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Ota KHUTA SBISAETCS PEIPUHTOM OPUTHHAJA, KOTOPBI MbI CO3[aM CHEIUATBLHO
nuist Bac, WCTonb3ys 3allaTeHTOBAaHHBIC TEXHOJIOTHH TTPOU3BOJICTBA PETPUHTHBIX
KHUT U TI€YaTH 1Mo TPeOOBAHUIO.

CHavana MBI OTCKaHHPOBAIM KaXXIyl0 CTPAHHUILy OpPHUTHHATA 3TONH PENKON KHUTH
Ha Ipo(heCCHOHANTBEHOM 000PYIOBaHUH. 3aTeM C IIOMOIIBIO CIELHaNbHO pa3pabo-
TaHHBIX IIPOrPaMM MBI IIPOU3BEIIN OUYMCTKY M300pa)KeHHs OT ISTEH, KIISIKC, Iepe-
rHOO0B U TOMBITAINCH OTOENNTH M BEIPOBHSATH KaXIyI0 CTpaHHIy KHUTH. K coxa-
JICHUIO, HEKOTOPBIE CTPAHUIIBI HEeNIb3s BEPHYTh B H3HAYAIBHOE COCTOSHHE, U €CITU
nx OBUIO TPYIHO YMTATh B OpPUTHHAJIE, TO ke IpH IU(POBOM pecTaBpaluyl HX
HEBO3MOXKHO YITyUIIHTh.

Pa3yMeeTc;{, ABTOMATU3HWPOBAaHHAA NPpOrpaMMHast 06pa60T1<a PECIOPUHTHBIX KHUT —
HE CaMO€ JTYYIIEC PEIICHUE 11 BOCCTaAHOBJICHUS TEKCTA B €T0 IIEPBO3JAHHOM BHUIEC,
OJIHAaKO, Hallla HeJib — BEPHYTb YUTATC/IIO TOYHYIO KOIINIO KHHUI'U, KOTOpOfI MOXKET
OBITh HECKOJIEKO BEKOB.

IToaTOMy MBI IpPEAyNpPEXIAEM O BOBMOXKHBIX MTOTPEMIHOCTSIX BOCCTAHOBIEHHOIO
PENpUHTHOIO U3AaHus. B WM31aHMM MOTYT OTCYTCTBOBAaTb OIHA WJIM HECKOJBKO
CTPAaHMI] TEKCTA, MOT'YT BCTPETUTHCS HEBBIBOAUMBIE IIATHA M KIIKCHI, HAIIIMCH
Ha TMOJISIX WIIM MOJUEPKUBAHUS B TEKCTE, HeUUTaeMble ()parMeHThI TEKCTa HJIH 3a-
ruobl crpanull. [Tokynars wim He MOKynaTh nogo0HbIe H3aHus — pemmars Bam, Mbl
JKE JIETaeM BCE BO3MOXKHOE, YTOOBI PEAKNE U IICHHBIE KHHUTH, €Ill¢ HEAaBHO yTpa-
YECHHbIE U HECIIPABEUIMBO 3a0bIThIE, BHOBb CTAJIM IOCTYIHBIMU JUIsl BCEX YHTATe-
nen.

ﬁ(epvm KHmxHbIN PeneccaHc

www.samizday.ru/reprint






Or penaktropa JHUHMKJIONENHH

MaremaTHKa COCTOMT FJIaBHEIM 0GpasoM M3 (aKTOB, KOTOpHIE
MOXHO NPEACTaBUTb H ONHCATH MOAOGHO JIOGOMY SIBIEHHIO NPHPOJHI.
OtH (akTH, CHOPMY/NHPOBaHHHE SBHO B BHIE TEOPEM HJH CKPH-
ThI€ BHYTPH JIOKA3aTeNbCTB, COCTABJAIOT OCHOBHYIO 4aCTh NPHJIOXNKE-
HHH MaTEMaTHMKH H, BEepOSITHO, NEPEXHMBYT BCