhy wdpnne pyuwyhb wawbgph Ypw whplnhww b Gwb

g(x)=ax" prulyghwd, npwnbin a -0 Jwiwwhwl hwunwam t, huy 7-p° nplt pGulwG

phy:
ULnyyh plinplithg hunbinud b, np pyushG wrwlgph jnupuupwiGynin Yhwnnud wGpGnhuwin
&0 Gwl

P(x)=ax +ax™ +--+a_x+a, (w)
wdpnne pwquiwbnuwip L
Plx) ax +ax™'+.-+a_x+a,
0.(x) B bx" +bx"™ ' 4o+ b, x+b, (®)
nwghnGuy, dnGyghwt, bpb hhwplys Q,(x)=0:
Owlnpwlwlp Gwl dnbyghuyh dhwynniwbh wlptnhuwnnipyjuwl hbw:
UwhdwGnud 5: Ywublp, np y= f(x) pmlbhghwl pp npnadwl nhpnyph

x, Ytwnmd waplnhunn t wehg, ek wbnh mGh
lim £(x)=£(x,) )

hwiwuvwpnipyniGp.
UwhdwGnid 8: Ywutilp, np y= f(x) Pmlblyghwl pp npndwl inhpnyph
x, Ytwmd whplnhunn t dwfuhg, bpt wtinh niGh

lim f(x)= /() (10)
hwywuwpnipymbp:

Uwhdwlnwl 7: &pb (9) L (10) hwywuwnpnipim 606nhg nplt 06hp wnbinh
smbp, wuyw quublp, np x, Yewomd f(x) pmblhghwl moh fuqms’ wohg Gu
dwfuhg, wiudwo Gpwihg, pb Griwo welsmpimGGiphg huwdwwyunwufuwbw-
pwn npp wbinh splh:

Jwulwiwih t, np bpb f(x) Pnllghwl npnadwd t [a,6] hwndwsh Ypw,
wuww wjin hwinyjwéh dwiu (we) suypwltnnud Yuptith t junubip Shw)G nipydwo
$nhyghwih wowynnijpub (Swhwlynndjwh) wipGnhwwnnipywi dwuhb: UhOs-
nkn [g,b} hwwindwéh Gepphl x, Yhwnmd 7 (x) dnGhghwyh wlpbnhwinnipini(o
wyGhwyunnpbl hwdwnpdtp b npdwé Pniblghwih ShwdwidwGwl wewlnnijwb
L dwihnulnnijwlb wipGnhwnnipjwbp’ wyn Yenmad:

Ujdd tGpwnpblp f(x) Pniblyghwh [a,b] Shpwlwiph GhpphG x, Ybunned
wyohg nilh fuqnud L ghunwpytlp hbinbyw hGwpwynp nbupbpp’

w) qrympints nulh

lim £(x)= f{x, +0)

ybpouninn uwhdwlp, puyg wis hwdwuwn st f (x,,) -haG (GY.11):
dnuGyghwsh nhwwplynn fugnidp Ynsyned b unynpwlwt ywd weweht ub-
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y y=f(X)o/\_,/g nh tugntd: RGOwpYyUdnn nbwpnid Yuw-
; ' ublp Gwl, np f(x) pnGyghwh x, Yb-

¢ P ) S(x+0) wnud wohg mGh prhsp, npp hwywuwp t
: X0l :
H § : x f(x° +0)_ f(xo)
0 a X b  wwppbpnipjwGp:
ay. 11

p) FGwpuninp £ Gwh, np f (x, + 0) vwhdwip hwywuwn b wouwhdwbnipyuwl
yuwd wehwuwmuly qninipymG smGfi:

RGGwplynn nbwpnid YuwubGp, np f(x) PnGlghwh x, Yhwnud wehg nibh

YA y=ix] tipypnpn ubinh juqnui:
] T Swulwbwih £, np GnyG duny Ywpnn LGp pG-
if—4 | Gunbby Gwb wjb nbwpbinp, bpp x, GipphG Yb-
2=l L 3 > inmd npdwé PmGhghwt dwiuhg nilh fugnud:
: : - Ophliwy 2: Ypwwnytip
_,, _______ _2 y=[] (a)
Pnllghwl (Yupnwgynud t wdpnng dwu x )

GYy.12

Ruwilh np gublwgws wipnnawndtp n-h hwiwp [1,7+1) Ghuwpwg Shouwlugpnid
nhnwnplynn $nblghwih wpdbplbpp hwywuup G » -h, hewnluupwp Gpw qpudhlyla nubh
12-pn Gywpmd phpdwé, we duypwibintp snGhgnn, dbly bplwpnippudp hnphanGwlwh
hwwnywolbphg Ywqijwé wunhwiwdl wkupp:

UyGhwyn t, np guibljwgws YninnpwlwhG x -h hwiwn [x]-p wlplnhwn PniGlighw
t: Mwinq t Gwl, np pnpnp wdpnnowpdtp x -tph hwdwp wpgwé nlblighwt wehg whipln-
hwwn t, huy dwluhg™ tuqynn: 06 apnud pagnp fluqiwi Yeinbpnid ahunwpyynn $nilyghwt

¥y ) dwiuhg niGh Stgh hwijwuwp pahgp:
yEx OnphGwy 3: Yhunwplybhp
i IWAA A
//, 7 ,/;/: > y={x}=x-[x] (n)
Pmllghwl (Gupnwgynid t YnunnpuljwyhG dwu x ):
0y.13

ewGh np [0;1) Yhuwpwg Shewlwipnid [x]=0 (nbu Gufunpn ophGwlyp), hbunluwpwn
wyn dhewiwypntd nhuvwpyynn Poilyghwt hwdpGynd t y =x wlpbnhwn (ink'u opp-
Gwy 1-p) Pnilyghwih hbwn (G4.13): Iwadh wnGbing Gwl, np {x}-p wyGhwynnpbe 1-
wuppipwywd $nbyghw b Yuinwlwlp, np gwilwgws Ynunpwluwyhl x -h hwdwn wyG
whpGnhwin t: hG; Yopwptipynid t woprnowpdtip x -Gphl, www hGsugu L Gwhunpn opph-
Guwynud wynghuh x -biph hwdwp nipdws niGlghwh wehg wipGnhun t, dwhuhg™ luqynn:
COn npnud papnp fuquwG Yewntpnud (x} dnuGyghwi duwtuhg mbh dblh hwiwuwp prhsp:

——————

*) {x] -ny§ 4G whwlybGp x -p sqbpquiignn unibGuattis wipnne phyp: OphGwy.
181=5, [7.51=7, (y2]=1, [-31=-3, [-25]=-3:
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Ophliwy 4: YhunwpllGp

2
y=sin% (X¢0, IXIS"[‘), &)

Inillghwb:
Mwpg t, np bpt x -p npwlwl wpwhbny
, daqunbigllilp qpjh, www 1/x -p whuwhiwGuw-
thwlnpbt Yubdwhw L nhuwplyynn $nblghwt
x nunnwiibing -1 L 1 pybph dhels™ rpnzwlh
uwhowGh sh dgnh (GY.14): :

Gy.14
3wyh welGhny, np (6)-0 G $nilyghw t (hbwnluupwn Gpw gpwdhlp hwdwswih b
YnnpnhGwwnbtph ulqpliwybitnh Ghwindwdp), Ggpwlwglnd bGp, np x=0 Ukl ph-
wnwpliynn dnibyghwl hGswbu wohg, wilwb'u bty duttuhg niGh Bplpnpn ukinh fugnud: UYG-
hugwn t, np SGwgwé papap Ghwnkpnud (6)-0 wiplnhwwn pnebyghw t:
OphGwy 5: HunwpytlGp htwnlyw] pnelhghwl’

- af,bpli x#20,
S (x)—{ (a > 1) (@

0, bphx=0:

x NuGbGp

f(+o)=1ir“na5=+oo, f(-o):l'&ai‘:o:
0y.15
Ujuyghuny, x=0 Ybwnud nhinwpiynn $neblyghwt dwivhg whpGnhunn t (GY.15), hul
wghg nilh bpypnpn ubieh fugud:
Ophlwly 6: thunwnyblp Gwb Yhphhubh $nebyghwG, npp wpdned t
D(x)={ 1, bipl x-p nwghnbwy phyt, "
0, tph x-0 howghnGuwy phy k ®
pulwaliny:
UyGhwyn t, np nhunwpliynn $neGlyghwl fuqynid t pydwhG wnwlgph mipwpwisntp
Y, hOgp GawGwymd t, np wyn dniGhghuwgh gpudphlip wwwnlgbinty hGwpuwynp st:
Utglbinyg dnlinnnhG $nublyghwbtiph wipinhwwnnipjwl hwpgh nwuniGw-
uhpnipjwlp’ nhtnwplkop X dhpwlwpnid? npndwd 1 (x) inGnunG $nLlly-
ghw(:
Bnpbd 2: X dhpwluypmd dnlGmnnl prllghwl wyn dhowlpwpmd juw-
nnn & mGhGwy JhuyG wowehl ubinh fuquwl Gbuinkp:
Uwwgnyyg: Npnawihnipjwl hwiwp bGpwnptlp 7(x) $niGlighwG dnGn-
unG womd t X dhowluwypnid [22,u12]:
Nhuwplynn Shewhwipnid yhipgGkGp nplk x, Y, nnu ¢h hwdpGyGned
wyn Showlwiph dwiu dwipwlbnp hbwn:

*) X Sheudiwpp Ywipnn t thGby Ybpguning Ywd whybpg, hGsubu Gwl’ thasy, pwg Yws Yhuwpuwg:
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blywwnh mOGGwny, np wpdwé showlwph jnupwpwbsnp utnm?ui, npp
quldmid t x, Ybwnh dwiu Ynndnud, nbnh nuGh £(x)< f(x,) wihwywuwpnipyni-
Op L ogquykiny dnGnuinG pniGlghwjh vwhdwhhG bpwpbpnn plinpkihg
[22.p4], Yunwlwip, np dwluhg x -p x,-h dquikithu gnynipyntG nLGh

Sz, -0)= lim f(x)< /(x,) (1)
dhpouwynp uvwhdwbp:

Qwiwdwi vwhiwbdwa, bpt (11) wnbGsmpjwl Skp wbknh nGh hwywuw-
prcpinil, www nhwwplignn nblghwt x, Ytwnned dwiuhg whpGnhurn t, hw-
Yunwy nbwpnid” waljw t wewehl ukinh fugnud:

Ywpnn GGp Gnyl dbnd hwingqyby, np X dhowlwyph jnipwpwlsinip k-
wnd, npp sh hwipGyGnd Gpw we dwpwytitnh htin, f(x) $nLlyghwl Yw's
wipGnhww t wohg, Yw ' b wnljuw t wnwehG ubnh fugnud:

huyw

Uwwgnigwd pbnpbdh 20nphhy unwlnud GG0p OnGnuinG J)mﬁhghwjhutlu-

OpGnhwwintpintGp hwutwwng hbnbyw] hwpdwp hwpnwGhyp’

Bbnptd 3: 6pb X dhowlpuypmd npnpdws  f (x) dnlnuinnG pncGlyghuwh
wndtipllbinp hnd 1g0m o 6G Y Jhowluwypp (wyuhlpld Y Ohowluyph ympwpwls-
Jaup wndtp npuwplpdnng prblyghwl qnit b6l wliquis pGnmGmid t), wyw f(x)
dmGyghwl wlplnhunn b inpifwd Showluypmy:

Uwwgntyg: Thgnip, npnawlhnipjwl hwiwp f(x) $nibyghwl dnGnnnG
wond t X dhowlw)pnud L Gpuws wpdbplbpp hné 1ghnud GG Y dhowljwjpn:

Glhpwnptlp X uUhpwlwipnid gnynipjnid mbGh wjbwhuh x, Yk, np uyn
Yeionud f(x) pniGlyghwl, ophGuly dwtuhg, mGh fuqnud: bGswbiu ghnkGp, win
nbwpmd phil gnynLpyniG niGh /(x, -0) ybpgwynp uwhdwGp, puwjg wjG thnpp t
f(x,)-hg: Qwlh np 7(x) PniGlghwG GnGnnnG wenud b X dhpwluypned,
htinmlwpwn x,-hg thnpp x -tiph hwdwp wbnh niGh

S 1z, -0)
wlihwywuwpnipynibp, hul x,-hg Sk6 x -Gph hwdwp
1) f(x)
wihwywuwpntpyniGp:
Upuwhuny, hwiwdwyG Jtpngpjwih, f(x) dnGyghwl ¥ Shewljw)phG wwin-

Yutnn f(x,-0) L s(x,) putiph Shel pGyws wndtipGbnG pGnnLGhin hGwpwyn-
poupynil sniGh:

Uunwgwé hwiwunipynibp gnyg b twghu, np Guwnwndwés GGpunpnupyntGG
wjl JwuhG, np nhvnwplynn Ghowlwipnid nipdwd pniGyghwl Ywnpnn b nlb-
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Ow fuqiwb Ybn' ufuwg L

3tnlaupuwp, pinptidh wwyiwGGtph nknh nGEGwin nbwpmd f(x) $nuy-
ghwl wipGnhwwn b X Showlwipnd:

Puw

Oqunydkiiny ptinpbd 3-hg” Ywpnn GOp hGznnipjwdp hwinqyby, np hhiGw-
YJuwG nwppwlwl $niGyghwibnb woplnhwin GG hpkiGg npn0wl nhpniyplt-
nned:

OphGwy 7: YhunwpltGp

y=a (@>1) )
gnigswihG pnllghwl:

2wih np ghunwplynn dncblighwl dnlnunG wéned ' wdpnng puughl wowGgph Ynw
U Gpur wpdtiplipp hnd 1gimd 66 {0,+0) Shpwluypp, hbwnlaupwp, hwiwdwG ptnptd 3
h. wyG wopGnhwen b wopnn9 plwjhG wnwigph yYpw:

OnhGwl 8: Oqunybiny ptinpbd 3-hg L Gwinh mGbGwiny, np y=sinx-p L y=cosx-
o wwppbpwiwi niGyghwibip GG, Ywpnr Ghp hwingyb|, np wyn $nblyghwlbpG whplbn-
hwuwn G0 wdpnng pwihG wnwlgph Ypus:

OphGuwly 9: Yhunwplyblp

y=log,x (a>1) (®
Inquphpdwlwl priGhghuwb:

Rwlh np nhnwnlynn $nillyghwl SnGnnnh wend t (0,+0) dhowlwpnid L plnni-
Gnud t pnpnnp hpwlwG wpdbpGhpp, htinkwpwp, hwiwdw)t penpbd 3-h wjl wipGnhwn t
hp npn2dwl whpngpntd:

Ui swhnpwliwlp pnGyghwlbph hwiwnpniph Gwd pwpn dnGlhghwsh
hwulwgnipjwl htiwn:

bpb z =z(y) PnLblghwt npnadwé t ¥ = {y} pwqinpub Ypw, huy y=y(x)
PniGyghwt’ X ={x} pwqunpywl Ypw, pGn apnid y(x) Pnillghwih wnpdtip-

GhpG pGlwd LG Yy pwqinpjul by, www Yuwublp, np z-p y-h dhengny x -h
pwnn $nilyghw t Ywd wwpquuwbu z-p x -h pwpn dnilyghw b L wyn hwuwnp
yG2EGp hbwnlywy Yhpw.”

#x)=z[y(x]]: (12)

dbpngnjwihg htwbnud &, np z(x) pniGlghwih npndwG whpnipp Yuqd-
quéd t p{x) pnilyghwsh npn2dwl whpntyphl wwnbwtnn w)G wpdtplliphg,
npnGg hwiwwwnwuluwl y(x) wpdtpltipp wwunwlnd 66 z(y) PmGyghwsh
npn2dwl whpnyphb:

Lablip, np y(x) Pniblghwih wpdbiplbpp z(y) PnuGlghwih npndwh wh-

pnuyphlb wwwnuwibine wuwhwGel twlwb t L wiG pwg panGGnL nbwpmy Yu-
pnn GGp hwigh; whhGphpnipjwi:

OphGwy 10: y(x)=cosx L z(y)=lny PmGlyghwlbphg Lwqiyws,

*) (12) pusGwdlng undnn Incbisghush Yuwlgwbip Guls ¥(x) U () $nGlighwtbph hwiunpnp:
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z(x)= Incosx
puwpn $nilyghwl hp hdwuwnp Ynpglnid & cosx < ¢ wlhwywuwpnipjulp pwywpuwpnn
x -tiph hwiwp: IGwnbwepwp, pipdwsé ophlwlynud dthp wbnp t nhuwpltGp x -k wjbwhuh
wpdtplbp, npnig hwdwp cosx>0:

Jwulwawih t, np (12) pwlwdtny wpdwé z(x) pupn PniGyghwsh npnzswl
whpnyphl wwinjwlnn nplt x Yhwnd win $mGYghwih wpdbipp utnwlwnt
hwiwp Gwhu whnp t Ytipgpwsé Ytnnud qunlity y(x) $niGlghwih wpdtipp, w)-
Gnihtink y -h uinwgwé wpdtipny qulty z{y) PniGhghwsh hwiwwwinwuluws
wpdbipp:

Ujdd wuywgnigliip pwpn dnilyghwih wiplnhwunipjuGp Ypwpbpnn
htunbjwyg Yuwplnp pbnpbdp’

Bunpbd 4: Lph X pwqdmpnul Ypw npnpdwé y(x) DImGhyghwl wapGn-
hunn ¢ wyn pwqomppwl x, Ybinmd, puly z(y) prllghwt' x, wpdtphl hwdw-
wwwnwufuwlbng 'y, = y(xJ Ybuinnmd, www z[y(x)] pwpnn pnllhghwl wipGnhunn
t x, Ybimy:

Uywgnt)g: Thgnip X pwqinpjwh ypw npnadwd y(x) dnillyghwl w-

GpGnhunn b wyn pwqinpjwl x, Ywnmd, huy z(y) PmGhghwa y,=Hx,) yb-
wnul:

POswbu qhinkiGp y, Ytwnd z(y) dmbGlghwih wGpbnhwunnpinibp Gaw-

Gwlymd t, np gullwgwéd e npwlyws pdh hwiwn gnympinmb ntGh wjGwhuh o
nnuijwl phy, np htiGg

ly-l|<o,

lz(y)-— z(y,)l <g (13)

intinh nuGh

wlhwjwuwpnupynulp:
Ujniu Ynnihg, pwGh np (x) $niblghwh by wlplGnhwin t x, Yhwnnud, htinbiw-
pwn win o -h hwiwp YeunGyh wGwhuh § npwywG phy, np htiGg
lx - x,' <39,
nbnh YnGhGw

=) - ) =|y-nl<o. (14)
wlhwywuwpnippniGp:
dbipngpjwithg hicnbinud t, np qublwgwé ¢ npwlwt pyh hwiwp gnynipnih
niGh wiGwhuh 5 npwlywG phy, np htGg
|x-x|<8,

nknh mGh
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()]~ (=) < €
Ywd np GnyyGo Lt
|2(x)-2(x,} <
whhwywuwpnpnilp, GGty hwiwduyb uwhiwGiwb OwlGwymy t, np (12)
Inlyghwl wiplnhunn t x, Yewnud:
Puyw
OphGwy 11:

(x>0) (@)
wunhSwouwhG Pnillghwh GepYupugibiinyg (nquphpdwlwG nt gnigswihG $niGhghwlh-
nh hwdwnpnypny uinwgynn

y = euhx
wbupny L ogubinyd (nquphpdwlws nt gnigswihG PnuGlghwbtiph whpbahwinnipynt-
Ghg' pbnpbd 4-h 2Gnphhy YuinwGwip, np nhuwpliyng wunhSwbunyht dneGyghwi w-
GpGnhwun t hp npn20wG whpaypned:
UGgObiny hwywnwnd dniGyghugh wipGnhwwmpjwip yhpwpbpnn ptin-
nbdh dluwlbpwdwip’ Gwh Yuwwnwpkbp dh pwbh wywpqupwindGbp:

tGpwnnblp X dhowlwipntd npndwsé £(x) PnuGlyghwsh wpdtpGbiph pwe-
57 dnipynulip ¥ dhowljwypl t (GY.16): bpb
Y dhowlwypnid pGuinpkiGp nplt y, wp-
dtip, wyw wibhpwdtunwpwnp X dhow-
Yuwjpnis YqunGyh wiliwhup x, wndtp, n-

(7 X . i xnh nbwpmd qhuwplynn SnGyghut
[0 X, Juowlw hwnluwwbu y, wpdtipp.
ay.16
fx)=y: (1)

IGwpuwnp t, np x -h wynwhuh wpdbplbpp |hGLG Gh pwGhup® GnyGhul
wiybpy pwlwynipjwdp:

OphlGuwy 12: y =sinx dmGyghwh wwpwquynld [—I;l] dhpwluwypmd y -h hGswh-
uh y, wndtp b YtpghbGp, gnjnipyntl YmGEGwh x -h whylipe pwhwynipjuwip wpdtplbp
(GY.17).

x=(—l)’miny,+1m,nez,

- _x ﬂ" y=sinx
Y= 2 olf i N
-3z -\ /] B g N, 3z
6y.17

npnGg hwdwp sinx=y,:



§24
Jdbplnid GYwpwgpws duny ¥ dhewlw)phg dbpgpwé y -h jnipwpws-
o wpdtiph hwiwwwwnwuhuwGligbting x -h gy Ywd dh pwGh wpdbpGbp’
JunwGwlp ¥ pwqinpjwl ypw npnadwd dhwpdbp ud pwqiwpdbp x = (p(y)
$niGlghw, npG tp Yngynid t y = £(x) Pnbyghwsh hwiwnwpd $niblyghuw:
LhunntiGp, np f(x) $nublghuh qpudhlh wkupp npngnid t o(y) PiGy-
ghuyh dhwndtip Yuwd pwqiwpdtip |hGb(p.
bpb ox wnwlgphl qmauhbne jmpwpwlymp mapn y= f(x) pmbhghuyh
qpuphlyfy htitn hummed t wibGupwinp Jby Ybunmd, mpbdG x = o(y) -p Shup-

dlip pmllyghw t: Puly bpb Gpdwo ninhnlbphg qnGt J6yp f (x) Dnblyghuyh
anwphlgh hin huwnnifmid ¢ dh pwh bsinmd, mpbdl q)(y) -p pwqiwndtip pmol-
ghw &

dtipngnuwihg htwnbnud £, np bpt £(x) $nblyghwG X Ghowluwyph wwpplip
Ytnbipmd plnniGnud £ hpwphg nwppbip wpdtipGbp (hGswbu, ophGwl 16-pn
Glwpnid wwnibpdws nbupnud), wwyw (15) hwywuwpmppul oty dwuGwy-
gnn x,-G YthGh y-p dbpgpwd wpdtiphG hwiwwwunwujuwubGnn Shwy wpdbpp:

LiwG nhiwpbinnud Jwublp, np y = f(x) $nLGlighwl ¢infushwpdtip t X dh-
pwhjwypntil:

Jwuywlwih t, np wpughuGtiph wawigphlG qniguhtin guwllwgwd ninnh
htin thnfudhwpdtip $nLlyghwh qpuwdhlyp Yur'd sh hwngned, Yu'd kb hwanynud
t oty Yhumd:

Laklip, np ng pninp $niGlghwlbph nuGks Shwpdbp hwliwnwnpd dniGyghw:

OphGwy 13: Ynwplbilip X = (~w,+0) Gheuilwipnud nprzfwé

y=x )]
dnulyghw (GY.18):

QwGh np bW) dhowlwiphg dbngnwé y -h jnipwpwlynip wpdtiph X Showlwy-
pnud hwidwwwinwuhawGnid t pyne wndtip.

x=1yy, W
hbnbwpwn nhnwplpgng pniGyghwih hwlwnwpdp bpywndtp mbhghw t:
Y Unynpwpwp Gpywndtp (1) InGyghwih hnfuupbt wipwn-wi-

y=x? W nhunwpynd GG

x=—yy bx=yy ()

X Jhwpdtp pniblyghwGhipp, npnGg wildwbnid &6 () dniGyghuwih Shwn-
dtip «Sjnunkip»:
Gy.18

LwintGp, np (fu) $nilyghwlbpp Ywpnn tGp hwiwpb) Gwhb hwdwuwwnwuhuwlw-

Pwp (0] b [0,+) Showlupbpmd npnzyws (h) Pnilghuwyh hulwnwnd PruGlghu-
Gbp:

Ujdd wnwlg wuwwgnygh dLwybpybGe htwnbyw) Yupbnp ptinpbidp’
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Btnpbd 5: pkt dhowluypnid npnpdwd wlpGnhunn & dnbGninnl wdny
(Gywaqnn) pmlblyghuyh hwdwnp qrynipml nubh wyn pncblghuyh wpdbplbph
pwqdmpywl dnw npnyfwdé dhwpdbp hwlhwnwnpd pmbhyghw, npp GniyGuby
wopGnhuwwn t & InGmnnG wann (GYwgnn):

LjwwbGp, np wipdwé dniGyghwih hwhwnwnpd pnebyghugh x=ofy) pu-
Gudbnud wllwiu thmpnfuwlwbp y -G &, huly Ywhupw haginfuwyuilp’ x -p: Jwy-
gh wnGhiny, np unynpwpwn $niblghwih wilwiu thndinfuwtpulp Gawbwymd
66 x wweny, huy Ywhyw) hathnfuwywip’ y wwenyd, x=oe(y) Pniblghwh
qnwnowl dke ¢hinfublp x L y wwnbiph wbnbpp.

y=olx):
Udthniptigny Jbpp 2wpwnpywsp’ umw(['uzm tGp ywnfushwpdtip dnillghwsh
hwhuwnwnpd $mbyghwtd qunbbim hbnbjw; YuwbnGp
y=f(x) ¢nfudpwpdtp pmbyghuyh hwlpwnwnd pnillyghuyp inbupp vinw-
Guym hwiwp wlhpwdtiyn b y = f(x) hwdwuwpnipymOhg x -p wmpnwhwypnb
y -fr Shongny L winwgduwd pwlwdlnd hnfulyy x L y wwabph nbnbpp:
LatiGp, np gnynipyntG nuGbG dnublyghwGhbp, npnlp hwdpGyGned GG hpblg

hwhwnuwnpd pnbyghwih hbun:
OphGwy 14: QinGly

1
y== (0
X
Prilyghuwh hwlwnwnd pnlyghwi L hwingybi, np wyl hwdpGlGnud £ nhuwpljynn il
ghwjh htwn:
Laménud: Spdwé dmbyghwyh b npndwh whpnypp, L wpdtpGaph mhpm]pg
(-0:0)U (0;+20) puiqinupynLGa t:
(6) hwywuwnpnudhg x -p wnuwhwpnating y -nd” YniGhGwGp
1

xX=—\
y

Uunwgywé hwywuwndwG dbg hnfubind x-h L y -h wnbinbpp’ YhwdngytGp, np o
wwphynn dnulyghwih hwlwnwpdp Gnybwbu (6) drbyghwt t:
. dbppntd plipkGp htinbjwy wyGhwyn L ShlbnyG dwowGwy Ywplnp wlnni-

o

Onfudhwndtip prilGlhghuyh b Gnw hw-
Ywnwnd mbhghuyh epuwdhlybbpp hwiw-
dwh 66 y =x mnnh Gunndwip:

-4 OphGwy 15: y=¢ L y=Inx, wjuukt

i >

y=x Yngdwe, hnfuhwlwnupd InmGhghwlbph gpu-
$hitbpp (GU4.19) wyGhuynnpbh hwiwgswih o
y=x mnnh Guwndwdp:
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Iim]o_g,M ~lo
X

. sin ' . a -1
§25. lim s = | , liml+x)=e, lim g.e, lim——=Ina,
=0y Pty x = x

ljgx@——l=a Gwlwynp vwhdwGGhpp: Qwly dhpwlwjpnid

npn2dwé whplnhwn dnGyghwlliph hwwlynipjnibibpp:

Pywihl hwonpnwlwbnipyniGhph hwnlnpntbGtpt ntunudiwuhpbhu
0k0p Swhnpwgtb) LGp

0 o -

0 , 0.0, w-w, | 1)
wnbuph wanpnantpynlGGbph htwn, hGswbu Gwl ghunwpyb) 6Gp wynuthuh wn-
npnanipyniblbph «pwgiwlp» Ytpwpbpnn 6h pwlh ophGwybtip [21]:

RuwGh np $niGlghwGbph uwhdwGibp hwyybihu by 6kGp hwéwhu gnpd Yni-
OGOwGp Gdwd wnbuph winpnznipnlGGEph htn, hbnbwpwp fjuhunn Yuplinp-
Unid &G wjb pninp dhenglGbpp, npnGg oqGnupjwip hGwpwiynp t nunGnid $nuby-
ghwitiphg Yuqiydwé (1) wbuph wGnpnynupniGlbph pwgnuip:

Uju wwpwgpuwdpnid 06Gp YowlnpwGwlip dh 2wpp wjbwhuh Gwbwynp

uwhiwGlbph htwn, npnGg nbpp wiqGwhwnbith £ 0/0 L 1° wbuph pwqdwphy

winpn2nepyniGGbph pwgdwh gnpénid:
\. 8nyg wwlp, npn x -p gqpnyh Squnbipu inkinh nLGh

. Si 0
lip= = =1 3 @)

X

huwifwuwpnpynep:

Laywo hwdwuwpnipiniGh wugugnigbint hwiwp Gwiu GUuntp, np sinx/x
drlyghwl x=0 Ybwnid npnadwé st: Uiniu Ynnidhg y =sinx PniGlghwih w-
GpGnhwwnipyniGhg [24,08] htinlinis t, np
n limsinx =0,

c hsp Gawlwlynid t, np x -p qpngh dqunbithu (2) hw-
qwuwpnippwl dwhu Ynndnud gnpé nuGkGp 0/0
R nbuph wlnpnznippwl hbin: Yhunwpydnn wbnpn-
2nipini0p wwipgliim hwiwp g wnwynny punnpn

ol DA

5 = 2npuiGh dkg (G4.20) Ahunwnyblp < 4OB=x unip
whly)niGp:

Gy. 20

fwlh np 408 bnwGlywh dwybpbup thnpp t 408 ublnnph Swibkpbuhg,
huy wjn ublnph SwybpbuG b thnpp bt 40C trwGlwh Gwibpbuhg, nluwnh
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-;-R’ sinx<%R’x<%R’tgx:') (3

Unwgdwsé ypyGwhh wehwwuwpnig)niGlbph pninp winuiltpp pudw-
Gy R*/2-h Ypw' YmGhGwlp

sinx < x <fgx: 4
Uhwnh nGEGwng, np unip wiljwG uhlGnup npuywe t, (4) wihwywuw
nnpntGGliphg Yuuwlwbp

l<;< ! : (5
SiItx COSX
PwGh np plbwplynn nbwpnid cosx -G by t pGyniGnid ShuG npwijwl wp
dtipGhip, htinbwpwn (5) whihwywuwpnipyntGGEpald 2petiiny Ynunpwlbting
YniGGGwGp

cosx < 22X <1 (6
X

Oquybiny
sin(~a) _sina
o a
OniyGnipymbGEphg” Ywpnn tGp wonty, np (6) qhwhwwnwywhp Ghow t Guk x-
b pwgwuwlwld wpdbpltiph hwdwp:
bhswbu bplmd t (6) wGhwywuwpnipimbGtiphg, sinx/x PnGyghwl gk

ynud t pyne d66nupynLGGeph Shel, npnlp x -p qungh dqunbithu, dquinid &6
ukih [24,08].

(a # 0), cos(- a): cosa

l'iglcosx=l, l,'_u_xc\l=1:
bwnliupwp, Showhjwy dncGyghwih uwhdwbha Yepwpbnnn pbnpbdh 2Gnp-
hhy [22,p3] x -p qpnjh dqubkihu sinx/x $nilGyghwl GniyGubiu dgumd b akih:
hwyw

.
lim x (0) (w)
uwhdwbp:

Lawdmud: Oqugdbing (2) GpwGurdnp uwhdwlhg b y =cosx Pniblyghwih wGpbnhw-
wnnipinilhg’ JuunwGwip [22,(207),(217)]

OphlGwly 1: Iwyt,

.4 . . .
lim=—=1 =lim——lim
= x M x cosx; ** x ***cosx

=1:

gx sinx 1 ) sinx I

+) Rwlh np dbY ownhwG U R wounthn mbbgnn ubynnph Suhibpbup husjwuwn t xR*/2x -,
1
htwnlawpun x pumpuliniGbgon R awoundnnd ublannph SulibpbuG wpawhwynynud t S, =;R X puGwdbnyg:
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Onpluwy 2: Iwpyby

lim ()]

2

uwhowGn:
Latdmd: NuGbGp

X
1-Yeosz _ .~ 1-cosx 1|, "3 1 1

—_— e 1m . =—
=~ X ~ (l+Joosx) 2| X ligox(n,/cosx) 4
3 !

OphGwy 3: Iwzyb)

Jim {x - x)sinx (2]
= 2U+cosx 0
uwhdwhp:
Lawsnid: Gunnwpbiny thinthnfuwlwGh x-x=¢ thnfauphGnud b oquidbiny (2) Gaw-
Gwynp uwhdwhg nt Grwbiynibwsunhnipinilhg hwpnGh ppdwl pwiuwdlbphg' ymab-
Gwip

t
lim(x—x)smle' tsing oSt f 2 o
=t Al+cosx) < Ul-cose) 0 p et

2

L. YoV gnisg umulp, np x -p qnnth dqunkipu winbinh mGh

lim(l+xF = e (r) M
hujwuwipmpim bnp:
PEpdws hwdwuwpnipyniGl wwywgnighint hwiwp, Gwju gniyg wnuwbp, np
wnbnh nGh

!;‘E(l * l) =€ (r) (8)

X
hwyjwuwpnipyniGip:

Rwlh np (8) hwywuwnpnipjwl dhe x -p dquinid t wyntu whuwhGwbnip-
JwG, hiinbwpwp x -h dhq htnwppppnn Jncpwpwibggnp wndbp qunlymo t h-
pwp hwenpnnn bpyne pGwywh pytiph dhob.

nsx<n+l (x>0): {9)

UGnihtwnl ndquwp st hwdngyty, np (8) wihwywuwpnipyniGGph 2Gnphhy
wbinh mOb0 Gub

| 1y 1Y )
LI, (1*"') Z(H—) >(1+—) (10)
" T n+l' n X n+ll n X n+]
wGhwywuwnpnipniGGlipp:

Lwiinh mGGGwiny, np x -p wyniu wiuwhdwlnipjwG dqubithu # -p GniyG-
whbu dquinid £ wyn uwhdwGhG L oquybny
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lim(l + —‘—) =e
L d n

hwwuwnnipjniGhg [21,(32)], Yuwwlwbp [21,(57).(7)]

inf1+1) =lm{(l+1](l+1ﬂ=,m{“1) iof1+1) e 1=
im 14— | =lim} | 14— 1 = lim) L — | Tim) 1+ ,
1
im 1
oL lin'(l+—l)
n+l ~\ n+l

Mwhwbgynn hwdwuwpnipniGs wwwgnigbint hwiwp dGnud t (10) Ypy-
Gwyh wihwyjwuwpnipymbGliphg Y6pehlh Ypw Yhpwnby ShowGljw) pmby-
ghwjh uwhdwGhG Ybpwpbpnn pinpbip:

(8) hujwuwpnpjuwl Gk Yuwwpbiiny thnhnhuiwGh x =1/t thnhuwnphGnid
U hwith waGtind, np x -p wiybpoh dqutithu -G dqunid t gpngh” YnuGhGwlp

li.n_\(h-lJ =lim{+1f =e
- x -0

lirsl(l +x)5 =e:

Ywd

hwyw

Wdd, bpb Juuwnblp tnhnfuwlwih x = —(+1) nfuwphbnd b Glwnh

nOGGwGp, np x -p ShGntu whGybpoh dqutithu 7 -G Yaqunh wyniu whGykpeh® (8)
hwwuwpnipjwld hwadwenudng Yunwlwbp

r ~{ist)} 1) 70l
m(,,;]:,i UL I R (20 R 0 )
Nox) ey 4+l e\ +] i

=l'm(l+l) =1im(l+l)-liu{l+l)=e-l

14| t t-em t e d ‘

!;@.(“—] =e: (r7) (1
Upuypuny, vinwbmd BGp hbinbywy hwywuwpnipm6G6ap®

"'.‘3(“’1) -‘-ﬁﬂ{ﬂl) =Iim(1+x):=e:
® X | x 190

Latlp, np e pyh pninp YhpwnnipiniGGtph hhdpnud npynid t (7) hwywuw-
pnupjnLlp: N
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OnphGwy 4: 3wyb)

lﬂl-{l + %J. {a=const,ax0) (a)

uwhdwp:
Lnednud: 3wpuh waGbinyg, np 7 -p widtpoh dqinbihu a/n pwlnpnp dqunid t qnongh

L oquutiiny e pth (7) GEpYwypwugnidhg ni wutnhSwGuwihl niGlighwih wopinhwninepynt-
Ghg [24,011], LuunwGwhp

R GO

OphGuy 5: Iwzybi

fim| | -
i (r)
uwhdwip:
Lnwdnid: NuGLiGp

. x Y 1 1 |
] Wl ]
X * X x
e pyh wybih (G YhpwnnipymGbp unwbuwin b pinhwipwwbu

limfu(=)}*” (12)

nbuph wybih pwpn vwhiwGlbp nhnwpybn Gwwwnwyny Gwlu phpbGp
htinbywy uwhdwlnidp
UwhdwGnd 1:

N |-

y=hG}" (13)
tnbuph pnilhyghwl Ynsdm ¢ wunpowlbwgnigsughls pnblghw:

Ohgnip x,-G (13) dniGhyghwyh npnzdwh inhpnyph uwhiwbwihG Yhwn t
[18,u18): EGpwnpbny, np x -p x,-h dqunbithu gnynpynih nUGLG
imu(x)=a (a>0), limvx)=b (14)
dbpowinp uwhdwGhbpp' nGhGe (12) vwhdwlp hwaybynt juGnhpp:

Myws ubnhpp (nudtne hwdwp ghuwpliynn wunhSwGwgnigswhG dnily-
ghwl GbplwjwglhGp

u(x)-(') = @t} (15)

nbupny L oquultiny gnigsuyhG L (nquiphpdwlwG pnGlyghwlbph wplnhuw-
nnip)niGhg [24,07,09] hwpytiGp (12) uwhdwlp.

el e m s

E.T[u(x)r"=l'ijse*"'(')=e' =e =™ =a":
Udthnihbiny ylipngpjuip’ uinwGnd BGp hbiwnbgw) plinpbdp’
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Bbnpbd 1: bpb x, -G (13) wunhswlwgnigsughl Pmbyghuyh npnzdwl

wnppnyph uwhdwluyhl Ybn t L x - x,-h dquobithu qrympynul mbbG (14) Jbp-
puninp uwhdwlbGbnp, wupw nbnh nilh
timpu()l = pimu(o)f = 0 (16)

..‘( x+1 )
lim|
3x-1
uwhdwbp:

Lawdnud: thuinwplynn ophGwynud niGkiGp [22,02]
x+1 :é’ !;“',","(‘)=L'l!‘.x=+°°:

i -k
fimu(r)=lim =~
Unwgyweé hujuwuwpnipniGGlph hwpqwanuing ahinwplyen vwhdwGh hwdwp Yo

GbGuwhp
!i'ﬂ( x+l ) -0
3x~1

OphGwy 7: 3wybg

hwywuwpmpinibp:
OphGwl 6: Jwyb)

(r)

lim( + sin x)-

uwhdwop:
Lnedmud: MGkGp

, s
tim(1 +sinx)s =lim{l +sin 2o > ={|ir_.n(1+sinx)#]" -.

Lwnwiniup huwlwgdtnnid qpywd vwhdwip hwizybnt hwdwn Yuwwnwpblp thmphn-
fuljieGh sinx =¢ pnfusphGnid b hwadh waGbGp, np x -p qpngh dquntithu ¢ -G GnyGwtiv
dquanud t qpngh: (7) hwywuwnnipyuwt huywenidng wpnymGpnud YmGbGwip

lirg(“sinx)ﬁ =l'i_r‘g(l+t)5 =e:
Oqunydbiny Gwb (2) Gawluninp uwhdwbhg L (16) hwywuwpmpinilhg” Ybipelwlw-

Gwwbu Yunwlwip
l'ig(l+sinx)':' =e:

OphGwy 8: 3wyt
tirg{oos )57 ()

uvwhdwbp:
Lménud: NMGkGp
1 ;’i R i
u’% 2 =e_’= i .

limf{oos x)a = lﬂ{(l -2sin’ %J
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§25
. UYdd wupugmgblp

. log,(1+ 0
l;_,M log.e (a>0,a%1) (5) (17)
hwiwuwnmpnop:

Oquytiny (nquphpdwlwld InGhghwyh whpbnhwwnnipintGhg L (7) Gw-
Gwynp vwhdwGhg YnGEOGwap

AL limlog, (1 + xF = 1og,[1im(1 + x)f] =log,e:
X -0 x—0

x50

hupw
{17) hwyjwuwpnipjwl 86y pGnnlbind a=e, Juunwibwlp
mii+x) . (0
llg—x—=l. [6] (17°)
OphGwy 9: Iwyybi
lim In{1 +sin x) (2)
8 x 0
uwhSwGp:
Lawdmd: Oqunybyny (2) L (17°) Grwlwynp uwhiwGGEphg' YniGtGwhp
tim ln(l+sinx)=‘. ﬂfsm‘t).ﬂﬂ]ﬂm ln(l-f-sinx)“mﬂl;xﬂ:
hiad x hiled sinx x = sinx ™ x
V. UGgabap
. a- 0
lim . =lna (a>0, a=l) (6) (18)
hwiwuwpmpyul wupugnght:
Ywinwipbiny ghinhinfuwywih
a-l=y (19)

thnfutwphGnid L oqunygbiiny gnigswihG $nbyghwih wGpGnhwwnnip)nilhg, Lu-
nwlwlp, np x -p qnngh dqnbithu y -p GnyGutiu dqunnid £ qpngh: Ujniu Ynnihg,
(19) hwqwuwpmpymGhg x -p wpnwhwjnbm] y -ny.
=log,{1+)
L oquytiny (17) GowGwynp uwhiwbhg, YniGhlwip
a -1 1 1

lim =lim =lna:
= x  log, (1+y) fim log, !H}’) log, e
b y
hyw
{18) hwywuwpnipjwl dby planbting a=e, YuuwGwip
lipE =1 (18)

X
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(18") hwywuwpnepniGhg tipnud £, np x -p qpnjh dqunbithu y=x L y=¢' -1
$nGhyghwibpp hwiwpdtp wiytpe thnpp dhdnpymGahp GG [23,u7]):

Ophlwl 10: 3wyt
lim e’ cosx [2)
190 Xl 0

uwhdwbp:
Lniénud: Oqunytiiny (187) Gawlwynp uwhdwlhg' YmGhGwhp [23,04]
“me” —cosx =lime; -1+1-cosx =lime" -1 Himl-cosx =l:
48 I: ) X’ ) XI ) X’ 2
V. dbpomd unwlwlp Gwh
. U+x] -1 0
lgl,ai =a (a=const) [5) (20)
X
Opwlundnp vwhdwln:
Ywwwnbiny thinhnfuwlwbh
(l+xy-1=y (21)

thnfuwphGnid L oquidbiinyd wunhGwlwihG $nilGlyghwsh wGplnhwwnipynibhg,
JuunwGwhp, np x -p qpngh dqubithu y -p Lo dquimd t qpnjh: Ujnwu Ynndhg (21)
hwqwuwpnipiniGhg YnibbGwGp
ain(t+x)=1n(1+y): (21°)
Oqudbitny Gwh (177) Gawlwynp uwhiwbhg” (217) hwywuwpnipjw hw;-
jwanwinyg YuunwlOwbp

(l+x)'—l=l. y limyln(l-«»y):u ayln(i+x) _ i nfl+x) 1

]. —= 15 - = .
- x ‘1'91 =~ xin{l + y = xIn{i+y oz x li lﬂ(l‘*’ﬂ @
ip ==
hww
UwulGunnp ntiwpmd, (20) hwywuwnpnipjwG dbe plnniGbiny a=1/n (n eN )
YniGEGwGp

_ Alex-1 1 0

lim X~ [—) (20)
. x n 0

(20°) Gawlwynp uwhdwGhg tpunud £, np x -p qpnjh dqunbihu y=x L

y=(0+x) -1 ynGyghwbbtpp Gnyli Ywpgh whykpe thnpp dbénipniGGtn LG
[23,u3}:
OphGuwy 11. Iwyb

uwhdwop:
Lowdnud: MGLGp
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§25
. Wlex+x =1 . l+x+x -1 x+x  l+x+x? -1 .

=l — = lim ——lim(x+1):
e x haed X+ X x had x+x kel

hm

Unuwigquwé swhdwiGbphg wrwehbp hwaybint hwdwp Juunwnpklp thadinhuwlwGh
x+x*=y thnpuwphlned L GYunkGp, np x -p qpngh dqinbithu, ¥ -p Lu dqunud t qpngp
[24,01]):

Oquiytiiny Gwl (20°) hwywuwpnipynilhg” YntGbGwbp

Vi+x+x -1

1
x+x° oy 2’

hm
0

Llwinh nuGGGwiny, np
l.i_x‘n(xﬂ):l

YippGwlwbwwbu Yunwbwip

_ Vlex+xt-1 1 .
lim————=—:
=~ x 2

Uydd Swhnpwbwlp hwl dhpwluypnid npnadwé whplnhwin $nillghw-
GEpp YwplinpwgnyG hwnynupyniGGhph honn® dhwiyipwbing YbpehGobpu ptin-
pdlkph wnkupny:

BUnptid 2: (Cnygwln-Unzh} bpb y = f (x) Dblyghwli npnpdwo t b wlpln-
hunn [a, b] hunnduwomd L wn hunndwéh swipnwlybnbpmd pGombmd ¢ owp-
pln GpuwGGbph wndtiplbn, wuw a L b Ybinbph dhel gnimpym G niGh wyGwhuf
x, Ytun, np wyn Ywnmd npdws mlblghwyh wndbipp hunfwuwn ¢ gpoyf.

flx)=0 (a<x <b):

LatiGp, np [a,5] hwundwoénid npnaywsé f(x) wopbnhwin $nillghuyhl yb-
nwpbpnn dLwlbpwwd hwnynpymiGh nGh bpypwswihwiwt wwng OEYGw-
pwinipjni .

Epli wopGnhunn Ynnl ox wawlgph dh §nndhg whgbm ¢ Gpw dincu §nndp

Y (64.21), wwyw wilG wihpwdbrinwpwn hw-
y=f(x wnmd t Gpwé wnwlbgpp:
a /L +  ULlwunbGp, np f(x) dnulGlyghwyh wapln-
i O X b7 hwumpiniGp [a,b] hwwnduwond twhwi t L
‘__/I/ wil hwbnt nbiwpnd pbinpldp Ynpglned t
hp nudp:
0y.21

OphGwy 12: 7(x)=[x]-1/2 PniGyghwt [24.02] [0;1] hunmfwoh ng dh Ybwmd qpn
th nunGnid (G4.22), sGwpwé win hunnwéh dwypuiytntpnud wil pGnaGnud t wwppbp
GawGGEph wpdtplbip:

OnhGwy 13: Uwwgmgtb), np 2* = 4x hwydwuwpnidp [0;0,5] Shewlwjpnd nGh wp-
Jwwn:

-81-



aLnthu IV
Lrdnud: huGnhpp (niobpne hwdwp phunwpltip
fx)=2"-4x

whplnhwwn $niGyghwi [24,p1,07]:

2wlh np wpws hwndwsh suypulbnbpntd nhunwnlyny $nilyghw plnnelngg t
nwpptp GwGGhph wpdtpbtp.

0)=1>0, f(0.5)=vy2-2<0,
hwnbwpwp, hwiwdw)b ponptd 2-h, Gwé hwinyjwéh Gbp-

};‘ y=[xl—l unid gnjapyntG mGh wyGuhuh x, Y, np f(x,)=0 Luwd np
F) A — 2 GnyGG £ ibinh nuth
% : x 2% =4x, (0 <x, < 0,5)
_Ho 1 2 3 hwijwuwpnp)nilbp, hGs6 ty GwGwlndd t, np nhuwplgng hw-
2 quuwpnidp [0,0,5) hwuywoéh Gepunid nuGh wpdwwn:
Gy.22

Btnpkd 2-n Juwpbith t ponhwinwgbt) hbnbgw Yepw'

@unnbd 3: (Crygwln-Unzp) bpb y = f(x) $nblyghwt npnydwé ¢ L winln-
hunn [a, b] hunnguwidmd b wn hunndwéh duypwlibitnbipncd pGnmGmd t ppwphg
unwpplbin wpdbpltin.

fla)=4. f(b)=B, (4%8),
wuw plswhuh C phY l Ybpgltlp, npl plywo t A L B pytiph dhok, (a,b)
dhowlwypnid grympymb niGh wybwhup x, Ybiin, np
f)=c:

LjunntiGp, np tpt 4-G nu B-0 mGhG vwppbp GwGGbp, www npwbu €
Ywpnn bGp Jtipghti|, ophGwy qpnG’ hGsp GawGwlnud t, np pbinpbd 2-p huljw-
whu hwlnhuwlnud t pbnptid 3-h SwubGwdnp nbwpp:

Luwn tmipywl pbinpbd 3-p Grwlwlhmd &, np bpl npld X  dhowluwypmd (hul
ywo pwg, Jbpouninp fud wldbpg) npnydwd whplnhunn pnGlyghwl plnnt-
Grud ¢ hpwiphg inwpplp bpyne wpdtipGbp, www wyl gnab b wogwd pannt-
Gmid b wyn wpdtiplbph dbe plhwé ympwpwlsimpn dhowblywy wndbp:

Uy funupni, nplit Showluwypnd npnpdwd L GnyGwpwn hwunwnmG pncby-
ghuyhg wwppbp wipGnhwen pmillghwyh pGnnlbws wpdbplGbph puqiinipnt-
ap OnyGwbu hné dhowluyp ¢:

Ujdi GOpwnpblp Gh nplk X Ghowhwpnid npnajws t y = f(x) $nilGyghw,
wjuhGpl LGpwnpbGp, np X dhewlwiph jmpwpwlgnip Ybnmd f(x) $nGl-
ghw( plnnGnid t yGppwynp wpdbp:

Juwipg ¢ Swemd. wpninp f (x) Snulbyghwl vwhdwlunpwly t X dhowluwy-
pny:

Mwpqynud t, np plinhwipwwbu wuwé, dh nplt Showlhwypnd npndwé

thGhip pwdwpwp st, npubugh wpdwé Showlwipmd nhunwplynng $mGlyghwi
thGh uwhSwiwthwy:
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§25
OphGwy 14: [0;1] hwunywonud nhunwnybtp

l tpp xe(0;1
y{ptme xeloal, (m
o.tpp x=0
PnillyghwiG:
= 1:{ [0;1] hwuwdwéh pnpwpwiynip Youned (5) PniGyghwt pbnniGnud t Jbpowynp
wpdtip (64.23), puyg wjlntwdbOwiGhy uyl vwhdwGuihuy st
G2qwé dhowluwipnd, npnyghtinle x -p qpnjh dqunbithu, nbnh
nLGh

liml = 40
=x
hwywuwpnpyntbp [22,(3)]:

\ 2%

6y.23

LakGp, np x =0 Ybwnud nhinwplidnn yniblghwl wehg nibh Bpypnpn ubinh fugnud
{24,u7,p)]:

Jtwnlyuy phinplidp gntiyg b twhu, np thwy shewlwipnd npngwé wipln-
hun $mblyghwyh wWwpwquwinid wwinybpp thafuynid b twwbu:

BGnpbd 4: (dbbpyinpwu) [a,b] hwindwoh dpw npnyfwo f(x) whpln-
hun pniGlyghwl vwhowlGunpwly t wn huwndwoh ymu, wuplel qrinpintl
mG6G wyGwpupt m L M hwununnmGGbp, np nndws hwandwéh inupwpuwls-
Jp Yinmd inbnp moba

ms f(x)SM
whhwywuwpmpini Gobipp:

hGswbu qhuinkGp [18,03], whybpe pywsht pwqimpyniGp, tpk Gnulhuly wl
uwhiwGwihwy t, hp Ywgind Yupnn £ L gniGEGw; wikGwibs Ywd wikGw-
tnpp twpp:

1

OphGwy 15: =, =; (n: 1,2,...) pdwihG pwqinpnitlb hp uqdnud gniGh wkGw-
ymnpn wuwnp:

LmyG duny, 6h nplt ¥ pwqinpjwl Ypw npnaqwé, GniyGhuly uwhiwGuw-
thuwy f(x) PmGyghwa hp wnpdbplbph pwqdinipywG dbe Ywpnn t smlbGwy w-
GGwik6 Ywd wibkGwihnpp wpdtp: dtpngpywip Gawlwynid t, np f(x) dnLly-
ghwih wndbpGtiph pwqdnipjwl 82qphwn YtiphG L Sqphwin uinnph kiqpbipp Yw-
nnn B0 L hwuwGbip sihGep win $nGyghuwsh npn0wh whpnypnud [18,u32):

OnhGwy 16: y = {x} InLlyghush [24,03] wpdbplbnh pwqdnipjwh Sagphw YbphG
bqnn quiluwgws [0;6] (621) hwunwoéntd hufwuwn t o4 (G4.13), uwlwyG wyy wp-

dpp nhunwpldng nublghwsh hwdwp ng dh Yewnnwd hwuwbbih st:
Ophlwl 17: y=x Inllghuyh wndbpllinh pwqinpyulb Sqnhwn
x unnphG bapp (0;1) thewuipnis qnnG t (G4.24), uwluw;)G win Shewlwiph
1 ng oh Yeinmd npuwd dniGlyghwi Gqwd wpdtpp sh phnmGnus:
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Ibwnbywy phnpbidp wwpqupwGnes § nhunwpydwsd ophGuybbnp’

RLnpbd §: (Ybybpyinpwu) (a,b] hwindwdh pw npnpdwé f(x) wlply-
huwitn  pilGlighwt wyn hunmfwoh ypw hwulmd t pp wpdbiplbinh pwqdnppuwi
azgnfun unnphl L 82gppwn bphl bapbphl:

Uy tunupny, bpt f(x)-p (a,b] hunndwéh dpw npnpywd wlplnhwn Snubl-
ghw ¢, wupw wyn hwindwop ynw qimpimb mG6G wyGwhup x, L x, Ylnkp, np
£x,)-6 b f(x) -0 nponwplpgnn prublyghuyh pagnp wpotiplbnhg hudwapunnuy-
Juwlwpwn thnppwenyG m d6owqni o6 6G:

BLnpkd 3-hg plunn Gqpuijwgmpynilp Jhwynpbiny pbnptid 5-h hbwn® unw-
Gnud GGp htwnbywy wlGnndp

{a,b] hwinwoh dpw npnpwé f(x) wlplnhunn prcGlhghuyp wndtpltinh
pwqdniginp [m,M] hunndwdG £, nminbn m -p b M -p inpwd pncbghuyh pl-
antbwé wpdbiplbph puwqimppwli hwiwwuwnwufuwbwpwn Sgpaun wnnphl b

a2qnfun {biphl bgpbnC bG:
dbpenud dwhnpwlwlp hbunlbjw) hwuljuwgnipjwb hbn'

UwhdwGmd 2: &p6 f(x)-p x dhowlupntd nanyfwd uwhdwlwuwly
dnublyghw t, wupw

weM-m, M=splf), m=inflric)
tmuppbpmpymiGp Ynsdnid £ f (x) dmblghwyfy vmnnwtimd x  dhowlpwph dpw:



§26
aLnthu V

Uty ononhiuuwuvkh dNrLUshru3kr UDULS3UL Bd
1hdErEL8NLUL

§26. Ubwhgjwih hwuywgnipjwbp ptpnn fubnhp: dniGlyghwih
woéwbgjwih uvwhdwGnudp L Gpw Gpypwswthwlwh hdwuwp: Unph
npqwé hwmnud wyn Ynphl wwpwéd 2nwihanh L Gnpdwih
hwwuwpnedGbpp: Qwawdwp $nLbyghwyp dhwiynndwlbh L
wiybpe wéwlgjuGtph Swuhl:

ShdpbptGghwy hwygh YhGinpnGwlwl hwuluwgnipjwl™ dnubyghwih wowi-

qjwih hbwn Swhnpwlwnt hwdiwp Gwiu ghuwp-
M, s M A M | Lbhp wyn hwulwgnipjwbp phipnn hbnbyw) fub-
nhnp’

6y.25

Hhgnip / ninnh Jpuwynyd wihwiyjwuwpwswi 2wpdynn Swpdhip dwiwiw-
Uh 1, wwhhb qunGymd t wyn ninnp M, Ybuned, huly ¢ wwhhG A7 Yhwnnd
(@Y.25): Mwnq t, np dwpiGh wlgwd s=M M Swlhwwwphp Gwhuws t ¢ -hg,
wjuhlipt s -p pmlGlghw t ¢ -hg.

s=s(t):

Swpdynn dwpiGh wpwgnipniGp dwiwGwlh ¢ wwhhG npnzbine hwdwp
¢t hnthnfuwhwGhG nwip Ar ws L GGpwnpblp, np dwiwbwyh ¢+ Ar wwhhG
dwnihlp qunGynud t M, Ltwhg s+ As htnwunpnipjwl dnw quGynn Asf Yb-
nnd: UuhGph LopwnntiGp, np A dwdwGwlwdhongmd M, L M Ybunbtiph

dhol nwé s hbnwynpnipynilp GESWGNLY b As-ny, Ywd unwlnid b As wE:
UjGnthbwnl nhuwplybGp

s
At

pwlnpnp, npG hpkGhg GhpYuwywglned t SwndGh 2wnpddwG ShehlG wpwanipynt-

Up Ar dwiwGwywihengh pGpuigpmd:

Awulwlbuwih t, np Gwpdbh wpwgmpyniGp A Ybuined dnnwidnpwwtiu hw-
Jwuwp t v,-hG L A -h thnppwgdwGp qnigplpwg win dnnwynpnipjwl Gunnt-
pintlp  dkéwlnid t:

Uwhswilinud 1: dwidwluwlyp « wwhhG dwnpdlh rwpdvwl wpwqnipiman

Wil wwhdwlo t, npht oqunnud ¢ Gpw Jhoh wpwgnipntlp, bp As -G dgunmd ¢

qnnjh.
v=lim2 = Iim——A—s(Hitt)-s 0.

at-e8 At a0

Vs
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qLAtu V

POswbu nbulbnud Glp, wihwjwuwpwswih wpdiwl dwdwlwy Supdlh
wpuwgnepjwl hwulwgnipnibp Gwwwd t ImbGuyghwih uwhdwlh hwulwgn-
pjwl hbwn {22,u3]:

Ujdd topwnpbGp y = f(x) PniblyghwC npnafws t X Showlwjpnid?: Lp-
Jwd dhpwlwipnmd 4bpglkGp x -h npLt wpdbip (G4.27) L wyn wpdtphl wnwhp
wjlwhuh Ar w6 (Ax20), np unwgywé x+Ax Gnp wpdtipp nnipu squi X Show
Ywjph uwhdiwGGtphg: Ujn nbwpnud ahunwnlynn pniGlyghwih «hhl» £(x) wp-
dtipp YhnfuwphGyh «Gnp»  f(x + Ax) wpdtipny, hGsp Gawlwlnud t, np £(x)
$niGlghwiG unwbw ws: dniblighwih unwgwd wep Gruwlwlblp Ay -ny.

f(x+ Ax)— f(x): Ay,
JuqikGp Ay/Ax pwlnpnp L hwyyblp wyn pwinpnh uwhiiwGp, bpp wpgnuibc-
wnh wép dqunnid £ qpnjh:

Uwhdwlnul 2: &pti y = f(x) pmlblghuyh Ay woh L wyn wol wnwowglnm
whlpwfu hhnfuwlwih Ax woh hwpwpebpnipintap, Ax -p qangfr dgunbpu nlh
vwhdwl, wyw uyn vwhdwlp Ynsdmd ¢t f(x) Pmlbyghuyh wéwlgnuy pun x
wolywfy hnipnfuwlywih b Grwowldmd ¢

(N oy dl) @
Y fle) =2 = (1)
wuydwliwGrwbhbphg nplt dbiny:
Wuhuny, hwiwduyl pbpydwé vwhiwGdws, f(x) pmllyghuyh wowlgw-
1 x, Yumd (6ph wyli qrynipyntG niGh) wpunwhuwyindmd ¢t hbnlywy hwfwuw-

nmpyl dhongny’
f'(x,)= l;m fgxo + AAXXJ” f(xo) . (2)

Oquybiny wowbgywih vwhdwbnishg, Yunwbwbp, np Yeplmd ghuwnl-
Jué whhwywuwpwswth 2wpdnid juwwpnn Swpdlh wpwgnipimbp dwiw-
Gwyh ¢+ wwhhG hwywuwp b win Swpilh wigwd Swlunywphh wéwhgywihi
putn dwiwbwyh.

v= lim% = s’(t):

890

LiwinkGp, np wilwhu thnthnfuwlwlh jnipwpwGsmp wipdtiph hwdwp '(x)
wéwhgyu(p unwomd t npnwlh wpdbp (Gpk w)h pGnhwGpwwbu qnynipjntl
ntGh), hGgp Gwlwlynd t, np pGnhwlnip nbwpms f(x) Pnilyghugh wowlg-

Jup GnyOwbu $mllyghw t x -hg:
OphGwy 1: Qunlbi hbwnlywy dniGyghwlbph wowbgywiGbpp’

*} St'u 66 -pn toh nnnuunwhh wwpqupwindp:
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§26
w)  flx)=vrx . R flx)=e

Lménid: Oquudti|nd wowlgjwih vwhiwanidhg YmGLGwGp [22,(207),(21°)],
[25,(187)]

lim _hm\/x+Ax J_ x+Ax-x 1 1
W) ey “Ax(Jx+Ax+f) ’"‘Jx+Ax+J_ 25
hbwnbwpwp
(-
2/x
Aerar) _ 2 24 ¢
im - lim & e limE ! o 2o jim € t=2Ax
R) ,
&-o.Ax G Ax Ax—0 Ax =g l
htiwnbwpwp
(e“)=2e":

Ubglbinyd dmGyghuyh wowbgjwih bpypwswhwlws o6y Gwpwinipjwbp’
Owhu swhnpwhwlp Ynph nplt Yhwnmd win 4nphG tnwpwé nwihnnh uwhiwi-
Gwbp:

Spypwiwihnip)wd nupngwlwh nwuplGpwghg hwpnGh t, np 2ppwlwqdh
nawihnnb wyG ninhnG t, npG wyn 2pewiluwiqéh htwn niGh GhwjG kY pGnhwGnip
twn:

Twpqynud t, np 2pewlwqsh 2npunpnnh vwhdwGnidG niGh Jwulwynp
plinyp, hGgp Gauwlbwlmd t, np wiG sh Gwpnn wwpwoyty pnpnp Ynpbinh Ypw:

Ywiwjywlywh Ynph nplt Yhwnnd wyn YnphG tiwpwé 2nwihnnh pGrhwGnup
uwhdwlnudp dLkwybpwbint hwiwp ghnwnpytGpe nplk ¢ Ynp L wyn Ynph Ypw

pOwptilp YwiwjwywG M, b (G4.26): UjGnihbnk nhiwplynn Ynph dpw

MM ybpglhGp M, -hg nwppbp gwGiwgwsé M Ybn
Yy L nwikGp, wuwbu Ynsyws, [ Ynph MM hw-
L ° T wnnn:
GYy.26
AwuljwGuyh t, np bpl M Yhwp 2wpddh 7 Ynph dpugny, www MM hunn-
no bupmnygh M, Ltnh nupep:
Udd M ybwp Ynpp dpw wwhbinyg dqunkiglblp M, Yhwho L htnltGp
MM hwwnnnh winnnhG M, -h 2nupgp:
UwhdwGmd 3: M,T mnpap ynsdmd t | gnph 2npunpnn M, Ybinmd, bpl
M Ybinp ynph dpw dGwiny quillwgws Gnndhg M, YbinpG dqubipu MM
hunnnnp vwhowbuyhG npnpp huwdpGyamd ¢t M,T manh hbw:
L2tiGp, np 7 Ynph nplt Yeuwnnud win YnphG nwpwé znwtinnp Juipng t wy
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qiLnthu Vv
Ytinbpmd hwwnyty Gpw hGuin (04.26):

Jdbpwnwnebwiny X dhowlwpnid npnadwé  f(x) nilyghwyh wodwlbgup
Gphypwswithwiwhd dEL0wpwlnpyubn” wyn nGyghwih npnadwh wnhpnypm
bingpwé (GY.27) x L x+Ax wpdtiplbphG f(x) $mGyghwih anwphih ynu
hwiwwwinwutuwing Yhnbpp Grwlwyblp M -ny L M -nd: UjGnihbink v
GtGp /(x) Ynph Asas* hwnnnp L wyn hunnnnh nt ox wnwGgph Ywqiwé wil-
jnilip [6,u2] Grwbwlbbp ¢-nyY: 4-

\ M
y ; . ny GowGwlbng M L M Utwnbppg
‘ A=A hyiwywinwuiwGwpwn ox b oy
: §A ; wnwigplbphl wwpwé ninnwhw-
:f(’) S+ &) jwglbph hwindwG Ybwinp' ey b
0 ‘. i X L ox nwlyjnilhg uAmﬁhﬁwﬁp
x Ar x+Ax - ——!—=t :
A EP 3
6Y4.27

bpb Ax wop dqubighklp qpnjh, www M’ Yhwp f(x) Ynph Ypw dGwind
Ydquh M LLwhG: Iwuywlwih t, np wyn dwiwbwy, pGnhwipwubu wuws
Ythnihnbudh Gwle ¢ wGlymGp: Mwnpq t, np Gpt Ax -p apn)h dqunbihu ¢ whign-
Up dqunh npnawith @ uwhdwGh, wwyw M YGwnng wGglnn wiG ninhnp, npp ox
wnwlgph hbw Yuqind b o whymG, YhGh £ (x) dnmlyghwh qpwdphlyp znaw-
thanp M Ybinnud:

dbipohl hujwuwpnipjwb 0t whglhiny uwhdwGh (EGpwnpbind, np hu-
Swwwwnwuhmb uwhdwGGEpp gnjnipynuG nuGkG), Gpp Ax -p dgqunud t qpnjh,
JunwGwip [24]

i Ay_l. -k _
lim = limeee = limigo = rga.:

Udhnepbny dtipnamjuip b oqurdbipny ninnh wilyniGwihG gnpowlgh hu-
Yuwgnipjnilhg [6,u3]’ unwlmd LGp dniblighwih wowbgyuh Gpypuwguhw-
Ywl dGYowpwhnipyntlp.

Ept X dhowlpwpmd npnpfwd (x) Dullghwt fip npnydwl wnppouyph
nplt Ybinmd mlh wowlbguy, wwyw wyn wowhguyh wpdtpp hwduwuwn ¢ vp-
ywo pnilGlyghuh qnuwphih hwilwwunnwafuwls M (x, y) Ybwnnd uyn gpuphihl
wnwpwo rnpwhnnh whlyniGughl qnpowlghd.

Sx)=1ga: 0

OnhGuwy 2: Qunbhb( y=J; Ynph M,,(l;l) ytwnnd wyn Ynpht wwpwéd rnpwhnnh

wblyniGwyhG gnpdwlhgp:
Lnwdnud: Oqundbiny (4) pwGwadlhg' npnGtth wGlniGwghG gnpéwlgh hwdwn ynt
GBGwhp N
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L

,ga;(&j...,-.z“/; L

ynph nplt Yhwned wyn YnphG wwpwé nzwthnph htn GGlnen hwdwtu
wlhpwdtiain t (hOnud Gwh nhunwpltp wpdwd Ynph Gnpdugp:

UwhswGnd 4: bnph wipdwd Ynny wlgbng wiG mghap, npG nnnwhus-
Juwg t wyn Yt whglnn pnpunpnnhl, Ynsdmd t ynph Gapduy inpywé hbmnmd:

Ujdd tGpwnpbind, np X dhowyuwypnid npnwd £ (x) wbpGnhwin G-
ghwl wyn Showluyph x, GpphG Yhwned [18,u20] nGh qpnjhg tnwppbip dbip-

gwynn wowbigywy, unwlwlp nhinwnlynn nilghwh apudhth M,(x,.y,) Ut-
nnd wyn gpwdhyhl twpws npwinnh b Gnpdwih hwywuwpnudGhpp:
Ljuuntlp, np %, Ytwnnd f(x) $nllghwih woéwbgywih dwuhl' yhplnd

wpwé LGpwnpnipyniGhg L (4) hwdwuwpnipyniGhg hbnbnud t, np £(x) Ynph

=]

M,(x,,y,) Ybwnny whglnn n's znpwihnnp, L n’s by Gnpdwyp qniquhtn sk opnh-
Gwwnbbph wnwigphG:

Jdbppnidwlwb GpypwswgnipyniGhg hwpnGh t, np M,(x,,y,) ybuinny wag-
on L k= f’(x,,) whymbwihl gnpéwlhg nbtgnn nupnh hwdwuwpmado (w)-
uhGpG M, ybwnud f(x) YnphG wwpwé nwihanh hwywuwpnidl) nuGh
htwnlywy wbupp [6.(7)].

Y=Y =(x—x.)f'(x,): (5)

Oqugbiny Gwl Gpynt ninpnGtiph nunnuwhwjwgnipjwd ww)ydwGhg [6,p3],

GnyG Yownud  £(x) YnphG nwpwd Gnpdwih wynGuyhG qnpoéwlgh hwiwp
JunwbwGp

1
SR ©
tnlwpwp M, (x,,y,) Yinnd £(x) tnph Gnpdwih hwywuwpndG nGh
x=x,+(y-y)/(x)=0 (7)

inbupp:

Wuyhuny, bpt X dhoulpuypmd nanpywé y = f(x) whplnhunn Snllyghuwl
wn Showluwyph x, Gbpphl Ybwnmd nlh qnmphg wnwnpbn Ybppudnp wowlg-
iy, wuw f(x) gnpp M,(x,,.) Ybnmd wyn YnphlG nwpws nupnnh b Gnpduw-
th hunjurnupm d66pp hwidwwyunnwufpwlbupwn mGkG (5) L (7) wnbupp:

OnhGwy 3: bwqdk] x, =2 wpughu mbbgnn Yhwnnid y =x* Ynphl nwpuéd nawihn-
b b Gopdwih hwywuwpniGepp:

Lowdned: huGnhpp (nuébine hwidwp Gwlu quaGkGp tipdwé Ynph x, =2 wpughul
nilibgnn Ywnh opnhGunnp.
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Y, =x =8:
UiGnihbunls hwgbiGp nhunwplynn $nilyghwih wéwbgyuih wpdbtpp G2dwsd Yawnmd,
y'(x,)=l2:

xh y,hi y’(x.)-h wpdtiplGbpp nbnwnptiny (5) L (7) hwywuwpnidGliph dby'
hudwwwunwuhuwiwpwp Yunwlwbp x, =2 wpughu nibkgnn Yewind y = x* Ynpho -
pwé 2nwihnnh L Gnpdwih hwdwuwnpnudGepp.

y=12x-16, x+12y-98=0:

Jdbpontd whnpwlwbp Guwb [a,5] huwndwénid npnadws {x) Pmblyghwh
wdwhgjuwith htivn Yuwyws dh pwbh hwnniy ntiwpbph htiwn:

1) [a,b) hwunjwéh dwjpwytinbipnid f(x) $niGhghwih wéwhguh Jwuhl
wwinypwgnd Yuqobine hwiwp hwydblp hbnbywy uwhdwGGbpp’

. Ay . Ay .
lim—= (&x>0), fm-=> (Ax<0): 8)

Phipywé uwhdwGGbnhg wnwehGh (Bnypnpnh) gnjnupywl nbwpntd JuwubkGp,
np y=f(x) pmGughwl x=a (x=>5) YN wohg (dwhihg) niGh Shwynniw-
Gh woéwhgyuy, hbsp GpYypwsuthnpbG Gawlwymd t, np [a,b] hwngwsh dwh
(we) Swypwlbinmyd £ (x) UnnG niGh Shwinndwbh 2npwihnn:

2) IGwpwynp t, np [a,5] hwuidwéh GepphG npkt x, Ybwmd Ay/Ax pu-
GonnG nGEOw hpwphg twpplp” wowlnndjwl L dwhiwynmijwt vwhiwGGbn:

Ldwl nbwpbpntd Yuubklp, np nhuwpy-
ynn pmaGlyghw x, Yhwntd nibh dhwynniw-
Gh woéwbgyuiGp: Iwulwlwih t, np pGLGwpY-
dnn nbwpnid f(x) Ynpp M,(x,,»,) Ybwnd
: > (G4.28) nLGh by niqnh dpw squnGynn Shwynn-

M(x,,y,)

9 & % dwh 2npwihnnGtin:
Gy. 28
Opphlwly 4: Yhuwpytilip
y=flx)=| (w)
PniGyghwa:
y n Spwé pnLblyghunh wwpwquynid, x=0 Yhwntd niGb0p
yx
_ _ A ~-Ax, tipt Ax <0,
i . by=f0+ ) f(o)_M'{ Ax,bpb Ax>0:
3 4 > 3tinkwpwp, PEGwRUYnn gbwpnud (8) uwhiwGlbnhg w-
nwghlp hwjwuwp t 1-h, huy Bpypnpng” -1-h:
Gy.28

wdwdwyl Yupngppwih, wugwép Gawlwynid b, np (w) $nrbyghwt x=0 Lhwnnud
niGh dhw)G ShwynndwGh woéwbgywiGbp, huy Gpw qpuwdhyp” Shwynndwsh znwihnnltn
(GY.29), {npnGp hwdpGyGnud bG wawehG L GpYpnpn YnnpahGunuwwh walymbetph Yh-
unpnibph htwn):
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3) F0wnuwinp t Owl, np nplt Yeunud
lim—A—’v
or-+0 Ax
uwhdwlp hwjwuwn thGh wymu Yuwd dhinu wluwhdwGnppwb: LOWGE nbw-
pbipnud JuubkGp, np Gadwé Yhwnnid
nhwwplynn $niblyghwl nbGh wi-
ybtpe wéwlgjuy:

Lakilp, np Gnijl dliny Ghpinud-
> Und t Gwl ShwynniwGh wGybpg
o K | 15 K wéwogwih hwulwgnipnilp:

w) P) q) m
Gy.30
UyGhwyn t, np nplk YEwnndd wiybpe wéwbgjuy niGtgnn $nuGlghwih qpuw-
$hyp wyn Yewnud mGh Ynnpnhbwwnwlwl oy wnwlgphlh qniquhtn znwinn
(04.30,w,p.q.n):

§27. dnGyghw)h wéwblgbihnp)nilGp: UdwGglkh dnLlyghusih
wipGnhwwnipynelp: Iwlwawpd Ppnibyghwih woéwbgjwyp:
IpdGwlwl wwppwywd Inbyghwbbph woéwbgywiGhpp:

Y

UwhiwGmd 1: X dhpwluypmd npnpdws f(x) pnillhghwl ynsymd ¢
wowhgbih wyn Ohowlhwyiph x, Ybwnmd, bpl wn Ybinmd wyl nGh wéwbgwy:
UwhdwGms 2: x dhowluwpmy npnpywé f(x) pablyghwl ynsdmd ¢

wowlgbih wyn dhowluwipmd, bpb x dhewluwyph mpwpwlymp Yiinmd wl
nah wowlguy:

UwwgnighGp hbinwquigh hwidwn fuhuwn Yunplnp, hbnbyw) wupgmGuly pin-
phdp’

Bunpd 1: Epb X dppuwlpwpmd npnpdwé f(x) pmbyghwl uyn dhow-

Quyph x, Ylinmed mGh bpouninp wowlguy, wuw wil wihpwdtymupwn w-
OpGnhunn t wyn Lwnmo:

Uugugniyg: Nhgnip X dhowlwyph x, Ghwnnd y= f(x) $nlighwG nlGh
yGppwinp wowbgjuwy.

£e)-tm )

blswbu qhuntiGp [23,p6], (1) hwywuwpnipjnilbhg hbwnlnud &, np x, Ytinh
pPuwbwlywGwswh thnpp 2pgwiwypnid wnbtnh nuh Ay/Ax pwlnpnh

%= flx)+a @

-91-



QLNthu Vv
Ghpyuywgmudp, npntin o -6 Jwhwé t Ax -hg L Gpw htin dblintn dqunnud
qpnjh:

dbpghG hwywuwpnipjwl dbe wqwwndtiny YnwnpwlGhiphg L utugyus
hwywuwpnipjwl tpynt Ynndbpnud wiglbingd uwhowbh, bpp Ax -p dgunned
qpnjh’ YnGEGwGp [23,h1,h2)

limay =0, @

hGgp Gawlwymd t, np f(x) Pnillighwt whpGnhwin b x, Ybuninud [24,(5)):
huyu
btwnbuwlp 1: bpb x, -0 f(x) Pmlbyghuyp fuquwl fbn b wuw uyn Ybunne
unws pmlblyghwl wowbgiuy smap:

bpnp, ipk LGpwnplGp, np x, Ybwmd f(x) PniGlghwl nilh wowhgjwy,
wuiw hwiwdw)t wuwgnigwé pbnphdh YuunwGwGp, np wil wiplnhwwn b wyn
ytwnned, wyuhlpl YhwGgbbp hwlwunipjwl, npnbnhg htinlind t, np fuqiwl
Ytwnbpned paelyghwh sh Ywpnn wowhgpup nibkbuw:

huyw

Muwpqynid t, np wipGnhwwnipjwl wewGdhG Yhnbpnud b nillghwt Yu-
pnn b wéwhgyuy gnObGwy, wyuhlpl nplt §Ewnnud nilyghwgh wbpGnhwwn (h-
Ghp puwwpwp st, npwytugh wyn hwntd wid nlGEOw woéwhgyuy:

OphGwl 1: y=]x] $nillghwl whplnhwn t wipnng pywihls wowlgph Ypw L ﬁuw;
Gwynpwwbu YnnpnhGunlbph ulqpGuybnnd: Uwiuyl nhowplynn mlighuwgh gpu-
dhlp znawihnn snilGh x =0 Ybwnud (G4.29), npnknhg htiwnkned £ [26,(4)], np x =0 Yhwmd
unpdwd nlyghwl wowbgusy gmGh”:

Udthniplignd bpngpjwip’ unwlGnid BGp htivnbjw) wGnnudp

Gpt X dhowlwipnid npnydwo (x) $nblghwi wyn dhowlwyph nplt 4b-
wnmd mGh Ybppuninp wowlgpwy, wuw wl wihpwdtiymupwn wiplnhwa t
wyn Yinmd: Iwlhwewlyl pnhwlpwwby wuwd dhpn st* wuplpl nplt Ybnnd
Drblyghuyh wiopbnhunn (hGbyn pufwpwp st npwbugh win Ybinmd wyG nGb-
Gw dbpouninn wowoguy:

UGgObiny hwiwnwpd $nilyghwih wéwhgjuih htin dwhnpwlwnib” bG-
punntlp y = y(x) PniGlyghwh pwjwpwnpnid t hwlwnwnd $niGyghwih gnynip-
Jwl wwyswGGEphG [24,p5) L wwwgnighlp hbwnlywy pnpbdp”

Btnntid 2: (Fwlhwnwnd pnlhyghuyp wowlguyp dwuhl): bpt X dhow-
yuyprid npnpqwo y(x) pmblghwl uyn dhowlyuyph x, Ytwnnd mlh gpnjhg
wwnpbp Jbpewndnp wowlgny, wuw x, -h hwdwwywowufuwt y, = Kx,) Yb-

im0 y(x) pmblyghuyp huwlpwnwnd prillhghwl Gnijbubu mGh wowlgnwy, pon
apned inbinh mGh
"y UyGhwyn t, np puguieuliwt x -bph husdwp nhinwplidnn PreGlghuh wowligjuip hunjuswn t -1-h,
huly npustiul x -bph hwdwp' 1-h (1nb u Gujunpn ophGusyp):
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. 1

X(h)=;q;§ 4

hunjwuwpmpynip, npinbn x(y)-p y(x) dmbyghuyh huwlunwnd prGlygpuwd ¢:
Uwuwgntjg: thgnip y = y{x) dnGlighwG hp npnadwG whpnyph x, Yunug
niGh gpnyhg wwipptip hpowynp wowbgywy: bpt x,-h hwdwwwwnwuhiwG y,
wndtiphG nwlp Ywiwpwywl Ay ws, www wwpq t, np x=x(y) hwlwnwpd
Pnilyghwl GnyOwbu Yuwwlw wé, pln npntd, Gpt Ay -p vniwppbip t qpnghg,
www x(y) $nibyghuwih ShwpdtipnipyniGhg htinnknud t, np wyn IneGlghwih unw-
gwd wop Onybwbku nwnptp b qpnjhg: UjGnehbwl, Gpb nplt opblipm] Ay wip

3quiigltGp qpnjh, www x(y) $nuGhghwih whpGnhunnnipywh 2Gnphhy Ax w-

6p L Ydqunh qpnjh:
BtnpLdh wwwgntyglh wywpunbint hwdwp AGnd L

& _ 1
&y &
Ax
hwjwuwpmpjwb ok wGgGh vwhdwGh, Gpp Ay -p dqunud t gpngh.
Ax 1 1
()= lim— = ——— =
¥ Ay lim,A_y }'(xo)
Ax-e0 Ax

huyw
LakiGp, np (4) pwlOwdlG nGh Gpypwswihwlwl wwpg dE4GwpwbnipiniG.

higubu ghuinble y'(x,) wowGgwiG y=y(x) $nblghwh apwdhh M,(x,,)
Ubwnnud wyn qpwdhyhl nwpwé nwihnnh b ox wnwlGgph Yuqiws o wiljwh
nwGqbiGuG t: Puyg x = x(y) PniGlghwih gpwdhlyp hwdpGlybnust y = y(x) $nily-
ghwh apwdhlh hbwn’ wib nwppbpnepywdp (GY.31), np y(x) Pnibyghwh wp-
gnuitiGnG hp wpdtipGbipp unnwOnid t ox wnwlgph Ynw, huly x(y) InGyghwgh
¥y = y(x) wnqnuibGunp” oy wnwGgph Ypw: 3tinlw-

91 S— T *0) pwp x(y,) wowbgyuuil wyn Gnyl nzwihn-
iMo(xo’YO) .
a X nhL oy wnwlgph Ywqiws B= 3 o wy-
% %o Jwl nwlGqbGuG t:
Gy.31

dbpngpjwihg htwnlinud £, np (4) pwGwdlp Gwpbh t qpbp hbnbywy Yepy’

1 n
tofd = — ==
& 1ga (MB 2)’
npg hwpnGh t GawGynuGwswhnpinitGhg:
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U;d0 whglbGp hhilwlwl vwwppwlyw $nGyghwlbinh wowbGgyultinh pw
Gwalbiph wpwwodwhp:

10, Jwuwnwunnih wowbguyp:

Bbnpbd 3: Jwuwnunnn G wowbguuyp hwdwuwn ¢ qpyh, wyuhlpl wnbnf
nGh

=0 (c=consi) (5)

pwlwdlp:

Uwwgnjg: thgntp f(x)=c = const: &pb nhuniwpldnn Pniblghwsh npnp-
Gwh wnhpnypnd Ybpglhlp x -h nplt wpdbip L wyn wpdtphG wnwbp qpnjhg
wnwppbp guiliwgwd Ax wd (04.32), YunwGulp

i Ay=f(x+Ax)—f(x)=c—c=0,
e npubinhg, $niblghuwh wéwhgyuih vwhdwliwh
2= hwiwdw)l, YnGEGwhp [26,u2]
i Ax ;Ay=0 X c’:hmﬂng:ﬁm%:o;
0o x x+Ax Puw

fiy.32

2°. UuinhSwlGuyghl P blyghuyh wowbguyn:

Uwhdwbned 3: y=x" wbuph pnllyghwl, npunbin o -G Guwdwpwlwld hwu-
wunnmG t, nggmd t wunhowluyhlG priGlhghw:

Upklp, np a -h pOwywl wpdtipGtiph nbwpntd wuwnh8wlught $nbyghwih
npn2dwl wnhpnupp wipnne pywiht wnwlgpl t: buy tph o -0 pwgwuwwl
wipnne phy b, www y=x* Pnibyghwl, wiGhwjnnptb puigh x=0 Ybuhg,
wotGniptp npnjwé b UjGnthbwk a -h YninnpuwlwihG wndbpGlph nbwpntd
qnpé nuliGlp wpdunh htinn:

OphGwy, tpti a=1/n, npubin » -p pOwlwh phy t° Y GlGwGp

y=x (6)

Lhwwnblp, np (8) $nillyghwh npnadwl whpnipp x -h n pwgwuwlwl
wndbplbph pwqinipynlGh t:

et « -0 hnwghnlbwy phy t, www YplhaniGsGp, np wunhSwlwihG $nll-
ghwjh npnadwG whpnipp (0,+) dhowlwipl t:

Qtnpbd 4: y=x* Imbhghwh wowlbgnup hufwuwn ¢ ax** -h, wuhlpl
wbnh mGh

() =ax @
pwlwdlp:
Uwjuwgni)g: Bhinptidl wwwgngbint hwdwp nhwwplynn dniGyghwh wp-
qnuitOwhi inwip Juiwjwlwld Ax wo L YuqitGp Ay/Ax pwhGnpnp.

-94.



§27

(1+éx-J -1

Ay_(x+Ax)"—x'_ et X .

A A& T &
x

Unwgwé hwdwuwnnipjnibltiph a6 wGgGhiny vwhdwbh, tpp Ax -p 4g-
wmd t gpjh’ hmGEGwbp [22,(2077))
[l+£) -1
x -
—

lim =Y = x . lim
Ar 40 Ax ar-0

X
Ujanthtwnl Guwnwpbiny ghnhnfuwlwih ¢ = Ax/x thnfuwphGnud L hwaih wa-
Gbinyd, np Ax -p qpnjh dgunbithu ¢ -G Gnylwbu dqunid & qpngh’ YuunwGwiGp
[25,(20)]

limg =x""-1i
Ar-0 Ax - t

.+t -1 .t
m -—=a-x,

higp GrwGwymd tnp wunhGwGught pnblghwh wowhgyuip qnynipynil nibh
k wbtinh niGh (7) pwGwélp:
hww
Opplwy 2: Vwulwynpwybu (7) pwiwdlinud pgmbbing a=1,a=-1 bk a=12,
hwwwwwwutuwbwpwp YnGbhGwGp [26,01].

i

- (Y=g W] (w)

X x

3°. SmgsuyhG prillghuwyp wowlbguyn:

Rtnpkid 5: y =g (a>0,a#1) pmbyghuyh wowbguwip hufwuwn t g* \ng -
I wyuhlGpG inbnp nioh

(a')'=a‘lna (a>0,a¢l) (8)
Pwluwdlp:
Uwywgnijg: dtpglGhGp nhnnwplynn dmlGlghwih wilwhu hninfuwlywbh
nnlt wndtip, wyn wndtiphG nwip Ywiwjwlwlh Ax wo L Ywqiklp Ay/Ax pw-
Gnpnp.

A_y_a""—a'_a,.a“—l.
Ax Ax Ax

Unwgwé hwiwuwnpnipyniGGhph dbp wiglbiny uwhdwGh, tpp Ax -p 4g-

wnnud £ qpgh YnuGhiowGp [25,(18)).
Ay a" -

. . |
lim—=a"-lim =da"lnag,
HAX Sx—el
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hGsp Grwlwyntd t, np gnigsughG dniGyghwh wowlgyuip gnynepinth nilh L
wnbnh nuGh (8) pwhwdlp:
huyuw
Uwulbwynpwwbu, (8) pwlwdlntd pGnmiGhiny a=e, JunwlGwGp

(e‘)’ =¢': ®)
4°. Lngunphpdwlwl dmbGhyghuyh wowbguyp:
Pbnpbs 6: y=log,x (a>0, a%1) pmbyghuyp wowlgup hudwuwn t

1
xlna

-h, wyuplpl inbnp nGh

! 1
1 = ,a#1
(og,x e (a>0 a# ) (9)
pwlwdlp:

Uwuwgnt)g: Btnphkdh wuwwgmgbin hwiwp (nquphpdwlw dncbyghuyh
npn2dwG whpnpntd YbhipgltiGp x -h nput wpdtp, wyn wpdbiphG wwlp w;bwh-
up Ax wdg, np (x+Ax)-n Gnijwbu wwuinlwGh nhunwpynn nullyghugh npng-
dwh whpnyphl, hwaykGp npywé $nblighwih hwilwwwinwuhiwb wép b Guwg-
8kGp Ay/Ax pwGnpnp.

Ay log,(x+Ax)—log.x _1 log_(l+ 7) .
Ax Ax T x Ax )
X
Unwgwd hwywuwpnipymGGbiph dbe whglbing uvwhdwGh, tpp Ax -p &o-
wnd b qpngh” YnGbOwGp i

UjGnihbwb uwnwpbinyg thnipnhuwlwGh £ = Ax/x (hnfuwphGnud L hw)yh we-
GGny, np Ax -p qpnjh dqunbithu £ -G b t dquainud qpnjh’ YuunwGwGp [25,(17))
£=l'“mlog.(l+t)= log.e 1
a0 Ax  x 0 t x xlna

hOsp Gawlwlnud £, np (nquphpdwlwb InGhghush woéwGgup qgnympynih nt-
Gh L wntinh nbh (9) pwGwdlp:

s

bww
Uwulwynpuwby, (9) pwlwdlknd plnntbbiny a=e, YniGGGwap

Y l- 7 r
(inx) = @)
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50, bnwblym Gwswihwlwl pniblyghwibnh wowlbgiwbbnp:
Bhnpbd 7: y =sinx pmblyghuyf wowlbgrun hudwuwn t cos x -h, wuphGpo
wbinh moh

(sin x), =Cosx (10)
pwlhwdlbp:
Uuguwgntjg: Ogquytiiny y =cosx dnGlghwih wGplnhwinnpymGhg [24,08]
L
lll_l.'la\ Sinx =1 (11 )

Gwlwynp uwhiwGhg [25.(2)], YuunwlwGp

2sin gc:os(x + ﬂ)
lhnﬂ=limsm(x+Ax)—smx=ﬁm 2 2)_
o Ax e Ax et Ax

. Ax
) sin — ' Ax
=lim -limcos| x+ —|=1-cosx =cosx,
a0 Ar-o0 2
2

hOsp GawGwynil t, np y =sinx PpnGYghuyh wéwhgpuin gnpnepynil mGh b nb-
nh niGh (10) pusGwdlp:
hww
Btnpbd 8: y=cosx pmlbyghuyh wowlgiup hunjuuwn t —sinx -p, wy-
uhlpG nbinh mGh

(cosx) = ~sinx (12)
pwlwdlp:
Uywgnijg: Oquybiny y =sinx dnLGlghwh whplnhwwnnipimbhg L (1)
GawGwynp vwhiwGhg, YuunwGwip

sin X
lim& - 1@M = —lim—z—-limsin(x + ﬂ] =_sinx,
a0 Ay ar o0 Ax a0 Ax Ar—0 2

2

hGsp GpwGwynid t, np y =cosx pmGyghwyh wowhgjwip qnynpynil nuGh L k-
nh nGh (12) pwGwabp:
huw
Btnpbd 9: y=tgx Ppmbhghuyp wowlgnup hujuwuwn ¢ fcos' x -p, wy-
uhlpG wnknh ngh
1
cos’ x

(tgx) = (13)

Pwlwdlp:
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Uwwgni)g: Btinpbkda wwwgnighint hwdwp y=fgx Inmlhghwih npndwt
whpnyprd YbpghhGp x -h nplt wpdbp L uyn wpdbphl nwGp wylwhuh Ax
w@, np (x+Ax)-n GnuyGuwbu wwwnlwGh nhinwplydnn pncblighwsh npnzdwb nh-

nnyphtG: UjGnthtink oqungbiny y=cosx $nillghwih wiplGnhwunnipinibhg L
(11) GzwGwynp uwhdwbhg, JunwlwGp

i B At dsinax 1 1 ) 1
a4 Ay ar Ax #=| Ax cosx cos(x+Ax)| cos'x
hagp Gawlwynid t, np y =rgx PpnGyghwih wowbgpuip qnnipinth niGh L inbinh
ntGh (13) pwGuwdlp:
huyw
obnptd 10: y =cigx Pmblghuyf wowlguuyp hwwuwn t -)/sin’ x -h, wy-
uplpl wlinh map

(crgx) =- (14)

sin’ x
pwlwdlp:
Uwwgnijg: Thunwpldnn $niblyghwih wwpwagumd nGkGp

Iimg=limc'g(X+Ax)_agx=—lim[8inAx~ I 1 ]= ‘] i
-t et Ax =% Ax sinx sin{x+Ax) sin’ x
hasp Gawlwlnid £, np y = cigx InuGlghuwyh wéwlgywip grynupyntl niGh L wnb-
nh mGh (14) pwlwdlp:
buyuw
6°. Jwlwnwnd GowbGlymGuswihwlwls pnblyghwlbph wowbguyGbpp:
b (nnoG nhuwplwse nwppwiwb mllyghwitiph, unwbwip Gwb hwlyw-
nwpd towblyniGwswipwipuG $nllghwibnh wéwbg)wiGhnh pwlwdbbkpp:

w) Rwbh np y=sinx $nbyghwl wGplnhwin t L SnGnuinlG wénn
[— 7:/2,1:/2] Ghowlwipmd, hbnbuwpwn wiG moh hwlwnwpd nillyghw, npny-
quo [-1;1] dhowlwipnid, npp YGwGwlbGp htwnbyw) Ybnw
d y = arcsinx [24-95]-
y =arcsinx (—Istl):

(15)
- (15) Pmbyghwsh qpwdphlip unwGunt hwiwnp (G4.33)

whhpwdbwn t [—n/2,1:/2] dhowljwpmd Ywnnighi
y=sinx pntllghuyh gpudhlyp L wyl hwiwswth wpunw-
wwuwytiptiy y=x ninnh Ghwwndwip [24):

Bhnptd 11: y = arcsinx (—l <x< l) Snublyghuyp wowlgup hwywown t
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I1-x* -nt, wyuhlGpl wnbnp nih

Y 1
(arcsinx) g et (F1<x<1) (16)
pwlhwdlp:
Uwwgniyg: Lwlu GlwinkGp, np tpb (15) $niGlghuyh wpgnudbbup thn-
(intunui £ -1-hg Shiisk 1 uwhSwGGkNALY, wuyw wyl pGnnnud b -n/2 -hg hbsk

n/2 plwé pninp wpdtipGepp: Ujonihbunk, pwGh np (sin y)' =cosy b (— n/2, n/2)
pwg dhpwlwjpnid cosy -p pGnniGnul £ dhwjb npwlwl wpdtphbp (hbwnbuwpwp
Gdws Showluwypnid wyb qpn sh nwneGnid), nwunh Ghwinh mbkGwiny Gwb, np
x=siny -p (15) pnlyghwjh hwljwnwnd nbyghwt & (4) pwlwdlh oqlinip-
jwip nhunwplynn Pnilhghwih wéwbgywih bwiwp YnbbGwhp

y'=(arcsinx)'=l= ! = ! = !
' x, cosy |fi-sin'y J1-x'

Yy
1

1-x*

(arcsinx)’ = (—l<x<1):-)

hyw
p) Rwlh np y=cosx PpmbYghwt whplnhwwn t b dnlnwnG Gwann [0,1:]
YA dhowluwypnid, hbwnlawpwp wjl ntbh hwijwnwpd $nilly-
7 ghw npn2dwé [—l;l] dhowuypnd, npp YGwGwykGp
y=arccosx hbwnlywy Ybpw
y =arccosx (—]stl): {(17)
(17) $nGyghwh qpwdphlp unwbwint hwdwn (G4.34)
whhpwdbwn t [0,1:] Showlwypntd Ywnnighi y=cosx
: x pniGyghwih gpwdhlp b wyG hwiwswh wpnwwwinybpby
-1 0 1 7 y=x mnnh Ghundwip:
Gy.34
Bbnpts 12: y=arccosx (-1<x<1) Pmublghuyh wowbguip hwdwuwn ¢

-YVI=% -m, wuhlpl wntnp mop

x/2

! 1
(arccos x) =T Gi<a<) (18)

pwlwdlp:

") x= 21 wndiglbnp pugunbghtp, npndhbin x -h wyn wndbpbph nbwenud 1/l - x* pubopnG
hduimuqnldmud t:
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Uwwgniyg: Lwhu GYunkGp, np Gpb (17) dnLGhghuwgh wpgnuikGup hn-
thnfuynud t -1-hg 6hGsh 1 uwhdwGGhpnid, www wjl panniGnud E 0-hg Ghish =
pGLwd pnpnp wpdtpGhpp: UjGnihtiwnl, pwih np (cos y)’!-sin yl (O,n) pwg th-
owlwjpnd sin y -p pGnmGntd t dhwjG npwlwl wpdbpltip (htwnlwpwp 624w
dhowlwjpnid wyl qnn sh nunGnud), nwuwnh, Ghwanh nlGbGwiny Gwb, np x=cosy -
p (17) dnbyghwih hwiwnwpd pnillyghwo L YnGEGwip

y: = (arccosx)’ = 1 = ! ! !

’

X —Si“)'_ ,/l-cos’y__\/l—x’,

Luwd

(— l<x< l):
hPuw
q) Rwlih np y=tgx Pdnlyghwl wipbnhwwn t L onGninnG wénn (-n/2,7/2)

Showlw)pntd, hbnLwpwn wib ntbh hwywnwnd PniGhghw npnyws (- +wo)
dhowlwipnid, npp GGwlwlkip htinbjwy Yepw'

YA y=arcigx (—oo<x<+ao): (19)
TI2 o, (19) dnmGyghwsh qpwdhip unwGuwint
0 y=arctgx hwdwn (G4.35) whhpwdban t (-x/2,7/2) bh-
> owlwypmd Yuangh| y=rgx pnilyghwh
qnwdhyp b w)l hwiwswih wpnwuwnybnki
7/2 y=x manh Gyuwndwdp:
G4y.35

BLnpbd 13: y=arcigx (~w <x<+o) pblghuyph wowlgnup hwywuwn
& 1A+ x*) -m, wuhlpl wnbnh moh

’

(arctgx) = H-_lx; (— < x< +ao) (20)

pwlwdlp:
Uwuwgnyg: Lwh GhwwntiGp, np tpt (19) $niblyghwsh wpgnidtGunp thn-
nhudnd t —o-hg 0hGsk +o uwhdwlGEpnLl, www wil pGanbmd b (-x/2,7/2)
dhpwlwyph dbig pGywé pninp wpdtipGtinp: UjGnihtunk, pwth np (g y)' =1/cos’y
L (-n/2,7/2) puwg Ghpwlw)pnid cosy -p qnn sh punbmd, nwuwnh, Gywwh nuib-
Guny Gul, np x =g y-p (19) $nGlghwih hwiwnwnpd $niGyghw Lt nhuwnl-
ynn dnilGlyghuh wéwbGguih hwiwp YnmbGbGwip
, R 1 1 1
v.=(arciez) g : cos’ y - I+1g7y Tlex

b4

'

Guwd
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(arctgx)' - . (o< x+<wo):
I+x
hupw
n) Rwlh np y=crgx Pnllghwl wlpGnhunn t L GnGruinG Gjwqnn (0,7)
Ghowlwypntd, httnlwupwn wil nih hwlwnwnd dnGyghw npnywé (—co,+oo)
dhpwlw)pntly, npp §GwlwykGp htwnbyw; Yepw'
Yﬂ y=arcctgx (—oo<x<-mo): (21)

--------- e (21) dmGYghwih qpwdhyp unwbwint

\,, /2 hwiiwn (GY.36) wGhpwdtan t (0,x) Showlw;-
\w pmd Ywnemgl| y=cigx dmblghwih qpwdh-

o > (o b w)l hwiwswdh wpnwwwnybpbi numh
GYwndwdp: y=x

G4y.36
Bbnpbd 14: y=arccigx (-0 < x < +w) Pmbhyghuyh wowlguuyn hunjwuwn
E-1(Q+x*) -m, uyuhlpl wnbnh moh

(arcctgx)' =1 +]x’ (~o<x<+0) (22)

pwlwdlp:

Uwuwgntjg: Lwhe GUunbGp, np bpt (21) PniGyghuyh wpgnuitibnp hn-
hnfudmd t —owo-hg Ghigl 400 uwhwGGhpnid, www wyl plnmGnud & (0,7)
dhpwlwiph dbo pOGYwd pnnp wpdbpGhpp: Wbnihtwl, pwGh np
(ctg y)’ =-1fsin’y b (0,7) pwg dhpwlwipnd siny-p qpn sh nwnlnid, nuwnh,
GYwwnh nubbGuynyg Guils, np x=ctgy -p (21) PnGyghwyh hwiwnwpd $nily-
ghw( t* yniGEGwahp

)’Z=(arcctgx)l=—l,'=l:[—.l )=- — lz
X

sin’ y l+ctg’y  l+x

y

ITIT]

(arcctgx) =—1+x’ (—oo<x<+oo):

huw

§28. dniGYyghwlbph gnidwph (Lwppipnpyw@), wpnwnpywih
L pwlnpnh woéwGgywiGhpp: Pwpn Pnibyghwsh wéwhgjwip:
UunhSwlwgnigswihG pniGlyghwih wowbGgjuip: Mwpwibwmpwlws
nbupny wpdwé PncGlghwlbp b Ynpbip: Mwpwibnpwiws nbupny
npwd pniGyghwih wowGgywip: UdwhgjwiGbph pwGwdbbph
gnigulp:

Lwhuinpn wwpugpwpnild GEGp unwgwlp pwiwdlbp, npnlg dhengny Yw-
pth t hwayly hhiGwlwG nwppwlws $niGighwibph wéwhgyuwibbnp:
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Ut udinpudnieg O puily upung ipulnlibpp e, npaby gl pymip
iwpngnn b numbimd hunlly wiugnwh Smilgintbn winbommtip, spnbp
HEMEHIA bl oA S Gghultphg’ dbpauain pim| et
ks gnpénnnpmbbbnh L hwouwnpmpGioh Ohengmp:

Whnpht 1. w(s) & v(s) wowlgbip Smbyghwbpl gmounp Geusbugu
wwilighyp t b wnbinh moh

o(s)+ )] = (x)s vix) )
Huludhy:

Uwignijg: Mhinwinliinn $nublghwbnh qmownp GawGwlbing y{x)-ny L
ﬁqmdhbnq phapbdh wuydwaobphg mt wowlgpuih vwhdwinithg [26,u2), Yu-
wAwig lll. 19

v(t + ::2 A_) uQ: +Ax)+v(x+ Ax) fulx)+v(x)

- mﬂ"_*_:‘:‘_l“_“k) . m_(_ti):d‘) wule)+ Vi),

Mg Qawluind b np asaiinn I GUghwObph qmidwnl woubglith t L
wilh b (1) pwlwdbp: s

AR . 1 s, B0 0n0 QU wiguigrighy Gul hbankyuy plnt-

Bl ' u(h) & vhx) winipiyh I dighudived supein iy G-
whv wiwiipiyh ¢ & wigh @

b= vl =0t vi) "
MNM b wpgaugmd Pt nuasnempmiGing e
Vi Wl plwwgiby Moy e
VoAl § inpanine sy aiudphyt Daclighulind (x)+a ()
o) endugy Seyduty aiuighyt ¢ & nigd n

T A

e ade - caold ~albe el - +alla) Ll
L.
Ve 2 ) & V) adudply Imilgputiy apeagueye Suf
W WOlgigh ! & A nilp
detd] ~ abdeta)s wteiv tn) @
DG di.
) Sha i Wb tsquutivquphpainy

‘Ww
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Uwwgniyg: Yhgmp u(x)-p k v(x)-p wowGghih Pniliyghwlbp bG L
y=ux)v(x): 3)
Yunnwpbyny
Au(x)= u(x + Ax)— u(x), Av(x): v(x + Ax)— v(x)
GawlwynmiGbpp’ YuinwGuwlp
ulx+Ax)=u(x)+Au(x), v(x+Aav)=v(x)+Av(x): (4)
twnbwpwp (3) Pnlyghugh wéh hwiwn YmGhGwhap”
Ay= y(x + Ax)— y(x): u(x+ Ax)v(x + Ax)— u(x)v(x)= (u + Au)(v + Av)— uv
Yuid
Ay=vAu+ulAv+Auldv: (5)

(5) hwijwuwpnipjul Gplynt Ynndbpp pwdwlbing Ax -h Ypw, Yunwbulp
—=v—+u;+Au;: (5)

Wonthtinnks (57) hwjwuwpmpjwt G wiglting vwhdwGh, bpp Ax -p 89-
wnud t qpngh b hwpdh waGhing, np u(x) L v(x) PrtughwGbpp Ywhajwé sho
Ax-hg’ YnubbGwGp [22,(19°),(207).(20°7))

im2 < viim 2% + ulim2” + limAulim 2 . (6)

Quih np hwowdusyG GGpwnpmpiwt (x)-p wowhgbih Pnblghuw t, hbulu-
pwp wib Gwh wipGnhusn t [27.91], hGsp GawGalima L, np nbnh neGh
lim Au = 0 (1)
hujwuwnmpymGp [24,(5)]:

Oaquntiny (7) hwwuwpnipiniGhg L pbnnboh wundwihg Yumnn bp (8)
hwjwuwpnipmGp GopluuwgGby

tim 2 = x)v(e)s vix)ule) (8)

inbupny:
Julwdwyls pmGhghuh wowbguunh vwhdwlowh, vnwgywd hunjuwnnt-
PIMGp GrwGwlms t, np 2(x) L v(x) wWOwWGgLh P GughwlbNh whtumpLLp

wéwlgbih t L wbah MGh (2) puwbuwsly:
huyw

unkusp 1: 5o u(x)-p wowlgbp Imbighw b, puly ¢ -0° nplt hurmy-
nml, wuw c ulx)-p Omybupy wowlgbp t L wbnp map

———————

) Onmppi upmpgmpnt st bogbdt ¥(x) U v(r) Prcltghuwlbnh Gusuwdnpmfin « -hg puig
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[cu (x)]'= cu'(x) (9)
pwlwadlp:
Uy funupny, hwuwnuannG wpunwnphsp Gupbh & ompu pbply wéwbguh
Grwih wnuwilhg:
Uwwgng: (9) pwlwdbh s0wpunwghnipjub 8k hwidngybiint hwiwp pw-
Jwlwi t (2) pwlwdlnid pOnntGbi v(x)= c (c = const) b ogqunyby hwuwunnniGh
wowbgwh pwlwdlhg {27 ,(5)].

[cu(x)]‘= 0-ulx)+cu'(x)=cu'(x):
Puyw

Uwpbidunnplywlwl hGnniyghuyp depnnny Yuinbih t gniyg wnwy, np bpb
u(x)-p u(x)p,..., u(x)-p wowlgbyh prilygpwlbp b6, wupw Gpuwig wmnwnp-
Juwyp Gnybwbu wowbgbih t L wnbnp noh

’

(usy...u) =uu,-u, +usdu, +uy,-u (10)
pwlwdlp:
VuwuGwinpuyby u(x),v(x) L w(x) wowlgbih pmbhghwlbnp wmnwnp-
Juwyp Onybwbu wowlbgbih t L wnbnh mGh

’

(uvw) =uvw+uvw+uvw (10)
pPwlwdlp:
Bunpbd 3: tpt ulx)-p L v(x) p wowlgbh prblygpwibn &G, plin npmd

v(x) -0 hurjuwwp st qpryh, wapw

0 o
pwinpnp GnyGwbu wowlbglh ¢ L wnbnf mop
ulx ’ _ u'{x)v(x)- v'(x)u(x)
Hﬂ TV 2

pwlwdlp:

Uwgwgnijg: Nhgnip u(x)-g b v(x)-n wéowlgbth Pnillghwbp 6O L v(x)-n

wnwppbp t qpnjhg: Oquybiiny (4) GwGwyndGEphg” (11) $nilhyghuyh wdh hw-
dwp YmObkOwhp

by =yl a0)- o) M) e

vAu — uAv

Ap= 20U EAY.
Y v 4+ VAV N (13)

Juwd
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Jdtipghl hwywuwpnepjwl tpynt Ynndbpp pwdwlbing Ax -h Ypw L whgGh-
in uwhdwGh, Gpp Ax -p dqunud t qpnjh’ YuinwGwip

Au Av . Au . Av
A V——Uu-— vhl_:_!.}—-uhm— v —y'
imY — lim—Ax __Ax __*®Ax *WAx UV-VE,
a0 Ax =y rvAY v’+vli|gAv v

Jwdwéw)lh dnibhyghwih wéwbgywih vwhiwbdwh’ vnwgywd wpgnulpp
Gwlwyntd t, np ptinpbdh wwjdwGGtph wnbnh mbGGGwnt nbwpnud (11) pw-
Gnpnb woéwbhgbih t L wtinh nubh (12) pwGwdlp:

huw

Uydd unwlwip gnpoGwlwinud 06 Gawiwlympyntl nlGlignn pwpn $nuGy-

ghwh [24,(12)] wowbgjwih hwaldwh pwiwdln:

Rbnptid 4: Epb z -p y -h dhongny x - puipn Bmlblhghw t b y = y(x) prubiy-
ghwiG pp npnydwl wnppnyph x, Ybinmd mh wowlguy, huly z = z(y) Dnlly-
ghwi b uyn x, -h hwtbwwuwnwufuws 'y, Yinmd mbh wowbguy, wupy

z=2z [y(x)] (14)
pwpn pnllghwl Gpwo x, fbinmd GnyGuwbu mbh wéwlgiuy L wnbnh nGh
2=z () (15)
i np GnuyGG
z(x)=20.)y.(x) (15)
pwhwdlp;

Uwwgnijg: BlinpbdG wwwgniglint hwiwp x, Yhwnnmd wowhgkih y(x)
dmlyghwsh wpgnidkiGinh wpdtiphl wwlp wilwhuh Ax we, np (x, +Ax)-p
nnipu squ y{x) $mGYghwh npnadwG whnnyphg: Ladwés wehG Yhwiwupw-
nwuhuwGh y{x) Pniblyghwsh Ay wo?, huly UbpghGhG b z(y) Pmbygwh A,
wé: RLwlh np x,-hG hwiwwwwnwutuwbng y, Yewnntd z(y)-p wéwbgbih t,
hnbwpwn wjn $nillghwih Az wdp upnn bop GhpYuywglty

Az=7(y,)Ay+ady (16)
wnkiupny [27,(2)], npnbn o -6 Juiudwé b Ay -hg L Gpw htiin dblunbin dguinud t

qnnjh:

Ujdd (16) hwywuwpnipjwl bpyne Ynndbpp pwdwlbGp Ax -h Ypw
=)
U ninwigiwé hwfwuwpmpjul oby wiglhGp uwhdwth, bpp Ax -p dguned ¢

———

*) Gapunpblp (v + Ay)-p wwnlwimat z{y) nmGlhghuwh npnzdwd whpaipht:
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qnnyh: Luwenh nibEGwiny, np win abiwpnid qpnjh tiG dqunud Gwls Ay -p L hbnlaw-
pwp Gwl o -0° wpnniulpnud YmaEGuGp

. Az, Ay . A . ’
lim === 20 Mm% + tima-tim % = £ () (x,):

Jwiwdw)t Pnibyghwh wéwlgyuih vwhdwbiwd, uinwgywd wprnilpp

G2wOwlynd t, np gnjnipjnil niGh z:(x,) wowbGgywip L wnkinh nGh (157) pur
Gwadlp:

bPwuw
OppGuwly 1: Iwyb

y=sinx L y=cos’x (w)
IniGyghwlbtiph wowGgyuwybbnp:
Laiénid: Oqudbny (15°) pwlwalpg™ YuwnwlwGp [27,(10),(12)]
(sin’ x) = (sin =} '= 2sin x{sin x) = 2sin xcosx =sin2x,

(cos’ x)‘ =[(cosx)’]'= Zoosx(cosx)’ = 20osx(- sinx): -sin2x:
Wjuwghuny, wbnh nGbG hbulyw| pwlwdlbpp’

(sin’x)’=sin2x, (c:os2 )'=—sin2x: (r)

y:,/;'T U y=Invx
Inlyghwlbph wéwbgywGtpp:
Lniénd: Oqundbiny (15°) pwlwdlhg YnilbGuwip [27,(87),(97)]

(r).};rl;f;lup

Cr R

y="T1ge - ctgix
Iniblghwsh wowbgsuyp:
Lntdnud: Oqungtiyng (1),(8) b (157) pwlwadlbphg Yuunwbwp [27,(7).(13).(14)]

() - IR O 5 I I 2z L
-t -ba: ("’)*% C N N Y N
OnhGwy 4: Jwpyty
y=ln(x+Jx’+l) ()
Prllghuh wowlgjuip:

Lawémid: Oqungbiny (157) pwliwdbhg™ 4mGEGwop

Ophlwly 2: Iwybi

OphGwly 3: Iwpyby

(x+Jx’+l) 1 (‘ . ) 1
x+dri+l _x+Jx'+1L +Jx‘+l ) i+l
-1086-

;

y=




§28
Wuwhuny, wnnknh nGh hbinbjw pwlwdbyp’

[‘"(’”‘E"_”)] - : m

x+1

OphGwsly 5: Iwayby
_ arcsin x
arccosx

Pnbyghwih wowbgywip:
Latdnud: Oqungbiny (12) pwlGwdlhg’ YuunwbwGp [27,(16),(18))

= {arcsin x)'arccosx-(arccos x)'arcsinx - 1 {arc cosx arcsinx | _
arccos xf (arccosx)’k Ji-x*  J1-¢ -
_arcsinx+arccosx _ x

Ji-x*{arccosx}  2V1-x* (arccosx) a
OphlGwy 6: 3wyl
y=arcigx-arccigx
dnlyghwih wowhgjw)p:
Ladnid: Oqungbiny (2) pwGwadlhg YnGEGwGp [27,(20),(22)).
arccigx—arcigx
1+x*
UGgGhny wuwnhGwGwgnigsughG nillyghwh [25,u1] wéwlgyuih pw-
fiwdlh wprnwédwlp” wuwywgnighlp htinbjw) ptinpldp’
Bl 5: £p6 ulx) L vx) Pmllyghwlbnl wowlglyh &G ppbbg npnydwl
whpnyplbinh plnhwlnip x Lbsinmd, www wyn Pnblyghwibnhg hwqdwo
y=pl” fun>0] (17)

wunhdwlwgmgsuyhl pmblghwl Gnybubu wowlghih t Grgws Ybwnnd L ink-
nh moh

¥ ={arc rgt)l arcctgx +(arc ctgx)l arctgx=

(e} = [l inale) + e fule () (18)
pwhwdlp:

Uyt funupny, wunhowGwgmgsuypl pnllghuyh wowlbguup dh gmdwn ¢,
nnh emdwinbihGephg vEUp win prlGhghuyp wowlguayl b, bel wiG hwdwpblp
gmgrunhG pmibGhghw, huly dmup’ Gpw wowlgruyn' bpt wil hwiwnpblp wu-
whdwluyhl pniblghw: )

Uupugntyg: Shgmp u(x) b v(x) Pmllghwltnl wowhglith bG hpkiGg npnz-
dwG whpnypGbipph pGnhwGnip x Yhwnud:

e hhipny [21,(32)] 1nquphpstinyg (17) hwiwuwpnipjwl tpynt Ynndbinp®

*) Oqu{bighlip bowblyn GwsushnippniGhg huynbh

arcsinx +arccou=% xel-Ll] (b)
puliwdlhg:
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Yuunwbwhp
Iny =¥x) Inu(x): (19)
tnihbwnb (17) $nublyghwl Ghpluwywglbing
y =ev(x)--(')

wbupny L oqutiiny ptinntd 2-hg” biqpuijwglnud bhp, np u(x) L v(x) Pntbl-
ghwbph htin dGhunbin, w)l Gnybwbu wéwbGgbh t GJwé Ybinnud?;

Oquybiny pwpn $nllyghugh woéwGgdwh pwiuwdlhg L pun x -h wéwhgh-
ind (19) hwyjwuwpnipjwi bipyne ynndbipp® YnGEGwhp

%’ =v(x)nux)+ V(")%g’

npubinhg ' wéwlgjwih hwiwp YuunwGwip

y= y[v'(x)lnu(x)+v(x>“7'((§] ~lu(s) M{v'(x)nnu(x)+ v(xg‘%] B
YA ARV YA TR

OphlGwy 7: Iwyyh

huyw

y=x (@
Prllyghussh wowbigywip:
Lawénd: Oqungbiiny (18) pwlwdlhg™ wnywé Iniblghush wéwbguth hwiwn ynt-
6bOwap
y=(x')'=x‘lnx+x~x"' =x'(1+1nx):
Ujuwhuny, unwlnid tGp htnbywy pwGwdlp’ .
(x‘)' =x*(1+Inx): (®
Wdd whglhiny, wyuwbu Ynsdws, wwpwsknpwlwl hwdwuwpndlbpny
wpdwé dnblyghwlhph b Ynpbph ghunwpltwlp’ GkGp, np 2w nbwpbipmd
hwpdwp £ (himd y hnhnfuwlwih jufudwdnipyniGp x  gninfuululhg wp-
nwhwynby ng pb wldhowywlnpkh, wy dh Gppopg hnhnfuwljwlh dhengny:
Uuwép wwpqupwbint Guuwnwyny, tGpwnpkGp [a,B] dhowlw)pmd n-
nnqwé 60 whplnhwann L Shwpdbp

x=olt), y=ulr) (20)
$nilyghwbbipp:

Snlhghwsh vwhdwGows [22,u1] hwiwduwys' [o,B8] dhowlw)pht www-
Julnn ¢ -h jmpwpwGgnip wpdtiph hwdwwwwwuhmwGnud £ x -h Ly -h npnw-
4h wpdbip: Gpb x -h L y-ph Gjwd wpdtpllipp hwiwpkGp oxy hwppnipjul
Yownh YnnpnohGuwnGbp, wuww (20) Imbyghwlbipp ¢ -h jmpwpwlsnip wndbph

*) 3wz wowlp Guiks, np gnigsunht L inquphpdudiuG $flghulibnh wowhobyh bG hpblg npndud
whnpnyyplbipnid [27,p5,p8]:
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oxy hwppnipjwl dbp hwiwwuwunwupuwGbglnid GG npnawih Ybwn: §bmhw—
pwp, tpb ¢-0 Gnhntudh Gadws Showlwipnd’ (20) nibyghwhlipp exy hwp-
prpjwl ynw YnpntiG npnawlh y = y(x) unp:

UwhdwGntd 1: (20) huwuwpmdGbpp Ynsymd &G y = y(x) $nllighuyp
tynnt) wwpwibinpwlwl hwdwuwpmdGbp, ¢+ -6 Ynsdmd ¢ wwpwdbnp, puly
dnbhyghuyp (4npp) inuyp Grwo hwdwuwpndGbpny” nsgdmd b wwpwibn-

wiwa:
" le -hg y-h Yuhijwdnipjwi opblipp qunbbint hwiwp LGpwnptlp

x=ol)) 1)
$nGlghwl nGh hwhwnwpd pnGlghw [24].
¢ = t{x): (22)

hGswbu ghintGp, ¢(x) hwlwnwpd pniGlyghwh whupp unwlwim hwiwp
wlhpwdtizn t (21) bwywuwpnipjnlp nhinkt hpple hwywuwpned U uyl (nudtip
t-h OQuirndwdp: ¢ -p hwdwp unwgws wpunwhwpnmpinip nbnwnpbpny w(l)
dnulyghwyh dGp’ Yuwwlwlp x -hg y-h Ywhuwénmpywl npnGhth opbbpp.
y=vl): (23)
Uupuny, bpb o(t) -0 mbh huluwnwnpd nibyghw, wupw (20) hunjwuw-
nndbbpp npnpmd 6G y -np npybu x -h pmblghw, nph nbupp unwlwint hw-
dup wohpwdtyw b wm burjuuwpmoGbphg t -0 wmunwpuby:
OnhGwy 8: (Lipwu, ppwlwghd):
Unwlwlp a L b {a>5) Yhuwwnwlgplbpny wyl tihwuh [7,2°] wwpwdtnpwyws
hwjwuwpnwdGhpp, nph YbGupnGp YnnpnhGwinGliph uyqpGwlbnG b (64.37):
Indwé fulinhpp nuétipne hwdwp wyn Ynph htin dEYntn nhunwplsGp Gwb Gyl YeGun-
pnGny ipynt zpewbwqdtip, npnlg wounjhnGbinp
______ B hwjwuwn GG a-h L 5 -h: Ehwuh Ypw 4epgGehp
. Yuiwjwiws M(x, y) 4o L wyn Ybnny nwGkGp
ox wnwlgphl nugnwhwjwg ninpn: Swpwdé ng-
awhwjwgh hwindwb Yenepp ox wnwligph L a
2wowynny 2npwbwqéh htn hwiwwwnwuhuw-
Gwpwp Gauwlwltlp 4-nd L B-ny: Ujbnthbunk
M ybunny nuwGbip ox wnwigpht qniquhtn ni-
nha L wyn mnah b wewyany 2ppwlwgsh
hunndwG Ybwnp GawlulitGe C -ny (ndywn ¢t hw-
tnqubt, np C -6 quGynid t @ wnwynny 2pow-
R Gwqdh OB wnwynh dpw):
GYy.37
Swyh waGkiny, np B L A YbwnbipG mGEG ShlGnyG wpughuGbpp, huy ¢ L M
Ybunbpp® GhLGntyG opnhGwinGbpp, 408 L COD bawGlniGGbphg, nhuwnlynn tihwuh
M(x,) Yeunh YnnpphGwwnGliph hwown YuinwGwGp

......
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x=acost, y=bsint, (n)
npinkn ¢-0 OB wnwynh L ox wnwigph Ywqdwé whlymbGG t [6,u2], huy D-G° ¢
Leuwnhg ox wnwligphli wpwé ninqwhwjwgh hhipp:
Ljunnh nuliGGunnd, np (-G qpnjhg 0hish 2x uwhowGGEpmd thnghnjubithu Yuwpnn Bp

(0) pwlGwdlbiph Shengny hwizyby wipdwd tihwuh painp Yhntiph knnpahGuinGlipp® bapu-
Lwgbnd GGp, np wyn tihwuh wwpwdbnpwlwl hwywuwpndGsnpt nGkG

x=acost, y = bsint (05t521|:) (p)
wnbupp:
Twpq t, np iph (p) hwwuwpndGipmud plnnibOp a =6, www Yunwlbwip o w-
nwynny L 0(0-,0) UEGupnGny 2ppwlwgoh wwpwidbnpuywd hwyjuwwpnudGbpp.

x =acost, y=asint (OStSZu): (d)

Llwwnbklp Gwl, np (d) hwywuwpnusGiphg wpnuwpubiny ¢-6" Yuwnwbwip a w-
nwynny b YnnprnhGunnGliph uliqpiwlbinp YhGunpnG nlGbgnn 2powhiwgdh hwywuwnnidt
nunnuilyniG YnnpnhGwinGepny [7,(57)].

xX+y'=a*

Ophlwy 9: (Splynpny): Ghpumpbny, np M{0,a) YGwpnGnd L o wnwinny 2pgw-
Gwaqhop wnwbg uwhbine ginpdnid b ox wnwGgph Apustpub nupnnupjwdp” hbunbbGp Gpwl
wwwnlywnng nplit Yewnh (oph-
Gwly O -h) hbunwgoht:

ThuwnyGp qlnpdnn 2p-
pwiGwqodh dh Gnp nhnp (BY. 38)

U wyn nhppp wbnwihnfuqwé
X 2nowlwqéh yhbnpntp Gaw-

~ GulbkGp B-ny, huy Gpw L ox
wnwlgph 2n2wihswh Yhing

A-n;
G4.38

JwuljwbGwih t, np GuiuyhG nhpphg Gnp ghpphG wiglGbint pGpwgpnid uligpGuwlwe
2mwihdwi Ybing wanwhntujty t 04 hwendwoh swging L shwdwdwGwl nbnudiniudti
t «Gnp» 2ppwlCwqdh £ Qbinp' 2ppwlwqgodh Ypwind whGglhiny 4£ wnbinp: Rwhh np
G2qwé SwlwwwphGipG hpwp hwywuwn b6, hbinkwpwp’ 04 = AE -

Spywo 2nppwluiqsh uyqplwhwh OM wnuwynh L Gnp nhpph BE 2wnwynh Guquiws
wiiynuGp Gpwlwlbind ¢-ny, huy £ Yswnhg 4B wnwynhG L ox wnwlgphh nwpwé

nuinnwhuywgGhph hhiptpp” hwiwupunwufuubwpwp C-n L D-n’ E Ytiwnp Ynnpnh-
GwwnGbph hwiwp YnibtGwip

x=0D=0A-DA= AE - EC = at - asint,
y=DE=AC = AB-CB=a-acost~

Wjuwhuny, bpb nhinwplynn 2ppwiwaghdp Gwimuph day inby wunnyu, www Gpw 0

YUty nwinhwG L a 2wnunthn mGbgnn wnbnh bnhwpmpmn.ﬁu\hwdmuum 14 2xa/(2x)= a -h: bl
pusp, 1 nunhwl L o unuatha niGbignn wabnh bpbumnwpyniGp Mudwutwn t ar h:
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ytwnp 4qoh 38-nn GUwpned wwinbbpdwéd Yudwpwdl Ynpp, nph mwnmﬁhmnwl?wﬁ (puwn
tnipywl ¢-G £ Ybwnh nhppp npnznn wwpwibup t) hwywuwpmdabnG ba.

x=a(t-sinl) y=a(l-cost) (OSlSZx): (h)

Twpqt. np tipk 7-6 hnhnfuydh -0 -hg Shish +oo uwhiwGibpnLd, www wpymGpnid

lunwlwlp 2n wwppbpwlwb Ynp, npp Yngyned t ghlinhn L npp Ywadyws b whphy
puqinipjuidp hpwp «hwywuwps JuwiwpGbphg:

OphGwy 10: (Uwnpnpn): Ghpwnpbiny, np
M(3a/4,0) YblGupning b a/4 wowinny Jppw-
Gwghél wowlig uwhbgnt gunpynud t O(0,0) YkGin-
pnnd b o wnwynny 2pewlwqdh §puyny’
htinlbGp Gpwl wwwnluwGny nplt Yownh (ophGusy

x A-h) hbunwqohh:

Gpt af4 wnwnny 2ppwhwghdp Yuwnwph
64 tphd wnnun, wugw Gpw 4 Yenp Ygoh 39-
nn Gywpnid waunlbpdwd 4BC Ynpp: byu bplip
upnnipn Yuwnwpbine wpnynulpnad thopp 2winuy-
nny 2pewlwqdh 4 Ytwinp Yadh ABCDEFGHA yn-
ro. npp Ungynid t wuwpnpn:

04.39
Ywpbiph t hwllilnql.[bl. np 39-pn Gyuipnid wwnibipdws wuwnpnhnh wwpwdbnpulwo
hwywuwpnGlnG nGEG htvlyw) wbupp’
x=acos’t, y=asin’t (051521;): L)
Ljunntilip, np () hwyuwuuspnidGeph tipyne Ynnobpp pwpdpwglbing 2/3 wunhwi b
unwgywé hwywuwpnuibbnd winwd wo winud gnuwpbny (wjupGpl G2dwéd hwduw-
uwpnuifitphg ¢ -G wpunwpubiny) YuinwlwGp wipfwé wunpnhnh hwywuwpndp” gpywd
mqnullyniG YnnpnhGunGhnny.
O y§ =at: (v
Muwpwibnpwijws hwjwuwpmdGhpny npdwé pnibyghwsh wowbgywih
hwiwn pwiwdl vnwbwim hwiwp EGpwnptlp y-p npwbu x -h InGyghw
wpdwé t (20) wwpwibnpwlwh hwywuwpnudGlpny, npubn ofr)-6 L w(r)-G
npld 7 dhowlwipnid? npnwd wowhgbih rGyghwibip bG, pln npnud ¢'(r)-
0 Gywé dhowlwipnid gpn sh nwelnud: GGpwnpbGp Gwl, np wpwé Shewlw)-
Pl or)-G nilh wowGgbth «(x) hwlwnwnd HnGyghu:
Oquujtijny Ywwnwpywé GapunpnipntGGlphg L GYunh muGkGwiny, np win
nwpnud y p ¢ -h Shengny x - pwpn dnillghw b puinn $nillghush b hwlw-
nwnd dnuGyghugh wowbgdwh YwinGGliph 26nphhy Yunwbwip [27,p2]

y:=x-f.={§“’,’ :
("1

Unypuny, Ybipbmd pluplywd uuwpdwbObph pwwpwnpdwl nbypmd (20)
Wupwibinmuwlws hwdwuwnm dGEpny npdwsé pmblhyghuyh wowbgmuub wn-
twhwpndned ¢ htinlyuy puGudling’

————

) T -G Ywnnn t (hGbi pusg, thusy, Yhuwpusg, dbpguxinn Yud whbpg Sheuskjusp:
-111-



qLakh V

, vl
Y.=ﬁ$- (24)

Opplwly 11: y -p npwbiu x -h dnulblyghw inpdwé t (d) wwpwibnpwlwi hwwuw-
npodGhpny: 3wadb) ¥, wowlgyuih wpdtipp ¢ ==/4 Yownud:
Lawénud: Oquytiiny (24) pwGwadlkhg  YniGbOwlp

(asmt
=—cIgt,
(acost
htwnbwpwp ¥, woéwlgpuih dbq hbwnwpnpppnn wpdtiph hwowp YuinwbwGp
}’:L__' =-L

dbpgnud, dhGs wydd nhnwplwé $nbGyghwlbinh b Gpwlghg Juqdwé qni-
dwph, wpnwnpjwih, pwinpnh L hwdwnpnypbiph wéwbgjwiltph hwiwp
unwgwd pwlwdlbnl wdthnhtlp hbinbjwy gnigulynid’
1. =0 (c=const),

2. [u(x):t v(x)r= W(x)2v(x), 2. [u‘ =)+, (x)+--+ u_(x)],= w(x)+ul(x)+-+ ul(x)
3. [ulx)vx ]I- wx)+ vi(xu(x) . 3. [cu(x)]'= cw'(x) {c=const)

J ] - slable)-vNt)

5. () mar, 5. [ =al )™ re) (o =comt)
s ()b VBl

6. (a‘)' =a’lna, 6. [a""] = f(x)a"ina (a>0, a=1),
6. (e‘)'= e, 6" [’ "’]'= I(x)e™,

7. (log, x)' = ;‘:‘—a, 7. [log, f (x)]'= 7{)—:% (@>0,a#1}
7. (nsf -1, . Insl- 28,

8. (sinx) = cosx, 8. [sin S ()] =+ f(x)cos £(x)

9. (cosx) = —sinx, 9. feos f(x)]'= - 7(x)sin 1(x),

10. (i) -——. 10 [rgf(x)]'=;f,—(f’%;5,

11. (ctgx)' = —sil+' Ir. [Ct‘%f()r)]'= —#:‘(;();5,
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12. (sin’x) =sin2x, 12 [sin* /()] = f(x)sin2/(x),
13. (cos’x) =~sin2x, 13'. [cos’ 7(x)] = - £ (x)sin 2 (x),
(Dl =25,
15, {fu@) f= b v (x)- nule)+ i) flw) " -w(x)

i6. ' =% (x »0)

nputin x(y)-p ¥(x)-h hwiwnwpd PniGhghwo t,

17. (arcsin x)’ = ﬁ, 17, [arcsinf(x)]'= _1{_5’;)_1)’

14.

18. (arccosx)'=—JlLT, 18. farccos f(x)] = - lf'(;; %)
—x -
19. (arctgx)’ =#, 19. [arctgf(x)]'—- l—;f:jg_()xj'
1) LY

20. (arcctgx), = —l—;l—x;, 20" [0"'-‘“4")]’= ‘W s 21. 5,, Y ‘lt)

npwbn ¥ -p npwbu x -h $nLlGyghw pwd t x=ofr) L y = yir) wwpwibnpw-
Ywl hwywuwpnidGhpny:

§29. Pwpop Ywpgh wéwhgjuiGlip: dniGyghwih nhdtipkGghwip
L Gpw GpypwswipwywG pdwuwnp: YhPupbGghwih Yuwp
wéwlhgjuih htwn: Qnudwph (wwppbpnipjwl) wpownpjwih L
pulnpnh nhdpbiptGghwilpp: Pwpdp Ywpgh nhdtptGghw)Glip:
Thdtpblghwih wbuph whhnnubihnip)nibp:

bGpwnpbiGp X Ghowlwipnid npndwo £(x) Pniblghwl wyn dhowlw)-
emd mGh yeppwdnp f(x) wowbguy: Un nbwpnd, hGswbu ghwnbGp, plnhwa-
Pty wuwd, f(x)-p GnyGubu Pnillghw t x -hg:

UwhSwGnud 1: 5pt x  dhpwluypmd npnzdwe f(x) dmbhyghuyp f(x)
wowlgyup Grywd dhpuwlyuyph x, Ybnmd mh wowbgny, wyw wyn wowlg-

nup ynsdrid ¢ f(x) pmllghuyh tplynnpn Yungh wowlguy x, ybwnmd b Gyuw-
Gudplms ¢
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. a'/lx) g’
) )
f (xo)’ f( (xo)' dx: ’ dlz o
wuwydwOwlpwlbbtphg nplt dGiyny:

LnyG dlny, bpt f(x) pmblyghuyh bplpnpn Gungh wowbguup x, Ybwmd
nuGh wéwlgpy, www wn wéwlguup Ynsdmd t f(x) pmblhghuyp tppnpn
Lupgh wowlgrwy Grywo Ybitnntd:

Conhwlmp nbypmd, bpk X dShowluypmd npnydwé f(x) pmblhyghugh
n-1-nn hupgh wowbgruyp (n=23,..) Gpwo dhowluwyph x, Yiwnmd moh u-
Swlgywy, wuw wyn wowlgyuip Ynsdmd t f(x) pmblyghuyp n -pn Yungh u
owhgyuy x, Yowmd b Grwlwlpdnid ¢

. afix) df
{x) 0
r) =
wwydwiwlrwllbphg nplt dbyny:

Jwulwlwih t, np nlyghugh 7 -pn jupgh wéwbgywip hwzygbpm hwiwp,
pOnhwinwwbu wuwd, whpwdtwn b hwpybp wyn dnillyghwih Guiunpn pninp
wéwbgjwy Ghpp:

L2tGp, np Gh 2wnp ntiwpbpmd hwennynid t dnubyghugh 7 -pn Yupgh w-

dwhgywih hwiwn unwbw) pOnbwiney pwiwdl: Swinpwlwlp winuhuh Gh
pwiGh pwlwdlbph hbwn:

\. Luwfu Glunntilp, np bpt f(x) L g(x) PmblyghwlbtnG mGEG n py lupgh
wowhgunGbp, wupw wnbnh moto

[cf (x)]') =¢f ™ (x) (c = const), [f(x):t g(x)}" = f“(x) + g (r=12..) (1)
wlohuywn pwlwdlbbnp [28,(1),(9)]:

. Yhnwplblp y=x* wunhBwlughl pniblyghwd, npinbn o -0 Guwdwpur
LwlG hwuwrunnn £

Oqudtiind wuwhBwGwihG $nibyghugh woéwlgjwih pwhwdlkhg' hwenp-
nwpwp GunwGwip [27.(7)]

x*Y=ax", x*Y=a(e-Hx", (=) =a(a-1)a-2)x",.....:

3 t inbully, np ppuownlping Smblhghuyh hwdwn plnhwinn pbiupmd
Y O6Gwhp

Y =ala-1)-l@-n+)x (1=12..): 2
dbpohl pwhwélind ponnibbinyd a = -1, Yuunwbwlp

(4] = 0-2h-mpe
fwd 2
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(=)
(l) =EMM (n=12,..):
X X

bul bpb (2) pwlwalinud pGnmGhGp a=n (e N), wyw - Pnllghwh
n-pn wpgh woéwigyuih hwdwp YnGbGwhap

&Y =n (n=12,.),

nuntinhg htwnlinud £, np nhuwplynn wuinhSwluwhG dncGyghuwgh wytih pwpdp
Yuwpgh wéwGgjw Obpp hwywuwn &G qpnsh [27.(5)]:

Uuwhuny, wmwlnd EGp Guil

(l)m - %‘Ii' Y =n (r=12.) (3)

X
lpupbnp pwhwdlbbinp:
W. Yamhbink ppuinuplyblp y=Inx Pnllghwo:

nuBkGp [27,(97)]
et tet)
(lnx}":[(lnx):l( )=(%J :

Ihinlwpwn oqunfbiny Gwl (3) pwbwdlbhg’ wnwlmd bGp
1 ln-11
(lnx)w - (_I_X(L.ll (n =12,. ) ()

plnhwomp pwiwdlp:
V. Yo npuinwplibilp y = a* (a > 0,a 1) pmllghwa:
NuGkGp [27,(87)]
(a’)' =a'lna, (a')" =a’ln’a, (a’)m= aln’a,...:
Conhwipwglbbing yunwiwlp
@Y =ama (p=12..) (5)
pwlwdlp:
Uwubwynp nbwypnd, (5) pwlwdbmd plnmibbingd a=e, YniG6Gwhp
[27.(8%)]
(e’)" = (n=12..): (57
V. Jwpftilip y=sinx pmbyghuyh n -pn (n=12,...) upgh wowlgup:
MGbkGp [27,(10),(12)]

(sinx)' =C0sX = sin(x + %), (sinx)" = (cosx)' =-sinx = Sin(x+ 2 %J

(sinx)” = (-sinx) =~cosx = sin[x +3 g), .

Ibinbwpwn, plnhwinwgbbiny’ hunwGwlp
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(snnx})~sxn(x+n -—-) (n=12..) (6)

pwlwdlp:
VI. Unyl éLny uinwiwlp Gwl y =cosx pallghwh n -pn Yupgh wows-
guth pwlwdlbp.

(cosx)”—cos[x+n —) (n=12..): m

dbplmd ppuwplwe pmbyghwlbph n -pp hupgh (n=1.2,...) wowlguw-
Obph hwdwn uvinwgwd pwlwdbbnlt wihnhblp hbinlywy gmiguwlynmd”

L [u(x)t v(x)]" = u(x) £ v*(x) ,
2. feu(x)]’ = cu(x) (c=const).

3. (x")')=a(a—1)---(a-n+])"" (a:const),3’. (x) =n,3". (Jl()(')___(—lz:n!'
PR ) i)

X

5. (a')"=a'ln'a (a>0, a=l), 5. (e’)":e‘ ,

6. (sinx)" = sin (x + %n) .
7. {cosx)” = cos[x + %n) .

UGgGhiny PnLblyghwih nhdtiptGghwih hwuljwgnpub hbin Swinpwlv-
(il LGpunpliGp y = f(x) Pnbyghws npnzdws t 6h nptt X Showlywypnud b
wlplnhwin t wyn Showlw)ph x, Ybuwnnud:

hOswhu ghnkGp, win ntiwpnid x, Yhwnntd wpgnuikGunh unwgwd wgting

thnpp w6hl hwiwuwinwuhuuonud t $acGhyghwih Gnybubu whifbpe gnpp wo
[24.(5)]:

Jwpg t swgmd. y = f(x) pmblghuyh wap hwdwp wpynp qrympnil nibh
wyn wol wnwowglng, wpgmikinh wah Glunndwdp qouyhl A-Ax wldlpg
thnpp d6onpmG (23,ul), np Ay- A-Ax wwppbpmpmlp 1hGh wibh pundp
Yuwpngh wldbpg hnpp [23,u4), pwl Ax -p [23,(12)].

Ay=A-Ax+0(Ax) (4=const): @

LiwnkGp, np 420 nhwpnuw (8) hwywuwpmpnilp GawGwymy t, np Ay -
o b A Ax-p hwiwpdbp whdtpe thnpp GEGnpnLGlGLR GG [23,u7,p5):

*) Pbyusd pusiwdlbnh fuhutn wuwgnygbbnp Guwnbih  Yuownb; dupbdurnhlwlud hinniyghuh
dtprnny:
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UwhdwGnd 2: Epl X dhowlpuypmd npnpwé y = f(x) $mlblghuyp hur-

dun wyn dhowluyph x, Ybwmd wntinh moh (8) huwuwpmpynilp, wuw f(x)
Imblhghwt Ynsimid t nhPbpliGglih Grdwé Ybinmd, puly A- Ax wmwhuwynnmpnt -
Op" nipywd prellighugh npPbinbilghwy b Gouwlbulpfmid ¢ ..., -ny, lpwd d f (x,) -y

Bunptd 1: Npwbugh y = £ (x) dncllghwl pp npnpdwli inppnyph x, Y-
wmd (heh nhpbnbGghih, wihpwdbyin t b pwdwpwn, np win hbnmd wyl nGb-
Gw (bpownn wowlguy: Lo npmd, Lpdwé wuydwlh pwdwpupdws nby-
ot (8) hunjwuwnmpini G plnnGmd t

Ay = £z, )Ax + o(ax) (8)
wnbupp:

Uwwgnijg: UGhpwdtipinnigimG: Ghpunpklp y= f (x) $nilyghwb nhdpk-
pliGghith £ hp npn20wl whpnyph x, Yinmd, wjuhGpG Lopwnpbip GaYwé yb-
wnid wbinh nuGh (8) hwywuwpnipinilp L wwwgnegbGp, np wjn Ybwnnid wil
nlp depowynp wéwlgjwi:

Ljwé hwyjwuwpnipjwh tipyne Ynndbpp pudwlbing  Ax -h ypw.

£= A+M

Ax Ax
b unwgywé hwywuwpnipjwl dbo whglhiiny uwhdwGh, bpp Ax -p dqunid £
qpgh YniGliGwGp

. Ay
Azkm;=f(xo)’

hGsp Gawhwynud t, np x, Yhwmd f(x) $nlyghwG nbh depgwinp woéwGgyuy
L (8) hwwuwpnipyniGG pGrnclnud t (87) wbupp:

PuwpwpripmG: Uyds tGpwnnpbiGp x, Ytwnnud £(x) pnuGlghwh niGh Ytip-
punnn wéwhgyuy:

Wn nbiwpnid, hGswbu ghwblp [27,(2)), wtinh niGh npywé dniblyghwgh
weh (8") Gplywjwgnuip, hGsG &) hwiwdw)l uwhiwGiws Guulwymyi t, np f(x)
dnblghwh nhdtintiGghith t x, Yhwmma:

hwyw

Uuyhuny, bpl pp npnadwl inhpnyph aplt Yewnmd y = f(x) pmbhghwa
mbh ybppwnnp wowlgywy, wuw hGsubu bplmd t wyn dpmbyghuyh wah (8°)
bbplwypwgnidhg, Grwo §binmd inpdwd prllghugh wop wqddmd ¢ bplym
emdwnbihGbphg, npnlghg wnwehlp qouypl t wpgmobownh wah Ghundwdp
b hwlnpuwlmd t npuiwplydng prilGlhghuyh nhpbptilighuyp.

dy=f(x)ar, (9)
huly bpypnpnp” wybth pwnpdp Guwpgh wibng hnpp S6ompima t, pul Ax -0:
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byu 64y woqud G60p, np palhghuyp nhdbpblghwl wyn prblyghuh
wioh, wyuyliv ngdwo gifuwdnp dwwG t L Gpwlhg tnwppbpynid t dh obonp-
Juwdp, nnt wybip pwndn Gupgh widbng thnpp ¢, pwl inpdwé prLbyghwyf wp-
emuUbkownh wdp:

Uwulwynpwwbu, y=x dnblighwih nhdbpblGghwih hwiowp Yuinwlwip
dy=dx=x'Ax=Ax
Jui
Ax=dx: (10)
PGswbu inbulntd 6Gp, wilpwfuy thnihnfuwlwih phpbnblghuyp huwdplytnd
¢ win hnpnfuwlpwlh wiuywlwl Ax wah hbwn:
dtpohl hwywuwnnpjwl hwygwendng (9) pwiwdlp YponniGh
dy= f(x)dx (1
wbkupp, npuintinhg YuunwGwlp

re=-2, (12)

wjGwbu np dy/dx wpnwhwinnipinilp, npp nhunky Gop nputiu 0k Ghwulw-
Yl wwjdwlwiwb L npp Gawlhwynd b y -h wéwlgpug pun x -h” wydd Ywpny
GGp nhintiy npwbu Ynunpwly:
Ujuwhuny, (12) hwdwuwpnipyniGp Gupnn LGp SEYGwpwb) hbnbyuy Yepw
Ddmllhghuyh wowbgunl uyn dmblhghuyh nhpbpbbghuyh b Gpw wolwl
hnhnfuwlwah nhdbpbaghwih hwpwpbpnpimGa ¢
y=f (x) Inbyghwsh nhdbiptbghwih Gpypwsuwnpwijwd dEYGwpwGnpint-
Gp wwint hwdwp nhiwplyliGp win pncblyghwih gpwdhyp L LGpwnptGp, np hp
npnadwG tnhpnuph nplt x, Yewnud £(x) PniGyghwd niGh Ytpowynp wéwlg-
jwi: Upn nbwpnid, hGswbu ghuinbiGp, Gzdwé
wpughul nilbgnn Yhnnud npué nilly-
ghwjh gpwdhls nibh 2nzwihnn, nph wil-
jntGuyhG gnpéwlhgp, wyuhlGpG™ wyn 2now-
thnnh L ox wnwlgph Jwqowéd whljwl
¥ inwGqbGup (G4.40), hwwuwp t (x,)-h
[26.(4)].

iga=fx): (13)

bpb f(x) PmGlghush apwdhlih Mx,.y,) Ubnh wpughuhl wlp Ax wé

wuwyw uyn Ytitnh opnhGwwp Yunwlw Ay = 4B w6, huly M, Yhunnd nhowple

ynn YnphG vwpwé nuhnnh opphlGwnp’ AC wf: 3Gwnbwpwp” (9) L (13) pu-

OwélLbtph hwywendng AM,C towGlymGhg wyn bnwlijwG AC teh hwdwn
JuunwGwip . ,
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AC = AM, 1ga = Ax rga = f'(x,)Ax = dy:

Uupuny, vimwlmd 66p %, Ybinmd fbppudnp wowlgnuy mabgnn f(x)
Snlbyghuyp nhpbpbGghwyp bpypwsunpwlwl J6LGwpwinipimln.

Wa nbwpmd, bpp &y p f(x) Prelyghuyh epwdhlh x, wpughul nilbgnn
Ytinh opnpGuinp wol ¢, dy -p” wyn Gnyl Ysinmds (x) Ynphl tnwpwé pnpunhin-
nh opppGwunh wol t:

Ujdd, ogundbinyg pynt $niGlyghwlbph gnidwph (wwppbpnipjwh), wpwnwn-
muwih L pwinpnh wowlgyw|Glinh pwlwdltphg [28,(1).(17).(2).(9).(12)]. w-
wuwgnigkOp hbuinlywy ptinptdp’

Runpbd 2: Epl x, Ybwnf U nplt Jppwlyuypned nanpfws u(x) L v(x) pniby-
ghwllbipl wyn Ybiinntd nLG6G Ybnouwnnp wowbgy, wupw Gnuwbg gnidwnp (inwp-
pbpmpmGp), wpnmwnmuyp b pwinpnp phpbpbbotiih b6 x, Ybwnntd, pln npntd
wnbnh mG6G hbinlywy pwlwdlbpn’

d [u(x)i v(x)] =d u(x)t d v(x), (14)
dlulx)x)] - x)dulx)+ uleld Ax), (15)
d [cu x)] cdu(x d[cv(x ] cdv(x (c =canst), (16)

ufe)]_ o)) -] ¢ ) o0
o| |- eldeeL M) o)

Uwwgniyg: Phipwéd pwlwdlbiph we dwubpnid dwulwlygnn nhdtipkb-
ghwiGbiph gnynipymulp phunud & plinpl 1-hg:

PGy dbpwpbpntd t wyn pwhwdbbph wpnwoédwbp, www ogunybiny (11)
Pwiwdlhg' YniGLGwGp

d [u(x)i vx)| = [ulx)£ v(x)]'dx = fw(x) 2 v{x)ldx = w'(x)dx £ v(x)dx = dufx) £ d v{x).
dluleIe)}= bl le)] e = [ ehvlc) vl = (e ol +v (el =
=v{x)d ulx)+ ulx)dvix), d= [eulx)]= [cu(x)Idx = cu'(x)ax = cdulx),

[7(5%] [ q;ﬂ wxpvlx)-v e )(X)“(x) dx= vx)d “(X‘?’zx")(x)d vx) [(x)= 0]:

hyw
Liwwnh niGGGwiny, np $niGyghwih nhdbinklghwip ohuyt gx wpnwnnhgh
wnjuynipjwidp t wwpptipynid Gpw wéwlgywihg b oquybiny Gwhunpn ww-
pwgnwdh dhipenud phipdwéd nwppwlwl dniGlghwliph wowbgyw) Gbph gni-
gwihg' YuunwGwGp Gwl win $nbyghwlbph nhdbinkiGghw Gtnh gnigulp:
LbpluywgGhlp wyn gnigwih dh dwup.
L. de=0 (c=const),

2. d(x’): axdx (a=const),
3. d(a*)=a*(lna)dx (a>0.a=1),
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4, d(lnx)=i‘i

x '

5. d(cosx)= -sinxdx,
dx
6. d(arctgx)— i+_x’ :

uagltiing $nilyghuyh pwpdp Yupgh nhptntlghwilGlinh htiwn owlnpw-
GuwnG’ GGpwnpblp nhwwpyynn IncGyghwl mbh hwiwwwunwupuws Yupgh
woéwbgjuyGbp:

UwhdwGnud 3: y=f(x) Smblghuyh bpypnpn Ywpah nhpbpblghwy fud
wwpquybu bpypnpn npdbipliGghuy Yngdmid t wyn prillyghuyp nhdbpbighu-
Lh nhdbpblghuyp.

d'y=d(dy):

dncbyghuyh bpypnpn nhdbpblghuh nhpbpbbghwip 4nsdmd t npyuws
Dnlyghuyh bppnpn Gungh nhpbinblghwy:

Conhwin nbwpmd, pncblyghuyp (n-1)-pn Ywneh nhdbpblghurh nhdb-
nplibghuyn Ynsdmd t wyn pnlbyghwyh n -pn quwpgh nhdbpboghuy.

d'y=d(d~y) (n=23,..):

Pwndn Yupgh nhdtinkiGghwy hwaybihu Ywplnp t hhatit, np wllwiu dndin-
tuwiljwiGh nhdbntiGghwip x -hg wilwh Judwjwywt phy t L hbwnlaspwp’ pun
x -h woéwagnd Yuwwnwpbighu wyn nhdtiptGghwih hlivn whinp t Jupyby wjlubu,
hlswbu hwutnwwnnibh btwn: Ljwnh nobkGwiny gepngpjwip” YnGEGwGp
d'y = d(dy) = d(y'dx) = dy'dx = (ydx)dx = y'(dx} = y'dx’

Yuwd '
d’'y=y'ds . . (18)
LnjG dLny YuunwGwhp
&y =d(d*y)=d(y'de )= d/d* = (y"dx)dx’* = y"ax’
Juwd
d'y = y"d¢ : (19)

Jbpphl Gpyne pwlwdlsph wnbuphg Jwpbith t Yawhby, np pGnhwGnp nbiw:

pntd nbnh ntGh htnbjwy pwbwdlp’
d'y=y"ax (20)
npntinhg YuunwGwGp

y‘":% (r=12,..): 1)
doponiud 6wlnpwlwlp Gwlk pwpn $niGyghwih nhdptpblghwih hbwn
[24,(12)]:

*) UGlywstu thadnhuwlyuslh # p (3~ 2,3,...) th$bpblghuap YGwowlblp dr uputubustutnd, el
x $nublighuyh shPtiptiGghunp” ¢{x) wuydwbubzwting:
¢ ) Pipmfwé pusGudlh fuhuwn urupugnygp Yuwnpbih t hunnughy dwpbduinhlulpnG hgniyghuh 0bpe-
nny: g
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hgnip y=y{x) L x=x{r) wowhgth PmGUghwlENG wjGuhuhlG &G, np
GnwGghg Yuwnbith t Yuquti
y =) (22)
pwpn druGlighwl: .
hGswbiu ghintiGp, (22) PniGyghwih woéwhgywib puwn ¢ -h Yupnn BGp hwaybi
%=y: 24 (23)
pwbudlny [28,(15°):
dbpph0 pwGwdbmd wqunygting Ynunpwihg YnbbGwGp
dy=y, xdt
Lud
dy = y(x)ax: (24)

hlswtu nbuGnd GGp, (24) pwlwélp sh wpunwgnimd wyl hwuwnp, np x -p
dnuliyghw t ¢ -hg:

U hunupny, pmlbhghuyh wpemdbbng wlywfy hnpnfuulywt t, pb Ywfv-
quo t 06l wyy pmpinfuwlwihy, sh wanmd uyn pmbhyghuyh nhdbnblGahuih
inbuph pwr:

dmbhyghuyh wawohl phpbpboghunh bpnemuy huwngmipimln Ynsymo t

inzﬁl/g/)wjﬁ woweht lwpgh nhPbinbibGghuwh wbuph whpnpnfuliipniprwl hunn-
npmy:

LatGp, np pruGighwih pwndp Ywpgh nhPtipbGghwGinh oduwo 560 wyn
nhdtintGghwiGtph wbuph whhathniubihmpjwh hunnnipjuidp:

§30. dLpdwjh, Nnyp, LwgpulGdh pbapbdGhpp L Gpwlg
Epypwswhwywi SbYGwpwlnipynlGGbpp: Un2hh plinptdp:

ThdbpkGghwy hwayh oh pwih Yuplinp wpymGpGinh htinn dwinpwlwim
hwiwp Guitu wujwgnighlp htnlyw; wwpqniGwly (ESp’
Lud 1: 6p& X dhowluypmd npnpdwo f(x) Pmllhghwl wyn dhowluwyph

Gbpphti x, Ybumd map Ybpouninp wowGguy b £(x,)>0 [1'(x,)<0), wupw x, -
hG dwfuhg punjuwlpwtGwsunh dmn x -bpp hwdwp nbnh mop

f)<sfx)  [rx)> rix)] (1)
WhhunfwwwpmpiniOp, ) wohg punjuwlywlbwsunpr dmn x -bpp hwdwn’
&> 1x) i< six)] %)

whhwywuwnmpmp:
Uy funupry, bpt X  dhoudpuprid npnpduwo f(x) Pmlblyghwtl win dppus-
buyph Gonphs x, Ybinmd mGh npwlul (puguuwlwl) wowlbgny, wuuw G-

;{uw Ybnh puwywlpwlbwswh hnpp pouguwpmd wib womd t (Gwandd t)
22,u12}):

-1214.-



qiNtu V
Uwwgnijg: Wgnip y=f{(x) dniblighwsh wowbgyuiG wyn niGlghwh n-
nn20wl whpnuyph x, Ghppht Yhwnnd npuljwa L.
f(x)>0: )
Oquytiny dnilyghwip wowbgywih vwhdwlnishg [26,u2], Ywpnn tGp (3)
wihwywuwpnipjniGp Ghplwiwuglby

limf"‘f("°)>0
x-x,

et 4
unbiupny:

hGswhbu ghunbhp, (4) wihwywuwpnipiniGhg htinkimd t [22,h1], np goymip-
il mbh x, Yhwh wiGuhuh (x, -8,x, +8) 2nowljwyp, np wyn 2pgwijuiph jnpw-
pwignp Yhwnud (pwgh x,-hg) wbinh mih

Lo f.(x° > @)
wlhwywuwpnipyniGp:

dbpeohl wihwywuwnpnepynitGhg Gpmd b, np bpt x -p wwwnwlmd t x,
Gbwnh Gaywd 2powliwgphl b x <x,, wwuw f(x)< f(x,), huy tpb x>x,, www
f (x)> f (xo): dtipngpjuwip Gawlwlntd t, np x, Yhwh (x, -9,x, +8) 2npwblupnud
f(x) PniGlghwl wsmd t:

Swulwhbwyh t, np GnyG dLnd wupwgnigymd £ Gwh pinptidh Gpypnpn dwug:

huyw

BUnpbd 1: (dbpdw) bpb X dhpwluypmd npnpjwd f(x) pmllhghwi win
Showlwyph GEpphG x, Yl plgmbmd t S6éwanyl (hnppwgnil) wpdbp b
Opywé Ybinmd mGh Ybpouynp wowbgrwy, wuw wohmudtiyjnwpwn wn w
Swlgiun hwiwuwn t gnngh.

flx)=0: 8

Uwugnigg: Npnzwihmpywl hwiwp GhpwnpliGp, np hp npn2éwl wnhpnty
ph GtipphG x, Ytwnd f(x) dnuGyghwl unwhnud t SkéwgnyG wpdbip: Ghpwn-
ptiiny Gwl, np Gagwé Yewnnd nhuwplyng $nGyghwG nilh Yepowynp wowl-
gju’ gnyg tnwlp, np wbnh nuGh (5) hwdwuwnnipynibp:

Jwdnqybint hwiwp GGpwnpblp hwlwewlp.

S (X°)$ 0, (6
L plGuwnble /(x)>0, f(x)<0 nbwpbnp:

Swiwdwy (5d 1-h’ wnwehlb nbwpmd Yunwbwhp, np x, YEnh pwyuwiu-
Gwgwih inpp 2powlwipnd npdwé $nbyghwt wosnud t, huly tipypnpn nbur
pmd’ Guqnud b dbpngpjwip GawGwynud t, np Gpym nbwpbpnud b S (x.)-ﬁ Fid
Ywpnn nhinwplynn $nilyghwih dE6wqnyG wpdtpp (haky:
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Unwgwd hwliwunipjnilhg hbnbnud t, np  (6) GopwnpnipjntGp ufuwy t,

wjuhGpl x, Yhwnnd wnbinh mOh (5) hwwuwpnupynulp:

bwyw
dtpdwh plinptdG nuGh Gpypwswhwiws wwpq StLYGwpwlnipintG.

Ept hp npnpdwl wppnyph GbpphG x,
Ytwnmid f(x) Pmublghwa plnmbmd ¢ J6-

\
/ \.Lf(x) SwqnuyG und hnppuwgniyG wpdtip (G.41)

¥4

L wyn Ybwnmd npunwplyyng dncbyghuwyh
H x Quphlyl mh znpunpnn, npp qniquihba st
17, a % b > oy wowlgphl, wupy wyl wlhpwdbumu-

puwn qmquhbe ¢ ox wewlgpht:

h =
H
H
H
.

GY-41
bwnbjwy ophGwlp gniyg t wtnwithu, np X dhewluypnid x,-h GpphG Y
thGtG bwluwG t
OphGuily 1: [0:2] hunnwénus npnzjws y=x" PaLGlghusG hp ob-
Suqnyt updtipp tinwGnud t x, =2 YGunnud (GY.42), uwiuyG Gagqws Yb-
iox nnwd nwnawninn paullighwh wowlgrulh wybhwpannbt hutwousp st
3> qpmjh (pwGh np x, =2 [0;2] hwinwéh GepphG Yt st):
0y.42
BUnpbd 2: (ny) Yhgnup.

1) y= 1{x) ImGlghwt npnzyjws ¢ L wipinhunn fa,b] hunwon ynw,
2) Gnlit (a,b) pusg dhoudpugprid qrpupyneli el f(x) Ylippuaing woubguy,

3) [a.b] hurnyuon Gugpudpantinmd aywjud Prublpghust plnmbmd ¢ huw-
Yunnun updtipGtin.
fle)= 1b): )]

Uojwo upupiuslbnt punjwpundul nbupntd (a,b) dhpudpuypmd grymp-
mi mGh wbughuh x, l/lim np uyg Yanmd wnbinh moh
rlx)=0

hunjwuwpmpymp:

Uupugng: wlh np f(x) Palilghuwl whpGnhuwen t [a,5] hwindush Ypw,
Nunh hwdwdwyl bjtipanpwuh pnptth [25,p5], wit é24wd husmjwoh Ypw
p0nmGmS t hp L kowqnyul, L' Ynpmugnuyl wndtipltipp: Lawbwlbing wyn

wndtipGhpe hwdwupmnuutuwuGwpun M n4 L » 0" nhonwpibGp htinbgw
hGwnwynp nbuwpbpp’
W M=m:

QuGh np M p L = 0 uwd IncGlghuwgh hwdwupusnwuiunbwpwn dhow-

-123-



qiNtu Vv
qn)G L thnppwqgntjG wpdtipGhpG GG [a,b] hwunywdéh ypw, hbnbaupwp wyn hwn-
Jwéh gublwgws Yuwnud ibnh nGh m< f(x)< M qbwhwinwlwip: Lywwnh
nGbGwiny, np pOGwpyynn ntiwpnd M =m, QuinwGuwGp

msf(x)s m, xe [a,b],
hGsp GawGwyned t, np ahuwplynn hwndwsh dpw £(x)-p GnyGwpwn hudu-
uwp t m -h.
f&)=m: ®

Ruwbh np hwuwnwinnibh wéwbgywip hwywuuwip t qpnjh [27,(5)], htiwnlw-
pwp (8) wnGsnipyntGhg htinnid t, np (a,b) Showlwiph pngnp Yewbpmd f(x)
wdwlgyuip hwiwuwp t qpnjh’ wiGwbu np, npwbu x, Yo Ywpnn GGp Ybpglbi
G24wé dhowluyph qullwgwd ftin:

B) m<M:

(7) hwyjwuwpnepinibhg htinlmad £, np pGhwpldnn nbwpnd m L M wp-
dtipltiphg qnGb dbyp f(x) $nilyghws pGnnGnid t [a,b] hwndwsh Ghppht »,

MALLION
Ptnpbidh wwwgnygl wjwpwbint hwiwp §Gnud t oqunyby dLpdugh phin-
pkthg L hwdngyby, np

by

tphpwswihnepjub kqyny Ningth plinptidp hGsnud b hbnbyw) Yepw 4
bpt [a,b] hunnywop dpw npnzfws b wpbnbunn f(x) $rullghws wn
hunnyfwoh swipwlbnbinmd plnmbnd ¢ dhblnyl wpdtipGbpp L wyn pmbl
A ghuyh gpudhly (a,b) dhowluyph jmpwpwls
Jmp G d mh pnpunpnn (npp qregquihtin st

/
/ W opphbunnbbph wowdgpht), wuw Grdwd o
P om

swhuwypmtd grympiml nuGh wylypup x, Ybun,

> np wp Ybinmd - ) Yynpp6 rwpwé npw-
hnnp gniquihbie t ox wrwlgpht (04.43):

o s x b
ay.43

OphGwyGtph Upw gntjg tuwlp, np Ntk pnpbdnd phipfwé pnpnp wwy
JwlGEp0 twlywl bG:

OphGuwy 2: ;1] hwwndwéh dpw nhunupybGe
7&)=x-[x]
dnulyghwi [24,03):

hlswbu nbuGncd BGp (GY.44), npywd hwnywoh dupuitinbpnud nhuwplynn prily-
ghw pGnnilned b ShubniyG wpdbpltipp.

10)=r@)=0,
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(0;1) Shpwluyph pninp Yhinbpned nGh ghippwinp wowGgywy.
=1,

uwluwil, pwGh np x=1 Ywnud wjl whplnhwn st, win wwunweny Gwé Shewlw)ph L
ng 6h Ytinnud tipduwéd Pnibyghwih wowbgyuip hunjwuwp st qpngh:

OphGuy 3: [-1;1] hwwnwéh Ypw ghuwnpybp  y=|x| wlpGnhwin Pnibyghwi
(GY.45):

hPlgwbu wbulmd BGp, wpywd hwndwoh dwjpwitnbpnd nhunwpliynn $niGyghwt
pGnniGnud t ShlGnuyG wpdtipGtpp.

y=(0)=r0)=1:

UwluyG, pwGh np x=0 Ytwmd y=|x| driGlghwi wéwlgywy sniGh [27,01], wyn

wuntueny (—1;1) dhowluwipncd qnynepinil gmGh Ybw, npuinbin npdwé nillghugh w-
ubgyuip hwydwuwp (hGh qpnjh:

A
| :

6l.44 GY.45 Gly.46

OphGwy 4: fo:1] hwwnwsh gpw ahunwpltlp ¥ = x weplnhwwn nLbyghwh (GY.46):

Pwtih np nhinwnlynn pniGyghugh wewbguip (0;1) Shewlwipntd hwywuwp t Gb-
bh. nuwh wyn Shewlwpnid gnynipyniG sniGh Yo, np npdwd $niGlghuwh wowlgpuyp
hwywuwp (hGh qpngh: Upu nbwpncd Nngih pinpbth sqnpétinm wwnGwep [o;1] hwndweéh
dwjpwitinbpntd y =x $niGlhghunh plnniiwé wnpdbplbnh wehwyjwuwp |hGL(G t:

gtnpbd 3: (Lwgnwid) hgnip.

1) y=£(x) prublyghwt npnpfwé t L wlpbnhunn [a,b) hunndwoh g,

2) qnlti (a,b) pwg dhowlwypmd grympymG mbf f(x) Jbppuninp wowlg-
oy

Lowo wupbwlbGbpp pwdwpwpdwl nbupmd (a,b) dhowluypmd qnintp-
mG Gl wyGwhuh x, Ybn, np wn Yinmd nbnp mop

f)-1a) pyp) ©

huwdwuwpmpinGp?

Uwuwigniyg: Btinpbol wwwgnighint hwiwp nhuwpltGp [a,b] hwwnywéh
dpw npngdwé

()= 16)- 1ta)- L0 L), ) (10)
) Phnduss huafussupnpynGp. npp hwusu Gplpupugynud t
16)- @)= -allx,) (a<x, <b) ®)

wbupny, Yngdnid | Lugpulich ust Japguinp webph puwGudl:
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odwlnuwl $nilyghwl:
UGdhowlwl wnbnwnpdwd Shengny Ywnpnn GGp hwinqyby, np
gla)=g)=0:
Ujnwu Ynnidhg, g(x) pnGhghwl wlyGhwjinnpbt wipGnhwn t [a,b] hwun-
qwéh ypw [24, p1]((l:' %I}gwuwjgmﬁ niGh Ybpowdnp wéwhgpui [28, (1), (9)).
(
b) —
gw=rin-L8=L,
hGsgwbiu nbulnd GGp, g(x) $nmblghwl pwdwpwpmd bt Nngh phnpbdh
pninp wuydwGGEphG: Itnbwpwn, hwiwdwit Gwé ptnptish’ (a,b) dhouw-
Quipnid gnympyntls noh wylghuh x, G, np wyn aunnud nhunwpydnn odwi-
nwy pnillghwih woéwlguuip hwjwuwp t qpngh.
"’ b -
rag-L0=1E
npunknhg L uwnwgymid | (9) hwywuwpnpynulp:
huyw
L{uwwnbny, np
Jf(6)-fla) _ BC
b-a AC
hwpwpbpnepnilp (C-0 f(x) Ynph 4 L B Suypwlbnbpny hwdwwunwuluw-
Gwpwp oy L ox YnnpnhGwnwlws wawbgpliphG wwpwd ninnuwhwjwgGliph
y? huwndwG YewnG t) f(x) Ynph 4B hwunnh
B wlynGwihG gnpdwyhgl t (GY.47), huy
; J(x)-0" x, wpughul niGkgnn Yhinnd
l_éc f(x) 4nphl wnwpwsé znwihnnh whlynGur
I x JhG qnpéwihgp,unwlnid GGp Lwgpwldh
5 » phnpbdh Gplpwswihwiwl SELGwewlnt-
piniOn.

Gy.47

Epb [a,b] hunndwoh ypw npnpdwds  f(x) waplnhwn pniblyghugh gpu-
DG (a,b) dhowluyph mpwpwlsmp ytinmd moh rnpwipng (npp qiquhlie
St opnphlwinGlnh wnwlgphl), wuw Grgwo showluypnd grynpint mGh wyb-
whup x, Yo, np wyn Yhinmd y = f(x) YnphG tnwpwé snpunpnnp qniquihtio t
npphwnwplydnn Ynph Swpwlibnbpny woglnng manpl:

LjwnbkGp, np Lwapwidh ptnpbdmd pGnmGhind f(b) = f(a) , Juinwlwlp
Nngih plinpbitip, npintinhg htitnbinud £, np LwgpwGdh plinptidp hwGnhuwGnd t
Nnth ptinptdh plnhwGpwgnudp:

bp htipphG Lwgpwldh phinpbidp Ywptith t pGnhwGpwglby hhnbywy Yepw'

Btinptd 4: (unyh) Ihgnip.

1) f(x) & g(x) dmblyghwlbbnp npnyyws 66 L whpbnhun [a,b] hunnwoh
l[ﬂlll,
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2) gnbt (a,b) pwg dhowlpupnid grympml mbG f'(x) L g'(x) ybpounp
wowlbguwy Gbin,
3) g(x) Pmlbyghuyh woéwlguip (a,b) dpowluyph ns oh Ybnmd qpn sh
quwnlntd:
Upwo wudwllbph pudwpwndws nbwpmd (a,b) dhowluypmd qrymp-

ymG mOh wybwhuh x, {bwn, np uyn Ywnmd wnbnh mGh

f(6)-1r(a) _ /lx)
glt)-2la) gx) ("
hwdwuwpmpymlp:”’

Uywgniyg: Lwhu GLunbGp, np (11) pwOwdlh dwhu dwuh hwjnwpwpp sh
bwpnn hwjwuwpdbp gpnjh, npnghtink hwhwnwy nbuypmd g(x) $mbyghwi
Ypwywpwph Nngh ptinptidh wwSwGGbphG b hbnbwpwn (g,6) pwg Shewlwy-
pnid gnynepyntG YniGkGw wylwhuh x, Ytwn, np g’(x,)-& hwywuwn YhGh qpnh’
hGsp Yhwluwuh Unzhh ptinptidh Ytipghl ww)dwGhG:

UGgGL{nY Gywé pwhwdlh wwwgnigdwlp nhunwpyttp [a,5] huwngueh
dnw npnywd

o(x)= 1)~ rla)- L “’) Ll5(o)- et 12)

odwlnwy dnibyghwh L gnig mmﬁp, nn wjﬁ pwywpwpnud t Nnith penpbdh
WuydwGhbphG:

hpnp, pinptidh wawghG wwydwbhg htitnbmd &, np o(x) PnLlyghwh wphn-
hwin t [a,b] hwunywéh ypw: Ujniu Ynndhg, (a,b)ﬁhgwl;uupmd (12) odwlnuly
dnuGyghwG wlGhwpnnptG niGh Ybpowiynp wéwagywy: b Ybpen Ywpnn tGp
wishowljwG nbnunpdwG Shengny hwinqybi, np nhunwplyng hwnyjwéh G-
puliinbpnd ofx) PnulGyghwt plnnilnud t hwywuwp wndtplbp.

ola)=olb):

Uuwhuny, pwih np [a,6] hwnduéh dwipwlybnbpnd o(x) $nGyghwG
Puwwpwpnud t Nngh pinpbidh wwydwGGbphG, htinbwpwn (a,6) dhewlwypnid
annpjntG niGh wGuhuhghtitn, np wyn Ytitnnud wbinh nGh

f’(x.)-{; 3:; 3 £()=0 (13)

Ywd np GnuyGG t° (11) huwuwpnipymGp:™
buw

Lywwntiiny, np Unzhh pbinpidnud pGanGhiny g(x)=x, Yunwlwip Lwg-
pwidh phnpbdp’ bgpuluwglnud bGp, np hulwwbyu Lwgpwldh ptinpbdp hwG-
npuwlms t Unzhh pbinptidh Swulwynp nbwpp:
e t—

*) Plipyusd huajunsupnipyniGp Yngdnud t Unzhh puliudl:

*YL2bGp, np whgnuip (13) huajunaupniginuGhg (11) hunjuraupnipmil onhbudiud t, pusih np. husduw-

SurG phnpboh bppenn uwduwbh, g(x) Pacblghush whwbgiual (o,5) Shewlwaph ng 3 Ybwnid qpn th
nunbnid:
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dnruvusruLtre IGSU2NSNEUC USULS3ULP
OqQuNtHE3UUR

§31. UGnpnonipyniGGhph pwignidp Lnwhwwih uGnng:

Upypt wanpwnwnlwing winpnznipnitlGlbphG [21), [25] L Gpwlg «puwg-
Gwb» dGpnnGGphG” LGpwnpbtGp X Showlwipnid, nph hwiwp g -6 uwhiwlw
JhG Yt £ [18,u18], npngdwd GG f(x) nu g(x) Pniblghwlbpp b nhunwnlbop

w2 ialrest), e, el o

uwhdiwGGbpp:

hGswbu qhwnblp [22,p6], [25,p1], bRt x-p a-h dquibihu f(x) L gls)
PmlyghwhbnG nuGhh qpnghg wnwppbip Yeppwynn uvwhiw, www (1) vwhiwt-
Gbpp GnuOwbu Ybpowynp 6G: Mwpq t Gwl, np pnhwintp nbwpmd, x-p ah
dquitithu f(x) L g(x) vwhiwGGbph hdwGwip pwywpwp st (1) vwhdwGGEph
dwuhl nplt pGnhwinp winnu Yuwnwpbine hwdwp: Ywhujwd nhuwplidng
$nelyghwatiph vwhiwbwhG wpdtipGlinhg L wyn wpdtplliphG dquibkin Gpwig
Jwnphg G2dwé uwhdwGlGbpp Yupnn 66 pOnnulGb] wikGuunwppbp wpdbpltp,
Yuwpnn 60 L pGnhwOpwwtu gmpnupynil snGbGwy: Uuwédp Gawbwlyned t, np (1)
wbiuph uwhdwbbp hwaybihu 6kGp hwbwiu vinhugjwé YihGkGp qnpd nibbbuw

0 o

-, —, 0o, w-o, I, 0°, ©° 2)
0 o
wuylwlwwabEpny wpunwhwjniygnn winpnzmpynitlitiph hbw:

u ywpwqpudntd dwbnpwhwbp (2) wnbuph whnpnynipniGibph pwg-
Swl wyluwhuh GnwlwyGbph htw, npnlgnud nhunwplidnn $nebyghwlbph w-
SwlgywGbpl twhwl nbp 60 Juwnwpnud:

. Ubn mumdGwuppmpinibbpp vhuliGp 0/0 u/waﬁwlizwﬂm[ wpnur
huyingnn winpnympnGGbphg: :

Btnptd 1: (Lnwypimwy) Ihgnip.

1) f(x) & gx) Pmbygpwitnp npnpgwé 66 a,b] dhouwluypns,

2) x -0 a -h dqubihu’ dqunmd 6G gpngp.

limf(x)=0,  limg(x)=0, @

3) qympymb mG6G f'(a) L g'(a) ybpouninp Shulinndwlh wowbgu by,
pln nprud g'(a) -G vnwpptip ¢ qpnghg:

Upywo upuyowlGbnh pwywpuwnpdwl nbwpnid wnbnh noh

im L) _ Sa

4
~glx) gla) “@

hwiwuwpmpndp:
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Uwwgnijg: Lwiu hwinqytGp, np [a,b] dhowlwjpnud gnjnipinil nibh o
Ynh wyGwhuh 2pwluyp, np wyn newlwipnid npnzdws t Gwb £(x)/g(x) pw-
Gnpnp:

bpnp, hGswhiu ghnklp, f'(a) L g'(a) Ubngwynp wéwhgywiGliph qnynipjni-
fp wwywhnyntd t £(x) L g(x) PniGyghwltiph wipbnhwinnpjnGp o Ytinh
puwlwlwswih tinpp 2ngwlwipnid [27,p1): Ujnwu Ynnihg, pwlh np g'(a)=0,
nunh wohg qninipynil ntGh ¢ Ybwnh wyjluhuh 2pewljuwgp, npnbn g(x) dniby-
ghwG Yw'd wonud b, Yw's Gwqnid [30,11): RwGh np Gwl g{a)=0, nuwnh
4w 2nowluypnid g(x) Pmblyghwh qpn sh nunbned, npinbinhg ty hbwnbnud t,
m f{x)/g(x) pwnpnp npnzyws t wn 2pgwlwypnd:

UGgGbiny (4) pwGwdlh wpnwédwbp’ Gluwnklp, np pnplidnud Gywé wwy-
JwhChph 2Gnphhy YuunwOwbp [22,(3),(217)], [26,u2)]

Igf‘)'f_(a) lim _/:(x)';f.(a_)

; f"),- f(’f)"f(a)=- xX—a _™° x-—a =f“.
A R e R ) ) R O ) P A R
x—a e x—a

hww
OphGuwly 1: Oquiftiing (4) pwlwdlhg, hwyb| hbwnbjwy uwhdwip’

e —e"

lim :
“'x-l+lnie—xi

Lnudnud: NuGkGp [27,(5), (87). (97)]. [28.(1).(1')]

¢ —e (e'—e") (e’+e"1
lim = =0 = =1

=0 x—1+Infe-x) [x~l+ln(e—x)]’L_o (I—L
L e-x)|,
Twnpq t, np f'(a)= g'(a)=0 nbwpntd wishewlwnpblG Lnwhwwih ptinpt-
dhg oquybip nwnlimd t wGhGwn: bpb Gawd nbwpmd f(x) b g'(x) Pmby-
ghwitpp pwywpwpnid 66 plinpbd 1-ns f(x) L g(x) PnLGyghwGtiph Ypw np-

Ywéd wwydwGGbphG, www f '(x)/g’(x) hwpwpbpnpywh Ypw Yhpwnbing Lnugh-
nwh phinpbidp” YunwGwGp

-2
e-1"

) _ Sa)
1 = . .
0 T re) “

UGhpwdtyunnipjwG nhiwpmd ypyahing ptindws nwnnnnepynilitipp” thw-
ghlp htinnbyw| pbnptshG
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Ptapbd 2: 2hgnip.
1) s(x) & glx) Prbyghuwltnp npnyygws 66 [a,b) dhowluypned,
2) x p a -h deubihu’ dqumd &G qpngh.
lim /(x)=0. limglx)=0,
3) Opqwo dhowljuyprtd grympym G mGLEG
£ S @ ) (), 27(5)se £7) ®)
ybpouninp wowbguutbp (n22),
4) x=a Ybwnnd (5) wowbguuyGbnp hwwuwn 66 gnmh,
5) @rympymG nulbG Gwl *a) g"(a) L ybpguninp wowlgyuGbnp, pln
npnud g(a) wowlguyp wwnpbp E qpghg:
Updwo wuydwlGGbph pujwupwpdwl nbwpntd wnbnh nih
lim AJ—‘) = A.@
= glx)  g"(a) ©

hwywuwpnipiniGp:
Ophlwy 2: Ogqunghiny (6) pwlwalhg' hwyby htivbjw; vwhdwbp

. Incosx (o)
lim : -

0 x? 0

Lawémd: NulkOp [28,(15°)], [27.(7).(10),(13)]

1

lim Incosx _ (lncos"x)"..-o - —(m);_. __.__l_:
™o x (xz) e 2 .2

Plwlwl hwng ¢ swemd. hGswb v ywmlby wyl nbupbpmd, bpp [a,b] huwu-
ywoh a Suypuwlbrnmid f(x) L g(x) pmblhghwllbpp npnydwé s66, hbunbwpun
/'(a) L g'(a) wowlgpuyGtinp grympynil sniGbG: )

QLuwlbpwwsé hwpgh wwinwutbuwlp wwihu t hbnbywy penptdp’

Bhnpbtd 3: 2hgnip.

1) £(x) & glx) Pmbyghwlbpp npnyfwé 66 (a,b) Ypuwpwy dhowlpuypntd,

2) x -p a -h dqulhu’ deunmid G qangh.

lim f(x)=0, limg(x)=o0,

3) (a.6] dpowluypro qrympymt mabG f'(x) L g'(x) ybpouninp wowly-
JwyGlip, pon nprd g'(x) wowlguyp Gadwé dhowluypnid gpn sh nunlnd,

4) qryrupimiG i Gh

tim L ,(")
el g X
(Ybnouninp Juwo wifbing) uwhiwip:
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Wydwo wuydwbGbph pudwpwndwl nbupntd inbnh mah

) )
i g )

hurfwuwpmpymp:

Uwywgnyyg: POswbu ghunbkiGp, panptdh bppnpn wwjiwlp wwwhngnud t
f(x) b g(x) $nLGyghwlbph whpGnhuwwnipyntlp wpdwé Showlwipmd: LGnnt-
Gany fla)=g(a)=0, wyGhuwynnnbb nhinwplynn PruGlghwibnp YnwndGbGp
wipGnhwwn Gwk x=g Ybwnnd: Btnptidh wwwgntjgh wjwpntbint hwiwp
dGnud t Gywinh mGkGwy, np f(a)= gla)=0, [a,x] Showlwpms (a< x<5) wp-
Jwé dniGhghwbbiph hwdwp qpbi Un2ph pwlwdlp [30,(11)].

%_Sf* ‘f(°)=£,éﬁ§ (a<x, <)
g\x _g(a g1x,
L wyn pwlwdlh wo nu dwhu dwubtipnud wiglty uwhdwbh, Gpp x -p dgunud t 4 -
p (hinbwpwn x,-0 £ £ dgquinid a -h):
huyw

£uwbh np ptinpbd 3-p bpynt dmGhghwbliph pwlnpnh vwhdwbh hwynudp
hwlqtigbnud t wyn pnGlghwbbiph wéwhgjwibbph pwinpnh uwhowlp hwyt-
1m0° hinbwpwp Gqwé phnpbohg YoqudbkGp wyl nbiwpbpnud, bpp bphynt $nuGy-
ghwlbph wéwGgjwiGtph pwlnpnh uwhiwOh hwyynidp wybkih hbawn t, pwl
wjn pnilyghwlbph pwlnpnh uwhdwGh hwaynidp:

Lbwinwptiiny ghinthnfuwlwbh x=1/¢ ginfuwphlGnud’ yupnn GGp hwdngqyby,
np plinpbid 3-p wpwoynid b Gwl uyl nbwpbpnud, Spp x -p dqunud £ whytipy
066 uwhdwGh:

Btnpbd 4: hgnip.

1) f(x) & g(x) Pmbyghwllbnp npnpywo b6 [a,40) (a>0) spouwluypmy,

2) x -p wymu wivwhdwinpyul dgunbipu’ dqunmd 60 gprjh.

limf(x)=0, limg(x)=0,

3) la,+0) dhowluypmd grympinl mGEG 1'(x) b g'(x) ybppuninp wowlg-
Jutp, pln npmd g'(x) wowlguun plamlmd t dhuyl qpajhg wwppbp wp-
dpltp,

4) qrymupintG mGh

lim
B 4
(bppuninp Lwd woting) uwhdwlp:
Uoywo wuydwGbnh pwiwpwnplwl nbupntd wnbnh mih
tim L) < i L.

x-.«gx mg'x

Sx)

1,

(8

hwwuwpnieiniGp:
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W. Uydv whglhbp «/w wnbuph wlnpny wmnwhwonnipgynmGobnh nhtnwpl-

Jwip, uwyuhlpl ntuntbGwuppbiop [ (x)/ g(x) pwlnpnp vwhiwbp, tpp x p a
vwhdwGught wnpdbphl deuwbihu wyn pmiblyghwlbnp deumd 66 wymu wi-
vwhidwbmpwl:

TMwpqymd t nbnh nbh hbunbyw; phinpbdp, npp dlwbpudiwh hdwunng
antipti gh tnwpptinynud plinptid 3-hg’

Btnpkd 5: hgnip.

1) f(x) & glx) Pmblyghwabpp npnyywo &G (a,6] Ypruwpwg dpoutuypns

2) x -p a -h dgunbiihu’ deunmd 66 wyymu whuvwhdwbnipuwd.

fim f(x)=+,  limg(s)=+eo,
3) (a,b) dpowluypmd qrympymG mbbG f'(x) b g'(x) Joppuninp wowly-

Jubbp, pln npmd g'(x) wowbguyp Gyfwé dhowluypmy gnn sh nunlnd,
4) gnympimG mGh '

lim
x=4040

(Jbpounnn ywo wifbng) uwhiowp:
Lpywo wuydwllbinh pwidwpwpowl nbwpnd inbnh niah

i 26~ im 280 ®

hwywuwpnipyndp:
LtiGp, np Sluulbpwwéd pbnptidp dGnud t nidh dbig Gwl g = —o nbwpnid b

wybwglhGp, np GiwG pbinpbd  nbnh mGh Gwk [b,a) (b <a) Showluypnd r

pnquod f(x) b g(x) dnGyghwltiph hwdwp, pGn npnud wyn nbwpnid by o€
[wpnn t (hGb Yepewynp {wid wiybipg: dkipngpjuwipg hkwnbnud £, np pbnpbd 5
¢ wwhwGnid t hp nudp Gwb wib nbyptipnud, bpp x -p dgund b wyniu Ywd
dhGniu wluwhiwbnepjwh:

OphGwly 3: 3wydb; htwlyw uwhdwog

a
im0 2
Lneéncd: NiGEGp
1
tim 2% - jim —% = fim——=0:
e x =ax meax

Junnmly Gr6Gp, np (7)+(9) pwlwdlbnp, npnbp 8hpu 6G dpuyl win pusliwdbt
nh we Ynndnid gpyws vwhdwilbnp qmnipywl nbupnid” sppby sh Gwpbif
hGwpuwidnp 66 pbwpbn, tnp win hudwuwpmpimGGbph dwfu Gnnomd gy
vwhdwaGbpp qrympyntG mGba, huly we fnndmd gpyfwdlGbpp” ny:

-132-



§31
. Wdd whgbblp «/o wnbiuph wlnpny wanwhwpnnmpinGabnh npuwny-

dwlp, wyuplpl numdGwupnblp f| (x)/g(x) pwlnpph vwhdwlp, 6pp x -p a
uwhbwluyhG wpdbiphG dqunbithu uyn pmblyghwillinp dqumd 66 wymu wi-
vwhowlnipjwal: _

Mwpqyned ¢ wbnh nbh hbnlywy ptinpkdp, npp dbwlbpwdwh hdwuinny
gntpb sh twpptipynud pbinpbid 3-hg’

Blnptd 5: 2hgnip.

1) f(x) & glx) pmbyghwitinn npnyywé 66 (a.8] Ypuwpwy dhouruypmd,

2) x p a -h Squnbthu’ dguinmd 60 wyniu whuwhowlnpyuwd,

lim f{x)=+o,  limg(x)=+o,

3) (a.b] dpputpuyoms qrympimG moso £'(x) & g'(x) ybppuninp wowlg-
Julbp, pn npmd g'(x) wowlgyuip Gywe dhewluypmyd qpn sh nwnbmd,

4) grynipim b mop

i L)
~ glx)
(bppuninp G wiibng) vwhowlp:
boquwd wuydwlGbph pwdwpwpdwl nbupmd wnbnh nh

.S (x . f ’(x!

lim = lim

et gx) e g x) 9)
hwiwuwpmpimop:

LzkGp, np dluulpwwé ptinplidp dGnud £ nudh 069 Owl a= - nbwypmd L
wybwgGhGp, np GSwG phinptd wbnh niGh Gwl [b,a) (b<a) Shewlwpnus n-
mdwé f(x) L g(x) PniGyghwlbnh hwdwn, pGn npnud wyn nbwpnd &y a -G
Ywnnn t (hGhy Ybpoudnp Yuwd woytpg: dbpnapjwihg hbwnbnd t, np plinptid 5-
0 wwhwwlnd t hp nudp Gwlb wylG nbwpbipnd, Gpp x -p dquimd t wpniu Gwd

GhGnw wluwhdwGntpjuG:
OphGwy 3: 3wyt htwbjwy uvwhdwlp’

@©
lim-ll_i (a>0) (;):
T s x
Lnédnud: NuGhiGp
!
tim %~ im %= lim ——=0:
e xt eax == ax

Junnmly Gr6Gp, np (7)-(9) pwGwdllinp, npnlp dhaw 66 Shuyl wyn puwludls-
ah wp Ynndnd qpifwd vwhdwllbbnn qnimpywl nbiwpmd’ 2noby sh wnbiih.
hGwpuninp 6G pbiwpbp, tpp win hudwuwpmpymGibph dwfu Ynndmd gpywo
uwhdwGGepp qrympymb mGbG, huly we Yynndmd grdwobbpp’ ng:
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Ophlwy 4. x -p wynu whuwhdwinpjwG dqukihu
flx)=x+cosx U glx)=x
PnLGyghwibph pwinpnb nGh uwhdwb [22,(197),(217)).
tim 2 - tim = lim l+—u—)s—5-]=liml+lim—°2£=1+0=l,
I g x Xt x x e z-rem x
GhGgntin nhunwplynn IniGighwitinh wéwlgywiGinh pwinpnp.

X+COSXx

wlhwynnpb0 vwhdwb gmGh [27,(7),(12)):

. UGglhbind 0- wnbuph whnpnynipimbGbph puinwplydwln™ niumdGu-
upptiGp f(x)g(x) wpwrwnpyuyp uwhdwlp, bpp x -p a - dquibghu f(x) Pmby-
ghwi dqumd t qpryp, puly g(x) Prulblyghwl™ wymu wluwhduwlnpyuwo.

lim f(x)=0, limg(x)=+o:

Snulyghwitnh f(x)g(x) wpwwnpjwin Ghnywywgbbinyg

f(x)g(x)=f7—§’_‘)2=§§jﬂ "
glx)  flx

wbupliphg nplt dGlng, 0.0 wbupp
lim[r(x)g(x)]

winpnznipynilp YthnpuwphGhlp 0/0 4wl o/ wbuph winpnznipynlny.
limigx—) Iim-ggﬂ
=1, =1 (1)
2(x) /&)

Uugpuny, 0-o wbuph wanpnmpmilp upupqbim hwdwn whpwdtiyn t
wyl hnfuuphlly 0/0 Ywd o/ wnbuph winpnyngmlblbnhg nplt sbiny L

oqufby Lnwpuwnuyp uwinGhg:
OphGwy 5: 3wyyb; htnlywy uwhdwbp’

!iﬂ(x‘ In x) («>0):
Lntond: Oqunytiny (7) pwlwdlkhg’ YuunwluwGp {24,011)]
1

. . Inx x X
lim{x* In x)= lim == = lim —%— = lim~— = 0:
set8 100y ew_gy —4_ g

V. 0/0 Ywt o/ wnbuph whnpnympmGbphg nplt SEHG Lwnbih ¢ pb-
nby Gwl o - tbuph whnpnympmap:
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ahgnp x -0 a $ dqubithu f(x) b g(x) Pmblyghwlbipp dquinid G wynu
wluwhdwGnLpjwo.

tim f{x)=+, limg(x)=+wo
YGwunwpbiny, ophGwly

1)~ ge)= 77 f”
—(;5 gﬂ f@ g(j

dLunhnfuneppniGGhpp, - wbuph

lim{f(x)~ g(x)]

e

winpnznpnilp YthnfuwphGtGp 0/0 wbuph
1

llmllg . a
TG)'R;)
whnpnanupyniling:

Yuhuny, - o tibuph wlnpnynpymbp wwpgbint hwdwp wihpwdtn ¢
wyl hnfuwnhlby 0/0 Yuwd /o tbuph wlnpnympimbGGbphg npblt Skhny L

oquily Lnwhowh quiGnGhg:
OphGuwly 6: 3wyt hbwlbywy vwhiwGp’

E{%_a[J bo-):

Lowdnud: Oqungtitnyg (7) pwGwdlhg L tipyne Pnilyghwlbbph wwppbpnipjwi (12)
Obplwjwgniihg” YniGEGwhp

(12)

““{_I__ 1 ) lime -1- x__hmie —l—) tim e -1 -
o x e 1) = x{;— [x(e _]» “‘e’—l+xe

I ) S

=lim = =

1
“‘(e'-Hm‘)' % 2g vxet Mx+2 2.

V. dbpomd éwlnpwlwlp 1°0°,«° wnbuph wlnpnzmpimbobph hbwn:
hgmp wwhwloymd t huyby
tim[ (x)F* (13)
vwhdwlp, bpp x -p a - dquibypu g(x) Pmblyghwl dqumd E qpryp, puly f(x)
Pullghwt’ wynu wouwhdwlnguwe.
ljgg(x)=0, lliLnf(x)=+oo: (14)
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POwywh hhapny [21,(32)] tnquphpibiny
y=lG
$nblghwt L wiglbiny uwhdwhh, Gpp x -p dqunnud £ ¢ -h” YnulObhwip
limlny = lim[g(x)in (x)]: (15)
hrOswhiu inbulnud BGp, (15) uwhdwlp hwaybint hwiwp 66Gp whluntuunht-
thnptib whwnp t qnpd MGLGwWGp 0. wbuph winpn2nipjwl htwn:
SGpwnplitny, np qnynupnth nuGh gbpowdnp wd wiytipg
liminy=»5
uwhdwlp L oguibiny |nquphpdwlwl pnibyghwih whpGnhwwnnepinilhg
[24,09], yniGLOwGp
limlny=Inlimy =8,
npunbinhg (13) uwhdwGh hwiwp Yuinwbwhbp
il = timy=e':
bpb dwulGurinp nbwpnid 5 = +0 Juil b= -0, wyw hwdwwwunwutuwlu-
pwp YniGbGwbp [24,07]
timy = lim[f(x)}}* =40, limy = tim ()}’ = 0:

Uuwhuny, « wnbuph wlnpnympmbp upupgbimt hwdwp wohpwdtn b
w) npdwo wpnwhwynmpynGp (nquinppdty,
p) hupdby uvnwgywé wpnwhwpnnipyuwl vwhiowip,
q) huwpdby npdwé wpumuhwpnnpjwl uwhdwﬁp oqunfbyny (nquinhpdu-
qwl pmilGyghuyp wapbnhunnmpimGhyg.”’
OphGwly 7: 3wyyby htwlywy vwhiwGp.™
limx*  (x50):

Lndmd: x* wunpwlwgnigswihls dnilhghwi [25,u1) Gwbwybing y -ny L ogur
Jany (7) pwlwdlbhg Yuunwbuwlp

1
Iny=xlnx, liminy= hm(xlnx) llmT—hm(lnx) X =-limx=0,

hm
el
- ( 1 ) -
z -
X
npunbnhg, hinnbbinyg nbunipjulp’ YmGEOwGp
Inlimy=0, limy=e', limx‘=1:
el 40 %0

o, -

*) LnyG Ybnyy YwndbGp Guki 17 L 0° wnbuph winpnynpyniGGbnh nbupnud:
**) x = +0 (x> -0) qpuunnuip Gaulwyndt x -p npwlwl (pugwuuldjwG) SGux ny dqunud tqpngh
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§32. BGjinph pwlwdkp: Uh pwGh nwppwluwl $niby-
ghwGtph UwlyinptiGh pwGwdlLbpp:

Thgnip wpywé b # -pn Yupgh
px)=a +ax+ax’ +ax +--+ax (a = const; i = oL...,n) (1)
wipnne puqiwlnwsp:
p(x) pwquwGnwip hwenpriwpwnp n wiqul woéwlgbing” YunwGwip [27,
(M), [28,(17).(8)]
plx)=a +2ax+3ax +---+nax,

p(x)=1-2-q,+2-3ax+-+(n-1)-n-ax", (2)

px)=1-2-3..n-a:

(1) L (2) huwuwpmpyntGGepmd pGnmGeiny x = 0, nhunwplynn puqiwG-
nwdh gnpéwlhgbbph hwdwp YmGEGwhp

1| g (),

a, (k=01,...,n) qppowlhglbiph hwiwp unwgwd wpdtipGlpp wbnwnpb-
ind wpdwd puwqiwlnush wpmwbwinnpjwi ok YniGtGwip

p(,x):p(o)+ﬂ“-2 p( )x +- +A’:‘92x'; (4)
LntjG dlny, unbth pGnhwGnip mbueh
p)=b,+b(x-2)+b(x-xJ +.+b(x-x] (x=0) (5)
Pwqiwinusip Ywpnn Gop GbpYwjwglty

A= pla)e 2 ) 2By 2y

nbupny:

LjunnbGp, np (6) pusiwdland plnnibbinyg x, =0, Yuuwlwlp (4) pwiwdlp:

Uwhdwbnud 1: (1) L (5) pugqdutinudGbph hwidwn vimuguwo (4) L (6) pw-
Gudlbpp Ynsymd 66 wyn puqiwlnudGbph Bhynph pwlwolbn?

Upnugrunyf, pusqiutinualy gnpoupglbng yunbth ¢ wpunwhwpnby nplt x,
btnond wypy pusqdanusth b Gpw wowlguuGbpp wndbplbph dhpngny:

Uyl nhumupltGp YuwiwpuiwG f(x) $nllhghw L LopwnpbGp, np wyn $nily-
ghuyh npnzwG whpnuph dh npldt x, Yund goyepntG nLGbG wpduwd Hnill-
ghwsh ShGsl 7 pn Luangp Ghmuasuy poinp wWOWGGIWGLND: Upn nbupnd, bpb
(6) pwiwALh GowiMppudp Luwenighlp

e (4) pusfaiig vy (1) puogqOubmeath Unly nphih pustnudl:
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(n},
p0)= s Lo ) LBy Ly
puqtwlnuwdp, www LGhwwnklp, np junnigwd puqiwlnwdh b Gpw Shigk »-
pn wpgp Ghpwnjwy pninp woéwGgywilGtph wpdbpltipp x, Yownnod hwdply
Gmd 60 f(x) $nGyghwyh L Gpw hwiwwwnwutuws woéwhgywGeph wndtp-

Ghph htivn: UwluwyG, pwGh np ahuwplynn 7(x) pnilyghwh pGnhwhnip nbu
pnid 7 -pn wunhSwGh wipnng pwqdiwbnwy sk, nuuwnh hGwpuwynp st whnbg, np
wyl GnyGwpwp hwdpGylmd t p,(x) puwqiwGnwih htin: RGGwpYynn ntiwpnud
pOnwoikGp Yupbiph t uwwubl, np (7) pwqiwlnwds hGs-np hdwuwnnyg «dnins ¢

nhnwplynn f(x) $nGhghwyhG: Uyn wwinGwnny hwnney htnwppppnupniG t
Gt pYw)jwglnud

r{x)=£x)-p.(x) ®)
nwpplipnipjwl nuuntdGuuhpnepynibp:

dbpnapjwihg htanknud t, np 7,(x) $nillghush b Gpw hGsk ~ -pn Yungp
Gbpwnywy pninp wéwGgyuitGbph wpdtplbipp x, Yewnnul hwdwuwn GG qpngh.
()=l =) == (s) =0 @
bwpbyh t hwdngyly, np x -p x,-p deunbipu r, (x) wwnppbpmpniap wybih
pwndp Gungh wlybpg thnpp dbémpmt t, pwl (x - x,} -p [23,u4,(12)].
r.x)=ollx-x)1: (10)
Uhwnpbiny (7).(8) k (10) pwOwdlbnp’ Yunwbwbp £ (x) $niGyghwjh

f(x): f(x°)+—f:%—)—(x—xo)+%t°—)(x—x,)’ +-~~+—fﬂ:ﬂ'l)(x—x,)' +okx—xo)'] (1)
G5pYwjwgnudp:

POswbu wnkulnud GGp, (11) pwGwalp p,(x) pwqiwinuwidh hwiwp pbpywd
(7) pwlwdlhg nwppbpynid t pugnighs (10) wlnwdh wniwynigjudp:

Lajwéd nbupny pugnighs winwdp unwgy t MBwinG, wyn wwindwnny
(11) pwlhwdbp Yngdmd t 11 (x) $niGhghwsh™ MGwingh wnbupny pbpwéd (pwgnt-
ghs wlnwdny BLjnph pwlwdl:

Lpwgnighy winwdh hwdwp gninipinta mGOGG Gwh wy] wnbupbp: Phpkhp,
ophlwly, wjn winwdh Lwqpwldh wnbupp.

w1},
)= F 2oy (e ), (12)

npp hhabglnid t f(x) Pnillyghuyh BLjinph pwlwdlh hwenpn winwip' w)b
wwppbpnipjwsp, np f(x) PnGlyghwgh (7 +1)-pn wéwlgywih wndkipp hwyy-
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ymi k ng pb x, YGwnid, wyp x,-h L x-h dhel: pOUwéd Shewblyjwy Sh nplt ¢
yhwnid:

£(x) dniGlyghuyh” Lwopwich wnbupny phipywé GGwgnpnuihG whnwidh pw-
Gwdlh ot plnnibbing x, =0, JuunwGwip

r(x) ‘)(Gx x (05951): (12)

uGgbtiny (12) pwlwdlh wnmmédmﬁn, JuinwiptGp
olx)=(x-x)" (13)
GawGwynidp L GYuwnkGp, np
oz, )=¢(x,)=0"x)="=¢"(x,)=0: (14)
Ujbnuhtinl hwpdh wnGhbiny, np x, YGnh 2pewljwypnid (xaex,) hlswt’u (8)

L (13) $nuGyghwlbinp, wylwt'u ty GpwGg Ghisl » -pn fwpgp Ghpwnjwl hwiw-
wwnwupuwl wéwbgyuwiGbpp pwdwpwpnid BG Unzhh pinpbdh wuydwGGEphG
[30.p4), (9) L (14) hwqwuwpnipnGGliph 2Gnphhy YniGEGwGp

'(X) r(x)-r, % -n(x) _nlx) o n)
x)- 7—% <p(x -olx) o'k) oY
() ) r”(x ‘(N) (x X iX, X iK1 X, k=1,2,...,n):

S o

Wuwhuny, £(x) Pnibyghwih r.(x) GGwgnpnuyhl winwsh hwown unw-
{ind &Gp

()= " (x..) ofx)
)
Gbpluywgnidp, npunbin o(x)-p npnzyntd t (13) pwGwdlng:
Llwwnh mGGGwny, np
o"(&)=(n+1)t, r")= fx)- p. %)= £),
UtipgGwlwbwwbu YniGkGwip

)
s e-ay e 2}

Udthnihtipny dbpngpjuiin’ unwbned GGp hbuinbywy Yuplnp plinptdp.

Bunpbd 1: 6pb f(x) Pmblyghuyh npnpdwl inppnyph x, Yl L Opw
npld powluypmd qrymipimG mGtG wyn prlyghuyh ohast (n+1)-nn fupgp
Gpweywy prynp (wlplnhunn) wéwlguuybbpp, www uyn powluyph guwilw-
gwo x Gbunp hwiwp qympynG mGh uybwhup ¢ Ybin (x, NN x) , np wbnh nLop
f(x) prusblygpuyp
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f(x) f(x) ( x x)+fL)(x x)’+ -+ )( )(x x)'+
+{’%§!}(x—xor' (xu:cix) (15)

J6p miompyntlp:

Uwhidwbnwd 2: f(x) pmublyghuyp (15) ybpinidmpimbp Ynsynid ¢ wp
dnbyghuwyp” Luwgpwldh wnbupny pbpdwo (pwgmghs wonwdny Bbjinph pu-
Owdl:

f(x) PmaGyghunh (11) L (15) ybpnénipyniGGph ok pGnnultiiny x, =0,
hwiwwwunwufuwbwpwn Yunwlwbp

’ '] )
f(X)=f(0)+%!o)x+—[5(?—)x' (O)X +o(x") (1)

"0 "0 “0 ~NOx

fix)= f(0)+Ll(!—)x+£2—(!—)x’ Hoet f"!( ) %(1)1) " (0ses1). (15

UwhdwGnd 3: f(x) pmblghuyp (11°) [15)] pimompmlp Ynsygmd t
wyn prulhghuyh” Newlmp (Lwgnuldh) inbupny pbpyfwo jmugnighs winwdny
UuwlynptiGh pwlwdl:

Uydd wlighklp dh pwhh wnwppwlwt $mblyghwGtph Uwyinpblh pwlwdls-
nh wpunwédwhn:

1°. Spunwplyblp

fx)=¢ (16)
gmgsuyhl pmblyghwi:
Oqultiny (16) $nitlghwsh n -nn (2=1.2,:) uwnah wéwﬁmmth puibwdlhg
[29.(57)).
(e.)-) =e,
YnObGbwap
Y] =1 (r=12): (16)

NYhuwpyynn pnbyghwih’ Lugpwldh nbupny phipdwé (pugnighs winw-
dny UwyippbGh pwlwdlp unwlwin hwdwp d6md £ (15°) pwGwdlnud plGnnt-

G f(x)=¢' L oquuibi (16°) hwywuwpnipniGGbinhg.
O D SO AP S
e -l+“+2!+ +n!+me (03951): (n
dbpohG pwlGwadlnid pGnmakiny x=1. YymGhGwhp

1 i e’
S TUL UL 0<@51). :
T T iy ( ): arn)

UjGnihbink wnhwiwpbiny unwgywsd hwywuwpnipjut we Swuncd qpywd
ytpoht qnidwpbhG, YunwGwap
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i 1 1
e= +1+5+-~-+;, (18)

npinknhg, pOnnuGliing ,=8, YniGkGwhp {21,(32)]
ex2,71828:
2. Uit npuinwnlyblp
fx)=sinx & g(x)=cosx (19)
bnwllym Gupunfuunlpwd pmbyghwbbpp:
Oqutiny (19) $niGughwlbph » -pn (n= 1,2,...) Ywpgh wéwbgyuiGbph pw-
Gwdlbiphg [29.(6).(7)].

(sinx)” = sin(x+n g), (cosx)‘" = cos{x«r n-—’zi],
YnGEGwhp

7(0)= 1*(0)=sinnm =0,
f"'*’(O)—— sin(2m - l)g = —sin(%— nm) =-cosmm={(-1]"= - 1)" . (19)
g(0)=1, g"'(0)=cosnm=(-1J,

£°(0)= (3_ m) =sinmm=0 (n=12,.):

awnbwpwp, (117) pwGwdbind hwenpwpwp plnnGbiny f(x)=sinx L

f(x)=cosx, YunwGwGp (19) Imayghwltiph’ Mbwbnsh wbupny pbpdwé (pw-
gnighs winwony Uwulnntiﬁh pwﬁwdhbnn

sinx = x-—+-;--- +(_])"(_ +a(x1- (20)
COSX = ]—z*}'z— . (_[)'(_y+o(xz-q (21)

3. Whmhbwl npunupybp
fx)=0+x) (22)

InGyghwa, npunbn o U Judwpwlpwl huwwnunnmd ¢:
Oqunytiiny wuwnhSwlwihG $nGijghwsh » -pn (n = 1,2,...) Yupgh wowbgyu-
th pwGwdkhg [28.(2)].

=) =ala-1}-(a-n+ix=,

f"’(")-‘-[(“x)’]("=a(a—l)-~(a-n+le+x)"‘,
10)=1, rO)=ala-1)-(@-n+1) (1=12,..):

3bwnbwpwn, (11°) pwlwdlbmd phambbiny  £(x)= [+ x), Yunwbwip (22)

imGEGwGp
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$nuGyghwh UwyinpliGh pwlwdlp.

(1+xf =1+ax+ a(az'—l) 4+ a(a—l)--'(iar—rryil)»x, +olx’):
. n

(23)
Uwuliwynp nliypnid, (23) pwlwdlinud hwenpnwpwp penmGhiny »=3,
a=-1, n=3,a=1/2 b n=3, a=-1/2, hwiwwywnwuhwbwpwn YntGLGwop

1 3 _ 0 3 ,
1—+-;=1—x+x -x +o(x ), 23
1o, 13, g, )
M=1+Ex—ﬁx toae? +o(x*), (23")
L =l—lx+l.—3—x’—l'3.5x’+o(x’):
Jix 224 246 @)
4. Yhnwnlyblp Gwl
f(x)=1n(1+x) 24

[(nqunpplwlwl pniGyghwa:
Oquiytiny (nquiphpdwlwl $nibyghush n-pn (n=12,...) Ywngh wowlg-

jwih pwlwdlhg [29,(4)].
(ney? = CL =),
YnObGwGp i
f0)=0, f0)=C1y"(r-1p (2=12..):

3bwnbawpuwp, (117) pwlwdlnd pGonGbing f(x)=1n(l+x), YunwiwGp (24)
dniGyghuyh UwyinnbGh pwlwdlp.

mle=r- e E s (' Do) aop: @9
n
dbpohl pwlwdlinid x -p thnfuwphGeny -x -nd” JuwnwlwGp
Slx)=1n(1-x)
$nuGyghwyh UwlyinpbGh pwlwdlp.
P 4 x* . ,
l-x)m s -2 T o) rany: 25)

(25) GnyGnpyniGhg winwyd we wlnwd hwGbing (257 GneyGnepynibp, Yu-
nwlwip Gwk

3 x!.ﬂ - .
In—l_—x=2(x+%+---+2m+l)+o(x ) (—l<x<l): (25)
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§33. dnGyghwyh hwuwnwwintG thGhpne wuwjdwop: daclyghwjh
wéiwl L Guwqiwld ww)dwhlGhpp: dmGYghwjh tpuwnpbdnidh
ywbpp L tpuwnpbdnudh qnintpjwl whhpwdbn wwydwGp:
$nGyghwyh tpuwnptdnidh qnymipjwlé pwydwpwp wwjdwbp:
dnmblghwih tpuwmpbinidh qnjnipjwl pwydwnwp wuydwbp
kpupnpn Ywpgh wéwlgjwih Shengny:

SniGyghwyh Junpl niuntdGuuppbihbu Yupbnp GowGwlnipyniG nGh Gpuw
hwunwuntd dGwint L dnGnnGnepypwb Shewluwyptiph [22,u13] qunGbp:

Wy wwpwgpwdnid Ggwd showlwipbpp qunGbpnt fulinhpp YinudtiGp” ogqun-
ybind nuunudGuuppdnn $nuliyghwih wéwbgywih Yuwpphg:

Runptd 1: Thgmp X dhowluypmd” npnpdwé f(x) wlplnbwn pncly-
ghwl wyn Showluwyph Ghpuntd mbh dbppwynn wowlguy: Um nbwpntd, nn-
ybugh Odwo dhpwluypmd f(x) Pmblyghws (ph hwwmmnnl, wlhpwdtyn
b pwwpwn, np wyn dhowluyph Gepumd nbnh mobGw

S&)=0 (1)
wuwydwin:

Uwwigntyg: UohpwdtipinmpyntG: 8wlh np hwumwnnGh wéwbGguip hw-
Juwuwp t qpnjh [27,(5)]. hnbwpwp phnptich wihpwdtiannupintGG wiGhwn
k

PuwwnwpmpymG: Uydtd LGpwnpblp 1 (x) $nmbyghuwyh npn0wh whpnyph
ibpunis wbinh niGh (1) wwySwGp:
X Ghowluwpnud bpgGblp nplt x, Yt L guwilwgwd hwndwé, nph 6h
Swypwibnp x,-G .
[x,x,], [x,,x], xe X:
Lwlh np [x,xq], (Yuwad [x,,x] ) hwingwomd 1 (x) $nuliighwl pwywpwpnid
t Lwgpwich plinpbidh wwjdwGobphG [30,p3], htinbwpwp pun wyn ptinptith,
wnh niGh
S&)-fx)=le-x)r) (2)
hwywuwprpymGp, npunbin ¢ -0 pGlwd t x L x, Ybwnbph dhel: Uiniu Ynmiihg,
pwlh np wyGhwpnnpbG ¢-6 X Shpwluwyph GhpphG Ybwn  ntpbdl, puwn (1)
Wwjdwhh, inbinh nibh
Se)=0 3)
hudwuwpnipymbp: dbpehG bpgnt hwywuwpnipniGphg hbwlinid t, np X
Ohpwlw)ph gwGliwgwé Ynmd wnbinh nGh

f(x)_ f(xo)= 0
lwy np Gnylt t
“) Sb'u 66-nn tph winnuAnwh urPquIpWGNLIp:
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fx)=1(x)
hwywuwpnipynilp, hGs6 kL hp bipphG Gowbwlynid t, np £ (x) $niGyghwl hwy-
wnunnntl t wyn Showlwjpnid:
Py
Itwnbwap 1: Ygmp f(x) & gx) Pmblhyghwlbpp npnydwd &G ne wlptn-
huwn X dhowlpuypmd b wyn dhowluyph Ghpumd nilbG bpguninn wéwbgw;-
obp: Ui nbwpmd, pbk X  dhowlwiph prpnp Geppha Ybinbpmd wbinh nioh
fx)=gx) @
hwwuwpnepimp, www win wdpnne Uhowlhwypnid npunwnyynng Snilblghw-
obpl ppwphg nwppbpdmd 66 hwuwnwnning
flx)-glx)=c  (c=const,xe X): (5)
Uwuwgnijg: Yhgmp X dhpwlwiph pninp GepphlG Yhwnbpnid wbinh nulh
(4) Ywd np GGG t
[x)-g(x)=0
hwywuwpnepiniGp: Wn nbwpnud Ywwnwpbing
olx)= f(x)-glx) (6)
GpwGwynidp’ Yuwwlwp, np X Shewlwyph pagnp GepphG Ybnbipnud winh
nGh
¢'(x)=0
hwtlwqumpjmﬁn [28,p17, npwntinhg t, hwiwdéw)t ptinptd 1-h, hbwnlmd t,
nn cp(x) Intlyghwh hwuwnuwnniG b npnwplynn Showlwgpnid.

olx)=c, xeX: . M
MNenowh wwwgnygs wywnnbint hwdwp SGnud t (6) Gwlwlydws 2Gnphhy
{7) hwjwuwpnipjntlp Ghpluywglby (5) whupny:
hww
Lt0p, np wywgnigwsd hbinbuwGpp Ywplinp YhpwenegntG nuGh hGubigpui
hwynid {35,p1]:
ubnhp 1: Uwwgneghp hbwnlywy GnyGnpymbp

arcigx= arcsinﬁ (-0 <x<+0): (w)

Lmonid: widngybiiny, np (w) hwyjwuwpnipjw we L dwhu Ynndtpnid gpgwd pnell-
ghwlbph wéwhgyubbnp GnyGwpwn huipGyGnid LG [27,(16),(20)],[28,(12)), htinbuwlp
1-h 26nphhy YuunwbwGp, np wipnne pywihl wrwGaph Upw win PniGlghwlbnG hpwphg
wnwppinynd 66 hwutnuwnnilng.

arcigx = arcsin

Ji:—x:-'“: (—co<x<~lm;c=consl): (p)

dbppht hwdwuwpmpjwG dhe pGyniGhgny, ophlwy, x =0 L Ghusnh nuGblusn, np
arcig0 = arcsin0 =0,
Yunwlwbp ¢=0:
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(w) OnyGripjwl S0wpunwghmpjwt dhie hwdngybiny hwdwp dGnud t c-§ hwdwp
unwgwd wpdtpp nbquinply (p) hwwuwnnipjwl sky:

Wdd nG6Gp prniGhghuyph wowlbguunh oqlnipywdp Opw dnGnnnlnipul
dhowlpuyplipp quibbnt fulinppp:

Lwhu nhnwpiitGp (w)t hdwuwnnd dnGninnG wénn (wjuhGpl sGwaqnn) dnily-
ghuyh nbwpp [22,u14):

Banptd 2: 2hgmp X Jhewlhwpmd npnpdwd f (x) whpGnhunn pnLGl)-

ghwi uyn Shewluyph Ghpumd mGh bpouninn wowbguwy: Um nbwpmd np-
whugh Gpqwd dhpwluypntd inpdwd Pnillghwl juyl pdwunny dnGmnnl wop,

whpwdtipin t b purwpwn, np wyn dhowlyuyph Gépumd f*(x) wowbguuG po-
anilh ng pwgwuwlywl wnpdtplbn.
f'x)20: (8)
Uwwgnyg: UGhpwdtiynmpynd: thgnp X Shpwluwipnid f(x) $mbyghwt
twilG hdwuwinyg dnGninnG wdned t; Ujn nhiwpnid, bpt wvnpywé dhowlwypnud ybipg-
GbGp x-h nplt wpdbip L wyn wndtiphG nwip wibwhuh Ax w6, np (x + Ax)-p
nnipu sqw X Showlwyph uwhdwGotphg YniGtOwGp

fe+a0)- 1) 0.
Ax

dbpohl wohwywuwpnipywl otip waghbtiyny uwhdwbh, tpp Ax -p dqumud t
gpnjh” Yuunwlwap (8) wGhwywuwpnipjnilp [26,(2)):

Pwiywpwpmpim G: jdd GGpunpting, np X showlwjph Ghpuntd wnbinh ne-
Gih (8) wihwywuwpmpyniGp' wyn dhewlwjpmud dbpglblp Ywiuwjwlwt x, L
x, (x, <x,) wndtipGtin:

LwGh np [x,,x,] hwunywénid npdws nblyghwt pwgwpuwpmd t Lwgqpwl-
dh pbnptip wwydwoGEphG, muwh wyn hwwndwdsh Gipumd gnynpinh nuGh
wjlwhuh x, Ytitn, np wntinh nuGh

f(xz)—f(x|)=(xz -x,)f'(x,) (xl <X, <X2) (9)
hwijwuwpnipjniGp:

f{x) dmGyghush wéwGgyuih SwuhG wpywé LGpwnpmpynilhg b x,, x,
Lbunkph pGupnupiniGhg htwnlind L, np (9) hwdwuwnnipjwl we dwup pwguw-
uwlwG gt Itnbwpwn, pwgwuwlwh st Gwh win hwywuwpmpjwl dwhu Jwup,
hGsp GrwlGwymd £, np X Shewlwypnis f(x) $nilGyghwl weljwql (wylG hiwu-
nny dnlnuinnG wémd t:

bPuyw

Ywpnn hip GG dlny wwuwgnighi Gwh htiintywy phinptidp

©tnphd 2: 2hgmp X Jhpwluwpmd npnpfws [ (x) wapGnhunn pn by-
ghwi uyn dhewluypp Gbpumd mGh Ybpewynp wowbgwy: Un nbupmd np-
whugh Grjwo dhouduypmy inpywo pnilblyghw juyl pdunnnny dnninnl Ofw-

-145-



qLNtu Vi
ah. whhpwdtipn t & purdwpwp, np wyn dhowlwiph Gbpumd f'(x) wowlguul
panmGh ns ppwlwl wpdtplbn

Jx)<0: (8)

Jwulwlwh t, np bpk plinptd 2-nud L ptinpbd 2°-mud pwgunklp X dhpw-
Yuwjph Obig pllywé nplt dhowluwypmd f(x) $nibGyghwh hwuwnwinniG thGbyn
hGwpwynpap)nilp (wyuhGpl™ nhvwplynn Pnilyghwih wéwhgjwih Gnybw-
pwp qpn (hibint hGwpwynpnipinibp), www Yqwip fuhun hdwuwnny GnGnnni
$niGlghwh nbwphl [22,u12):

Rtnpbid 3: Ygmp X dhpwluypntd npnyfwé b whpbnhunn f(x) PGl
ghwi  wyn Showluyph Gopumd nibh (bpownp wowlguy: U nbwpmd np-
whbugh Gdws dhouljuypmd f(x) prblghwi fupuen pdwwnny dnlGmanG udh
(Gwap), wohpwdtiyn t b pujupuwp, np.

I. wyn Showluyph Gbpumtd f'(x) wowlguyl plnnibh ns puwgquuuliud (ns
qul/wﬂ) wpdbplbbtip.

20 k)<l

. X dpowlpuyph dbg pGlws ns df dhewlhwipmd f (x) wowhguyn Gnylw-
puwn hudwuwn spGh qpngh:

Uwwgnyyg:? Ubhpwdtynmpmb: Yhgnip f(x) $niGyghwh fuhun hiwe-
unny GnGnwnlb wind £ X dhpwljwypnid:

Luunwpywé Gapwnpnipymbhg hwbnid £, np tpdwé $niblghwl nhunwpl-
ynn thpwlwjpnid sh Glwqniy: Ujn niypnd ptinpbd 2-h 2Gnphhy wbinh nubh |
wwjdwbp:

Tuwng &, np wbnh niGh Gl I wwydwbp, npayhtinl hwiwnwl nbwpnd,
hwiwdwyG pbnpbd 1-h, X dhowluwypmd gnnupyntl YmGEGw Showlwp, nph
dnw f(x) $nGlghwiG YihGh hwuwnmwennil' hGsp hwlwumd t X Shpwluypnd
uyn $nGhghwih fuhuwn hdwuwnny SnGnnnl widnn 1hGkndG:

Pwijwpwpnpyni: Gopwnptilp pbnpbimd Gowé wuwydwhGhpp nbnh n-
GLG: Ui nbupnid, hwdwdw)G pbnpbd 2-h, nhnwpyynn Shewlw)pnid f(x)
3niGlghwl wnlwql pwjG hdwuwnny dnGnnnb wenud t, hGsp GauGwynid t, np
wyjn Ghewlwjph qwijwgwsd x, L x, (x, <x,) wnadtipGtiph hwiwp inbinh niGh ng
dhwyG hbwnlyw) wGhwywuwpnipinibp’

fe)s £lx,),
wy| Gwila

S)<fl)sfle)  (nsxsx) (10
wihwywuwpmpnGGlpp: Pwjg, tipk x, L x, Yhwnbpnud f(x) $mGyghwih wp-
dtipGtipp hwywuwpdtit hpwp, www (10) wihwywuwpnipjnilGtiphg Yuwnw-

*) Ljwinh mGkGuynyd, np Guwgnn niGhghwsh nhwpntd pbapbol wupugnigyned t Gnyb dbnd’
JuwhiowhuxhwiybOp Shwjo wsnn $nbyghuwh nbiwgeny:
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Gwtp, np [x,x,] hungweh dpw £(x) Pniblyghwl hwutnwinnd t.

fG)= )= flx)=const, xelx.x] (1)
npinbnhg, pinpbd 1-h 2Gnphhy, Yhtinbh, np [x,x,] hwodwsh Gepunus £(x)
dnlyghwih wéwhgyup GnuybGwpwp hwywuwp t qpnjh:

Rwih np unwgywd Ggpulwgnipinilp hwwunid £ pbnpbdh 1 wwiGwGhG
hbinbwpwn f(x,)= f(x,) hwywuwpnipinGG wGhGuwp L:

Ujuwhuny utnwlnid bGp, np pbnphdnd G2dwé wwjdwaGeph pwdwpwp-
0wl nbupnid X Showlwpht wwunljwinn quifjwgwd x, L x, (xl <x,) wp-
dtipltph hwdwn wnbkinh nuGh

fle)< flx)

wihwywuwnnipyniGp, hGsp GawGwymd t, np wyn Shewlwpmd f(x) $niGy-

ghw( fuhutn hdwuwnny dnGnunG wdmd t:
huyw
dniGyghwih dnGninnGnipywG pGnyph b win Intbyghwih wowbgyuth Gaw-
Gp dhel pbinpbd 3-md hwunwindwé Guwp Ynwelw Gpypwswhnpbl wlt-
hwjn, tpl hhatGp, np dniGlighwh wowlgjup nplt Yhunnud hwywuwp b win
wpughul nmGbgnn Ybwnnud nhinwpldnn $ncbyghwih gpudhyhl nwpwsd 2npu-
thnnh wolyniGuyhG gnpswlghG [26,(4)]): tpb win qnpdwyhgp npwyws t, nt-
pkdG nhwwwplynn YnphG tnwpws ynzwihnnp (04.48) L htnbwpwp Owl wyn
Unnp plipdwé LG nbwh bn? (wjuhGpG, nppwl ox wnwigpny 2wpdytiGp ntiwh

4 B\ k=1g0=0 wy, wlpwl wnpgwé Ynpny ybp Ypwpdpw-
k=1gB<0 Gwlp), huy tpt wyl pwgwuwlyws t, wwyw

G2qwd zn2wnhnnl nu Ynpp pipdwsé GG nbiwh

Ziga >0 N Ghppl (wjuhGpl nppwib ox wnwlgpny 2wnd-

0|" —> t|tiGp nbwh we, wjlGpwh tnipdusé Ynpny Ghppl

N 4holikGp):

Gy.48

OnhGuwy 1: QunGly y=x* PniGyghwh wotwt L Gywqiwh dhewluwyptipp:

Lntdnmud: RwGh np y=x* $nlbyghwl npnzdws t L whpGnhwin wipane pywhe
wnwlgph Ypw [24,01], hul Gpw wowbgyuirp (y’=3x’) pwiwpwpntd t phnphd 3-nid
04wé wwyowGhbphG, hbwlbwpwp wil uhun hdwunny dnbnunnG wonwd t wipnne pyw-
JhG wnwegph Ypw (GY.49):

OphGwly 2: QunGik| y = x* Pnibyghwih wiwl L Gwqiwl Shewlwptpp:

Lntonud: Jwpytignyg wpqweé pnmblghwih wowbgywip [27.(7)]

yl = 4x)

L Ghuintiny, np wyb x -h pwgwuwlwl wpdtplbph hwidwp pénnilnul b pwguuwlwa

°) bpb $nuGlghwih npnzdwd whpnyph wawGShG Yhinbpnd Gpw wowhgjuyp husjwuwp t qpnih,
koG uin Yhwnbpnud nhinwnlynn Ynph 2nzuxhnip qniquhbe t ar wewlgeht, hosp, hwulwGunh t. sh
fwliqupnud inadwé PauGhghuwsh fuhuwn hdussony SnlinunnG webiniG:
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3 A wpdtiplbp, x =0 Ytwnd nueGndt qpob x-p
yer y=r' npulwi wpdtpltph hwdwp pGnnilned t npw-
Ywl wpdbplbp (G4.49), ptinptd 3-h 20nphhy
> s Gqnwiwglnid kGp, np y=x* PnLblghws
(—ao;o] thowlwpntd dnlnwnnh Gwaqmd t, huy
[0;40) Showluipnid” InGrnnG wenLd (GY. 50

[»)

ay. 49 Gy. 50

OnhGwly 3: unbh| y=x+cosx Pniliyghwyh wEtwb L GYwqdwh dhpwywpkpp:

Lowdnud: 2wih np nhinwnplynn dnbyghwi npndwé b L wipGohuwin wdpnng piw-
JhG wrwGgph Jpw [24,p1,01,08], hul Gnw woéwbgyuip (y'=1-sinx) [27.(12)] pudu-
pwpnud £ pbnpbyd 3-h wwjswGGEphb, hbwnkwpwp w)G dnGnuninG wEnd t wiipnng pywihl
wnwigph ypw:

dnlyghwih Junppp GYwpwagpnn fwplinp plnupwiqphsGtinhg GG Gwb Gpw
tpuwnptidmudGinp:

UwhidwGnid 1: bwublp, np X dhowluypmd npnydws f(x) pmbyghwi
wyn dhowlwyph x* Ybwnmd mbh dwpupdmd (ChGhdmd), bpb Grws Showluy-
pmd grympim G nlh x Glinp wybwhuh (x' -8,x" + 8) > 0) 2newluyp, nit wn
2nowlywyph pagnp Ybinbipmed (pwgh x: -hg) nbinh niGh

< f(x) x> fGD))]
wohwiwuwpmpindanp.

Uy funupny, s -p f(x) Pmbhghuyh dwpupdmdh (ShGhImdp) Gbun &, bpk
uyn Ybwp puwdwlhwlwswp hnpnp ppwlwipnid (}) -n npdwd pniblghugh
panmbws wndbipliphg wiblwitol (wokGwipnpnl) ¢:

y Jwiwdwgl phipYwé vwhdwbiwh™ x,-

0L x -p 51-pn Gwpntd wwnybpgwd

P ; i dnuGlyghwh Swpuhdnudh YnbinG 6G, huy
O %-b6%m+6% % x > x-0 L x,-p° GhGhdnuih Yewbpp:

0y.51

UwhdwGnwd 2: Smbyghwyf dwpupdnidGbpp L ShGHOmdGEpp §nsdmd
&0 wyn pntllyghwih tounpbdmdbbp:

Wdd nGlGp prillghuyp wowbguyh oglmpuudp Gnw tputnpbdnidGbnp
QuGlynt fulinpnp:

BbnptlS 4: (Snillyghuyp tounptdmdp grimpywl wohpwdtiyn upuydwlp):

Mhemp X dppwhupmd npnpdwé f(x) wlpGnhunn prmllhghwl wn df-
swlwyph Gbpumd niGh Ybpowynn wowbgywy: Um nbwpmd bpk Oyjws vhou-
Yuyph GbpphG x, g wnndwd pnillyghuyh tpuinpbdnidh ftun ), wwyw win

*) UjuhlpG, bpb 5, Yownnd y= /1 (x) PniGlyghwh nilh tpunplidnid:
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Ybinmd £ (x) Dneblyghuyh wowaguyp wihpwdbyinwpwn hwwuwn £ qpnyp.

fx,)=0: (12)

Uwwgnyg: bpt X dhowlwiph x, Ytwp f(x) Pniblyghwsh tpunpbiinush
ytwn £, mpbdl Gawé dhowlwypnd qrynipinil niGh x, YGwnh wjlGwhuh 2pow-
Gwip. np wyn 2pewlwgpnid f(x,)-6 wpdwé $niblghuyh pinniGws wndtplt-
nhg wikOwdbo6 b Yund™ wikGwipnppp: Liwwnh NGEGwiny, np X Shpwlwy-
pud f(x) dniGlghwl mGh Ubppwynp woéwlhgyw(™ Pbpdwsh plinptidh 2Gnphhy
{30,p1] utnwlnd GGp, np wyn Yewnnud nhvwpliynn $nullghwyh wowhgjwip
hwjwuwn t qpnjh:

hyw

Uwpwgmgwd pbnpbidpg bqpuwlwgbm Glp, nn bpE bppuninn wowbguy
mabgnn pnilGyghunh wowbguuyp npbl Ynnd wrwppbp t ganghg, www wyn
Ybwp sh uwpnn aipdwo pcbyghuwh tpunpbinidh bin (hGby:

Unwgwo wonmihg hbunlbnd £, np pp npnpdwl wnppnyph GEnphG Ybink-
pnd dbpowndnp wowlbguy mabgnn nlGlyghuyh tpunpbdmdGbpp wbunp t Gun-
b uyl Yinbpmd, npunbin tindws pmbhghuwyh wowbguup hujurwn £ gpngh:

UwhdwGnid 3: dmbhyghuyhr npnpdwl wppnyph wyil GbpppG {bunp, np-
wnbn wyn pnbyghuyp wowlbguun hujwuwn & qamgh, nsdgmd ¢ inpyuwo polly-
ghwyh umuwghnGuwn Ybun:

Oqudtiiny uwhdwlnud 3-hg’ ybipeh0 Lqpwlwgnipynibp Jwpnn GOp yb-
nwdbwlbput; hbnlyw Yepuy

bp npnydwl wmppnyph GEnphl Gbinbpnid Ybpowynp wéwlgyuwy nilGbgnn
dmbhyghuyp tounpbomdGbpp whbnp t hGunpl; wm Smblighuyh uumwghnbwn
Ybwnbpmo:

UwluwiG swbiunp t Yupsti, np $mGyghuyh unwghnlwp Y (hGtip pwyw-
puwp b win pnuGyghugh tpunptidnudh yhin (hGGint hwdwn: UuhGpG, tipk nplt
Yswnnd $niblyghwgh wowhgjwip hwywuwp t qpnjh, winunbnhg nbnlu sh
htitninid, np wyn ymd ghownlynn $nibyghwl mbh tpunpbidnud: Uy tunu-

pny, (12) wwydwGh wnbnh nG6Gwip pwywpwn sk, npwtiugh x,-G (hGh  f(x)
dniGyghwyh tpunpbidnush o

Ophliwy 4: x=0 Ybwnd y=x Pnulyghwjh wowlgpuip hwjwuwp t qunzh: Uw-
YwjG, pwGh np ghuwplynn Pnllghwi wopnng plughG wewligph ypw SnGmanG wénd
t (nb"v ophGuly 1-p). hbuwnbuwpwn wyb tpuwnpbionush Y sniGh, wjuhGpl x=0-G nh-
nwplynn Pnibyghugh tputnpbinush b st

Ujdd, bpt wiGwglbOp ntunudGusuppuynn $niGyghwlbnh nwup’ pniyy nw-
iy, np hp npn2dwG whpnyph wowldhG GEpphG Ybwbpmd $rGlghwl smGb-
Gw ybpowynp wowlgywy, www hGwnwynp t, np win Yowbpnud b wyG mbbGw
tpuwnpbitnig:

OphGuwl 5: w) y=|x Pmllghwt x=0 Ybwnd sniGh wowigwy [27.01) L x-0-0
unwplnn PruGlghuh ShGhinush Ybun t (GY.28):

) LY. 30-nu8 popywd q) (m)) Inellyghwl x=x, (x=x,) Ybunnid ntGh whybpg wow-
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gL b x=x-p (x=x,-p) nhnwplynn pmbyghush Shahdnidh (Gupuhtnidh) Ybw t:
Upnwu Ynndhg nplt 4ewnud gbpowynp wéwbgywg smbbGwip sh Gawlw-

Yynud, np wyn Yhwnud nhowplyynn $ncbyghwt unwlnd £ tpunpbidnud:

OphGuwy 6: Oqubiny woéwhgjwih vwhdwinidhg [26,u2) L

y=Vx hwybinyg y:V; InuGyghwsh wodwhgyup” hwdnqynud GGp, np
X x =0 Ubwnnd wjl bpowynp woéwbguy sniGh: Uwilwi0 Gagws Gb-
wnid inpfuwé Inilyghwh tpunpbdmd gneGh (G4.52), pwGh np wyy

Ytinh guiGiwgwéd npwlwipnid wyG pOnnilnud t hGswt v npwiwd,
wybuwb ‘v ) pwgwuwlws wpdtpltn:

6y.52

Upnwhund, pntbhyghwl  wpnn b vinwlbuwy tpuinpbond w0 uinwghnluwp
Ybinbpmd qur'd b pp npnpdwl inppnyph wylG Gepphl Yinbpmd, npwnbin snilh
Ybpownp wowlgyuy:

UwhSwGnud 4: 3mllghuyh npnydwl inppnyph uyl GhpphG Ghnop, np-
wtin wyl smp dbpouninp wowbguy wd b Opw wowlgiwn hufwown t gpn-
D, Grsydrid t wyn Drlyghuwyh Ynhinhlyulwt Yban:

Uvihmptiyny Jbpngmuup unwlmd EGp, np pnlblyghwl Jupnn t unwluy
tounpbdnld dhwyil hp phinplulpwl Ybnbpnd:

Uuwhuny, 3mbGhghuyf Yppuinplwlhwl Ybnp tpunpbdmdh nbuwlbing,
wyuwbu Yngdwo, «qwulqwobipy b t L hbnbwpwn, pnllghwp Lounpbdmd-
olpp quiblyme hwdwp wlhpwdtiyn t uyn Yewnbpmd wawnby (nuwgnighs hé-
wnwgmnnipinl:

Thgmp x,-G f(x) PmGyghwih Yphwhhwlws Yow t, plin npnud gnjnupynid
mGh wyn Yswh wibwhuh (x, -8, x, +8) 2npwluwyp, npubn (pwgh, gnigh x, 4t-
whg) npdws pnlGyghwi nmibh dbppwynp woéwbgyw(: thpwnnbiny Gwl, nn
hGswt'u wyn 2powlwyph dwhu Yhunid, wyGwb'u b Gpw we Yhunud (wrwGdh,
wnwiGéha) f'(x) wowlgywp wwhwwinud t hp Guubp pGGwpltlp htnbw]
hGwpwynp nbwptipp.

1°. (X. -3,x, +8) 2nowlwyph dwly Ysund j’(x) wowlguy& ponmbmd t
apwlpwl wpdtpGbp, huly we Ybumd' pwgwuwlwl wpdtplbp, wuplpl x, Yb-

p Ypuyny wlglbithu f(x) Pmilyghuwsh wowlgul pp Gruwlp wyntuhg -
fud t dhGmuh:

hGswbu ghunblp, pGGwnlynn nbiwpnid (x, - 3,x,] Showlwipnd £(x) Pl
ghwi wdnud t, huy [x,,x, +8) Showhuwypneld” Gywqnid: Uujwohg hbwnlinud E, np
(x,—&, x,+8) dhowlwpnid nhwnwplyynn dnblighwih wibkGwibsé wpdbpp
f(x,)-ﬁ t, hGsG ty, hwiwdw)G vwhiwGiws Gawlwlnud t, np pGGwplynn nbut
pid x,-G f(x) dniblghwsh Swpuhdnish Yt t:

2°. (x, -8, x, +8) nowlywyph dwfu Ybumd f'(x) wowlgunl ponmmd t
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puwgquurlpwl wpdbplbp, phuly we Ybumd® npwlpul wpdbpbbp, wupopl x, {b-
unp dpuyny wibglbtihu f (x) dmllyghwyp wowbgunl hp Gauwln dhbntuhg thn-
fumd ¢ wyyntufr:
Jwdwdwjl plinpbd 3-h, pbhwplynn nbwpnid (x. -8,x,] dhowlwypnid wnp-

Jwé ImbGyghwh Gdwgnid t, huly [xa,x,+8) Uhowlwjpm i wénd: Uujwdhg
hbwbnud t, np (x, =8, x, +8) Showlwypnud £(x) Prblyghwih wikGuwihnpp wp-

dtpp f(x,)-G t, hGsG by GpwGwynud t, np pGhwplynn nbwpmd x,-6 £(x) Pnibly-
ghugh ShGhdntdh Ybun t:

3. bw'd (x,-38,%,), (x,,x,+8) dphowluyptpmd f(x) wowlguu G plnnilnd
t dpuyl npwlpwl wpdtiplbp, w'd b wyn dShowluypbpmd wyl pGanGmd t puyG
pwgwuwlywl wndbiplbp, wyuplpl x, Ybwnp dpuynyd wigblipu f(x) prby-
ghwih wowbguin sh sanfund pp Gwip:

hGswtiu ghuibiGp, wrwehG nbwpnd x, Ytnh Gaywé 2pgwlwipmd f(x)
doulyghw@ wénud t, huy Bphpnpn nbwpnud” Gwqnud t, hGsp Gawlwlynd t, np
tpyne nbwpbpnud by x,6 f(x) ImaGyghuyh tpunpbionudh Yt gt:

Udthniptiny ybplnd qwpwnpduwé wpnniGpGhpp”™ unwlnid Gop pneGly-
ghujh tpuwnpbinuih gnimpjwl pwjwpun ww)dwp.

Bbnpbd 5: Epb x, Yppuphwlwld hbinp Jpuyny wbgbbipu [ (x) Gy

ghwyfr wowbguuy G hp Grwlp wyntupg hafund ¢ dhbniup, wuw x, -0 npwo
Inmblghuyp dwpupdmdp Yt t:
tpt x, Yppunplyuilywt Ybuinp dpuyny wlgllipu f(x) rubyghuyh wowlg-

G hp Grwiop dhbniupg hnfumd t yymup, wwyw x, -G npdwoé pnbhyghuwh
ShGhdmdh Y t

bpb x, YppunplwlpuG Ybinp dpuynyd wlgbbipu 1 (x) DdnuGlyghuyh wowlg-

L sh spnfuncd pp Gruwlp, wupy 3, -0 npdwd prblghuyp tpunpbdmdh Ybn st:

Ughuny, prulyghuyf wowlbgpupr ogbmpuwdp Gnw tpunpbidmdh §bink-
np Qunblym hwdwn wohpwdbyn L.

w) quibly pdwo dmblghuyh Ynhnhywlwl Ybnbnp,

P) wyn Ybinbpny nhuwplpdnn mblhghuyp npn2dwl inhpnypp nipnhby w-
rWOohG dhoudpuypbiph,

q) unwgdws dhowlwiptinhg jmpupwlynipmd wwnpqlby wnpdwé pnily-
ghuyh wowbguyp Grudp,

n) pbnptis 5 ogbmpywdp wunqly mumdbwuppynn dlbyghuyh Ypfunp-
Yuwhywo Yunbpph ponypp:

OphGuwly 7: Gk woenng pduyhl wowbgpeh dpw npnyweé

Sb)=(e+2f(x-1) (9)
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$nllghwyh dnGnunnGnupjwl dhewlwpbinp, Yphnhyuiwb Yhwnbpp L tpuunplidnush -
nbpp:

Lawonud: Lwlu hwpdbOp npdwd pniGyghw)h woéwbgywyp 28,(2),(157)].
=)= (x+2}5x+4)(x-1) :
UjGnihbunnl nudbiny
(x+2)(5x+4)(x-1f =0
hwywuwpnuip’ qunGblp (q) nillyghwh unwghnGuip Yownbpp.
x=-2; x,=-08;, x=1: ()
fwGh np nhunwpldng $aLbliighuwih wowlguil wipnng pwqdwbnwd t, hbnbwpwp
wjl npndwé t (L wiplnhwwn) wipnng pdwihl wewbgph Ypw, htunbupwn (g) dnuly-
ghwil wyy Yppunhluwws Yawnbp snibh:
Ujdd x,,x,,x, Yhwntpny pwihG wowlgpp (npfwd dnuGlyghwsh npnadwh wnhpnypp)
wnpnhblp wnwGdhG Shewlwipbph.
(<0:-2), (-2,-08), (-08;1), (1;+):
Uunwgywé dhowluipbiphg jntpwpwGgnipmi wwinqbiny (q) Pauiyghuwih wowbgu-
(h Gawp (6Y4.53) YunnwGwhp, np (~0;-2] L [-0,8;+w) Shewluwipbpnid nhinwplynn Hnubl

f® + 0 - 0 + 0 . x Ghwh dnGawnbG wdnd &, huy
fx) ~ -2 \N-08_~ 1 - [-2;—0,8] dhowlwi)pnid” dnGninnb
Oyuwqnedl:
Gy.53

Pwbh np x=-2 Yewh Ypuyny wiglbthu /(x) wéwbgywiG hp G2wlp wymuhg gn-
tuntd t dhGniuh, hbwbwpwp x=-2-p ghinwplynn $ncblghwih dwpuhdnidh Yow b
x=-08 -p tpywé $nillyghwgh ShGhintSh Yo b, npnyghtinl wyn Yhwnh Ypwiny wiglhhu
/'(x) wowlgyuib bp Guilp hGniuhg tntund b wyniub: MGy Ypwpbpdnid b x=1 Ut
whi, www wii £ (x) IniGyghwih tputnpbdnudh Ybun st, pwGh np wyn Yhnh dpuygny wig
Ghthu £(x) PniGlyghush wowbguup sh dintunid hp GawGp:

Ujdd gniyg tnwlip, np $mbhyghuh tpuinpbdnudGhiph npnGdwG dwiwGwy,
Unhwhlwlws Yewh pewlwipnid hbinnwgnugnn $nibhyghwgh wewehl ungh
wowlgjuih Gawlh nwmidGwuhpnpyntGp Jupbih b tinfuwphGb) htiGg Yphwh-
YwlwG Ybwnmd wyn dncGhyghwih bpypnpn Ywpgh wowbgpuih Gawlh nund-
Gwuhpnipjwdp:

Bbnptd 8: (Smulblhghuyh tpunpbdnidh qrmpwt pudupwn uwydwlp
bnlpnpny Yuipgh wowlgyuwih dhongny):

Mhgnip x, unwghnlwn Ybnh poudypuypmd npnadwé f(x) Prllyghws wn
2nowlpuypmd mGh wewehl lwngh Jbpouninp woéwlgpwy, huly x, Ybwnmd” bwk
Gphnnpn wpeh wéwlguwy: Un nbwpmd, bpb [ '(x,,) -0 pwgwuwlwi t, wuyw
x, -0 f (x) IruGhghuyh dwpupdnidh b ¢, huly bpb '(x,,) -0 npwlwl §, wyw
wil f(x) pbhyghuyp Shohdmdh Ytw t:
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Uwwgnyg: Thgnip x, uwnwghnGwn Yhwh 2pewlwipntd npnadws f(x)
$niblyghwl wyn 2ppwhunpnid nilih wowghG Yupqh Ybpowynp wéwhgywy, huy
x, Yawnnd® Gub Gpypnpn Yungh wowGgiuy, pln npoud

(x)<o0:

hhswbu ghinkGp, Ywwnwnywsd Lpwnpnipynilhg hbwlnud £, np qnjnipyn
mGh x, Ytnh wibuhuh 2pgwlwyp, np wyn 2newlupnid f/(x) Pnibyghwb Gw-
qnid | [30,11):

Uinwu Ynndhg, pwGh np f(x,)=0, ntuwh x, Ytwh dpwnyg wiglbihu £(x)
wowbgywiG hp Gawhp wynuhg tinfuntd t Shhnwh: Ienbwpwp, hwdwdw)h
pbinpbid 5-h, x,-6 f(x) $nibyghuyh dwpuhdnidh Yt L

Fwuywlwih t, np GnyG dknd wupugmgynid b Gwl pbnpbdh bphypnpn duw-
up:

: buw
llchnhl’Juﬂa 8: Oqunliny ptinpbd 6-hg, qunGhi wipnng pywhG wowbgph Ynw npnp-

y=-x3——2x’+3x+l )
dnulijghush tpunplidnush Yewntipp:
Lménmd: Lwh hwybGp wpywé pniblighush wowbgpup.
y=x'-4x+3
b métiiny y =0 hwyjwuwpnidp’ qunitGp Gpw unmwghnGup Ysunbnp.?

x=1, x=3:
UGnthEwnl hwatGp nhnwpyynn $nGyghwh bnbipnpn Ywpeh wowbgyugp.
y=2(x-2)
b win wéwhgyuwih wpdtpbtipp () Pmolghwih unwghnGuwp Yewnbpned.
»)=-2, »@)=2:

Rwih np y(1)<0 L y*[3)>0, htwnluwpwpn, hwiwduyG ptnpbs 6-h, x=1-p pYws
dnuGlghugh dwpuhinudh Yt t, hulj x =3 -p° ShGhonwih ybun:

LakGp, np ptinptid 6-0 nuGh Yhpwnnupjwl Gin ngnpn: OphGuwly, wyGhwpnn-
nG0 wjG hGwpwynp st Yhpwnby wiG Yphinhfulw Ybnbph hwdwp, npntin
htwnwanunynn $niGlghwl smbh wnwohl Ywngh woéwGgwy (npnyghbnb win
LGwbipnud nhunwplynn $nbyghwh, plwbiwbwpwn, smGh Gwl bplpnpn Yup-
gh wéwhgpuy):

Jwulwbuwih t Gwl, np wyl unwghnbwp Yhntipnid, npunbin nuuntdGwuhp-
ynn PnLGlyghwih tpypnpn Yupgh wowhgyuiG by & hwiwuwn qpnjh, pbinpbd 6-p
nwndjuy nsghs sh tnwihu: LEWG nbwpbnnd $nillghwih tpunpbdnudblipp gun-
6t fuGinph |ménLip Ywhuws t wyn $mGyghush wybih pwpdp Ywpgh wowe-
gwiGbph Jwpphg: Wn Juwwhgnipywdp wnwig wwwgnygh phiptlp hbnbjuwy
phinptip’

*}hGubu inbuGnud bGp, nhunwplynn $nLGlighwi wy Uphwhlulyuws Gnbp saclh:
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Rtnnkd 7: &pl wowlguybbphg wawphlp, npp f(x) Prbyghuyh x, wmw-
ghnGwn Ytinntd hwdwuwn st qpnyh, Yo upgh £ wupw wyn §binmd np-
umwplydnn pnillghwl tpuinpbidmd snbh: buly bpb wyn wowbgpuyp qniyg jup-
oh ¢, www x, Ysinmd walw ¢ tounpbdmd. pan npntd x, -G Swpupdndp b t

tpt pmibhyghuyh Grdwé wowbguwyp pwgwuwlyws ¢ b dhGhdndh b L bpb
wyl ppuwlywl t:

OnhGwly 9: Uuwignigh|, np x =0 -G wipnng pYwihG wnwGgph Ypw npnjwé
y=e"+e +2cosx
dnGyghwih ShGhdmadh hien L
Lntémud: Lwiu hwingqyblp, np x = 0 -0 nhinwplynn dnblghwsh unwghnGun b b
hpnp niGhip [27,(8°).(10)], [28,(17).(9)]
Yy =e -¢"~2sinx, y’(0)=0'
Ujinihbnl YuunwGuwGp

y' =e"+e—2cosx, )"(0)=0,
Y =€ —e*+2sinx, y"(0)=0,
y ' =e"+e”" +2cosx, y"(O): 450,

hbwnluwpwn, hwdwdw;b pbnpbd 7-h, x =0 -0 nhvwplynn IntGyghwih ShGhdnwh Yow t:

§34. dnGyghwih qpwdhih qnquynpaipjnrlp, aLnnighint-
pinilp, 2npodwl@ Yhwbpp Lk wuhdwyunnnGhpp: daclblghw)h
htunwgnniwG L Gpw qpudphyh Juonigdwl pGnhwGnip nipughép:

UnGnunG $niGlghwlbph nwuhg hbtnn wnwGAGWGNLY t nienighly Ywd gn-
quynp pnilyghwlbph nuup:

GGpwnpbiny, np y = f{x) ImGYghwh npnadwd t L whpbnhwen X Shour
Yuwypnid® phipbOp htwbjwy uwhdwbnidGtipp

UwhswGnid 1: bwublp, np X dppwlwpmt inpywé f(x) wlplnhumwn

UnnG manighyy ¢ Gwd nemghlymppude nbyp Jbp E mandws win dhowluypntd
(0.53w), bpk uyli hp qullguws npunpinnhg Gbnpl ¢ qulymd (pugh snpunf
Juwl Ybuinpg):

¥y
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w) )



§34

Uwhdwlnud 2: Ywwblp, np X dhowluypmd npdwé f(x) whpbnhwn
inpp qnguninp t wd memghlmpywdp nbwh 06ppl ¢ minnwo wyn dhowlwy-
pnid (64.53p), bpb wyG pn gwllhwgwo rnpunpnnpg Jbpk ¢ qubdmd (pwah sn-
unpiwl Ytinhg):

UwhdwGmd 3: Ywublp, np X Uhowluypmd npwé f(x) pnillghwl
nmamghly t (gnquygnp 8) wyn Showluwpmd, bpl Grduwo dhowlhuypmd ninnghly
t (anquufnp t) £(x) 4npp:

dnuGlyghwih gpuiphlh ninnighynipjwl plnyps win gpwdhlh unlnp plni-

pwqphsGhphg t: Uyn wwndwneny, $aLGlighw)h dwpph numdGuuppnipywG fuGn-
naud Ghppnhhjwy pinpbdG nuGh wnwGdGwhwunnily GwlwynipymG:

Ruankd 1: dhgnip y= f(x) Prublyghwl pn wowphl Yupeh wowlgwih
hbn dblinbn npnpdwé t nt wlpnhwin X dhowluwpnid L wyn dhowlwph
Gbpunud mh Bplpnpn Yuwngh Ybpouwnp wéwlgpuy: Un nbwpmd, bpt f*(x)
wowhgu G pGnmbmd ¢ dhuyl pwguwowlpwl wpdtiplbp, wupw X  dhowluypnd
f(x) Pprullyghuyp qpuphlyl ninmghly t, puly bpb f*(x) wowlguyl plnniimd
t dhuyl ppuwlwl wndtplbp, wuyw npfws dhowluypmd f(x) pmblghuyp
snwphlp gnquninp t:

Uwwgni)g: hgnip f(x) $mGlghwih npndwl whpnyph Ghpuntd Gpw
apypnpn Yuwpgh wowbgywih pGnnGnud t dhwyl pwgwuwlwl wpdbplbp.

r(x)<o: M

BtinpLdG wupugnighint hwdwp X dhowlwiph Gpuntd YtpglhiGp Luwdw-
Jwlw x, Y, f(x) Preiyghugh apuPhth M,(x,.y,) Yeinny nwibGp wyn puw-
$hiyhG 2nawihnn (hGsp. puwn wuydwGh hGwpuninp t) L gnyg wwGp, np f(x)
Ynpp qunGynils t tnwpwd 2nuhnnhg Ghippl (pwgh M, Ybinhg):

hGswbu ghuntGp, M,(x,,5,) Ynnid f(x) YnphG wwpwé 2npwirnnh hujur-
uwpmdG nubh

y= )+ c-x)r(s) (2)
tnbupp [26,(5)], nntin 5 -p wyn 2nzwihnnh pGpwghy Yhinh opnhGuwinG t:

y = f(x) Ynph hwywuwpnushg winwd we winwd hwibing (2) hwywuw-

pnudp” YunwGuwlp
y-5= )= rx)-G-x)rlx): (3)

2wGh np (y - 7)-p nhuwpldnn Ynph Guwdwjwyws Gtnh opnhGwwh L M,
Lwnnd wyn Ynphl nwpwéd 2nwhnnh, Gnyl wpughul mobgnn Yewnh opnhGw-
nh nwppbipnupymGo t, niunh ptinpidh wnwehl Jwul wwwgnighint hwdwnp
wlhpwdtizn t gnyg vy, np X dhowlwyph gwhiwgwsd Yuwnmd wbinh niGh

y<y (4)
whhwywuwpnipymGp:
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Oqubiny ptinptish wwydwGGlphg L f(x)- f(x,) wwppbpnpwl hwiup
gptigny Lwgnuwidh pwbwélp [30,(9)), (3) hwywuwpnipymbp YGbplw)wglttp
y=y=le-x)rl)-le-x)r'(x)

y=7=(x-x)r)- 1) 5)
wnbupny, npintin ¢ YtwnG pGlwsé t x L x, Yhwnbiph dhels:
Lljwwnbny, np f’(x) Inlyghwh Gnejluwybu npdwéd Shpwliwpmd pwyuw-

pwpnd Lwqpwidh pnpbsh wwyswGGkphG® f(c)- £'(x,) nwppbpnupiwt dpuw

L YhpwatGp dtpnhhyjwy phinpbdp: UpmyniGpnid (5) hwjwuwpnipynilp YGbp-
Yujwgltbp

Yuwd np GnyyGG t°

Y‘)_’=(x*xo)(c‘x.)f'("‘) (6)
wnbupny, npintin ¢, Yol pOlwé t x, L ¢ Ytwnbph Shol

Gepwnpliiny, np x> x, L hwzyh wnGkiny, np ¢ -0 pGJwoé b x, L x Yhiwnbtiph
Ghol." YuunwGwlp c—x,>0:

Usniu Ynnihg, hwiwdw)G (1) wwydwlh inbnh mbh

fe)<o
wlhwywuwpnipynilp:

Upuwhuny, (6) hwywuwpnipjwG wy dwuh ytpghl wpuwnphsp pwgwuw-
Ywa t, huy wnwehb Lpynt wpwwnphsbbpl x,-hg 066 x -tiph hwdwp pbnni-
Gnd GO npwlwl wpdtipGlip: Uudwép GawGwlmd t, np x -hg 066 x -tiph hu-
Swp (6) hwywuwpnepywl wy Swup, hiwnbwpwp Gwl wn hwyjwuwpnipjwi

dwlu Jwup, plnntbnud b pwgwuwlwl wpdtiplbp, h0sG t) GwGwynid t, np
O2qwé x -Gph hwdwp wnbnh nGh (4) whhwdwuwpnipyniip:

Ujdd LGpwunptilp x <x,:

Uplabiny ybpnapu nwwnnnmpinGGepp’ htnnupjwidp YhwingykGp, np
(4) wihwywuwpnipymbp wbnh nbh Gwl x,-hg thnpp x -tiph hwdwp:

Utithnihtigny wpnyniGpltinp” bigpwlwgbnud Gp, nn y= f(x) Ynph gullu-
gwd 4bwn qunGynid t wyn Ynph M, Yl wwpwsé nywihnnhg Ghippl: Lwih
np M, -G nhinwplynn Ynph Quidwjwlw Yo t, nunh pinpboh wewphG Swub
wwjwugnigyuwé L

@Lnpbdh Gpypnpn Swul wwwgnigyntd t GnyyG Slny:

hup

bpt f(x) Ynph upw SGwiny wpdytiGp x -h wESwh nunampswdp L hbnliGp
uyn Ynph 2nzwihnnh nt ox wnwigph Ywaiwsd o wilwh [6,u2] thnthnfunipju-
Gp' Yhwdnqyblp, np (G4.54) nhuwnlynn Ynph ninnighlnipjwl ntinwdwub-
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y nned wyn wolnGp Gwqnud t, hulj qrquynpnup-
=1 Jwl nbnwdwubpnd” wémd b IGnlawpwp, hwiw-
wwinwufuwl wninwdwubpnud GnyGyhuh inghin-
olAa X ,* funipynil b Ypnud Guls rgar -G, wyuhGpG f*(x) wowG-
K giup [26,(4)):
Gly.54

Ujniu Ynnihg, nplt nbnudwund  £(x) pnGhghwih Glwgbiyp GawGuwynid
t, np Gpw wéwGgywip, wyuhGpl’ "(x)-p wyn whnwdwund plnnGnud t Shw)G
ng npuiljwG wpdtipGhip L Gywd nbnwdwuh dte pGYwsé ng Gh Showlwpnid sh
hwywuwpyntd GnyGwpwp qpngh {33,p3]:

LnyG 8uny, nplt nbnwdwumd f(x) $mGhghwih wobip Gawlwynd t, np
wymn wnbnwiwund f(x) wowGgywiG pGnnGmd t dhuyG ng pwgwuwlwl wp-
dtipliip L G24wé nbnwdwuh dty plywd ng Sh dhewlupmd sh hwlwuwngnid
GnyGwpwn qpnjh:

Uuwpuny, pnGlyghuyh gnwdhlp nienighlyniprwl inbnwidwubnmd wyn
dmblyghuyh Bpypnpn qupgh wowlgruyG plnmbmd ¢ Shuyl ns npuwlwl wp-
dtipGtn, puly gneuunpripywl inbnuwdwubpmd” dhuyl ns pwguwuwlwl wndtip-
Gbp, plGn npred Gplne nbwpbnmd b, nplt Showlhwpmd, npG pOlwd ¢ Gywo
nbnwdwubph obp, wyn wowbguuyp sh hwdwuwpymd GnyGuwpwn qpgh:

Ljwwnbiny, np pbinpbd 1-p sh YnpgGh hp nidp, bpk X dhowlwph woawb-
Shii GbpphG Yhwnbipnd (x) wéwGgpuihG pnyjwinptGp hwjwuwnpyt gnngh L
dhwynpbing wyn pbinpbidG nu Ybplntd Jwpuinpywé bqpuiljwgnupyntp” YhwG-
qlp hbwnlywy windwGp.

Bbnpbd 2: Ygnp y= f(x) Pmlhyghwl hp wowghl fupgp wéwlguwlf
hbw O6lpnkn npnpgws t m wlplnhunn X Showljwpmd b wyn dhowlwipf
Glpumd mOh bplpnpn ungh Jbpouninp woéwbgnwy: Um nbupmd, npwbugh
X dphowluyprid f(x) pmblyghuyp gpudhlyp (pGh ninmighly (gnquuidnp), wah-
nwdtipn ¢ b punfwmun, np.

1) Gajwo dhowluyph GEpumid (x) wowlgnuG plnmbh ns npwlwt (ng
PWgwuwlwt) wndtplGbipn.

r)so [rix)=0.

2) X Jhowluph St pllywé ng dp dppwlwpmd [(x) wowlguuyp G-
lwpwn hunfunnwn shap qrngp:
OnhGwy 1: QunGby y=x* Pniliyghwih gpwdhlh (G4.55) ninnighympjwl L gnqu-

Unpeipywl Showlwipbnp:
Lnidnud: hulinhpp (nuotpnt hwdwp hwzyblp nipdwd PniGlghwih wnwehG L bpy-

papn Guwpgh wowhGgywiGlng [27.(7)). [28.(9)). {28.u1).
y=42, Yy =12x*:
2wGh np nhuwnlynn PniGlghuyh Bpypnpn Ywngh wowbgiuwiG wdpnng pYuihl
wowhgph Ynw pGnmGnid t ns pwgwuwiul wpdbplln L hwdwuwpynud t qpngh Shuwyl
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by 4suntd (x=0), htwbwpwp hwowdwis pnpbd 2-h, wpdws pncllghwsh gpwPhls
wydpnne pywihl wowGgph Ypw qnquynp t:

Ophlwy 2: Qunll| y=1-x* Imbyghwyh gpwdhlih (GY.56) nienghynipjuwih L gn-
quynpnipjwt Showlwypting:

Leménud:  RwlGh np nhinwnplynn $nilGghwih Bplpnpn Lwpgh woéwbgyuip hwduw-
uwn t -2-h, hiwnkwpwp, hwiwdw)t ptnpbd 2-h, tnpdwé dnublyghwgh gpudphys wipang
pywjhG wnwbgph Ypw ntenighy t:

OphGwy 3: Qnlby y=a* (a>0,a=1) Pmbyghuyh gpwPhih (6Y4.57) ninnighlynp-
Jul L gnquidnpnipjuil Showlwyptbpp:

Lowénud: 3wpytilp npdwéd dniGhghugh wnwohb L tphpapn Yupgh wéwGgyw Gpp
[27.(8)].

y'=a'lna, y"=a’in’a:

L2weh np nhnwplynn Pacblghwish tpupnpn Ywpgh wowbgywip x -h gulywgws
wpdtph hwdwn plnnelned b npuilpwl wpdtipGhn, hbnlaupwp, hwowsuyl pbnpbs 24,
npfwd Pnibyghwih qpudhll wipnng pduhl wnwbgph yYnrw gnquinn t:

b
y=a* (a>1)

y=a’ (0<a<l)
x

0' >
Gy.55 04.56 ay.57
Ophlwly 4: Qunlb| y=x' dmlGyghuwsh [33,01] qpudbhyh nienighlinipjwl L gnqu-

ynpnipywl dhewlw)ptipp (GY.49):
Lowénud: NiGLGp

y' =3, y' =6x:

Lwih np nhinwpliynn InuGlghwh Gpypnpn Gwpgh wéwlgiwip x -h puguiuwlwl
wndtipbbph nbwpnid pGnniGnid ¢ pwgwuwluwG wpdtplbp, huly npwlywi wpdtptlinh
nbupntd’ npwlwG wpdtipGhn, htnbwpwn, hwiwdw)G phinpbd 2-h, (~o;0] dhewywipnd
npyws dnilyghwih apuidhiyl nioneghl t, huly [0;+0) Shpwyuypnud’ gngudnp:

Ujdi pbpbkGp hbwnlywy Ywpling vwhiwlniudp’

UwhdwGmd 4: y= f(x) wlplnhun ynpp M(x,.y,) Ybinp Gngdmo t wpn
ynph spodwl b, bplk wyl inpywo Ynpfh momghlympywl inbnwiwul wiouw
wmd t Opw gnquinpmipywl inbnuwidwuhg:

OphGwly 5: RwGh np M(O;O) Ybwnl whowwnnid £ y = x> Ynph muanghinipjws nb-
awdwup Gpw qnquynpmpywl nbnwswuhg (k' Guwiunpn ophGusyp), htiwtaupuwp, hw
Swduyl pepywd vwhdwldwG, wit y=x' Ynph 2pedwl Yt t:

UyGhwyn &, np b 2ppdwl Ybwmd Ynpl map rnzupnn (G4.58), unyw wyb
wyn 2nywhnp dfr Ynndhg wlgbmd t Opw Jymwu fnndp” ppedwl fhnmd huw
Ybynd wyn 2npunpnnp hbwn:

GopwnpbGp X Shpwluypnd npndwd f(x) wlpGnhwin $niGlyghwl win

dhowhuyph Ghpund mh wnwhl Juipgh dbppusynp wéwbgpup L M,(x,, y.)-ﬂ
wjn $nullyghush apwdhlh 2npdwh Yk t (04.58):
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Un nbwpntd, hwdwduwyl 2pedwl Yt uwhdwGdwh, gnynipynil nGh x,
y Ytnh wyGwhuh (x, -8, x, +38) (5 > 0) 2npwlyup, np
ywd (x,-8,x,] Ghpwlwjpnes f(x) YnpG ninne-
ghl t. hul [x,x,+8) Ghpwluwipnis' gnqunp,
x Jw'd b hwlhwewlyp’ (x,—8,x°] dhpwlwypnid gn-
- quwynp &, huly [x,,x, +8) dhowluwypnd’ nunnighly:

y=f(x)

ol xoiﬁ io xoid
GL.58
hOswtiv hwdingqybghlp YLplntd, wowphl ntugpnid (x, —8,x,] Ghowlwjpnid
j‘(x) dnuhyghwl Gwqntd t, huly [xo,x,+8) dhowlwjpnud’ wenud, kpypnpn
nbiupnid (x,—&,x,] dhowluypntd w0 wsnud t, huy [x,,x,+5) Shewlw)pnt§”
Odugnd: Jwulwbuwih t, np bpyme gbwpbipned t) Ywpnn GGp winky, np x,-G
f(x) dnuGhyghwih tpunpbidnush Ybn t (wnwehtG nbiupnid wyG ShGhdnush Yhin
k. puly bpypnpn pliyemd” Swpuhdnudh Ytn): Itnbuupwn, hwdwowyG Ptpdwjh
plinptith [30,p1], Lpt x, LNl f’(x) $nGyghwl mbh Yeppwynp wéwlgjuwy,
wyw wihpwdbnwpwp wiG hwywuwp b gpngh:
Udhnthbiny pbipuwd nunnnnpniGGtinp” unnwGmud bGp hbwnlywy phinpbdp”
Bnpbtd 3: %hgmp X dhowlwpnid npnpywd | (x) Ddmblghwt wn dh-
pwlwyph Gbpuntd moh wewehl Ywngh ybpowynp wowbguuy: Um nbupmd,
bk M,(x,.y,) -G wyn $mublghuyh apudhlih 2pedwt htun t L x, Ytunmd grynup-

G map f(x) pmblhghuyp bpiynnpn fupgh Jbppuninn wowlbgyuy, wuw wih-
nwdtpnwpwn win wowbgup hudwuwn t gpgh.
fx)=0: M

Bbnpbd 3-hg bqpulpwelntd 6Gp, np bpb bphynnpn Jwpgh (bpswiinp w-
swlgruy mGtgnn prllhghuyp Gpypnpn wngh wowbguun nplt Ybnntd mwp-
Bbp t qanihg, wupw wyn Ybunp sh fupng nindws pmllhghuyp epuwphlp 2nedwl
Ybunh wpughu (paty:

Unwgyws wlnmdhg hnbmd t. np hn npndwl inppnyph Gbpphl Ybwnk-
nnud Eplhpnpn wpgh fbpguninp wowlgywy nilbgnn pmbyghuyh gpwdhyp
2nodwG Ybunbph wpughulbpp wbup t hlunply wyG Ybnbpmid, npnbn npdwé
Prullyghuyh Epypnpn  fwpeh wowlguyp hunfwuwp t qrryh:

Itwnlyw ophGwyh Ypw gnuyg nnwbp, ap (7) wwjdwih nbinh nuGbGuyp wih-
nwdtipwn b, pung ng pwdunwn, np x,-6 f(x) InGlighwih gpwPhih 2pedwe Yt
LhGh

OphGwly 6: 20wjwé x=0 Ybwnid y=x* $nillighuh tiplpnpn wpgh wéwlgywip

hwifwuwn t qpagh, wiGnuwdbGuwiGhy M (0,0)-6 nhnwplynn drutyghuwh gpuwdhyh 2ne-
SwG Yben st (G4.55). npnyhbink, hGsutiu inbuwGp ophGuwly 1-nud, nhunwplynn dncblghuh
pwdhyp wipnne puyhG wowbgph Ynw gnquignp t:
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Uuypuny, [*(x)=0 wwpwlp f(x) pmllghuyh epwdhlyh 2pedwl Ybunt-
nh wpughulbph hwiwp mGh wyl Grwlwhmpnilp, pls f'(x)=0 wuwydwip
wyn dnblhghuyh tounpbonidh Gbinbph hwiwp:
bpt (wybwgGhGp niuntdGuuhpynn $nGlghwlbiph nwup’ pauy nwiny, ap
hp npnz0wh whpnyph wrwGdhG Ghppht Yewnbipntd dmbyghwt smlbbhw bpy
pnpn Jungh bppwynp wéwbgjw), www hGwpwynp t, np win YewnbpG by 1has
¥y nhwnwpyynn dnlyghuwih gpwdhlih 2pedwl Yhnkiph
Y- f(x) wpughulitip:

Mo (%6, ¥o) 59-pn Ghwpmd wwinybpdwé Ynpp wwpqupwlndd
/K' t wuywén:

i x  Udhngtiing dniGlghwih gpwdhlh 2pgdwl Yok
OI ;0 > nhi ybpwpbpnn dbplinid unwgwd wpnniGplbpp” G-
pnn LGp dLuuybpwb) hbnbjwy pwdwpup wwgdwip.

ay.59
Btnpbd 4: 2hgmip X dppwluwpmd npnpdwé f(x) woplnhwen Hnuliy-
ghwi wyn dhowluyph GbpphG x, Ybwnmd qu'd srilbh bphpnpn Yungh epow-
Ynp wowlbguy, Yw'd b wn wowbgiuyp hwywuwn £ gnngh: Un nbwpmd, bpb x,
Yeup Ypuyny wlglbipu (*(x) wéwlgwip phnfunid t pp Grwlp, wyw

M (%, f(x.)-G 1(x) 4npp zppdwi Ybun b hudpnudy nbwpmd” wyG f(x) Yonh
2nouwl Ybun st:

Ophbwy 7: Qnlb| y=sinx PnmGlighuyh qpwdhlh 2nedwh Yuwnbpp:

Lniénid: NiGEGp [27,(10),(12)]

y'=cosx, y'=-sinx:

hGswbu nbubnud LGp, wnpdwé dnilyghush tpypnpn Yupgh wéwbgyuwip npnaydws ¢
wipnng pywihG wnwhgph Ypw: aunbLwpwn, win $nibyghwih anuwPhyh zpgdw ytinbeh
wpughuGbpp whwnp t npby Shwl sinx=0 hwiwuwptwt wpdwwnbtph, wjuhlpl

x=nk (ke Z) pwadnipjwl by RwGh np Gzqwé puqinpub Yhwnbph Ynpwjny wigltihu

y=sinx $mGyghwh bkpynnpn Yupgh wéwhgpuip thajunid t hp GawGp, ntutnh, hwiw-
duiyG phinpbd 4-h, wyn Pniblghuwh gpuwdhlp b ox wnwligph hwndwh Ytwnbnp nhuwpl-
ynn dnillighwjh 2nedwi Ybinbnh bo:

OphGwy 8: Aduwp st hwdngys(, np M (0;0)-0 2pgdw Ybwn t higwb'u y =5 rull
ghuyh (nb'u ophGuwy 4-p), wibwb'u b y=yx [33,06] Pnilyghwsh gpudhlh hwdw:

Snilyghwlbph gpuwdhlbtipp Yuwemghint hwiwp dkq SGnid t Gwlnpw-
Gwi wyn qnuwdhlGbph wuhdwwninGpht, hswbu Gwlk GpwiGg quGbint Gnw-
GwlybbphG:

UwhdwGnLs 5: bwutlp, np | fnph M Ybp wnpdwd Gnph pw SGwind
dquimd ¢ whuwhidwlmppul, ek wyn Ybinh hbruninpaupynilp YnnpaplGunntt-
ph ulqpiwlbinhg whuwhdwlunpuwlnpbl J66wlmd t, wuhlpel, bpt M Ybuh

innpnhGunnbbnhg qnlb J6Up dqunmd t wymu Ywd dplniy wluwhdwlbng-
Jul;
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UwhdwGmd 6: a mnhnp ynsfmd b | gnph wuhdupnnn, Epl | Unph
pipwghly Ybwh b a muqnp hbnwnpnegincGp dquimd t gnoyp, bpp inpywd Gnph
Ynw JGwny Gpjwo Gtinp dquimd ¢ whuwhdwlmpjuwa:

UwhdwlniS 7: Ep& §npp wuhdupnminpg qmiquihltin t oy Juid ox Ynnpnp-
Gunnuwlpw wewlgpht, uwyw wilG hwdwwunnwufuwbuwpwn Ynsdncd t wyn fnph
mnnwihq wd hnpphqnbwlwl wuhdupnmn: buly Gt ynph wupdupnninp qru-
qwhbin st Ynnpnpbunwlwl wewlgpGlphg npbt T64H0, www wyl Ynsymd ¢
npwo ynph pbip wupdupnnn:

Luwfu swhnpwbwlp Ynph nunnuéhq wupdwwnininGbph hbun:

Ghpwnpblp dh nplt x, Ghnnd y = f(x) dmbYyghwl niGh Lpypnpn ubinh

(whybng dt6) fuqnid [24,u7,p)]. wyuhGpl LGpwnnklp f(x) dnibyghwh hw-
twp wbnh nbh hhwnlywy hwywuwpnipyniGitiphg gnGb delp’
Jim flx)=t0, lim f(x)=1o0 . (8)

Jwdwdw)b Ynph wuhdunninh vwhdwldwl, (8) uwhdwGGtphg qnOb dklh
wnluwynipymbp Gowlwynid £, np x=x, ntnhnp y = f(x) Ynph ninnwédhq w-
uhdwwinun b Jwuljwbuwih t, np Show b Gwh hwhwnwl winnuwip® wyuhGph, tipt
x=x, ninhnp f(x) Ynph ninnwdhg wuhdugnnun b, www whpwdbunwpwp (8)
hwywuwpnipynLGoliphg qnGt dbyp inbnh nuGh:

dbpngpyuwihg bqpuwlwglnid bGp, np pnillyghuyh gpuwphiyp ninnwdpq
wuhdupnninllipp qullint hwiwn (bpb wynhuhp Yuwl) wahpwdbyn b qunlby
x -h wibyhup wpdbplbn, npnlg whuwhdwluhwynpbG dnnbGupu inpdwo
Imbhghwyfr wpdtipGbnp pwgwndwly wpdtipny wlvwhdwluhwlnpbl dbow-
LwG:

1
OphGwy 9: QunGty ,V=-; nillghwih apwdhyh ninnwdhq wuhdunnunGlipp:
Lawénud: Rwlh np wnbinh nukG

lig = =
huwuwpnepynibGbpp, hbwkwpwp oy wawlgpp (x=0 ninhnp) nhuwplynn $niby-
ghusgh gpwdhlsh ninnwshg wuhdunnn t (64.60): Ujniu Ynndhg,
_1 pwih np (—0:0)U(0;+0) puqdnipjulp wurnlwlnn jnipwpwlis-
x Jap Yswnad inpywé dnibyghwt pGanilnmud t yGpewynp wnpdbp

1
[25,014], hbinbwpwp x=0 nunhnp ¥=— Ppnillyghuyh gpuidh-

yb Shwy nupnuwadhq wuhdwunnunG t:?
Gy.60
UGgGLGp Ynph hnphqnlGwiwl wuhdunninGlph htinn dwinpwGuntb:

*) LykGp, np $rullyghuwih apuwhlp Yunne t nuibGuy wiphy puqdnupjualp snuwdhe usbdupnmnGln
{ophudy’ y = rgx pubilighussh qpuudhlyn):
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WyGhuwyin t, np npybugh x -p wyniu wiuwhdwampyuwlb dewbithu y=}

mnpnp (hGh y = f(x) Ynph hnphanlwlwl wupdupnmn (64.61), wlhpwdbyn t
L pudwnwpn, np wnbnh mObGw

lim|f (x) -4 =0 ©
Y np GnylaG ¢t
lim f{x)=b ®)
hwiwuwpmpnilp:
UnyG dbny, nnwbugh x -p dhGmu wlhuwhdwlmpwi dgunbipu y=c ngp-
YA np ihh y= f(x) ynpp happanbwlyws wupdy
\ M wnn, whhpwdtin b L puwwpwn, np wnbinh nt-
bl y=b 8 S p=S) Gblw
x lim f(x)=c¢ @)
0 ¥ hwiwuwpnipynip:
GYy.61

dbpngrywihg bapuwluglnud bp, np y = f(x) pulyghuyh gpuwdhlf bk
qnlwlwl wuhdupunmnblbipp qunibym hwiwp (Epb winwhupp uwl) wohpwdbn
£ nfunwiplyly
lim £(z), tim /{x) (10)
uwhdwlobpp. bpb (10) vwhdwlGtpp fbpoundnnp s66 Ywd gryntgml snills,
www f(x) Yynpp hnppgnlw§uwl wupdupnmn snlbh: bpk (10) uwhowlGlnhg
dhuylG J64YG ¢ fbpounfnp, wupw inpdwd Ynpl mGh dhuyl dbl hnphqnGuwipwb
wupdupnnn: bul bpl Gpwd bplynt uwhdwOGEpG £ Ybpewynp &G L hpwphg
twpplip, wyw f(x) Ynpl mah ppwnhg tnwppbp bplhmt hnppqnbwlywl wupduy
wninn:

|
Ophlwl10: Qunlb y=; IniGlghwh gpwdphlh hnphqnbwlwi wuhdwnntndbpp:
Lowémud: RwGh np x -p wynie Yud Shiny wluwhwGnipjwG dquntighu wntinh nulbl
lim —l-=0
e X
hwywuwpnepyniGlpp, hbwnbwpwp ox wawbgpp (y=0 ninhnp) nhuwnplynn Pnbl-
ghwjh qpwdhlh Shwl hnphgnluwwb wuhdwwnnnb t (GY.60):
OphGwl11: QinGby y=arcige (o <x<+o) Inllghwsh qpuPhyh haphqnbuwlwl

wuhdwwnninGopp [27,(19)]:
Lacdnud: QwGh np nbnh nGbG

lim arctgx = -~ limarclgx-f-
frrae-d 2’ ree 2

hwywuwpntpniGGnp, bownlupwn y=-=/2 L y=x/2 nnhnGbpp nhuwnpldnn nll-
ghuh qpwdhlh haphanGwlwl wuhSupnninGlip b6 (G4.35):
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Uydd, Llpumpbyng, np x -p wymu wluwhdwlmpyuwl dquibhu y = f(x) Ynpl

nbh pbp wupdupnnin [6,ud].

y=kx+b, (11)
nbbp wyn wupdwinninp quilbbime (wyuhGpl k L b hwuimwnm GoGpp qunlbint)
Pnfinp:

Apduwé fulinhpp (nustitne hwdwp £(x) $mayghwyh npnzdwa whpnuph nplt
Ybwny wwibGp oy wnwlgphlG gqniquhtin
mnhn (G4.62): Ujn munnh hwwndwl YhnbpG
ox wawGgph, f(x) Ynph L Gpw wuhdwunn-
nh htn hwiwwwunwujuwiwpwp GwGw-

¢ Utilp C-ny, 4-nd L B-ny, huly 4 Ytiwnhg nh-
> inwplynn wuhdupnninhl wpwd mnnuhw-
jwgh hhipp® D -ny:

0y.62
fwih np, hwdwdw)ld LGpwnprpjwl, x -p wyniu whuwhdwinipjwl dg-

whhy, (11) mnhnp £ (x) Ynph wuhdwinnun t, nwunh wntinh nuGh

limd =0 (12)
hwywuwpnip)niGpn, npuntin § -G wpwé Ynph pGpwghy Ywnh henwynpnipiniGa
t (1) wuhdwwnninhg (8 = 4D):

ABD tinwGlmGhg YuunwGwip, np
8

AB=——,
o (13)

?gml;n a -0 nhinwplynn wuhdwwnuinh b ox wnwbGgph Yuqiwé whlmGo
Wu2]:
Rfuﬁh nn a -G hwunwinn G wilniG t (wuhGpt w)G Ywhaws st £(x) 4nph
Unw 4 Ytwh nhpphg), nuwh (12) L (13) hwwuwpnpinGGbphg YniGhiwGp
lim4B=0: (14)
UjGnehtinnle Ghwinh nuGbGwiny, np
AB =|BC - AC|=|AC - BC|=|f(x)- (kx + b)| = | £ (x)- kx - b].
(14) hwyjwuwpnipyniGhg JuunwGwGp

lim(f(x)- kx - 5]=0 (15)
Ywd np GnyGG £

lim{x[-@—k -2]} =0 (15%)

hikand X X

hwjwuwpnipymGp: Iwzuh welbiny, np x -p dqunud t wynw wiuwhdwbnip-
wa, (157 hwjwuwpnpnibhg YmGLGwop
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dtipght hwywuwpnipynilp GhpYuywgbbiny

limM—k—limg--O (16)
E e ad x X - x
nbupny L oquubiny
lim2 = —2— =0

=== x limx
oy

uwhdwGhg [22,p6], (11) wuhdwwnninh wilynibGwihl gnpdwlgh hwdwp h ybp-
on YuunwGwip

k=lim = (1)

pwlwdlip:

k hwuwnwwnntGh hwdwp unwgwd wpnwhwinnpiniop wnknwnpting (15)
hwywuwpnipjul Gto" qunGhlp Gwh (11) hwywuwpdwh dke SinbGnn Gjniu hwu-

wnunmap.
b=lim{f(x)- kx]: (18)
Uuypuny, ipt x -p wymu wluwhdwlnippuG dqunbipu f(x) Ynpl mbh

pbp wuhvupnnun, wupw wyn wupdupnmnp (11) hufwuwpiswl Sk dintnn k b b
hwurnunnm 666pp npnpdmd 66 hwdwwuwnwufuwbwpwn (17) L (18) pwGudbs-
my:

y = f{x) YUnph Gjnwu plip wuhdwynninp qunGhipnt hwiwn (Gpk wyG qnynupjnil
niGh), whhpwdban £ (17) L (18) pwhwdlbtpp hwiwwurnwuluwGupwn ghinfuw
phity

k=1imﬂ’-‘2, b =lim[{f(x)- k] (19)
r— x —
pwGwdlbpny:
OphGuwly 12: GGk
y=2+x——l- (w)
X

dmeblghwih qpudhlh wuhdinninblpp:
Laénud: Lwfpu GhunnbGp, np pwgh x=0 Ytwnhg, nhnwpipdnn pniGhghwt wibln:
ptip npnywé b Ujnwe Ynndhg niGkGp

limf(x):lilx{2+x—l]= lim?2-+ lim xlim - = +e0
x4 z x el -0 x»—lx *

i (e)- {2+ 1} o,
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hwnluupwp oy wowigpp (w) hwyjwuwpnidG niGgnny Ynph dhwy ninnwdhq wuhiy-
nnnl b

3tubjwy bwdwuwnnipynGltipp gniyg G0 wwihu, np npywé Ynpp hnphqnlwywG
wuhdwuinay sniGh’

tim f(x)= |m‘ 2+x—l)=iuo-
Ferbm X9 x -
UjGnihbwnls, hwagh waGbinyg, np

k=LiLn_f—S‘2=_xi_;r._(l+%-%)=1,
b=lim{(z)-x}= ﬂz-%}:z,

bgpuwywglnid Gap, np nhwwplpng Gnpp x -p wyniu Yund ShGnw wiybpeh dqunbithu nlGh
fwk pbp wuhtwnmn, nph hwywuwpndo t

y=x+2:

Uydd, LGpwnpbiny, np X Shewlwpnid npnadwé y = £(x) Pniblghwt wyn
dhowlwiph pninp Ytinbipnid (pwgh gnigh Yipgwinn pyny Yhintiphg) niGh dhtsk
tnupnpn Yuwpqp Otpwnpuy Ybpewinp wéwigjw)’ Gbpluwywglblp wyn PnGy-
ghwih hEnwqnundwb L Gpw qpwdphyh Ywenigdwl htwbywy plGnhwbnip nip-
Jughdp.

y=f(x) pmblhghuyp gpwphlp fuomgbin hwdwn wihpwdtyn ¢.

1. Quitty f(x) Pmblghuyp npnpdwl infipnypp,

2. 6pt hGwpuninp t qunlly Gwh wyin pmlGhghuwyh JE6wgnyG nt inppw-
eyl undtipGlipng (wyuplpl X Jpeurdiuypnid f(x) Pmllyghwsh ponmbws wp-
dipllinhg wobOunstdt m wibGunpinpnp) b wpdtplbnf wfipnypp,

3. QG pfurmunipinn P llghuwyp gpuwPhish b Ynnppplwinulywl wewbgp-
bbnh hunnowt [bwnbpp,

4. Mwpqby induwd Prllghuyh gnyqmpinilp, YsGunmpimbp L wyn pnilly-
ghugh epwbhlip uwemgbihu Ghunnp mGbGwy, nn qnyg Pillghuyh gpwdhlyp
hudwgunp t opnpbusnGliph wowlgph, huy Ybown Snbhyghuyh gpwdhlyp” ynnp-
hewntbpfh uhqpGudbnh Gllunnduwip,

5. Nwpqby mumdGwupminn prillghwyp wwppbpwlwlnpmbp b Gpw
Gruwdhlp Yuwonigbipu hupdh wnlbly, np T wwppbpuwlwG pmlhghwyh gruwdh-
p lerigbyne hundun pusjulpwst t wyG fwemgby T bplpwpmpyudpe nplt hunn-
Yuwoh dpwr b umugud upurnlbpl wpughulbph wnwlGgph manmpywdp nbnw-
2updty 1x -y (keZ),

8. QunGty htrmwqmminn Pricblhghuyh fuqdwi {bnbnp L wyn Yownbpmd hup-
Y& Gpw wowlnndpwl b dwfwulnndiwl vwhdwilbpp [24,u5,u8],

1. Jupyly f(x) Pmbipghwyp wowlgup,

8. QuiGlk; phwwplhynn Pnibhyghwh dnbGnnnlGnipywl Shewlywpbpn
[22,u13), [33.p2.p3],
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8. Qunlb; wpyws pmblghuyh fpuunipbdnidGhnp [33,u1,u2,p5],

10. Jwpyly neunidlGuwuppynn pniblyghuyp bpypnpn Lwpgh wéwlbguyp
[29,u1],

11. Qult; hbuwqmundnn prllyghwifr nrmghlympywl L gnouidnpnipyub
Uhowlyuwypbnp,

12. Qunlity f(x) Prellghuyh gnuphish 2neduwt Ybwbnp,

13. QunGly wyl Gtunbipp, nmintin nhunwupldng pmbyghuyp wnrwohl b bpl-
nnpn qungh wowlGguyGpp qrympintl sml6G L wyn Ybinbpmd hwpdby tpw
wpdbplGlnp,

14. Quilty wnpduid prclblyghuyh gpuw dhlh ninnuwdhq, hnphgnbwiws L plp
wuhdupnninbbpp,

15. Ogunfbiny munmidGuwupminng pmblhghuyh hbimwgnunowl wnnymplb-
nhg, Ynnpphlunnwlyws hwppmpiwl Ypw Gt uimwgudé papnp Ybnbpl ni w-
uhdupnninlbpp L Gunmgby Gpw g phlp:

OphGwy 13: Ibnwqnunb

X

YEaa {p)
IniGyghwG L Ywenigh] Gpw qpwdhlp:

Lndmud: Lwlu Gunntlp, np (p) dnibhghwbG npnywé t wipnne puyhl wewbaph
ypw L gnnpnhGuinnwigwt wewlgpGiph hbitn hunynud t ShwjG yanpnhGuanGiph uliqpiw-
Ybwned:

UjGnthbnk hwingybiny, ap (p)-0 4G $mlhghw t° bqpuilwglnud GGp, np Gpw
qnwdplp hwiwswp t YnnpphGuinibph uyqpliwsybivnh Ghuandwop:

UyGhwyn t Gwl, np nhunwnldng Inublghwt wuwppbpuwlwe gt

Ujdd hwaytlp wpdws Inibyghwh wowbgjwip [27,(7)], [28,(12)].

. -1 1
y=‘(i(;¥?r)f (@)

QunGiyny (q) dnellyghush GrwlwwwhwwGdws dhowluwptpp (G4.63), bqpulwg-
Grud BGp, np (~o;-1] L [1;+0) Showluwjpbipnud htwnwgqningnn prilyghw Gywagned t, hul

[F1:1] Showlwypmd wEms: x =-1 Yphuhlwlyws Ysinh Ypuyny wiglbthu y wowbg-
JwiG hp GawGp dhGniuhg qnfuncd t wyneup, huy x, =1 Yppohluws Yenh dpugny wig-
Ghu” wyniuhg Ghantuh: 3nlwpwn, x, =-1-p wpdwd $niGlghugh ShGhintdh Yt th
wyn Ysunnd (p) dnibyghwsh wpdtpp hudumswp b 0,5 -h, huy x, =1-p° Swpuhdnudh Yo

Yy - 0 + 0 - x t L uyn ynnud nhuowpyynn dnuGlighunh wndbipp
Yy N -1~ 1N hwduuwpt 05-h:
0Yy.83

Yhunwnyynn $nillghuih gpwdhijh ninntghlinippub b gnquidnpmppuG dhpwlwipt-
pe. hGswbu Gwl 2ppdwl Yhinbpp qunGhim hwidwp hwyblGp wyn $mblghwih tplpnpd

Yungh wéuiigjwp.
y' = W} : (n)

QunGhiny (n) Poilyghwih Gpwlwwwhywldwl showljw)pbnp (G4.64), bopwlwg-
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Gnud B6p, A (—a0;—y/3] L [0;4/3] dhpwlwyplipnud htinwqninynn $niGlghwih gpwdhlp
monighy £, huly [-‘/3_ 0] L [\E +0) Ghowluypbipnild” gnquwidnp: UjGnihtinnl, pwGh np

x ¥" =0 hwjuwuwpiwlb wptwwnbbph

+ g
o Upwjny whglkhu (n) Pniyghwa
thnfuntd £ hp Gawlp, nwsnh

0

&l

- + f—
y [a) _\/’5 U )
GY.64

A[—f :-g), B(0;0) L C[ﬁ;—‘?}

Yonbpp wpgwo Inblyghugh gpuwdhlh 2npedwl Yhwbps &6:

UGghtiny (p) ImbYyghuwyh qpudhiyh wuhdugnninGliphG® Guwhu GYurnbkGp, np wl nu-
nudhq wuhdwnnin snGh (Apnghbnl tpdwd Hnullighwl npnadwé b wipnne pwihl
wewlgph Ypw): Ujnwu Ynnihg, pwih np

lim——=0,
= x+l
hnkwpwp wpughutGhph wowigpp hwinhuwGnd t (p) dnGyghugh grwdhyh hnphgn-
Gwlwl wuhdwinninp’ hGswt‘'u x -p ShGniu wiybpgh dqunbithu, wybwbi'u b wyniu wi-
tingh dqunbiihu:
Swybiny

k=lim%=lim =0

ote y  rabe g? 4]
uwhdwGGbpp, hwinqynid bGp, np nhuwpldnn $niGyghwih gpwdhiyp pip wuhdwnnn
snith:

UnnprhGwwnwiwt hwppnipjwl Ypw GEnyd npdwé pnGyghwih tpunpldnudltpp,
Ipw gpwdhyh 2pedws YbinkinG m wuhduinninGlipp L ogqundbyny hinwgnugnn dnuGy-
ghwsh Jwnpp upupqupwing 63-nn L 64-pn GywpGbphg” bgnwlwglnud 6Gp, np (p) hw-
JwuwpnidG nuGbgnn dauGyghuwgh qruwdphyt nGh 65 -pr Ghwpnud wunlibpdws nbupp:

Y{\
_x
0S|, Y
-3 1 ﬁlg .......... g ........ "x
T~ J§/4 1 \6
\ _________ __05
GYy.65
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uvnrnc 64 nrnG3UL husearuLuer

§35. Qwnwthwp Owubwiwld pnibyghwih b whnpn hGunbgpuw-
Lh dwuhG: UGnpny hGunbqpwih hpiGwiwl hwanlynipyniGibpp:
FpdGwlywi hGntgpwiGhph gaigwlp: Onhnjuwwih thafuwphbnug
winpn? hGwnbqpuwinid: Uwubpnd hGwnbqpdwG dtpnnp:

Uwpbdwwhluwlwd wlwihgh 2w ubghpGtpnid whhpwdbwn b hGrud qu-
061 ng pb wpdwé InmbGhghwsh wowhgwip, wy pbnhwiwnwlyp’ Ybpulwbelt)
$niGyghwG, tipt hwpnGh t Opw wéwhgwip:

Uwhdwlintd 1: Spyfwo X dhowluypmd (Jbpoundnn uwd whbing, pul,
pwg qud Ghuwpwg) F(x) pribyghwt ynsymd ¢ f(x) Pmblyghuyp Guifulw-
Ywa, bpt wyn dhowluypmd f(x)-p hwbnpuwlbnd t F(x) Pmblghuwyh wowlg-
Jwip wd np GnyGl t f| (x)dx nhPbpblghwy wpnwhwpnmpinbp hwonpuw-
Gmd t F(x) pmbyghuyh nhptinbhghuyp.

F(x)=fx) [r(x)ax=drx)): (1)

OphGwly 1: SunGh| y=cosx Pnillyghwjh Guwubwywhp:

Lnwdnid: RwGh np (sin x)'=cos x, htnbwpwp y=sinx dnibyghwh wpdwé bl
ghuiph GwhuGwwGG t [27, (10)):

Spdwé pnutlyghuyh pninp GuwiubwlwiGhph qunbbip Yngynid b wyn dnll-
ghwjh hOwbagpnud L hwbnhuwGnud t hGunbgpuwy udh hpiGwlwG fuGnhnlt-

nhg dtyp:

Btnpbd 1: pb X dppwluypmd F(x) pmllyghwt f(x) prullghuyh buwhr
Gudywt &, wuw F(x)+c -0, apunbn ¢ -G yudwpuwlywl hwunwnms t, Gnylujby
f(x) Pmblyghuyp Gupubwiwt t: Upmw Ynndhg, f(x) Pmllyghuypr jmpuwpwls
Jip Gufubulywl X dhowluypmd mGh F(x)+c wnbupp:

Uwuwgnuyg: Yhgnp X Showlwpmd F(x)-p f(x) $mGYghuyh Gutubu-
Yuwa t: Ujn nbwpnid oqunybiny dh pwGh $nibyghwhbinh gnidwph wowbgulh

pwlwdlhg [28,(17))., hGswbu Gwl hwayh welbing, np hwuwnwwnniGh wéwl-
gjwin hwdwuwnp t qpnyh [27,(5)], YuunwOwGp

[P} ol =[FG +¢ = Flx)= 762),
hGgp, hwiwdw)l vwhiwGiwG, GwGwymd t, np F(x)+c dniGyghwh Gnyjlub
7(x) $niGyghwih GwhuGwywG t:

Ujdd tGpwnplilp, np @(x) $nllyghwt X dhpwlhwypnid f(x) Pniblyghwi
nplt GwhuGwlpwG b, wuhGpG” Gipwaptlp X Ghowlwjpnd wknh nibh
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o'(x)= flx)
hwywuwpnipynbp L gniyg inwGp, np wil nitbh F (x)+c winbkupp:
Panp, pwih np hwiwdw)b Gepwnpmpywl F(x) b o(x) PniGlghwlbtpp X

dhowlw)pntd niGliG dhulnG wéwGgywip, hwbwpwp wyn Showlwpnud G-
Jwé dnibGyghwlbtpp ShijwGghg wnwpptipdnud B0 hwuwnwnneGng [33,h1].

o(x)= F(x)+c  (c=const):
huyw
Uwywgnigws phinptitihg htivnined £, np 71 (x) $niGlyghwih pnpnp GwubwlwGot-
np qnlbint hwiwp pwywlwb t qunbhp Gpw OwhiGwlhwGabphg nplt dkhp L
Gpwh gmuiwpb] wdwjwlws hwunwnmb: Uudwép Guwbwlmd £, np F(x)+c
dnublghw@, npnbin ¢ -G Juidwywlwl hwuinwannG t, ppliGhg GenluywgGmd t
wyl $ruGlghwhbph pGnhwinip wbupp, npnGg wéwhgwip hwywuwn t f(x)-h
Ywd npnlg nh$bptiGghwip hwjwuwn t f(x)dx -h: dbpngpwithg SwubGwynpuw-
whu htinbnud t, np ophGuwly 1-md nhunwplwsé $nilbyghwsh pnpnp GwhuGw-
Lwo0bnG niGbG sinx+c wbupp, npunbn ¢ -0 Ywiwjwlwh hwutnwwnnia t:
UwhiwGnid 2: &pt Fx) prublhghwt f(x) pmibhyghuyp Owfubwlwl ¢
wyw F(x)+c pmbhyghwabinh pGurwlhpp, npwnbin ¢ -0 yudwwlwl huuwnw-
G t, ynsmd ¢ f(x) pmblyghuyp whnpny plnbepuwy b Grwbwlpdmd ¢

[r&)as @
yuydwlwGrwony:”’
(2) wprnwhwynmpywl ok f (x)dr wnwnwppun Ynsydnd b GaphGibgnuy
wpnwhwyinmpynt, puly f(x) pmbyghwl' bophGinbopuwy Dmbyghw:
UGnpny hGwntigpwih vwhiwGnuihg plunud £ Gpw htnbywy hwnympymGGkpp
L. hpbpklgiwl L hlinbepdwl Gywllbpp pnfuwnwnpdwpwn nsGswlmd
60, tipt wyn GrwhGbphg wrwohlp npynmid t bpypnpnpg wewsp.

([ (e)ax)= s(e)ax @)

. 3hplintiGgowl L plinbgpiwl GrwlGlbpp hnfuwnwndwpwn nsbswilnid

b6 Guil wyG ntwpmd, bpp uyn Grwllbphg wowehlnp npynid t plpnpnhg hiiinn

(uwlyuyG wypu nbupmd hunjwuwpmpwl we Ynndmd f(x) pmolghuyhl wbiunp
t unfbjwglly wlwpwlwl hwutnunnd).

Idf(x): f(x)+ e fe= const): 4)

hpnp, pwih np f(x)-p f'(x) PnGlghush Guiubwlwh t, hknlbwpwn wntinh
niGh

)(2) whnpn; htinkgpuwih Ohe hwuwmwnm bp dwuGwlgnid t wlpwguhuwyn dlay:
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[r&ex=r(x)+e, @)
Ywd np GnyGo ¢ (4) hwdwuwpnepymbn:
Pupw
W. Ulbnpny hawnbgnuyp wowlbguyp huwuwn t GOphGunbepuwy pnilhghur
Jhi.

[[/6)a] - r6e): ®)

bpnp, nilklp

[[76e] = Fe)e of = F0)= 166).
npuntn F(x)-p f(x) dmGLghwsh nplt GwhuGwlwa t:
buw
. JwurnwinmG wpnwnphsp Ywnbyh ¢ nmpu hwiby winpny pGunbigpuih
Opwih tnwlhg.
Ic flx)dx=c J‘ f (x)dx (c = const): (6)
bpnp, oqujbiiny whnpny hGnbgpwih wawghl hwninipynibhg” YmGhGwip
[29, (186))
dle [fx)dx) =c-d [(x)ax}= < f(x)as,
wyuhGpG cjf(x)dx pnilyghwt cf(x) Pnibhghwh Guhubwlw t, hbunlwpunp

wyli mGh ¢ _“f (x)dx wbupp, hGsp GowGwyntd L, np wkinh nGh (6) hwywuwpnt-
pinthp
huyw
V. dbpguninn pyny Pmbhyghwllnh gnidwph wlnpny hbuinbepuwip hufw-
vwp t wyn pmblghwlGbph wlnpny plinliqruybbph gnidwnaha.

U+ £+ + = [1le)ar+ [£(drsoos [(Jax: )
Ppnp, oginytiyny whnpny hlwnbtqpuwih wewehl hwwnlnipyniGhg yniGblwlp
[29,(14)].

d“ﬁ(XMH jf,(x)dx+---+ Iﬁ(x)dx}z
- de,(x)dx]+ dU f,(x)dx]+ +d[jf,(x)dx]= 1)+ £(0)+ -+ £ (e,

wyuhGpQ, (7) hwyjwuwpnipjwl wyp dwup
H)+ )4+ £kx)
$niGyghuyh GuwiuGwlwG t, hGsp Grwlwynd t, np wyG hwywuwp t (7) hwdw-

uwnpnipjwl dwiu JwuhG:
huw
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VI bpt F(x)-p f(x) Pmlhyghuyp Owfubwlyws ¢, wuw wnbnp miph

If(ax+b)dx=lF(ax+b)+c (¢ = const) (8)
a
hwwuwpmpiniap:

bpnp, pwlh np puwn wwjdwGh F'(x)= f (x), nwutnh oqunytiny pmnﬁ dnGy-
ghwjh wéwlgjwih pwlwdkhg [28, (157, UniGEGwhp [28,(1),(9)]

%[F(ax+b)]=a‘F'(ax+b)=a'f(a""‘”b)'

npinbinhg GunwGwip
i[lp(a”b)]: Flax+b),
dx|a
hwywuwpnipnuGp, hGsp hwiwdw)l uwhdwGiwse GawGwlnd t, np (8) hwywuw-
prpjwl wo Ynndnud gpdwd pniliighws f (ax+b) Inublghwgh GuhuGulyw t:
huw

Ujdd, oqutiiny wwppwlws pniGyghwibph wéwbgyuylliph gnigwihg
[28], GEpywjwgltlp whnpny hGwnbqpw)lbph hhilbwlwG gniguip.

1°. Jo-dx=c, 2, I]-dx=x+c,
P _ o [ _
30, Ix dx_a+1+c (@=-1), 4e. Ix =Inlx+c (x#0),
dx a1 x
5o, J‘Hx::arctgx-bc, 5ous. jm—;arclg;-w
6° Idx =arcsinx +c, 6°w I & =arcsin£+c,
e _ @ o g
7e. jadx—lna+c, 7°w. Iedx e +c,
8°. jsinxdx-:—cosx-bc, 9°. J'cosxdx=sinx+c,
dx dx
10. J‘Sin’x=_c’g+c’ 11 . st,x_‘g+cv
120, jtgxdx:-ln]cosxhc, 13°, jctgxab:=ln]sinxi+c,
140, j%:ln'x-&-Jx’ia’Pc,
jx+b| 1

Lin
b

x—-a
+c,
x+a

+cC, 15°w j ,dx 3 =-—1In
c Jdx'-a' 2a

dx
15°. !an,wb): a

|x+al
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dx x
16°. E—lnlfggl'rc,

17°. c.%‘;;=ln|/g(§+%]+c (c=const)');

Uﬁéﬁbﬁp pbpqué gmguiyh 4°, 5°w, 12°, 14°, 15°, 16° L 17° pwGwalbiph
wwpquipwidwbp:
4°. MLGkGp (inb'u 92-pn toh wnnuitnwbh wwpqwpwGnidp)

+ [~
(ln[xl-kc)' =(ln|x|)'=%)—= ?;, Pz <0 =l, Gpt x=20:

S°w. Oquybny wnwppwlwG $nblighwlbph woéwbgjwibbph hwiwww-
wnwupuwl pwlwdbbphg’ Yunwbwip

r = r =—]— =— 1o — M
| ey JHi’; aJH(_{)z plate SadE
a a
sinx dcosx
8 = |—dx=~-]——=-In .
12°. J.M Icosx cOSX IOOSXHC'

140, Bn(x+m)+c]= 1 (l I )+c’ 1

+ = .
x+Jx’ia’k Jx'za' Jritad

o dx ] I(x+a—.x+bdx= 1 | 1)dx=
15 J(J:+a)(x+1>) a-b’ (x+ajix+b a-bA\x+b x+a

1 (1 dx [dx)z 1 h"|J:+b|+c_
a-b [x+a| :

- a—mb+b “Jiva

W dwlnpwlbwlp winpny hGnbgnunbbph huzfdwl inhnfuwlpulh
JmuphGowl dbpnnh hbwn:

+) Ujunchtink wiinpn) hGunbgpuy huipdbihu, npughu Guwlng, c - hwouann G thebyp s56p G2h:
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hgnp wwhwlodmv ¢ hwby

[7e)a ©)

plinbgnuyp, pln npmtd wldhewlwonptl f(x) pmbyghuyh Gwfubwlws gu-
Obip yungdwo t npnawih ndywpnegpym GaGph hbu:
Onhntuwlwbh
x=o(t) (10)
Pnpuwphldwh 26nphhy hwdwfu (9) hGnbgpwih hwynidt twwbu hbzuwiGnd
t: '

tOpwnpbiny, np hp npn0wl wnppnyph Gepumd oft) Pmbyghwl mbh w-
Gplnhunn wéwlguy, uyn dmllhghuyh wndbplbpp wuwnlwlmd 66 f(x)-p n-

pmpdwl infipnyphl, hGswbiu Guwb grympyntd niGh Gpw hwilpwnqwnd pnGhyghwi
28], wwweomglbltp

[z = [sloleo e (11)
pwlwdlp:

Qluwhbpwwé winnuib wwwgnigbin hwiwp pwywywb t gnyg tnwy, np
(1) hwjwuwpnipjwl we L dwhu Ynndkpmd gpwé IniGyghwbbph wowhgug-
tpk (puwn x -h) hpwp hwywuwp 6G:

Fwdwdwyb (5) pwlwadbh, Gywé hwjwuwpnipjwlb dwhu Ynndnd qpywd
$nullghuh wowhguip hujwuwp t f(x)-h:

Ujnwu Ynndhg, oqundtiiny hwlwnwpd dnibyghwih wowlbgwih pwlhwdlhg,
YuinwGwlp [27,(4)]

[tk - {[rtots ] 5~ o) = il 160

hupw
Jwulwbwih t, np (11) hwywuwpnipjwlb we Ynndnud gpwé hGwnbgpwip
hwaybinig htinn wihpwdtpw t (10) hwwuwpnipnilhg 7 -6 wpnwhwpnb) x -
ny.
t=y(x) (12)
L (12) hwywuwpnpjwt ogqGnipjwip YtipwnwnGw] x thnthnfuwywGhG:
OphGwly 2: 3waiby htwnbjw) hGnbgpwip

fres
Jxa+¥x)

Lotdnud: Gwwnwpbiny gnthnfuwwGh x=¢ thnfuwphGnd L oqungtiyng wbnpny
hGwnbgpwih IV LV hwanlynpyniGlbphg” YnuGhGwap [27.(7)]

Jx=r, ¥x=1, d=6'dt.
 6'dt rdt l+x —1 (j' I ) )
=6 = dt =6} |dt- 6{t —arctgt)+c:
IJ‘(H;], eYE) 1+7 1+ ( %)
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g:‘,/; pwlwdtng bpwnunGuiny x thnhnfuwiuihs epplwlwbwubu Yunw-
Guwlp

dx
= 6Wx—arcigix )+ c:
j&(w;) W5 - arcigd )+ c
OnpGwy 3: 3wyyby hbwnlyw) hGinbgpuyp
IJa’ ~x'dx (a>o0): (w)

Ladnud: Gwuwpbnd gininfuwlwbh x = gsins hnfuwphGnud b Gaphg oqundbyng
winpn? hGwnbgpwih IV b V hwnympniGGephg’ YniGEOwGp

2 2
IJ?-x’dn IJa’(l—sin’t) dlasint)=a’ Ioos’ldl =”7 j(l+cos2t)dt=%(t+%sin2z)+c:

t= miﬂf pwlwduny Ypwnunbwpny x gininfuwluwbht b Ghwnp moGGwnd, np

2

2 sin2¢ = L asint-acost = =o' - 5 ,
4 2 2
JunwlGwGp

X X
— =

2
@ - x* dx = arcsin a’-x* +c: ()
2

a

nnnnpniG 1: UGnpny pounbgnuybbn hwyibihu unn nbupbpmd Guw-
nwlpwhwnpdwn E (homd umwnby ng pb thnhnfuwlwah x = (p(t) hnfuwnplingd,
wy” t = y(x) pinfuwnplbd:

UtGp, np Ywwnwpbiny wlnpn hGintqpuwiltiph hhdGwlwG gnigwlh 5w,
122, 15°, 16°L 17° pwlwdlbbph wwnqwpwlnudGhpp' UkGp, puwn tnupjwlG ogu-
yti tGp dtpngpjwy nhunnnipynilhg:

dbponid swlnpwlwlp plnbgpuy hwdh wobbuwlpuplng pwlwdlbphg vt-
4p’ bwubipnd pGinbendwl pwlwdlfp hbwn:

Tgnip u(x) b v(x) niGyghwtnG hpkGg npnzdwh whpnypGtiph Gopund

ntGE0 wipOnhwin wowhgyuybtip: Un nbypmd nhdtptbghing u(x)v(x) wp-
wnwnpuip’ YuinwGwGp [29, (15)]

dlulxpx)l= ulx)dix)+ v{x)ulx)
ulx)a(x) = dulxx)] - vlx)tu(x):

hGunbiqptiny unwgywé hwywuwnpnippul bipynt Ynndtipp YnuGhGwdp
[uledar(x)= ulahvlx) - [vlx)au(): (13)

Jbpoht hunjuwwpnipni 66 wpnwhuyinmd ¢ dwubpnyd hGinbenowl luin-
Op L mGh huluwpwlhws Yhpwewlwl Guwlwlhnipima:
pGswbu nbulmy Gap, (13) pwlwdbp

Jud
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fulavz)
hGwbgpwih hudnudp thnfuwphGnud t
[o(x)aulz)

hGwnbigpwih hwzdniony: Lhwwnh nuGliGuny ybpngpjwpp’ Gawé pwlwdlhg
Loqudtilip w)l nbwypbpned, Gpp win pwliwdlh we Ynndnid gpywdéd hGunbigpuwil
wikih hGawn £ hwzdynid, pwh Gpw dwhu Ynndnud qpywép:

Addwp st hwingybi, np

J'x In"xdx, [x*sinaxdx, [x"cosaxds, [x"e=dx,

Ie'sinbxdx, e~ cosbxdx (n,meN;a,beR)r

hGuntgpuw)Ghpp, hOswbu Gwhk npny hGinbqpwGkp, npnGp wwpntGwynd Lo
hwhwnwnd brwhyniGwswhwliws $nbyghwibtip” hbunnippudp hwaygnd b
twubipnd hGuinbqpdwl pwGwaliny:

OphGwy 4: 3wyyby htwnbguwy hOwbgpuip’

J.xlnxdx:
Lniénud: Ogunydbiny (13) pwGwdbhg fuwnwGulp [27, (97)]

2
J‘xln,\:ct::=l J-lnn:d):z =l(x’lnx— jx’dlnx)=l(x’mx— jxdx): X Inx_x_+c:
2 2 2 2 4

OnhGwy 5: Jwyybi hbnbywy hGnbigpusp’
je' sinxdx: Q)
Lawénud: Oqunybiny Gwubipny hGnbigndwG GulnGhg' YniGbGwhp [27, (87), (12)]
Je‘sinxdx: sinxde’ =e"sinx— Ie'dsinx=e'sinx— Ie'oosxdx:e‘ sinx— J.wsxde' =
=e*sinx-e" cosx+ Ie'dbosx:e‘(sinx—cosx)— je‘ sinxdx:
Ujuwhuny, wipdweo hGunbgpuip hwzybine hwiwp unwind GGp
Ie‘sinxdt=e‘(sinx—cosx)— Ie' sinxdx (n)

huwuwpnipyniGp:
Lawstiiny (n) hwywuwpnidp (q) hnbgpuigh Ghwindwidp” YnGbOwip

je' sinxdx= —;— e*{sinx- cosx)+c:

Rwulwiwih t, np dwubtipny hGwnbgpiwl pwlwdkhg ogunykiim hwdwp
fuhutn Guplnp t hwdwG GGpwlw hGunbgpwih tiGphGunbignuwi wpwnwhwjnnip-

mGp hwpdwp dbny u(x)av(x) wbupny GEpYwjwglbip:
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§36. Undujtpu pytip, GpwiGg Gpypwiwhwiwlé wwwlbpoudp:
Plwpwliwlywi qrpénnnpynilGp Yndybpu pyliph htivn: Undwgbipu
pyh tnwiyymbwswihwlwl wbkupp: Undybpu phyl wuwnhBwl
pwpdpwglbip b Yndwkipu pyhg wpdwwn hwib)p:

Jwipwhwyh nwpngwlws nuwupGpwgnid hwpywnpywé (habind Gh pw-
Gh wiGqwd hwpuwnwgltp pybiph wwzwpp' b ybpen utnwand GGp pninp hpw-
Yuwl pytiph pwqdmpnilp: UwhuyG wwpgqynid t, np wyn pwqontpyniGa Ly sh
pwyjwhwlwglntd wrwGdhG (GnybGhul wwppwlwi) GnhpGhph (neénudGbpp
Juwnenigbint hwdwp: OphGwly, hGswbu ghntlp, nhuvwpytiing pwgwuwlwl
nwppbphsnd b hpwlw qnpéwihgbbpny pwnwyniuh GewbnwdGbp® hwing-
ynid LGp, np wyn GewlnwiGkpd hpwywhd pytph pwqinipjwlb dbp wpdwinbtp
+nLlLG: Jdepngmywip Yphht unhwnid b plnuyltyp pybph pwadnipynilp L Ghp-
dniob wyluwhuh pytip, npnGp dwuliwynp nbwpnid hwudpGlytnud G0 hpwlws
pdtinh htw:

Swulwhwyh £, np Gnp wbuwyh pybpp L Opwig hbwn Ywwwpynn gnpdnnnt-
pintGGhpp whnp t uwhdwlb] wjbwbu, np hpwlwb pytiph htivn Gunwpyng
qnpénnnupynLbGepp 8Gwh nudh dbep Gwl wyn pybiph hwdwnp:

Uwhdwbmd 1: Fsnlyw; wpnwhwnnignilp’

z=x+iy, {1)

npwnbn x p b y -p Qwowpwlhwl ppuwlpwl pdbn 66, huly i = J—-_l (i’ =—1), yns-
ymd ¢ nduy bpu phy:

UwhdwlGmo 2: x -p ynsmd t z fnvuybipu pdp ppwlwl dwu, iy -p’ §bnd
Ywu, y -p° hbnd dwup gnpdwlhg, i -G° Ybné dhundnp:

z UYniwtipu pdh hpwlwG dwup L Yhind dwuh gnpéwlihgp hwdwwunuwi-
fuwlGwpwn YG2wlwlblp Rez-nd b [mz-nd.

' x=Rez, y=Imz:

bpt dwubwynp nbwpnil (1) wpnwhwjnnpywh okp pnnilGkip y =0, huy
x -hG vwbip pninp hpwlwa wpdbipGbipp, www Yunwbwip popnp ppwlwt pyb-
nh pwqdnipymbp, hlsp GawGuwlynid t, np hpwlwl pytiph puqinpymbp Yndw-
Lbpu pybtph pwqinipjwC GGpwpwqinipinil t:

buly bpb (1) wpnwhwyinnpjwG Uk pGnnGkGp x=0, huy y-hG wnwbp pn
inp hpwlws wpdtipGhipp wuw Yuinwbwlp, wiuwbu Yngws, pagnp gnun 4tind
putinh pwquntpynilp:

Jwuwwih t, np (1) Yndwbpu pyhlG hwiwwwinwubuwGhglhing Ynnprh-
GwunwlywG oxy hwppnipjwl M(x,y) Ybwnp' yYndwibipu pytiph pwqinipywl b
LnnpnhGwwnwlwh oxy hwppnipjwl Yuwbph Shob YuwnbnékGp thnhushwndtp
hwiwwwwnwuhswinipyniG, pln npnud hpwlwG pybphG (y =0) wyn hwppntp-
jwl G6p Yhwiwwwinwuhuwih ox wnwlgpp (nphG YuldwibGp hpwywl w-
nwGgp), huly gniin Ybnd pybphG (x=0), oy wnwlgpp (nphl YwGlwGkGp Ytind
wnwlgp):
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UwhdwGnid 3: Unduybpu phyn Yhwidwnblp hwdwuwn qpmyp, (?/rp Gnw
Poswli'u hpuwlpw dwup, wylbwl'v b §tind dwup gnpowlhgp hudwuwn BG gpngh.
x=y=0:
Ujdd nhuinwpytGp
z,=x,+iy,, z,=x,+1y, (2)
Yndwbpu pytpp:
Uwhdwlnd 4: z, & z, §nduybipu pybipp Ynsdmd G hunjwuwn, bpb x, = x,

Ly =y,: UuhlplG bphymt Ynduybipu pdbn Ynsgmid 60 hufwuwn, bpb Gnuwbg
hpwlwl JwubinG hpwp 66 hwiwuwn, huly Yind dwubnb t;” ppwp:
Uwhdwlned 5:z, L z, §nduyybipu pdbph qnidwp (inwppbipnipintl) wub-
iy Yhwulpwlwlp wyl Ynduybpu php, nph ppwlpuwl dwup hurduuwn t npdwo
Yniuybpu pdliph ppwlywl dwubph gmdwphl (inwppbpmppwlp), hul Ybnd dw-
up’ Gpwbg 4bno dwubiph emdwpht (inwppbpmpywip):
Ujuwghuny, hwidwdw)l pbpywéd vwhdwbiwb, 2z L z, Yndwitipu pybph qnt-
dwpp & wwppbpnepynilp hwiwwuwnwufuwGwpwp npnaygnid GG
z,+z,=x,+x,+i(y,+y,), z,—z,:x,—x,+i(y,-—y,) (3)
hwywuwpnpntGGbipny:
Uwhdwlnud 6:z, 4 z, ynduytipu pdbiph wpnwnmuyp uwhdwGbEGp &p-
imt pwqlwlnwiGbnh pwqbwuwuwinydwl hwinGh Gowlmpjwip.
z,-2,= (x‘ + iyl)(x2 + iy,): xx,~yy, +i (xl Y, + y,x,) : (4)
Lwpnn GGp hGunnpjwidp hwanqyby, np Yndwikpu pytiph gnudwpiw6 L
pwqiwwwnljiwd dwiwlwy qgnpénid GG hwipwhwywlwt unynpulwa o-
ntGpGhp:
Uwhdwlnid 7: x+iy L x-iy Ynduybpu pdbpp §nsydmd 66 hwdwins
lnduytpu pdtn.”
; z Yndwibpu pyh hwiwins Yndwibpu phyp Grwlwhbing z -nd’ Yuwnw-
wiip
zz=(x+iy)x—y)=x"+y": 2
pﬁqhﬁgu[bu wnbulnd 6Gp, hwduwymé ynduybpu pybph wpmnwnmwp npuwliw
IS
UwhdwGnid 8: z, 4 z, (z,#0) ynduybipu pytinh pwlnpnt wiG z, Yndy-
(6pu phyG t, npp hwdwp nbnp ndh
z,-2,=12
hwuwuwpnepinp:
z, L z, Ynduytipu pybiph z/z, pwGnpnh hwiwphsG n hwjnwpwpp puq-

*) LiunnbGg, np hawduy nié Yntug bpu pdbphl hudwupanumshauinng Yonbnp hundugush b6 hpudiud
weurGigph Ghuanduslp:
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dwwwwnlbing z, Yndwibpu pyh hwiwiniény Yuunwlwlp z, Yndwtkipu pyh
wnbupp.

zZ, =

__l x + lyl (X + lyAXX f}” XIX’ + ylyz +i lel - yzx| .
R T xl+y! ®
PtpbkGp Guwl

- - = = P4
z,iz,:z.j:z,, 2,°2,72Z,°2,, ['z—"j==' (5')
H

pwhwdlbpp, npnGg G0wpwnwghnpjwl dbe hwinqybin nddwp st:
OphGuwy 1: 3wyt 2,=3+2i L z,=2-3i Yniwybpu pytiph gnidwpp, nwppbipnis-

jniGp, wpnwnpjup L pwGnpnp:
Lndnud: NiGGGp

7,+27,=3+2+(2-3)i=5 i, z-z,=3-2+(2+3)i=1+5i,
2,2,=(3+2i)2-3)=6+6+{4-9)i =12-5i,
7, _3+2i (3+2i)f2+3i) _6-6+(9+4)i iy

z, 2-3i 4+9 13

UwhdwGnid 9: Unnpnplunnwlywl oxy hwppmppwl M(x,y) Ybunp fanp-
nhOunnGbiph uhyqplwhbinhG dhwglinn OM  hundwéh bplwpnipymp Ynsdnd
¢ wyn Ybinh hwowwunnwufuwt Ynduybpu pdh dnpny L Grwbwlpydnid ¢ IZI wuy-
Swlwlywhny, huly Grdws hunmfwoh b ppwlpws wewlgph Jwedwé wilynlp’
GnuyG Yndwybipu pyh wpemdbim L Gwiwldmd ¢ © = g2z wuydwlwlwling:

66-nn Ghwphg tiplinud £, i M(x, y) Ynh hwiwwuwwnwupuws z Ynduybipy
puh dnanuil mu wpgnuibOnG wpnwhwpnynud GG

lz|=yx' +y', argz= arctg% 0
pwlwdlbtipny:
17 ) bGswbu inbubnud LGp, Yndwbpu pyh dnnni-
(0 ns pugwuwlws phy b L hwywuwp t qpajh wib
L : MED) | Shuyl wyl dwdwGwy, bpp npywé Ynduwibpy
iz phyG t hwywuwn qpnjh: hGs Ybpwpbpdmd t z
i yndwitpu puh wpqniikGunhG, wuguw wyl Jupnn t
¢-ug: i ¥ pOnnulb) gullwgwé hpwlwl wpdtipGtin’ nhguyti
% * npwlwh, wjlwby t| pwowuwlws [6,u2):
Gly.66

Uzklp Gwl, np tpywé Yndwibpu puh wngnudkGnG wyGhwpnnptG nbh
whphy pwqinipywip wndtpGhp, npnlp hpwphg nwppbpymd GG 2x -h pwd-
Jwwuwwnhlobpny:

Uowhuny, nduybpu pdh dnpmyp npnxydmd t ShundltipnpbG, huly wnpent
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dkinp” 2n -P0 puwqduiyunply gnidwpbine Syuinmpqwdp:”
z Undupbipu pyh hpwiwt dwul m Ybné dwuh qnpéwlihgl wpnwhwnt-
ind wjn puh dnnnynyg b wpgniudkGuny (GY.66)
x=|zjcos@, y=|zsing, (8)
Jwpnn GGp wjG GEpYwiwglb)
z=|2| (coso +ising) 9)

inbiupny:
UwhdwGmd 10: z Ynduybipu pdf (9) inbupp Ynsdmd t wyn pdh bowblyn-
Gwsunpuwlywl wnbup:

z, k z, Yndwtipu pytipp GbpYuywglbiny Gnwlynibwswthwlwh nbupny.
z,= lz,] (cosq)I +ising,), z, = 'z,[ (coscp, +ising,), 29

nnbin @, - z -h wpgnuitiGnG &, huy @, -p° z-h, wyn pdtiph wprwnpjwih hw-
twp 4nGtGwGp
z,z, =|z|z,| {cos @, +ising,) (cosg, +ising,)=
=|z,||z,} [cos ¢, cos @, - sing, sing, +i(sing, cos @, + cos g, sing, )],
npinbinhg, oquybiny bnwblnGwswihnpinilhg hwjnGh
cos((p, + q)z): cosQ, cos, —sing, sing,, sin(q)l + (p,)= sing, cos@, +cos¢, sing,
pwlwdlkbphg' YunwlwGp
7,2, =|z[z,} [oos(o, + @,)+ isin(, + 0, )} (10)
hlswbu inbubmd 6Gp, bpynt §nduytipu pdbph wmnwnmuyp oh Ynduybpu
PhY £, nph dnnnup hudwuwn b ugn pdliph dnnnyGbph wpunwnpyunhG, huy
wpgmdbGunp® Gnwlg wpgnidbinbbph qnidwnhd.
lz,-z,|=|z,”zz|, arg(zl-z,)=argz,+argz,: (11)
Vyunnbp, np tpym ynduybipu pdbph wpnwnmunh hwdwp nnwgws (10)

Pwlwdlpg bplned £ np wyn pbph wpnwnpywp hufwuwn € gpmgh wiG b dpuyl
Wb dwiwbwly, bpp Gnwbghg gnt bl hunjwuwn t qpngf:

UGnthbinle z L z, Ynduybipu pdbph pwlnpnh hwiwn YniGhGwop (z, #0)

z, _lz}lcos, +ising,) _ |2] (cosg, +ising,)(cosg, - ising,) _
. |z|(cose, +ising,) |z] (cose, +ising, Ycose, - ising,)
2] cosg,coso, +sing, sing, +ising, cose, — cosg sing,)

|z,| . cos’ @, +sin’ @,

N

Ywa

e ———
*) 0 -G dhusy Yndugbigu phyl t, nph wngnuibGunp wlinging t, uwluyG wyn phyp dhupdtpnpbit npnadned
t{of = 0 unuuwnmprunp:
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:_:=’l_2_IL [cos(o, - ¢,)+isin(o, - 9,)]: (12)

Uuyhuny, bpynt Ynduybpu pytinh pwlinpnp dh nduybipu phy t, npp dn-
nmyp hwiwuwn t pudwlbiph b pudwlwnwnh OnnnyGbph pwGnpnpl, huy
wngmuotlnp” pwdwlbiph b pwdwlwpwnh wpgmdblnbbph nwppbpmpuip.

i{-ﬂ m-gi=arg2,-argzz (21¢0): (13)

- v
Z lzz' Z,

OphGwy 2: - =1+if3 b 2, =J§ +i Ynlujitipu pytinp Ghplwpwugliinyg Gnwlinbw-
swihwlwl wntiupny, hwpyt| Gpwig wpinwnpuip L pwGnpnp:

Lménmud: Oqunybitny (7) pwhwdlbphg” nindwd 4ndwibpu pytiph SnnayGhph b wp-
gnudbGnGtiph hwdwp YnibkowGp

|z,|=|z,l= 143=2, argz,=arctgf=-;i, argz,=—:—:

Ienlwpwn, hwiwdwil (8) pwlwdkh, nhunwplydrn Ynduybpu pubipp Yuwpnn bip
Gbp{wjwglby

X, .. % . .. R
z, =2)cos—+isin—|, 2,=2|cos—+isin—
(e} malowfomm)

wnbugny:
UjGnihbink oqungliiny (10) L (12) pwlwadlbiphg” z, L z, pytph wprnwnpwih b pw-
Gnpnh hwiwp YunwGuwGp
z,~z,=4(oos£+isin£)=4l, i=cosiﬂ‘s‘in:'-=i—3—+il:
2 2 z, 6 6 2 2
Ubghbiny Yndutipu pytipG wuwnh8wh pwpdpwglbiint juGnpplG’ z Yndue
Ltpu phyp Ghphwjwglblp bnwiymGwswpwiws wbupnd L oquaybiny bpynt
yndwibpu pdbiph wpunwnpuih (10) pwlwdbhg’ wil » wiqwd (7 -p Yudwjw-
Yyuwi pGwlws phy t) puqiwwwnybip hGpt hpblny: Upnnibpnud Juunwwip
yniwtipu phyp pGwlwl wunhtwG pwpdpwglbtiim Untwyph pwlwdlp.

(z|(cos + isin@)] =|z{"(cosn@ +isinng) (neN): (14)
- UWughuny, Ynduybpu php nplt plwlwl wunhswl pwnpdpwglbbine hw-
dwn wohpwdbyn t Gnw dnnpnyp pwndpwglly wn Gnyl wuanhswlp, huly wp-
qmutionn pweldwwunnyby Gydwo wunmhswlwgniygny:
OphGwly 3: 3wyt
B

Z=—4i—
2

2

yndwipu pyh tunpuwbwpng:
Lnwdnud: tulbnhpp (nébin hwowp Gwiu wipdwé phyp ShplupugbtiGp Gawdynw
swihwiwl inbupny (nt'u Gwhunpg huGnph (ALdnidp).

b S
z=cos—+isin—
6 6’
nphg hbunn ogquytiiny Unuwph pwGwélhg' hwpdtlp win pUh RinpuGupnp.
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,(n..n]’ x . .x
Z =|CcosS—+ISth— | =COS—+iISIn—=1];
6 6 2 2
dtipgmud nhunwplybbp Yndwybpu pyhg phwlwl wumnhBwih wpdwwn hwbin
huGnhnp:
UwhSwGnud 11: 2 Ynduybipu pip n (ne N) wunpswih wpdunnp wiG
ynbuybpu ppifG ¢, nph n wunhSwip hwfwuwn b npduwo pypo:
Lywlwybiny (9) tnwllynibwswhwlwl wnbuplb nbtgnn z Yndwibpu pyh
n wunhSwGh wpdwinp w=plcosy +isiny)-ny’ hwiwdwl pbpywé uwhGwG-
wl YniGEGwhp
[plcosy + isiny)]*=|z|(coso + ising): (15)
Oqubiny Untwyph pwGwdlkhg™ Ywpnn LGp (15) hwjwuwpnipjmGp
ObpYuwjwglliy hbwlywp wnbupny.
p*(cosny +isinmy)= 2| (cosp + isin @): (15")
Lwwnh nulbGwiny, np hwywuwp Yndwibpu pubph dnpny Gepp hwyjwuowp
60, hulj wpgnudbGwnGhipp Ywpnn 66 hpwphg wwppbpydbl 27 -hl pwqiwuwunhy
gnudwpbthny” (15°) hwjwuwpnipinibhg YunwGuwGp
p'=|f, ny=@+2mk, keZ, (16)
npntin 7z -p wdpnng pybph pwqdmpyntoa t:

dtipoht hwywuwpnipjntGibphg qunGhiny npnGtith Yndwjitipu pyh dnnniiG
n wpgmdttunp® YnebbGwGp

/H (cos<p+isinq>)=~‘ﬂq(eos(p+:nk +isin(p+"27dc) (neN,keZ): (17)

buwnbyp t gnuyg iy, np (17) pwbwdln twipu t hpwphg twppbp n §ndy-
tbpu phy, npnlp mmugdmd &6, ophlbudy, k -p 0,1,2,....,n-1 wpdbplbiph nbuy-
md:
? Udthnihtnd Ynduibpu pyhg » wunhSwGh wpdwwn hwibinG Ybpwpebp-
Unn nwwnnnupymGGlpp” unwlnud BGp hbunbywy GqpuiljwgnipnGp.
z Ynduytipu pihg n (n eN;n2 2) wuunhswlf wpdwwn hudityn ohpun hGw-
punfnp L uyl tagpu E hpuphg twnpbp “wpdtp: U wpdbplbphG hudwupw-

nwufuwlnn fbwnbpp hwdpllGmd 66 J[_;] wnwnmy L Ynnppphbunnbtinh vlqp-
Gwltinp 6GinpnG mabgnn powlwqohl Gbpgowd fwlnbuninn n -wlhlyywl
Quauwplbnh hbwn, wuhlpl’ qunGymd 66 Grywé ppwlwqdh pw L uyl
Pwowlmd bG n hwywuwn dwubph:

OnhGuwy 4: SunGly ’J,— wpunwhwjinnipjwl papnp wndbpGlipp:

Lawdnud: wth np z =i Yndwitipu pih dnan(l ni wpgntitlunp hwiwwwnwutuw-
Swpwp hwywuwn 66 1-h b x/2 -h, hwnbawpwnp oqungbinyg (16) pwliwdlhg’ YnibtGwlp
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Ty omk Y
J_ cos +1sm — =¢0s & +isin
2 3

(k=012): (w)

Unnwgywd huu[wuu:nmpjwﬁ dbp hwonpnwpwp nbnwapbin k=0.4k=1 b k=2,
YuunwGwip ’J,_ Yndwitipu pih bptip wpdtpGhpp.

cos%u’sin%:@ﬂ%, cos%ﬂsin%:—ij—u%, cos%ﬂﬂsms—n:—z

UwhdwlGmd 12; Ywublp, np nduybpu pdinhg Ywqijwé E puwqinp-
Jwil Ynw npmpdwo t nduybpu hnipnfuwlwh (z) dmbhyghw, bpb Gpdwé t
oplilp, nnp E pwqdnippul jnipwpwlsimn pyh hwiwwwinwufuwbbglnd t
Jbly ywd dh pwlh hnduybpu phy:

Uwhdwlmd 13: Swlwgwo x+iy {nduybipu hnpnfuwlpuwlh hwdwp o~
gmgsuyhl pnillghwl huwhdwlbbip hbunlywy Ybpwy’

e™ =e‘(cosy+isiny): {(18)
(18) pwlwdlnid plnmGEiny x=0, y=¢, JunwGwlip

e = cosQ+ising (19)
Ywplinp GnujbmepyniGp, npp Yngdnud t Ejtkph pwGuwdl:

Uinnwgqwé pwlwdlnud plnniGhind ¢=—¢, YmbGtGwop
e™ =cosp—ising: (19)
JdbpohG tpymt pwlwdliiphg Yuwnnn Gop hGunnipjwidp uinwiliwg Gl tybinh
e"+e”

el' — e-‘v
cosQ=

, singp= (197}

2i
pwlwadlbpp:
(19) pwlwdlLh 2Gnphhy Yupnn G (8) Yndwitipu phyp Giplwjwglby
=lz| e (20)
inbupny, npintin @ -G wyn pyh wnqnuitbunG t:

UwhdwOnd 14: z Ynduybipu pyh (20) inbupp fnsdmd ¢ wyn pyh gnigsw-
JhG wnbup:

§37. PuwqiwbGnwdh wpdwinlGbpp: Ptgnih phnpkidp:
Jwlpwhwdh hhdGwywh ptinpbdp: Pwqiwbnwdh ykipieidnudp
qéwjhG wpuwnphsGhph: Ppwywe gapdwyhglbtipny pwqiwGnwdh
gGpindnidp qéwyhl L pwnwniuwhG wpwnwnppsbbph:

Phswbu ghinbGp, Ywiwjwlwh nwppwlws $atbighwih wowhgyuwip Gnijt-
whu nwppwlws $nibyghw b UwlwiG wwpgynid t, np ns papnp nwppuwl

$nilyghwlbph hGinbgpuilbbpa b6 GhpYuwwgynid Ybpewynp puny wnwppu-
w6 Pnilyghwlhbph gmudwnh wnkupny: Npwtu ophGwy pliptiGp
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J.e"’dx, Isinx’dx, cosx’dx, Sinxdx, Ico:x &

fibiad dax, | 2=
x Inx
hGunbgnuyGopp:

LowlwGwpwp Ywplnp b wowbdbwghty $nibGlyghwGlph wjGwhuh nuubp,
npanig hGwnbqpuwiObnG wpunwhwpngnud 56 nwppwljwG dnbyghwbbph Shen-
gny: Umnwhuh nuwubtiphg wwpquqnuylp nwghnbwy $mlyghwbbph nuub t:

Uwhdwlnid 1:

px)=ax +a_x"++ax+aq, &)

SmGlyghwl, npunbin n -p pGudpwt phy & puly a, -bpp (=0,1,...,n) ppuljut jud
bnduybpu pdln” gnsfned t (n -pn Ywpgh) wipnng awghnluwy prilbyghw yud
owqlwlnwd:’
UwhdwGnid 2: Epimt pwqbwlbnuwiGbph hwpwpbnngginp.
P.(x) _ax +a x" +--+ax+a,
Q.(x) bx"+b x'+--+bx+h (2)
bnsimed b yninnpuwiuypG nwghnbuwy pmlGhyghw qwd nwgpniwy munnpuwly:
UwhdwGnid 3: P(x)/Q.(x) rwgpnbuwy Yninnpuwlp Ynsynd ¢ GuilnGuninp

ymnnpuy, bipt Gpw hwdwphsh Ywngp shnpp ¢ huprnwpwnh Gunghg (n<m) &

whywlnG Yrunnpudy” hwlpwnwly nbuwpnd (an):
OphGuwy 1: IwiwduwyG pbpywéd vwhiwGiwG, hbwnbjwi Ynuinpwlltinhg wawehlip
QuGnGwynp Ynunnpwly t, huy dbpghG bpyniup’ ny.
&t +1 x-1 x*+2x-1
£-1" x+x-1" x-5x+2°
Vwhdwnid 4: x thmpnfuwlywth wyG wpdbipp, nph nbuwpnid wpdwé pug-
Uwlnuwidp hwduwuwpdmd € gy, §nsymd b uyn pwqdwlnwdh wpdunn:
U, Gopwnpbymy, np P(x) L Q.(x) pwquwlnuwtbnl pGahwlnp wpdunn
GEG" nObGp (2) nwghnGuy Yrinnpuwlh hGnbgpuyp hwyybine hinppp:
Mung t, np Gpb (2)-p wGlwbnh Yownpuwly b, www pwqiwGnuwiteph pw-
dwidwh YwinGny (pwdwGbihG hwijwuwp t pwdwlwpwpp puqiwuuinijwd
pwlnpnny, gnulwpwéd dGwgnpnp) pwdwbbing win Ynunnpwih hwdwphsp Gpu
hwjtnwpwph Ypw' wyG YGepYwjwglbGp pwqiwbnwdh L YwGnGuynp Ynin-
nwbh qaudwph intiupny.

g’) =M (x)+ —(—g.(z)) (r,m ke N; n2m; k<m) (3

2wlh np M,(x) pwqiwGnwoh™ hGunbgpaudp Guwydws st nddwpnipniG-
Gtiph htwn, hbnbwpwn (2) wiywing Yynwnpwlh hGunbgpdwl hhiGwywG nd-

*)LatiGp, np x impinfualjwGp GneyGubu Yupnn t plnnaby hGguh v hpuljwl, wyGugb'u by Yndugbpu
wndtipGhn:
Pix
*0) M (x) puqowinusp Yngdnid t Q‘(Ct); nwghnGuy Ynunnpwlh wipnng dws (n2m)

-183-



aLnth Vil

Jupnipjnilip {(3) hwywuwpnipjwb 2Gnphhy thnfuwiGgynud t R(x)/Q_(x) YwGin-
Gwynp Ynuinpwyh hGunkgpdwh fubnphG:

Lijwunp niGhGwiny, np ywbnGwynp Ynnnpwiyh hGnbqpdwh fulnppb t
Ywwywsé t Gpw hwpnwpwpp wwng (Qow)hG Ywd pwowlyniuwyhb) wpwwnphs-
Gtnh ybpnudtigny htin {38,p1)], Gwfu qpunybGp pwqiwlnuip wwpq wpnwn-
nheObph Ybipinidtine huGinpny:

Utin nunuiGwuhpnepynibltipp ufubGp htwnbjw) Ywplnp phinptidng’

Rtnpbd 1: (Phqmt) P(x) pwquwlnwdp x-x, bplwlnwdp dmw puwdwit-
(mg wnwowgws UGwgnpnp hwywuwn ¢t wyn pwqiwlnuwdh wpdbiphl x, §b-
wmd, wyuhlpl hunjuwnup ¢ P(x,) -p:

Uwuwgnyg: UyGhwjin t, np P(x) pwqiwGnwip x-x, bplwinwdh ypw
pwdwlbihu pwlnpnnd Yunwlwlp (7 -1)-pn Yupgh pwqowGnwd, huy dow-
gnpnnud” hwutnwnnG: Lawbwybing wyn hwunwwnnitbp R -nd, huly (n-l)-nn
ywngh pwqiwGnwop” 2. (x)-nd L oquybiny pwqiwlnwiGbph pwdwGiwt
GuwlnGhg™ YmGGGwhp

P(x)=(x-x,) P (x)+R: @

Llwwnbinyg, np (4) hwjwuwpnpynilp Shawn & x -h pnpnp wpdtiplhiph hu-
dwp’ pwgh x,-hg (x=x, wpdtph nbiwpnd YuinwGwGp qpnjh Upw pwdwindd)
L Gpw tpym Ynnotipnud wiglbpny uwhdwGh, tpp x -p dqumd £ x,-h [22,p6],
{24,01], nhtnwplynn pwqiwlbnwip x-x, Gpwlnwdih pw pwdwibinig w-
nwpwgwd Slhwgnpnh hwiwp Guinwbwlp

R=P(x): (5)
huyw

36l 1: pwbugh P,(x) puwqiwlinuwdl wawbg JGwgnpnf pwowidh
x-x, Gphwlnwdh Jpw, wuhlpl, npwybiugh 1’,(x) pwqiwlnudp Giplyuywgdh

Px)={x-x,)P, (x) @)
wbupny, whpwdtyn t b pufumwn, np x, -6 win puquwlinwih wpdun (hop:

Uuwpugnijg: UGhpwdtinnipinil: hgnip P,(x) pwqiwlnwidl wowbg dow-

gnpnh pwdwlynid t x-x, bpywinuwdh Jpw:
Ujn nbwpentd, Gywewnh nlGEGwiny (4) L (5) hwywuwpnipyniGGpp YmGb-
GwGp

P(x,)=0, ®)

hGsG t), hwiwduyl uwhiwidws Gawlwymd b, np x,-6 P(x) pwqiwGnwdh
wpdwn t:
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§37
Pwiwmupmpynt i Ujdd khpwnnkbp x,-0 P_(x) pwqlwinuwdh wpdwen L,
wjuhlpl SGpwnntlp whnh niGh (6) hwywuuwpnipmilp:
Unpyht ogudtiingd (4) L (5) hwwuwpmpniGGtiphg’ YuunwGwlp R=0, hG-

sp GawlGwyned t, np l:(x) pwqiwlnwidp x-x, Gplwbnush dpw pwdwhynud t
wnwhg GlGwgnpnh:
huyw
OphGuwy 2: % -h n"p wpdbpllph nhwpnud
P(x)=x* -k’ +9x* +13x-10 (w)
pwquwlinuidl wowlg 0Gwgnpnh Ypwdwidh x+2 tpQuibnuidh Jpw:
Lmémud: Iwdwduyt hbnlauGp 1-h, npwbugh npwé pwqdwinuwdb wrwig WGw-
gnpnh pwowlih x+2 bplpulnudh Ypw, wGhpwdban t L pujwpuwp, np wnbnh nGbGw
p(-2)=0
Luad np GnyGG t
2f k(-2 +9(-2F +13(-2)-10=0 ()
hwywuuipnipymGp:
Lewstipnd (p) hwywuwpnudp” Yuuwbwlp, np £ =—2 gbwpnid (w) pwqiwbnuwdt
x+2 bpjuGnuwidh Ypw pwdwbymd t wowlg dGugnpnh:
VwhdwGnid 8: IGunlywy inbupl niGbgnn hwwuwnnidp’

ax +a x"+-+ax+a,=0, {7)

npntin n -p ludwyalpwG pGudpsl pi & puly a -bpp (i=0,1,...,n) ppwipwt Y
ynSuybpu hwutnunnndGGER” Yngdntd t n - wuinhswih hwbnwhwfuwluws
hadwuwpntJ:

Juuljwbwyh t, np (1) pwqdwlinwdd ne (7) hwdwuwpmdl nlbbd Shlbnnl
wndwinGbpp:

PlhuwlpuGwpwn hupg ¢ Swgmd. wpynp gullpwgwd n - huwp (7) hw-
YwuwpntdG mOh wpsunn:

MNuwpqynd t* dlwybpwywd hwpgl nuGh ppuywl Wwnwojuws b wb np-
ynid ¢ htnbywy ptinplidng (npp pbpntd tGp wowGg wujwgnijgh):

BEnpbd 2: (Fwimwhupdp hhdGuwilywl pbaptidp): n -pn wunhbwGh mipw-
bwhsinip hwpwhupdwlwl hudwuwnpnd nbh weGduwqlG J6G wpdunn’ ppu-
Ywl w Ynduybpu:

Ujdl wwwgnighlp hbnbywy fwplnp pinpbidp’

Bbnphd 3: 3npwpwlsmp pwqiwbnwd unbith t Ybpinedly gouyhl wn-
tmunphsGbph.

Uwwgniyg: PLnptdl wupugnighiint hwdwp ghowplbip » -pn wunhBw-
Gh (1) pwqiwGnuwsp:

Jwiwdwyh plinptd 2-h, (1) pwqiwlnuiG nbh qnit SGY (hpwlwi Ywd
Undw tipu) wpdwwn: LpwGwhtiing wyn wpdwnp x -ny L ogudbny htunluuGp 1-
hg' YuunwGwGp
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Px)=(x-x)P.(x):
P(x) pwqiwGnwihG anwebpunn ybpnapjwy nwinnnnipymGGbnp Ynyth-
1 (z-1)-nn bwngh P (x) pwqiwlGnwsh huwdwn’ Yunpnn GGp wyl Ghnuwg-

(b
P.\(x)=(x-x)P.(x)

wntupn’ npuinbn x, -p win puwqdwbnwidh wpdwtinG t:

Cwpnibwybind hwenprwpwp unwgynn, wytih n wibth guop Yupgh
pwquiwlnwiGtpp Geplwjuwglby (47) inbupny” h ybpen YnGGwGp

Rlx)=(x-x)A,
npnbn x, -p P,(x) pwqiwOnwih wpdwwnG t, huly P, -G qpn wunnhBwhh pwe-
dwlnwd t (wuhbpl hwunwnn t):
Uhudnptiiny uinwgws pnpnp hwdwuwpnipjnilGbipp L GYuntiind, np £, =a,
Yuunwlwip P(x) pwqiwGnwih
Plx)=ar-x)x-x)(-x) ®
dopinudnipgnilp” hGsp GawGwynid £, np phnwplynn pwqiwbnwip ytppnid-
Yty t qéunhl wpuwwnphsGbiph: "
uw

Jwuljwlwih &, np (1) puqiwGnwth (8) Ybppniénipywb dbp Yuspnn GG npn;
wpwnwnphgbp hwdpGyot: LEWGH nbwptpnid, dhwynptind uyn wpunwrphs-

ikipp R(x) pwqiwlnwdp YGahphuwjwgbhlp

P(x)=a(x-xP(x-x) {x-x) (k+k++k =n) ®)
wbupny L YuubGp, np x=x-G (i=1,2,...,m) wnwé pwqiwbnwsh  -www-
wpy wpdwn L

OphGwy 3: IwdwowG Yepngpyuith x=2-p A (x)=(x-2)(x-7} pwqiwlnush b
nwwwwnhy wpdwin t, huly x=7-p" YpYlwugunpy:

Oquytiiny P(x) pwqiwGnwih (8) Ywd (87) ytp nionipynilhg L Glwwnh
nGEGuny, np & -wwwwnhy wpdwn nGEGun G wyn pwqwinudh hwdwp Gzw-
Gwyntd £ niGEGwy & hwwn ShwotwG wnpdwn, unwinul bGp htnlyw( pbnpbiip

Btinptd 4: n 1 wunhdwlh Jmpwpwlsimp puquwlnwd”’ nmh Shan n
wnpdunn’ hpwlwl Jud §nduybpu:

UGgGbiny hpwlwh gnpdwlhgltipny pwqiwbnuwdl wpuwanphsGph dbp-

(ot juGnphG wydd BGpwnpliGp (1)-p hpwywh gnpdwyhgGbpny puwqiwd-
nwd b L wywgnighGp htwnbyw) pbnpbdp.

*) Ibwnlaupwp Guds 7 -pr wunhGuwih Jnpupwhznu hwlpwhwgusiws husjwuanntd:
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§37
Bbnptd 5: Epb npld 4ndwybipu phy ppuwlwl gnpowhglbbpny (1) puq-
dwlnwif wpdun b, wwyw wyn pdh hwiwgnid nduytipu phyp Gnylwby np-
Ywd pwqwlnuwdh wpdunn ¢

Uwwgniyg: hgnp z, =x, +iy, Yndwitpu phyp [36,u1] hpwlwt qnpédw-
upglGtpny (1) pwqiwlnwdh wpdwwin t, wjuhlpl wnbnh nGh

Za,(xm\iyo)' =0 (9)

Ywd np GnyGao t
A+iB=0 9)
hwwuwipmpynilp, npuinbn 4 -G (9) hwdwuwpnipywG dwhu Ynndh hpwiwb dwub

L huy B-6" Gpw Ybné dwuh gnpéwlhgp [36,u2):
blswbu ghwnbiGp [36,u3], (97) hwywuwpmpynGhg htinnlmd £, np

A=B=0: (10)

W, bpt A (x) pwqiwbnwih dbp x -h thnhuwnbG nbnunptGp z, = x, - i,

(38,u7] Yndwtipu phyp L ogutiGp [36,(5°)]-h wawehl Gpymi pwlwdlbinhg’
10) Ci Hi i cOTHREEO»C3 Ci i AoAipH [Tm i 31 3

I{(Z): za,;?=z;.z_;=za=2a,z: =Za,(x, +iy,)‘ =A+iB=A-iB=0 .
0 e =0 [ =]

hGgp GawGwilymed t, np z—° Yndwitipu phyp I:(x) pwqiwinwidh wpdwuwn t:
hupu
Uupwgniguwd pnptidhg hbunlmd t, np ppulyuil gnpdulihglbpmy P(x) pusg-

Jwanwdh (8) Ybpyymémppuwl dbo Ynduybpu wpdunnlbpnp dwuGuilignid 66 qnyg
wa qnyq hwduymo dhny:

P(x) pwqiwGnuish Gaywé Yupinudnipywl dbe nhunwnybiny Ynduwtpu hw-
duwpmé wpdwinlbp wwpniGwynn wpnwnphsbbph nplt qniq.
I—(I, +iyt)’ x—(xn -’:yn)'

imGLOwGp
-G+ b= - )= [ - )- )G - x )+ iv]=
=(x—x,r.+y: =x'-2xx+x+y;=x"+px+gq,,
npnbin x, -G, y, -0, p,-0 L g, -G hpwlwG pyYtp &G, pGn npnid
P.=-2x, q,=x+y, pi-4q=—4y]<0:

Upnypuny, hpwlwl gnpdwihgGtpny Px) puquwnudp (8) Jbpimonp-
Jwh 06 Ynduybpu hwdwimé wpdwinldbph hwdwwunnwufuwlng wpnwnafs-

*)bpwlwl a -bphnbupnd g = ¢ hwjumswnnipiniGh wilhwpnt:
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abph impuipwiliympa wpanwnppwy wpnn G6p GEphuywglbby ppwlpwt gnpéw-
Yhgbbpmy b puwguuwlwl wnwppbphsny pwnwlynup  Grwlnwdh inbupny:

Jwulwbwih t, np, tpb 2z, =x, +iy, Yndwbpu phyp P(x) pwqdwbnwsh & -
wwwwnhy wpdwin b, www Gpw hwdwinté Ynduybpu phyp Gnylwbu wyn pug-
Jwinwdh & -wwwwhly wptwn t:

Udhnhbiny ybplnid pbpdwd nunnnnepiniGGhpp’ unwind ap hbnlyw
pbnpkdp.

Btnptd 6: ~pwlwl gnpdwilhgGhpny jnipwpwlsnn pweiwlnwd fupnt-
h b (thwdwwwinwufuwl yunnpynipymbGlbnny) fbpym oty phpwilpwl gnpéwihg-
Gtipny qounhl L (Qéuypl wpunwunphsbnh sibninidynn) pwonwynivughl wp-
twnphsGbph:

Uybhp, np dwubuwinn nbypnid ppwliwl gnpdwliihgbbpny pwqiwinuilp
Yupnn t dbpimodly dhuyl qouyhl quwd dhuyl™ qéuyhG wnwnpfsbbph sybp-
[moynn purwlymuughl wpnwnphsGeph:

PLinnbl 6-p Gawhwlned t, np hpwlwh qnpdwlhgbpny P(x) pwqdwlnu-
h hwdwp wnbnh nubh hnlywy Jbpiniémpynlp’

P()=ale-x)(x-x) (- ) (& + px+q)x' + px+g) -
(P rpx+q),  (k+k otk 242,442 =n),

npunbn dwuGwlgnn papnp qnpdwlhglhinp hpwlwh pybp 56, huy pwnrwynih
bnwOnwibGtph wwpptiphsGtipp’ pwgwuwluwh:

(11)

§38. Muwpqugnyyi nwghnGwi YnunpwlGep L Gpuwbg
hGunbtqpnidp: NwghnGwy YnnnpwllGbph hGunbtqpnudp:

dbpwnwaGwiny rwghnGuy YnunnpwlGph [37,u2] hGuntigpdwl fuGinphl’
Gwhu SwinpwGwip wwpquwgntl nwghnbuwy Ynunnpulthph hGwnbgpdwdp:
UwhdwGnul 1: Fbwnlywy Yninnpwllbbpp’

A A Ax+B Ax+B

’

x-a (x-af x+px+q (x’+px+¢;y
npunbin A-G, B-G, a -0, p -0 L q -0 uduwywlyws ppuwlywl huwunwinn GG66p b6,
p0n npmud x* + px+q Gowlnwdp hpwlwl wpdunGbp smah, Ynsdnd GO uup-
quignyG nwghnbwy Yninnpuwlbbn:

Shunwnplynn YninnpwyGiphg wewehG bpyniup hGunkgpynid GG htinnip-
Jwdip:
bpnp, Juuwpbiny hnpnjuwlwlh x-g=¢ thnjuwphlnd’ yniGLGwap’
[29,(14)], [35.1V,4°,3°,(11)]
Adx dix-a dt
j' =4f ( )=AIT=Am|:|+c=Am|x—a|+c,

X—a " xX—a

(n=23,.) (1)

«)3hb6p 17211 toh vinnuanwind plipdws upuSwiudnplwonppul Swuh:
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§38
j' ¥ - = A d(r a). I = 4 +e:
(c-ay ~ \n l)t (n-1fx-a)y"
Uﬂgﬁhlnq (1) Ynunpwliitinhg tippnpnh pGunbigpdwGp, Gwhs win Ynwnnpw-
4h hwpnwpwphg wiowwtilp Gpw jphyd pwnwiniupG.

i 2 )

syq P (P P’ P P
X +px+q=x+2-Zx+l =t rg-F=|x+T | +g- .
pxtgq 2 \2) q 4 ( 2) q ek

UjGnihtwnb Ywwnwnpbinyg

b

14 P
x+?=f, 9= =4 (a>0) @

GaulnuynudGhpp” YmGLOwhp [35.4°,5°w]?

Ap)

At+ B——

t(4x + B)dx _ f( " 2 =_fi 2 (B_A_p\ I_‘_ﬂ_ = ’-‘-]n(t’+a’)+
230+ B

Viepxtqg 4 r'+a 2 )+d 2

1 Ap t A 2B +p
+—{ B-—Zlarcig—+c==In{x*+ px+ q}+ aret,
a( 2) L3 2 E+p q) J —=rarcig

Jig-p’

bl Ybpwpbpynud & wwpqugnyl awghnbwy YninnpwlGphg dpehGh hG-
nbgndwlp, www (2) GawlwynuiGhph 26nphhy Gwhu win nunpwih hGunbg-
nuip GhpluwywglbGp Gplint hﬁmbqnwlﬁbnh qnulwph wnbupny.

{(x+B)ax _ ( i ﬁg) dr__. .
I +px+q) 2 J(t +a7 2 Iit’i—a’i ' 3)
Ujlnehbnls Yunwinbinyg hninfauwGh ¢ + g7 = ¢ thnfuwphGmd® hwybGp
(3) hu.ulwuummpjmﬁ ﬁwtuwdbnghﬁ hﬁmhqnwm.

+a 1 - .
e [ R

hhpwnb[nq dwubpny hﬁmbqpﬁwﬁ pwhwadlp [35, (13)] L (3) hwywuwpni-
pjwl dbip VwuGwlgnn YbpehG hGwnbqpuwip Gawlwybiny J, -n, wyn hGnbgpw-
th hwiwp yniGhGwGp

J=d‘=t—jt-dl=

t'+ad')-d

=t sonf vt =t +2nf(
Fray 2oy Fea) s

+cC.

Ywd

*) Junduwd G bipwnmpyuwl’ ahuwniyfng bewGnudh nuppbnhg puguaalut t.

P .
——-q<0:
4 q
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J o=t 42n) ~2anJ,
"+a

npntinhg J,,, hGwbgpwih hwownp YunwGwbp hGunbywy winpwnwnd (akyn-
phGw) pwlwdlp

I t 2n-1
Ju.= - =12,...):
“2an ([ +d') 2 I, (n=12,..) )

Llwinh nGGGuwiny, np

J =

1 t
=—arctig—+c¢
ria a8 (©)

L (5) pwlbwdlmd pGnmbbind n=1, YmGLEGwGp
J ——l—--;+Larct t+c 7
T Tra 2 8g 0
Jwuyuwbwih t, np (5) pwlwdknd hwonpnwpwp punnlbbiny n=2,3,...,

YuunwOwbp J,,J,,... hOwnbgpwiGhph wpunwhwpnnipyniGGbpp:

2nppnpn wwpquwand awghnGuwy Ynuinpuhh hGwbqpuwih Ybpelwlwl
nbupl unwlwnt hwdwp S6nud t (2) GzwGwynudiGEph oqlnipjwdp hwiwww-
nwuhuwl wpinwhwjpnnepyntGGbpnud Ypwnwetw) x-h, p-h Lk g -h:

Udwpnbiny wwpqugniG nwghnGuw) YnunnpulGeph hGunbgpnidp” wydd w-
nwig wuwuwgnigh pbpblp nwghnGw| YninnpwlGenph hGwnbgpowl nbunipjwi
b9 wnwlgpuyhl GaulwympiniG ntbignn hbuinbjw; pbinpbdp’

©bnpbd 1: Ppwlwl gnpowlihgllinny jmpwpwlsmp Gwlnbuninn nuwghn-
Ouwy Yrunnpuly Yuipbih ¢ Ghpluywglly Jépouning pyny wwpquigniyG pwghn-
Gwy Yninnpuwlyllinh qmidwph inbupny.

P(x) _ P(x) _

0.(x) G-x)l-xy & +px+q)-+px+q)

1 {1} '

A +- + 4, 4ot 4" T 4

X — x .x XF X - X (x X) (8)

BYx.+ CY BYx+ Y B+ ¥ Bxe ¥
+ T 4ot et

X+ pxtq, (+pxtq) X +pxtq, o +px+q)

(n<m=k, +k,+---+k,+21,+21,+-~-+21,),

npntin dwuluwlignn prpnp gnpdwihgbbnp hpuwlwi pdbn &G, puly pwnwiniuf
bowlnwdGbph wnwppbnhsGbpp” pwgwuulpwl:

Lenjuywgywé pwlwdlh we dwuh Yninnpwlbph hwdwphglbpp qunlbipnt
hwdwp wyn Jwup pbptiGp pGahwinp hwpnwpwph b unwgywé hwdwphgh nt
P,(x) puqiwinudh hwiwwwnwuuws winwdGsph gnpéwihgbbpp hwyw-
uwpbigGhGp hpwp: UppynGpnid” Gaywd hwutnuwnmGGEpp qunbbint hwiwp Yu-
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§38
nwbwlp wihpwdb:n pwlhwynipyultp qéwht hwywuwnpniiGbphg Yuqdijwé
apnziwy hwiwhuwpq [12,u18]:

{8) Gnylrupywl Gtp dwulwlgnn wihwjn gnpéwyhglbtipp qunGtint GYw-
nwgpdwo dhpnnn Ynsymd t wlnpn; gnpéwlhgabph dkpnn:

Udinhtiny YtipefiG bpyne wuwpwgpnuplbpmd pbpwd woymbGplbnn® bq-
pusugmd GGp. ap mughnluy nunnpuwgh plnbgpuip hwptim hwdwn wih-
pwdspn t.

w) unijwc Yrnnpulp (66 1yl wllpwlnG nunnpuwly B Giphuwywgbb; pwq-
Swlnwdh b LwlnGuninp mnnpuwlh amwnh inbupnif,

p) unwgiid Gulnbundnp Lninnpwlih hupanwpwnp Jemmidly wwpq (Qéw-
W0 Leud qouyhle wmawnnhsGeph sifbpimidydnn pwewlnivughl) wopunwnphsGb-
nh b uyl GEpluywglty wwpqugnyl nwghnuy imnnpuliGenh emudwnh inbu-
any.

Q) Mupdly winwgdé pwqdwlnudh b auupgugnyl nwghnluy nunnpwly-
Gbph panbiqnuylibnp I wupnmlGplbpn qnidunty hpwn:

Ophliwsy 1. 3wyt htinlyw; hGwbgpuyp

Iy 2 +2x+13
S -2t 420 -4 a2

Lnidnud: Lhwintind, rp x =2 -p nhnwpling hGnbgpwih bGphGwnbgpuy Ynnnpu-

(w)

i hwpouapwypnud gngnd puqiwlguth wpdwn b b wn pwedwinwdp pudwtbing (-2) -
b dpes’ pwlinprned tunwhwop
x+2x 41
Usuwhuny, tnpdwd pGantiqpugl pGamonud t
I 2x' +2x+13

(S Ere) e (®)
wnhupp:

Ujdd aqundtipny (8) pwlwdkhg' nipdwd Ynunnpuiyp GopYuwywgllilp wwpquigny)l
nughaluy Ynunnpuiyllips gnudiuph nbupny.
2x 4+ 2x+13 _ A4 +Bx+F+ Dx+E
G-+ -2 2+l (F+IF (@)
(9) hwijwietupnpjwh we Swup pptGp pGnhwlnug hwpnwpwph L hwdwphgnud vinwg-
Juid pwqiwbquish ganéwihglbpp hujwuwpbgltlp wyn hwdwuwpnppuG dwhs Ynndh
Yninnpulh hutwphsmd gpywé puqlwbnuish hudwwuwinwufuws qapdwlhgGbphG: Up-
ouhpnid Yuanwbwbp qéwhG hujwuwnpnedGliph hinnbywy hwiwlwpgp’

A+B=0,

~-2B+F=0,

24+ B-2F+ D=2,

—2B+F-2D+E=2, (n)
A-2F-2E=13:

Lmébyny hwywuwnpnidGlph (n) hwdwlwpqp YnobGwip
A=1, B=-1, F=-2, D=-3, E=-4:
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A,B,F,D,E huwuunwinnlGGhph hwiwp unwgwé wpdtplbpp tnbnwnpbiny (q) Gny-

Gnipjwl Ubg L (w) hGunbgpuwip Ghphwywglbiny wwpquigniyh nwghnbuwy Ynunnpwlltiph
hGwntgpw) Ghiph gnubwph nbupny’ YunwbwGp

x-2x'+2x' -4x' +x-2 -2 3 x+l

3-4x 1 (x-2}
= +—In—=-4areigx+c:
e+l 20 P4l &

I 21" +2x+13 e [ (x+2!dx_,‘3x+4

§39. hnwghnGuwy pniGyghwbbph hGunbgpnudp: GnwGynibwsw-
thwbwG $nbyghwlbph hGunbgpnudp:

Swlnpwlwny puqiwlnuwidGbph b nwghnluy YninnpwiGtph hGunbgnpiu-
Gp wydd nhunwpytiGp wibwhuh hnwghnGw| $niGlghwllp, npnlp ¢ = ofx) Gu-
Gwynudhg htitnn ppydmad GG nwghnlw; inGuph U hinbwpwp, npubu ¢ -h $ntbly-
ghw, hunbqpymd tG:

PnwghnGuw| LGphGwnbqpw| PniGyghwltipny hGwmbgpwlGbph hwzydwb

Ohwpwapywé dtpnnp Yngynid t hnwghnGuwy LGphGunbgpwy wnunwhwjnnip-
jwl nwghnGwjwgiwh dtpnn:?

1°. 2honwnlybiop
a = =
JR[x,x‘,x",...,x" )dx (1)

hGwnbgpuyp, npunbin R -p hp wpgmdbGunGbph Glwindwdp awghnbwy Pmbly-
ghw ¢ (uyuhlpl win pmbhghuyp wpgnidbGndbph hbwn Yunnwmdntd 6G dhuyh
«nwghnbwy» qnponnmpinGobn), huly m -tipp L n -bpp (i=1,2,...,k) plOwlui
pybn 647

Ahuwplynn hinbgpuwip hwagbint hwdwp m/n (i=1,2,...k) Ynuonpwl
Gtph pGnhwlnp hwjnwpwpp GwbwykGp s -ny:

LGwuwpbiny thmpnfuwlwGh

r=x @
ipnfuwphGnud” Yunwbwip [35,(12)]
x=1", dx=st"'dt: (3

x-h b dx-h hwiwp unwgwéd wpnwhwywnpynLGabpp nbnwnptny (1)
hOwbgpwih ke, YniGEGwGp nwghnluy LOphGunbgpwy wpwwhwjnnipynil ni-
Ghgnn hGunbigpwy: 3wybiny unwgywsé hGuinbiqpuwip [38] L (2) GawGwyniing
ybpwnwntwinyg x dhninfuwywiht Yunwlwhp (1) hGunbigpuyh wpnwhwy-
wnepnilin:

+) LphGp, np ng pnynp howghnGuy $nillighwlbph hGunbqpuGbnG G wpunwhuwminud inwpnuipsl
PnelGughwiibiph Shengny:

++) bp wpqnuitiGnGhnh GYusndwdp awghnGuy nibyghwl Y wbudiblp R -ny:
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§39
OphGwly 1: Iwyyt; hbwbyg hGinbgpup’

 Jrds
l+§/;7

Lménd: beanwpbpny ghadnpamlwih ¢ =4x  GinfauphGnud” 4niGbGuwGp [35,3%,4%]

e G e R G

r+l1
a+b
I‘{" 'Jw]‘* @

2. UiGnhbwnl ppuinwplyblp
Manbanwyp, npunlin 1. 0 poulpadl phy &, puly a -0, &G, ¢ -0 L d -G hwurnw-

nmGbbn:
LYwinuptiny pnthnfuwlputh
(= ar+b
=d (5)
nfuphGnul” YuanuGulp
r= ::: s=w)=% ———,, de =) : (6)
(5) L (6) wali;mpubihph hwajwomdng (4) hGunbopuyp Ypbnmih
[riwt) el ) )

nbupp:

fuGh np R-p, ¥(1)-0 L ¥)-G cwghnluwy Prublghubbn 66, nunh (7)
blntiqnuyG mGh owghnGuy tiphinbopuy wuuhwanmeymi:

Spjwé himnbiqpuyp huwdtiine husdup 3ened ¢ huwadly (7) hGunbopuip b
oquuitiiny| () Gawlulpudhg™ YpumunGuy x hahnfuutpubht:

Ophmly 2 Iuny hownlyuy plantiqpuap’

F L] ,xd»l .
x+1¥x-1 &: ()
Lmbm: ammupbyed (st

x+l
=3
x-1

=Rl 2 & (@)
) & (Q) wabimpmublbph huduoniutng (w) panbopunh hustwp Yumuiwip
[35.5%m},
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1 JXde— 3 dr _ __1__+ 1+2 di= l z+t+l+‘/—amg
x+1¥x-1 71 1-1 £ +1+1 -1y

Jz"
apunbn -0 wpymid b (p) pwlwdlng:
3°. Mhuwnwplblp Owl wybih ponhwlng inbuph

jR J‘(ax+bJ'l (ax+b)7 (ax+b]° &
Nex+d ) \ex+d) " \ex+d (8)
plwntgpuyp, npnbn r -bpp (i =1,2,...,k) nwgpnGuy pybp &6, hul a -G, b -G, c -

G L g -G hwununnmGobn:
Shuwplynn hGinbgpuip hwybim hwiwp YwinwptGp hnhnfuwlwGh

ax+b g
ex+d ®

t=3

¢nfuwphGnid, npunbn s -p 7 (i=1,2,...,k) wunhSwGwgnigiph pGnhwGnip huy
tnwnpuwnb t:

Usanihbuinle hwpybiny (8) hGunbqpuihg unnwgywéd, nwghnlwy LGphlubg-
pw) wpnwhwjinnepinid niGlgnn hGunbgpwip b (9) GawGwlnudny Ybpwnwn-
Guynd x thnthnhuuywGhl” hqunGhGp (8) hGuntigpwih wpunwhwunnipniGp:

4°, Uidd nphuwplblp
[l o bxrcar (10

lwplinp hGuinbgpuyp, npunbn a -0, b -0 b ¢ -G hununnmG6En &G, pln npnid
a+0:

Spywé LhphGintigpwy $niGlghwh nwghnbwjwglbtint hwiwp wowGdhi-
wnwGdhG pGhwpykGp hbwnbjw) hGwpwynp nbwpbpp’

w) ox’+bx+c (1)
pumnwlniup bewlnwdh imwuppbphsp huwdwuwn b qpngh.

D=b -4ac=0:

whnpwhwyh nypngwlwi nwupGpwghg hwpnGh t, np D =0 nbwpnd (1)
bnwlnwdp nunGnid t iphy pwewyniup, npinbnhg htinbmud t, np pGhwpyynt
nbwypnd  GGphGunbigpw $nulighwh nwghnbwqugdiwb fulinhp sniGkGp:

p) (11) bowlnwih wyjwqe wonwih gnpowlhgl m wnmwppbphsp pugwud-
lpwi 6G.

a<0, D<0:

LGGwnYynn nbiwpnid (11) tnwbnwidG plnaGnd t dhw)G pugwuwywh wp-
dtipltip, npwntinhg htinlintd t, np (10) hGnbgpwih hwdwG fubnhpp Ypwnd t:
q) (11) tewGnwdh wnwnppbphsp npwljuwG t.

D>0:
hOswbiu huynGh t, nhuwplpdnn nbwpntd wpyweé tewbnudp Yunbgh t dbp-
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§39
(nudtiy qéwyhl wpwwnnhsbbph
a'+bxrc=alx-x)x-x,), (12)
nnbin x,-p b x, -p Gaywd Grulnuwih wpduwnbbpb bG:
Ywinwpbny
Jax' +bx+c=1{x-x)

‘/aix—x,ix—xzht(x—x‘) (13)

Guwlwlnidp? L (13) hwywuwpnipjwl tpym Ynndbpp pwpdpwglbing pwnw-

Ynwh” YuunwGwGp
a(x-x,)(x-—x,)--t’(x—x,)’

a (X—X,)= l:(x_x\)
hwjwuwpnipyniGp, npintinhg YniGEGwip
x=’1x'—_£ Jai +bx+c =2 (x x} , dx= Za(x x)ldt (14)
t'-a £- (¢ ~af
Fhuwpyynn hGunbgpunh Gophlinkgpuy Jmlﬁughmﬁ nwghnGuwgbbn hw-
Gwp 0Gnud b (14) wpwnwhwjunnepynlGitipp inbnwanbp wn hGnbgpuwih Ghe:
Ophliwly 3: 3wzyb; htwbjw hGunkgpuwip

IL_ : 4
I -sx+6 ")
Lowdnud: huiwnplynn bGphGuinbgnwy PniGlghwih oy Swuliuygnn pwowyniuh k-
nuGnwip tipnustipny qéushG wmnwnphslbph.
% -5x+6=(x-2)(x-3)

jwd np GnyGG ¢

i

L ywunwpbing

Vxi-5x+6 =t(x-2) ()
Guubwynidp GuinwGwip
2 -3 2 .
x= R dx=(t’_1),, x —5x+6_—~——‘1—l, (@

Sknunpbiny (q) wpinwhwpnnepynLGitphg YtipehG pynwup (n) hGinbigpuwih dbe” 4m-
ibhwhp [35,15°w)
[ & 5[
e Sx+6 "‘ -1
Oqungbigny (b) GrwGwynithg unwgynn
x-3
x-2
wnGsnipyniGhg’ tnpdwé hGnbgpwih hwiwp Yeppbwiwiumybu YniGbGubp

——
*) 20Gwplydnn nbupnid uipnn bip Yurnwpby Gud: hawnbgu Gawbudinedp’

Ja' +brsc=1(x-x): (13)
-195-
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=




qintu vl
! dx J -2+ \/x
Jx’—5x+6 J -2-Vx -
n) (11) bnwlnwih wiwq winwdh qnpdwllﬁgg npwlwi t.
a>0:
Lwinwipbing
Jai +bx+c=t-ax (15)

Gawlwtnudp? L (15) hwjwuwpnipywl Gpyne Ynndbpp pwpdpwglbing pwnw-

Yniuh’ YuinwGuGp
ax’ +bx+c=(u-\/¢;x)K
Ywad

(b+2J;t).x=t’—c

hwywuwpnipinilp, npuknhg YnGtGwop

t-c m \/_t +bt+c\/;' dr=2‘/—t +bt+cJ— .(6)
2J_1+b Wat+b iEJ_t+b;

Shunwplynn hGinbgpuwih Gphlwnbgpwy $nGhghwi nwghnGuwglbbint hw-
Gwp wlhpwdtwn t (16) wpinwhwpnnipinlGGepg inbnwnpbp wyn hGubgpuwih
ibo:

Ophlwy 4: 3wyb] htnlywy hGntgpwip™

=

e ©
Lowdmid: Rwlh np x* +4 pwnwiniuh tnwGnudh wydwq wlnwdh qppéwlhgp npu-

Yuwl t, hbwnLwpwp Yuinwpbing

Vx'+a=t-x {0)
Gawlwynidp” Yuunwlwbp
£- £+ £+
t=x+Jx'+a. X=—zla, dx= adt x'+a= 21“: ®)

Stnwnpbiny (p) wmnwhw;u\mpjmﬁﬁhphg UbpehG bpyniug wpwé hlnbgpwih 569
YniGbGwbp

£+a
j' I dt = I£=In|tl+c=ln|x+q/x’+a|+c:
]x +a Jr+a t

Ywunwpbiinyg thm.hnh.mumﬁh

*) RGHunlnn nbwpntd Yupnn bGp Yunnwnby Gusls htitnlyguy Gaubuyntdp”

Jm'+hx+c=t+ ax: (15"

++) Juwdbdunnh'p winpn) hGnbqpunGbph hhdGudiuh gnigwih 14° pwGuwdlLh htin {35,14°)%
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1

=y @

prfuwphlnidp [35,(11)] L ogquybiny (1) hGwnbgpwih hwiwp unwgwsd wpnwhwjnnip-
imahg” Yupnn Bhp htiaunnipjwdp hwyl Gwl htwbjw; hGnbgpwyp.

==
xvax’ +b
t) (71) bnwinwidh wqun winwdl m inwppbpfisp ppuljwi 60.
c>0, D>0:
Ywunwpbiny
Jax' +bx+c =xt+4c (17)
fpwbwyneip? L (17) hwjwuwpmpjwl Gpym Ynndtpp pwpdpwgbbing pwnw-
Yrish’ uuwlGwGp
a’ +bx+c=(tt+\[;)
Lwd
ax* +bx = X1 + 2Jeix
hwjwuwpnipjniGp, npunbinhg YniGEGwip

t: (18)

_2yer- b J'x ~bi+yeca Jet' h:+fa
v bx+e=—r-~———— dx=2
a-t ax’+ a-t ( ;

Stnwnnbing (18) wpunwhwjpnnipyntGGLpp (10) hGunbigpwih dby” pGGwny-
dnn nbiwpnid ty fuGnhpp LpbptGp nwghnGwy $ruGlghwsh hlnbgpdw(:

Latlp, np (13), (15) L (17) GrwlGwynidGhpp Yngmd 66 b biph Gawlwyntd-
Gkp:

Udpnpbiny qprghg inwppbn anwppbpfs mbgnn pwnwyniup brwlnwd
wwpmGuwinn (10) pGinbepuwip htn juwdwo pGhwplmdp’ bepuilpuglmd bap,
nn Gpw GGphtinkgpuy prilblyghwl nughnGuwiwglbbim hwidwn D >0 nbwpnd
wlhpwdtun t oquuyly Lytiph (13) ywd (13°) Gawlwlynidhg, ¢>0,D>0 nbu-
b’ (13) quwd (17) ((13°) quwd (177)) GrwGwlymdGbahg, puly a>0 nbypmd
(15) wit (15°) Grwlbulmdpg:

Wdd phuinwpltbtp bnwblym Gwsupwlwl $ncblyghwiabp upupmGwlhng n-
nnulyh wpurwhwpnmpynGabph plnbepuwGbn L gnyg unwlp, np win pinbq-
nuGph hupdmdp Gnybubu wpbih t hwigbgllby nwghnGwy pmiblhghwlbnh
hbnbgpdws:

L. Ynwplytop
IR (sin x,c08x)dx (19)
e ———
*) 26Gumydnn nbugnd Lupnn bGp Yuxoupby Gusk
Vax' +bs+c = xt e (17)
Tuludinusg:
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hbwnbignuyp, npinbin R -p, haswbu ghinblp, pp wpentd6GinGbph Ghunndwdp
pwghnlwy pmiGyghw ¢:
Oqunytiiny GawGyjnbwswihnipinibhg hwjnGh

2ug* 1-g*
sinx = , COSX= 2
1+1tg’ X 1+1g’ z
2 2
pwlwdbbphg L Ywwwpbiny
1=1g> 20
235 (20)
Gawlhwlynidp’ YnGEOwhp
. 2 -t 24t
= , =——, x=2arcigt, dx=———:
sinx T+ cosx ar X =2arctg Ter (21)

(21) wpunwhwjinnepnGGhipp tnunpbing (19) hGuntiqpwih dke’ Yuunu-
GwGp nwghnGuwy $nillyghwih hGwnbigpuy.

. 2t 2ds
R ,COS R
.‘ (sin:x, cos.x)d I (l+t’ 1+¢ )1+t (22
OphGuly 5: 3wyt hbnlyw hGunbgpwip
2-sinx
2+cosx U

Lndnud: Lwunwpbiny (20) GawGwlynidp L (21) wpunwhwynpeniGGanp wknwnpbind
(h) hGwnbgnrwih dbg” YntGbGwlp [38,p1]
2 2t
f2-sinx dx:j Tlep 24 £-1+1 ¢oaf fEtP +I¢'+dw]
J2+cosx NN @E+3)(E+D) \Jr+3 41
1+1

npntin ¢-0, -G, e-G L -0 npn0wG bOpwlw hwunwwnnGobn bG:
Uinpny qnpéwlhglbiph Skpnnny [38] qunGbiny Gz4wé hwunwunniGlbnp.
a=l, b=1, e=-l, d=0,
2 2
nhunwplynn hGinbgpwih hwiwp Yeppbuwiwwbu YuinwbwGp

2-sinx

4 1 x
2+oosxdx— ln(2+°°33)+73=an‘tg(flg-2~j+c

0. Iwzyh wnbbiny, np ¢ =1gx/2 Gauwlwymdp hGwpwynpnipynil t wwthy

hGwntigptnt R(sinx,cosx) wbuph gwilywgwé Pnitlyghw’ wyn GawGwynilip wl-
Jwlnid 66 bnwGlnibwswihwyw hwiwwhnwGh (mGhybpuwy) Gaubwynd:
UwluyG, Ghunnh mOkGwiny, np (20) GawGwynuip Gippbib phpnud ¢ punwuw-
Gugwih pwpn nwghnOwp PnuGyghwitinh hGnbigpiwG’ Yoquuugnpébtilp Gub
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w)| Gawbwynidotip, npnbp ng phs nbwpbpnid wybith wpwq GG hwuglntd wpn-
inulph:
Swlnpwlwlp wjnuhhuh Gh pwih GrwliwynmdGeph htw:
w) Jupby

IR(sin x) cos xdx (23)

plntgpuyp.
Oqunygbiiny

cosxdx=dsinx

hwjwuwpnipinibhg L Yuwnwnpbiny
sinx=t (24)
fawhwlnudp” (23) hGuinbigpwih huizynip YhwlqbghbOp nwghnGwi $niGyghw;h
hantiqpdwa.
IR(sin x) cosxdx = jR(sin x)dsin x= jR(t)dt :

JuivljwiGwih t, np Gyl bnwlwyny Gwpnn GGp hwybp fwh

IR(cosx) sin xdx (25)
hGwnbgpwip:
OphGwy 6: 3wyl htnbywy hGnbgpwip’
f sin’ x &
2+c0sx

Lnwdnid: Yunnwpbinyg cosx =¢ Gawlwiynudp (-1<r<1), Ymbblwbp

I sin’x [sinx-sinx feos’x-1 . r‘1_1d1=
2+4cosx  J 2+cosx J2+cosx Ji+2

x ~2cosx+3In{2+cosx)+c:

2
J(t—2+-3—]dt=£——2t+3ln(t+2)+c=ws
t+2 2

R) Zhgmip LGphlinkgnwy Pmllghwl winjwd t bhuyl tgx -hg.

jR(:gx)dxz (26)
Ywwnwpbiny
tgx=t @n
Gwlwynudp” YunwlwGp
dt di
x=arcigt, dx=—, IR(tgx)dx = I R(:)E7, (28)

wjuhGpG (26) hGubigpwih hwaddwl juGnhpp GnyGwbu ptpydnid t nwghnbugy
InGyghuh plinkigpdwG:
OnhGwy 7: 3wpyby htwnljw| hGwnbgpuyp

fi
l+1gx
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aLNku VI
Lnudned: Ywuinwpbing (27) Gawlwynidp b Ghwwh nbbGwing (28) wnlsnipyniGob-
pp, YnGbGwGp [38,(8)]

I dx i _J' bt+ed_ J‘ J'
l+tgx 1+ 147 1+1 1+1} 1+¢ l+l

= %{ln]lﬂ{—-;-ln(l+t’)+arctgt]+c=%lx+ ln[sinx+cosx|]+c .

Q) Yo Lopwnpbilp (19) hawnbgnuyh Glphlwnbepwy nibhyghuyh dbg hi;s-
whk'u sinx -p, wiowb'u by cosx -p owuGwlgmd GG qnyq wunhowlGhpny:

Guwwnwptny (27) Gzwlwlnudp U GYwewnh nGEGwny

- ¢ . 1 dt
sin x=m,cos X=]—+7, dX‘-‘-m (29)

wnGsnupyniGGbpp” nhinwplyynn hGunbqpuih hwanido ) hwGqbkglhGp nwghn-
Guy dnillighwyh hGuinbondw(:

OphGwy 8: Iwyyb| htnbjwy hGnbgpup’

Zosin'x
Lntdnuld: Gwwnwpbiinyg (27) GauwGuwynidp b oquiybpny (29) hwywuwpnipncflinhg
wnwohlhg b ippnpnhg” YniGbGwlp

& dt 1 1

f = iyl =—arctg—t-+c= arctg('gx]u-:
J2-sin’x 1(2— 5 ](11—1’) rv2 2 3 7;
1+¢

n) hunwuplblp Gwh

Isin *xcos” xdx (30)

hawnbepuyp, npuntn m -p b n -p Qudwpwlws pGuwlwl pybn 66 L pGowpyblp
htunlywy nbupbpp
1) m L n pifbphg qnat vblp Y6own t:

hgnip n=2k+1, npnbin £ -0 phwlwh phy t:
Quinwpbny
Isin'xcos"" xdx= |sin"xcos™ xcosxdx = |sin"x(l - sin’ x) d'sinx

SLuwpntuntpymGGbipp b oguybiny (24) GawGwynidhg' phhwplynn nbwpnid
(30) hGwnbtignwih hwyynudp YpbpkGp nwghnGuw) pniGlyghwh hGunbgpiwG.

Isin'xcos'xdx = Isin"xcos™ xdx = It'(l —r)dr:
OphGwl 8: 3wyl htwnlywy hGunbigpuyp’
Isin‘xco_s’ xdx:
Lowdnud: Gwnwiptiinyg (24) Grwlwynidp” YncGbGwGp

: . . . e r sinx sin’x
Ism’xcos’xdx: sm’x(l—sm’x)dsmx: I(t’—t‘)dz:-}——?ﬁ:: 3 s ¢
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2y m -p b n-p gnyq pibn 60:
Ohgnip m=2p, n=2k, npntin p-0 L k -0 pOwljwb pybip GG:
Oqutiiny bowlntGwswihwlwb pnbyghwlbph wpglh hebglnn
sin*x = %(1 —cos2x), cos’®= %(l +¢0s2x) (31)
pwhwadlbtiphg™ Juwnwlwip
Isin” x cos*xdx = ’:—. I(l ~cos2x) (1+cos2x) dx: (32)
Pugbiny vwnwgywsé GhGphGwnbqpwi wpnwhwynnipswl thwlwqdbpp L
Shwgthiing Gdwl winwdiGbpp” YunwGwlp dh qnudwp, nph 69 cos2x -p Gwu-
fiwhgmd t qnijq Ywd HhGn wunhSwlGhpmy: cos2x-p YhGtn wuwhGwhlbp

wwpnifwynn winwebtpp Yhlintigpblp wibwbu, hGawbiu GYwpwgpybig 1) nbiw-
pmd, huly gnijq wuwnhGwbibp wwpnilwlynn winwdakpp hGinbgpbint hwdwp

inphg Yoquidblp cos?x -h Yuwpql hobiglnn pwlwdlhg: Unwbu 2wpmbwlyb-
ind’ h dbpen YhwuGtGp

Icoslxdx

nbuph wwnpquaniG hGnbgpwibbph hwyydwlp [35,9°], npinbin 7 -p pOwlwo
phy t:

hGswbu wnbuGnid GGp, tipb (30) hGunbgpuymd m -p L »-p qnyyq pubp &G,
Wi wyn hGubqpuip Yupbigh t hwpgb) hGswti‘u (27) Gawbwydwh oglnipjuwdp,
wjbwt'u | yeplmd Gwpwgpiwé bnwlwyny:

OphGuwy 10: Iwpyby htinlgusy hGunkgpuwyp’

jsin’xdx:
Lniénud: Oqingbgny (31) pwlwdlbnhg wrwphGhg' Yuunwiwbp
in*xde =~ [(i- LY (U -
'[smlxdx— 3 I(l c0s 2x)dx = 3 (x 2sm2x}+c.
b) dbponid npununyblp Gwl
J.cosmxcosnxdx, sinmxcosnxdx, {sinmxsinnxdx Qm[#lni) (33)

hawnbgpwGbpp:
Rondwé hGinbgpuwGpp hwybint hwdwn YogqunytiGp

cosmxcosnx = %[cos(m —n)x +cos(m+n)x],

sinmxcosnx = %[sin (m - n)x +sin (m + n)x]‘ (34)

sinmxsinnx = %[cos (m - n)x- cos(m + n)x]

Pwhwdlbphg:
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Ophlwy 11: 3wy (33) hGwkgpuwyGtiphg tpypnpng:
Lnténtd: NGkGp [35,89)

fsinmx cos nxdx = %[[sin(m—n)x«fsin(md—n)x]dx =

cos(m—n) B cos(m+ n)x .
2(m—n) 2(m+n) '

= —;—J'sin (m-n)xdx+ %Isin(m +n)xdx=c-

§40. luOnhp, npp hwiqbgGnud t npnzjwi hGnbGgpwih hwulw-
gnipjwlp: Npn2jwy hGunbtgpwih vwhdwbGnidp, gnynipjwl phnpbidp
L hpiGwywl hwwlnp)niGGhpp:

Vwpbtidwinhluwlwl wiwihgh hhiGwywt hwuljwgnipiniblbphg 0GYG ¢ n-
pnzjwy hGwnbigpwih hwuljugnipniGG t:

Uwpbdwinhuyntd, dhghliugnud, dbpuwbhywynud L dh wpp wj) plwqu-
fweGtpnid gnynupynG mGbG pwqiwphy ulnhpGp, npnGg (nudnulp Yuwywd
t npn2jwy hGunbgpwih hbun:

BSwlnpwlwlp wynwhup fulnhpGtphg dblh htin.

tapwnptyny, np {a,b] dhewlpuypnid npnadwé f(x) wlplnhuwn dniblghwl
ponnGmd ¢ Shuyl ns pwguuwlwl wpdbplbn nGlp x=a ,x=b mapnbt-
nny, ox wewlgpnyd L inpywo pmalghuyp gpwdhiyny vwhdwlunpuwlyfws ABCD
Ynpuwgho vbnwibh dwlbpbup QunGbimt fulinhpp:

QLuwlbipwwéd fuanhpp (nudtine hwdwp {a,b] shpwluypn (G4.67) Yudwjuw-
YuG dlny.

=X, <X < <X, <X, <<x,=b 1

wnpnhtlip nwppwywb Shewlwyptph, i-pn (i =0,l,...,n—l) nwppwiwb dhow-

Yuyph Bpwpnip)nbp GawGwlkGp Ax, -ny.
Ax, =x, —x,

L x=x nnhnGtpny 4BCD Ynpwghé ubnulp

npnhtGp » wwppwlwt Ynpwghd ubinwGbh:

] Wnihbwn i-pn (i=0,1,...,n-1) nwppwiwb ut-

:\“ nwp (hrfuwnhGhGe w)G nuanwilyning, neh

“0AD $ phipp hwqwuwp b Ax, -h, hul pwpapnipynilp

flx):

X,

-]

0y.67
Swulwhwh t, np gnudwpbiing uumugywd pninp twippwlwh nuqnwGlynLl-
Gbph dwhbpbuGipp” Smnwynpwwbu YuinwGwip 48CD Ynpwghé ubinwGh du-
Ytptup.

S o ~if(x,)Ax. : @
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§40
Muwpq t Gwl, np [a.b] Showlwipp nppwl dk¢ pyny dwubph pwdwihGp,
wlipw (2) dninwynpnipjwil Bk pnuyp wnpdwd ufuwip Ghnppwlw:
Ujuihuny, nhunwplynn Ynpwghé ubnwih dwybipbub S2qphin wpdtph hw-
Swp YneGLGwhp

—

Suco =l D/ e)a @)

npuntin
A =maxAx :

UGglbtiny pGnhwimp nbwph pGlhwaldwip” LGpwnptOp [a,b] thuwly Show-
fwipnd npnadwé t y = £(x) Pnblghws:
Lnphg pwdwGdwl YGwnbpnyd nhvwpyynn dhowljwipp jwiwjwyws dLny

wnpnhGp dbpewdnn puny [a,x] [x.x)....[5...6] wwnpwiywG dhowtuyptnh L
wjn dhpwluwypbph bphywpnipintGGhpp hwlwwuwnwufuwiwpwn Gwlwlykip

Ax,-nd, Ax,-ny,..., Ax_ -ny: Wlinthbink i-pn (i=0,l,...,n-l) thowlw)ph uwh-

SwGGtpnud YbpgOLbGp YuwjwlwG & b, f(x) pmbyghwh wpdtipn Utpg-
pwé Yhnmd puqiwwwnibGp wyn dhpwlwph plwnnipjudp L uqubGp

o = Z.f (& )ax )
gnudwpp:

UwhdwGmd 1: (3) gmdwpp fnsgnid ¢ £ (x) Pmbyghuyp plinbgpuwy -
dJun [a,b] dhowluypnd:

UwhdwGnid 2: bwwbap, np ), -G gpngh dqunbithu (3) gmidwpG mGh (ybn-
pwynp) | vwhdwl, bpb guliwgwsd « npuwlwl pdh hwdwn grympimG nGh
wilyhup § npwlpwG piy, np htGg )<, wyuplpl hbhg [a,b] Ghowlpwypp Yus-
duywlpul dbny wnpnhblp § -hg pnpp GplpwpmpimG mObgnn inwppwlwl dh-
swluypbnh, wuyw wolwfy Ax, Shewlhuypbpmd &, Ybwnbph plunpnigmihg,
nbnp YniGbGw

fo.-I|<e 4)
wohwywuwpnipinibp:

Uwhdwimd 3: A -G gnayp dquibipu o, qmudwiph (bppwiinp | vwhdwlp
bngymo t f(x) PmiGlyghuyh npnyuy plinkgpuy a -hg dpGst b uwhidwGoE-
g’ b Gruwbwldmd ¢

= }’f(x)dx ()

Yuydwhwbywlng:

) Wpunihitunls funubg] @ g sl 5 uwhdwbibpnud unupusisjuss npnzguy hGunbgpuyh JusshG' dbGp
Yhusiwnblip, np o <5
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Oqunytiind npnzjwi hOwnbkgpwih uwhiwGnihg L (2°) hwyjwuwpnipimihg
ybplinid nhunwphywéd Ynpwghd ubnwbh dwybpbup Yupinwhwinblp

Secn = :If(X)dx @

hGintigpwih Ghengny:

UwhowGnd 4: (5) plinbenuyp grympuul nbuprd (x) DnLllyghwt Gns-
ymd t painbaptih la,b) dppuluypmd, [a,b] dhowluypp 4nsyno b £ (x) pmudiy-
ghuyh plinbgpdwl wppnyp, a -G° (5) plunbiqpuih unnphl vwhiwdl, b -0° |-
nha vwhdwl:

UunntiGp, np haunbepbih pnillghwl wihpwdbuinwpwn wbunp t 1hoh vwh-
Jwhunpwly pGinbigndwl dhowlpwpm J:

Ppnp, tpt f(x) hGwbgptith nibyghwt [a,5] Ghowlwypntd, ophbut,
ybplhg uwhdwlwhuwly st, wwyw hGswbu b wyn Showlw)pp wnpnhblp nwppw-
Ywa Shpwlwiptiph, unwgyws Shewlusptinhg wnlGwqlb dbyntd £ (x) dnlly-
ghwG YihGh ytinlhg wivwhdwGwihwly: Un nbwpnid hwiwwwwnwufuwb oh-
owluwipnid & Ytinh plGuwpripjwh hwpyhlG f (&,)-0 L htwnbwpwn Gwl o, gqn-
dwnp uwpbh t nupdtl; gwiliwgwsd npuljwh pyhg d6d, npuintinhg hbwlnd &,
np Juwnwpjwsd Gopwnpmpjwl nkwpnid o, qnudwpp ybppwynp uwhdwb ni-
GGOwy sh Ywpnn, wyuhlpl f (x) $nuGlyghwi [a,b] Showlwypnud hGwnbkigpbith gt

Unwgwsé hwlwuntpyniGlh wwywgnignid t dLwlbipuwé wlnndp:

Lhwwh nbbGwiny Ytpngpjuip wiu wwnwopudnid Ynhnwplbip shwyl
uwhiwbwhwy pnibyghwbtn:

Uychi [x,,x“,] (i=0,1,...,n—1) dhpwlwypmd f (x) $niGlghw;h pOnnibwé wre-
dbpGtph G2qphw uwnnphG L G2qphun YbphG bgpbpp [19,u32] hwdwujuwunwy-
hiuGwpwn Gawbwytbp m -ny m M, -ny L YuqikGp

5= mAsx, 5= Max, 6)
qnidwpGbpp:

Uwhdwlnd 5: s & 5 gmdwplbpp Yngymd G [a,b] dhowluypmd npny-
qwo f(x) pmoyghuyph Nwuppnip hwdwwunwufuwbwpwn wnnphl b bpht
hawnbgenwy gmidwnbbn:

Mupg t, np ipt f (x) -p whpGnbwwn $nilyghw t [a,b] Ghowljwypned, www

wnpqwé npnhdwh aiwpntd (6) qnuiwnGbipG hpkiGghg LGbpLwywglhG wyn $mbl-
ghwjh hwdwuwwtnwuhuwGwpwp thnppwqnyG L oEdwaqniyG hGunbigpwy gnidwn-
Gbpp:

UGghhyny plnhwnip ntwphG, puyhG pwqdnupjwl Gqphun utnph b 626
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phn Jtphl Ggptipp vwhdwGdwl hwiwduwyl YnlGEGuwhp

m<fE)sM  (i=0,1,.,n-1): )

(7) Yphtwyp whhwywuwpnipnilfibph winwdbbpp pwqiwwwnybing

Ax -ng b vinwgywd wihwywuwpnipyntGGbnl winwd we winwd gnuwpbiny
hpwp® YunwiwGp

sso, S S: (8)

bGswtiu inbubnud BGp, wpywd inpnhdwl nbwpntd s -p L 5 -p hwunwwnniG-

Gp 66, hulf o, -p° hnhnfuwlwi (pwih np uyl Ywhefwsé t &, Yeunbph pGupn-

pinLGhg):
Jwpg t swgmd. npnlp O npnyuwy plinkgpuyh erymippul wuydwoGenp,

wuplpl plsuhup” wuydwGlbpp wewnp ¢ punfwpunh la,b] dhpwiuypmd n-
mjwé f(x) prublyghw, nputiugh wyG (hih hlnbeptih wn dhewluypned:

3bwnbgwi plinpbdp, npp phipnd GlGp wnwGg wupwgnygh, wwihu t dlwlbp-
wwé hwngh wwumuutuwGp'

fdbnphky 1: [a,b] dhowluyprntd npmpdwé f (x) dntGlhyghuyp npnywy pi-
unbgpuh grymppul hwown wohpwdtinn t L pwdwpwn, nn

lim(S-5)=0, ()
nmnbin s -p b 5 -p wyn pmbhghuyh Ywppmp hwdwwunnwufvwlwpwn vnn-
Pha L bphl painbopuy qmbwplGbnl 6G inpgwd dhowluwpmd:
M —m wnwppbpmpimp Grwowlybing o, -ny.”?
M-m=o, (i=0,1,.,n-1)
b oquiybiny (6) GrwlwlmdGtinhg' Yupnn Llp [a,b] dpowluypmd npnpwo

f (x) dnGyghuyh npnéjwl pounbgpugh erympywl wohpwdbon b pufwpuwn
Wuydwlp Gephuwywglly
lim» ®,Ax =0 9)

inbupny:

Unwiig wiwwgnygh phiptilp Gwh hbwnbjw; Ywplbnp ponpkidGbpp’

Rbnptis 2: Ept 1 (x) Prublyghws wplnpwen t [a,b] dhowlunpmd, wuw
Wl plinbigplih t wyn dhowluypmd:

Bbnpbd 3: et f(x) Pmbyghwt vwhdwbunpuwy t [a,b] dppurjuypmd L

méh Jbpouninp pyny fuqowl fbunbip, wupw wyl hGinbapth t Gpdwo dhpuwlywy-
pnug:
et

) o, G Yngdnud t £(x) PauGlghwsh nunnwlnud | -pn Shpulwipnd:
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Bunpbd 4: et f(x) Prullygpwl dnbnuinnk ¢ b vwhdwlunpuly {a,b] dp-
owlwpmd, wupw wyl hGunbgnbih t win dhowlwpnid:

Ujdd, Gopwnptiny, np nhunwplynn $niGhghwibnG hGubgnptiih 56 wnnyws
dhowlwypbipnid, wiglblp wyn ImbGYyghwltph npnzjwi hGinbgpwiGtph hwn
YmpynulGlph htitn dSwlnpwlwnth:

1°. Jwuwnunnml wpunwnpfisp Gupbih t ampu pnby npnywy hGunbepuwih
Orwlfr inwlhg.

.Icf(x)dx=c]f(x)dx (c=con.s'1): (10)

Uwwgnt)g: Oqunybiny npnzjwi hGunbgpwih uwhdwintShg' Luwnwlwbp
[21.(57)]

Icf(x)dx = 1}§icf(§, = hchf = chme j
) huyw
2°. dtipguninp pyny Bnullyghwlbnh emdwph npnzwy hiunbenwip la.b)
dhowlyuypmd huwuwp b inpifwé Smblghwbbph npnywy hGuinbepuwGbph gni-
JuinhG’ Gyiwo dhowluwpm .
ﬂf(x)+f(x)+ o+ (e = jf(x)dx+ jf(x)dn -+ jf.(x)dx (1)

Uwwgneyg: NuGkGp [21,p17]

j[ﬁ(x)+ AL TN T l,gr,nz{ﬁ(a.)+f:(a.)+---+ £ )lax, =
=lgn[2ﬁ(§,)Ax.+zf,(§,)Ax,+ WA ]hme(a)AH

+lim S £ )as o+l 3 £(E)ax - [+ [rle)ae s+ [1e)as:

huyw
3. bpb plinbgpvwd [a,b] dhowluyph jupwpwlsymp Ybnnid inbnh mbh
S®)<el)
wohwywuwpmpyniOp, www nbnp mGh Guwl
[£(e)axs [ele)ax (12)

wlhwywuwnpnipimlp:

Uwwgnyg: Ogqunybiny (11) pwlwdlhg L npnzjwy hGwnbqpwih vwhiwbni-
dhg" Yuunwlwbp

1t fstoar= [lr6)- s@las -t S e)-sEllas: (19
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fwbh np i-h gwllwgwd wpdtph hwiwp Ax >0 L puwn wwjdwGh wnbknh
ntGh

rE)-gk)<o
wihwywuwpnipynilp, nunp (13) hwywuwnpnipntGGhph we twuntd dwulwy-
gnn gntdwph qnudwnbithGbpp npwiywo 66: IGwbkwpwn, npwywi st Gwl wn
gnudwpp, npwntinhg hbinlinud t, np A -G qpnjh dqunbthu Gpwé gmudwph uwh-

JwGG by npwlwb st [20,p1]:
dtipngpjwihg L (13) hwdwuwpnipynblGbphg YniGkowGp

j'f(x)dx- J'g(x)deO,

nuntinhg Juunwlwbp (12) wihwywuwpnipjnilp:
hww
Ibwnbwlp 1: [a,b] dhpwlhuypmd ns pwgwuwlhwl wndbpGbn pGnnilnn

Smbyghuyh npnywy hGnbgpuil a -hg OhGsh b wwhdwloEpMY nf puguuw-
ywl dbémpim G ¢t.

[e@a20, bt g(x)20 tinp x<[a,b]: (14)
Uwwgniyg: JLwybpwwsd winnuil wwwgnighiny hwidwp pwdwlywh t n-
gy hwnbqpuih Gwiunpn hunnlynipyjwh Stip pGnnulby, np [a,b] dhowljw)pntd

f (x) IniGyghw OnijGwpwp hwdwuwp t qpngh:
hwyw
4. JwuvrunnnGh hGunbgpuyl a -hg dhGsk b uwhdwbGbpmd hwdwuwn ¢
win hwuwnunnnioh L hGwnbepowl dhowlpwph tplwpmppul wownwnpuho.

&

chx:c(b—a) (c=const): (15)
Uwwgnijg: NiGLGp
jcdx= lirpich, =ljgici Ax, =clim ZAX =clém(b—a)=c(b—a):
huw

5. bpt y=f(x) Pmblghuyh shnppwenyt b Seowqnyl wndbplbnG [a,b]

Uhowluypm d hwlwupunnwufmwbwpwn hufwuwn 66 m -h b M -f, wuw unbnh
mGh

m(b—a)s If(x)dst(b—a) (16)
glwhuwnwlywip: )
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Uwwgniyg: Oqunybiyny
ms f{x)s M

wlhwywuwpnip)ntGltiphg L npnywi hGnbgpwih Gppnpn hwnynipinGhy Gu-
wnwhwbp

]mdx < ]f(x)dxs ]Mafc:

Npnyyuy hGunbgpwih snppnpn hwinynipjwG 2Gnphhy unwgywé wihwyu-
uwpnep)niGobkipp YplnnibtG (16) wkupp:
huyw
6. Gpt y=f (x) drublyghuyh thnppwenyG L SEowgnyl wndtiplbnl [a.b]
dhouwljupmd hwilwwwinwufuwlwpwn hwywuwn 66 m -p b M -h, wgw nbnp
mah

[rle)e= (e -a) (1)
hwywuwpnipmbp, npinbn m<psM D
Uwwgniyg: Yhgmp m-Gme Mp f (x) InLGyghugh hwlwwwwnwufuwlu-

pwp thnppwgnyt L dEGwagntj0 wpdtiplbpG &G [a,b] dhowlwypnud: Ujn nbur
pnud (16) whhwywuwpnipymGGbiphg YunwbwGp

1
Juwd
ms<pusM
whhwywuwpnipiniGlipp, npinbin
l »
h=r 'If(x)dx‘ (18)

MNandwl wwwgntjgl wywpintignt hwiwp 6Gnud t (18) Grwlwyswh 67
wquwwnyby Ynnpwlhg:

huyuw

Lywwh nbbGwiny, np thwly Shewlwpnid wGplnhwwn dniblyghwl unw-

Gntd t hOswb'u hp thnppwqnty0 L dGowgnyl wpdbpGhpp, wylwb'u tp wn wi-

dtpGhiph dhol plywé SGwguwé pninp wpdbpGlnp [25,p3,p5], Lqpuljwglnd

tGp, nn [a,b] Shewlwipnid npnzdwé whplnhwin $nibyghuh wwpwaguynid

nhuwplynng Showluwypnid gmmpynil niGh wilwhuh x, wpdbp, np (18) G-

Gwyndp L htnbwpwp (17) hwdwuwpnipinilp hwiwwunwuhiwGwpwp po-
nnilnud BG

*)Nipnzpux hGubapuh pnduws huxniinupsnuip Ungdmd t wyn hiubgpurh Ghoht undtiph huxnlnpid:
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1 »
- Jf (x)dx (18"

Se)=4=

]f(x>dx=(b-a)f(x.) (47)

wnbupp:

Uuuhuny, tipk y = f(x) pmublyghwG wiplnhunn ¢t [a,b) dpewlpypmd, w-
ww wyn Shewluypnd grympim G mGh wyGwhup x, wpdtip, np wnbnh mah (17°)
hwdwuwpnipyncap:

7°.[a.b] dpowlpuyprs pointigntp f(x) Prullygpwi pGinbaptyp t Guwl [b,a]
dhowluypmd, plGn npmd inbnp mop

]f (e)ae =~ [ (e)a (19)

huwuwpmpiniop:

Uujugnyg: MGnnudl wwwgnigbint hwdwp [a,b] N [b,a] Showluypbpp
ihlGnyG Ynbpny wnpnhtibp nwppwlwt Shewlwiptiph L wyn tnwppwiwh dh-
pwluwyptpmy YtpglhGp dphllnyG £ Ybwbpp: Rwib np unwgywéd hlinbgnuwy
gnudwnGtpp dhdjwighg Shuyl Gwny 66 nwppbpynd, nwunh uyn gnedwp-
Gtpnud wiGghbyny uwhdwGh, bpp A -G dquinud t qpgh” YunnwGwhp (19) puw-
Owdlp:

hyw
8 bpb c -Gpllyws t a L b pybinh dhob L grympymG mbf
|G
hownbgpwyp, uwupy qrympimlb mobG Gwh
[re,  [ria

hownbgpuyGbinp L wntinph mGh

ff(x)dx= If ()ax + If (x)ax (20)
hwjwuwpmpnGp:

Uupugniyg: uuliGnupud hwolinipynt60 wwwgnigbint hwdwn [a,b] oh-
upl wiinybu tnohtGp tmunpuwliwG Sheudiwipbph, np ¢ -G (hGh vINNhdwG
Wnbphg dbip: UGhwpn t, np wyn nbugpnud Y ibiwGp

Yo=Y oax+Ymar, 1)
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> r6an =Y r)ax DI @

npunkn Z Z Z wwjiwlwlwabhpp hwdwwwwnwuhowbwpwn Gwie-

yned BG gnudwpmd putn [a b] [a c] L [c b] dhewlwptiph, hulj ©, -G f ( )J)nlﬁu-
ghwjh wwnwlmol t ;i -pn dhowlwpnid (1—0,1,.‘.,n—l).

Oquytiny npnjwy hliintgpuwith gnnupjwil (9°) wuwydwhg L (21) hwywuw-
pnpjnilihg’ htiznnpjwidp Ghwinqublp dLwlbpwwé wGndwh wnwehl Swup
Gdwnnwghnipjwi Ghy:

Tondwh bphypnpn dwul wuwgnigbint hwdwp, wjuhGph (20) pulwdly
unwbwin hwdwp §6md t (22) hwdwuwpnipywh Gkip wGghly uwhGwGh, e
A -0 dquanud £ qpnjh:

huju

o tpti f(x) 4|/ (x)| prbyghwabnG ponbantyp 66 [a.b] dhpwluypnis

wuw wknf nGh

l]f(x)dx <

[l @) @)
whhwywuwpnigimGp:
Uwywgniyg: IGwnbyuy

-1 7@ s rx)slr )
whbhwyn wihwiywuwpnipynGGbph Ypw Yhpwntiing npnzjw hGunbgpuh b
pnpn hwwnlynipnilp’ YuunwGwGp

- [N r(e)ax s [l riafr
Ywi np GnuylGo t* (23) mdhwt[wuwnr"npjmﬁn: :
Puyw

§41. Npnjwy hGunbgpwip npwbu YiphG thmpnjuwywl
uvwhdwlh PniGyghw: LnunnG-LbjpGhgh pwlwdbp: Oninfuwlwib
thnfuwphGnid apn2jw| hGwbqpwinid: Uwubpny hGwntgpnud:

bGpwnnblp [a,5] Shewluwypnid npnaqwé f(x) Pnillghwt hhnbgpbith t
wijn ohowlw)pnd [40,u4] L nhuwnplklp

[re)a (asx<s) {)
hGwnbkgpwip,” nph unnphl uwhdwip hwutnwnnG t, huly Yephl uwhdwlp’
thnihnfuwluwG:

*) Uunnh nilbGugny, np npngjuy hGubgnu h SbdnpyniGp Yushudwe st hGwntqpiwG tiniinhndudh
pGupmpnilihg’ hGwpudnp 2npdnilphg huntuushbint Gupumaulng, {1) hGunbgpuntd wyG 6wGulibghp
-y
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Jwulwbwih k, np (1) hGwnbgpwih wpdtpp Ywhujwd t x -hg, hGsp Grwlw-
ynid £, np wyl ImbGYghw t x -hg: Lawbwlbinyd wyn PnGlghws fb(x) -ny§’ Yne-
(EGwbp

®(x)= ]f(t)dr: (1)

TNwpqymd t' o(x) Pniblyghwl odindwsé t htwnbywy hwinlnipnuGGlipny.

1°. bpt f(x) Pmblygpwl phwnkigptip t la,b) dhowluypmd, wyw (x)
dmbyghwl whplnhunn t Gnyl Showlwpm U:

Uwjwgnijg: Lwybpuyywd hunlnipintGG wujwgnighipnt hwdwp [a,b] th-

swhuypnd Yhipgltlp x -h nplt x, wpdbip L wyn wpdtphl tnwp wylwhuh Ax

ws, np x, + Ax -p gnupu gqui phuwpyynn Shewlwjph uwhdwGlibphg: Oqunyb-
10y npnzjwy hGuntigpwih 8-pn hwninipniGhg [40,8°), YuunwGwip

jf(r)dr— jf(t)dt+ jf(r)dr )

Oqubny (1°) Gawlwlynudhg” Yuwpnn bﬁp (2) hwywuwpmpyniop GtpYu-
Juglibi

O, +A)=0(x)+ |7}
Juwa )

20()= [10)

inbupny, npuinkin
AD(x,)= ®(x, + Ax)-0(x,):
3wyyh wnbkiny, np hGwnbgpbh PnGlghwl whwnp b |hGh vwhiwbwihwy
hGunbqpdws dhowlwypnud [40].
msf(x)SM (m,M =const)

L ytipghG hGuinbiqpuwih Ypw Yhpuwnbiiny npngjw hluikiqpuih Shehl wpdtiph hwwn-
YnipiniGp [40.6°], YnLGLGwGp

A®(x,)=pAx, 3)
nbin m<m <p<M <M, hul m -p L M -p nhinwplynn dnGlghw)h hwiw-

wwwnwutswGwpwp G2qnhn unnphG L 8zqphwn YbiphG tqpbipa 6o [x,,x°+Ax]
Showljw)prud [18,u32):
Unwgywd hwiywuwpnipjwl okip whgltiny uwhiwbh, tipp Ax -p dquonud L
apnjh’ huwnwGwGp [23,p3)
E@A@(x,)= 0: (4)
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rGswbu ghunbkGp, (4) hwywuwpmp)nibp Gowluynid t, np ¢(x) InuGlghuwd
wapGnhwn t [a,5] dhowlwyph x, Ystnud [24,(5)]: RwGh np x,-G [a,h] Ghour
YJuwyph Ywiwjpwwl Ybwn t, hbinlwpwp CD(x) $niblghwld whplinhww t [a,b]
Ohpwljwpntd:
hupw
2, bpli [a,b] dhewluypnid npnpwé f (x) Ilyghwl wapbnhwwn ¢ wp
Ghowlupntd, wyw wnpdws pmblghwh (1) plinbgpuh wowbgiuyb pun |b-

nhl hnpnfuwlwl vwhdwih hwdwuwn t 6aphluntgnuwy $ntlhghuyf wndbiphl
Gpywo vwhdwlmd.

@(x)= 1 (x): (5

Uwwigneyg: MGanudb wwwgnighinu hwdwp Gnphg [a,b] Uhpwluw)pntd
ytipgGtlp x, -h npll wpdbp L wyn wpdbpht nwlp wibyhuh Ax WS, np x, +Ax-
D nnunu sqw phwwpldnn Showluwyeh uwhSw6ltinhg: UphGhny ©(x) -
ghwjh wnwehG hwwnynipjwt wwwgnigh dbe pbpywd nwnnnnipniGGhpp L

hwzdh watbind, np f (x) IniGlyghwt whplnhwwn t [a-,b] dhowlwypntd” (3}
u &1 o»3 Im i 31 2w [40,(177)]

A®(x,)=ax f(x) 3)
hwywuwpnipymbp, npnbn x, -p wwnwGnd t [x,,x, + Ax] dhowlwyph: Ujln-
hbunb (3°) hwjwuwpnipywl bpynt unqdi:nn pwdwlbip Ax-h ypw L Glwwh
nGkGunnyg, np f (x) $niGlyghwh whplnhwtn t [a,b] Ghowlwpnid unwgywé
hwywuwpnipywl Obp wighbGp uwhdwbh, tpp Ax -p dqunid t qpngh: Upnynil-
pnid, huwiyh wnGbind, np x, Sx, <x, +Ax, YnilGkGwip [22,p3]

i 22) -y e)= i )= 1)
Lwad
d”(xo):f(x,):

Lwbh np x,-0 [a,b] Shewywyph Gudwiwlwh Yo t, hinbwpwn unwglwé
hwijwuwpnpnilp wbnh mGh win Shewluwyph pnipp Ghwnbtipnud:

huw

Unyhuny, hwlgmd blp hbwlpwy Juplnp bapuilpugripputn” bk f(x) 4

[a,b] dhowluypmd npmdwo wlplnhunn pmlbyghw ¢ wuw (1) honbenwid
wyn prGhghuyh Owfubwlwl ¢:

Ujdt wilgGhlGp hGuwnbgqpwy hwayh hhoGwlwb wpnyniGpGhphg dtyh® Lynt-
innG-Lb)pGhgh pwlwdébkh wpinwoédwip:
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@tnpbd 1: &gt [a,6] dhowluypmys F(x) pmbhygpwt f(x) wlpbnhwin
Smblghuyh nplt GwivGwlyws £, www inknh nGh

[re)as=r6)-£c ©

pwlwdbp:

Uwwgnug: thgnep [a,5] dhewlwipnis F(x) $niGyghws 1 (x) wlpGnhwtn
dntiighwih nplt GwiuGuwywG k:

fwlh np (1°) pwOwdlkny npynn <D(x) PniGyghwiG GneyGubu f (x)-h Guwpu-
Guwyw t Gqws Shewlwipnd, nuwh F(x) L ®(x) $nillyghwhbinp dhojwhghg
nwppbpydnid 66 hwunuwnniding [35,p1].

:!f(t)dt =F(x)+c (c=consi): (M

dbnpohl hwywuwpmpywlG dG pGnmGhind x = o , YuinwGwGp
c=-F(a):
¢ hwuwnwnniGh hwdwp unwgwé wpdtipp inbnunpting (7) hwdwuwpni-
pjwh 469" YynLOLOwhp

]f(t)¢=F(X)-F(a): ®)

MuwhwGgynn pwlwdlp uinwbwint hwiwp d6md t (8) hwwuwpnipjwG
U9 x -h tnhuuptiG tmbinunptp 5 L hGinbgpiwG pngnfuwlwip hnfuwnphGbiy
x-ny:

huyw

Latlp, np (6) pwlwdlyp Ynsymd t hGinbgpwy hwadh hhiGwlwl pwbwél
Jwd UpnunnG-LejpGhgh pwGwal:

Unpugmgtlip, np F(b)- F{a) wwuppbpmpmbp Yufufwé st [a,b] dhowluy-
omd f(x) pmblhghuyh Gufvbulpwlh plinpmpinilhg:

Pnnp, nhgnip £ (x) Prutyghwt f(x) Pniblghush F(x) GuhiGwluwihg twn-
ptin 0bY wy GuhuGwlwo t:

Un ntiwpnid, hGswbu ghntip, Gzqwé PniGlyghwitipp ShijwGghg wnwp-
plipgnid GG hwuwwnniGny.

F (x)= F (x)+c (c = const),
npntinhg htwnbd t, np
F(b)- Fla)= F(b)+c~[F(a)+ c]= F(b)- Fla):
huww
F(b)- F(a) nwpptipnpintGp Gwbwlbiny F(x){: -ny" (6) pwGwdlLhi
YunwGp hGinbjw wnbupp’
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]f(x)dx = "(\H: : (6)

hGuntigpuwy, hwzdh hhiGwlwl pwiwdlG niGh qnpdGulywh d6o Gowlwln-
pjnth. wyn pwlwdlh oqGnipjwdp Yupbih t hwodby wyG npnjuy hGubgpusyit-
np, npnlg thphluwbqpuwy dnilighwlbph GwuGwywGibnt wpwnwhwngng
60 ybpowynp pynd viwppuwlwl $nmGyghwitph qnidwpny:

UnunnG-LEipGhgh pwlwdlp hGupunfnpripimlb b inwghu npnyjwy hbinkg-
nuith Gpwbh nwl unnwnly pmpnfuwluGh hnfuwnhGni it

Nhgnip wwhwleynud t hwayhby

]f (c)ax ©

hGunbgpuwip, npinbn f (x)-n [a,b] Shpwluwypnd npnpywd whplnhwwn bl
ghw t:
Runpbd 2: &pb x=xlt) Ppmblyghws.

w) apnpywo t L whplnhunn 0h nplid (o B} dhewlpuypnid,
p) t-0 a-hg dhlsl B wvwhdwlGEpnd thrpnfufbipu wyn $ncblghush
wndtiplbnp nmpu s6G quipu [a,b) dhowlwph uwhdwbbbnhg,
Q) x(a)=a,x()=5, (10)
n) [o.B] dhowluypnid grympynel nelp x'(t) wilplnhuwwn wéwlgywy, wyw
wbnh moh htinlyuwy hujwuwpmpintap’
[rea= ]ﬂx«n () (1)

Uwwgnijg: BLnpbot wwwgnighint hwiwp tGpwnpklp F(x)-n f(x)

PniGlghuwsh npbt Guhibwlwo © & gnuyg wwtp, np Flx()]-6 t ffx(@)() pmbl-
ghwjh GwiuGwiwa t:

ppnp, oqubinyd pwpn $nGhghwh woéwGgiws pwiwdlipg {28,(157), Lu-
nwlwGp

ZFls)]= E O 0= O 0):

WGnthbunk GYwinh nuGblwiny depngpywip L oquytiny (10) wwjdwihg’
{niGEOwGp

T/ Oa = Pl

Lwd
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[ lehet)ar = £0)- Fla): (12

Muwhwboynn hwjwuwpnpintGlh wwwgnigbint hwdwp dGnud t ogqunyli) (6)

puwlbwdlkhg:
huyw

POswbu qhinklp, wGnpnz hGuntiqpwinid wunwpbiny ginhnfuwlwGh thn-
fuwphnud L hwytipng thnfuwphGnushg htitnn unwgydwéd hGnbgpuin’ yYbpenid
dipwnweGnd GGp uljqpGuwywa thnthnfuwwohG [35]: Npngjwy hGunbgpwih ww-
pwowjntd ulqplwlwh thnhnfuwlwGhl Jepwnwebwin wGhpwdbwnnipjnihp
fw, pwbh np hwaybnyg (11) hwyjwuwpnipyjwl we Swuh hGinbigpwip, npwiny
huly hwpymud GGp wyn hwywuwpnipjwb dwiu dwuh hGunbigpuwyp:

dtippmid Swhnpwlwlp dwubipny hlinbeniwl pwlwdlp hbun:

Thantp u(x)-ﬁ nt v(x)-n [a,b] dhowljuypntd npnywé wowlgbih Pnily-
ghwitp GG [27,u2]:

hrGswtiv ghwnbiGp, tipdwé Pnibyghwibph wpunwnppuih wowbgpu b wp-
nwhwpnyned t

Ll ()] = w e @)+ vialu(x) (13)
pwlwadliny [28,(2)]:

(13) GniyGnepywG Gpynt YnnibpG hGunbgptiind a -hg Ohaslk » vwhowGGhk-
paud, Yuinwlwhp

(el = frlepldics oehu(ede: (14)
Jwuh waGtyny, np ’ .
b e e =Bl b= e, vlhe=avle,

(14) hwjwuwpnpynGp YGLpYwjwgGklGp

GO = [vledula)e ].. ()av(x)

4wd np GGG t°

],, &)dv(x)=[uGpE): - :Iv(x)du(x) (15)

nkupny:

Vinwgyws pwiwdlp Yngdmd t dwubpny hGinbepdwl pwlwdl npnypwy
hntgpuymd:

wuhwGwih t, np (15) pwlwdlhg Yoginyklp wyl nkwpbpnud, tipp wn pw-
(wdlh we Gnndntd gpywé hGinbigpuwl unlbih htawn t hwdynud, pwh’ Gpw
dwhu Ynnonud gpywop:

OphGwy 1: Juwipyby hbwnbjw hGunbgpuwGbpp
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" j_“xi (a>0) o ]mm:
an'ma: NuGbGp [35,4°,97] “
w) ]%:lnx{:lnb—lna:ln%: P) ’cosxdx':sinxl: =sinb-sina:
Ophl"nuu 2: 3wy hbwljwy hGinbqpwip’ ‘
[F=a o
Lnténud: bwwnwpbiing thathnfuuljwGh x=asin¢ Ginpuwphlnid’ Yuunwiwlp [35,03)

dx=acostdt, tpp x=-a, 1=—%, bpp x=a, '='12l'.

Y/ ] ; 2
IJa‘—x‘dx:a— r+lsin21 =re .
J 2 2

.2
b4
OphGwly 3: wyb] htnlyuwy hGuinbgpugp’
jln(x+l)dx:
Lardmud: Oqungbiiny dwubpny hﬁmbqndmﬁ pwiwdlhg, YnthbGwilp [35)

j.ln (x+1)dx = xln(x+l] -jxdln (x+1)=e~1- J—dx e~1- xl +ln(x+l)| =1

o

§42. UnwohO L btpypnpn ukinh wGpuywlwG hGunbqpwlhp b
Gpuwilg qniqwdhwnnipjwl hwjnwGh2GGpp:

UhGsL hhdw dbp Ynntdhg nhuwnlywéd npnzywy hGuintigpwi Gbph GGphlunte-
pwyi $nibGhghwbbpp bnby b6 uwhdwlwpwy [22,u11], huy hGunbkiqpiwé dhpur
Yujptipp® tippundnp: Upu wwpwepwdnid npnzjwi hbnbiqpuwih hwuljwgnipjnt-
Gp Bpynt ninanipywdp YnOnhwlnwgltGp. Gwhu YnhnwnpltiGp hGunbiqpuiGkn.
npnGg hOwnbgpiwG dhowlw)ptinG L0 wiybpe, uylGnihbnl’ hGunkgpwiblip, n-
pnlg tOphGuntigpwy IniGlyghwltpl 0O whuwhSwbuwnhwy:

Ghpwnpblp y=f (x) $nillghwh npnduwié t [a,+oo) Ghowlwjpntd L hl-
wbqpbih t wyn Shpwluwyph gwiiwgws [a,b] Ytppwynp Swunud: UjuhGpl b0-
punptiGp gullwgwé p-h hwiwp, npp G6d t g -hg, gnjnip)niG niGh

= ]f(x)dx "

hawnbqpuwip:
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Uwhdwlned 1: (1) plwnligpunh Jbpouninp yuwd wlfbne vwhdwlp, bpp b -
6 dqunmd b e wilbuwhdwlbnigpuwl

lim 7 (e, ()

insfmd t f (x) PntGyghuyh wnwohl vbnh wihuvlwlhwl honkgmuy a -hg ohGsk
wymu whfbne vwhdwlGbpmd L Grwhwlhdmo t

jf (x)dx )

wuydwlwGrwlny.

UwhdwGm 2: pb (2) vwhdwlp bppuwnp ¢, wyw (2°) wofuywlwa
hanbgpuyp gnsymd b giquidbn, puly f (x) dnblyghwi’ hGinbgpbiyf [a,+oo)
dhowluypmd: buly b uyn uwhowlp wiybne 066 ¢ wd ponhwinwubu gn-
JupntG smGh, wupw (2) hGnbigpuyp Ynsgmd t nwpwidbn:

SwulwGwih t, np Gnyb dlny uwhdwbynud GG Gwbl

[r@a v Jree (3)
wlhuljwlwG hﬁmbqpmlﬁbng
r e =tim [r@as, 1=t friehas: @

Chwnpbyny Yuwiwywlwt (a,5) dhewluyp, wyn dhowluypnid YtingGhiny gul-
Ywgwsé ¢ phy L oquuibiiny npnzwiy hGuintiqpuith 8-pn hwuynipyniGhg [40,8°),
(3) htwnbqpwyGtphg Lpypnpnp Ywnnn LGp uwhdwlb Gul

[£(c)ax=tim [ (s)ax+ fim [ (s)ax
Ywd np GnyGe t ) : ‘

;ff (x)ax = ‘Jf (x)a&+]f (x)ax (5)

hwjwuwpmpjwG Shengny:

Ujuwhuny, (3) hGuinkgpwGphg tpypnpnp Ywpbith b vwhiwbb; Gwl (5)
hujwuwpnipywl Shengny” LGpwnnbiny, np wjn hwdwuwpnpjwl we Swuh
hGwnbqnuwGtpp gnynupyniG mGLG:

Ophlwy 1: 3wyt hbwnlyuy wihuluwyw hGntqpuip’

-

L:f (w)

Lriénud: 2wGh np
1
y=l+f
$niGlghwt hGwbgnbih t gwilwguis [0,6] (5>0) dbngwinn Shewluypmis [36,57).
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L & = arctgx‘l: =arctgh-arcigQ=arcigh
+x '

htnlwpwn, hwdwdw)l wewghh uteh wahuywlwl hGnbqpwih vwhSwiiwG (w) k-
nbtgnwh hwiwp yniGbGulp [27,6°g)]

I dxz =limI dxz =limarclgb=£:
: l+x' 4= ; T4x* = 2
PGsubu nbuGnud bGp, (w)-G qniquishin hGunbgpuwy t:
OphGwy 2° 3wyt htinlywy wipujwlwt hGunbtgqpuip’

Lf:’ ; ®

—

Lowénud: huwnwpyynn hGwbgnwip huspdbin hwidwn Guhu, oqungbyny (5) pwliudlhg,
wyl Ghpluwjwglelp

T & T
!Hx’ !H»x’ 'Jl+x’ (@)

gniowph intiupny:

(w) hOwbgpwih GdwGnipjwip huybing (q) hwyjwuwpnipjul we Swuh wawghl
hawnbgpwip® YunwGuwlp

[ _x.
Ty W
(w) b (n) hGnbgnuwilGbph wndtpltng nbnwgpbiny (q) hwywuwpnippub Shy ¢
hGunbgpwih hwdwp YmGEGwGp
- g .
_:“ laxt ®

LijwinkGp, np wnpdwé hGunbgpuwip Yuwnbih t hwaybp Gwl (4) hwwuwpnipiniGinhg
bplpnpnh oglnupjuip.
T & . dx . . . x x .
Jﬁ=§.“~.~'1,;;:é:«“ﬂ""'g“-=!1“~'“’"8b*'~"“~‘“’°'g“=5'(‘5)="
tydd, wowhg wwwgnijgh pbipbGp (2°) wihulwlws hGwnbgpuihl Yanweb-
nnn 8h pwih ptinptaGtp:
Bbnptd 1: Swllwgws a L b (b>a) pylinh hwdwp (2') hoinbgpuih qn-
qwipinnipintGhg hbwnlimd
[r@as
paunbonuyh gniqudhinnpimlp b hwhwnwlp™ wn hGunkgpuyGbphg plpnp-

nh qmouidhunmpmOhg hbitnkmd t wowohGh qmiquwdpunnipimbp: Con npntd,
wbinh niGh

[r@xax= [r(x)as+ {r()ax (5
hwiwuwnmpinGp. ’ a
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Bunptd 2: (2°} phwnbgnuwyp qniquidhuninipiniohg hbunbnus ¢

fim [ (e =0 Q)

hufwuwpnipiniGp:
Bnpbd 3: (2°) pownbenuwih qriqudhnnipiniGhg hiinbmd ¢

-

Ic S (x)dx (c = const)
hhawnbgpuyp qmqwzf/mmp:/m ap L
Jer(ax=c [£(x)as (8)

hudwuwipmpimGp:
Btnpkd 4:

Trear 1 Jelas

hawnbgpuy Gph qrequidhunmpimbhg htwnbnd ¢

)

frez et e

hlwnbignuy Gbph qruquidfunmpymbp L

e s@hc [r s feela ©

hw:/wuwﬂmp/mﬁb:

LiwwntiGp, np tpb 1 (x) Pniliyghwh pGnniGnud t dhuyG npwlws (ng pwgw-
uwlwG) wpdbpGbip, www (1) hGwnbgpwiG hpblhg Ghplhwjwgbnid t 5 hnthn-
luwlwGh dnGnunG woénn nilyghw: ILnlawpwp, oqundtitny dnGnuinnlG $nGly-
ghuwh uwhGwGh qnympjwip Ybpwpbipnn pinptithg [22,p4], Ywpnn tGp hbj-
nippulip wwpqby (1) hGubgpwih gniquishuninipjwb hwpgp:

Btinpbd 5. 2hgnip f (x) -f1 [a,+ oo) dhowluypm npnpwé npwlpwl pncGly-
ghw &7 U nbwpmd npwbugh (27) wlhululpwd pGinbgpuyp (hGh qriquidbn,
wlhpwdtyn ¢ L punfupwn, np (1) pinbgpuyn” npwbu b hrpnfuwlwlh pmGY-
ghw, (hGh Ybplhg vwhdwlunpwl, wuhlpl grympinl niobGw uwlwpup M
hwuwnwinm @, np b f gwllpwgws wnpdtiph hwdwp wnbnh nbbGw

jf(x)dst: (10)

wohwywuwnpnipintp:

——

*) bunbilp, np S (x) ¢ X dhpudpugpmd nanfusd ppurpusi pmiyghul, bpb uyl Gdusd dhpuspuypmd
BlnnuGmd ¢t Syl gpudpul wpdtpGbn:
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Otnptid 6: Ygmp f(x)-p L g(x)-p la,+) dhowtugpnd npnpgus & uy

dpowluwyph mpwpwlymp Ginmd f {x)s g(x) wwydwlhG pwdwnpwnnn apw-
Lwl pniblghwilp 6aG: Un nbuypnd

Ig (x)ax (1)

plownbgnwih gmquidpunnipiniGhg hbiinbmd t (2°) plwnbigpugh qniquishnng
nap, puly (2°) plinbgpuyh tnwpwihumpimbpg’ (11; pGwnbigpuyh nwpwil-
winipnilp:

OphGwy 3: Ianwgnntp htinbyw hlnbgpwih qniqudhnneppuG hwpgp’

Bt
lx’He' ’

Larénud: NuGblGp [35,3°]

j—-hm —=—llm£{:=—ﬁe(%-l}= I:

Ujnwu Unnihg, pwﬁh np ﬁbl{hg ng thapp x -bEph hwiwp wyGhwpnnpbG ninh mih
1 1
x’ﬁ +e' ; 7
wihwywuwnnipynilp, hwnbaupwn, hwdwdw;b pinpbd 6-h, phuinwnplynn hlnbgpuip Gmyé-
wbu gniquidtun t: COn npnud, wwpq t, nn wyn hGgubgpwih wpdtipp thnpp t dbihg:
bwnbwlp 1: Ygmp f(x)p b glx)p [a,+©) dppudpaypnid npnpws npu
Ywl PrGlghwltbn 6G: Um nbwpmd, tpb x p wymu wlvwhdwlnpul dgink-

pu gy nuGh
um%’-‘gﬂ (05 k<)

vwhdwlp, wyw k<o nbwpnid (11) plunbgpunh qniqudpunipintlhy
hbwnbmd t (2°) hownbgpugh quiquidhwnpinidp, puly k>0 pbwpmd, (27) hb-
wnbignuyh twpwdpinmpnbhg hbinbned £ (11) plunbgpuyh iwpwdfnn pmp:

Unnyghuny, 0 <k <+ nbupmd (2') b (11) hGinbepuyGbipp Shwdwdwluy

griquidhuinmd b0 qwd shwdwdwGwl nwpwdfinmy:
UjGnihbinl nhunwpyklp Gwl

:[If(X)Id* (12

hGwunbiqpwp:
UwhdwGnud 3: Epb (2) hGunbgpuh hbwn Obluntn qiguidhunmd t Gwb
(12) hlntignuyp, wyw (2°) plinbepuyn hnsdgmid ¢ pugupnduwly gmquasten, il
1{x) pmblhyghwt' pugupdwly panbeptih la,+) dhoulpypmd: bpt (2) e
wnbgpuyp qruquidhinncd t huly (12) ponbgpuyp” nwpwdhnmd, uww (2°) &
wnbgpuyp Ynsymed ¢ wuydwowlpwl qriquidbinn:
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Rtinpbd 7: (12) phwnbtignunh qmquidhunnipinlhg hbinbnd t (2°) plOinkq-
nuyf griquidfnmpymap:

Ujdd LGpwnptiGp [a,b] ybpowynp dhewlwjpntd npnadwé f (x) dmblyghwl
quillpgws ¢ -h hwdwn (0 <€ < b-a) vwhowbupwly t m poinbgpbh [a,b - s]
Gppwlwpntd L wluwhdwbwdhwl t [b—a,b] dhowluypnid: Uujwédp Swulw-
dnpwwtiv Gawlwymd t, np Gdwé wuwyGwlht pwywpwpnn gublwgwé ¢ -h
hwdwp gnynupynel nibh htunbywi hGunbkgpup’

3’f (x)ax: (13)

LiwG nbwpbipnud YuubGp, np 4 -G bqulh Yo t 7 (x) $nillyghwsh hwowp:

Uwhdwlmad 4: ¢ -p gpyfr dqunbiihu (13) hlbwnbgnuyh Ybpguninp wd wo-
ytpe uwhdwlp Gnsymd t f(x) pmublygpuyp bplpnpn ubnp wopulpwlws po-
wnbgnuy a -hg Splsk b vwhdwlObpmI L Grwbwldmd ¢ unfnpuwlul élny.

() =1ip (o) (14)

Uwhiwlnid 5: 6pb (14) hwdwuwpmpnrul wyp Ynndntd gmjwo uwhdwln
dbpoungnp ¢ wupw wyn huwdwuwpnippwl dwiu Ynndmd qpywd wihulpwlws
hawnbgpuyp Ynsymd ¢ quguibn, puly f(x) Pmblgpwt’ pGinbentp [a,b] op-
pwhuypmid: buly bpl wyn vwhowlp wilbpe v66 ¢ fuwd ponhwipwwbu qnynip-
G snbp, wuyw Grwé whpuljwlwl pbinbgmuyp Ynsdmd t nmwpwibn:

OphGwy 4: 3wyyt) htwnlyw wehuhwlywh hGinbgpuyp’

dx

£Jl—x’ :
1

Lotédnud: Ljwwnp nbbGupny

lim = 400
-0 2
l-x

hwiwuwnnipniGp’ bpuwlugGnud khp, np nhuvwplynn hGinbgpwih EophGntiqpuwy Pnely-
ghwih hwiwp x=1 Ybunp bquih Yewn b Jwdwdul vwhiwbdwh unwgywd bgpwiw-
gnipjniLGhg htitnkinud £, np wipdwé fubnpnid S6Gp qrpd nbtGp bpypapn ubnh wGhuuywG
hGwtqpwih htw: UjGnthbink, ogugbiny (14) hwywuwpnipymlhg, YunwGwip [35,6°)

:I Jllfx’ =I‘i£.n|} ﬁ‘fx‘ =l.'_u.t.xarminx|:‘ =|"|Lnarcsin(l—e)-arcsinO:arcsinl—-%:

W LGpwnpkGp [a,b] thowluwypntd nipdwé f (x) $nGlghwl guGijugwd
e-h hwiwp (0<e<b-a) vwhiwGwihwy t nt hGnkgpbih la+¢,b] dhowlywy-
P L whuwhdwGwhuwy t [a,a+¢] Showlwipnid (o -G bquyh Y t £ (x)

$niGyghwgh hwdwn):
LGGwnlynn nbwypmd f (x) $nmGlyghwjh bpypnpn ubnh wGhuhwlwh ho-
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nbqpuip o -hg dhlsk » uwhdwGibpnid swhdwlymd t {14) hufwuwprippg
Gdwlnpyudp.

[ =tim 7 (e (15)

COnhwlintp nbwpmid, [a,6] Showlwpms f£(x) Prelyghwl Ywpnn bt
Gwy 0h pwih bawyh ybwn:

Qpnipjwl wwpanippwl hwdwp GopwapbGp wyn Ybinkipp Gpbph 66 -,

c-OlLp-0 (a<c<b} Uy nbuwpnd f(x) PniGlshuwgh bpypnpn ubnh whhelu

YuwG pOunbgnuip” a-hg thisk p uvwhiwhGtipnd lxuwhdwﬁaﬁg hbunbyusy Ybpy.

jf(rm 1] ]f(x " JI (e | | -

u-ﬂm

pln npnid YsGpwnpklp, np (16) hwywuwpnipjwh we unmjnu} qpyé hlubo-
pwilbnp gnynupinul nuGhG:
Ophbwly 5. Jwybt Gpypnpn utinh hbnlywy whuywlwt hinbgpuyp’

j,ﬁ,’

Lndmd: NGLGp

Ifl—x -!;m le = —l;x:r.:arcsmxl —gx:x}.[arcsin(l—e,)—arcsin(—l+e,)]=

=limarcsin(l —z‘;)—limarcsin(—l-re,)=!—+-x— =%
e " 2 2

dGpomd GptGp, np GpYypnpn ubnh wihulwipulG hGnbqpwiGhph hwdwn gn-
jnipyntl mObG pbnpboGhp. npnGg dLwlbpunisGbpp L wwwgntyglGbpp gnbipt
60 wwppbpynid wnwehG venh wahuljwlwl hGnbgpwilbnh hwdwp phipgws
hwiwwunnwupuwG phnpbdGhph dLwlbpwnudGbphg L wupwgnglbphg:
Npwbu ophlwy ptipkGp htinlywy phinpbdp”

Runptis 8: Mgnip 1(x)-n [a,b] dpewluypms npnpgws pputywl ol
ghw t b p -G uyn Pmblghuyh dpudy bquilyp §binG b Un nbwpmd, npubugh

If (x)ax
whpulpulywl hGwnbgpwip (PG qriquittin, wlhpwdton t L pudupuwn, np (13
hlunbepuyp npubu © hmpnfuwyuwlh Smlblghw, (hah Jbplhg vwhdwlupul,

wyuhlpl qrynpyml mGbGw wiupup p hwuwnunnm@, np e -h gullwgwd
wndbph hwdwp wnbnh mbbGw

jf(x)drsu (17
wohwdwuwpnpimOp:
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qLNHy VIl

pLSEANrUL IUCdP YbhrunNt@3NELLEN
Grurd2uontE@3UL Ut

§43. 3wpp wwunlkiph dwybpbuh hwyynedp nipnubGlyyncG
abywpujwG YonpphiwwnGhpny: Mwpwibnpwlwi hwdwuwpned-
fbpny innpywd Ynpnd (Ynptpnd) vwhiwlwhwiyuwsd wwwnykph dw-
gbipbuh hwynudp:

Uju gqqhuncd YatpYuywglblp hGubgpug hwayh npnwlh YhpwenipyntGGhnp:

Utp nwunuSGuwuhpmpynulGbpp uljutGp npnjw) hGintiqpuwgh dhengny hwpp
wwwybpGhph dwybpbubbp hwybint fuGnhpGtpny L nhinwpybip hbunljuy
nbwpbnpp’

1. y= r(x) wopnhunwn Prullyghwl npnpdwe ¢ [a,b) dhowluypmd L po-
nmbmd ¢ dhuyl npwlwl (ns pwguwuwljwl) wndtipltn:

hGswbu ghwnntlp, £(x) Ynpny, ox wrwbgpny (G4.68) L x =a , x =5 mnhnlk-
nnY vwhiwlwhwyjwsé 4BCD Ynpwghé utinwih
dwltpbul wpunwhwpnynid t

Sueo= [F (e )
pwlwdlng [40,(2°)]:

G4,.68

2. y=f(x) & y=f{x) wlpbnhunn pmblyghwltpp npnpywé &G [a,b] oh-

swhuypnit U wyn dhowluyph mpwpwlsimp fonmd punfwpwnmd 66
0< £(x)s £&) @
WuwdwGha:

Lywinh mGbGuiny, np y = £(x). ¥ = £(x) unpbpnd b x=a,x=b nunpnGh-
Y vwhiwGwihwyywéd wwunlbph (64.69) dwybkpbup hwjwuwp t 47D L
ABCD Unpwqgh¢ ubnwlGhph dwybpbiuGbph tnwn-
ptpnipjwlp L oquybiny (1) pwlGwdlhg, BEFC Yn-
pwahd ubnwbh dwybptuh hwdwp YniGEGwhp
[40,2°]

Su = [70)— [1(a)e= [UA)- £l (3)

YA

Gy.69
OphGwy 1: 3wyt

y:x’,x-y’ (w)

Ynptipny uwhdwOwhwifws upunybph Swibpbup (04.70):
Lndnus: Lwhy, hwiwnbn (nsting wpdwd ynpbph hwywuwpmdGtpp.
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y=x,
x=y,
0(0;0, 8{1;1):
UjGnuhbunk, pwth np 0,1] Shewlw)ph jnipwpwhsnip Ghamg

y
wnbnh nGh Jx > wlhwwuwpnpniGp nuwnh, oquutiny (3)

puwlwdlihg, dhiq hbunwppppnn wwwnybinh dwhbipbuh hwdwp Y-
x nwlwlp

0 T

quGEhp wyn yapbph hwwndwh Ybuwnbpp.

YA

§= ° &-x’)cbm(%x%-i;-l =%:
6Yy.70

3.y=f(x) L y=f(x) wlplnhunn $mblyghwitinp npnafuws bG [a,b) dp
owhuwypnd L wyn dhowlhuwyph jmpwpwlsimp Ybunn:d pufwmwpnd 66

JACIEFALY @
wuwyswihs:

Laqwé PnbGyghwlbliph qpudhliibpny (064.71) L x=a, x=p nnhnlhipny
uwhiwGwihwijws wwinybph dwibpbup hwaybint hwdwp YonpnhGunwlub
ox wowlgpl hpkG qniquhtin wwhting wylpwl nbnwwndtip Gtppl, Ghisk
npyuwé Ynpbipp qunlybh inbnuwpdjwd wnwlg-
ph ytplnud: UujweéG wlGhwpnnpbG hwdwndtp t
() u £(x) PnGyghwlbphG wyGwhuh ¢ hwe-
P X tnunnil wybwglhimG, np unwgywd pnillyghu-
y=f(x) b Ghiph wpdtplbpp thObG ny pwguuwlwG:

Gy.71

Luwlh np f (x),f_,(x) ynpbipny L x=a,x =5 ninhnbbpny uwhdwlwhwl

Jwo 4BCD Ynpwqght¢ ubinwibh dwytipbup Ywhiws st Junwpywsd nbaupwn-

dhg, htinbuupwp (3) pwlwdbp G0nud t nidh Gbe Guil pGGwplynn nbwpnud:
OphGwy 2: 3wyybi

y=2x+l L y=x-1
ynptipny uwhdwlwhwiyfws wunfbph dwitipbup:
Lménud: QunGhiiny wngdwé Gnpbiph hwwndw ys-
wbipp.
A@-1), B(4;3)
L Yunniginy Gpwlg qpuphlyttnp [6,1°], [7.4°), wbw-
N Gnid bGp (GY.72), np Obq hbvnwppppnn wwinllipl o
—» wowlgpny wnpnhynid L Eplne wwanipbbph: Ujn wwr
ybpGbph Swibpbulbpp (Qwiuhg' we) Gawhwybing S -
nd L S, -ny (3) pwGwdkh oglinipjwip YniOkGwlp
[35,(10),3°]
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[ 4
5, =2 sz:+1¢:=§, S, = l(\/2x+l—x+l)dx=1—;~,
-0.5 o

nnbinhg YuunnwOwlp, np nhinwplynn Ynpbnnd uwhiwGunhwiywsé wuunybph swlknb-
up hwwuwp t 16/3-h:

4.y = f(x) wlplnhwn Prblhghwl npnpdwé t [a,b) dpowluypnid b po-
ambmd ¢ dhuyl pugwuwlwl (ng npulpwl) wndbplbp:

Lywwh nbbGwiny, np y=f(x) L y=-/(x) PmlGLYghwitph qpwdhybtpp
hutwswii 66 ox wrwlgph GYundwdp’ bapwlwglnud kGp, np y = f(x) Yn-

nny, ox wnwlgpny (04.73) L x=a, x=5 ninhnGtipny

uwhiwiwhwlywé 4BCD Unpughd ubnwGh dwlb-
£ nbup hwwuwp t y=-7(x) ynpny [- £(x)20], ox w-

nwlgpny L x=a, x=>b nunhnlbpny uwhdwbwthwy-

wé ADCB ynpughéd ubnwiGh swlhbpbuhG:

64.73
twnbwpwp, oqudbiny (1) pwiwdlhg, ABCD Ynpwqghéd ubinwGh Swlbint-
uh hwdwp YuinwGwGp [40,1°]

SM=Smcw=—If(x)dx: (5)

5. [a, b] Ohowluypmd npnpwé f(x) wlplnhwn Imllhghwt wyn Show-
bupm s ifbpouninn pyny wlqwd hnfumd ¢ pp Grwlp:

Oqungtitny (1) L (5) pwlwaltiphg’ iqpulwgGnus LGp, np pGGwplynn nbiuy-
el f(x) Ynpny, ox wnwlgpny b x=a, x =5 nuthnlGbpny uwhdwGwhwyyws
wuwinybph dwybpbup Ywpnn GGp hwydty

§= :flf(x)ldx: (6)

' CN\ . "— 7 d/ /'/;
NS pwhwabling:

6y.74
Uwulwynp nbwpmd, 74-pn GUwpmd pipdwd ungbipwuqddwé wwnybiph
dwibptiuh hwdwp YniGbGwGp

S= Jf(x)d:— jf(x)dx«r jf(x)dx:
OphGwy 3: [0,2x] Showlhwiprd hwyyly y=sinx Ynpny b ox wnwlgpny uwhdw-
Guthwyywé wuwinbiph Swybpbup (G4.75):

3 Lneénud: Oqumytipny (6) pwlwdlhg’ inpdwé uputnybph Swipbuh hwiwp unwiwGp
5,8¢)

- 2
5= |sinxdxc- |sinxdr=-cosxf]+oosA =4.
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LlwuntiGp, np 1 - 5 YGwnGpnud L pbipgduwd ophlwlGhpnid J6Gp hwdbightp
¥ wyGwhuh wwinitinGtiph dwibpbubbp, npnGp uwhiw-
__y=sinx Gwhwlwo 66 y = £(x) Ynpnd (v = £(x), v = £x) -

g /i j = -
Ol e \/2” penny), ox wrwigpny b x=a, x=5 nunhnGtipny Yws
wwnquuby' y=£(x) b y=£(x) Ynnbpny;

ay.75

Jwulwlwih t, np zwpwnpywd nwbwltbpny Yupnn t0p huwpgbi Gwl w
wwuwnlibpbbph SwhbpbuGbpp, npnGp uwhdwbwhwlhjws Gl x:g(y) Ynpny
(x=g(y).x=g,(y) Unptpny), oy wnwlgeny L y=c, y=d nnhnlbpny yui
wunquuby' x=2(y) L x=g.(y) Ynpbpnd:

OnhGwy 4: Iwyb)

x=-2y" b x=1-3y*

ynpbipny vwhdwGurhwijweé wwnlbph dwhbptiup (GY.76):

Lawdnud: Lwhs hwiwinb (nuébny nipdwé Y-
1 ptph hwywuwpnedGbinp.

s =1-3y x= -2y,
-2 X

Rl
>

x=1-3y%,
/ qunGblp w;n Ynpbinh hwwndwh Yewnbpp.
L 4(-2-1), B21):
GYy.76
UjGnihtitnks, pwiGh np -1sy <1 Showdwpnid wbinh nulh 1-3y° 2 -2y* wlhwywour

pnugsnulp, nruwnh inpywé Ynplipny uwhwbuspulyws wwnyiinh dwitintiup hwdwn 4nis-
GwGp

§= J(l-h’+ZY')dy=;f(1-y’)a>=(y—{-}; =%:

6°. UidJ bGpwnplilp ABCD Ynpuwghé ubnwdlp (04.68) uwhdwlbunfuln
BC Unpp inpyfwo ¢
x=0l), y=vl) (ast<B) M
wuwnwisbinpuwlwl hujwuwnnidGbpny [28,ul), pln npntd
a=ola), b=o():
hwnwplynn Ynpwghd ubinwlh Swibptup hwaybint hwiwp LGpwnpblp
(7) hwywuwpnidGlipp [a,5] Shewlwpnid npngnud 66 y = f(x) wGpGnhwin

dniGlhghw: (1) npngjwg hGunbgpusntd huwnwpbiing inthnfuwlwih x=¢(l) -
fuwppGnud [41,(11)], (7) hwywuwpncdlbph hwadwenedng Gadwé ynpwght
utinwGh dwytiptuh hwiwp YuenwGwip

Samo= Jos= [ )= [rlollo b
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Jwd

S = ]\v O)o'e)at (8)

pwliwdlp:
OnhGwy 5: Swayb| a L » Ypuwwnwlgplbp nibbgnn wyt tipwuny [7,2°] uwhdw-

fwhwlywd wwwnltph Swytpbup, nph YehuipaGp YnnpnhGunnGbiph ulqprbwlbng t:

Lménud: bGswbu ghnbiGp, nhinwpliynn bhwuh wwpwibnpwiulG hwjwowpns-
bpl nLGLG

x=acost, y=bsint (0<t<2x) (p)
nbupp [28,08]:

Twpq t, np y -p 0-hg dhGsk &, puly x -p -a-pg GhGgh a vwhdwGGpnul thndintubi-
lhu, £-0 Ypnhnfugh x-hg Shish qne uwhdwGGEpnid: Iewnbwpwp, oquybiny (8) pw-
Gwékhg™ (p) wwpwibwnpwlywi hwywuwpnuiGenpG nbtgnn tihwuh dophG Yhungd L ox
wowlgpny uwhiwlwthwiwé wwnitph swybpbuh hwiwp YnGEGwGp [39,010],
[40,(18)]

%: Ibsint(—asint)dt =ab Isin’tdt = %ab,

npnbinhg” npdwé tthwuny vwhlwGwihwlwd wwinybph dwybpbuh hwiwn yhpgbw-
Jwlunybu YuinwGwGp

S=xab: (q)
UwuGwynp nbwpnud, () pwhwsbnwd pGnniGainyd a=56=R, uunwGwlp g woun-
nny 2npewlbh Swybptup pwlwslyp.
S=aR': (n)
7°. BEFC Ynpwahd vbnuwin (G.69) dwfuhg b wohg uwhidwGupuwlfwo t
hwbwwuinuwufmulbwpwn x=a L x=5b mphbbpny, huly Gbpplpg L (liplphg
hwlwuypunnwufuwGwpuwp
x=9,0), y=w(0), (9)
x=0,0), y=w,() (asr<p) (10)
Wuwpwdbinpuljwl hunjwuwpntdG6ps mobgnn wlpbnhunn Ynpbpny:
Oquybiny (8) pwGwdlhg' wpywd Ynpbipny b x =g , x =5 mnhnlGipny uwh-
lwlwihwiws wwwnytph dwybipbuh hwdwp YniGEGwilp

S = S~ Suew = ot~ o0

Jwd

S = 0010w, Ooi e )
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§44. PubrwjhG YnnpnhGwwGbp: Ynph hwydwuwpnidp |
wwunltipp dwybptivh hwaynudp pbtinwihG YnnpnhOwwGhpny:

Uwl wwinyiplin, npnlg dwlbpbulliph hwzdnudp nunnwGlniG Rblwpe

Jwl unnm}hﬁwmﬁbpnq uqumﬁ t sprawlh ndjwpnupymGGEph hbn: Uynugup

Sl T wwuwnltpGbphg t, ophGwly, 77-pn Glu-

nnud popywd 4B Ynpnd L 04,08

hunjuwoébtipny (npnGghg jntpwpwty

mipp Guwpnn bt dbpwéyb Ybwnh) uwh-
£ twlwhwhyws 408 ublunpp:

p p(w)

ay.77
Shuwplynn ublpnnph dwlbnbiuh hwydw6 wwpqnibwy pwlwdl vnw-
Owint hwowp dwinpwlGwip plbnwihh YnnpahGunnGph hGn' Ynnprhhwe-
Gtph, npnlig dpengny Lu Yupbih t Ytwh nhppp hwnppnipjwl Ypw npngty dhuwp-
dtpnph:

Jwpprmipjuwl Ypw Ybpglblp npld Lk, nphG wiwlblp plbn (64.78), L
wyn Ybinpg nmpu Glynn npld Swpwouyp, nphl wiwlblp plhbnughl wawigp:

UyGhwpn t, np JudwjwlwG M Ytinh nhppp hwppntpjwG Ypw Shupdtipr
M(p,9) pkG Ynpnayh, tpk wpykG wyn Ytnh L O plkinh p b
nwynpnipjnibp, hGswybu Gwl OM hwwnywdsh n plb-

3 £ nwjhl mnw&ggtg Ywqiws ¢ whlynibp:

Swiwdwyb Gwhiyht wwpdwlbwdnpywonipjul’ dwdwgniygh upwph ugaur
Jwi hwlwewly mannpyniip Yhwidwpblp ¢ wilpwh hwywnlh npwlwh mr
nnipinLh [6,u12]:

UwhdwGmyd 1: p L ¢ pybpp Ynydmd &6 M [l plbnuyhl Ynnpnp-
GunnGbip. p -0 fnsdmd t M Yl pweunlpn-yblunnp, puly ¢ -G wyn Yl plb-
puyhG whlymG:

Jwuljwlwih b, np p -6 nu ¢ -G thnthnjubinyd hwiwwunwuhaubwpwp [0,+°°)
L [0,2n) vwhiwbBEpnd” unwlwlp hwppnippwl pninp Yhnbpp:

UwuGwynp nhiwpnid, tipt pGnniGtGp p=p, -h (p, =const) , huy ¢ -0 nthn-
tubGp [0,27) Showhuwypnid, www YuinwlwGp p, 2wnwynny pewlwghs, anh
YEhwpnGp plbnb t:

Ujnwu Ynndhg, tpb plnniltiGp ¢ =9, -h, huy p -G thnpnfublp [0,+oo) dhaw-
Yupnud” YuinwGwGp pubnhg nntpu iynn Swawquip, nph Yuqoiws whlynlp
pubnwihl wnwGgph htitn hwywuwp t ¢, -h:

Mwng t, np pGnhwlnn pbwpnud p L ¢ YhinthnfuwlwGGepp dhijwig Yuw-
wnn jnupwpwbgnip p=p((p) hwywuwpmd pbbpwihG YnnpnhGuwnwlwl hw-
dwwnpgnd npnanud £ npnawlh Ynpe

P
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Jwppnpjwl jnupwpwlginip M Yhnh plbnwjh L niqnublmG 4nnpnh-
GwwnGliph Ghel qmynupinil nuGh Ywiwy: Wn Quwyp unwGwgnt hwiwn phbnp ink-
qunpbGp ninqwayntd Ynnpphlwwnwywlt hwiwlwpgh vyqpGwlbunnid
(04.79), huy pLbnwih( wnwGgplG nunntiip ox wrwlGgph npwlwd ninqnLpjwp:

U nbwprd A4 -ny Gawlwhbind M Ybwh wpnjhghwG ox wnwlgph Ypw’
AOM bnuwllniGhg JuunwGuwip

no M(p.0) :
Y o M (x,y) x=pcosy, y=psing, 1)
‘4 X
0 x > p= x’+y’,q>=arctg% (tgw%): 2)
GYy.79

phswbu wkulnd 5Gp, (1) pwhwdlbpp M Yewh ninnutlynG nbljwpunyuwi
yanprhwlwinGlpG wpnwhwjnnd 66 Gpw plbrwihG YnnpnhwGwnGhpny, huly
(2) pwlwdtdpp hwhwnwyp™ M Yhwh pbbnwhG YnnpnhGwnlbnG wpnwhw)-
wntd G0 Gpw nuqnuGlynih YnnpohGuinGepny:

LptGp, np plbnh nunnublyniG YnnpnhGunGepp L zwnuwdhn Yeiwnpp hw-
Jwuwp &G qpnjh, hul plbinwjhl wGyniGp YuwdwjudywG t:

Ophlwy 1: w) hGswbu nbuwlp, p=4a (¢>0) hwiwuwpnilp plbinwhG Ynnpnh-
fwrnwlwG hwiwlpupgnid npnynul £ a Jwnwdnny 2ppwbuwghd, nph YoGwpnGp plbinG ¢
(04.80w):

Wl

(r-af +y'=d’ x+{y-af =a’
Koja w <a

w) p) Q)
64.80

Oaqunybiny (2) wabsmpiniGlbphg wnwehlhg' Yunwbwlp p=a pubnwihl hwdw-
uwpnuiG nuGlignn 2powlwqéh hwdwuwpmit manwGynié YnnpnhGuinbbpny [7,1°).

‘Ix’+y’ =a Ywd x*+y' =a’:

P) PubnwjhG YnnpnhGwwnwiwl hwiwywpgmd p=2acose (a>0, -x/2<p<x/2)

p=2accs @ yh p=2asing

hujwuwpnudl wyGhwnnpbG npngnud t p, =a , @, =0 Yewpnling L a wawydnny 2ppw-

Gwghé (GYy.80p):
Oquybny Ybwnh plbinwihG YnnpnhGwinGbnG win Yowh manwynit ynnpohGuin-
Gbnh htin Yuwnn (2) wabzmpinGGbnhg, hijwbu Gwh hwgh wabbinyg, np

X

°°8¢=7x’—+=;r,

JuirwlwGp nhnwnplynn 2pewbwgsh hwywuwpnids maqwilymt YnnprhGunGbpny.
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” .
ax
Xy ==

T

Yuwid
x—-af +y =a':
q) Jwulwluh t, np p=2asine (a>0, 0<@<n) hwiwuwpndl by spngnutt p,za,
@, =n/2 YEGunpntng b a wnwynny 2powlwghd (_0[;800,);
Lnphg oqunybiny (2) wnbsntpntlGbphg, hoswbiu Gwl hwygh weGking, np
Yy
QuunwbwGp nhunwplnn 2npwlwgsh hwfwuwpnidl nnqwlblyneG YnnpnhGunGpng.
2 +(y-af =d':
dbpwnwebwinyg 77-pn Ghwpntd wwinbipdwé AOB ublnnph dwibpbup
hupdbymiG’ GiGpuwnpbiGp wyn ublpnnph AB hnph plbnuyhl hunfwuwpmdG nilh
p=p6) (xso<p) 3
wnbupp, npunbin p((p) -0 [a, B] dpowluypnid npnzdwd wlplGnhunn b ppuwlpwl (ns
pwgwuwlpwl) pnblhghw ¢:

Anjuwé fulGnhpp (neetn hwdwp nhnwpydnn Showluypp GudwywljwG duny
wnpnhbGp tipgwynp pyny

.ol lo.ol. ....le..0] (0.=a, 0.=p)
nwppwlwt Showlwyptiph, wuhGplt npdwé ublnnpp wpnhtiGp Yepgwynp
puny wwppwlwh ublnpGlph, unwgyws ublnnpbbph wilnGGbpp hud-

wwunwuhwGwpuwn Gauwlwlkip A, -nd, Ag-ny,..., Ag_, -ny, huly wyn whlynb-
fitphg wibGwdbkép” A -ny.

sing=

A =maxAg, .

UGnthtwnk m, -ny L M -ny GawGwibGp (3) Iniblghuyh hwdwwwinwutuw-

Gwpwpn thnppwgni)a L OkdwqniyG wpdtpGlipp [cp,,cp,,,] (i=0,,...,n-1) Ghowbu
poud L JuqokGp

_1 =t . ___ l ~l .
i-;Z,"’.A(P., S—'Z‘ZALM,NP, @
qnidwpGbpp:

2wth np R wnwipq b o nwrhwGh hwyiwuwp YEGwnpnGwlws whlynt
niGlignn 2newluyhG ublnnph JwibptiulG wpwwhwjnymud B9

_=—1—R’a
2

*)St'u 74-pntoh mnquunullqi! wpuunqupwlnuig:
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pwlwdlnyg, htwnbwpwp s -p wyl voppwwi 2pewbuyhG ubluinpGeph Swib-
ptuGtiph gnudwinG &, npnGg Ghunjnpnuihg wnwowigwd wunhwlwdl wuwnyb-
np wwpniGwyymd £ 40B ubluinph obig, huy S-p° wib ublpnnpGbph dwibpbu-
Gtph gnudwpp, npnGg dhwynpnudhg wnwswgwd wwinlybnG hp Ot wwpntGw-
nd t 40B ublunnpp:

Jdtipngpjwihg bapwlwgbnid bap, np wnkinh nuGLG
5<S<S (5)

wihwywuwpnipjntGlbpp, npinkin S-p A0B ubiyuinnph dwybintub t:
Lywntiny, np (4) wpunwhwpnnpyniGGhpp hbnlyw) hGunbgpwih

B
% Jpr(o)do (6)
hiunbgpw| qnudwnGbpG GG [40,u1] L wyn gnudwpGhpmud wigGtiny uwhdwGh,
tpp A -G dquanud t qpngh, YuunwGuwGp, np Gaywéd qnudwplbinp, htinbwpwn Gwb
pwlg dhpl pGlwd S dwlybpbup [20,p2], dqunid Ll (6) hGubigpuwihG:
Uwhuny, (3) plbirughl hujwuwpmdmy inpdwé AB wlplnhunn Ynpny
m plbnuyhl wewlbgph hbwn hwdwuunnwufuwbwpwn a L B wilymOGbp fuq-

dnn 04 L OB wnunlfnGbpmy vwhiwbwhwlfws AOB uvblunnph vwlbpbuf
hwiwp JepoGwlwlwuby unuwlbmd blGp

1'%,
S=2 jp (@)do (6)
pwlwdlp.
Ophliwy 2: 3wyt htwnlywy Ynpny uwhiwlwhwijws wwnlkph swybpbup
p=acoslp (a>0): {w)

Lowdnud: ©nipnfubiny @ -G

_rriimSe) 7% 3x
661127662

Showlwipbpnid Lk hwadtind p -h hwiwwwinwufuwl wpdtip-

. ynud t inwnbiple:

UjGnihtitnk ogquitiny (67) pwlwakhg L hwyh welGbiny,
np nhinwplynn Gpunbplh Swibtpbup hwjwuwn t Gywpnud
gnigunpwé unybpwqdywé wppnyph dwitiptiuh Jhguww-
whYyhG Gkq hbunwppppnn wwwlbph dwibpbuh hwdwp Yu-
unmuGwbp [39,010]:

2

S Q‘-

=)
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§45. Unph wnbnh GpYwpnipjwl hwaydnedp, bpp Gpw
hwdwuwpnidp wpdwéd t nuinnwblynié YnapnhGwnGlpnd: Nwpw-
dbwnpwywld hwywuwpnudGbpnyg L pLtnwihG YnnpnhGuunbtpny
npdwé Ynph Gphwpnipjwl hwaynudp: YwpdGh swdwih hwygn-
ip gniquhtin hwwnnypbhph dwitptuGtph dhengny: Muundwi
dwpdlh Swywih hwynidp:

UGghbiny hwpp Ynph wnbnh GplunnipyniGp hwzybinid’ pGGwnlkbp
hbwnbywy nbwpbpp.
1°. hgmp AB Ynpp munqublymG nnpnpwlwanmwlwl hwdwluwnpgntd np-
qwo t y=f(x) hwdwuwpmony, npntn f(x) pmblyghwa pp wnwehG Yungh
yA wowlbguyh htin dblynbn npnpdwe t i
wopGnhunn [a,b) dppwlpuypmd:
Spdwoé niGyghwih qpudhlh L
x=a, x=b nunhnllph hwindwi
np hwiwwwunwulswGuwpwn Gwlw-
x Yklp A-ny nt B-ny L hupyblp f (x) 1,3

Ola=x, x, x  x, x.x=b nh AB wnbnh tplwnpnipynilp (GY.82):
Gy.82

Inqwé fuGnhpp (Mot hwidwp 48 Ynph ypw 4-hg B nunnmipjwip fu-
Swjwlwh auny ybpglhGp A4,4,,....4, Yhwnbp, wyn Ytwnbknh wpughultinp hu-
Jwwwwnwuhwliwpwp Gwlwlyklip x -ny, x,-ny, ..., x_-nd, hul 44,

AA,....4_B hwnjwdlbph bnhwnmp}mﬁﬁbnn‘ hwiwwwinwufuwlwpwp A-
ny, Al -ny,..., Al -ny:

Uwhowinid 1: 44---4 B pllyunp Gnsdmid ¢ AB Ynph Gbpgdywy plilyur:

UwhdwGnid 2: Ynpp bplpupmpimG wubing jhwulwlbwlp wyl vwhiu-
Gp, nphG dquncd t wyn Gnphl Gbpgdws pblyuyh bplpwpnipimlp, bpp pblyunh
hunnuwidGbinhg v6éwanyGh Eplwpnipimbp dqumd b qnngh:

Jwyh waGhinyg, np 44---4,_ B pbljwih tiplwpnipynilp hwywuwp t

=) Al
qnudwphG L Ywwwpbinyg
A =max Al (1

0sisa-)

Gawlwynidp, hwiwdwyh vwhdwGiwG, 4B Ynph tplwpnipjwl hwdwp Yunw-
Gwhp

I=lim) Al @
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Wonhtwl Yuwnwpbing 4y, = f(x,)-/(x) b Ax=x,-x (@=x,b=x)
Grwbwymdbbpp’ YnGbGwhp

al=Jacy +(ay) = 1+(%’:] Ax, (i=0L...,n 1) (3)

Ay, /Ax pwlinpnlbph Ypw Yhpwaebiny LwgpwGdh ptnpbdp’ YuunwGwip

[30,p3]
&S x’“)—f(x')=f(‘—',) (x <c <x.,; i=0[,..,n-1):

Ax X, —X

g

“4)

{3) L (4) hwywuwpmpnhobph hwyweminy nhinwnplynn pblywih Gphw-
prepywiG hwdwn YniGEGwGp

I,=Z 1+ )} Ax,: (5)

Uunwgdwé hGunbiqpu gnidwpnid wiglbiny uwhdwGh, Gpp A -G dquinud t

apnjh b hwayh weGhind, np f*(x) $nLGyghwih hbwn dklwnbn fa,5] dhowluypnid
wlpGnhwwn t Gwb

11 2

1+]fx
dniGlyghwG Yuunwbwhp [40,u3]

I= .,/H-[f'(x) dx - (6)

Uuuypuny, [a,b] dhpwluypmd y= f(x) hwdwowpmdG mlbgnn AB w-
Gplnhunn hnph EplpwpmpiniG6 wpwnwhwyumfm ¢ (6) hanbgnuith dhengny:
OphGwly 1: Iwpyby
xz + yz =a*
hwywuwpnuiG niltigng 2powGwgdh bphwpnpymbn [7.(2°7)):
Lnudnud: Spywé nowbwgéeh (G4.80w) Ynnpahluwnwiywl wowehG punnannid pl-

Ywoé dwuh Gpywpnipymlp GauGwlbiny 774 -ny L Gyunnh nuGbGwiny, np YGphG Yhuw-
hwppnipjwl dhy (xZO) wyn 2nowbwgdh hwdwuwpnuil nGh
y= at - x?

wnbupp’ (6) pwlGwadlkp oghnipjudp nhuwpldnn Ynph bphwpnipjwG hwdwnp YnultGwip
[28,(157)), [27.(5).(7)). [35.6°w]

1 , x N .- Cxl
l=4° Ha’—x’ dx-MJJaz__f—«taarcsm;’u-Zxa.
2°. Uydf Llopunplilp AB Ynpp wnpywd t

x=(p(t), y=\|/(t) (a<tsB) )
wwnwlbinpwlwl hudwuwnpmdGbpny [28,u1], nmnbn cp(t) -0 b w(t) -0 phpblg
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qLNr VI
wnwpht Yupgh wowlguubbph htn dbluntin [o,B] dhowluypmy npnyyjws u-
Gplnhwin $rullghwibp b6, pln npmd ¢ (t) -G npyws dhowlpuyph ns dp 4t-
wmd gnn sh nuelnd.
cp’(t)an (a<t<B): (8)
hGswbu qhutilip, 4B Unph (7) wwpwibinpwlwl hwdwuwpniiGepp npn-
i 66 y=1 (x) wlpGnhwwn nibhghw, npp Yuwwnwpwéd GGpuwnpnipniGlbph
20nphhy nuGh '
£ )
x)=
/&) PIn)
wipOnhwwnn wéwhgwy [28,(24)]:
Gapwnpbiny, np (p(a)=a .cp(ﬁ)=b L (6) hlunbigpupnid Yunwpbiny thntin-
fuwlwah x=o() thnfuwphGnud [41,p2), Yunwlwtp

npnbnhg’ nhuwplunn 4B Ynph Gphwpnipywl hwdwp Ybpebwlywhwutu 4o

GEOGwGp
1= (VO + 0T a: ®

Uwypuny, |oB] dhowluypmd (7) wupwibnpulywl hwywawpnidlnt

ntGbgnn AB wlplnhunn §npf Eplpupiepm b0 wpvwhwymmdmd ¢ (9) plnkg-
nuwih dhongny:

LtGp. np (9) pwhwdlihg Ywpnn tGp oqudh Gwl thwy Ynph tGplwpnipnt-
Gp hwyybihu:

Udwlunnpuyy nunnnpnupym Gaepny wpbih t hwinqyby, np bpb nupudw-
YwG 4B Ynpp npywo t

x=0(), y=vwl), z=xl) (ast<p) (10)
wwpwibnpulwt huduwwpm dGbpny, npunbin (p(t) -G, \u(t) -0 L x(t) -G pnlilg

wnwehl Yungh wowlgmuGbph htin Jblunbn [a.B] dhowluypmd npndws w-
apGnhunn pmGlyghwlbn G, wyw wyn Ynph GpgunnmpiniGn wnbif huspyt

z=]JF«(:>r+w<:)r+[x'(:)rd: m

pwlwolny:
OphGwl 2: Iwyyb;

x=acos’t, y=asin’t (0<1<2x)
wwpwibnpwlwl hwjwuwpeidbbpny wpdws wunpnhnh pywpnepymGp (28,0101
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Lniénid: Spywé Ynph (G4.39) YnnpohGwinwlul wewghG pwenpanus pllwd Swuh
Eplwpnipynilp GawlGwibing /4 -n (8) pwlwdlh oqlnipjwip Gpuws tpYywpnipjws hw-
dwp YuuwGwGp [28,(9)], [27.(10),(12)]. {35.3°]

[ w2 A %
=4 IJ9a’ cos* £sin’ 1+ 9a’sin* 1cos’ 1 di = 123 Isintcostdt:lZaSl; 1 ga:
°

° 0

3. gmp 4B Ynpp vindwo t
p=plo) (a<o<p) (12)
plbrughl hunjwuwpnidny, npinbin p((p) -0 hn wewehl Juwpgh wowlgiuyp htin
Ubluntn [a,B] dhowluypmid npnpywé wpbnhunn pnilblghw t:
PLtrwihG YnnpahGuiinGtinhg wiglhiny [44,(1)] nuinnuwGyyniG YnnpnhOuwn-
Gph" Ywpnn GGp (12) hwdwuwpnuingd wpdwé 48 Ynpp Ghpluywglly
x(0)=plo)cosp, ylo)=ploling (a<9<p) (13)
hwijwuwpnLdGhpny:
UjGmhbinl (13) hwywuwpmdGhpp hwiwpbind wpdwé Ynph wwpwdbn-

nwijwl hwwuwpnudGtin b oqudtiny (9) pwGwdlhg, wyn Ynph Bplwnnipjwl
hwiwp YuunwbGwop [28,(2)]

, T D do- [ @eose-plesnel + Fking - p@kossl do

Jwad

1= ]J[P(w)T +[p(o)f do (14)
pwlwdlp: )

Uuypuny, [a,B] Showluypntd (12) plbnughl hwiwuewnpnidG nilbgnn AB
whpGnhunn UYnph Eplpwpmpim GG wprwhwpndmd ¢ (14) hlnbgnuyh shengny:
OnhGul 3: 3wyt

p=ali+cosp) (a>0, 0<g<2n) (w)
P plbnwihG hwjwuwpnuiG nGkignn Ynph GpluwpnipinGp:
5 (4 = £ Latémd: Lwu thnginfubiny ¢ -G 0-hg GhGsk 2x uwhGwG-
U Ghpmd L hwaybiny p 2wnwyhn-yblpunnph hwdwwywunwuhuwt
windtplbinp’ YuinnighGp (w) hwdwuwnpmal motignn Ynph gnus-
$hip (GY.83), anp ynsyned t hupnhan:

p=a(l+cos @)

(y.83
UWGnehbwnb oqunytiiny (14) pwiudlhg L hwpdh wnblipny, np Jupnhnnp hwiwgswdh t
plbowhG wowlGgph GYwwndwdp’ wyn Ynph Gphwpnepjwl hwdwnp YuinwGwGp [35,9°]
I=2J-‘/a’(l+cosq>)’ +a'sin’q;d(p=2aj,[2+2cos¢dw=MIcos%dq»—-&sin%{ =8a:
UGgGhny dwpdhGGbph dwdwibbp hwdbint fubGnhplbphG® ghunwpytip
JwpohG (G4.84), npG pGYweé t x=a, x=5 hwppntpyntGOtnh dhel L wyl Ywdw-
-235-




qLntu VI
jwhwG dunyd x=x,x=x,.,x=x_ hwppnipjntlltipny (a=x,<x<.<
<x_ <x, =b) wpnhtlp Gpwnktiph:

Spywé dwndGh x wpughul ntGbgnn Ytwnny wighnn L ox wnwlgpht niy
nwhwjwg hwwnnyph dwibptivp GowGwlybap Q(x)-nq L tOpuwnptilip, np wi
. [a,b] Ghowlwjpnid npnadwé w-
‘1‘ GpGnhwwn Pniblghw t: UjGnihbl

O(x) PnLbyghwyh thappugnyt L
UGowaqnih wpdtiplbpp
[x.x.]@G=0,1,...... ,n-1)  hun-
o Ywobbpnid hwiwwwinwutuwl-

V L / pwp Gawlwyblp m -tpny nu M-

tpnd L YuqdkGp

Smar, $mar, S0€)an (<t sn av=x,-x)
qnmiwpabpp:

Ptipywoé gnudwnltinhg wewehGp npwdéd dwndGh ko wwpniGwijynn wil
nwnpwlwb 2pewGuyhG quubGtph éwywGbph gnudwnl t, npnGg hhdpbph duw-
YtntuGtipnG m 6GnpnGtpp (npnGp gniqwhbin GG YnnpohGuwnwywG ox wnwlg-
ph6) hwiwwwunwupiwlwpwp hwywuwp 66 m -Gph L Ax, -Lph, huly Gplpap-
np’ Gnujh inbupl nulGlignn wyl quublbph dwywiGliph gnudwpp, npnGg hhdptinh
twybpbulitpnG m 6GnpnGlipp hwiwwwinwuhuwlwpwp hwywuwnp GO M, -Gph
nt Ax, -tph L npnlg Shwynpnuihg wewowguwé SwpdhGh hp obp wwpntGuwlnd
t tripdwé SwpdhGp:

biGGnyd bphpwswihwywe GYwinwentiGiphg' Ywpnn bGp wintg, np wtah
niGp

Smacs ok )an<S ma "
qlwhunnwywGp: -

Ruwbh np X =maxAx, -G qpnjh dqunbithu (15) gnidwpGlphg wnwphG ipyneub
wlGhwynnpbG dqunid 66 nhunwplynn Swpdlh dwywihl, nwunh (16) qhwhu-

wwlwGh 2Gnphhy (15) gnudwnGbphg YhpehGp Lu dgunned t Gnuyl uwhdwlhi
[20,p2]:

Lwinh nuGhGwiny yhpngpywip b hwayh weGbiny, np (15) qnuiwnGhnhg
ytpehlp Q(x) whpGnhwwn $nbGighwih hGwnbgnpwi qnidwnpl t [a,b] ghowliw)-
pnud [40,u1], wnpywé SwpdGh swywih hwown Jtpphwywlwwtu Yuunwlwlp

V= jQ(x)dx: (17
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Yuwhuny, x=a b x=p hwppnpnGGtipny vwhiwGwhwiyywd dwnibh
Swjwif wpinwhwingned t (17) pwlGwdlng, npnkn Q(x)-n wyn Swpilbh x wpu-
ghuG niGbgnn Ybwny wiglng L YnnpohGwunwlwh ox wewlGgphl nuinnuhw-
jwg hwwnnyph Swybtinbub t:

OnhGwl 4: Qunliby

£ 3y
?+F+?:l (a>0, b>0, c>0) ()
jwinGwywl hwywuwnnudl niGbgnn Gnwewligp tthwunhnh dwywip [10.37:

Lménid: ox wnwlgph M(x) Ybwny (-a s x < a) whglng b win wnuGgphl nunnw-
huywg hwppnpjwt nt wpdwé tihwunhpnp hwwnuhg wnwewGnud t tihwu, nph wpnity-
ghwl oyz hwppnipjul pw nbh

yZ z! x!
el ad
Jwd np GGG t°

yl 23
) +— =1

%(az_xz) —f;z—(a’—x’)
hwywuwpnidp:

Oqunybiny tihwuh dwybpbup pwGwdlhg [43,05] L Ghwwh mGEGwny, np (q) hw-
JwuwipnudG niGbgnn bhwup YhuwwewGgpGbpp [7.u7] npnaynud G

b,=2 a’-x*, c,=£Ja’—x’
a a
pwiwdlibpad” wyn tthyuh dwybpbup hwowp yntGaGwGp
0= 22 (- #):

a
UjGnihbink, oqunybyny (17) pwGwdlihg, tinpdwd b huunpnh Swydwip YupnwhwpntGp

14 =_axbcT J.(a’ —x’)dx

(x = const) (@)

hlwnbgpwyny:
wybiny unwgdws hlnbgpuip” {p) Ywinbwiwsd hwdwuwpnidb nbbgnn tinw-
nwlgp tihwunpnh Swywih hwiwp Yepelwwiwwbu Yunwbulp
vV =§xabc: )

tpt, Swulwynp ptwpnld ponmlbGp a=56=c=R, www nhnwnlynn tihwunhnp
Wbpwoéyh R 2wnwynny qlinh. npp Swiwip Yupnwhwpngh (n) pwGwéelhg uumugynn

V= %n R ()
pwlwdlny:
Jwulwluyh t, np Jbpbmd upwnpdwo bnwbwlhny y=c b y=d hwppm-
BInGGEpnY vwhiwGupuwlws dwndGh dwywip hwiwn qunwlbwlp
v= POy (17)
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pwlwdly, npunbn Py)-p uyn dwpdGh y opnplGunnG nultignn buny whglnm
U gnnpopwlwumwluwl oy wrwlgpht ninnwhwwg hwinnypf dwibpbut £

UogGhiny wunindwl dwpdhllbph swywiGbp hwpybint pwlwdlbph wp-
tnwodwlp’ nhunwpyttp hGnlyw Ywplnp nbwptinp.

w) Mgmp dwpdhGl wewewlnd ¢ fa,b) dppwluypmd npdwé y = f(x)

[r(x)= 0] whptnhunn $rublghuyp gnuwpplyny, ox wowlgpnyd b x=a ,x=b n-
nhnbbpny vwhdwGupwldws ynpughd vbnwll ox wowlgpf npep wmnk-
ng:

LYwwh nuGhGwiny, np nhuwplyynn SwpdGh b ox wnwlgph M (x) binny

? (a s x < b) whghinn nu wyn wrwGgphG nn-

nwhuwjwg hwnpnipyuul hwnnushg waw
pwgwd hwwnnypp 2nowh t, nph Yklnpn
Op quGynid t (GY.85) ox wnwlgph ynu,

= huy 2wnunjpnp hwdwuwnp t f (x) il
ghwih wpdtphG x Ybwntd, wyn hwnng
ph dwibtpbuh hwiwp YntObOwhp

O(x)=nsf(x) (asx<b): (1§

y=f(x)

64;.85
Q(x) dnillyghwih hwiwp unwgwé (18) wpnwhwpnnipynilp nbiqunpt-
tny (17) pwGwdlh dke' Ghiq htvwuppppnn SwpsGh Swywih hwdwp Gunwbulp

V= u}y’dx:n].f’(x)dx; (19)

Uuyhuny, bpt SwpdhGG wrwpwlmd ¢ {a,b) dhowluypnid upws y = f ()
whplnhunn Ynpny, ox wowlgpny b x=a ,x=b mapnbbpny uwhdwluhuwl
Ywd Ynpughé ubnwll ox wowlgph ynpop upmnbimg, wuyw wyn dwpdth
ounfun G wptnwhwyingned ¢t (19) pliinbigpugh dhongmy:

OphGwy 5: 3wk

‘—z+—,= {a>0, 5>0) @
a b
YwinGwlwl hwywuwpnidG nGbgnn tihwup [7.(5)] ox wnwGgph znippp upnnbinig
wowpwigws wnndwi tthwunhnh dwwip:

Lowdnud: uGnhpp (mdbpny hwdwp (q) hwywuwpnuihg quiGbGp »* -G, uyl wbnws:

pkGp (19) pwlwdlh dbe L hwyh welkGp, np nhuinwplynn dwpship hwiwswih b ez
hwppnipjwl Ghunndwdp:
Upmynilpnid wyn Swpdbh swywih hwdwp YnG6hwGp

3 a\*
V= 21(——j 2xb [a x—f—] BLPPR {t)
3)73

*) PO) 1 k.d] Sheumuspnid npnziws wiipGinhunn PniGlghut:
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VwuGwynp nbwpmd pinnGhinyd a=5= R Yunnwbwip R wnwynny qlnh dwywih
pwlwadlp.

4 5
vV =;1I:R :

p) Wdd Gopwnpblp dwpdhbl wowewlnd ¢t oxy hwppmpuwl dbp inpuwsé
y=1&). y=£%) [0< 1)< £ix), asxs8] whplnhunn prbyghuttph gpu-
Wybbpny b x =a , x=b mnpnGbpny vwhdwbuwihwlyws BEFC Unpughd ub-
nuwip (64.69) ox wrwlgph snipgn wunnbimg:

Lywwnh nBtiGuwiiny, np nhunwplynn Swpibh L ox wnwGgph M (x) LEwny
(ansb) wiglng nt wyn wnwGgphlG ninnwhwjwug hwppnipjwl hwwnnidhg
wawgwgwd hwwnnypp onwl t, nph YEGupnGp qunlynud t ox wnwligph dpw,

hul wrwyhnGtnp hwdwuwp 66 £(x) L f£(x) $nGYghwibph wpdbpGbinhG
Gqwé Yhunned” wyn hwuwngph dwlbpbiuh hwdwp YniObGwGp

oRx)==[7G)- /()] (asxsb): (20)

Q(x) InuGlghuwyh hwduwp wnwgwséd wpnwhwjwnnipintGp nbnwnpbing (17)

YA pwiwdlh dbe’ dbq htunwppppnn dwpdbh dSwywih
hwiwp Yunwlwlp

v=n [lr:()- (et (21)

OphGuwy 6: qt.auqu[ wjl SwpdGh dSwwip, npl wow-

> owlinudt y=x* b 2x—y=0 Ynpbpny uwhdwbwihwlyjws
wuwwnltiph ugnuninulhg oy wnwGgph 2ntpep (GY.86):

ay.86
Ladnud: Lwiu GyunnbGp, np dkq htinwpppnnn wunrnytpp uwhtwliwuwlywsd t

=y, x=2: )

Unptipny:
Sjﬁlfuhhmh hwiwwntn |nstiny (p) hwdwuwpniblipp” qunltGp wn hwywuwpnid-
GbpG nGbgnn Ynpbph hwwndwt Yhwnbph opnhGunnGlinp.
W= 0, Y= 4:
2wGh np 0< y<4 Showlwipnid nknh nbh |y > y/2 wlhunjwuwpnipynlp, nwwnh
Gyuanh neGhGugny (177) L (21) pubwdlbnp” nhnwnplyng Gwpdth dwywih hudwn YniGkGwip

4 2 2 >\
y y ¥y 8 .
Verfly-Z—|dy=nl -] =—:
J{y 4) (2 121 3

OnhGwy 7: Jwyby uyb dwpdGh dwdwip, npb wnwewlnid t ox wawlgph 2nupen
x=a(t-sint), y=a(l-cost)
ghyinhnh [28,09] 0Ly Yudwnh upninnushg:
Lmdnud: Oquuibiny (19) pwiwdbhg' npnGth swjwih hwiwp juinwGwGp [35], [39)

Ine 1=

s
V=x jy’ dx = na’ I(l —cost) dt = m’(—;—t —4sint+%sin21 +%sin‘11 =5n'a’.
14 °

o
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QLNtlu IX

Uk 2ULbh onodnuuuuLkh dntuvuskuLer

§46. Uh pwGh yhmpnfuwlwbh dnibyghwyh uwhdwGnudp: Gpym
inhnpuwjwih dnbyghwih vwhdwbp, whpGrhwwinip)nilp L

Jwulwyh woéwbgjwGtpp: Pwpdp upqh dwulbwyh wéwigu-
Ghkp:

UhGsk hhiw dtGp nhunwpynid thGp tipynt dwndinfuwlwGGeph hwdwinky
thninfuntpjnil?, npnGghg deyp Ywhudwé tp Gjniuhg, pGn npnud wilwhy gatn-
huwjubh [22,u2] jnipwpwlsnip pnwnptith wpdtiph hwdwwwnwufuwind
tp YGuwhuuw pnthnpuwwGh npnawih wpdtip: Uwlw)G dwpbdwinhyuwynid, $hap-
Yuynud L wyy plwquywnbbpnud hwinhwmd 50 pwadwphd nbwpbp, tpp hn-
thnfuwlwGGhphg 0tYp Jwhdws t 6h pwlh wilwiu thnthnfuwywGGbphg:

OphGwy 1: hGswbu ghwblp, 2pewlughlt quubh Swyw)l wpnwhwpnynid t

V - R {w)
pwlbwadling, npintin R -p quuiGh hhiph awewdhnG t, huly 4 -p° Gpw pwpdpnrpnilp:

Phpywd pwlwdlpg bplned b, np 2pewlwihG quubh swywih sténtpinilp Guhujuss t
hGswhi'u Gpw hhdph wnwynhg, wyGwt v b quwbh pwnpdpnipynibhg, hGsp GawGwymdt,
np k4 pwpdpnipjwdp b hhdph R wnwynny 2pewbuihG quuwbh dwywip R L & tnde
huwlpulGtph allghw L

Uwhdwlmd 1: x & y wllwfu hmpnfuwlw6bph hnpinfudws inppnip
wubinyd Yhwulpwbwlp wyn hmpnfuwlwlGbnh wndbplbnhg wqddws pnin
(x.y) pywanyqtpp pwqdmpmbp:

Uwhdwlnd 2: 6p6 G lﬁnq/m/z}dwﬁ wppnyp nlbbgnn x Ly wllufy
shpnfuwlywGtinh wndtipObphg Yuwqddwd jpwpwlymp (x,y) pdwanyeh his
nn opkibpny hwiuwwunnwufuwmy t z hmpinfuwlwih npnawlp wpdtbp, wiyw

z-plngdmd b x Ly pmpnfuwlpwGliph rllghw, npnpfwd G unppnypnid b
wyn hwunp Gaymy t hbinlywy Ybpy®

z=z(x,y): Q)
UwhswGnd 3: x 4 y whlwfy hrpnfuwlwiibph wndtplbphg jwqd-
ywé wyl prynp pywagnigbinh hwdwfunidpp, npnGg hwdwp (1) P lhyghwl v

omd E npnpwlh pdunhlG wndbip, Ynsymd ¢ wyn pacllighuyp npnpdwl Gwd gn-
Jpyuwil winpnnyp:

TMwpq t, np tpb (x,y) pUwantjghl oxy hwppntpjul St hwdwuwnwutu-
GbgGhGp x L y YnnprhGwinGbnG nuGbignn M (x,y) Ytunp, wuw (1) nuGyghu-

Jh npn20wb wnhpnypt hpbiGhg YGkpywywgGh oxy hwppnipjwlp wwwnlwlng
Ytwntiph pwqdnipjnil:

#) UpuhGipG nhunwplynsd thGp abY dninfuwlwGh niGlighwtp:
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Uwhdwlms 4: Gwublp, np G -G hwnp, vwhdwGufwl nippnyp t ek qn-

it mGh R (R < «mo) wnunfnny pnowl, npp wwpmGwlymd ¢ G nppnypp:

UtGp hhiGwlwbnd YnuntdGwuhpbbp Gpyne dinthnfuwlwGh wybushuh
$nuGyghwbbp, npnGg npndwh whpnypbhipp uwhiwlwthwiws 66 npnawlh
Unpbpny:

Uh pwGh thnthnfutewth $mbhghwi (064 thnthnfuwlwGh $niblyghwh Gow-
Ontpjwidp) upbith b wnwy wryntuwyny, tpypwswihnptbt L pwlwdlng (whwih-
nhynpbG): Ywulwdnpuwwbu, bpynt ¢gnthnfuwwGh pnillyghwl nwy bphpwsw-
nptil, GawGwynid £ wyn $nblyghwih npnwh whpnyph jnpwpwisnp Yb-
unul nwlby oxy hwppnipywls ninnwhwjwg munhn L wyn nnnh Ypw ybpglb)
npdws pniGlighwih wpdbpht hwiwwwunwujuwinn Yhin: Uinwgduwsé Yhnbph
Bplipwswihwlwh wbnp Ynsdnid t Gpyn pntinfuwlwih $niGyghuih gpwdhl:

Yuhuny, bpgnt hninfuwlwih pnlyghuyh gnudhyp oh dwllipbnyp ¢,
nnh wpnybyghwt oxy hwppmpywl dpw wyn Smlhyghuwsh npn2dwl wppnypl t:

bphyn thnihnfuwlwth $nilyghwsh uwhdwhndp Yupbih t pGnhwGpuwglbp
Gnbp b wybih ¢hnpnfuwywiGbph hwswp.

UwhdwGnd 5: Gpli G Ppmpnfudwl infipnyp mbbgnn x,, x,,....x, wilwfy
mpnfuwljwlGbph wpdbplbnhg Luwqifws mpwpwlsinin (x,, x,,...,x_) huw-
Swludph hwiwwunnwufuwimd t y hmpnfuwlwGh npnpwlih wpdbp, www y -

0 ynsydmd b anpywo hninfuwlywG6ph Pmillghw, npnpwd G wfipnypnid L
wn hwwnp Gpmed ¢ hilywy Glipuy

y=y(x,%,,..x): {2)

UwhdwGmd 8: x,, x,,...,x, mpnfuwlpwllbbnh wnpdbipbbnhg yuqddws uwylb

ennn hwiwfudpnupym G06ph pwqinipimap, npnlg hwdwn (2) pncblghwi unw-

md ¢ npnpwlp pduyhG wpdtp, Ynsdmd t wyn ncllyghuyh npnrdwl und gn-
Jnppul inhpnyp:

dbpwnwnGwiny bpyni thndinfuwlwih $niblyghwlbbph ntumdGwuppnep-

jwlp’ nhnwpltiGp oxy YnnpnhGwwnwyws hwppnipjwl Gbp pGYwé nplt G
nhpnypnud npnaqwé z=z(x,y) Pnillghwa:

6pb y thnhnfuwlwbp panlhGp wGhnhnfy, huly x thnbnfuwlwihG wwap
witwhuh Ax wg, np A(x+Ax, y) Ytnp nnupu sque G nhpnyph uwhdwGGtiphg,
www nhwplynn $nibyghwt Gnylwbu Yunwbw ws: Ladwd wép Ynsggnud t

win $nLGyghuwsh Swubwlh ws punr x -h L GruGwidmd t Az -ny.
Az= z(x+Ax, y)—z(x,y): (3)
LnyG Alny, bpk x thnihinfuwlwip prnlklp wGhinthntu, huy y thhnfuw-
YwGhG wwGp wjGwhuh Ay w6, np B(x. y+Ay) ybwp nnipu s3qu G wppnyph
uwhdwGobphg, wujw z(x, y) $nillyghwl JuinwlGw wé, npp Yngynid b uyn pnily-
ghwjh SwuGwyh we pun y-h L Grwbwlyntd t A,z -ny.
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Az= z(x,y + Ay)— z(x,y): 4
dbppwybu, tpt x L y thnhnjuwlwiGEpht hwiwwwinwuliwGwpwp
nwlp wjbwhuh Ax L Ay wokp, np C(x+Ax, y+ Ay) YGwp nnpu squ G wh-
patjph uwhdwGObphg, www z(x,y) Inlyghwl Yuwnwbw ws, npp Yngynud t
wyn neOyghuyh (phy wd L GawGwyynid £ Az -ny.

Az:z(x+Ax,y+Ay)-—z(x,y): (5)

Lptp, np pGnhwGmn nbwptd (1) pncGlyghwyf (nhy wap hwdwuwn gt wy
dmblyghuyh Swulbwlhp wobph gmidwphl:

Uwhdwlmd 7: M, -G ynsymd t bplgunp G wnppnyph vwhdwluyhl Y,

bpti wyn Ybinp quilblhuwguwso ppouwljuyp wwontGwlymd ¢ G wmppnyph, M, -hg
wtnwppbn gnGt 06y Ybwn:

Wdd nuniGwuhpGp G whpnupaud npnaqwé z(x,y) Pnibyghush Jup-
pp, bpp wyn whpnyph M(x,y) Yhwnp wiuwhiwGwwynptl dnnblnud ¢
M,(x,.y,) uwhdwGushG YbinhG:

UwhdwGmo 8: Gwwublp, np x -n x,-h L y -p y, -h Squbithu G wppnypmi

npnayws (1) pnibyghuyh vwhdwlp A4 phfl ¢ bpb gwllwguws ¢ npuwluwi pdh
hwiwn qrympymG mGh wbwhuh § gpwlwi phy, np htiGg

|x—x, <9, iy—y,!<8, (6)

wnbinh miGh

lz(x,y)- A<8 ]
wohwywuwpmpniGp '’ pln npmd Gopumpinid £, np M (x, y) Ybuinp wunlu-
omd t G nppnypht L vuupptp ¢ M(x,,y,) bunpg:

Spypwswihnipiwh nbpdhGobpny pepdwé vwhdwhnidp hGsnid b hGunbjw;
Yepw'

UwhdwGnus 9: Ywwbbp, np z(M) $ncllygpuyp npnpdwt wppnyph M (x,y)
Yttnp wyn inppnyph M (x,.,) vwhdwGughG YnpG équntipu z(M) $mublghu-
I uwhdwlp 4 phG t, bpl gullpuwguid € npuwlywl pip hwdwp gnympyml nip
wibwhuh & npwlwl phy, np hblg M L M, Ybwnbph hbrwiinpnpinp $npn
thih & -hg.

|MM | <38, ®6)
wbinh ynibbbw
l2(M)-4<8 (M -p vwppbp t M, -pg) (7
wohwywuwnpnpmbp:
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WG thwuwnp, np M (x,y) Ybinp M, (x,,5,) UbinhG dquibthu 4 phdp z(x,y)

dniGlghwih uwhowhG £ YGLGR
ime(e)=d. =)= ®
hwwuwpnipyniGGtiphg nplt Styny:

Uwhdwbnid 10: bwubibGp, np z(M) dntGlyghuyh npnrdwl nppnyph
Mlx,y) Ytwnp uyn nppnyph M(x,.y,) uwhdwluyhG Ynpt dqutipu z(M)
dmbyghuyh vwhowlp wynu wifbnet t (dhinmu wfbpel t), bpt guwllwgws
¢ gpwlwl pdh hwdwp qnimpymG mGh wyGyhuh E ppwlwl phy, np htGg
wbnh mG6lw (6°) wohwywuwpmpintlp, www wbnh gnbbow Gul

2AM)>E  [z2(M)<-E. M -0 wvuwpptp t M, -hg] (7
whhwywuwpnipym Gp:

UwhdwGnud 11: Ywublp, np M,(x,.y,) -G wipuluwlywt G b bpb wn
Ybinh YnnpppGunnbbnhg qnlb J6hyp hwywuwn t whybneh:

bwpnn bGp dbY ¢hnhnfuwljwbh $nbyghwih hwdwwwwnwuhrul vwhdwG-
Jwh GowGnepyudp uwhiwGb z(M) daGhghwrh uwhiwlp Guh wib nbwpnud,
bnp M(x,y) Ytnp dquimd t M, (x,,y,) wGhulwlywG Yhnh:

UobiGp, np z(x, y) I Ghghuyh vwhdwoht Jbpuwpbipnn pbpydwo poynp vwh-
Swhm dGbph tmpymlp htnbywy0 F

z(x, y) Prbhyghwyh wndbplGhpnp quilwgqus swihny dninkond 606 wyn
Ddnublyghuyh uwhdwihG, hblGg np wilpwfy hrpinfiwlwllbph wndtplbpn «puw-
Yuwlwbwsunpy dmnbOmd 60 ppblg hwiwywnwufuwl vwhdwlbGbph:

Uh pwGh ¢phnthnfuwlwGh $niByghwih vwhdwbh hwulwgnipjuG hbun ubp-
nnpbl Yuwdwé t wyn pnillyghwih whipbnhwunepjwb hwulwgnipinibp:

bpynt inihnfuwuth z(x,y) $nGighwih whpbnhwinnipywl hwuljwgnip-
jwl hbwn SwOnpwGuygnt hwiwp Lopwnpklp M, -G wpdwd pnillghwih npny-
dwl whpnyph uwhdwGwhG Yyt b L wwnlwbnid t wn whpngphG, wiGwbu np
M, Yhwnnud z(x, y) dnelyghwb niGh npnzwbih Ukpounp wpdtip:

UwhdwGnid 12: G wppnypmd npnpywé z =z(x,y) pmulyghwt ynsymis
t whplnhunn uyn nppnyeh M(x,.y,) Ybunnd, ek G whpnyph M(x,y) Ytup
bwowpulput suny M,(x,,y,) YtinpG dquibipu, nbnp moh

!lTZ(X,y)= z(-"v)’o) (9)
hwwuwpmpimGp:

Ywwnwpbiny x=x, +Ax, y=y, +Ay GawlwymdGtpp (Ax L Ay w6kph
plwnpkGp wylwbu, np Clx, +Ax, y, +Ay) Ybwp nnipu squ G tnhpnyph uwh-
dwiGkphg), Yupnn top (9) hwyjwuwpnippnilp Ghpyw)wglbl
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grgz(x, +Ax,y,,+Ay)=Z(xo’yo) (9)
Q0

Lwy np GnyGG t°
lim[z(x, +Ax, y, +Ay)-z(x,, 5 )}=0 @)
e
inbupny:
YGwuinwpblp Ly d6Y GawGwynd.

Ap=f(asf + (&) : (10)

Uyshuwyn £, np Ap -G uyl L Shuyl uyl nbwpntd liégunp gnmyh, bap Ax b Ay
wotinp dhwdwdwbwl dqunbG qpnih:

L{winh nuOGowiny dbpngpjwip L oqunybiiny (5) GawGwiynidhg™ Yupnn Glp
(9°") hwywuwpnipjnilp GhpYwjpwuglby

limAz(x,,y,)=0 97)
nkiupny:

Unwgywo hwfwuwnmpynddp Gawowlymd € np Gplne hnhnfuwlwoh w-
Gplnhwin pmllghwl (hGswbu L 06y hmpnfuwlpwlh wiplnhuen pnillhghwi
[24,(5)]) plnipuwgpynid t Gruwlny, np wyn Pmbhghuyh wilpwfy phnginfualut-
abph wlbipg inpp wibnhG hwiwwwanwufuwond t inpydwo pniblyghuyfh Gnyt-
wbu wlbng hnpn (phy wo:

UwhdwGnud 13: bwubiGp, np z=z(x,y) $mblyghwt wlplnhuwn t G
pnypmd, bpb wyl wipGnhun t wyn wnppnyph pnpnp hbinbpmd:

Uwhdwlmd 14: z=z(x,y) Dlblghwl ynsfmis b fugynn M, Ybwnmd, bpl
wyl whplnhunn st wyn Yiinmd:

Ujdd wnwlg wuyuwgnyghbiph SlauliiputiGp Sh pwlh thnthntuwywlh $null-
ghwjh hbwbjwi hwwlnpniGGbpp’

1°. Quily b uwhidwlunpusly nppnypmd npnpdws y(x,.x,,...,x.) wlpbphwn
Srblghwl wn wppnypmd plnnlmd ¢ hp S6owaqnyl L inppwenyl wndlip-
Gtinp.

2°. bpb m -p b M -p hwl b vwhiwbunpwl G wnppnypmd npnpdwé
y= y(x,,x,,...,x.) wopbnhunn InLGyghuyp hwdwwunnwufuwbwpwn $nppu-
qnl L UE6wqnyl wndbplbnpl 6G L m, -G wyin wpdbplGlph Jbp plilpud Juduwyu-

Ywt ppy t, wupw Gojws inppnypmd grympntl mh wibypup Px,x0,....% )
Y6, np wnlinh nGh

R,(x:,x;’,...,xf)= m,
hwywuwpmpiniop:’

Uh pwGh tmpnjuwluGh dnGhghwih niunidGuuhpnipintGp 2wpnefwlb-
it hwidwp dwinpwlwlp Gwl win Pnilhghwsh dwubwih wéwhgywih hwuluw-

+) Jwdbdunnh'p O6Y thahnfuwlwih Paiblghwsh hwduwwumouluws hwalnpinGGph hbut
[25.p3.p4]:
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gnpjwl htinn: Latlp, np qpnupjwl wwnqnipjwl hwidwp Gnphg Qum?\dmﬁw-
wlytGp tnynt thnuhnfuwluwGh $niGlghuwh nbugpny:

Nhgnip Mo(xo,y,,)-ﬁ G whpnijpnid npnqwé z=z(x,y) Inmbyghwih npnp-
dwG whpnyph nplt Y t: M, -h wpughuhG nwip wiliwhuh Ax w6, np
A(x,+Ax, y,,) Ubwp nnwpu sque G whpnyph uwhdwGGhphg, hwdtGp nhinwnly-
ynq dniblghwih unwgwd dwubwiyh wép, Ywqdklip Az/Ax pwlnpnp L hwp-
YGp wyn pwinpnh uwhdwlp, tpp Ax wdp dquinud & qpngh.

lim£ .
= Ax

VwhdwGnwd 15: &pb z(x,y) pmblghuyp Az dwulbwlh wep b wyn wol
wowowglng x whlpwfu hnpnfuwlywth Ax wah hwpwpbpmpimbp Ax -p qon-
I deunbipu mGh vwhiowdl, wwyw wyn vwhdwlp §nsdmd ¢ z(x, y) Dnublyghuyp
Jwulwlh wowbguy punn x wilwfu hmpnfuulpwth b Gruwbwldmd ¢

wuwdwiwGrwlGhnhg npld dtyny:
Upuwhuny, btph M,(x,,y,) e z(x,Y) dnGlyghwl nGh Jwulwyh w-
Swhgjw puwn x -h, www wjn woéwbguyl wpnwhwinymd t

%‘ =m2(x°+Ax’i:x)—Z(xo,y°) (1)

hwdwuwnpnipjwip:

Ljwwnbhp, np bpb Gpym thnhnfuwlwGh z(x, y) $nGlyghwt nGh z dwu-
Owih wéwhgyuy, www pGnhwinip ghwypntd wyn wéwbgu)p Gnybybu $nibl-
ghwt x-hg b y-hg:

JwuhwGwih t, np Gnyb dbny uwhdwGydmo t Gwl z(x, y) dnilyghwih 2,

Jwulwyh woéwbgwin.
z: lun—Ai =1lim z(x’)"*' AY)_ Z(x’y) .
&z ¥tAy v Ay

PGwlwlwpwp Gnyl dlny uwhdwbynd 50 Gwb Gpyniuhg wybp hindinfuw-
JwGGbp nobgnn $nblghwih Swubwhh woéwbgywibtinp:

Uhuny, dh pwih hmpnfuwlyuwlh prcblghuyh dwuluwlfr wowlgu b pun
nplt hrpnfuwlpwlh hwpdbine hwdwn, wohpwdtyn b JGwgwd hnpnfuwlywi-
Obpp ppunty hppl huwwnunnmGobp L 06 hrpnfuaywih pmbighuyh wowilbg-
Jwl YuGnGGnmy hupdly wwhwiydnn wéwlgnuip:

OphGuwl 2: Iwzyby hbwnbywy $nlbhighwbbph dwubwih wéwGgpubbnp’

w) z=\/;cosy, R} z=e™:
Lntdmd: NiGkGp [27,(7).(87).(12)].[28.(9)]
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G _cosy Z=-w/;siny,

W x5
P) %:213).3'2” %zy.:x’~e;’l

Gpunt thndinfuwywth Pnilblghwih pwndp Yuwngh dwubwlh wowlguylh-
nh htwn Swinpwlwint hwdwp GGpwnptlp G whpnypnud npnfwd z(x,y)
Inublghwl uyn whpnpnid nibh wowehO Ywpgh dbppuninp Swubwlh wows-
gjwilbp: ConhwGnp nbwpmd (hGhind x L y thnthnfuwlwGGtph $nillyghw-
Gbp, Z Lz, wéwhgywyGtnG ty hphlg hbpphh Yuwpnn GG nuGbGwp wnwghl
Ywngh dwuGwyh wowbgju bGbp:

Uwhdwlnid 16: Epb G nippnypmd npnpdwé z(x,y) pmblgpuyp 2.7,

Swulbwlh wowlguubpp Gywo nppnypnid mG6G wewphl Jwpqp Swulbwl)h
wowGguuy Gbp, unyw wym wowlguGbpp §nsynid 66 wnpdwdé pmblghuyh bpl-
nanpn upgh Swulwlih wowbgruyGbn L Grwbwldmd 66

2,2, 2, z,
qwo
&z Iz Oz dz
a ¥ wy o (9
wuySwiwlywlibpny:

Lnyb dlnd uvwhdwGynid 66 Gwbl bpyne thathnfuwlwGh $niGyghwgh bn-
pnpn. snppnpn b wdtth pwpdp Ywngh dwubwhh wéwbgyw)bbpp:

UwhdwGnud 17: Up pwlh hnpnfuwlwih $ncblghuyp, punn twppbp fin-
nfuwluwolbph Swolwlh wowlGguybbpp Ynsdmd G win pmllyghuyp fuwen
Jwulbwlh wowlbguybbn:

Jwiwdw)l pbpjwsd vwhiwbdwg, z(x, y) $niGlghuyh (13) dwubwlp w-
owGgjwiGbphg Ytipghl tplyntup wyn $mGhghwih plipnpn Yungh fuwep du-
Owyh wéwlgywilbtp LG:

OphGuy 3: Jwayby htwnlyuy Prubiyghwsh Bpynnpn Yungh tuwnp GwuGwyh wowt-
gjuibtipg’

2(x,y.0)=x'yt:
Lnuénud: NuGkGp
z, =42y, z,=3x'y",
hbhwnLwpwn
7, =120y, 2, =12x’y’t :

PGswhu nbkuGnd 6Gp, pipdwsé ophGwlnid nhuwplywé pnilyghuygh binl-
pnpn uipgh fuwnG wéwigpuiGhpp hudplyGnud bG, Gpp wowhgnuip Yurnwp-
ynud t putn GhlGnyG thadntuwlwGGph, puwg wwppbn hwenpnuwiljwinipjwip:

Muwpqyntd t° 6h pwhh pmpnfuwlwih $mGyghwitinh fuwrl wowhgyw it-
phG ybpwpbpnn Ghwingwé hwyjwuwpnpnilp wwinwhwlwG st L wyG wbh
niGp, bipbk pwiwpwpynid G npnpwlh wwySwGibp: Wn Yuwwlygnpywip dlw-
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ybpwkbp htinbywy phnptdp
@tnpbid 1: 6pt z=z(x,y) Prullghwt L Gpw 2.2, 2, 2, duwludlp w-
dwlgyuGlinp npnpywo 6G L wapGnhun M (x, y) Ybwnnd e uyn Ybinh oh npld
Jnowluypmy, www Grdwd Yiinndd wnbnh mah
dz &z (z" _2,)

(14)

hwwuwpmpynilp:
2lwybpuwé phnptidhg htinbinid £, np M( ,y) Jbwnnwd L wyn yewnp nplt
npwlupnid (1) Inillyghwyh
o'z dz
axk@»-c 4 ay-taxn
dwuGwlh wowhgywibbph wGpbnhwwnipynilhg plunid t wyn wéwhgyuy btiph
hwjwuwnpnipjniGp:

Muipqynid L inbnh nlbh Gl htnlyuy pGohwbnap winnudp.

Bbnpbd 2: bpt y=y(x,x,,....x,) Pmlyghwa L Gpw JhGsk k -pn Gupgh
(2<k<n) fuwnl wowGguyGpl wiplnhunn 66 M(x,y) Yowmd L wm o
nplt 2ppwluypmd, wuw k -pn Yungh guliwgws fuwnl wowlguh wndtipp
Opwo Ybwnmd Gufujwo st uyG hppulywlGmpinibhg, npny Yunnwpynid 6G

hwenpnwlwl wéwlgndGbpp:
OphlGuwy 4: Uwwgnigh| hbwlywy hwywuwpnipjnibp’
Pu &'u

oz Oyledx

npunkin
u=e?sinz:
Lnuéned: MGLop [27,(10))

u, =ye”sinz, uf;,(l+x_v)e’°‘sinz, ul, =(1+xy)e’cosz,

L 2. . _ Iy - _ . Iy .
u, =xe’sinz, u, =xe” cosz, uﬂ—(l+x))e €0SZ:

§47. Gpynu hinhnjuwlwGh PniGyghwih ahdtipkGgthnipynilp,
(phy nhdtptiGghwip L Gpw Ywwyp Jwulwyh wéwigywibbph hbwn:
ThdbtpbGglhnipjwl pwywpwp ww)dwlp:

ULy dhnthnfuwlwih $nibyghuwgp niundGwuppnipiwb dwiwbwy dtGp nh-
thunyky BGp y=7/ (x) $nlyghuh wép x, Yhwnnd.

Af(x)=A-Ax+0(Ax) (A =const) 1)
wnbupny Gbpyuywgbtipne hwnpgp [29,(8)] L gnuyg BGp wbi, np G2 wd Ghipluwijw-
gnuSp hGwpwynp t wy@ L Shwyl wyl dwiwlwy, tpp qnympynl nLbh f(xo)
dtippwynp wowhgwy, pbn npad (1) hwywuwpnupniGp hpwywbwGnud t, tpp
A= f'(x,)-h: 3h2bgbbp Gwl, np f(x) PnGlghuwh wih qbuyhG dwup’
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A-Ax = f(x,)Ax,
wiywbl| bip wyn PnuGhghwyh nhdtipkhghwi:

UagObiny tpuynt thnpnfuwlywth dniGhyghwih nhdbpklghwih hbw dwhn-
pwiwimG’ nhuwplytbp oxy hwppnipjulG G wnppnipnd npnagwé

z=1{x,y) 2
InilyghwG L wwwgnigtiGp htivlyw pbnptdp”

RBEnptd 1: Epb G wippnyph M,(x,,y,) Ybtd b wyn Yt pls-np pow-
Yuwpmd gnimpym G m GGG z(x, y) D Gyghuyh ;rj ( A y) Lz (x, ,V) ybpoundnn dwu-
Gwih wowbguubbp, npnlGp npwbu x -h L y -h pmbyghwitn wiplnhwwn b6
Opywé Ginmd, www (1) pblyghuyh (nhd wap M, Ybinmd qupbih t G6plw-
Juwglby

Az(x,,3,)= 25,7, )Ax + Z)(x,, 3, )Ay + a Ax + By (3)
wnbupny, npuntin o -G mt B -0 Jufufws 66 Ax hg, Ay -hg L Gpuwlg hbuw dbljnky
dqunnid 6G qpryh:

Uwpwgniyg: Bhinphdt wwwgnigbint hwdwp nhunwplyynn $nbyghwsh tnhy
wip M,(x,, y,) Ytiwnn 0 [46,(5)] GbpluywglbtlGp htinbjwy inbiupny’

Az(x,,y,)=z(x, + Ax,y, + Ay)- z(x,.3,)=

=[z(x, + vy, + &)~ 203y, + W)+ [2 (3,3, + )~ 2,3, ): @
Luwnwynwuh hwlwqdbph Gopunud qpywd nwpptpnipinulGGhphg jnupuw-
pwGymph hptiGhg Ghpluwywglned t (2) $nillghwyh SwuGwlyh wd: Ujn nwppb-
nnupyniGGtiph hwiwp (npwbu dbly hnpbnfuwiwbh pncGlghwgh weh) gpbipnd
ybppwynp wetph Lwgpwidh pwGwélp [30,(9)]. (2) $nilyghwih tnhy wdp
M, Ytwnmd Yapluwpwgbblp

8, 3,)= 22,5, + yJax+ 2 x,, v oy 5

X, <J_c<x°+Ax, bA <;<y° +Ay:
Pwh np pun wwydwGh phownlynn Pruilghush 2 (x,y) b 2(xy) dww
Gulh wowhgywiGbnG wiplnhwin 66 M, (x,,y,) Ybwnud, hbtnluwpwn wntinh nLGks

wnbupny, npuntin

timz, (e, + &)= 2 (s, Tm e, 3)=2(x,5,) (6)
L ad fy0
hwywuwpnipiniGGepp [22,p3], [46,u1)]):
hOswbu qhuinbp, (6) hwdwuwpnip)niGobphg plunud GG
et o)z, 2lny)=z ()8 y
GbplwywgnidGlipp [23,p6], npinbin o -G nu B-G whybpe thnpp dkontpniGObp

bG [23.u1], bpp (2) PmGYghwyh wpgnudblnGbph Ax L Ay webpp dquwnd bl
qnpayh:
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47
Ndjuwn st Guwnby, np (7) hwywuwpnepjnuGGbph hwdweniony, (5? hwyw-
uwpmpjntihg YuunwGwlp nhinwnpldnn $nilbyghwh iphy wsh wwhwigynn
fibpywjywgnidp:
hujw
wnbwlp 1: 6pb G wfinnypnid npmpywé (2) pmllighuyp 2. (x, y) nt
z (x, y) dwulwlh wowlbgyuwy Gbpp qrympim b nlG6G L wlplnhwwn 6G wyn inpipny-

Bh M‘( X, y,) Ybinmd, wuyw npdwé pmlbyghwl Lu wiplnhunn £ wn Ybwnnid:
Uwwgntjg: Ohgnip G whpnypntd npnadwd z(x,y) dnuGlyghwjh Swuluw-
ih wowOgywGhpp qn)ntpynih ntGEG L wlpGnhwwn &G wyn whpnyph M, Y-
wnd: Wn nbwpntd, hwdwdwyl plinpbd 1-h, (2) Inlyghwih \nhy wsp Yuwpnn
tilp Geplwjwglty (3) inbiupny, npunbin « -G nt B -0 Yuhujwd GG Ax g, Ay -hg L
ipwbg htivn dblYwnbn dquind &G qpngh: (3) hwwuwpnepjwl Gy wGgbbiny
uwhdwGh, Gpp Ax L Ay wdkpp dqumd 66 qpngh, JunwlwGp
limaz(s, 5,)=0:
e
bGswtiu qhwnblp [46.(9° 7)), unwgdwsd hwjwuwpnepjnilp Gowlwlnud t,
nn (2) pniblghwh whpGnhwwn t M, (x,,y,) Yhinnuo:
huyw
Udd gnyg wwlp, np Ap -G [46,(10)] qpnih dquibiifu (2) Pmlbhghuyh (nfd
wih (3) Ghphyuywgdwi wye §nndh Jbpophl bphynt qnidwnlbihGbph gnidwnl w-
dbith pwndp lupgh wifbpe inpp dtompyml b, pwl Ap -G:
bpnp, oqunybiny htwbjuw wybhuyn qlwhwunwlwibEphg

ot e e

L hwayh waGkiny, np Ap -G qnnjh dqunbthu qpjh GG dguinud Ax L Ay wokpp L
hinbwpwp Gwb o -G nu p-G, YunwOwip {22,p6], [23,p3]

. aAx+BAy Ax} ( Ay]

lim—— = =limj a— |+ lim =0,

= ap m( 20) P50
hGsp GawGuwynud t [23,u4], np Ap -G qpnsh dquntithu {oAx + BAY)-G wybth pwpdn
Ywngh whytpe thnpp donpynuG t, pwlb Ap -G.

an+BAy=o(Ap): (
f’u/l§

Unwgywéd hwyjwuwnnipjwl hwzywentiny (2} $nibyghuwyh (phy wth (3)
Gbplwjwgnidp YpGnniGh
Az(x,,y,)= 2, (x,,y,)Ax + 2)(x,, %, )8y + o(4p) 3)
nbupp:
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blisubu wbulnd Gop, pinptid 1-h wWwjdwGhbiphd pwywpwpnn z(x,y)

PnGlghwih (phy weh (37) Ghplwjwgiws wrnwsghl tpynt gnudwnpbiihGtph qni-
dwnp qQéwhG t wyn dnlyghwih wiwhu thnthnfuwlwbGbph wikph GYwndwdp,

L b Z(x,%) b Z(x.%) dwuGwyh wowGgjwiGkphg qnGt dblp wwnptp t
qpnyhg, wjb hpblGhg GEpluwywglGnud t (2) $nclyghwyh tnhy woh qqfuwynp dwup
[29], npnyhtinh wyn wehg wwppipymd b Ax L Ay wskph Gluwwndwdp wybh
pwndn Ywngh whytng thnpp dkiénipjwiip:

UwhidwGnid 1: z=z(x,y) Pmblyghwi Ynsymd t npplinbbgtih M.,y
Ybwnmid, bpl inpwd prullghuyf inpy wiG wyp Ybinmd hGwpurdnp ¢ Gbplur-
Jwglbty bpynt gmdwpbihGbph gnidwnh wbupny, npnGghg J6hp qouyhl b Ax L
Ay wobph Gundwdp, huly Bimul wfbih pwpdn Gupgh wifbpe hnpnp dhén-
Pl L, pwl Ax -p b Ay -p:

Uwhdwinid 2: WpbpliGgbh prllighwsh inhy wah qouyhl dwup Ynsind
t uyn pmlbhyghuyh inp nhdbnblghwy b Gywluwlydmd t dz wuydwlwlzwlng.

dz=2Z Ax+z Ay: 9)

Oqubiny Yuuwwnpywé GawGwlhnidhg” Ywpnn Gip (2) dnibyghwsh (phy
wip Ghpluwjwglt

Az = dz +o(Ap) (3"
wbupny, npwnbinhg tplnud t, np Ap -h Glwwndwdp wytih pwpdp Yupgh wo-
ytnpo thnpp dEdnipjwl Gaunupjwdp wnbinh mlh Az » 4z Onunwynp hwywuwpni-
pynihp:

Jwydh wnGbiny, np wlywhu thnnfuwlwih nhdbiptighwip hwywuwn t
wjn thnihnfuwiwih jwdwjwlws weha.

dr=xAx+x Ay=1-Ax+0-dy = Ax,
dy=y.Ax+y Ay=0-Ax+1-Ay = Ay,
(9) hwdwuwpnipjnibhg Yunwbwhp
dz=2Zdx+2dy: (10)
UwhdwGnid 3: z(x,y) pmllghuyp 7. duwlwlph wowlguup b x wlyuwfy

hripinfuwlwlh dx  nhPbpblghwih wnmwnpyuip ynsdmd t uyn Smllghul
dwulbuwh nhpbpblghwy putn x -h L Gpwowlydmd szwﬂwﬁwﬁzwﬁm[.

dz=zdx: (11
UnyG 8uny uwhiwGynid t Gwl z(x,y) $mbGyghwsh 4z Gwulwyh nhdb-
ptGghwyp.
dz=zdy: (1)
Jdbkpght bipynt pwlwadlphg hbwnbnud t, np (2) $niGhghwih z L 2z, Swulw-
Uh wowhgywbGbpp Ywpnn Gip hwiwwwinwupuwGwpwn GEplwjwgltiy
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ynnpuiljitph wnbupny:

LywunkGp Guwl, np (10), (11) L(11") pwGwabbph 2Gnphhy z(x, ) pnblghw-
i tnhd nhPpbptiGghwip Ywpnn Gop Gepluwjwglby

dz=dz+dz (10)

nbupny:

Yupuny, bphne prpnfuwlqwh prcblyghuyh inpy nhpbptiGghuyp hunfw-
uwn t wyn pnilGhghuyh dwubwlh nhpbnblghwGlinh qnidwnha:

Udthnihtipny Gpngpjwg nuinnnnegnt0tpp” unwGmd 5Gp htinbywy phinplidp

Bunptd 2: (Ephym hothnfuwlwth pcblyghuyh nhpbntiGgbipnippul puw-
Yuwpwn wwydwip):

et G ufpnyph M,(x,.y,) Ybwnmd L uyn Gtunh hGs-np sppwluypnid gn-
gyt mO6G wyn inppnypmd npnpywo z(x, y) Imblhghuyh wowohl wnpgh
dbpowninn duwubwilf wowlguubbn, npnlp npwbu x by hngnfuulwGGnh
dnmGlhghwlbn wopGnhunn 66 M, Lhwnmd, wyw z(x, y) Inllyghw nppbnks-
gih ¢ M, Ybwmd, L Gpw phPbpbGghuyp hujwuwn t fp dwulwlh nhpbpbo-

ghwGbnh @mdwnhi:

Juwibdunnbyny Epyne shnpnfuwlwGh prGlyghuwgh nhpbpbbgbihnipiwl puw-
Yuwpwp ywidwlp 06y pnhnfuwlulh pnibhyghuwyh nhdbptibgbipnipywt pw-
Ywpwp wuydwih hbio 29,p1], Ghwomd bGp, np wyn wuydwlb06pG hpuphg

wnuwnpbpdnid 6G twugbu. 06l hnginfuwlwh dmllghuyh nbupmd 1°(x,) ybp-
punfnp wowbguuh grympymlp pudwpwn & np f(x) Prullyghwa 1hah nhpt-
pboglip x, Lbinmd, dhGsnbn Z{x. %), z;(xa,yo) bpouninp Jwulwlh wowlg-
JugGtinp g@rynipymlp ntnbu pwdwpwp st, npwbugh z(x.y) pmiblyghwa (hh
nhPbptiGgty M,(x,,y,) Ybwnmd (hwpluninp ¢ Gwl, np wn dwulwlf wowlg-
Jubbpp hG60 wopGnhuwwn M, Lbunmd):

§48. Pwpn dniGYghwih woéwhgywillipp: UnwehG Ywpgh iphy
nhdbptGghwih wbuph wGhnhnjubiihnipynilp: UGpwgwhwjwn
dnGlyghwlbp: UGpwgwhwyn pniGlghwih qnjnipjwl phnptdp L
woéwbgjw)p:

Unphg nhtnwpytlp YnnpahGwunwiwG oxy hwppnipjwl G whpnypnld
npnywd
z=z2(x,y) (1)
dniGyghwi L kGpwnpbGp, np wyn PniGhghwih wilwlu thnthnfuwlwGGlpG by «
thnthnfuwywGh mayghwtbnp bG.
x=x(0), y=yl). 2)
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npnajwé Sh nplt [0, 8] dhowluypmd:

Glpwnntlp Gwb, np ¢-6 o -hg dhGsk B uwhiwGGbpmd thnthnfudbihu (2)
hwywuwpnipymGGtpny wpdnn M (x,y) Ybwp anipu sh quihu G whpnuph
uwhdwGGbtphg:

x Ly hnhnpuwlwiGbph (2) wpdbplbpp nbnwnpbing (1) dnilighwh

k9" JuunwlwGp
z=z[x(t), y()]. (1)

hGsp Gawlwynd b, np z-p x-h L y-h dhengny ¢ thnthnfuwlwGh pwpn nully-
ghw t:

tGpwnptibp [a,B] dhewlwipnid gnynipynis mGLG x'() L »'(r) Ubnewynn
wowfligyuyGhn, huy G whpnypnl 2 L 2z, wGpbnhwin dwubwih wéwlgw(-
Gtp, L ¢ dhnhnfuwlwiht nwip wiluhuh Ar w8, np ¢+ Ar wpdtipp Onylwby
wuwwnlweh [a.8] ShowlwiphG: Un nbwpntd x -p, ¥-p L htitnbuwpwn Gwb z-p
hwiwwwinwuhiwlwpwp YunwbwG Ax, Ay L Az w6 hOswbu ghnklp, Yu-
nwpjwd LGpwnpnipynilGGbph ntiwpntd Ywpnn GGp (1) pnGhghwyh (phy wép
abpluwpwuglty

o oz
Az=é;Ax+5Ay+an+BAy @)

wntupny [47,p1), npnbn « -G m. B -G uhrlwé GG Ax -hg, Ay -hg L Gpwlg htin
dkluntin dqunud &G qpnjh:
(3) hwijwuwpmpjwG tpynt {nndtpp pwdwlbing Ar-h Ypw® YuinwGwlp
E:.ai.£+z.él+a£+l3ﬂ : (4)
At &AM dy A A A
[«.8] Shewluwypnid x'() L y'(r) Ybpouwynp wéwbgyu)Giph qnynupynilhg
hbwlnd t, np x(t) L y(t) $niGlghwlbnté wipinhwin 66 wyn Showlwypntd
[27.p1): Itwlawpwn, bpk Ar wGp dqubglkGp qpnjh, www Ax L Ay woknp

GnyyGwbu GagunkG qpnih [24,(5)]: Un nbwpnid qpnjh Ydqunkl Guwbl o L B
dkompynulGipp:

Wuwhuny, tipt (4) hwywuwpnipjwl §b9 wiglkGp uwhowGh, tpp Ar-0
dqumd £ qpngh L hwyh wnGkGp, np (2) $niGyghwbbiph wéwhgpwGhpp ybn-
owynp G [o,8] Showlwipnid” YniGbGwGp

—_— e — — (5)
dt & dt @y dt
Udpripbiny wpryneGpltinp ™ yuwpnn bGp wlnby, np %), y't) wowlgulb-
nh b 2,2 dwulwlh wéwlgubbph Ybpwpbnuy Guinwpdws GGpwnpntp-
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§48
mbGbph nbupmd qrympimil mlf (1°) pwpn Sntbhyghuyh wowlguun b inbnh
g (5) pwlwdlp:

dz
OphGwy 1: Jwpyby Z woéwhgjwip, tipk

z=¢™, x=sint, y=¢ (—ao<l<m):

Lnudmed: NuGEGp [27,(7).(87)(10)]. [28.(9).(157)]

d&z
Fanbwpwn, oqunybiny (5) pwbudlhg, x wowlgjwih hwiwp unwGwip

&
ar
Ujdd kGpwnptGp z( ,y) $niGyghwh wilwhu ginthinfuwlwbGEnt « L v
thnthnfuwlwGabph $mGyghwiGtp bG.
x=x(u,v), y=y(u,v), (6)
npndwé oxy hwppnipjwh Gh nplk P wnhpnypnud:
x L y thnihnhuwlwGGEph (6) wpnwhwpnnipymGatpp nbnwagpbiny (1)
dmlyghwsh dhg™ YniGLGwhp
z=zlx(wv), yluv)], (1)
hGsp GowGwynid t, np z-p x-h L y-h dhengny » kL v thnhnhruyuwGGhph pupn
dnulyghw t: _
G wnppnypmo z(x, y) DGlyghwyh wrwehl unpgh Swulwlh wowbguy-

Gbph grympimGhg L whpGahwwnmpmbhg pwgf, Llpwnnklp Gwl, np P wh-
nnypmd qninupiml mG6G

=e™¥ cost - 2e" 7 3% = (cost - 61 )=

& & ¥ ¥
' N
Ybpownn Bwulbwlh wowlguybbpp L nbbGp oz/0u, 0z/d dwulbwlp wowlbg-

JuGbpp Qunbtime fubnpnp:
InYwé fubnhpp (nusbint hwiwp v wiljwiu hinhnfuwlwip panGtip wi-

thntntu, huy » wGlwhu hnginfuwlwhG nwbp wGuhuh Ay we, np A(u+Au,v)
Ybwnp nnupu squi P whpnyph vwhdwGGbphg: Uin nbwpmd x -p, y -p L hwnbuw-
pwp Gwbl 2z -p hwiwwuwinwuiwbwpwp Junwliwh Ax, Ay L Az we:

hGswbu qhwbGp, fuwwnwpjwd GGpwnpnipintGbbiph nbwpntd Ywpnn GGp
(1) IniGyghwh |phy wip Ghpluywglby

oz
Az=-gz;A,x+'a;A.y+“A-X+BA-y n
wnbupny, npwnkin @ -G mu B-G Ywhiws G0 Ax L Ay wdkphg L Gpwlg hbin

dkiyntin dqunnud G qnngh:
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qLfiru 1X
dbipght hwjwuwpnipjwl Gplynt Ynndting pwdwlbiny Ay b Upw’ YunwGutp
A & A'J‘+ il £+aé—'1+[3£:
Au & Au & Au Au Au ®
Yuwinwnywé BGpwnpnipymGibiphg htnbinud £, np tpb Ay wop dqunbighliGp
qpnsh, www A x-p, Ay-p, a-0L -0 Gmybwtu YdqubkiG qnnjh:
Ujuwhuny, bpk (8) hwywuwpnipjwlb dte waglklp uwhdwGh, tipp Ay-G

&

dgqunud b qpnjh L hwzdh wnGkGp, np Y twubwlh woéwagjwGkpp Ybp-

4
L 3
owynp &G P whpnypnud’ YniGhlGwhp

W Ea Ty w @

> x Y (10
pwlwdlp:

Udiprupliny wprynilplipp, Yupnn blp winby, np (1) L (6) pnellghwlbnh
Jwulbwlh wowbguyGbph Jbpwpbmwy hunmwumjwe bGpwnppmiGGbph nbur

o grympym G mGEG (1) pwpn $nllighuwyf 6z/6u L 8z/0v Swulbwlh wowl-
g Gbpp L wbnh mO6G (9) L (10) pwlwdlbinp:

OphGwl 2: 3wyyby % b % Swulwlh wowbgjuwyGlpp, tpb

r=x'y-y'x, x=wucosv, y=usinv:

Lacdnud: MuGhGp
& 2 B
ot > 2xy,
&

=cosv, z=-usinv, —a—y-=sinv, Q=umv:
Ou ov ou oy

oz oz
Abwnbluspwp, ogindlignyg (8) L (10) pwlwdlbiphg, ™ L > wéwbgyuwGtiph hwdiwp
Yuunwlwip

%:(ny—y’)eosvdr(x’ - 2xy)sinv = 3u* sinvcos v{cos v - sin v),

% = -(2xy-y')usinv+ (x’ —ny)uoosv =u*(sinv+ cosv)(1 - 3sinvcosv)

Wdt LhGpwnpbiny, np hpblGg npnadwh wnhpnypGlpnud (1) L (6) dnuGlghw-
GGnG mGEG wrwohl Jupgh wiplnhunn dwuGwlh woéwbgywiGhn.
Z, 7, X, X, Y. ¥,

hwpytlp z(x,y) $mblyghuyh \phy nhPtintGghwip:
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§48
PGswbu qhinblp, bpynt thnthnfuwlwGh z(x,y) $niblghwsh (phy nhdbinkG-
ghwi wpinwhwjingnid £
& 0z
pwlwdlng [47,(10)]:
2whh np plhlwpyynn nbwpntd (1)-p x L y bhnpnhuwlwGGlph shengny
dnulihghw t # -hg L v -hg, nunh » L v thnthnjuwlwGGhph GYwndwdp z(x, y)
dmhGhghwih iphy nhpbnbGghwiG niGh
& oz
dz= Edu + Edv (12)
wnkupp:
Oquniiny (9) L (10) pwGwélliphg™ (17) $nLllyghuh \phy nhdtiptiGighwih
hwiwp YniGEGwGp

& ou oy ou & ov oy ov
ook, & N (Y ¥
—ax(audu+avdv)+ay[audu+avdv)

Ljwwnbiny Guwl, np ytipghG Gpynt thwlwgstph Ghpunid qpywd wpnw-
hwpnnipyniGlbnp hwiwwwnwuwGwpwp x(w@,v) b y(u,v) pnbyghwttinh
(nhd  nh$bpbGghwiltipnG 66 YunwiwGp

& oz
dz = gdx + 5dy : (1 3)
hGswhbu wnbuGnid 66, YpyhG uwnwgwlp z(x,y) Pnibyghwsh tphy nhPb-
ntilighwih (11) wbupp” sGuywé nhinwnplynn nbwpnd x -p Ly -p (1) Iniblghw-
Jh hwiwp waywh hnhnfuwlwGGhp s6G:

Unyhund, bl shpnfacluth Snllghuyp wewshl yungh (nhy nhpbpbt-
Ghuh inbupp vGmd ¢ Gnylp Gwb uyG nbupmd, bpp wn dmbyghuyh wiluwfu
hmpnfuulGGEnG fplilg henphG drcllghwlbn 50 wyy whpnfuwlwllbphg:”

Gnynt shnipnfuwlwGh pniblyghuyh wowehl Guingh (phy nhdbinklghuyh
O2dwe hunnympymbp Ynsymd ¢ ugn drGhyghuyh wawphl Ywngh (nhy npdb-
nbaghunp wnbuph wohmpnfulipmppwd huwwnynipimo:

UGgabtiny wlpwgwhwjn $mahghwhtph nwuntdGwuhpnipjwbp’ LGpwn-
php x L y YnihnfuwwGGhpp dhijwlg how Yuwyws GG y-h Gyuwndwdp
amédwo

F(x,y)=0 (14)
hwywuwpniudny, npinbin F(x, y) -p oxy hwppnipjul Gh npit G wnhpnypnid
npndwé Gphyne hnhnhuwlwGh $nuGyghw t:

T ) Chunntlip, np bpynt dhednnantuth purn SruGlighush nbupnid dr L dy ahPbnblghusGbnn ng ph
hunlwyusnuutuwG whlui ot fuatuGGbnh Yuabuwpuwlput webp 66, uy” x(,v) b y(,v) $Gighuwlbph
(npy nhdbipbilighun Gbp:
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Uwhdwlnid 1: bwwbiGp, np y=f (x) DnilGlyghwl wnpywo ¢ (14) wipwgu-
hwyn inbupny, bpl x  hnipnfuwlwGh jmpuwpwlsmn wpdtph hwiwn, nap hn-
thnfudmd ¢ df npld dhpwluypntd, grympynG mGh 'y hnpnfuwljwGh J6l npn-
2wih wndtp, npp x -h hwiwwwnwufuwl wpdbiph hbn hwdunnbn pwdwpw-
ped ¢y -f Gyunndwidp simégwo (14) hwdwuwnpdwlp:

OnphGwy 3:

y-x-siny=0
hwdwuwpnudp npagnid Ly -p npwgbiu x -h wipwgwhwipn dnGyghus:
UwhdwGnd 2: Ywublp, np (a,b;c,d) mpnwilywl dbg (a<x <b; c<y<d)
(14) huwuwpmdp npnymd ¢y -p npugbu x -h pmllghw, tpk (a,b) dhowluwy-

pBhg ybpgnwo x -h jmpwpwlymn wpdbph hwiwn wym hwwuwnntdp (c,d)
dhowluwyprid mbp vkl L dhuyl 6l (némd:
Uwhdwanid 3: 6pb (14)-p hwipwhwdwlwl hwywuwpmd t, wuhlpd,

btpt F (x, y) - x -fr by -h Gyunndwip wdpnne pwquiwlnuwd ¢, wuw wyn Snbil-

ghuyny npnadnn whpwgwhwn pnilblyghwl Gnylbwbu Ynsynid b hwipwhup-
Yuwlwl:
Updd dluulbpublp wlpwgwhwin pnubyghwih gnynipjwl phnptidp.

Rbunnbd 1: Wgmp bphynt prpinfuudyuth Fx,y) Pnbligpwt pujwpwpmd
¢ hbnlywy wuydwGGEnpG.
1) npnpfwé t L wlplnhunn M(x,.y,) «ybOumnpnGnyy %, -a,x,+a;y,-b,
¥, +b) mpnuwblywl by,
2) M, Ubwnd hunfwuwnpdnd E gpmgh.
F(x,.,)=0,

3)  wohpmpnfy x -h gbupnd y -h wodwl bbin fw'd SnGninnG womd &
Yurd t;° OnGminnl Gywgnid:

Upwo upupdwGbph pusjupwpdws plivgpmd qrympm mGh M, Ybunh wlb-
whup znowlpuyp, npp Gbpumtd (14) hudwuwpnidp npnzmd ty -p npwby x -
whpbGnhwn pmilblghw’ y= f (x) pln namcd x, Ybwnmd wynp pmllhghuwyp wpdt-
op huduwwp £y, -h.

)=y,

Jdbpomud wuywgnighGp whpwgwhwiin nbhghwh woéwhgyuihG Yupwpb-
pnn htinbywy Juplnp phnpbdp’

Bbnpbd 2: Ygnup (14) hunjwuwpmdp npnymd by -p npugbu x -h wlpln-
hunn $muGlgpu, plin npmd Flx,y) o Fx,y)-n & F/(xy)-p M(x,y) lbup ww
pncGwlnn pas-np h G uippnypnd npnpgwo woplnhunn pniGyghuwlbn I8
U nbuypmd, bt M b YnnpapGwinbbnp puwpwnnid 66 (14) hufu-
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vwpbwln & F, (x, y) wowhgywih wpdbipp Gpdwé hlinnd inwnpbn ¢ gnnghg.

Fixy).#0, (15)
wuyw wyny Ybned qrunupymeG mGh Y, wlpGnhunn wowbgyuy, npl wmunwhwn-
ymd ¢

y = Flxy)

x F;(X_yj (16)

pwlwdbny:

Uwwgniyg: thgnip M (x, y) Ytitnh YnnpnhGwinGlipp pwywpwpnid GG (14)
hwywuwpdwhp, hGsp Gawbwynd t, np nbnh nuGh

Flx,y). =0 (14"
hwyjwuwpnipjniGp:

bpt x wllwhu phnthnfuwluGhG nwip Ax wo, www y= y(x) $nillyghwi
funwlw Ay w6: UpyneGpnid x + Ax wipdtphG Jjhwiwwwinwutuwbh y+ Ay
wpdbpp?, npp (x + Ax)-h htin hwiwwntin Ypwywpwph (14) hwjwuwnpdwGp.

Fx+Ax, y+Ay)=0:
dbpohG Gpymt hwydwuwpnipyniGibphg YuinwGwGp
AF(x,y):F(x+Ax,y+Ay)—F(x,y)=0, (17)
npntin x-p L y-p M Lbwh YnnpnhGurnGhpG GG:

Jwpyh wnGbiny, p F(x,y) pnbyghwt pwdwpwnpnid t [47,p1}-n0 z(x, y)
dniGyghwh Ypw npdwéd wuwdwlGEphG” wyn $nilyghwih phyd wep Ghiplw-
jughbtGp

AF (x,y)= Fl{x,y)Ax + F(x,y)Ay + a Ax + B Ay (18)
tnbupny, npinkn o -0 nt B -0 Ywhujws GG Ax -hg, Ay -hg L GpwGg htin dehwntbn
dqunud 5G qpnyh:

(17) hwwuwpnip)wlb hwdwnenuing’ (18) hwwuwpnepynilhg unwhwbp

AY[F)(x.y)+Bl= -Ax[F{x,y)+al, (19)

A
npuntinhg Ey pwinpnh hwiwp YmGLGwGp

Ay F,'(x,y)+a .

Ax Floy)+B

Udd, bipt Ax wadp dqunbigltilp qpngh, www Ay waG t} Ydquh qnngh™ pwGh

nn, puwn wwydwGh, y-p x -h wipbnhwn pnullghw t: Ibnbwpwn, qpagh ag-

nbG Gwh o L B GbonpyMGGLpp [47.(3)): Upnynilpnid, GYwinh nlGbGwing
{(15) wuyydwbp' (20) hwywuwpnipynilhg hunwiwbp [22,p6], [26,u2]

(20)

*) bGpumpnud blp, np A(x + Ax,y + Ay) Liung wurnfuinud t nhinwplidnn whpnyph:
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c_p Ay Flxy)
Y T TRy @1)

Lwhh np Ybpeht Ynuinpwlh hwdwphslb nt hwpunwpwnpb wGpGnhwn GG M
Utwnd U hwynwnpwpp tnwppbp t qpnjhg, hbunbwpwn Y, $nblghwG Gnyg-
wbu whplnhwwn t M Lhinmad [24,p1):

huuw
OphGwy 4: 3wty y, woéwlbgpup, tiph y -p npwtu x -h $nilhghw npynud t
e -e+xy=0

wipwgwhwyin hwdwuwpnidng:
Lacdnud: Yhuwplynn ophlGwynud nulkGp

F(x,y)=e’-e‘+xy, Fl=—¢"+y, F=¢+x:
Ioubwpuwip, oquybpny (21) pwlwdbhg y, woéwbgjwih hwiwp YmbbGulp

S_€ -y
e’ +x

§49. UwhbpknyphG wwpwd 2nwihnng hwppnipjwG L Gnpdwih
hwdwuwpmdGlipp: Gpynt pnhnpuwwih pnblyghwih tpuwnpk-
dnLiGlipp: tpuwptivadh qnjnipjwlG wGhpwdbn  wwjdwbp:
Epunnpbdnudh qnynipjwl pwywpwp wwydwbp:

Ohgnip § dwykplnypp wnpdwé t

Flx,y,2)=0 1
hwwuwpnidny, hGsp GawGwynd t, np (1) hwwuwpiwbp pwdwnwpnd B
wyl L dhuwyl wyb Yhwbph YenpohGuwnGbipp, npndp wwinywlnud 66 § dw-
ytpknypht:

UwhdwGnwd 1: Ywublp, np a mnpnp S dwiplnyph M(x,y,z) Ytwnmd
npunhmd b uyn swlbpbnyep, bpb uyl pnpunpmid ¢ S Suwlibplnyphl upusnlp-
Gnn L M Ybund wlglnng npld Ynp:

PwGh np M Ytinnd whglniud 66 § SwybplnyphG wwinwinn wiphy
pwqinipjwdp Ynpbp, hbwbwpwp, pinhwipwwbu wuws wn Yhnmd § 0w
ytiplnypht Jupbih t vwib] wiphy pwqintpjwdp 2nwginn mnhnltp:

Uwhswms 2: M(x,y,z)-p Ynsgmd t (1) wlpwguwhwpn hunjwuwpntdnd
npywo s duwlbplingph undnpwlwt b, bpt wn Ybwnd qrmpyml bkl
F(x.y,2) Pmblghuyp wewphl Yuwngh wlplnhunn dwubudyh wowlgjuyGbr.
pan npnld uyn woewlguuybbphg qnbt 06yp wnwppbn t qrnihg:

UwhdwGnid 3: M(x,y,z)-p Ynsyms t S Swhbplnyph bquyh Yhen, bpb
wyn Ybwnud yuw'd Flx,p,z) pniblighuwsh wnwehG Yungh panp JwuGulh w-
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swhgnuGhpn hufwuwn 6G qpngh. 349
Fl, =Fl.=Fl, =0,

w'v b GpuiGghg qnGb Ubyp qrymupiml smGh:

gunpbd 1: S dwilbplnyph M, (xo, y,,z,) unifnpuwlpwG Ybuinny whgbnn pn-
np 2npwihnn munhnGbpp qunbymd 66 06l hwppnipiwl vte:

Uwwignijg: Shgnip

x=x(t), y=y(), z=2z() (a<t<P) (2
ywpwititnpwlwi hwyjwuwpnudGhpt nGtgnn 7 Ynpp [28,u1] wwwniwbnud t
(1) hwjwouwpntdG nilbgnn S SwlybplngphG L wGgGned b Gpw unynpwlwG
M,(x,, y,,z,) Ytitnny, wyGwbu, np gnynipnLh neGh wyGwhuh ¢, wndtp, np
x,=xt), y.=y{), z,=2(,):

JwynGh t, np Unph M, (x,,y,,2,) Ybony wyn YnphG twpws 2nwihnnh Gus-
(nwlwl hwjwuwnpndGbnG nGLO

X,
& & & &)
& d &

ntiupp:

Lwbh np, hwiwduwyb Gopwnpnipjwl, / Ynpp WwwnfwGnud t S dwlbplng-
phl, httnbwpwn, tpb (2) wpunwhwpnnipymGobpp nbnunpbGp (1) hwdwuwp-
dwh Obp" wyn hwywuwpnidp Yubpwédh OnybnipjwG ¢ -h Gwndwip.

Flx(),y(),z0)]=0 (ast<p): (19

tGpwnpbiiny, np 7, Ybwnnd (2) hwujwuwpndGlipnGt mGbgnn pncbyghwib-

np niGEG whpGnhwin woéwhgjw), npnGghg qnGt dbyp hwdwuwp st qpnjp L
pwpn dniblyghugh woéwhgiwh YwinOny [48,(5)] wowhgkiny unwgywsd G-
OmppuG bpynt Ynndtipp (hwdwdw)h wuwydwGh, qnympymil nuGh M, Yewh 2p-
wlwyp, npinbn wjn hpwynilpl nuGhklp) YunwGwGp

OF dx OF dy oF dz

BTN @
mpntinhg M, Ytwnud YnilbGwGp

R
&), a4, ¥, a4l o,

UjOnihbinls nhinwpyblp M, Yhnny wlglnn

i o OF| 5, OF uai{z d _14 ,{z
Tl el w dt arl, )

ng qnmwlwl YblwnpGbnp?, npubin dr = {dx,dy,dz}:
*)3hzGg, np M, -G (1) dwlbplnyph unynpuijub Ghn t:
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Oquytiiny YnnpnhhwwnGepny wpwé Bpynt Ybyunnpbbiph uwywp wp-

nwnpjwih pwiwdbhg [4.(7)] Ywpnn GGp (47) hwywuwpmpynilp Geplwjwg-
abg

.=0 @)
wntiupny:
paswtiv ghintibp, (47') hwyjwuwpnipnilp Gawbwynd t, np M, Ytony wig-

B, dr
Gnn N, dblwnpp L ¢ Ynph 2nwthnn =
[4,4°]:

RLwih np pbpdwéd nwwnnnipinGGlipp 6how BG (1) dwlbplnyph
M, (x,,y,,2,) unynpulwG Yewnny wiglng gwGlwgws Ynph hwiwp, nuwh M,
Ybinnid nhuwpyynn dwybipbingpht wwpwéd pninp 2nwithnnbbpG mupnwhw-
jwg LG dhlLOniyG 1\7o ytywnphG, hGsp Grubwlynd t, np wyn pnpnp 4e4unpbint

. YbE4wnpp hinfuninquhwjwg Go

polws LG 1\70 dtywnphG nupnwhwjwg hwppnipjwG dbp:
huyuw

UwhdwGmad 4: G hwppmpnilp, npp Jbo plGhywd 6G dwlbplnyph up-
Ywo Ybinny wlglng prgnp Ynpbiph snpwhnnlbpp, §nsdmd ¢ Swlbplnyph -
awithnn hwppnipntG:

Uwhdwlnwt 5: S dwilbplnyph snpuping huppmppulbl nignuhwjwg b
2mwthdwl Ybwnny whglng mahnp Ynsydnid b uyn dwlbpbnyph Gnpdwy:

3wyyh wabbiny, np dwitiplnyph unynpwiwb YEwnm| wiGglnn 2nzwihnn
hwppntpntGo nuanwhwijwg t Gagwé Yeunny whglnn GnpdwihG L ogunybiind
wnpjwd Yhwnny wGglnn L nipywé Gnpdw)l nibkgnn hwppnipjwl hwywuwp-
Swl pwlwdthg [8,u3], Yunwlwbp (1) hwyjwuwpnidl niGlignn dwltplnyph
M, (x,,3,.2,) ununpulwG Yewny win Swybplnyphl nwpwé nzwdng hwp-
pnipjwl hwdwuwnpnudp.

N a e
A [N AR ®

N1, dblnnnp hwidwnbing (1) dwibptngph M, (x,y,.2,) Ybnng wGglng

Gnpdwih ninnnpn Yelwnnp [6,u8], Guunwiwip Gul ugn Gnpdwih huinGulw
hwywuwpniiGbpp [9,u2].

X=% Y=Y _2-2

Fla Fl. Fl @
Ophbwly 1: Ywqshy x”+y* +2' =14 hwdwuwpniG nuGbgnn qlnuhlG Gwibplnuph

M, (1;2;3) Ybwms wyn Switplnyphl twpwé 2nwihng hwppntpiwl L Geptwih huyu-
uwpnudGbpp:
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Loénud: Shuwplynn fulGnpnud nGtGp [46], [27.(7)]

Flona)es’ oyt 5" 1420,
I:x’=2x7 1:;=2y, 1‘:’:22‘

FJW =2’ 1';L° =4’ F‘"uo =
Itnbutpwn, hwdwdwyl (6) L (7) pwlwdlbph, npdwé Swybplagyph M (1 2,3) ysuiny

whglnn 2n2wihnn hwppnipjwh L Grpdwih hwywuwnpniGhnp hwdwwwinwuhuwGuwpwp
mnitbG

2(x-1)+4(y-2)+6(z-3)=0, "T"1="T’2=’—;3
Ywd np GnyGa L
x+2y+3z-14=0, Xt ¥=2_z-3
1 2 3
unbupp:
Ujdd LOpwnptGp § dwybplnypp tpgweé t

z=1(xy) (8)
pPwgwhwyn hwywuwpniiny:
Lqwé hunjwuwpnidp GhpYwjwgbtny

Flxy,z)=z-f(x,y)=0 (8)
ntiupny, YnLGLEGwEp [46]

a5y w (©)

SoLs-f i e

F (I,y,z) 3nuliyghwsh dwubwlh wéwhgywiGhph hwiwp unwgwé (9°) wp-
nwhwjinnipynGGipp nbnwnpbiny (6) L (7) hwywuwpniiGbph 0k hwiwww-
nwuhliwlwpwp JunwGwip (8) hwywuwnpntdd mGhgnn dwlbplknyph

M.(Xo,y,,zn) Ytwnd wyn dwytplnypht twpwd 2nawthnn hwppnipjwl L Gnp-
dwih hwijwuwnpnusGhpp.

X _ Y=Y _z—z
_%luo(x-xc)_g“o(y—yu)*'z_zo=0 : j, _fuu. ’ (10)

OphGwly 2: Ywqdb] z=2x' +4y* hwjwuwpnwiG nbbignn Swytpbinyph M, (2;512)
Ytnnud wyn dwibplinyphG wwpwé 2nwihnn hwppnipywl L Gnpdwih hwjwuwpmdGtpp:
Lotdmud: nwinlydnn fuGnpnud nuGkGp

[?)
Slxy)=2x + 2y, %:41, %=8y, £~°=8’ %L’=8

3bwnbuwpwp, hwiwdwl (10) pwGwatbph, npdwé dwitipunyph M°(2;1;12) yeuiny
wjn dwiibplnyphlG tspwéd 2nzwging hwppntpjwl L Gnplwih hwywuwpnudbbipp hwdw-
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wwwnwutuwGwpwnp nGhl

8x+8y-2z-12=0, -—s =T
nkupp:

UGgGlny tipynt thnhnfuwlwGh Pnibyghwih dwnpp Glwpwapnn Yuplnp
pGnipwignhsGliphg dkyh™ dniGyghwyh tputnpbdnudh hbn SwhnpwlwiniG’ G-
pwnntlp

z=2(x,y) (M
Indliighwl npnpwd t oxy hwppnipjwl G whpnypnd L M,(x,,, y,,z,)-ﬁ wjn
whpniph GpphG Yt t [18,u20]:

UwhdwGmd 6: bwubilp, nn M, Ytinned (11) Prullyghwl mGh dwpupdmd
(Ohohdnid), bpl G wnppnypmd grympimG mOh M, Ybuinp wibwhuh snowiwip,
nn wyn pewliuyph pognp Ybunbpmd (pwgh M, -hg) nibinp nuGh

z,3)>2(xy)  [elx,n)<z(xy)] (12)
whhwiwuwpnipynGp:

Uy tunupny’ M,(x,.3,) -G z=2(x,y) Pmblghuyh dwpupdmdh (Shopindp)

Ybun t, bpl uyn Ybunp punfuilywslusgun inpp spgwlyuypmid z(x,,y,) -G (11) prubly
ghwyh panmGwé wndbpGbnhg wibowd660 (wikGuihnpnt) t:

UwhidwGmad 7: Epb nplt Ybinmd (11) pnlblghwl miGh dwpupond fund
dhGhdmd, www wubiGp, np uyn Yonnd wG moh tpunpbimd:

Ujdi nGklp Lpint hnthnpuwlwlp $niGlyghuyh Swulbwlh woéwGgywibknh
Gheongny uyn $nGyghwih tpunpbdnudGhpp qulbint fulinhpp:

Rtnpbd 2: (Epymt thripnfuurywlh priGlghuwyp tounptidnidf qninpywl
whhpwotpn wwowin):

bpt M,(x,.y,)-G (11) prullgpuyh tomnptidnidh b & L uyn Ybwmd gn-
JmpyntG mGEG nfunwplydnng Smblghuyh wowehlG Ywngh ybpouninp dwulbwih
wowhguy Gbp, wupw wihpuwdtymwpwn wn wowlguybbpp huduwuwn 66 gonh:

Uwwgnyg: Hhgmp M, (x,,5,)-G (1) dniGlghwsh tpuwnpbdnidh ytan t b
wyn Ytiwnud gnymepyntG nlbbG nhowplynn dnGlyghwih wowehG Ywpgh Ybp-
owinp Swuliwlh wéwhgyuyGtp:

z(x, y) PnuGlghwih wpnwhwynnipjwh ke pGnmGhing y=y,, Yunwlwlp
dby dinpnfuwlwGh $rblhghw.

z(x)=z{x.5,),

nnG wyGhwponpbG x, Yhwnid nGh tpunpbdnud: 3tnbwpwn, hwiwdw)G dbp-

dwjh ptinptdh [30,p1], uyn YGwnud z(x,y,) dnililghwih woéwhgyuip hwyw-
uwn t qnoyh.

*) WuhtipG, bpb M, (x,.y,) bwmy 2 =z(x,y) PnLblghwl nGh tpunphidnud:
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d(xy) .
- :

I

Ujnwu Ynndhg mOkGp

&(xy) _ a(xy)
a |, & |

E Y

nnbnhg YuwnwGwip

my) .
o Tl (13)

LUnyG dlny YhwinqytiGp, np M, Lawnus gpngh b hwywuwp Gl (11) $nubl-
ghwih Gyniy SwuGwlyh wéwhgjwip.

&(x,y) .
> w-"- (14)

huyw

Uyugnigwo plinpbdhg hbwnbmd £ np bpl Jbpouninp dwulbwlp wowlg-
JuGbp mGbgnn z(x, y) Pdmblyghuwyh wewehl Juwpgh dwulbwlh wowbguyob-
rhg qnbk dbyp nplt Ybrnmd wnwppbp t qpnjhg, www wyn Ybwnp s qupnn
npdws prulblghuyh tounpbdnidp Ybwn (h06;:

Ywinwpdwd bgpuwlpwgnipimGp Grwlbwyntd £ np pn npndwl nppnyph
GbpphG Gbwnbpnd wowehl Gwngh Jbpewynn Swubwlh wowlbguybbp mbb-
gnn (11) dmblyghuypr tpunpbdmdbbnp wbunp b hbunnty wyl Gownbpmd, npunbn
nndud dnublhyghuyh Grywé wowlguyGbpp dhwowdwlbuly huwwuwn 66 gpngh:

UwhdwGnd 8: Epyme ihmipnfuulpwGh pnillghuyp npndwl nppnyph wl
Gbppht Ybinp, npnbn wyn prcllyghwyf wewphl fwngh dwulwlh wowlgnuy-
Gbpp Shwowdwluly huuwwn G gpnyp, Unsymd ¢ npdwé prcblghuwyp wmw-
ghnGwp Ybn:

Oquitiny pbpdwé vwhiwGnidhg' Yuwpnn GGp dtppht bqpuljwgnipjniGp
Slulbpwt) hbwlyw) Yepw.

bp apnpdwl inppnyph Gbpppl Gbntinmd wrwehl Junpgh Jbpguninp Jwu-
Gulh wowbgpuobp mGbgnn z(x,y) pmbyghuyp tounpbdmdGbpp wbup ¢
hbnpty win prullghuyh vinwghnGuwn Ybintpntd:

UwluwjG swbinp t Gupdty, np (11) dnbyghwsh unwghnGup Yo (hGbp
Pwjwpwp t wyn $nbyghwyh tpunpbdnish Yo hahpnt hwdwn: UuhGph, bpb
nplt Y z(x,y) $nGlghwih wnwoht Ywpgh dwulwyh wéwhgyuiGlpp
hujwuwn 66 qpngh, wyninbinhg ntintw sh hbwknd, np wyn Yewomd nhwwplynn
dnilyghwiG mGh tpuwnpbonud: Uy funupny, (13) L (14) wuydwGGbph wnbinp niGb-
Guin punjwpwn st. npuuah M, (x,,5,)-6 hGh (1) IniGlghwsh tpunpbinidh
Ytwn:

OphGwy 3: Yhunwpybny

zex’ -y (w)
$nulyghuG, Yupnn bGp htiannippudp Mudngyby, np pbl wyl nGh vunwghnbwn Y,
Pwig win Yhng nnpywd Pacllghwh tpunnbitnudh Yo ¢t
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hpnp, (Musbng hwywuwpmiGtnh

2,=2x=0,
{z'y =2y=0
hwilwlwpgp' wnwGnud BGp, ap YnnprhGwnGiph uygqplwybng nhinwpldnn PncGlghw-
sh dhwy unwghnGwp YbwnG t: Upniu Ynndhg, hbawn t Ghwnky, np 0(0,0) Yhwnnis wpyws
$nbyghwl hwywuwpynid b qpagh, huy win Yhnh guibugwé 2npowljwypnid plnnino t
hGswb 'y npwlwG, wybwt v b pwgwuwiwd wpdhpthp, hGsp Gawhwlymd t, np Yanpah-
GuanGlph uyqpwlbnp (w) dnibyghwh tpunpbdnudh Yo st:

tpb (wjbwglkGp nwwnidbwuhpdnn $niGlighwbbph nwup’ pnyp wwind, np
hp npn2dwG wnhpnyph wnwbGshG GenphlG Yewnbpmd (11) $nlGyghush woweht
Jwpgh dwubwhh woéwbguilitphg qnGt dGYp qnynipyntG sMLGkGw Ywd yYbpgw-
ynp gthGh, wugw hGwpwynp t, np win YEnbpmd b wyG nGelw tpuinpbidnud:

UhwdwidwGwy GkGp, np z(x, y) dnilyghwih npndwh nhpneyph nplt Ghip-
pht ytwnnud wyn pniGyghwih wnwehh Yupgh dwubwyh wéwlbgywlGbphg qnit
dehh qnynupyniG s GEGwip Ywd b ybpowynp g hGtp ntinku sh GawGwyned, np
wyn awnud nhuwpldnn $niGlghwh unwbnid b Epuwnpbidngd:

UwhdwGmd 9: Epym hnpnfuwlywlh pnillhghuyh npndwl inppnyph wyib
abpphG Ybinp, npunbn wnpdwé Pnillhghuyh wrwohl Jungh dwulbwlp wowly-
JunGbpp hufuwwn 6G gprgh wid by Gpuilghg qniGb d6lp grynupintl snth (ud
dbpguninp st), fnsdmd t inpwo rblyghuyh Yphunplyulws Ybn:

Udhmiplyny Jbpngpuuyn’ nmwlmd 6Gp, np bplnt hripnfuwlpwlh nill-
ghwi Gupnn t vnwluy tpunpbdmd Shuyl pn Ynpinhlulywl Ybwnbpmd:

Yghuny, bpynt shpnfuwlpulh pmblyghuyh hphinhlywlwa Ybinp tpun-
nbindh nbuwlhbnpg, wuwbu Yngwd, cwulpwdbihy b ¢ L htiinbwpwp
inmjwé pnillyghuyh tpunpbomdbbpp qunbbint hudwn wlhpwdtyn ¢ wmn Y-
wbpnd qunnwiptiy (pwgnighs hunwgnnnipim:

dtpenud uwuwwpbiny

a!l = z:(xo’yo)’ a!l = z:y(xo’yb)’ an = z;(xo’yo) (15)

Owlwynidbbpp’ z(x, y) $niGlyghwh unwghnGuwp Yhnh hwiwp dlwhbpwbip
wyn dnilyghuyh tpunpbidnudh gnynipywl pwywpwn wwydwip.

Rtnptd 3: gmip M,(x,,5,)-0 oxy hwppmpuul G wnppmypmd npndwd

(11) pnblhyghuyp virnwghnbwn 6w ¢ U nbwpnd, bpb z(x, y) DnLalyghwi pn

wawehl L Eplypnpn Jwpeh Swulbwlh wéwlguybbph hbwn Jbluntn wlpln-
hwen t nipdwd Ybwnmd L Gpw dh npld nowluwipmd, wuyw.

w) M, Ybunnud (11) $niblyghwh tpunpbdnid snubh, bpb
a,a, _a:z <0, (16)

p) Yuwpnn ¢ tounpbidmd mObGwy, Ywpnn ¢ L smGEGuy (wihpwdbn t jur
wnwiply (pwgnighs hbimwgninnipym ), Gpl
ana'n-ax: =0' (17)

Q) mGp dwpupdmd, tpb
aa,-a,>0, a,6<0, (18)
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Ny mGh ohohGmd, bpb

a.a,-a,>0, 4,>0: (19)
OphGwl 4: Qunlib) hbnbywy $nulyghwyh tpuwnpbdnudltpp
2(ny)=x+y - 32y (®)

Lnénud: NiGkGp
7, =3x"-3y, z,=3y'-3x:
Lnudbiny hwywuwpnudGtnh
x'-y=0,
{ Y -x=0
hwiwlwpqp™ qunGhGp nhunwplyinn dnibyghwyh unwghnbwp Ybinkpp.
A(00) L B(L;1):
2wGh np wnipdwd dntGyghw)h waweht Ywpgh dwulbwlh woéwGgyu GEnl wipnng
hunpnip)wG Ypw npnywé whpbnhwn dnlyghwultp b6 [46,u11], hbnlwpwp w)n $nily-

ghwt wyy Yphinhluywt Yanbp gnilh:
Wonthtiwnl hwiytGp (p) PnibGyghwsh Gpypnpn Yupgh Swubwlh wowbguibtpp.
2 =6x, z;=-3, 2z =6y

b wjn wowhgyuwy Ghph wpdtpGbpp” 4 L B Yhwnbpned.
a,=2.(0;0)=0, a,=22(0;0)=-3, a,=:°(0;0)=0,
ay=220i)=6, a,=2)=3, ay=2(1)=6:

2wth np 4(0;0) Yl g, -a} =-9<0, hbnbwpwn, hwiwdw)G (18) pwGwdbh,
win kirnmyd nhinwipynn dmblghuil tpunnpbind snGh:

B(;1) Ybwinid mGkGp

aa,-a,=27>0, a,=6>0,
htnlaupwp, hwiwdwiG (17) pwlwdlh, B(l;l) Y (p) dncllghwt nilh ShGhanus,
pn npned
z, - z(I;l): -1:
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undnrusuy thdEreLShUL IUdULUrNULED

§50. lubGnhp, npp hwiqliglind t nhdtptGghwi hwywuwpsiwh
hwujwgnipjwip: UnwohG Yupgh nhdbptiGghw) hwywuwpnuibp:
Unahh pubGnph (niédwh qnympjwlG b dhwinipjwG phinpbip:
LOnhwinip L JwuGwlhh | nénudGbp: UGpwwmynn thnthnfuwlwl-
Gbpnyd nhdbpbGghw; hwywuwpnudGhp:

Shqhywhwh Gplnyplbp nwuntdGwuhpbihu hwlwhu wGhGwn b hinud qun-
Gy optGpatip, npnlp Yww hwunwntl dShw)l wilwiu thnhnfuwywlh L npn-
Gtith $niGyghwih dhob: Npwbu Yubnb, wjnwhup huGnhpObpnud unwgymd b6
wnlsnpynuGGbp, npnlp Yuwy 66 hwurnwunnadd wilwhe hinghnfuwwih, npnGt-
1h $niblyghwip b Gpw wéwhGgywbtph dhol: RPLpkGp Sty ophGwly.

lulinhp 1: QinGby npn pwpdnnipynlGhg ninnuidhg nhwh Ghpph GEwnweé Jwpdth
2wpdiwi wpwgmpywl thmpnhutwh optlpp, bpt pwgh dwipnipjwl nidhg, nhuwplng
JwpdGh Ypw wgnnid t Gwl wpdiwl wpwgntpjulp hwitdwwnwywG, onh nhdwnntp-
jw0 wpqbjwynn nudp:

Lawsnud: QLwiybipwwd fulnhpp (mudbine hwdwp ghnwpyynn SwpdGh quiiqyudp,
2wpdiwl wpwgnipintlp b Gpw Ypw wgnnn nudp hwlwwuwnwuhaulGwpwp GawGwibip
m-ny, v-mi L F-ndL oqunyklip LynunnGh bpypnpn opblphg.

m—‘;—v =F: {w)

Jwiwdw)0 uGnph npdwéph, F -p SwpdGh swhnpnipjwl mg L Gpw wpddwb wpur
gnLpjwip hwitdwwnwywo, onh nhiwnpinipjwl kv (k >0) mudtphp (& -0 hwdbdwinwlu-
Gnipjuwilb gnpéuwilihg t) qnedwinG t°. )

F=mg—kv: )

Stnuaptiny F nudh wpinwhuginnepynilp dwpdGh wpdtwG (w) opkiGph dbe™ u-
nwlwbp 6h hwywuwpnid, npp whhwyn W) $niGlghwh htwn Shintn wwpniGwyn t
Gwl Gpw wéwlgjuwyp.

m—g-:mg-kv: {a)

Lnéby whhwyn nilyghws b wyn $nulyghugh wowbgywy wwpriGwlyon (g) hwuw-
uwpnudp, Grwlwinid t gl wiGwhuh wr) ncllghw, npp GnyGwpwn pwdwpuwph win
hwywuwpdwn:

Jwenpn upupwopwdntd swinpwbwiny (q) nkuph hwdwuwpmiGhph (niédws wb-
unipjwl hbn” dbGp 4auwlbGp win hwyjwuwndwh, hbnbwpwn' nhuwplynn fulnph 0t
onLip:

Uwhdwilnid 1: WG hwiwuwpnidp, npp wwpntGuwlmo t whlwfy ngn-
fuwlpwiG, wyn pnhnfuadpulh wlhwn pnbighw b Gpw wowhguyGbp, Ynsdmd
¢ pppbptiGghuy hwfwuwnnid:

+) Onh ahiwnpnipjudt nidp dbipgynud t Shantu GwGny, puwiGh np wjb nunayusd t Swndlh zwpdduwp
hudjumnusy:
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Jwiwdwyl popdwd uwhdwbiwh’ (q)-G nhdbpblghwy hwywuwpmd t, np-
nbn woywiu thnthnfuwyuwGp -G t, huly wlhuwyn ImGUYghwG® v(s) -0:

LzkGp, np dwulwynp ntwpnud nhdbphighuw) hwywuwpnidp Yupnn t L
sywpntGwlt] wolwiu thnhnfuwlut Ywd win thnthnfuwlwbh wlhwpin nuly-
ghus:

6pb nhdbptlighw; hudwuwpdwb dby Jwulwlgnn wiywhu hnhnfuwlw-
Gp Oawlwyklp x -ny, huly wyn thninfuwlwlh wGhwpn $mGyghwl y(x)-ny,
www panhwnip nbwpmd, nhdbpblghw) hwywuwpnidp Yuwpnn GGp Geplw-
Jwgliby

dy dy
Flr,y,y,y™)=0 [F(X’%;v--’;)ﬂ)] (neN) (1)
nkupny:

Uwhdwlnud 2: Epb nhpbinblghwy hwdwuwpdwl dbe dwulbwlygnn wi-
hwypin pmbhghwl Yuwfuwé t o6y thnipnfuwiwihg, wwyw win hwiwuwnnidp
Ynsygnid b undnpuwlw nhpbpblbghuy hwiywuwnpnd:

b wnwpptpnpyntd unynpwywl nhdbpklGghw| hwywuwnpnudttiph, nwntd-
fwuhpymd 56 Gwl wjGwhup hwdwuewnpnudGhp, npnGp wwpniGwlmd GG dh
pwlh hnihnfuwywGh wlhuwyn Imblyghw L wyn InGyghwsh dwubwyh wowd-
gywiGbp: Upnwpuh hwjwuwpndGepp Ynsynd b6 dwubwhbh wéwbgywGbpny
nhdbpkGghw) hwywuwpnidGtip:

UtGp Ynhunwpyblp dhuyl unynpwwlb nhdbpbiGghw) hwywuwpnedGbp:

UwhdwGnid 3: 2hpbiptbghuny hwfwuwndwl dbo Swulbwlgnn wGhwun
Prulblyghuyp wowbgnubbphg wibkGwpwndph wpgp Ynsymd t phplipbioghuy
hujwuwpswl Juwng:

Jwiwdw)l ppdwd vwhdwbdwa’ (1)-p »-pn GUwpgh nhdbiptibghw) hwdw-
uwpmd t:

Uwhdwlmy 4: (a,b) Jhowlwpmd dhlsl n -pn Jupgp Ghpweywy pnpnp
wowlhguy GbpG mGbgnn o(x) dmblghwl ynsdmd t n nq uwpagh (1) nhpbpbt-
ghwy hunfuwnundwl (mémd, bpl wyl wohwyn $ncblhyghuyh hnfuwnblt Grdwo
huduwuwpowl ot inbnunpbip Jbpghthu wipws dhowluypntd ybpwonid ¢
Gnylnipywd.

Flx9(x),9(),...0"(x)]=0, xe(ab): (1)

UwuGwynp nhiwpnid, (1) hujwuwpdwG ok pnniGbind n=1, YunwGwip
wnwehG Ywpgh nhdbptiGghwi hwywuwplws plnhwGnip wkupp.

F(x,5,5)=0 [F[m,%)ﬂ’}: (1)
Yuwublp, np (1°°) nhtintitighwy hwdwuwnmdp (i ofuws t wowlgyuwih byun-
Uwip, bpl wyl GEpluywgyws t
Y =fx) [%=f(w>] &
nbupny:
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Mwpquqnyl nbwpnid, tph (2) hwyjwuwpdwl we dwul wihwpn dnby-
ghw sh wwpmbwynid, www win hwywuwpmip wpnn blp GEpluwywglly
dy=f(x)dx )

nbupny,npintin  f(x) p wpué pnbyghw t:
bhGutigptignd (2°) hwywuwndw Bpynt Ynndtpp™ GunwGwip [35,u2,(4))

y=[f@ax+e, 3)

npuntin ¢ -6 Yuwiwjwlwb hwunuwnntG t:

blswbu nbulGmd Gop, wnwehl Ywpgh (27) nhdtiptlghw) hwywuwpnidl
ntGh, wyuugbu Yngdwd, nidnudGhph pGuwbhp, npp wwpnGwyned b Gudww-
Jwl ¢ hwuwnwwnl: 36nwquynud YhwingykGp, np pnhwGnip nbupnid w-
nwehl Yupgh (1) hwwuwpdwh (méndp Gnylwbu Yudwpuwywb ¢ hwunw-
wnl wwpniGwynn (nudmudGeph pGuwGhp t.

y=9(x,c) (c=const): 4)
UwhdwGnwd 5: Unwphl wngh (1) nhdliptibghuy hwywuwnptws ndnd-
aeph (4) paunwGhpp Ynsdmd t wyn hudwuwnpows panhwonip haunbigpuy Yud
plnhwGmp (niénd:
ULpkiGp, np (17°) nh$bptibGghwy hwywuwpdwid pGnhwnip (néntdp Yupnn t
wpuwhwjnyb) hGswbu wipwgwhwjn wntiupny.

w(x,y,c)=0, @)
w)lwbu tf" (ddwsd ¢ hwunwwnmbh GLuwindwdp.
ofx,y)=c: 4

Swulwbwih t, np ¢ hwunwnntGhG nwiny wiphy pwqinuppudp (hpwphg
nwppbn) wpdbpGtip, Yunwlwip (17) hwywuwpiws wiphy pwqoinpjwdp
(hpwnhg wnwppbip) (onuiGhp: Pwjg nGbny, wjuwbu Yngdws, ulqplwlw

wwydwh, wyuhGpG wwhweting, np tpywd x, Yhwnid npnGbith y(x) -

ghwi pGaniGh wpwé y, wpdbpp' Yunwbwhp (1) hwywuwptws (hnyhl
npnawyh 1niémd (bpk wjG pOnhwipwwbu qnynipnil nulh):

UwhdwGnwd 8: Unwohl Ywngh (17°) nhdbpblghuy huwfwuwpdws wyl (nt-
omdp, npp npwé x, Ybnmd wnwlmd b npdws y, wnpdbtpp (wuhlpl (1)

hwwuowndwl wyli (monidp, nph gpudplys whglnd £ A (xo, yo) Gbwnny), yns-
Ymd ¢ wyn hwjwuwpdwl

Aw=r DGEI=2] ®)
ulgplwlwl wuydwohlt punjupwnnn dwulbwlh (nénd:

Unwohl Yuwpgh (1) ghdbpbbghw) hwywuwntwh hwdwnp (noby nzhh
huGnhp, Gawlwynud b qunlb; wyn hwywuwpdwh wilG (nidnudp, npp pwywpu-
pnud £ npjwsd ulqpbwlwb wwiiwGha:

Ujdd, wnwlg wwwgnigh, piptGp (2) nhdbnkGghw] hwywuwpdwl (nLo-
dwl gnympjwlp L dhwimpywlp Gpwpebpnn Unzhh pinpbdp:
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otnpbd 1: (Unph) Ept wnwohl uwngh (2) nhbpbGghuy hua/w?aupdwﬁ
dbp duwbwlgnn f(x,y) $mlblyghwl hn of [y dwubwlih wowlgmuup hbwn JbG-
wbn wlpGnhunn t oxy hwppmpywl nplt G pwg inhpnypnid, wuw wdwyw-
bwli M,(x,,y,) Ybwh hwidwn, npp wuinbwimd b Gyfwé nppnyphl, npdwé
hwz{w;wpmdﬁ mih (5) vlyqpiwlywl wuydwGhl punfwpwnpnn 06l L ShuyG o6y
nénLd:
: UGgGtiinyd whpunnynn hahnfuwlwGGbpnyd nhpbnblghuy hwywuwpniv-
Gbph ncumdGuiuppmpywln” Gwfu nhuwnlybGp

% = f(x)e(y) (6)

hufwuwpmdp, nonbn f(x) p b g(y) -p hwlwwwinwufuwGuwpwn (a,b) b (c,d)
thowluwypbpmd npnpywé whpGnhunn pnllghwlbn 6G:

Ghpwnpbnd, np hp npn2dwG whpnuph ng dh Yennud g(y) -p qpn gh pwn-
ined, Ywpnn bGp (6) hwwuwpnudp Gbplwpwuglby

gi(y) = f(x)dx (6)

nkupny:

gui tnipjwil (6°)-p Lipynt nhpbptGghwi wpunwhuyinnipntGGtph hwyjw-
uwpmpmb t: IGwnbwpwp, win wpnwhwjnnipntGGbph winpny hGnkgpuwy-
{itpG hpwphg nwppbpynud GG hwunwnmb gnudwnpbjhng [35): L{wwnh nUGh-
Gwind Jtipngpjwip L hGwnbkgnbiiny (6°) hwywuwndwG dwhu Ynndp pun y -h,
huy wy Ynnip” punn x -h° YmGEGWGP

—g‘?j: If(x)dx+c (c=const): 04

Unwgywé hwwuwpnipiniop” x wllwiu thnpnjuwlwip, y wlhwjn
Prulyghwl L Yuwiwjwwl ¢ hwuwnunnniGp dhijwlg Yuwnn welsnipymG L,
hGgp GwGwynid t, np wyG (6) nhdbpbGghwy hwywuwpdwh pGnhwbnip |ne-
onuih t:

OphGwy 1: Lnudk; hownbjuwy nh$bptlghw| hwjwuwpmdp

dy

et n

Lndnud: Lwhu GwintGp, np y, =0 $nilyghwl pwijwpwpmd t winduwéd hwyuuwp-

Guwlip: WyGnihbunb GGpwnpbigny, np y(x) Pnihghwt qrn wndbip sh unwbnid, (n) hwjwuw-
nmuwdp GenYuwwgGhGp
Q =xdx
. ()
wnkupny:
hGunbigpbiiny YtpehG hwiwuwpdwh tpyne Ynndbpp® YuinwGwp nhinwnlynn hw-
Jwuwpswl pGnhwbnip (nuénudp [35,3°,4°)

=

y=ce? {c=const)
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Uyl Swinpwlwlp wipwindwéd thnihnjuwywbGtipny nhyptintGghwy huuw-
uwpnedGliph hbun:

UwhswGmd 7: Ibwnlyuy hwiwuwpndp’

f(x)dx+g(y)dy=0, (8)

nmntin f(x) o b g(y) ¢ hwdwywinwufvwluwpwn (a,b) L (c,d) dhpwluypb-
pned npmpgwo wlplnhunn pmblhghwlbn 6G, nsfmd t whounndwo pinpinfuw-
LwlGlpny nhPbnpbOghuy hwywuwnpnid:

Swulwlwih t, np (8) nhybipblghw) hwjwuwpdwb ponhwbnip (nLénuil
nibh

[roass feay=c  (c=const ©)
nbupp:
OphGwy 2: Lnudty htinbjusy nhdbpblghwy hwywuwpnedp’
xdx+ydy=0: @
Lnénud: hlinbgpbiny npdwé hwywuewpdwG bpyne Ynaskpp™ YnGhGwip
2 2
%4»’% =c, (c, =const) .

Rwih np uunwgywéd hwdwuwpiwlh dwhu Swul pGnmoatd t Ghuwyl ng puguuwiwl
wpdtipltp, hbnbwpwn ¢, -6 sh Ywpnn pwgwuwywG thGb: 2¢, -6 Gawbwybiny ¢ -nf
Jupnn &Gp nhunwpliinn hwjwuwpdwG gmontdp GEplususglby

+y’=c"  (c20)
wnbupny:

hGswbu wnbuGnud BGp, () nhpbptGghw( hwywuwntwb (nudnidp 0(0;0) YkGunpnlny
L ¢ (¢20) wnuwhnGtpny hwdwlbGnpnt ppwlwqdtinh pounwGhp t [7,1°]

UwhiwGmd 8: Fsunlyw; hwydwuwpmdp’

Ji(x) g 0)ax + £,(x) g,(y)dy =0, (10)
npntin p,(x,y)= f(x) 8,0) L p(xy)=,(x) &,(0) $mlyghwlbpp npnzywo bl
L whpGnhunn oxy hwppnippwl npbt G inppnypmid, Yngdmd b wlouwnnyni
pnpnfuwqwltbpny nhpbntbghwy hwywuwpnd:

GGpwnnbiny, np nhuwnlynn whpnupnid £,(x)g,(¥) wpnwnpjuip gpn wp-
dtip sh pGnnlnud, L (10) hwywuwpdwh Gpyne Ynndbpp pwdwbing wyn wn-

nwnpwih dpw' unwiwip wispwndws hnipnfuwlwiGtpny nhdbptighwt
hwywuwpntd.

fi(x) . &) .
L0 1 802 -0 10
L) & (10
hGswbu ghubGp, (107) hwywuwpnidp (mébpnt hwdwp wGhpwdtaw t win
hwijwuwpdwl Gplne YonikpG hGunbqpby.

JACS 80) . _
_fT(x—)dJH mdy“' (c = const) : (11
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Ophlwly 3: Lnwdk hbunlywy nhdtpblghw) hwwuwpnudp’

(+x)ydx+(1+ y)xdy=0:

Lndmd: GGpwnpbind, np xy wpuwnpjuiip qpn sh qwnGnd L wleuwinbiny nipgwé
hujwuwndwG dnthnfuwywbbtpp” Gupnn bGp wyG GEpYujwglty

1 1
nbupny:

hGnbgnbiny (t) hwywuwnpdwb tplnt Ynndbpp” YunwGwlp nhunwpyynn hwdwuwn-
Jwl (nudnudp.

x+y+ln}xyf=c {c=const):

§51. UnwohlG Ywpgh hwdwubkin nhdtipklghw] hwjwuwpnid-
Gtp: Unwphl Yuwpgh qéwjhG nhdtpblghw; hwqwuwpnidbtp: Phin-
Gniihh hwywuwpnedp: Lphy nhdtptGghw Gnnyd nhdptlghwy
hwwuwpnLdGbp:

UGgit ny wnwehl Ywnpgh hwiwubn nhdtphkbghw hwjwuwpnuiGbph n-
unuiGwuhpmpjwiGp’ Guwhu SwGnpwGwGp hp thnthnfuwlwGGhph Gwundwdp hw-
Jwubin InilGlyghwih hwulwgnipjul htwn:

Uwhdwlnd 1: &pym hnpnfuwhqwioh f(x,y) pntGlghwl ynsymd t pp
hnhnfuwqwGibnh Ghwndwdp n -nn wunhowlh hwiwebe pnibhyghw, LGpb
qulljwgws o npuwlpwl pdh hwdwn wnbnh nGh

Sax,ay)=a’f(x,y) (n=0,2,..) M

GnyGnipymbp:
OpplGuwly 1:

Sxy)=y +xy
$nillighw hp hnhnfuwiuGGhph GYwwndwdp bpypnpn wunhSwih hwiwube PniGly-
ghw t, pwGh np guifwgwd o npwlwh pyh hwdwp wnbnh nGh
(ay) +(@x}ay)=a’(y’ +xy)
Yuwd np GnyyGa t
flaxay)=a’f(x,y)
GnuyGnipyniGp:
OppGwly 2:

fxy)=yxi-y

$nlyghwh hp hrapnfuwlwbGbnh Gwndwdp wnwehG wunhBwlh hwdwubin Pnily-
ghw t, pwih np gwlwgwd a npuwlws pyh hwiwp nbnh nilGh

J@x-@y} =afx -y

Saxay)=af(xy)

Ywd np GnyGG &
GnyyGnip)niGp:
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Ophbuwly 3:

xty

f(x,y)=
y

InuGlyghw hp nthnfuwluGGeph Giwndwdp qpn wunpSwih hwdwubn $nilyghuw t,
pwih np gwllwguwd o npwliwld pdh hwdwnp wnbinh nubGh

ax+oy x+y

ax X

Ywd np GnytG t°
Slexay)=f(x,y)

GnyyGnupyniGp:
VwhiwGnd 2: I6wnlywy hwywuwpmdp
&
e f(xy), 2

npnbn f(x,y) -p hp hnpnfuwlpwGbiph Glundwdp qpn wunpowlh huwdwube
dmlGyghw £ Ynsymd b x L y hnipnfuwlwbGbph Ghundwdp wrwohl fupgh
hwiwubn nhdbnbloghw; hwiwuwnpnid:

Unwohlb Yupgh hwdwutin phdtiptGghw; hwdwuwpdiwh phGohwlnep (-
énuip quGbnt hwidwp hwpyh weGkGp, np wyn hwywuwpdiws we Swuntd qn-
YJwéd dnbyghwl hp pnthnfuwlwiGEph Ghunndwdp qpn wutnh8wGh hwiwubn
$rllighw t L

fxy)=flax,ay)

GnijGnupjwG Ube pnniOblp a=1/x: UppmGpmd YuwpqbGp, np hp dnthn-
fuwlwGGhph Ghwindwdp qpn wonhSwih hwiwubn niGlghwt Ywiudws
ShwyG hp wpgnuikGunGph hwpwpebpnipynilhg.

fxy)= f(l,fj : @
Ujhnihbunb uwwwpbiiny
Z=u() @
Ywd np GnyGG t°
y=xu(x) 4)

Gwlwymdp L oqindbinyd tiplnt $niGhghwbbnh wpuwnpuih woéwdgywih pu-
Gwébhg’ Yuunwlwbp [28,(2)]

& =u+x—: (5
dx &
dy/dx woéwlgyw(h hwiwp unwgws (5) wpnwhuyinnipyniGp nknunptiny
(2) hwjwuwndws dtg” (3) L (4) hwywuwnpnipinGGph hwzdwrenidng wyb LGL-
JuipwgltGp

wrx 2 £l ®)
wnbupny:
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UGpwinbiny (6) hwywuwpdwh thninfuwlywbGbpp’

_du & ,

flu)y-u x (6
. hGwntigpliiny (67) hwdwuwpdwG Gpynt Ynndtpp® YguGhGp win hwywuwp-
dwG pGnhwnp (nénudp:

Shunwplunn hwdwubn hwdwuwpdwh pGnhwnip nudmdp unwGwint hw-
Jwp dGnud b (4) Gawlwldwh 2Gnphhy (6°) hwywuwnpdwl plGnhwGnip nuént-
ghg u{x) $nlGlghwG wpunwpuby:

OphGuwl 4: Lnudt hbnbjw) nhdtpboghwy hwywuwpnidp

2z
gy—=l+e A
dx x

Lménid: IGnlbiny wbuntpjulp b Yumwnpting (4) GawGwynuwip” wnpgwd wawghh
Ywpgh hwidwubin nhdbpbGighwy hwywuwpnidp YGbpywjwgltGp
du -
gtx—=u+e
dx
Ywd

e'a'uzﬂ
x

nbupny:
hGunbgpbiny Ybpoht hwywuwpiwG Gpyne Ynndbpp [35,4°,7°w] L unwgywéd hw-

JwuwpnipyniGhg wpnwputing u(x) pmGYghwl’ Yunwbwbp nhunwplynn hwiwuwp-
GwG plnhwbnup |nénidp.

P4
ln]cxl=e‘ (c=const,c20):
Yhnwplblp Gwl
P(x,y)dx+Q(x,y)dy =0 7)
nhpbntiGghwy hwdwuwnndp, npnbin P(x,y) -G nt Q(x,y) -0 ppblbg ihnpinfinu-
quGbph Ohwindwdp Shllnyl wunhbwlh hwbwube pmbGyghwibp bG:
Liwwnbinyg, np x U y ¢npnfuwywitbph G4windwdp dhlinyl wunhtw-
Gh hwiwubn P(x,y) L Q(x,y) $niGyghwlbtph pwGnpnl wyGhwpnnpba qpn
wunhSwih hwdwubn $nblghw t, qpuiuwglimd LGp, np nhnnwplynn nbw-
pnd (7)-p x L y tnpnuwlwhbGhph Ghuwndwdp wnwghG Ywpgh hwiwutin
fthdtiptGghw; hwywuwpmd t:
Ophluwy 5: 3wiwdwyG Jbpngpjwy winlwl’
Ixyde+(x* -y )dy=0
hwdwuwpnuit wowehG Yupgh hwidwubin nhdbptiGghw| hwywuwpnid b
Ujdd whgGhlp wnwohG Ywpgh qéwihG nhdptipbGghw) hwywuwpnudtbph
ntunuiGwuhpnepjwbp:
Vwhdwemd 3: I5nlyw; hwdwuwpmdp’

%«» Y=g, (8)
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npnbn f(x) -0 nt g(x) -p nplt (a,by dhowluwypmd npnpwé whplnhunn pnib-
ghwibn 66, §nsdmd t wnwohl uwpgh qouypl nhpbinbaghwy hujwuwpmd:
bGswbu wnbubnd bop, wGhwpn $niblighwh L Gpw wéwlGgywip (8) hww-
vwniwG dbp dwubwlgnmd GG wowehG wuwhSwing, npny t} pwgunpymd t
wjn hwjwuwpiwl widwbnuip:
3bunltigny PtnGayhh0® (8) hwjwuwndwb (neénudp hownpkGp Gplnt $null-
ghwGtiph wpunwnpjwih wbupny.

y(x)=u(x) v(x): 9
Udwhgbiny (9) hwyjwuwpmpjwhb Gpynt Ynndkpp?.

9. =y ﬁ.’. u ﬂ 10

& & (10)

L whhwjn pmblghwih nu Gpw woéwbgywih (9) L (10) wprnwhwjwnnepntGGipp
wbnqunpbiny (8) hwywuwnpiwG dty” YmOGLGwWGP

u{%+vf(x)]+v%=g(x): (11)

v(x) wlhwjn $niGyghwb pGuinpbiny wybwbu, np wyG pwywpwph wioun-
ynn thnthnhuwlwoGGpny

Z+v1(x)=0 (12
nhdbpblighwi hwywuwpiwlp” Yunwlwbp
Inp|=- If(x)dx +¢,  (c,=const): (13

Lywuwnh miGbGwiny, np 0bq wihpwdtw t quibGhi (12) hwdwuwndw, Gny-
Gwpwp qpnjhg nwnptip nplt (nednud L pGnnuGbing ¢, =0, (13) hwywuwnnip-
jniGhg YniGEGwGp

)=e T (14)

v(x) pnillghwh hwiwp unwgwé wptnwhwjinnipyniGp wbnuwnptigny (11)
hwywuwnpdws the” (12) hwyjwuwpmpjwh hwadwnenudng Yunwlwlp

dumgy-e " a (18)

UnwohG Ywpgh (8) gowyhG nhdbintiGghwy hwywuwniws (ntédwh Ybnglw-
YwG wbupp unwlwint hwiwp 0Gmd t (15) hwdwuwpdwh tpyne Yondtnt

hGwnbkgptind quibtp 4 (x) PmlGyghwl.
u(x)= J‘g(x)~e‘rl"mdx+c (16)
*) Opnuppusli wunqnipiul hudun #(x) L ¥(x) ImBLghwhbinh Yulwéntpinibp x tinintuistiusiihg

pug bGp pnnlnud:
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b w(x), u(x) dnuGYyghwltph hwiwp vinwgué (14) L (16) wpnwhwnmpnil-

Gipp nbnwnpby y(x) $mblghuyh (9) GEpYuywgdwb by,

y(x)= e_"“m [Ig(x) e dx + c] (c=const) 17

Ophtwly 5: Npwbu ophlwy, (métlp weughl Yunagh [50,(q)] qéwjhG nhdbpbGghwy
hwwuwpnudp:
Lnéned: Ldwéd hwdwuwndwh (pednuip thiinpbng
v()=r(t) s(t)
ukupny’ wjn hwywuwpnuihg YuunwGwip

I UL
&t m a & (w)
Lnwdtiind wihpwwnynn thnhnhauljuGGbpny
ds k
im0 (»)

nhdtpbGghwy hwywuwpmdp (pGnnbtinyg hGintigpdwG hwurwinnlp hwwuwp qpngh).
s@)=e=

b s@) Pmlbyghwyh hwiwp unwgwd wpnwhwinneyniGp wbnwapbing (W) hwgwuw-

Mt G (p) hunjwuwptwt hwduwoenuing () Pmbyghwsh hwdwp YniGhGuwip

r(t)=%g—¢:'+c:

Ujuwhuny, Gwhunpn upupwapwdnid pipdwé tuGnph (métwt hwiwp JopeGuiw-
Oungbiu YuumusGwGp

y(():%_,,ce—'l (c:cm): (q,’

bGswbu qiuntiGp, [50,u8) nhvuupldnny hulnph npnwih (NLdnLd uwlwint hwdwp :
wihpwdtipun t v ulqpGuwipul wwitw:

Uowohl wngh qouyhl nhpbnblbghw hurfwuwpmdGonh niumdbwuppm-
PInGG wupnntilp (8) hunjwuwpnidhg wnugynn

w Zeyrm=o  fgwaol, (8)
p) %+ay=b [j(x)sa, g(x)mb, a=const, b-coml] (8")
bwuvliuninp nbwpbph nfunwplynidny:

UwhowGnid 4: (8) hujwuwpmdp Ynsdmd t wowphl Yuwngh hwiwubn
Qouhl nhPplpboghuy hufuwwpntd:

Uyunnfr niGbGuymy pbpduwd vuhdwlimdp’ (8) hujwuwnmJl wiywiblp
wowehl gl withwiuwbe qouhlt nhPbpblghuwy hwdwuwpmd:

fuilih np (8')-p qéunhl nhdbpbbghwy husjwuwpnid t, muwnh Ywpnn Lop
w)G 1oty (Yonplatd 2upuwnpduws) PonGnhh bnwlwyny: Uwlw)l, Oywintiiny,
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nn (8')-p whgunnynn thnthnfuwyuwaGtpny hwywuwpned t.
%=—f(X)dx, ")
Jupnn bGp wyG nuob) Gwbh wGshewlwG hGunbkgpowh Shongny”.
y=c-e“’ﬂm (c = const) = (7))
hGs ybpwptipdnud t (87") hwdwuwpiwlp, www, plwiwlwpwn, wn hw-
JuwuwpniGG b Ywpnn GGp (mok; RenGnihh Gnwlwlny: VwluwyG, hGsubu L
(8") hwyjwuwpmdp, wytith hbwn t wit (moéby hppk whowwninn thnhntuwlwi-
Gbpny nh$bpboghwy hwywuwpnud:
Ujdd SwlnpwlwGp PEnGnijhh hwywuwnpdwG hbw:
Uwhdwbnd 5: J6unlyuy nhpbnblghwy hwywuwpmdp’

Ly 0)= e, (18)
npunbin o. -G Yuwduywiws ppwlws phy &, puly f(x) -0 m g(x) -p’ nplt dhowluwy-
pmy npmpwd wlpGnhwin $nlhghwibp (Yuwd hwununnmO0tn), §nsdmd
PhrGniyhh hwiwuwpnid:

Ljwinklp, np =0 L a=1 ntwpbpmd (18) hwdwuwpnidp Ybpwognud t
qowyht nhdtipkGghw) hwywuswniws:

LhwinkiGp Guwl, np o -h npuiwt wpdtplbiph nbupnid y =0 $mbyghwl
hwnhuwGnud t REnGnijihh hwdwuwpdwG (nuond:

TYhwwpyyrn hwwuwpmdp (nskpne hwdwp Gwhu wyn hwyjwuwnpdwb pe-
thp whnuiGtipp pwdwGkGp y* -h Ypw.

Ly =g (18)
Ujbnthbwnk Yuwnuwptiiny tbmhntuwl;wﬁh
z= y—na (19)
thnjuwnphGnud® YuunwlGwhp
dz
2 -y — &, (20)

dbnehG tipyn hwiwuwpnipynuGGliph 2Gnphhy (18) hwiwuwnpnidp Yplnnibh

dz
E+(1-a)2f(x)=(l~a)g(x) (21)
wnhkupp:
hGswbiv nbuGnul LGp, (21)-p wrwhG Ywngh qéwihG nhdbipklghuw) hwyw-
uwpnud £ z(x) $mbhghwih Ghundundp:
*) LunnbGp, np wowghb Yungh (8) gdwihG nh$bpbhghuy hwfuwuuwpdws (ntddwb dbe pGnnGbind
g(x)- 0, YuunwlGulp (8') hunjwuupdwl mondp:
o+) LwunbGp Gusls, np y» 0 niGlghwl pusjuspuipned t (8') hunjwuwndwGp, hGsG wiyGhwynnpbb
bplined t hGgugt u (8°) hujwuwpiwi, wyGug ‘v by Gpw jntéSuwil nbuphg:
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Lnudbyny (21) hwydwuwpnudp b (18) Gwlwldws oqbnipjwdp Jbpwnwn-
Gwiny y(x) whbwyn $nbhghwihl’ YqulbGp nhnwplunn hwywuwndws pGn-
hwinip (niénuip:

OphbGwly 6: Lnuoby RoaGnyypp

%«uy:x‘y’

hwyusuwipnidp:

Lnidmd: Yhwnwnplynn hwywuwnpdwG pninp winwdGepp pwdwlbing »* -h dpw b
Gunwinbiiny hahnfuwywGh

z=y* (n)
gnfwuphinud” Yunwlwbp z -h Gwndwdp qéusphl
&
o 2xz =-2x’ %)

nh$bptlghwy hwywuwpnudp:
Lmuébny (6) hwywuwpnidp’
2

z=1+x"+ce
L (n) GawlwltwG oqlnpywip Yopwnwnlwiny y(x) wihwyn $mbyghwihG’ YnGhGwbp

1_ 1 .
Tlexscer  (ecom:

dtpenud nhunwipytiGp Owb iphy nhdtipiGghwiGipny nhdbntighw| hwyw-
uwpnidbbp:
UVwhiwlnd 6: Fbwnlyuy hwdwuwpnidp’
S(x,y)dx+g(x,y)dy=0, (22)

nnbn f(x,y) b4 g(x,y) Pmlyghwlbbnb hpblg of /oy L og/dx dwulbwlh w-
SwhguybGbph hbun Oblnbin npnpdwdé 66 L wlpGnhunn axy hwppmpwlG npbd
G wuppnypmd, pln npmd wyn wnhpnyph jmpwpwlsimp Yewnmd inbnp niGh
0f(xy) _0g(xy)
dy ax
woeGsmpnOp, Ynsydmd t ippf nhpbnboghuwyGpny nhPbpblghuwy hwdwuwnpm d:

Lphy nhdbpbGghwiGipny (22) hwywuwpdws pOghwbnip (néndp qunGt-
im hwdwp Gwpu wayugnigbbp htinlywy ptinpkidp’

Btinphid 1: Wgmp f(x,y) L g(x.y) PnillghwlbbnG hpblg 3f /oy L og/ex
Swubuwlh wowbgunbbph htn Jblunkn npnpwé b6 L wlplnhunn oxy hwn-
pupqwll G unppnypmd: Um nbypmd, npwbugh Gawo npipnypmd (22) hw-
Ywuwndwl dwfy dwup (hGh dh nplt u(x,y) pmllhghuyh (nfrd nhPbpblghuy,
wlhpwdtiyn t L pujwpwn, np G nppnyph impwpwlymnp Ybnmd nbnh ni-
G6Gw (23) wnlsnipymbp:

(23)
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Uwwigni)g: UGhpwdtipunmpynG: Ehpwnptilp f(x,y) L g(x,») $nillghu-
GepG hpliGg of /oy L dg/éx dwuliwhh wéwlgywiltph htitn dtlwbn npnyywe
50 L whplnhuin oxy hwppnipjwl G wnhpnypnid: GapwnpbiGp Gwb qnjnipymi
nilh wjbuwhuh u(x,y) Inblghw, np (22) hwjwuupdwt dwiu Swup win nly-
ghwjh 1phy nhdbtipbhghwil t.
du=f(x,y)dx+g(x,y)dy: (24)

Ljwwh mGEGwing, np u(x,y) $mGlyghuh phy nhdtiptGghwil wpnw-
hwjpnynid t

Ou Ou
du= -é;dx + —ady (25)

pwlwadling {47,(10)] L hwdbdwwnbiny Gawé nhdpbintGghwih (24) L (25) Ghp-
Yuwjwgmdalhpp” JuunwlwGp

s (x,y)=% . 8(1’y)=%: (26)

Uunwgdwé hwywuwpnipnGGbphg wnwehlp wéwGgbing puwnn y -h, hul
tpypnpap” pun x -h, YnobGuwGp?
¥ _0u x_0u
y &y & oy (27)
of /oy L dg/ax Gwulwyh wéwhgywilbph depwpbpjw) Gurnwpwéd bhpuwn-
pnipjnilhg L (27) hwyjwuwpnip)niGGbphg htwnlnd t, np phnwplinn whpniy-
pnid u(x,y) PpmlGyghwt nGh bpypnpn Ywpgh wipGnhwwn fuwnG wowGgjwi-
GGp, npuntinhg ti, hGswbiu ghwnbiGp, htwnlinid £ wyn wéwhgjw)Goph hwyjwuwnnt-
pinilp G2dwd wnhpnypnd [46,p1].
du _ du .
=y o (28)
Plinpbth wewehl dwuh wwwgnijgh wywpwnbim hwiwnp dGnud  GLwnty,
np (27) L (28) hwt{wuwnmmmﬁﬁbnhg htiwnlinud £ (23) wnGsnupnilp:
Punjwpwpmpiml: Uyds gniyg wwlp, np G wnhpnypnid (23) wnGgnipjwl
wnbnh mGEGwp pwdwpwp &, npwbiugh Goywsd whpnypntd (22) hwywuwpiwl
dwhu Swup 1hGh dh nplit z(x,y) dniGyghwih phy nhdbiptiGghuwy L qunltlp win
$nulyghwih inbupp:

Uyt funupny, gnuyg wwhp, np nhy nh$binbGghwiGbpny (22) hwywuwpnudl
nLGp

du(x,y)=0 (22)
wnbtupp, npunbinhg & hGwntigptinyg GunwGwGp nhunwpyynn hwdwuwpswh pln-
hwlnip | nudnudp.

) Cuwn uguydwhh, Gfuwd wouligniSGLn6 ophlwljwa bG:
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u(x,y)=c (c=const): (29)
u(x,y) pmbGyghwih wbupp vtnwlwin hwiwp Gwhe wwhwbeklp, np tnkinh
nGtGw
Ou
g = f(X,}’) (30)

hwjwuwpmpyniGp: Winthbwnle G whpnypnid YbpglhGp nplk M, (x,.y,) Yt
k (30) hwjwuwpnpjwl tpym YnndbpG punn x -h hGunbqplGp x,-hg dhGsh x
uwhSwGGtpmd: UpnymGpmd YniGEGwip

ulx,y)= If(x,y)dx +o(y), (31)

npnbin o(»)-0 y-hg Yuwhujwé wihwypn Inllghw t:
Jwyh wnGtiny, np u(x,y) Pnilyghwld whinp t pwyjwpwnh Gwt

%=g(x,y)

wwjdwGho, (31) hwywuvwpnipjwl we Jwul wédwhghlp puwn y-h™ L wpyniG-
op hwywuwnbgltlGp g(x,y) -h [28,p1].

:j%m%w(x,y):

Oqunybiny (23) wnlGsnipimGhg L ybpehl hwdwuwpmpynilp Ghpluuwglbing
o, do_
Jgd‘ + i g(x.y) (32)
Ywd np GnyQG t
g(x,y)-g(X.,y)+%= g(x.y)
wbupny® 4nGLGwip
do
- = (X.,y ) :
e g

dbnohG hwyjwuwpnipjwb Gpynt Ynndkple puwn y -h pGunbigptiing y, -hg
thGslk y uwhdwiGbpmd” YunwlwGp

o(y)= Ig(xn}’) dy+c, (¢, =const): (33)

*) Ruslh np bl nthnfudjwGh $mGighush hiunbgpnudp Yuxmaunbghlip puwn x iy - hustunbimd
husanuanni ), htnlaupun hiunbgpowl hunuannilp Yuwnnn t Ywhalwd |hoby ¥ Hg:

) 26Guplping nbupnud winsgdul grpdnnnipniG hixnbgpuah Gaulh udy inbnuahnbubym hpualngl
mGbGp:
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¢(») dnbhghwih hwiwp vinwgwd wpnwhwyinnupinGp nbinwnpbing (31)

hwjwuwpnipjwt Skp™ u(x,y) Inmblyghwh hwiwp ybpebuwhwluwbu Ynlh-
GwGp

u(y)= [fepis femndre (= cons): (34)

Upuuyhuny, _&ﬁpw/mb[m/, np G whpnyph impwipwilsimn Ybinned inbinh ni-

Oh (23) wnlsnpiniOp L wpwhwibelbiny, np Gpws npipnypntd (22) huwfwuwn-

Jwl dwfy dwup (hGh Oh npbt u(x,y) Pmlblyghuyh inhy nhdbpbilghw;’ wnw-
gquip wyn prulbyghuyp inbupp:

huyw

dbtipght pwlwdlny ipynn u(x,y) Pniblighwld hwjwuwpbglbiing Ywiw-

julwh ¢ hwunwnniGh b ¢ -c, nwpptpnepynuip GauGwlbing ¢ -nd, Juow-

GuwGp (phy nhdtpbGghwibbpny (22) nhdbptGghw) hwywuwpdwl pGrhwbng
Ln6dwl wnbupp.

Jrevis fsemd=c (- conmy: (35)

OnhGwy 7: Lmoby hbplyw; nhpbiptbghwy hwwuwpnidp’

2 2
i’_f‘h.*’y ‘31 dy=0.

@

Lacénud: Shuwplynn hwydwuwpnudp (moébpnt hwiwp YunwpbGp

2x P -3x?
== gy =2=
y y

3 9,
GrwlGwynidbhpp L hwybkip é L 5‘% Swulwyh wéwbgyw Ghpp [46,u14], {27.(7)]
[28.(9)].

RS ®
hGsubu inbulnud bOp, gwiljwgwd whpnypnud, npuntin ¥ -p hwywuwn st qrngp, (£)
GwulGwyh wéwbgwiGeph hwéwp wbnh niGh (23) wabsnipynilp: InLwpwn, guijw-
gwé whpnupncd, npunbn ¥ -phwywuwn st gpnh, (Q) hwywewndwG dwhu Swup Sh nplt
u(x,y) pniGyghuh iphy nhdbipbtghuwy t:
u(x,y) pnbyghwih wbupp unwlbwint hwiwp Guhu wwhwGokGp, np tibnh nelblw
u i
&y
hwiwuwpnipymp, nphg hbwnn wyn hwywuwpnippwb bpyne YnndbpG hGuinbigphilGp pun
x -h [35,3°,VI]
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2

x
u(X,)’)=F+¢(}’) ) )

wayh walbiny, np w(x,y) Iniblighwt wbwp t pwdwpwnh Gwk
Ou _y 23
S
wudwlhG, wyn pnuGlghwh (p) Ghpluwywgdwt huwdwnndng YnGEGwGp

dtpphl hwywuwpnipymbhg qunGbiny o(y) PnGyghwiG.

W)=~ +g
y

L wyl nbnunpbiny (p) hwywuwpnipjwt dbe” Yunwbwip

u(x,y)= J‘——l«u‘
s y y (c, = const):
Wuwghuny, (phd nhdtpthghw Gnpny (@) hwdwuwnouwt prhwinip (nénust nlh

x 1
?—;—c (c =const)

nbupp:

§52. Puwpdp Yupgh npdLptGghwi hwwuwpndGbp:
CGnhwGnip b dwuGwlh [nLénLdGEp: Ynphh puGqph (nL6dwb
gnintpjwlG L Shwynipjwl plinptidp: Pwpdp Jupgh ghdtpblghwi
hwwuwpnidGbp, npnGp pniy GG vnwihu Yuwpgh hokigni:

UGghbny pwndp Gwpqh nhdbptGghwy hwywuwpmibGbph mumdGwuh-
pripjwlp’ nhuwplytlp »-pn (n22) Ywpgh [50,u3] wjGwhuh nhdbiptlghuwy
hwywuwpneiGhip, npnbp (ndfwé 66 «wjwq wowbgyuihy Ghwndwip.

Y = [0,y (1)

UwhdwGnwd 1: bwwublp, np n -pn qupgf (1) phpbinboghuwy hwydwuwn-
Jwl hwiwp npdwé 66 uyqplwywl uuydwllGbn, bpb y(x)y Ppnilblhghuyp npny-
Jwl inppnyph Oh nplt x, Yinmd inpdwe 66 uyn pmlGyghuyh b Gpw JhGsh
(n~1) - Yupgp Gbpweywy prpnp wowigubbph wpdtipabipg.

W =% V=00 V9 =V y =™ 2

UwhdwGnd 2: wlwywhwl c,c,,...c, hwutnwinnmbGbphg yuwfufwd
Prullyghwbbph
¥ =@(X,6,,C;5-.,C. ) (3)
pOnwlhpp Ynsdmd t n -pp qupgh (1) nhdbipbibghuy hwywuwnpdwl plnhuw-
*) o(y) -p whhwyn PmGlghus t:
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anip pedmd, Gpl wiyG Gpdwo hwununnm 666ph uwduwywlpwG wpdbplbnh nby
prd pwdwpwnmd t wyin hwywuwpdwlp, pln npmd c,,c,,....c, hwunuwnng-
abpp uipbyh ¢ wibwbu pbnply, np (3) prcblghwl puwdwpwnh (1) hwdwuwp-
Jwl hwiwn npdwé (2) vhqplwlwl wuwdwlGEpha:

Uwhdwbnwd 3: »n - upgh (1) nhdbpblghwy hwywuwpdwl  inipuwpuwls-
Jmn (némd, nap unwgdnid b (3) pniblyghughg c,c,s....c, hwutnunniGGbph
npnpwiph wpdbplbnh nbwpmd, nsdmd £ uyn hwwuwpdwl Swulbulih (mémd:

UzbiGp, np hwiwhu (1) nhdbptilighw) hwwuwpdwb (nudnuip hlwpwynp gh
thGnud gplip y(x) Pmblghwsh Ghwwndwdp (néywés nbupny, hGsp Gwlwynd
t, np Gow0 ntiwptpnd  nhunwpyynn hwdwuwpiwl (nuénudp GhpYuspwgynid
wlpwgwhwyn nbupny.

WX, ¥,€,5€,5€,) = 0 @

Unwehl Yupgh nh3tinkiGghwi hwywuwpnuiGtph G0wGnpjwdp, 7 -pn Yup-
gh (1) nhdbipktghwi hwyjwuwpiwhi hwiwp Lu nbnh nldh Gpw (MLédwi gn-
nepjwlp b Shwynipjwlp yhpwpbpng ptinptd, npp GnyGwbu pbpndd Gip w-
nuwlg wwwgntigh:

Btnpbd 1: (umph) el n -pp Juwngh (1) nhPbpbiGghwy hunfwuwpdws by
Swubwlgnn Fix,y,y,...y" "] $mblghwl b Gpw dwulbuwlih wowlgyuyGnl pun
VoV ey Wn@mILGGEph wlplnhun 66 n+1 swipwlfp mwpwomppul oh

npld G puwg mppnypmd, wuyw Ywiuywlwl M (x,.y,,y.,....y) Ybinfr hwdwp,
npp wwalpwlnid ¢ Gp4wo inppnyphl, inpwd hwfwuwpm oG nGh (2) vige-
Owlwl wuydwGobphG pwiwpuwnnn 06l L dhuyl 06l jménid:

LatiGp Guwl, np (b » nn Gwpgh (1) nhdtipkiGghwi hwwuwpnidp, Gaw-
Gwynd £t Yw'd qunlby Gpw  pOnhwinup (nudnudp, Yw s by (Gpbk nhwnwpldnn
hwywuwpiwG hwiwp npdwé 66 uyqplwlwi wuydwhblp) qunGh wyn hw-
Juwuwpiwb npwé uyqpliwlwld wuydwhGbpht pwdwpwpnn dwulGwlp n-
amup:

Cwwn nhiypbipnd Gnp wihwjin $mbyghw GEpdnuétint 2Gnphhy hbwpw-
dnp t (hGmd n -pn Yupgh nhdtipbiGghwy hwywuwpnidp phipky wybih gwon
Ywpgh nhdbptGghw) hwywuwpdwi:

NhunwpyGp §h pwGh nhptipklGghw hwywuwnpnidGbp, npnbGp  pnyy GO
nwihu hwyjwuwpdwl Yupgh GowG hetignid:

1°. 9hgnip n -nn lwngh (n22) phPbnblghuy hufwuwnpndl mop

Y =fx) ®
wnbupp, nmnbn f(x) -0 nplit (a,b) dhowlpuyprud npnpyud wlplnhunn pmblghw b
Oqudtiiny
y(-) = [y('-l)]
pwlwdlhg [29,u1] L nhuvwpyynn hwjwuwpsiws tphne YnnobpG hiintigpbind
x,-hg 0hGsh x uwhiwGitpmd (a<x, <x<b) Gpw Ywnqp dkiyny Yhokigltlp
[35,(4)].
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yor= If(f)dl+c. : (6)
dwpdtiind Gny0 Ybpw® (6) hwywuwpnipyniihg YunwGwip

y("“ = j [If(f)dt:ldu+c,(x—xo)+ A (Cz =C0nSI):

Cwpnibwlbiny hwenpnwpwn hGuntigpbp uinwgynn hwywuwpnpinGa-
ph tiplnt Ynndbpp h Ybpen YanGliGp (5) nhdtintiGghw| hwywuwpswG phnhw-
Gnip pudnedp.

y=].{]f(,yt]...dz+c,(7’5j_;).);+
(x-x)”

+C,W+"‘ +C,.(X ‘X.)** c, (c,=const, i=12,.,m): 7
OphGuiy 1: Lnioti hbwlywy nhdbipkGghwi hwywuswpnudp

Yy =cosx:
Lawdnud: Gpynt hwenpnwlwG hGubgpnuiGeph wpnyntGpned YniGbOwip [35,8°,9°]

,_ s
y'= Ioostdz—smx-qrc‘ (¢, = const),
.

y= Isintdt+c,x+c, =-cosx+cx+¢,
14

(c, =const):

Upuwghuny, nhinwpyydnn hwjwuwpdwG pnhwlmp nuénudl nGh

Y=—COSX+CX+C, (¢c,,c, = const)
wnbupp:
2. EGpwnplip n -pn (n22) Yupgh nppbptibghwy hunfwuwpmdG map
FAxy,y" .., y"]=0 8

wbupp, wuplpl® bopwnpbiGp wyl pwowhwn dbny sh wwpnGwlymd npnlbh
Hx) pmullyghw:
Shuwpiynn nhdpbiptiGghwy hwywuwpdwl Ywpagb hebglbint Gwwuwnwyny
Ywwwpkbp
Y'(x) =z(x) )
Owlwyneip:
n—1 wiquwd hwenppwpwp wéwlgbiny™ (9) hwywuwpnipynibhg Yuinw-
GuGp
y(x)=2(x). y(x)=2'(x) . ... YO (x) = 2"(x): (9)
(9) L (9°) hwywuwpmpnGotph hwadwnenuing » -pn Ywnpgh (8) nhdbinbi-
ghuwg hwjuwuwpmdp Ypbpblp Gnp wiGhwpn $nillyghwsh Ghwndwdp (n-1)-nn
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qilntu X
Yupgh nhdtiptbghw hwjwuwpiw.

Mx,2,7,..,2""]=0: {89

Lnustiny (8°) hwywuwpmdp” YunwGuwlp = -h (wyjuhlGpl y'(x)-h) Yufunuip
x-hg b n-1 Ywiuwywhwl huutnwinniGabphg.

2(x) = yY'(x) = @(X,€,,Cp5005C, ) {9)

Thuwplignn nhdbptlGghw) hwjwuwpdwl plnhwnip (nonudp quGhint
hwiwp d6nud £ méby wnwpehb Yupgh (8) nhdbtpkGghw) hwywuwnnudp.

y= J}p(x,c,,c,,...,c,,)dnc, (e, = cons?): (10)
OphGwl; 2: Lok hbwnbywg nhdbiptGghw) hwwuwpnudp
ALY
&' dx

Lawédnud: Gwinwpbiny (9) GawGwinuip” wnpduwid hwjwuwpnidhg YunwlwGp Gnp
wlhwyn dniblghuyh GYuwindwip wewphG Ywpgh

&z
X—=2Z
dx
Ywd np GnyGo &

& _&
2z x

nhdtpbGghuil hwiwuwpnidp:

Lowdbyny unnwgiwé wlpwwnywé thnthnfuwlwiGbpny hwwuwpnudp” YmGEGwop
[50,u7], [35.4°]

Z=Cx (c, =const) :

Spywd nhpbpbbghwy hwjwuwptwG pGnhwinip (niénmdp qunGint hundwp 86nd t
(9) Gwlwtwl oqlnpjwip Ybpwnwnbuwy y(x) wGhwmn InibyghwihG L (nidty wewehl
hwngh

nhdbnbGghw) hwiwuwnnidp.
<, )
y=e¢x'+¢, C\=7,C,=corm :

3. Udd bGpwnpbiGp n -nn (n22) Yupeh nhpbpbGghwy huwywuwpndl

mh

FILYsY sy ]=0 (1)
wnbupp, wuhGpG® topwnpliGp wyl pwgwhwpn dbny sh wwpmGwlymd x wl-
Yuwfu pmpnfuwlpulp:

Yhwnwplunn nhdtintGghw hwywuwnpdws YwpgG hetighbint Guwunwyny
y-n hwiwpblp wilwh hnpnfuwlws, y'(x)-p° npnGhigh pniGyghw L Gnphg
wjl Grwlwlyklp z-ny, uwhw)G pGGwplynn nbwpnud z-p hwiwpblp $nlly-
ghw ng pb x -hg, wyl” ¥ -hg.
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Y (x)=z(y): (12)
Jwenpnwpwp woéwlghing’ (12) hwywuwpnipyniGhg Yunwlwip [28,(15)]
g g & b &

e _dg o) d@z) & (&) &
G s Z”H;)”?ﬁ]’ (12)
- d d'z d"'z)
y = z) > bbbt ] :

& B

(12) L (12°) hwywuwpmpimGGtph hwadwnnudny » -pa Guwpgh (11) nhdb-
nkGghw) hwyjwuwpnudp Yptpkbp Gnp wlGhwyn $nibyghwh GYuwndwdp (n-1)-
nn bwpgh nhdbpboghw| hwjwuwpiws.

Fy,z,7,...,25"]=0: (1)

Lmétiny (117) hwjwuwpmdp’ Yuunwbwhp z -h (wjuhlpt y'(x) -h) Yustunidp
yhe b n-1 uiwpwlwt hwunwwnniGibphg.

200 =2 Y6ty (13)

Ahuinwpyynn nhdbpbaghwy hwywuwpiwlb pGohwbnip nuénudp qunbbnt
hwdwp 0Gmd £ (neél) wewehl Ywpgh (wopwwngnn thmhnhuwlwGGepny) (13)
nhdbptGghw; hwywuwpnidp:

OphGwYy 3: Lniot hbownlyw) nhdbpbGghw; hwdwuwpnudp'

O -2p"=0:

Lniéned: Rwih np nhinwplynn hwyjwuwnpnuip pwgwhwjn duny wGlwiue thnthn-
fuulws sh wwpnGwyned, nwinh wyn hwdwuwpdwi Yungs hebglhint hwdwp Ywpnn
LGp oqunyby (12) Gawlwlynidhg: UpnymGpnud” wlhwjpn $niblighw)h bplypnpn wpgh w-
Swigyuith hwiwp YnGEGwGp.

) é.
Yere (w)

d

¥ L y* wowlguGbph (12) L (w) wpnwhwpunnpynGGlipp bnuinpbing npdws
hwjwuwpdwG oty Junwbwlp Gnp whhwpin $nblghugh Ghwwndwdp wowehG Ywpgh

dz
z(z-2y—)=0
& ()
hwywuwpmop:
Lmétny (p) hwywuwpmudp” YniGhlwbp
r=cy .

npinbnhg’ hbaunipywdp Yuunwbwlp nhuiwpiynn hwjwuwpdwh puéntdp

2
y=(cx+c) (c,,c, =const):
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qLnthu X
4°. dbppomd npunwnlbbp Gwb

y™ = flx,y"] 21 (14)
nphpbnblghwy hwywuwpnidp:
TYhuwplynn hwywuwnpnidp (nustint hwdwnp GJuunwpbop
Y =2(x) (15)
G2wlwlynedp, (mudklp wpwéd hwdwuwpnidhg unnwgqwsd

£ - f2) (16)

nhdytintGghw| hwywuwpnidp, (16) hwjwuwpdwh (nénip wbnwnpblp (15)
hwyjwuwpnipjwb dtg L 1° Ybwnned awpwnpywé bnwiliwyny niékGp » -pi Yungh
{15) nh¥bipklGghw| hwywuwpnidp:

OphGuwy 4: Lnudty hbnbjwy nhdbpbGghwy hwlwuwpndp

-_y_.: .
Y- ()
Lawdmd: Ywuinwpbiny
¥ =z(x) {n)
Gwlwynudp b grudkiiny uinwgywsd
&_z_ b)
dx x (

qowyhG nhdbiptGghw) hwywuwpnudp [51,u3] yniGbGwGp
2xy=x'+cx (¢, =const):

UpGnihbuinlzpnbyghwh hwidum unugwé wpnwhwjnnipntGp whnuinpbiny (n) hw-
Jwuwpnipjwl G69.

Y =x'+cx, (@

L (ndbiny (@) nhdbpblghuy hwdwuwnnudp” YounltiGp wpywé hwywuwndwl pOnh-
Gnup (nubmedp.

4 [
}’=;—2+clx’ +ex+¢, (Cx =‘Z°‘,C;-C, =f-‘0"5‘)1

§53. bpypnpn Ywpgh qbéwjhG hwdwubn nhdlptlghwi
hwywuwnpniiGipp |nénudbbhph hwwlnipjniGGhpp: dnibhghwhbph
Qéwjhl Hwhujwoénip)nilp L wGiwhnipynilp: dpnGulnt npnzhsp:
dniGyghwGbph qéwjhl Ywjujwénipjwl whhpwdbn wwjdwp:

UGgGtny Gpypnpn Yupgh nhdbpblghw) hwywuwpnidGbph neunedluwuh-
nnpjwlp’ hhptiglbGp, np pGnhwinp nhwpnd wyn hwywuwpntdGhpt nlGko

F(x,y,y,y)=0 ()
nbupp:

UwhdwGmd 1: (a,b) dhowlhuypntd ohGsk bpynnpn wpgep Ghpwnwy w-
OpGnhunn wowlguybtin mobgnn o(x) pmllhghwl Ynsyymd t bplhpnpn Yuwpgh
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(1) nhdlipblghwy hujwuwndwl (nénmid, bpb uyl wohwin pniGlhghuyp Ppn-
fuwpbG (1) hujwuwndwl dbp inbnunnbin® Jbpohlht, npdwd showlwpnt s
Ybpwomd ¢ Gnylmpywl.
Flx.0(0,0(0),0°(0]=0,  xe(a,b): (1)
Iwwncy hbunwppppnipinth 56 Ghpjwjwglntd wyld wwjdwGGlpp, npnGp
{1) nhdbipklghwy hwjwuwpdwi hwiowp wwwhndnud 56 Shwly némd: Ungn-
nwpwp wyn wuwdwebbpp plipdnid GG
&)=y, Y(x)=y, (a<x,<b) ()
nbupny L Yngymd G uyqpiwlwt wwjdwhGhp:
Qunlbg (1) nhdtiptGghwy hwywuwnpdiwh wyl ndnudp, npp pwywpwpod t
(2) uyqplwlhwl wuydwbabpho, Gwiwymo b w)n hwjwuwpdwt hwdwp ok

Unzhp fulinhp:
Gplinnpn Yuwpgh nhdbtpkGghwy hwywuwpnidGeph nwunudGwuhpnipyniOp
ulutibp Gpyprpn Gupgh qdéwih(t hwiwutn nh$bpklGghw) hwjwuwpnidtbph

nhwwnynidny:

Uwhidwlnid 2: (7) hwiwuwnpnedp §nsyned E Eplypnpn quwpgh qoughl nhpt-
nbGghwy hwywuwnnd, bpb wyl Qéuyhl t whhuywn pnbhghuyh b Gpw woéwlbg-
JuyGbph Glhunndwdp:

Swiwduyb phipdwé uwhdwbdwl™ pnhwlnp nbwypmd bpypnpn Gwnpgh
qéuyhl nhdpbinbGghwy hwywuwpnidG nuh

Y+ p(x)y +q(x)y = f(x) (3
wbupp, npinbn p(x) -p, g(x)-p L f(x)-p nplt (a,6) Shewlwypnid npnaywo
wGpGnhunn PniGhghwlbp 66 (Yud b hwuwnwnniGlbp):

UwhiswGnil 3: Epypnpn Gwngh (3) nhpbipbbghwy hwwmundwl vkp dwu-
Gulignn f(x) dntblhghwl nsygmd ¢ wyn hudwowndwl wy dwu:

Gpti f(x) Pmlblhyghwl GnyGwpwn hwdwuwn st qpmyh, www (3) hujwuw-
nmdp ynsgmd b Bpypnpn Yuipgh Qouyhls wihwiwubn nhpbpbbghuwy hunfw-
vuwpm, puly Epb f(x) =0, www Gafwd hwywuwpmds pOnmbmd ¢

Y +p(x)y +q(x)y=0 (4)
wbupp L Yngdmd ¢ bplpnpn uingf qouyhG hudwubin nhpbpblghuwy hwywuw-
nny:

Ujdd 6wlnpwlwbp tpypnpn Jwpah qéwihG hwdwutin nhytinkGghwy hw-
dwuwpniGliph (nuénuiGhph hwnynenlGatphG:

gunptd 1: Ep& y,(x) ¢ L y,(x) -p &Gpgpnpn quwngh qduyps hwiwubin (4)
nhdbpbiGghuy hunjwuwndwl Swulwlh (némdGbn &6, wuyw Gnuilg qnidwpp
Gnuywbu Gpgwd hujwuwnpdws (niomd £

Uwwgniyg: Bbnptiil wuwwgnigbine hwiwnp Ghpwnplilip (a,b) Showlw-
prud npgywé y(x) b y,(x) dmbyghwltipp (4) nhptipbhghw| hwwuwnpdws

Swulbwlh (néniGhp GG, wyuhlph Gopwnpblp Gzdwé Showlw)pnid wknh ni-
GGG

yi+ p(x)y, +q(x)y, =0, (5)
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Y+ P(x)y; +q(x)y, =0: (6)
GnyyGnepyniGOtipp:
Shunwplyynn hwywuwpdwh dke y -h hinhuwpbb nbnunpbing y, +y, b Glw-
wh nbbGuyny (5) L (6) GnyGnpymGOtipp’ YuwnwGwip [28,(1)]
G+ 2. ) + P, +y,) +q(xXy, + ) =
=+ py + g+ b+ p)y +a@n)=0  xe(ab), )
hasp Grwlwymd t, np (4) nhdbiptlghw hwywuwpdwh y,(x) L y,(x) Jwulw-
Uh (noniGEph gnudwpp GnejGubiv win hwywuwndwG gmond t:
Puyw
Btnpbd 2: Eps y(x) -p Gpypnpn Gungp @dwihl hwiwubn (4) nhpbpbo-
ghwy hwiwuwpowl nplt Swubwlh (ol ¢, wupw cy,(x) p, npnbin ¢ -G ju-
Jupwlhwl hwowrnwnmG ¢, Gnybwbu win hwfwowndwl (momd ¢
Uwwgniyg: Ohgnip (a,6) dhowlwipnid npnadwé y,(x) $mGlghwa (4) nh-
dLptibghwy hwywuwpiwl Swubwyh nuémd t, wyuhlpl (¢,4) Showluwypntd
wnbnh ntGh (5) GnuyGnepynilp:
Shuwplydnn hwjwuwpdwh dbg y -h phnfuwpblG nbnunpbingd cy, L G4w-
wnh nilGtGwiny (5) GnylGmpyniGp” YnuGbGwhGp [28.(9))
(ey) + px)ey) +q(xXey) =cDf+ p(x)y| +9(x)y,]=0, xe(a,b), ®)
hGsp Gawlwymd t, np (4) nhdbpblghw| hunwuwpdwl y,(x) GwuGwyh (md-

dwl L YuwiwpwijwG ¢ hwunwwnnGh wponwnpuip Gnybwbu wn hwdwuwn-
OwG pméma t:

Puyw
UGgGb)nyY qonpbl Ywhywy L qénpbl wGlwiu $nibGlghwlbiph hbin Swln-
pwlwmb’ ptiptGp htinlyw} vwhiwGnLdGhpp.

Uwhdwlnd 4: y(x) L y,(x) $mblyghwlbpp §nsymd G qonnbl Yuwfuywy

[a,b) dhowlwpmd, bpt grymipim G mbh wilypuft ¢ hwutnunnnil, np inpywd
dnullyghwbiph pwlnpnp Gpgwd Showlwipntd hunjwuwn t wyn hwuwnwnnt-
apa.

X
f‘x%” bw=0.0]  xela: ©)
VwhdwGmd 5: y(x) & y,(x) dmblyghwlbnp Gnsymd 66 génpbl wllpufy
(a,b] Showlwpmd, bl qnnipyml sneGh hunnnunnml, np inpdws pniGlghu-
Gbph pwlnpnp Gxwo dhowlwipmd hwywuwn (hGh wyn hwurnunmGhi:
Uyt funupny, y(x) b y,(x) Pmllhyghwbbpp Ynsdnid kG @dnpbl wilwfu [a,b)
dpowlywypmd, bpb npdwé pmllyghwibph pwlnpnp Gpdws dhpwluypmd
hwdwuwn st hwununnnt G
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PACII :
v,(x) (c=const) x€la,b]: (10)
OphGwy 1: Yhunwpyblp Gpypnpn Yupgh qéwjhlG hwiwube
y'-4y=0

hwywuwpnedp:
Ywpnn bGp widhowlws winwnpnuing hwinqyt(, np
y(x)=5¢", y(x)=e", px)=e™
ImbyghwGbpp wpdwd hujwuwnpdwl dwuliwlh puenudbbp BG:
2wih np guljuguwd Showlwipntd inbnh nibbl

Se* e*
——=5=const, ——=e"zconst
e €

wolsnipymGGtpp” hivnlaupwn, hwiwdwit ptpdwd vwhdwinudGhph, gwiwgwd Show-
Jujpnid nhimwupiynn ahdbnpbGghwy hwiwuwpdwt y(x) L y,(x) |néndGhpp qénpko
Gwhujwy &G, huly y,(x) b y,(x) 1MONLGGEPD” gdnpbG wllwiu:

LjwinkGp, np pGnhwinip nbwpenid Gpyne pnilyghwblp nput Showlwy-
pnud Ywipnn GG (hGGi qonpbl Gwhywi, huly 0GY wy Showljwpnid’ qdnpbl wi-
Yutu:

6nhl’nul; 2: YhuwplisGp hbunlyw $mbGyghwGbpp’
-3, bpp x€(—0,0),
yl(x) = x’ . y’(x) = 4‘4= {x:, bm‘ XE[O;M):

djup st hwdnqybl, np (0;1) shpwlusipnid nhuinwnlyng dnbyghwibbing qonpbG Yuw-
tupug G, huy (-1:1) Shewluwipnus™ qonpbl wilpwhu:
UwhdwGmd 6: tpypnpn Yupgh

(x) ¥y, (x
(x) yi(x
PruGyghnbwy npnzhsp, npintin y,(x) o b y,(x) -p nplik (¢,6) Shewlwipmd npny-

Jwé woéwhghih pnllghwibp GG, Yngymd t wyn Ineblghwlbph dpnGulyne npn-
2hs Yuwd YpnGulbwi L Grwlwignd t W (x) -ny Ywd W(y,y,)-nd.

N I ACIBAC
W(x)=W(y,y,)= Jx) },,(x;’; (11)
Ophlurly 3: by wipnng puwihG wowbgeh dnw npngwd y, =x L y, =" IMOY-

ghwitiph gnnGulhuGp:
Loadned: Iwdwdw)G dpnbulhwih vwhowlows niGbGp [27.(7)). (2,u13]

W(x,x’)-l'; ;J: 1

Munqymd t° wnbnh mOh hbunbjw) Yuwplnp pbinpbidp.
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Bunphd 3: (Epymt prGyghwlbnh qéuht Jwfudwomprwl whhpwdbyin
wuydwan):
6pt y,(x) L y,(x) wowlgbih prillyghwibnp @énpbl fwiupyy 66 (a,b) dp-
swlhwpnd, www win $mbyghwlbnh Ypnbulpwip Grws dhowlwpmd Gny-
Guwpwn hunjwuwn £ gpyh:
Uwpwgnyg: thgnip y,(x) L y,(x) Imbyghwibipp qdnnkG Ywhwy GG [a,5]
thewlwjpnid:
Jwiwdw)l vwhiwGiwa, Yunwpywsd GGpwnpnipymGp Gawlwynid £, ap
qanepynth nulGh wyGwhuh ¢ hwutwnndG, np npwé Showluwgpned wntinh niGh
yi(x)scy(x) (12)
GnyyGmpyniip:
Udwhgbiny (12) GntjGnipjwl Gpynt Ynndbkipp” Yuunwbwbp, np Gwo dhow-
Ywipmd wnbinh niGh Gwbl
Yi(x)y=cy(x) (12)
GnyyGnipyniGp:
dbnghG Gpyne GnyGnepynlGGEph 2Gnphhy (a,6) Shpwlwyph JnLpwpwlgmp

Yybwnud y(x) L y,(x) dmGyghwhbph Ypnbuypwlh hwidwp YnGtGwhp [2,7°

y,(x) y,(x;l y,(x) cy.(xj
yi(x) yix) pix) oix

W(y,.y)=

huyw

binbwhp 1: Epb y,(x) L y,(x) Pmlhyghwibph dpnlulpwlp (a,b) dhow-

Yuyph nplt Y d iwppbn t qpmihg, wuww wyn Pnublyghwlbpn qonpbl wi-
qufu b0 Gpdwo dhowluypmd:

Uwwgni)g: Ibinbwlpl wuwgnighlp hwijwunn pGnnGbmpyul tnwiw-

yny:

Thgnip ¥,(x) L y,(x) $nGlghwGtiph YnnGulhwlp (a,b) Showluwph nplt
Ybwnd vuwppbip t qpnjhg b win dnbyghwbtipp qénnbG Ywhujwy 66 GoYwd
dhowljwypnia:

JwidwdwyG Gujunpn ptinptdh, Ywnwpyweé tGpwnpnipjws Lipypopn dw-
uhg hbinbnud t, np nhrwplynn Pmbyghwlbiph Ypnbuljpwlp (a,b) Ghewlwy-
pnud  Gnejlwpwp hwdwuwp t qpngh:

Unwgywé hwywunipyniGhg htinbnid t, np GGpwnpnipyniGG wyl GwuhG,
np npwé Pnlyghwlbinl (a,b) dhewlwpmd qénpkl Yuwhyw) b6, ufuwy b

Upuhuny, windwl wwjdwGh wbnh nbGeGwim nbwpnid, y(x) L y,(x)

3InlGyghwhbpp qonpb0 wGlwlu GG (g,6) Ghpwluypnii:
hww
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§54. Gpupnpn Qupgh QéwhG hwdwubtn nhdbpbGghwy
hwywuwpdwG nténLiGhiph qonpbl wlywh (hGaim wwjdwGp:

Gpynnpn Yupgh qéwjhG hwiwubn nhdtiptGghw hwywuwpdwh
plinhwintp (médwlG Ywenigwdépp:

UpyhG nhinwpyblp Gpypnpn Ywpgh qoéuyhG hwiwubn
Y+ p(x)y +q(x)y=0 (1)
nhdtiptGghwy hwywuwpnidp, npunbin p(x) -p L g(x) -p nplt (a,b6) dhpwyuy-
pnud npngwd whpbnhww $niliyghwbbn G0 (Gwd™ hwuwnwnnGitip):
Shuwpldnn nhdbipbGghw) hwywuwpdwh (péntdbhph hwinympniGak-
ph ntuntiGuuhpnipnilp 2wpnibGwybine hwdwp Gwhu hwingybGp hbnbyw bp-
ym wlnnudGhph G20wpnwghnipjwt g’

Bnpbd 1: y,(x) =0 pmblyghwl Ephypnpn wpgh qouyhG hwdwubn (1) np-

dbpblGghuy hwywuwndwi
y(x)=y(x)=0 (a<x,<b) 2
ulyqriwlwl wuyowbobpho pwywpwann dhwly (momdo t:

Uwwgnuyg: BEnpbil wwywgnigbjnt hwiwp Lbpwnnblp x,-G (a,b) Ghow-
Yuyph nplt Yhwn t, huly y,(x)p (1) hwjwuwndws (2) uyqpbwlwl wwiwGat-
phG pwjwpwpnn nplt dwuGuwyp (pednd;

Rwbh np y,(x)=0 dnGlghwld wlbhwpnnpbl Gniiytu (1) hwdwuwpdwG
Gywé ulqpludpul wuydwGGtphG pwywpwpnn (nuéntd t, hbnluupwp, hwiw-
Swyl » -pn Yupgh (n22) nhdtptiGghw) hwdwuwpdws pméswh gnynepjuwlp b
Shwynipjulp Ybpwpbpnn pbnptdh [52,p1], y,(x) L y(x) tnondGlpp hw-

UpGYGnid GG (a,b) Ghowlwpnid, hGsp Gawlwlyntd t, np y,(x) =0 ImbGyghw(
(1) nhdbiptGghwy hwywuwniwb (2) ulqpGulhuwlt wWuwybwsitphG pudwpwpnn
thwy (moémoG L
huyw

BGnpkd 2: Epb Lpypnpn lpwngp qouyhls hwdwube (1) nhPbpblghuwy hw-
Yuwwpdwl y(x) (mémdp (a,b) Showluwypht wunlwlnn nplt {a,B) hwnyw-
omd Gnybwpwn hwiwuwn t gumh, wuw wyl Gnybwpewn hwywuwn ¢ qonyh
Guwds (a,b) dfroudpuipmd:

Uupugniig: Yhgnip (1) hwywuwndwl y(x) tmémdp (a,b) Showlw)phG
upunlwing npld [o,p] hwuwond GnyGwpwp hwdwuwn t qpngh:

Uwwgnigtpnt hwdwp, np wyb GnyGwpwn hwywuwp t qpngh Gwb (a,b)
dhowlunpmud, (a,B) Shewlwipntd pGunpkGp npld x, wndbip:

Rwih np punn wuybwhh y(x) Pnilyghwl OnGwpwp hwywuwnp t qpnjh
[a.B] hwinjuwénid, hbunluspwp ntinh nGbo
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y(x)=y(x)=0
hwywuwpnpymGGtpp® [27,p3]:
Upniu Ynndhg, pwGh np (1) nhdbpblghw| hwjwuwplwb y,(x) (nténudp
(a,b) Ghowluwph nplk Ghwnnd pwgupwpnid | (2) uyqplwlwl wuw)dwhGhph,

htunbwpwp, hwiwdw)s Guiunpn pbnptidh, wjt GYwoé Shewlwypntd hwiply-
Onud t wyn hwdwuwpdwG Gnybwpwp gpagh hwdwuwp (needwh hbwn.

»(@)=0, xe(ab):

hupw
Ujdd wwwgnighlp htinbyw pinphdp’
Banpbtd 3: Epb bpypnpn qwnpgh qéughli hwiwuba (1) nhpbpbibGghwy hw-

Yuwuwupdwl y(x) & y,(x) dwulwlp imomdGbph ypnlulfpwlp (a,b) dhowlwy-
oh oh nplt x, Ybuinmd wnwppbn t qpnghg, wuw uyl wdpnng (a,b) dhowlwpmd
twppbn t qpnghg:

Uwwgniyg: thgnip (¢,b) Shewlhuypnid npnaqwé y,(x) L y,(x) pmOy-

ghwbpp (1) nhdbpkGghw hwywuwpiwl Swubwyh pnénudlbp 60, hGp Gaw-
Gwlnid £, np Godwéd Shpw(wypnid nbnh MGk

i+ p(x)y, +q(x)y, =0, ()
Vi + p(x)y, +q(x)y, =0 (4)

hwywuwpnipyntGGbpp [53,u1]:
Unnwgyws hwywuwpnipintGGliphg wnwehGh papnp wlnwdGbpp puqiw-

wwaytind y,(x) -nyd, puy tpipnpnh winwaGtipp” y(x)-nyY, Yurnwbwip

.+ KXYy, +q(x)yy, =0, (3)
Y+ p(x)Yy, +q(x)y,y, =0: @)

dbtpohG hwiwuwpnipnilGhg winwd wn winud hwibing Gwlunpnp™ Ynt-
OLGwGp
G-y + PO, -y, =0: (5
Ljwuwnbiny, np (5) hwywuwpnipjwl bpypnpn qwlgstph Ghpuntd gp-
qué b y(x) L y,(x) Pnlyghwlbinh dpnGulhwlp [53,u6], huy wnweht thw-
Lwqobph GGpumd’ Gpw woéwlgywip, Ywpnn Gop win hwwuwpnpymOp Gbp-
Quwjwglby
W'(x)+ p(x)(x)=0 (6)
wnbiupny™:
Loustiing whpwundnn thmbnfuwlwGatipny (6) nhdtptbghwy hwywuwpnt-
dp’ JuunwGwGp [50,u8], [35,4°]

+) MGbGp [28.(1).(2)]
W) =3, - 2y =¥+ vV = Yy = vy =yY. =~y
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o
Wix)=c-e i
LatiGp, np bplypnpn Ywpgh qowshl hwdwubn (1) nhdbptGghwy hwiywuwp-
fwld y(x) L y,(x) Gwubwyh méniGtph Ypnbulhwbh hwiwp unwgwsd (7)
pwGwaébp Ynsgmd £ Lhnudhph pwlwdls
Lhnudhih pwlwdlbinid pGamGbind x=x,, YniGbGwlp

c=W(x,):

¢ hwuwnwwnibh wpdtipp wbnunpbiny (7) pwlwdldy dbe’ Guunmwbwhp (6)
hwywuwniwl wjl dwubwlp (nténudp, npp pwdwpwpmd t

W(x),, =W(x,)

. x,€(a,b), xe(a,b) (c=const): (7)

uljqpGwlwl wuyswha.

Ip(x)& . 7’
Wx)=W(x)e> 7)
Liwwh nbbGwiny pbaptich wwowip [W(x,)aeo] L hwzyh wnGkiny, np
gmgswih0 $niblyghwh pbGnmibned b Shwil apwlwG wpdtpGbp, (7°) pwiwdlhg
YuinwGwip, np wipnng (a,b) Shpwlwipmo (1) hwjwuwpdws y, L y, dJwulw-

yh iménuiGeph YpnbGuyhwlbp trwpplip t qnnjhg:
hwuw

IbnbwGp 1: Epl bGphypnpn Lqupgh Qouypl hwdwube (1) nhpbnblghuy
hwwowndwl y(x) L y(x) dwubuwlp 1mondGbph dpnGulpwip (a,b) dhour
Guyph nplt x, Ybinmd hudwuwn ¢ qrgp, www wyl GoyGuwpwn hwdwawp ¢
qnih wyn dhewlaypntd:

Uwwignijg: Gopwnptind, np (1) nhdtiniGghw)| hwwuwpdwb y,(x) L y,(x)
dwulwyh (nudnuiGbph YpnGuljhwlp (o,b) Shpwluwyph Sh nplt x, Ybinmd hus-
Juuwp t gpnjh.

Wy )y =W (x)=0

L Lhawdhyh pwOwdlmd pligmGhind x=x,, YnGbGwip
c=W(x,)=0:
¢ hwutnwuninGh hwdwp vnwgwsd wpdtipp nbnwnpting (7) pwGwdth oty
JuunwGwip
W(x)=0, xe(ab):
hupw
Ujdd inbuGtiGp, pb hGsuwhuh wwydwhiGhph hpwiwlwgiwh nbwpmd (1) nh-
PtpbGohwy hwjwuwpiws y,(x) L y,(x) dwubwyh |nMéndGbpp YhGLG qon-

kG wGlwlu (a,b) dhepwlwpni:
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Rtnptd 4: NAnwbugh Gpipnpn wpgh Qowiht hwlwubn (1) nhPbpbaghuy
huwwowndwl y(x)y L y,(x) dwuGwlhph (mionidGhpp (hGEG qénpblG wilwfy
(a,b) dhowlpwpmd, wohpwdbipn ¢ L pwiwnwn, np wyn (néntdGbph Jpnu-
bhuwilp npdwo dhpwluypmd wnwppbp (hoh qpnipg:

Uwgugnijg: UGhpwdbpinnmpynts: Quuibpuwé wwydwbh wihpwdbuing-
JiG0 wupugnighiip hwwunn pGnntGhipnepyws Bnuwbwyny:

Thgnip (1) nhptipklghw) hwdwuwpiwt y(x) b y,(x) Swubwyh (nbnud-
Gbpp qonphl wllwiu GO (a,6) Ghewlwipnud:

Jwingybin hwdwp, np Gdwé (peomidGtph YpnbGuhhwlp inpwd Ghow-
Yuypnud tnwpplip t qpnjhg, GGopwnpliGp hwhwawyp, wjuhOph LGpunptlp (a,5)
Shpwywypnid qnynipymG mbh wylwhuh x, Yhwn, np wn hnnd apnhhuwg
ypnGulihwlp hwdwuwp t qpngh: Un nbwpnid, hwdwdwyl htitnbuGp 1-h, Yu-
nwlwhp, np wyb Gnylwpwp hwdwuwp t qpnih nhunwpliynn Shewlwjpnid.

yY,-vy,=0, xe(ab): (8

Uydd pGGwpytGp hbnlywy hbwpunfnp ntiwptpp’

1) y(x) dnbGyghwl GnijGwpwn hwywuwp t qpngh (a,b) Showlwjpntd:

Rwbh np, hwiwdw)o GGpunpnpjwb, nhuvwnplynn hwjwuwpdwb y(x) b

¥,(x) moéndlbipp gonplil woywiu 66 wnpdwé Showlwypnd, hbnbwpwn pl-
Guplynn nbwpp sh Ywpnn hpwiwlwlw [53,u5):

2) y,(x) pnbyghwG Gnuybwpwp hwdwuwn bt qpngh Sh nplt Shewlwipnd,
npG pGhwd t (a,b) Showywyph Gby:

wdwduyG pbnpbd 2-h, pGGwplynn nbwpp Gnijbwbu pwgwnymad t:

3) y.(x) ImOLyghwh (a,6) Shpwluyph ng Gh Yhwnd qpn sh nunGned:

Nhunwpliynn nbiwpnid (8) GniylnipnGhg YuunwbwGp [28,(12)]

Y-V o

3
Lwd np GnyGa £

’

(i)

GnuyGnipyniGp, npntinhg htiwnlinud t [33,p1], np Gzqwé dhewlwpnid y(x) L
Y,(x) Pniblyghwlbipp Yuuyws b6

LN

Y
wnlgnpjwdp, hGsp hwlwunid t win $niGlyghwbbph qéwihG whlywiunipjwl
Jwuh0 wpwé GGpwnpnLpjwp:

(c = const) 9
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Uuwhuny, pGGwplynn nbwpG by sh Ywpnn hpuywluuw:

4) (a,b) Shopwluwjpnid gnjnpyntd mOGG dEYnluwgywéd Yhinkip [18,u19),
npntin (1) hwdwuwpdwG y,(x) moénmdp hwdwuwn t qpngh:

Muwpqnipjwl hwiwnp LGpwnnbhp, rn (a,b) Showlwiph shuyl x, Yhwnmad t
y(x) pnillyghwG plGnnilnid qpn wpdbpp:

Oqutiiny 3) nbwpnid phipdwé nuunnnnipntGGbphg” YuinwlGwap, np (a,x,)
L (x,b) dhpwluwyptiphg ynipwpwlsinipmd (1) nhdbpblGghw) hwywuwpdws
y(x) L y,(x) (momdGlpp Shojwlg hbwn juwdws GO

»,=¢y,  (c=const) (99
wnlsnipywdp:

Ujamhtinl Ghipdnuétyiny

y=y,-cy (10)
dnulhghwi L hwaih webting, np y,(x)-p b y,(x) -p (1) nhdtiptiGghw( hwyw-
uwplwl dwulwlh (nontdbbp 66, bqpulwglinud GGp, np y(x) -p Gnejliwbu
wjn hwjwuwpiwG neonud t [53,p1,p2]:

Ujnwu Ynniohg' (8°) wnGsnipyniGhg htinlinid £, np (1) ghdbipbGghwy hwijw-
uwndw@ (10) tnuonudp (a,x,), (x,,0) Ghewlwjptphg nupwpwbsinipnud Gnijlw-
pwp hwywuwp t qpngh, npuntinhg t, hwiwdw;l phnpbd 2-h, hGwnlnud £, np wjG
GniOwpwn hwyjwuwnp t qpngh Gwb (a,6) Showlwjpnid:

Wjuwghund, (a,b) Shpwlhwyph painp Ywnbpnid wknh mGh (9°) hwywuwpnt-
pymiGp, hisp hwljwuned b wyn dhowlwipnid y,(x) L y,(x) $miyghwlbph qéw-

JhG woywhunipjwbp Ytipwptkpnn tGpwnpnepjulp:
Udthnptiny phipdwé plGwplynudGtiph wpnynGplipp” Bqpuijwglndd Ghp, np

W(x,)=0, x, e(ab)

tGpwnpnipinilp pninp hGwpwynp nbiwpbpmyd hwGgliglnud t hwiwunipjw(:

Jtunbuwpwp, bpb (1) nhdbiptighw) bwjwuwpdwb y(x) L y,(x) Ménd-
Gtpp qonpb0 whlwiu G0 (a,b) Ghewlwipnid, wwjw wyn $nblghwitph Ypnlu-
YhwGp Gpywés Shpwluwyph ng dh YEwnud qpn sh nuwnbnud:

Purjupwpmpinto: 4ydd GGpwinntilp (1) nhdpbpblghw| hwdwuwniws y,(x)
L y,(x) tménidGeph dpnGuybwlp (a,b) dhowlwjph ng dh Yinmd qpn sh nun-
Gmud:

bhswbiu ghwnblp, Yuunwpywé hpwnpnipyniGhg hbinlmd t, np y,(x) L y,(x)
PniGyghwilipp qonpblG whlwiu GG Gaws dhowlwipnud [53,h1] (pGn npadd,
wllywhu Gpubhg, np uyn $maGlghwibpp (1) hwdwuwpdws (némdGtp bO):

huyw
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Uhunnblip, np bplb y,(x) -p L y,(x) -p bplpnpn yupgh @ouyhl hwdwubn (1)
nhplnblghwy hunjwuwnpdws (msmdobp s66, wuyw wyl yrwuinpg, nn nplt dhow-
quypmd uyn Pmblhghwlbbpp génpbl wllwfu &6, sh hbwnbned, np Gnyl dhewluw;-
pmd Gnwlq YpnGuyhwln inwppbn t qpnghg.

dbpontd dwlhnpwlwip (1) hwywuwpdwb pGnhwlnp (nddwh Ywnnig-
Jwéph hbun:

Uwhdwlntd 1: Epypnpn Gwnpgh qouyhl hwiwubn (1) nppbnbbghw; hw-
Ywuwpdwl génpbl wllwfu (mémdbbph quwllwguo y(x),y(x) hwdwfundp
Ynsymid ¢ wyn huwjwuwpdwl (ncomoGbph hhoGwlhwl hwiowlyuwng b Grwlwy-
ymd t {y,,y,} wuydwGwGiwlny:

Bbhnpbd 5: (Epynnpn Yuwngh eouyhli hwiowubtin nhPpbpbibghwy hwydwuwn-
gwl ponhwlnp (médwl jwemgywdph dwuhl):

Epb y,(x) L y,(x) pmbhyghwlbph {y,.y,} hwdwfumdpp bpgypnpn fwpeh
qouyhlG hwiwubn (1) nhpbnbaghw; hwywuwpdwd (nidmdGbph hhdGwlhwl
hwiwlywpg t, wyw wyn hwwuwndwl plphwGmp (momdl nlh

y=cy, +c,y, (11)
wbupp, npnbin ¢, -p L c, p wldwpwlpwl hwutnunnn GG6n 66:

Uwwgniyg: thgnip, {y,.y,}-p (1) nhdtptGghw) hwywuwpdiwb |ndntd-
iiph hpiGwywG hwiwlwpg t:

2wGh np pun wuylwbh y,(x)p b y,(x) -p (1) nhdbipbGghw hwywuwnpdwli
LneénLdGlp 60, hGinlwpwn, hGswybu ghinblp, guwiliwgwé ¢, L ¢, hwuwnwnnil-
Ghph hwiwp win hwdwuwpdwh (nedntdGlbp 66 Gwb ¢y (x) -p, ey (x)p L
(er@+ey,)-:

JwdwdwG »-pn uwpgh (n22) nhdbpklghw) hwywuwpdwb pGnhwonip
Io0wWG uwhdwGiwa, [52,u2] ptinptich wuwgnyglh wywpunbipnt hwdwp 0Gmd
t gnug g, np (1) hwywuwpdwG hGswhup uyqplwliuwt wwylwGibp b Yepg-
GLGp.

&)=y, Y(x)=y, x€(ab), (12)

Yupbith t ¢, L ¢, hwutnuinnGGENG wiGubu plupkg, np (11) Pmeblghwl puw-
npwph wyn ulqpliwlwl wuydwGGEphG:

Muwhwlbiny, np (1) huyjwuwpdwh (11) (pdneip pusfwpuph (12) uygp-
fwlywl wuwydwiGkphl® Guwnwbwbp qéwiht hwipwhwyjwywl hwywuwpnd-
Gtph hwdwlwpg ¢, c, hwunwwnntGhph Ghwwndwdp [12].

{C.y.. +C,Yn = Vo 3

CYu+CYu =Y
npinkn

Yu =YX Ve=2{%) Vu=Y(x), Yo=¥i(x):
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Ljwntiind, np hwjwuwpnuiGliph unwgywé hwiwluwpgh qluwynp npn-
2hsn [13,u1] (1) nhdtipkGghw| hwjwuwpdwh y(x) L y,(x) qénpbl whlwlu
inténLiGliph YpnGulhwGh wpdtipl L x, Younmd.

ylﬂ y
s ELAOS N (14)

ptinptid 4-h 20nphhy YuunwGwGp, np wil wwpplip t qpnjhg:

hOswtiu ghwbGp, Yytpngpjuithg htwnbinud £, np hwywuwpnuiGbiph (13) hw-
twlwnqlb niGh dhwy 1ndnid, app wpbith t quibk), ophGuwly, Ypwdbph Ywin-
inyg [13,2°):

Lnuotiiny hwdwuwpndGiph (13) hwdwywpgp L ¢, ¢, hwunwunniGGhph
wpdtiplipp wnbnunpbing (11) $nibyghwih wpunwhwjnnipywl k9" nhunwny-
ynn nhdtiptGtghw} hwywuwnpdwh pGrhwlnp ntédwl plunwGhphg YwnwGa-
Gwgltlp uyn hwyjwuwpdwd wib Jdwulwlh PLomudp, npp pwywpwpnid t wnp-
Jws ulqpiwlwl wuydwGGhphG:

hyw

Uyphuny, Bpypnpn wneh qéuyh hwdwubne (1) nhPbpblghuy hwywuwn-
twh plhwlmp (ménedp gunblim hwidwp wihpwdtiyn ¢ qunlby npdwo hunfw-
wwpdwl qonpbl whlwfu dwuGuwlp (mémdGbnh nplt qnyq L guwoé dwulGwlp

[momdGbphg luwqoly (11) Prullyghwl, npnbin c, p L c, -p Qudwywlws hwu-

wnwunm Gobp 6G:
OphGwy 1: Qunlk; htwnljw; nh$bpbGghw) hwywuwpdws phahwbnip (neénudp’

1 1
=y -—y=0:
¥+ xy' i (w)
Lawdnid: bwpnn 60p widhpwlwl nbnwnpnuing hwdnqybl, np x=0 Ybup supw-
prubwynn guibljwgws Shewlwipad dnilyghwlbph {x,1/x} hwdwtunddpp nhuwplynn

nhdtptGghuy hwiwuwndws |penuilGtph hhdtwlwl hwdwlwng t: 3bwnlwpwn, hwiw-
Swyl ptinplid 5-h, (w) hwywuwnpdwh pGahwbnup (MONLEG nLGh

CZ
y=c,x+; (¢,,¢, = const)

nhiupp:
LatiGp, np pGnhwinip nbwpntd Bplipnpn Ywngh thadnhurulwl gnndwlihg-
Gipny qoéuyhl hwiwuba (1) nhdbptGghwy hwwuwndwl phnhwinip (Médne-

Up ybtpowynp nbupnyd qunlbiG wihOwp t:

§55. bplpnpn Gupgh qéwjhG wlGhwdwubn nhdtpblghw
hwywuwpdwlG pGnhwinip (Mmédwl Ywanigwdédpp: Gpypnpn
Ywpoh hwuwmwuiniG qnpéwihgGbpnd qéwjhGt hwdwubn
nhdbtptGghwi hwyjwuwpnidbbp:

UbgGtyng bplpnpn Ywpgh qoéwshG wihwiwutbn nhdbpblghw; hwwuw-
prudGliph nuunudGwuhpmpjwip’ nhuwnplbGp

Y+ plx)y +q(x)y = [(x) (1)
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nhdtiptighw| hwywuwnndp, npunbn p(x) -p, ¢(x) -0 b f(x)-p nplit (a,b) Gh-
swlwypnid npndwé whnlGnhwan $niGlghwlbp GO (Guwd' hwuwnwwnnlGitp),
pGn npnud, Gpdwd dhowlwypnid f(x) -p Gnylwpwp hwdwuwp st gpnjh:

(1) hwjwuwndwa htivn dEYwnbin nhrwpyktp Gwh wyn hwyjwuwndwb, wu-
whbu Ynsdwd, hwiwwwunwubuws hwiwubn nhdbpblghwy hwywuwpnudp.

Y+ p(x)y +q(x)y=0 2)
L wwwgnigtlp hbunlywy hpdGwywh ptnphip’

Bunpbd 1: (Gpynpnpn Gungh qéuypl wohwdwube ghPtinbaghuwy hwyw-
vwpdwd plnhwlmn (modwl wenigywdph dwuhl):

Epynnpn Jungh gouyhl whhwiwubn (1) nhpbnblaghuwy hwywuwpdwl pon-
hwlnip (niéndl niGh

y=y+y 3
wbupp, ninbn y -p (2) hwiwubn phpbnboghwy hwiywuwpibwl pGnhwlmp (ni-
oG ¢, huly vy -p” inpyfwd wohwdwutin hwdwuwndwl nplt dwulwif (nidmd:

Uwwgniyg: Iwdnqybint hwiwp, np (3) dnibyghwl hwbGnhuwamd t (1)
nh¥tptGghwy hwywuwndws pGnhwGnip (énudp’ Guiu gniyg wnwhp, np wil
puwjwpwpnid t win hwjwuwndwlp [52,u2):

bpnp, (3) $niGlhghwh inbnunpbiny (1) hwywuwpiwh dbe, Yuunwbwlp

G+y) +pXy+y Y +q(x)y +y) = f(x)
Ywd np GnyGo t [28,(1)]
D7 + p(0)y +q()y1+ () + o)) +q(x)y')= f(x) @
hwywuwpnepynilp:

Pwbh np, hwiwduw)G GGpumpnipywl, 7 -p (2) hwiwubn nhdbpklghwy hw-
Juuwpdwh (nednd t, holy ' -p° (1) wBhwiwebn hwwuwpdwb pneond, nw-
wh (4) hwjwuwpnippuG wnwehlG pwnwlniuh hwluwqékph Ghpuh wpunwhuwy-
nnpynilp GnylGwpwp hwywuwp t qpnsh (a,6) Shpwhuwjpnud, huy tiplipnpn
huwljwgdtiph Gipuh wprwhwynnepymlip” f(x) -h:

dbpngmuwip Grwbwyned t, np (4) hwdwuwpnipiniGp GayGnepymG t (a,b)
dhowlwypnid, npntinhg £y htwnbnd t, np (3) dnibhghw (1) nhpbnpkGghwy hw-
Jwuwpows nudnid t [53,u1]:

Ujdd, Gywinh nubbGuwiny, np (2) nhdbiptGghw] hwiwuwpdwh pGnhwntp
tnuonuip npymd t

y=cytoy,  (c.c,=const) 5
pwlGwdling [54,85], npinbn y,(x)-p b y,(x)-p win hwiwuwndwh qonphl wi-
Yuwhu dwubwlh mudmdGhp GG (3) pnilyghwi Ghplupwuglhtlp

y = clyl +ciy7 + y. (cl’cz = com’) (6)
wnbupny:

wiwdwyh 7 -py Yupgh (n22) nhdbiptiGghwi hwywuwndws pGnhwinin
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(Moswl vwhdwGiwG, phnptidh wwwgnygh wywpubint hwdwp 66Gnud t gnuyg
nwl, np (1) hwywuwnpdwO hGgwhuh vygplwlwl wwdwhGhp b hipgGhGp
[83.(2)].
&)=y, Y(x)=y, (a<x<b), (7)

Jwpbith t ¢, b ¢, hwunwnnGObpt wGwbu pGunty, np (6) dnillyghwl pwygw-
pwph wyn uyqpOwlwl wwswGGEphG:

Twhwgbiny, np (6) nillghwl pwydwpwph (7) ulqplwlwh wudwit-
phG, YunwlGwlp qéuyhl hwipwhwywlwl huwuwnniiGiph hwdwlwpg c,
L ¢, hwunwinniGlbph GYuwndwdp [12].

€Yot €V = Yo~ Vs
{C,y.'o +6,¥, =¥, - (), (8)
npwnkin
Yo =Y(x)s Yu=2(%) Yo=¥(x,),

Ya=Yix) Y=y @), 0 =l
LwGh np hwdwuwpnudGliph vunwguwd hwdwuwpgh qifuuinp npnzhsp
[13,u1] (2) hwiwutin nhdtptilighwi hwywuwpdwt y,(x) L y,(x) qénpbG we-
Ywpu (nénuibeph [53,uS] ypnbuyhwGh wpdtipG t x, Yhwnd [53,u6].

i YN
4 =W(Y)o | 9

’ ’
1o »

htiwnlawpwn wyl nwpptp t qpnjhg [54,p4]:

bOswbu ghintGp, Ytipngpjuwihg hhwnlintd £, np hwjwuwpmdGbph (8) hw-
Gwlwngl mGh dhwly (mémS, npp Yupbih t qunGly, ophGuwy, Ypwidbph YwGn-
Gny [13,2°):

Lmébiiny hwjwuwpnuiGhph (8) hwdwlwpgp L ¢, ¢, hwutnwiniGGbph hw-
jwp unwgwd wpdhpGtpp nbnqwnpbinyg (6) Pnblyghwsh wpnwhwypnnipjwl
gti9™ (1) nhdbptiGghw| hwjwuwpdwl pOnhwinip (modwh pGuwGhphg Yuw-
nwGdbwglbip wyn hwdwuwpdwl w)lb Swubwlh (nénwdp, npp pwdwpwpnud t
npjwéd ulqpiwywh ww)dwaGtnhh:

hyw

Uhuny, Epypnpn uingh goughl wihwiwubne nhpbnbGghwy hufwuwn-
Jwl pOnhwlmp (mémdp gunbGbimt hwdwnp wohmudtn t.

w) qulbb; win huwjwuwpdwl hwlwwwinwufuwl hwiwube hwiwuwp-
Jwl plnhwlnn (nénudp,

p) quibl; wpws wihwdwubn huwfwuwpdwl npll Jwulwlh (neémd,

Q) uwwnwgywo (mémibbpnp gnidwnly ppwn:

OphGwl 1: SuinGhy hbinbywy nhdbpbGghw hwwuwndwh pGnhwinep (nudmop’

’

y-L=x: (w)
X
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Lménud: 3wdwdw)l phnpbid 1-h, ghinwpiunn hwywuwnpdwl pOnhwinip (ntdnuil
niGh
y=y+y Y]
wbupp, npintin y p

’

y-2=0 @

X

hwiwutn nhdbpbGghw) hwdwuwndwh plehwnep (nuémdG t, hug y* -p° (w) hwfwuwp-
Jwl apLt Gwulwyh (ménid:
pelighbiny (q) hwywuwndwG Jupgp b (motind wjl’ YniGkGwep [52,02]
y=cx’+tc, (c,c,=const):
UjGnihbuinb wishouwuwb nbnwnpdwb dhengny bwdnqyting, np

x)

y==
3
Pnllghwl pwydwpwpmd t vpdwé hwjwuwpdwlp b y L y° dnbyghwlbph hwibwp

unwgwd wpnwhwpnnipynGGling nbnugpb(ny (p) pwlwdlh dby” Yuinwlwlp win hw-
Jwuwnpdwl pGnhwinip |nednudp.

y=%+ ax’ +c, {c,,c, =const) .
tnlpnpn Yupgh qowihG whhwiwubin nhdtipblGghw hwywuwpnudGbph
dwubwlh (moémibbp hbwnpbihu wGhpwdbunnipjwl nbypnud Yoqunykilip
htwnlyw; phinpbihg’
Runptd 2: pt y, (k =1,2,..,n) dmbyghwllpp bphynnpn Yungh @ouyhl
wohwowubn
YV 4+px)y +qx)y=1(x) (k=12,.,n) (10)
nhpbipbiGghuwy hwywuwpmdGbnp hwlwwuwwnwufuwl Twubwlhh (ntdémitbp
60,7 wupw
Y=Yty +.+Y (11
DntGyghwi
Y+ px)y +q(x)y = f(x)+ f;(x) + ...+ [,(x) (12)
huwwuwndwl Jwulwlp jmomd ¢
Uy funupny, bplpnpn fuwngh eduyhl wihwdwubn (10) nhpbpbilghwy hu-
Yunnwpnt5Gbph SwuGwlp (momdGbph gnidwnp Epypnpn Ywneh qouyhl wi-
hwdwubin (12) ppPbinblghwy hunjwuwndwl dwulbwlp (ntond ¢:
Ugwgnijg: Iwdnqybine hwdwp, np (11) dmbyghwh pwlwpwpnud t (12)
hwjwuwnpiwlp” wyl wbqunptlp GaYws hwuwuwpdwh dby.
Y+ Y, + .+ Y+ PNy, + 3, +.+ Y)Y +q(xXy, + Y, +...4 Y)) =
=f(x)+ [ () +...+ f,(x) (13)
Uhnihbnb (13) hwdwuwpnipynlGp GepluywgObGp

*) p(x}, ¢(x), £,(x). (k=12,.,n) PniGhghwiibnp npnzgud bG L wlinGnhunn nlt (a,b) Shpudpuipnud:
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() + p(xXy,Y +q(x)y 1+ () + p(xXy,) + q(x)y;]+---

o+ (L) + pXYY + g0y )= LX)+ [(%) + .+ f(x) (13)
wnbupny L oquiykiiny pbnpboh wwydwlbhg (13°) hwdwuwpnipjwb dbe Jwu-
Gwygnn pwnwlniuh thwlwagstiph Ghpumd qpluid wpwnwhwynnpniGakpp
(dwhuhg we) hwdwwwinwuuwbwpwn gnfuwnhbbbp f(x) nd, f,(x) ny,..., f.(x) -

ny: UpnymGpnud (13°) hwjwuwpnpymlp (a,b) dhowlw)pnid YyGpwéyh Gne-
inppwila, hGgp Grwlwlmad t, np (11) ImOlghwh (12) hwywuwpdwG gmémd t:
hwyw

Wughund, bphypnpn Gupgh @éuyhl wohwiwube (12) nhpbptiGghuy hw-
Ywuwnpdwl nplt SwuGwlh gnedntd Qunbliym hwdwn wohpwdtyn t quntly (10)
nhpbipbilighwy hwiwuwpmdGbph dblywlhwl Swulbwlp (momd L uyn poynp (-
ondGtipp qnidwnby fpwpn:

Luwunpn wwpwgpwdnid dkhp Gatghlp, np pOnhwlnep nbuwpenid Gplpnpn
Ywpah thnthnfuwywG gnpdwyhgltinny qéwjht hwiwutn nhybpbklghwy hw-
Yuwuwnpdwh pGnhwlnup (nudnudp Ybpowinp wtupny qunlbiG wihGwn t:

MNuwpgynid t, np win hdwuwnny, hwunwinnd gnpéwlihgGtipny qéuwyhG nh-
dupblghwy hwjwuwpiw( wwpwgqunul wunibpp dinhagnud b twwbu: UdbhG,
wuwpqynid t° gnynupniG mGh dtpnn, npp hGwpwynpnepyntt t twihu dbpgwidnp
ntupny qunGby pypnpn Yumngh hwununniG qnpéwlhgGlpny qéwihG hwdiw-
utin nhdbLpbGghw hwywuwnpdwl (ndénwip: Wn depnnh hbn Swhinpwlupm
hwdwp nhunwplblp

Ypy =0 (14)
nhdtiptGghwy hwlwuwnpnudp, npwtn p-6 L ¢ -6 Yuiwywlwi hpwlws hwu-
nwuninlGhbp LG:

bGswtiu ghwntilp, (14) hwiwuwpdw pGnhwlnip (MéntdG mGh

y=cy +cy, (c,c, =const) (18)

wkupp. npwnkn y,(x)-p L y,(x) -p wyn hwjwuwndws gonpbl wiywiu dwulwyh
inonLiGbp LG:
Nhuwpyynn hwyjwuwniws Swubwyh (nonidp hGnpbiny
y=¢e" (k=const) (18)
ntupny L (16) Pnilyghwl wbnwnptiny (14) hwiwuwpdws dbe" GunwGwip
[27.(87)]. [28.(9).(157))
(k' + pk+q)e” =0:
Liwwh niGEOwiny, np gnigsughG dnilyghwl qpn wpdbp sh pGnniimay,
Jtippht hwywuwpnipyniihg YniGEOwGp
k'+pk+g=0: (17)
Uwwhuny, nputiugh (16) nbupl mbbgnn mblghwt (hoh bplypnpn yuwp-
o hunwnuwnnmG gnpouwlihgltipny (14) gouypl hwdwubn nhdbpblghw hujw-
wwpdudi (ruomd, wlhpwdn b, np k -G pwdwpwnp (17) hwdwuwpdwip:
Wnwplyynn npPbpboghw; hwywuwpdwl hwdwp mbblwiny winpwlb
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Guiplinp Grwlwlnipim G (17) hudwowpnedp nsdmd ¢ win hwduwuwnpows pone-
pwanhs huwywuwpmd:

Lnustnd (17) hwdwuwpmdp' YJuunwbwGp

p_|P p, P
=-—-1,—— : k.=——+‘/—— :
TV T BTN e

UnwGdhG-wnwGdh0 pGOwpitGp htwlyw) hGwpwynn abwpbpp’
1°. ROmpwapfs hwdwuwnpdwl nwppbphsp npwlwd t:
LwGh np pGOwplynn nbwpmd (17) hwjwuwpiws wpdwnbbpl hpwlwb

GG U hpwphg wwppbp (&, # £,), hbwnlwpwn (14) nhdtpkGghw hwyjwuwpdwh

n=e, oy =et (18)
twubwyh (ptémadGph pwinpnp hwdwuwp st hwunwnniGh.

i
e
Y =" 4

y, e™ (¢ = const),

hGsh tp GrwOwlynud £, np (18) dImblyghwilipp (14) hwywuwnpdwG qénpkl wi-

Ywh Jwulwyh monwdltp GG:
Lqwé dwulGwlh jnondGbpp wnbnwnpbipny (15) pwGwdbh dGp’ YniGbGwhp
y=ce¥ +ce™ (c,c,=const): (19)

Upnypuny, bpl Eplhypnpn Luipgh hwuwnunnntG gnpdwlihgbbpmy qéwipl hw-
dwubn (14) nhdbpbilghwy hudwuwndwl plGnipwapfis hwiwuwnndG nGh p-
pwlwl L ppwphg inwnpbn k .k, wpdunblin, www wyn hudwowndwl plnhw-
amp (mémdG mGh (19) wnbupp:

OphGuwy 2: Lnudt) hbwljwy nhdbnblghw| hwywuwnmdp’

Y -5y'+4y=0:

Lménid: RwiGp np wpdwéd nhdbnkGghwy hwywuwpdwl pGnipwaphs hwywuwp-
0wl { k* -5k +4=0) wpdwnfibpp mudwuwn 5G 1-h L 4-h, htunbwpwp, hwdwdw)G (19)
puwGwaélh, nhunwplynn hwdwuwnpdwld ponhwlnip (nudnidl nth

y=ce +ce” (¢,»c, = const)
wtiupp:

2°. PGmpuwgnfs hujwuwpdwl wnwppbiphsp hwdwown t gnngh:

2wGh np pGOwplynn nbwpmd (17) hwyjwuwniws wpdiwwnGhpG hpwlywh
GG L hpwp hujwuwp & =4,), htnlaupwp  (14) nhdbpkGghw) hwywuwpiwi
dwulwlyh |nténidGliphg otlyG mGh

y, =e™ (20)
wnbupp™:
Ubkiq hGuinwppppnn hwdwuwpiw dinue dwuGwlh (nudndp thGupbpny
»=f(x)e” (21)

wntiupny, npunbin £ (x)-p npnGbth pniblghw t, YunwbGwhp [28,(2)]

*) k, =k, nbupnid &~ L ¢ dnllghwbbnp qonpbl wiljwlu sbG, hbwnluupuwp, pGGumlnn nbwgntd
(14) huwwuuwniwb pinhwlnup ;nénwdp skGp Gupnn Gopywyusglibiy (19) wbupny:
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n=lr@eks@kr,  yi=rme ek rwlk

y,(x) IniGyghuyh woéwhgjwihph hwiwp unwgwd wpunwhuwpnnip)nl-
GbnG win IniGyghwih htitn dtnbn wbnwnpbind (14) hwdwuwpdwG dee” Ynt-
G50wGp

Lf7(x)+(2k, + p) f'(x) + (k! + pk, + @) f(x)]e™ = 0:

Lijwwnh nubGkGwiny, np £ -p {17) pGnipwqphs hwdwuwpdwl wpdwn t L
k=k =-p/2, hGswbu Gwh hwygh weGtiny, np gnigswhG $nillghwh qpn
wpdbip sh plnnilmd, JbpehG hwywuwnnipjnibhg YuwnwGwhp

S(x)=0: (22)

Gpynt wlqud hweonprwpwn hwnbkgptiny’ (22) hwywuwpnipniGhg YnuGt-
Guwlp [52,1°]

S(x)=4, [f(x)=4x+B, (23)
npubin 4-0 L B-0 hGunbqpdwl hwuwnwinntGlbp bG:
Jdbpehl hwywuwpnipywlG Uhe pGnmGhind 4=1 L B=0, Juunwiwap
f®)=x:
f(x) Pnilyghwih hwiwp unwgwd wpmwhwjinnipintbp wbnunpbind y,

Inbyghwyh {21) GEplwywgdwh atie™ (14) nhdbpblghw) hwiwuwpdwid bpy-
npopn Jwulbwyh nédwh hwiwp YnuGEGwbp

y,=xe": (24)
Jwdnqytiiny, np (20) L (24) $niGyghwbhpp qonptl whlpwiu tG.
y, _xe¥
;:'= prs =X#C (c=const)
L wyn pmlGYyghwiGlpp nnbnwnpting (15) pwGwdbh dhe’ uunmwlwip
y=(c, +ex)e¥  {c,c, =const): (25)

Uuuhuny, Bp bngpnpn ungh hwuwnunnnm G gnpdwlihgbtinny géuyhli hus-
Swubn (14) phPtipblghuy hufwuwndwl pGnipwenfs hudwuwpni b6 moh p-
puwlqwl b hnwp hudwuwn wpdunnGbp (k= k,), www wn hujwuwndwi pln-
hwhnip ymémotG moh (25) inbupp:

Ophliwy 3: Lnubky hGinbywi nhdbipilbghwy hwijuuwnpnudp’

Y -6y'+9y=0:

Laéns: Rwih np vipjwé nhdtptlghw) hwiwuwpdwl pbnipwgnphs huswuwp-
Gwh (&2 -6k +9=0) wpdwnGtipp hwdpbytnud G0 L hwywuwp &G 3-h, htwlwpwp, hw-
Swduyl (25) pwlwdlh, nhvwplynn hwdwuwnptwl plnhwbnip (néndG nGh

y=(c, +c,x) e (c,.c, = const)
wnbupp:

3°. PGmpuwgphs hujuwwpdwl winwnpbnhsp pwguwuwlpwl L

fuwGh np phownyynn nbwpnd (17) huwuwpdwh wpdwwnbtnG hpwnphg
wwppbn Yndwbipu (hwiwintd) pybtip &G [36,u1,u7].
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k=a-iB, k=a+iB,
npuwntin

P r
(l="_, = -
3 B=.q 2

htnbwpwp (14) nhdbipkGghw| hwywuwpdwb [36,u12,u13}

y| =e(a4)x’ y; = e(u,)l (26)

Jwulbwih tnuénudGeph pwinpnp wwpptp b hwuwnwnnlGhg.
y {aed)x
Y
h0s6 t{ Gewlwynd t, np (26) pnGyghwlbhipp (14) hwdwuwpdwh qénptil wi-
Ywh Swulbwyh (nénudGhip GG:
Lywé dwulwyh (niénuwiGhpp wbknunpting (15) pwlwdbh dtip™ YniGLGwhp
y=ce" ™ +c e (c,c,=const): (27)
TNuwpqunid t, np pGhwnpyynn nbwpnil (14) hwdwuwndwl jmdnudb mGh wyt-
th wwpq wbup, npb unwiwint hudwp Gwhu wwwgnighilip hbnlyw; pbinpbdp’
Rtnpbd 3: Epb ppnwlwl hnipnfuwlwbh
¥ =u(x)+v(x) (28)
Unduyipuwpdbp PniGlhghwl pwiwpwnmd t (14) nhplinblghwy hwywuwn-
Jwlp, wyw u(x) L v(xy prllyghwlbpp GnyGuybu pufwpwpmd 66 Gmnwi:
Uwpugnyg: GGpwnptiGp (28) $niblghwl pwywpwpmd t (14) hwiwuwp-
Gwp, ujuhlpl LGpwnntlp wbnh niGh

)+ w0 + plutx) + iv(x)] +glu(x) + iv(x)]=0
uwd np GnyGG t°

u'(x)+ pu'(x) + qu(x) + i[V"(x) + pv'(x) + qv(x)]=0 (29)

— pits
preeTeh € #C  (c=const),

GnuyGrup)niGp:
hGswbtu qhunkGp, (29) Gni)lnipinilhg htiintumd GO
u'(x)+ pu'(x)+qu(x)=0, V(x)+ pv'(x) +gv(x)=0
GnyGrupyniGOGpp [36,u3], hGsG b Gawlwlynid t, np u(x) L v(x) PniGlyghwhb-
pp pwywpwpned B0 (14) nhdbiptGghwi hwiwuwpdwop:
Puyw
dbpwnunbwiny (14) hwyjwuwpdwh (26) Jwulbwyh (néndlbphl” Gwiu b
16ph pwlOwdlLh oglnipjwidp [36,18] wyn |nonLiGEpp Ghiplwjwgltlp hbunbjwy
wnbupny’
¥, =e~cosPx~ie“sinBx, y,=e”cosPx+ie”sinPx’. (30)
UjGnihtnk oqunybiny Gwfunpn plinpkishg L GYwwnh nGLOwyny, np (30)
dnblyghwltiph htwn dbluntn

y, =€ sinPx, y, =e“cospx (31)
*) &Y =" '™ =e"[cos(t{&x) + lsin(:tﬁx)]= € (cosPx + isinBx) = e cosPx £ te” sinfx:
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Pnbyghwblin ty 66 pwdwpwpnud nhinwpyynn hwdwuwnpdwlp® GuqikGp wn
dniGlghwitiph pwlnpnp.
y, _ e“sinPx _
5. e~ cosPx =1ghr#c (o= consr):

3wyyh welkinyg, np 3,/¥, pwlnpap twppebip b hwutnwinniGhg, bqpuiljwg-
Gnud LGp, np (31) Pnibyghwllinp (14) hwwuwpdws qénptl wolwiu dwubw-
bh (nudmudGhin LG:

Ldws dwulGwlh imuomiGtpp nnbnuapbiny (15) pwiwalh ke (14) nhdb-
phGghwy hwywuwpdws ponhwbnip (nténudp Yupunwhwjnblp hbunbyw) wwp-
qntbwy U Yndwbpu hnhnfuwywGh $nlyghw swwpnibwynn pwlwdung

y =e*(c,cosPx + c, sinfx) (c,,c, = con,s't): (32)

Uuhuny, bl bplipnpn uwpgh hwuumunm G gnpdwlhgbbpny edwyhG hw-
Jwubn (14) nhpbpbGghwy hwiwuwnpowl pGmpwaphs hudwuwnntdl moh p-
pwphg nwppbn nduybpu wpdunnGep.

k=a-iB, k=a+iB,
wuyw win hwwuwpdws ponhwinn (nomdl mGh (32) nbupp:
OphGuwly 4: Lnwdbp hbwnbyuy nhdbpblhghuy hwywuwpnidp
¥y +2y' +10y=0:

Lawdnid: RwGh np nipdwé nhdbphGghwy hwywuwpdwt pGnipwgnphs hwdwuwp-
Swh (& +2k+10=0) wpdwwnlbipp k =-1-3i L &, =-1+3; Yndybpu pybnG &G, htwnluw-
pup, hwiwdwyl (32) pwlwdlh, ahnwnlynn hwywuwpdwt pGnhwGnep (ndnudl mGh

y=e *(c cos3x+c,sin3x) (c,,c, = const)
wnbupp:

4°, Jbnomd nfunwpliblp Owl (14) huduuwnnidhg uumwgynn hbnbyuwy np-
Sbpblghuy hwiwuwpnidp’

Y+q=0 (¢>0): (14°)

RuiGh np nhnwplynn nhdbtinklGghwi hwyjwuwpdwh pimpwgnhs hwjw-
uwniwG (&’ +4¢=0) wplwwnlpp qnun Yand pdtip bG [36).

k,=tifg  (@=08=q).
htnbwpwp, hwiwdw)t (32) pwGwabh, (14°) nhdtpbGghwi hwywuwniwi pGn-
hwnwp |nLondl mbh
y=c cosﬁx +¢,sin J;x {c,.c, = const) (33)

wnbupp:

Unnypuny, b plpnpn wngh hwuwnunmG gnpdwlyhgbbpny qowyha hw-
Jwubn (14) nhpbpblghuwy hujwuwndwl penpwenhs hwdwowpmdl nh qnun
Y6né wpdwnlGbipn.

k=-iB, k=iB,
wwyw wyn huuwawpdwt ponhwlnign (némdlG nlh (33) nbupp.
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OphGwl 5: Lnudby htwnbjwy nhdbptlghw( hwywuwpnidp’
y +4y=0:

Lacdmud: Rwih np wipdwéd nhdbpblighw) hwywuwpduwl pGnipwqphs hwywuunp-
Owl (k% +4=0) wpdunGlipp qnun Ybné & =-2i .k, =2i pybp b, hbnbwpwp, hwdw-
dw;j6 (33) pwlwadlkh, nhnwpyynn hwywuwpdwl pnhwbntp reonudl nubh

y=c¢co82x+c,sin2x (¢, ¢, =const)
inbupp:

§56. Uwiwjwlwl hwunwwntGGaph hnhnjudwl LwqpuGdh
dbpnnp: Gpypnpn upgh hwuwnwwnil gnpéwhgGhpny qéuwyhG
wihwiwutin nhdliptGghw) hwywuwpnudGhp:

Ujdd dwlnpwlGuwlp tpypnpn Jupgh qéwjhG wihwiwubkn nh$bpkGghwy
hwdwuwpnudGtph neédwh Sh hqnp dbpnnh htw, npp Ynsynid t Yudwjwwh
hwuwnwinntGotiph thnthnfudwl (Juphwghwih) LwgpwGdh dhpnn:

Uqwéd dtpnnh tnupgnilp Gujwned t GpwlGnid, np nuGtGwiny bpypnpn
Yuwpgh hwiwubn QéwihG nhdbpkGghwi hwwuwniwi qoénptl wiliwiu bplnt
inudned, Jwpnn BGp qunll) Gwb wyn hwywuwpdwl hwiwwwnwuw6 wihw-
twutin nh$bphlghw hwdwuwpiwl npbt Jwubwlh (aend, hGsp Gawlwymd
t, np, nuGkGwiny BpLypnpn Jupgh hwdwubn nhdbptGghw| hwywuwnpiwh pin-
hwGnip mémulip, Ywpnn Ghp qunibt| Gwb wyn hwywuwpdwG hwiwwwunwohuwl
wGhwdwubin nhIbpliGghw) hwywuwnpdwh pnhwlnp (nudnudp:

Luidwjwiwi hwunuwnniGGiph hinthnfudwG LwqpwGdh dhpnnny Lpypnpn
Jupgh qoéwjhl wihwdwubn

Y+ p(x)y +q(x)y= f(x) 0
nh$bpblghw hwywuwpdwh pGnhwinip (Ménudp qunGhipm Guyuinwyny (1)
hwjwuwnpdwb htwn dtnbn ghunwpybGp Gwbk wyn hwjwuwpiwl hwdwww-
wnwiufuwl

V' +p(x)y +q(x)y=0 2
hwiwutin nhdtiptighw; hwywuwnpnudp, npunbn p(x) -p, ¢(x)-p L f(x)-p nplt
{a,b) Ghowlwjpnd npnywéd whplnhwin $nbyghwlbp G0, pbn npnd f(x)-D
GnyGwpwp hwywuwp st qpnjh:

bhGswbu qhinklp, (1) nhdtphklghw) hwywuwpdws phnhwinip [nenLel
niGh

y=y+y G
Ywnnigwépp [55,p1], npnkn y -p (2) hwiwubn nh$bpblghw hwdwuwp-

dwl pGnhwGnip (nénudG t, huy y'-p° (1) wGhwiwubn hwywuwpdwh nplt
Jwulbwyh tnidmad:

Gepunptilp y,-p b y,-p (2) hwjwuwpdwh qénpkl wiywu Swubwyh (M-
6nudlbp GG, wyuhGpl GOpwnpkGp

y=cy +cy, (c,c, =const) 4)
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Inibyghwh (2) hwdwutin hwywuwpdwh pGnhwGnip (nténdG t [54,p5]:
Fwiwdw)l (3) pwlwdlh, (1) wihwdwubn nhdtpkbghw) hwijwuwpiws
panhwGnp (neonudp qunlbne hwdwp dond t qunlbp wyn hwywuwpdwG nplt
dwubwyh |pLdma:
Ywdwjwlwb hwuwnwnnGGbph ginthnfudwh LwopwGdh dhpnanid wnw-
swnlynud b wyn dwuGwlh tménidp hhunpb
Y =@ +6,(05,(x) ®)
wnbupny, npuntin ¢(x) L c,(x) dnGyghwlbpp Ghpwlw LG npnEwG:
Jwdbing »* pniGyghwih wéwbgyuip [28.(1).(2))-
O =cy +ey, +ey, +cy,, (6)
L wwhwbekiny, np ¢(x) L ¢,{(x) npnGbih $nibyghwlbpp puwywpuwpbkh
ayn+ey,=0
Lpwgnighs wuwydwGhG uyn wéwlguih hwiwp ynmGLGwip

() =cy+ey): 0]

dtipghG hwwuwpnipyniGhg y* dnillyghwsh Gplpnpn Ywpgh wéwlgjuih
hwiwp YunwbwGp [29,u1]

) =y e yirey ey ®
¥ pnbyghwih L Gpw woéwbgywiGhph (7), (8) wpunwhwinntpymGGhpp wh-
nunpsiny nhnwpyynn wohwdwubn nhdbptkGghwy hwyjwuwpdwh dbp’ Ymbt-
GwGp
a i+ Py + gy + o b+ pxy, + gy ]+l + 6y = f () (®)
Lljwwnh nuGtGwiny, np y, L y, Intbyghwlbipp (2) hwiwubn nhdbptiGghw)
hwyjwuwpdwh ndémdaGbp 66, (9) hwjwuwpmpnbhg Yunwbwlp
ey ey = f(x): (10)
Ujuwhuny, npwtugh (5) wbupG nlibgnn y° dnillyghwh pwiwnwph (1)
nhdbiptiGghw hwjwuwpdwhp, wGhpwdbin b, np ¢(x) L ¢,(x) wlhwpn pmby-
ghwObph wéwlgjwibkpp 1hGGG qéwihl hwipwhwywiwl hwywuwpndGeph
oy, +6y, =0,
Y+ ey, = f(x) (11
hwiwjwpqh ménud [12]:
Luwih np hwywuwpnudGeph unwgywd hwiwlwpgh quiuwdnp npnzhsp
[13,u1] (2) hwiwubin nhdtptGghwi hwywuwpdwb y, L y, qonpblG whywiu
1mémitLph [53,u5] YnnGuihwGo b [53,uB].

l;", yf'=W(}’.-y,), (12)

t 2
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hGwnbwpwp wjG vwppbp t qpnjhg [54,p 4):
POswtu qghwntilp, dbpngpjuihg hbwbnid £, np hwywuwpnidGeph (11) hw-
dwlwnpql nGh dhwy (nidnud [13,29].
(@ =9(x), cx)=¢,x): (13)
Gpypnpn Yupgh qowshG wihwiwutn (1) nhdtptighw hwjwuwpdwl Jwu-
Gwyh (monLdp qubbpnt hwdwp dGned £ (13) hwjwuwpnpynGGEpt hGwnkigphi.

c(x)= j(p,(x)dx +C, c{x)= J-qaz(x)dx +c, (El, C,= consl) . (14)
hGuntigndw0l c,,c, hwunwnmGabnpG pGnnibtip hwywuwp gpnyh” L ¢ (x), ¢,(x)

Imbhghwbiph hwdwp unwgwé wpnwhwnnepnGibpp wbnwnpby y° Pnuby-

ghwjh (5) Ghpluyugdwh dke:
OphGuy 1: Lniék) plypnpn Ywngh qowihG wihwdwubin

Y -3y +2y=¢"

nhdbpliGghwy hwyjwuwpndp:

Latdnid: Lwwnh nmuObGwind, np nhvwplynn hwjuwuwpdwd hwiwwwinwuhiul
hwiwubn nh$bpblghwi hwywuwndwi pnhwinip Ndndh wybhwinnnpb G wpnwhwn-
ynuit

F=ce +ce”  [c,.c, =const)

pwGwaling, hwiwdw)l uwiwpwlws hwununnnbbtph thnhnfuswt LwgpwGdh Sapnnh,
npjwd hwjwuwpdwl duuGwlh pménudp hGnptlp

¥y =c(x)e’ +c,(x)e
wibupny, npbin ¢(x)-p L c,(x) -p wlhwjn pmllghwtlp GG:

Ibwinbbiny wnbunpjwlp L gndhitny géuhG hwipwhwqwlwl hwywuwpnddbph
[27.(87). [28.(9).(15)]

cle" +cie” =0,
Cle* +2cle™ = e W(x)=e" 20]
hwdwlwpgp’ Gunwlwip
cd(xy=-¢", c(s)=1: (w)
hGinbgpbiny (w) hwywuwpnipynidtitpp [35,2°,7°w).
c(x)=~e"+c, c(x)=x+c,, (¢ =c,=const)
L ¢(x).c,(x) Pmlyghwlliph hwiwp unwgwé wpnwhuwjinnip)ntGibipnid pGanibbinyg
¢, =¢, =0, YmObGwGp
c(x)=-€", c(x)=x:
Ujuwhuny, nhunwnyynn nhdbipblghwi hwiwuwpdwl dwubwyh (nténtdl niGh

Y =(x-1)e*
wnbupp, huy Gpw plrhwinup (nudnudp’

) wlh np GkGp hGwnpnud bip (1) hwjwuwndwh dwubulh (nénud, ntunh hunbgpdwt <, C,

hunsnunam GabphG whng t nuy npnwih wpdbplbp: PGwywlwpwp ¢ =c, =0 plnniGbynepym bl
wibGwhwpiwnpl t:
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y=ce +(x+c,—1)e” (c,,c, = const)
nbupp [55,p1]:

UGgGLiny tpypnpn upgh hwunwnnts gnpdwyhgGhpny qéwihl whihw-
dwubin nhdbptilghw) hwywuwpniuiGtph niuetdGwuhpnipjwGp’ hbinbywy nh-
dbpklighwy hwywuwpdwh hbwn dlwnkn

Y'+py/+qy=[f(x). (15)
npuntn p-0 L g -G hpwiwl hwunwnnlGObip 66, huy f(x) -p° nplt (a,6) Show-
Yuypnid npnzdwd, GnyGwpwn qpnghg wwnpbn wipGnhwwn $ochghw, nhunwn-
4tlp Owl Gpw hwiwwwuwupwl hwiwubte nhdtpkGghwi hwywuwpnidp.

Y+py'+qy=0: (16)

Jwulywhuwih t, np hppl Gpypnpn Yuipgh qowihG wihwdwutn nhptintlghwy
hwwuwpnud, hwunwnntl gnpdwyhgbtpny (15) hwywuwpnidp Ywpnn GGp
it ywiwjwywlt hwunwnnGGiph hnhnuiwG Lwgpwidh dbpnnny: Uw-
Yuy, pwh np wyl hwinhuwGnud b ginthnfuwyws gnpdwlhgttpny (1) nhdbpb-
ghw hwijwuwnpdws SwuGwinp nbwpp, hbunlwpwn hwpg t Swemd. gmympyns
mh” wpnynp wyn hudwuwpdwl (nédwl wydbh wwnpq bnwouwl:

Lwlh np (15) wihwdwubn nhdbpbGghw) hwijwuwpiwi pGnhwinp (nt-
6nuih niGh

y=cy+ey,+y (c,c,=const) (17)
wntiupp, npntin (¢, +c,5,) -p (16) hwiwubin nhdtiptGghw) hwywuwnpdwld pln-

hwGnp (nednedG t, huly y°-p° (15) wihwidwubn hwywuwpdwG nplt dwulwih
tonud b pwiGh np, hGswbu wnbuwlbp [55,1°-4°)], (16) nhdtipblghwy hudwuwp-
Jwl pOnhwlnip pudncdp qunGbiip Yuwwywé st npld ndjwipnipjulG hbitn, niunh
ybplnud dbwlbpwwdé hwnpgp Yupnn tGp hGskglb htwnlywy Ybpw™ grymeynts
moh” wpynp (15) nhpbinblghwy hwdwuwpdwl npbt Swulwlh (montd qunlh-
[t wiflyh wwpq bnwowy:

TMwnpqynid £, np wnwGdhl nbwpbpnud wyn hwpglh nubh npwlwl wwnwuheG:

Thunwplytip wynwhuh dh pwlh nbiwptip:

1°. Ephpnpn Juipgh hwuwnwinmb gnpéwlhhgbbnny Qouyht whhwiwubn
(15) phpbpblghwy hufwuwnpowl we Jwup nplt pwqiwlnwdh b gnigsuyhl
InGhghuyh wmnwnmuy ¢ wuhlel mGh

fx)=p(x)e* (neN,aeR) (18)

wbiupp, nminbin p(x) - n -pp wunhswih pwqdwinuwd ¢

UnwGAhG-wnwGdhG pGhwnlklp hbwlyjw| dwuGuinp nbwpbpp’

W) o -0 (18} hwdwubin nhPbpblghuwy hujwuwndwl pompugnhs hwiw-
vwndwl wpdunn st:

LGGwnlyynn nbwpmd (15) wihwiwubn nhdbptGghw hwywuwpdwh dwu-
Gwyh ndmudp thGunpkGp

Y =0.(x)e” (19)

inbupny, npinbin O.(x) -p n -pn wunhGwbh, wihwjn gnpdwlhgbbpny, pnhw-
Gnip wbuph pwqdwbnuwd t.
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Q(x)=ax +ax™+..+a x+a,: (20)

y" pmllghwl b Gpw woéwhguGlipp nhinwplignn hwjwuwndwh dby wk-
nwnpbpnt hwdwp Gwju hwybOp wyn woéwbgjubtpp.
OY=lgm+eoml, Y =l@E@+200@mraamk: @)
(18), (19) L (21) IniGyghwGlpp wbnunptiingd (15) hwywuwpdwb dky" Yni-
GhOwGp
[Q/(x)+ (2o + p)/(x) + (&’ + pa +4)0,(x)]e™ = p,(x)e™ : (22)
Lwih np unwgywsé hwidwuwpnipjwl wy b dwhu Jwubpmd (npybu =
IniGyghwyh wpnwnphsGhp) qpwé GG # -pn wunh6wbh pwqdwinwibbn,
htitnbwpwp, npwtugh (19) dniGyghwh (hGh (15) nhdtiptGghwy hwdwuwpdwh
tneénud, wyuhlpl’ npwbugh (22) hwywuwpmpyntGp nunlw GneGnepynil, wah-
nudtizn t L pwiwpwp, np win pwqiwinwadGbph hwiywwnwutuwl wlnuwiGk-
nh gnpéwlyhgGlipp thG60 hpwp hwywuwn: Iwdwuwpbglting G4ws qnpoéw-
Uhgltipp® Yuunwlwlp n+1 qQéwihl hwlpwhwwlhwh hwiwouwpnudlGtph hw-

Swlwnpqg a,,a,....a, whhwpnGph GYwndwdp [12]): Lnuébinyd wyn hwidwywpgp’

YqulkGp ¢,(x) pwqiwbnwsh npnllith qnpéwyhglbipp:
Urughunyf, nhuownlpdnn nbupmd (15) nhpbnblaghwy hujwuwpdwl dwu-
Gwih (nidmdp wilitnp t ihbinpby (19) wnbupny, nunbn Q.(x) -p n -pn wunhow-

GOh, wihwn gnpowlhglbnny, pinhwinin wnbuph pwqiwlnwd ¢
OphGwy 2: Lméty Gpypnpn Ywpgh qoéwjhG whhwidubin

y' -5y +6y=x (®
nhpupbighw) hwywuwpndp:
tménud: hGswbu ghinkiGp {55,1°), nhunwpyynn bunjwuwpowst hwdwnwuwhuwb

Y -5y +6y=0 (a)
hwdwubn hwywuwpdwh pGnhwGnp gnémdG neGh
F=ce* +ce”  le.c,=const)
wbupp:
Lwih np tpqwd hwwuwndwh we Swulb nibh xe* wbupp, L qpnG (g) hwywuwn-

twC pOnpwaphs hwywuwndwG wpww st, htinbwpup, hwiwouyG (19) pwlwdlh, nh-
nwplglng nhdbphighwy hwjwuwpdwld dwuGwyh (neénidt nilh

¥y =ax+a,
wnbupp, nputkin g, b g, hwunwnnGGipp Gapwiliw GG npndwa:
¥y dnGyghwil L Gpw woéwlgwilbpp [27,(5),(7)].
OY=a, (y=0
wnbnwnptiny (p) hwywuwpdwsd dhy” Yunwlwip

6a,x +6a,—Sa, = x,
npuntinhg, hwjwuwpbglbing x -h hwiwwwwnwuhwl wunhSwGGbph gnpéwyhgtbinp L
tndtnd hwywuwpnudGbph vnwgywé hwiwlwpgp, YmGhiwop
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1 5

a,=— -
v =% 4, 36

a,-h b a -h wndtipltpp whnwnpbiny ' Prulyghuwgh dhe” YunwlwGp

y=2¢3.
6 36°

Wuwhuny, nhunwplynn hwdwuwptws pnhwinug (ménudG nibh

1 5
- x Iz
y=ce +ce +Zx+_ (c,.c, =const)

36
nbupp:

p) o« -G (16) hwiwubn nhPpbpbilghw; huwdunnupdwl plrpwanps hunfw-
wwpdwl dhuyunnply wpdunn ¢.
o'+ pa+qg=0: (23)
bpbt plGGwplynn nbiwpnd Lu (15) hwdwuwpdwh Swubwlh gméncdp GiGn-
pkGp (19) wtiupny, www (23) hwwuwpnip)ws hwywnniiny, (22) hwjwuw-
nnpywl thnfuwpbt JuinwGwGp
[0+ 2o+ P = P(x)e~: (22)
bGsybu intiuGmd GGp, (227) hwjwuwpnipjwG dwiu Yaninud, npwtu o~
dnillyghwih wpunwnphs, nlbblp (7 -1)-pn wunhSwbh pwqiwlnwd [27,(7)].
huy we Ynndn¥ » -pn wuwnhSwih pwqdwbnw: 3Gwnbkwpwn, qnpnipinti sni-
GG g,,a,....a, qnpdwlyhglbph wpdbipGhp, npnGp win hwjwuwpnipjuwbp yb-
pwoébtl GnuylnipyjuG:

dbpngpjwihg htnlnid t, np nhurwpliynn nbwpnid (15) hwwuwndwb dwu-
Gwyh |nénuip whinp b hGwpkg (2+1)-pn wunhdwlh pwqiwGnudh L o~
dniGyghuwsh wpinwnpjwih nbupny:

Ujnwu Ynnidhg, (22°) hwjwuwpnipyniGhg tplnud t, np npnbbih puqiwi-
il wqwn winwd swhnp t mGtiw, npnghbnl hwywowy nbupntd @ (x) L
¢ (x) wéwhgywGtpp hwzybihu wyG Ywlhwpnwiw, hGsp Gawlwyned t, np
wjn winwdp (htwlwpwp Gwk @ (x) pwqiwlnwdh) qubtp Ynwelw wih-
Gwp:
Udipmiplyny pbpwé nunnnmpmb0bnp® qpuwlpwgbmd tap, np pGhGwny-
ynn nbupmd (15) nppbiptiGghwy hufwuwpdwl dwulbwlhp ;momdp wbup ¢
hbuipky

y =xQ,(x)e" (24)

wbupny, ninbin Q.(x) -p n -pn wunhBwlh, wlhwpn gnpdwihgbtpny, plnhw-
amp inbuph pwquiwlnuwy ¢:
OnhGwy 3: QinGh Bpynnpn Ywpgh qéwhG whhwdwube

Y -3y +2y=e” n)
nhdtptlghus hwwuwpdwb wib (ndéndp, npp pwywpwnnd t
n0)=0, Yy(©=2 {t)
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ulqpliwyuwl wwidwGGEpha™:
Lawdmd: RwhGh np () hwjwuwniwl  hwiwwwanwuluwb
Y3y +2y=0 (q)
hwiwubn hwiwuwpdwb plnhwinip (nénudl niGh
y=ce +ce”
wnbupp, hbwntwpwp ghunwpyynn hwjwuwpdwh pnhusGnip (nedntdG ty nuGh
y=ce +ce+y c.c.= const)
wnbupp, npnitn y* -p wipdwéd hwifwuwpdwh nplt dwulwyh gpedmd t:
Ujniu Ynndhg, pwGh np pdwé hwyjwuwnpdwh we Swub niGh 1.2 nbupp, b 2-p (Q)

hwywuwniws pinipwqphs hwjwuwndwi Shwwwnhy wpdwwn t, muwnh (n) hwywowp-
dwl Swubuwlh (monwdp whwnp t hhnpbg

y =axe” (t)
wnbupny:
y" Ppnilyghwl L Gpw woéwlgpuiGopp nhunwplgnn  hwywuwndw6 ke wknwnpbing
hwwp Gwiu hwpyblp wyn wéwlgpuGbpp.
() =a@x+De™, (V) =da(x+De”: ©
() L (n) Pmbyghwlbinp nbnwnptiny (n) hwdwuwpdwd G L unwgdwd hufuuw-
npawpjwl bpyne Ynndbipp pwdwlbng ¢ Pnlighwih dnpw’ YuinwGwip
4a(x+1)-3a2x+)+2ax =1,
npintnhg b YanGhlp o hwuwnwnniGh wpdtpp.
a=1
Uyjuughuny, nhvnunynn nhybpblghwy hwdwuwpdwl dwubwlh gnuénudl nbh
¥ =xe
wnbupp, huy Gpw pGnhwbnup (MénLip’
y=ce +(x+c,)e”  (¢,c, =const) ®)
wnbupp:
Judbing (8) Pruliyighush wowbgyuip.
Y =ce +(2x+2c, +1)e™
L oqunytiiny (5) uyqplwlwl wwswhibphg' YnGEGwip
¢ +c,=0,
{c, +2,=1:
Loudtiiny hujwuwpnudGbph winwgdwd hwidwlwpgp.
a=-1, ¢-=1
k ¢, .c, hwunuunnGGbph hwdwp umugwsd wpdtipGbpp wenunpbng (B) Pnelyghush dhy”
LaunlGtGp tndwé nhdtipbGghwy huwwuwpdiwh dhq hbuwppppnn twulwynp (nuénudp.
y=(x+l)e¥ -¢*:
Q) o -0 (16) hwiwubn phpbpblghuwy hwiwuwpdwl pGnipwgnhs hwifw-
wwpdwl YplGwwunnply wpdunn t.

«) Jwdbdusnh n ophGusly 1-h hbwn:
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a’+pa+g=0, 20+p=0:9 (25)
Gpbt plGGwplyynn nbwpnid (15) hwywuwpdwd Jwulwyh (nuénidp hin-
ptiGp (19) wbupnd, www (25) hwywuwpnpinilGGtiph hwdwendng (22) hw-
Juwuwpnipjwl thnfuwnpbl Guunwbwip
Ql(x)e™ = P(x)e™ : (22
Rwih np (227" hwywuwpnipywl we b dwfu Ynnokpnid withwynnptia qp-
Jwé B wnwppbp Yupgh pwqiwinwitbp, hbnbwpwp O (x) pwqiwbnwdh
gnpdwihgbbiph ng 6h wpdbplbiph nbhwpnd wyn hwywuwpnipynibp sh Ywnpnn
Yhipwoéytiy GnuylnipjwG:
dbpngmuwihg htnlinud £, np nhunwplidnn nbwpnid (15) hwjwuwpdwG dwu-
Gwyh (neomudp whiop b gbinply (7 + 2) -pn wunhSwlh puqiwbwnwih b .~
$nLGhghush wpunwnpywih wbupny: Ujnwu Ynndhg' p) nbuph pGownldws dwidw-
Owy ppywé hwiwwuwnnwufuwl nunnnnupinlGGiiph 26nphhy uwnwGmd GGp, np
(n+2) -pn wunhGwbh npnGbih pwqiwinwilt wqun winwd swhnp t mGkGw:
Uuhuny, ppuinwplynn nbwpmd (15) nhpbpbbghwy hujuwuwndwl dwu-
Guigh (mémdp wibip ¢ hGunnpky
y =x'Q,(x)e” (26)

wbupny, nuntin Q.(x) -1 n -y wunhBwlh, whhwypn gnpdwyhgbbpmy, plnhu-
amp wbuph pwqiwonwy t:
OpphGwl 4: Loty Gpypnpn Ywpgh qoéwjht wihwdwubn

Y -4y +4y=3e" @

nhdtipbGghw] hwywuwpnip:
Lnudnud: RwiGh np (d) hwwuwpdwl hwiwwwnwuhuwG

Yy -4y'+4y=0 h
hwdwutn hwywuwniwG ponhwlnip (nedntdl nulh
¥ =(c, +c,x)e™
wkupp (56,2, htwlwpwn ghunwplynn hwdwuwpdwl ponhwinip (nenudt b aGh
y=(c, tex)e” +y (c..c, = const)
wkupp, npubn y° -p tipdwé hwdwuwpdwh npkt Swubwyh (ndned t:
Ujnw Ynndhg, pwlh np (¢) hwywuwpiwlG we Swul mbh 3¢ wbupp L 2-p (h)

hwwuwpdws pGnpwgphs hwdwewpbwl Ypybwwwnnhy wpdwin t, nwnh (4) hujw-
uwndwlG dwubuwyh pmdénudp wbinpg t hiGunpki

y‘ = axlelx
nbupny:
3wty y' Pmblyghwih wnwehG b bplpnpn Ywngh woéwlgsuGhnp.
) =2a(x*+x)”,  (¥) =2a(2x* +4x+1)e*
L wjn wowhgjwiGph hwdwp vinwgwéd wpnwhwjpnnipyniGibpp y° Pnbyghwih htin
dblintin wbnunpbiny npywé hwywuwpdwb 6bp” Yunuwbwiip

+) Juaiusduwyli Jhbunh panpbih, (16) husiusbio nhdbinbGghus huajussuniul plntpugnhs husjunwndwl
wpdwnGbph gnidwpp hwuown b wyn hudwuwniw Shehl winuwidh gnpéwlght’ Ybpgrws hwiwewy
fpuking:

-313-



qiLnth X
2a(2x’ +4x+ 1)’ - 8a(x’ + x)e™ + dax’e’ =3e”,
npuinbnhg & YgunGhbp a hwurnwnnilGh wpdbpp.
3
a=—:
2
Uyuwhuny, nhnwplyng nhdptpbbghw; hwjwuwpdwt dwubwyh (ntdnudG niGh
y' =%xzeh
inbupp, huy Gpw pGnhwlnip (neénudp

3 2 2x
}'=('2‘X +ox+c)e {c,.c, = const)

untupp:

2°. Eplypnpn upgh hwuwnwnn G gnpdwihglbnny edéuyhl whhwiwubn
(15) nhdbptGghuy hunfunwupdwl we dwul nuGh

f(x)=P,(x)e” cosPx + O, (x)e" sinBx (27)

wbupp, npnbn P(x) p b Q. (x) -p hwhwupwnwufvwlGwpwn n -pg b m -pn wu-
whowoh pwqldwlnwilbkp 66 (n,me N; o,BeR):

Oquybiiny

en -ty » __ e—‘v

. [4
cosQp = 3 , Smme= 21, 9 (28)

OnuGnLpn GOtnhg {37,(18)], npnGp Ynsynid b6 Ejbiph pwGwdlbp, L cosPx,

sinfix pnllghwhtipp hnhuuphlbiny gnigswihG dmbyghwibpny, f(x) pmhy-
ghwi YObpYwjwglhtp

1 1 wtn | ] 1 (a-#)
f(X)=[EP.(X)+'2—’.Q.(X)}¢‘ +[EP.(I)"£Q.(X)} 27)

wnbupny, npunbn pwnwlniup wlwgotinh Gepunid gpwd puqiwlnuabtph
wuwnhSwip hwjwuwp t 2(x) L O.(x) pwqiwlnwibbph wunhwiGtphg d6-
Swqniylha:

Ujuwghuny, nhunwplynn ntiwpnid (15) nhdbipblghw) hwywuwndiws wy dw-
up pbipbghlp wjGwhuh wbkuph, nph htinn dwlinpwgh BGp 1° nbwpmd [55,p2):

TNupgymid £, np bpt (a +iB) -0 [Ywd (a-iB)-0] (16) hwiwubn nhdbipkl-
ghw hwjwuwpdwh pGnipwqphs hwdwuwpdwG wpdwn sk, www (27) nbupb
niGlgnn wo twuny (15) wGhwiwutin nhdtintkghwy hwjwuwpdwl dwuGwyh
tménuip whbwinp t hGunpby

y' =U,(x)e* cosPx + ¥, (x)e" sinBx (29)

wbupny, npuikn U,(x)-g L V,(x)-p k -pn wuinhGwlh [k =max(m,n)] pwqiwi-
nwiGkp &G, hult bpb (o +if) -G [Ywd (a-ip)-G] Gawéd plGnipwgphs hunjwutp-
Jwl wpdwwn £

*) tyiph puGiwélbnh 2Gnnhhy YuinuwowGp [38,(18)}

e +e " =cosp+ISinQ+cosP—/snP=2c0sQ, €"-&” =CosQ+ising-cosQ+ising=2ising:
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y' = x[U, (x)e™ cosPx +V_(x)e™ sin Bx] (30)
wnbupny:
Lptilip, np Gpti f(x) Inillghwyh (27) wpnwhwjinmpywl dhp P(x) Ywd

0.(x) pwqiwlnwittphg npbt dlp Gnybwpwp hwdwuwp |hGh qpnjh, w)-
uhlpl bpb (27) $niblyghwl niGbGw

J(x)=P(x)e” cosPx, [f(x)=0Q (x)e"sinPx (277)
wtiuptiphg nplk dGYyp, www win nbwpnd £ (15) nhybpkhghwy hwywuwpdwh
Gwuliwlh niénedp whunp £ hownpb (29) Jwd (30) wbupny:

dtipgnud nhunwpliblp hbnbyw) dwubGwynp nbwpp’
22w. Ephypnpn wpgh hwununnmG gnpdwihgbbnny Qouwyhl wihwdwubn
(15) phPbntibghwy hunjwuwnswl we dwul mih

f(x) = acosPx + bsin fx (27°°)

wnbupp, nnbn a -G, b -G L B -G hwuwnuanm Gabn 66:
Rwbh np (277°) $nilyghwG utnwgyntd t (27) dnblyghwihg YbpghGh dkp
ponnilbin a = n=m=0. hbinblwpwn, hwiwdw)l Ytpkmd pipdwé nunnnne-
pjnGGbph, bpb Bi-G (Qwd -Bi -0) (16) hwiwubin nhdbpblighw) hwywuwpdwG

plmpuwqphs hwdwuwpiwl wpdwwn sk, www (27°°°) nbupld nuGlignn wy Jdw-
uny (15) whhwiwubn nhdbiptbghw| hwywuwpdwl dwulGwyh (pdndp whnp
t thGuinptg (29) wtiupny™ ybpohGh dbp panniGtiny a=4=0:

Uuwhuny, bpl Bi -G (qwd -Bi -G) Gpqwo plmipugnphs hwduuwpdwl wp-
duwwn st, wyw (29) inbupl mbbgnn we dwuny (15) nhPbnblghuwy hwwuwn-
dwl Jwulwlp (momdp wlinp b hlinply

y' =ccosBx +dsinfx  (c,d = const) (29)
wnbupny:

unyyG nuunanmupyntGGtnnyd YuwnnwGwp, np bpl Bi-G (Ywd —pi -0) (16) hw-
dwutin nhybptiGghw hwyjwuwpiwb pinipwgnhs hwdwuwptwl wpdwwn t, w-
ww (27°) wkuplG nGhgnn wy dwuny (15) hwiwuwnpdwl Swulwyh (nénuip
whitnp t thwpby (30) nbupny’ YbpehGh dbe plnmbliing a=k=0:

Ujuwghuny, bpt Bi-0 (Yuwd -pi-0) Gjwé phnipwgphy hwywuwpdwl wp-
dwwn b, wwyw (27°7°) inbupG mGhgnn wy dwuny (15) nh$bpklighwi hwjwuwn-
fwh GwuGwyh Ménip wtwnp t thiwnpky

y' =x(ccosPx +dsinpx)  (c,d = const) (30")
wntiupny:
OphGwy 5: Lnust bpypnpn Yupgh qéunhl wihwdwubn
y' +4y +20y=2cosx ()

nhdtiptGghw] hwdwuwpmip:
Lawdnud: Luwfu Yupnn GG hbaunnipjwdp hwingybi, np nhuwplyen hwywuuspdwG
hwdwwwinwuluwG hwiwube nhdbpbGghw) hwwuwpdws pighwsnp (ALY ntGh
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y=e(c,cos4x+c,sindx) (¢, = const)
wbupp [55,3°):
Ujbnihbunt, htitnlibiny tnnbumppuGp’ nipfwd hwyjwuwnpdwt Swulwlh (nuéntdp dhin-
polp
y =acosx+bsinx  (a,b=const) ()
inbupny:
¥y poliyghwi L Gpw wowbgultpp [27,(10),(12)].

('Y =-asinx+bcosx, (y) =-acosx-bsinx
nbnuwnpbing () hwywuwpdwl dbe” YmGLEGwlp
{4b+19a)cos x + (19b - 4a)sin x = 2cos x:

Npuwtugh unwgywé hwywuwpnwpyntlp nunbuw GnuyGnepgnil, wyuhlpG, npwbugh (fu)
IniGlhghwh (hGh wpdwd hwdwuwpdwd twubwlh (néncd, wihpwdtn t b pwdwpwnp,
np wnbinh nGEGwo

46+19a=2,
195-4a=0 @)
hwywuwpnipymGobpp:

Lnwotiny qéuyhl hwipwhwyfwywl hwjwuwpnidGhiph (6) hwdwlwnpgp” Yuinw-
GuwGp

38 8
a=— = ——
377" 377
Ujuwhuny, nhtnwpynn nhdtpblghuy hwywuwnpdw SwuGwlh (niéntds nGh
, 38

———oosx+isinx
mn k¥

unbupp, hulj Gpw plnhwinip (nLdmp’

R . 38 8 .
y=¢ h(clcos4x+c,sm4x)+3—77cosx+§—7—7-smx (c,,¢, = const)

wnbupp:

§57. IwuwnwnntG qnpéwlhgltpny qéwjhlt nhdtpkbghw)
hwdwuwpnuiGeph hwdwlywpgbip:

Udwpuntijnd wawGdhG nhdbpbGghw) hwdwuwpndGbph niunudGuuhpnt-
pniOp” whglklip nh$bpbklghw) hwywuwpnidGbph nprawyh hwiwlwpgbiph
niunudGwuhpnipjwlnp:

UwhiwGmd 1: 2hpbpblbghwy hwywuwnpnidlbnhg uwquyws wild hwiw-
Lunqgp, npp jmpwpwlymp hwdwuwnmd welsmpimb t wolwfu hopnfuwlw-
Gh, wym hripnfuwlpwGh npnGbih pmblhghwlbnh b Gpwlg weweht Yuwnpeh wowl-
quuGbph dhol, Ynsydmd ¢t wewehl Juwnpgh npPbpbloghwy hwiwuwpmdGbph
hwiowlwng:

Unynpwpwp nhdbpblghw; hwywuwpnudGbph hwdwlwpgp Gugqigned t
wiybpwo hwlwuwpnudGbphg, nppwt wihwpn nbyghwbbp nbh:

UwhdwGnd 2: 2ppbpblghw; hwijwuwnntdG6pfh
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%=f(x Yis Vasee ’y)

) %= S (%Yo y0ny)

....................................... )
&. _

P FACK S Y

hwdwlwngp, nntn x -p wlywfu hmpnfuwlwi £, y(x) -p, y,(x) -p...., yv.(x)-p’
npnGbih SmGlhghwlbp, huly £ -p, f, O..... [0 (n+1) suwhwof nmupwontpuwi

M(x,y,,¥,5-,3.) Ybunbph G pwg pwqinipywl ypw npnzdws hwpnGh pmlby-
ghwilbp, Ynsymd t wawehl Juwpgh nhpbnblghuwy hwywuwnmoGph Gnpduy
hwiwlwng.

Anjnipynil nuGGG nhptiptGghw) hwywuwpnidGhph hwdwywpgbph 2wwn
wntuwlitp, vwywb 6tGp Ynhuvwnplytlp Shwit nhybpkGghwi hwdwuwpmaGh-
ph Gnpdw; hwiwlwpgbn:

UwhidwlGnd 3: Uplbnyl (a,b) Ghowluwypnid npmpwd wowlghbih pnily-
ghwbtph

YisVrsees Y, v
hwiwfunidpp Ynsymd t npPpbinbGghwy hwiwuwnpnidbbph (1) hwiowlwngh (ni-
omy, bpb wyl pwywpwpmd t wyn hwiwlwpgh popnn hwwuwnnidabnha,
wyuhlpl, bpt (2) pmbhyghwlbph wnbnwnpbip (1) hwowlwngh Jbp, wyn hwiw-
bupngh pninn hwwuwpmdbpn® Gadwd Showlhwpmd bpwénid t Gnylne-
Jmaebph:

Uwhidwinwd 4: bwublp, np nhplinbGghwy hujwuwnndGbph (1) hwiw-
luwpgh hwidwn wnpywoé 66 uyqplwlhwl wuydwobbn, tpb wihwfu thmpnfuwlw-
Gh dh npld x, wpdtiph hwdwp, npp wunhwlnd t (2) pnillyghwbbnh npnydwl
whpnyphl, windwo 66 win dmGhghwlbnh wndtiplbnp.

yl(xo)=y|v )’x(xo)=)r’.,'--,Y.(X.)=y.. : (3)

UwhidwGnd 5: Ywiuwywlhwl c,c,,....c, hwunwnmGobphg ufujwé w-

owlglyh pmblyghwlbph

¥ =0,(x,C,,Cp0e0sC,)  (i=12,..,0) 4)
hwdwfunidpp Yngdmd b nphpbpblghwy hufwuwpnidGbiph (1) hwidwlwpgh pin-
hwlnip (monid, bpl uyl Gpywo hwununnmGlbph wiuywlywl wndbpGbph
nbuwpmd punjwpwpmd £ (1) hwdwluwngp huwfjuwuwpmdGbphl, pln npmd wyn
hwuwnwninm GG6pp unbih t wbwbu plnpty, np (4) dmbyghwibpnp puduwpuw-
nbl hwdwuwnmdGbph nhuwplydng hwiwlwpgeh hwdwn inpdwé (3) vhgplw-
Ywl wuydwlGEppG:

UwhdwGnid 6: 2hpbnblghuy hwz[wuwpnuilibp/; (1) hwidwwnpgh jmpw-
pwlgymp (némd, npp unwgdmd t (4) pniGlghwilbiphg c,,c,,....c, hwuwnunnni -
Gbph npnpwlh wpdbplbbph nbypmd, Ynsdmd t huwuwpmdGbph uyn hwiw-
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Yuwpgh dwulbwlh (nidnd:

Thpbpthghw) hwjwuwpnidGbph (1) hwdwlwnpgh hwdwp sk Unzhh
huGnhp, Gawlwynid t qunGLb| wyn hwiwlwpgh wib (nuénidp, npp pwyjwpwpmyg
b npdwd ulqplwlwld wwwbiEph:

Wdd wnwhg wuwgnygh peptlp nhdtpblghwy hwywuwpmdGliph (1) hw-
Swywpgh (nédwh gnnipjwlp b dhwynipjwbp depwptipnn Unzhh pbnpbip:

Bunpbd 1: Lpb phPbnbbghwy hwiwuwnndGbph (1) hwowlhwnefh dbo

dwulbwlgnng  f(x,Y,Yyrny,) (i=12,.,n) Pnrllyghwlbpb pptlg o [y,
Gi,j =1,2,...,n) dwulbwih wowbgubbph htin d6linbn wiplnphwn 66 n+1 sw-

hwlp G pwg inhpnypnid, wyw wyn wppnyph quBUGWS (%, Y. Yyr-Y.,)
Y d inpwd hwdwlwngl mbh (3) vlqelwlhwl wuydwlGEphG punfwnw-
pnn 06y L dhuyG 06l (niomu:

UGgGLny nhybiptlghw hwywuwpnudlhph (1) hwdwlywpgh (3) vyqpGuw-
Yuwl wwydwhGtpht pwdwpwnnn Swubwlh (nénidp qunbbine fulGnphG” kGpwn-
ntGp G whpnypnud £ (i=1.2,....n) $niblghwlbpp, pun pninp hnthnfuwlws-
Gbph, mGEG ShGsk ( n—1)-pn upgp GEpwnyw) wGpbnhwn SwubGwlhh wowig-
JuObp:

Ladwd fulinghpp tnusbnt hwdwp Gwhu gni)g nwGp, np, wjuwbu Ynsdwo,
wlhwyin dnbyghwGtiph wpunwpuldw bnwtwlyny nhdtiptGghwy hujwuwpnid-
Gbph (1) hwiwywpghg npnGbih $nuGyghwbbphg npbt dEYh GHwwndwsdp Yuw-
pbih b unwiw; pwpdp Yupgh nhdbiptGghwy hwywuwnnid:

bpnp, pGunpbing (1) hwiwlwnpgh hwdwuwpmdGphg nplt dGYyp, ophGuwly’
wnwehlp, L Opw tipynt Ynndtipd wowbgtiny puw x -h, YnGhGwGp [48,(5)]

ﬂ A + % b +...+—a£-gy-'-i

& oy dx oy, dx 5)
Oqunybiny wnpdwd hwiwlwngh hwywuwpnuibtiphg b dy /dx (i=1,.2,..,n)

wowbgjuilbpp hwiwwwwnwuhiwlwpwnp hnfuwphGhind / ImGYghwib-
nny’ (5) hwywuwnnidp YobpYwjwuglhlp

% = F (X, ¥, Y350 ¥,) (6)
inbupny, npntin
d
Fsyoymy)=LsLops o2y

& Oy, %,
Jwpytiny GnyG Ybpw' (6) hwywuwpnidhg YuinwGwGp

Lo F(5 320, )
npwnkn
OF, O©F, oF,
F(x,y,Y)= E‘l+ 5{/} +..4+ E’j: :

Cwpnibwybiny bwenpnwpwnp wéwlgb; unnwgynn hwdwuwpmdbbph bp-
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ym Ynndtpp” b ybpen YnuGbGwlp

Y _
o F (x5, 5507.), (8)

npunkn

I:.(x7y|9y:""9y-) = _al:—.-‘*.aLf; +o..+

& oy %,
Ujdd GwquikGp nhptiptighw| hwwuwpmdGlinh
[y,

-\ = X, (LB LTI 4% )
= S, Y05 Vases )

oF,
.-:f::

d yl 3
) F = F,(x,y,,y,,.-.,y.),

...... ©)
4y
| &

=F (%Y, Y100 0.)

hwiwywnpgp L wyn hwdwlywnpgh wnwehG n—1 hudwuwpmdGtiphg y,,5,,.-- Y,
$nllghwGhpG wpnwhwynkGp x -y, y,-ny L
dy, d’y, d7y,

PR ey
wéwhgywiGbpny
(=-1)
]

=%, Ve,
y) = W,[X,yl,y:,.--,y,(.-n], (10)

>

("-l)] .

Vo= Xy Yo,

Vi Yy, PillyghwGbph hwiwp unwgwd wpnwhwpnnipinGbbpp nb-

nunpbiny hwjwuwpndGbph (9) hwiwlwpgh ybpeht hwywuwndwh dbg” y,

wlOhuwytn InebGyghwih GLwindwde Junwlwbp # -pn Yupgh nhdbiptGghwy hw-
Jwuwpnud™;

d'y _ , e
= % B35 7 40 "ig B (11)

Thdtipthghwy hwywuwpnulGtph wpjwé hwdwlwngh pGrhwbnip (nudne-
dp unwluwint hwiwp wGhpwdtin b qunGlp 7 -pn Yupgh (11) nhdtiptiGghwi
hwyjwuwpdwl pGnhwbnep (nuonudp [52,u2].

¥, = 0,(x,C,,C;5000C, ) (12)
huwdty (12) dnGlghuh dhlsl (#-1)-pn Yungp Gepwejwy painp wéwbgjwy-
GGpp L unnwgywé woéwbgywithpp y, Inilhghuyh hbn nbnwnpb (10) hwdw-
uwpnipynilObph db.

) LtiGp, np wewGahG GnhaGlpncd (11) hudwuwpdws hinhuupto Guwpnn t unwgyby wbih gwenp
Yumngh nhptinbGghus hutwwwnned:
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aLntlu X
W= (p)(xtcncp-"yc,)y

Y, = 0,(X,€,,C, 5005, ) (13)
Y. =0,(x,6,,¢,505C,)

Nhybpbaghw hwyjwuwpnudGeph (1) hwdwlhwpgh (3) ulyqplwlywl wwj-
JwOGtphh pwywpwpnn dwuGwyh (nuénuip qunbbint hwdwnp wGhpwdbn t
(12) L (13) hwjwuwpnipjmGGbph dtig plnnilby

X=Xyy Vi =Vier Vi= Vs voes Yo =Voor
6kt ¢,,¢,s....c, hwutnwnnGGph GYuwndwdp vinwgywd hwipwhwuwiywb
hwywuwpnudGtinh hwidwlwpgp L win hwunwinn bGtph hwidwp unwgwd wp-
dtipGtipp wbinunpti (12), (13) $nbyghwlbnh dbe:

Ophlwy 1: Lmébj nhdbipbGghwy hwywuwpmidGbph hbnlywy Gnpdwi hwdwlwpgp’

=2y, 42y,
Yo=Y +3y,: w

Latdnus: Spyjwé hwiwluwpgp (nudtnt hwdwn, Gwiu wohwpn $nillghwGbph Yapp
Ghwpwgpwé wpnwpulwl bnwGwlny, win hwiwlwpghg Yunwbwhp bpypnpn Yupgh
nhdliptiGghwy hwwuwpnud, ophliwy, npnGhth y, pnlhghwih Gywindwdp [28,(1).(9)]

Yi=2y +2y, =22y, +2y,)+ Ay, +3y,) =6y, +10y, =6y, + 5(y| - 2,) = 5y, - 4y,
Juwad
¥~5y +4y,=0: ®
Lnwotiyng (p) hwywuwpnidp [55,02)
Y =ce’+ce”  (c,,c, = const)
L y, dmblyghwh hwdwn uinwgwd wpnwhwjnnipimip wbinwnpbiny wnpdwéd hwdwyuwp-

qp wnwehlG hwywuwpdw6 §by° htunmpjudp YounGhlp Gwl gne npnGagh dacGyghugh
wnbiupp.

y =S rcet
2 2 .

Upwhuny, nhdtpbighw| hwdwowpmdoltph (w) hwdwhwngh pGnhwbnip (nuénidG
niGh

y=ce +c e, Nh= ——lee‘ +ce"  (c,c, =const) (@)
wnbupp:
Uydd thpwnptlp nhdbtpbGghwy hwywuwpnudGeph (1) hwdwlwpql nilh
%—_- Hyl+al2y1+'"+allyl’
< % =ay +a,y,+..+a,y.,
(1
‘f:x' = a_lyl + a_J, +...+ ay,
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wbupp, npuntin 6, (4, =1,2,..,n) gnpéwyhgllipp hpwywG hwutwwnniGGp BG:

Uwhidwlnud 7: Uewehl Gungh nhdbpblohuy hwdwuwpnidGbph (1) hw-
dulpwngn Ynsdmd t huwwnunnm b gnpdwlhglbpny qouypl hwiwubn nhpb-
pbiGghwy hwywuwpmdGbph Gnpdwy hwiwlwng:

POswtiu nbuwbp JtpLnid, nhdbiptiGghwy hwywuwpnidGliph (1°) hwiw-
Yupgp Jupbih t ot wGhwpn ntGyghwhtph wpnwpudwh bnwtwyny’ wgl
ptiptitny = -pn Ywpgh (m<n) SGY nhdbpbGghwy hwywuwpdws: Uwlw)
wwpqund t, np hwuwnwnnG gnpéwihgliipnd qéwjhG hwdwutin nh$bphi-
ghwy hwyjwuwnpnidGhph (1°) hwdwlwngp Ywpbith t (nust) Gwb wy) bnwGwyny:

Uwulwhhnpbl SwhnpwlwGp wyn nwbwlh hbwn:

Thunwnlynn hwiwhwpgh Swulwyh nuénudp hGwnptipng

yo=ae", y=ae, .., y=ae" (14)
whiupny, nputn a,,a,,...,0_, ¢k hwutnwinntGGtpp GOpwlw G npn2dwa, L (14)

Inllighwltpp wbnwnpbind win hwdwywpgh hwywuwpniiGbph ote, Ynebk-
Owbp [27,(87)], [28,(9).(15")]

-4 o
koe” = (a0, +a,0, +...+a,a)e”,

ke =(a,a, +a,a, +..+a,a e,
............................................................... (15)
ko e =(aa, +a,0,+..+a o) :

Ljwwh nGbGwiny, np gnigswihG dntGyghwh gpn wpdtp sh utnwGnid’

{15) hwiwlwpghg o,,a,,....a, hwunwinnbibph Ghwniwdp Yunwbwip qéw-

shG huGpwhwywiwl hwywuwpnudGph hwdwluwpg [12].

(a,-k)a, +a,0,+..+aa =0,
a,a +(a, -k, +..+a,0a, =0,
SRV (157
ao +a.a +..+(a, -kba =0:
NpnGGih pmbGyghwlbph nbuphg Gpbnud £, np hwywuwpmdbph (157) hw-
dwlwpgh gpnjwlwb nudnudhg.

a=a,=-=a =0

unwgyntd 56 y,(x) = y,(x) = y.(x) =0 InGyghwhbpp, npnlp wllhwjnnptb pw-
qupupnid &0 phdtpblGghw) hwlwuwpnudbbph (17) hwiwlwpghG: Rwbh np
dtiq (17) hwiwlwpgh ng qpnjwlwb pedmdGenG & 66 hwnwppppnid, nlunh
wlhpwdtn t qunlbp Gwl (15) hwdwlwpgh ng qpywlwl dmudbtpp:

pGswbu qghuinklp, qdwjhG hwiwubn (hwipwhwwlywh) hwywuwpniiGhb-
ph hwiwlwnal wiG L ShwyG wyb dwiwluwy mbh ny qpaywlw (ménud, bpp
uyn hwdwywngh gqriuwydnp npnzhsp hwjwuwn t gpagh [13,u1], [14,p4]: Ibnluw-
pwp, (15" hwiwlwngl wyG L Shuyb wyG & -tiph nbwpmd moh ng qpnjwlwi
tnténud, npnlg hwdwp wnbnh mGh
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qLNHu X

a, a, = k a4 | = 0 (16)

hwywuwpnipynilp:

UwhdwGnid 8: x hwutnwwnmbh Ghunndwdp unwgdwé n -pn ungh (16)
hwipwhupywlwl hwdwuwpmdp Yngdmd b wewehd wpgh hwuwnunnnt gnp-
swihgbbnny qéuyhG hwiowube phpbpbGghuwy hwywuwnndbph (1°) Gnpduy
hwiowlwneh pampwaphs hwywuwpmd:

Ujuwhuny, géwhl hwipwhwquwiwid hwdwuwpnudGbph (157 hwiwlwp-
qh ng gpnwlwl (nednudGhpp qunGtine hwiwp Guiu wbnp t nudt (16) hwyw-
uwpmip:

I0wpwdnp GO hbwlyw ntiwpbpp’

w) plmpuwgnhs huywuwpbwl wpdunnbbnl pnwlpwl 66 L ppunhg tnwp-
pbp,

p) pGnipwanhs hwwuwnmdlG nh wwnhly wpdunnbbn,

Q) plnipugpfis hwijwuwpmdG nGh Ynduybpu wpdunnbbn:

ShunuwplbGp Shuyb (16) hwywuwpdwh hpwlwh L hpwphg wwppbp wp-
JuuwnGbp nGhGwyn nbiwpp:

hgnip & -p, k0., &,-p (16) hwjwuwpdwG hpwlwb L hpwphg twpptip
wpiwwnGbpl 6G:

k. (i=12,...n) wpiwwnp mbnuaptilp hwywuwpnudlbph (15) hwiwlwp-
gh dbg L unwgdwé hwiwlwngh (aph npnzhsp hujwuwn t qpagh) ng qpnjw-
YwG yménLiGhphg npld dbYp Gawbwlble fo®,a,”,..a.°}-ny

Ujn nbwpnid, hwiwdwil (14) pwGwdlbiph, Yurnwlwbp nhdbtiptiGghw) hw-
JwuwpnudGhph (1) hwdwywnpgh hbnlgwy Swulwyh (nednudGtpp’

¢ (b (¢
Jev,a,%e,...,a e }

%1 [£2] k,x (I)eq: (l)eq;}’ (17)

() ks

e ,a, e .. a, e }
Ywnnn bGp wﬁﬁhgwumﬁ nbnunpiwG Shengnd hwingubi, np $nllghw-
Gtph

™) _tar

¥, =ca’e™ +c,a%e™ +..+ca Ve,

(=) l.x

y, =co,"e™ +c,0,Ve™ + .. +ca, e (17)

y, =ca e +ca e +..+ca Ve

*}RubGhnp k =k (f=12,.,n) wpdtpGhph nbwpnud (15°) hwiwluipgh q(huwnp npnzhsp huwuwn
t qpnjh, hbwnbwpuwip uyG mGh wGphy pwgsntpjudp (niénudlbp:
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§57
hwiwjunudpp, npinbin ¢, -g, ¢, -p, ..., ¢ -p Quiwpwlwid hwunwnnGGbp GG,
finyGwtiu (1) hwiwlwpgh pednud t: UgbLhG, Yupbih b gnyg wiwy, np $nuly-
ghwltph (17) hwiwfunidpp nhdbphbghwy hwljwuwpnidGeph (1) hwdwlwp-
gh pGnhwlnp pénudG t:

OphGwy 2: 2nhdbny whhwpn $nlyghwbbph wpnwpudwl depanhl’ (nudk| w-
nuwghG Yuwngh hwuwnurnnil gnpdwlihglbpny qéwhG hwowubn nhdtpblghwy hwiwuw-
pnuitph (w) hwiwlywngp:

Ladnud: Lnudtny (w) hwdwlwpgh pGnpuigphs hwdwuwpnidp.

2-k 2
I 1 3._‘-'20’ 4Y)

k=1, k=4:
Oqunytigny (17) pwlwdbbtphg’ YuunwlGwip nhdbptGghwy hwiywuwpnrdbbph (w) hw-
Gurlywpgh

yn1btiGwGp [2,(10)]

{a,“’e‘,a,"’e‘ }’ {z‘meu,azmeu} (6)
dwuGwyh (ntomdkpp:

WGnihbwnb uiqibiny nhnwpliynn hwdéwlupgh plnipwgphs hwjwuwpdwl & =1
wpdwwnh hwdwwwunwupaul (15) hwdwluwngp.

o, +20," =0,
a®+2a¥ =0 @
L pGunpbiinyg (@) bwdwlwpgh a® =1,a =-1/2 énsp” Yawnlbbp (w) hwiwlywpgh
b*,-e*/2} Owubwyh nuonudp:
Unyj0 dlny, (n) hwiwuwnpdwG k, =4 wpiwinh hwowp YqunGtGp nhunwplng hw-

dwywpgh {e“,e“} duiuGwyh (ménuip:

NhybpblGghwy hwywuwpnudbeph (w) hwdwlwnpgh plnhwlnip (ndnuip unwlwnt
hwdwp 8Gnud L oquyby (17) pwlwdlbphg.

Lot
y=ce +ce”, = —56e +ce” (¢, = const): (n)

phswbu tnbuGnud LGp, nhwnwnlyynn hwdwlwpgh () U {p) pGnhwinip (ndnuiGhipg
GnuGwpwn hwipGyGnd GG (hGsugbu L whnp tp uwpeuby):
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g 7 Swwqpmpjwi bnwlwyp' ehqngpwdhw:
" @Bninpp’ odubip, 80 qn:

Owlwyp’ 20,25 nywgpuiywl swdney:
Uunnpwapywé £ wnwwgpnipjwiG 20.12. 2008p.:
NMwuytp phy 81: Swwpwlwyp' 200 ophlOwl:

- - Swwgpywé t Gplwih Swpunwpwwsnnpiwi L
2htwpwpnigut wenwywo hwiwjuwpwGh
nwwapmpywi b ipwnynipiwb Yetupnih nwwnpwbnd:
<{wugt’ bplwa, Stpywt 105:






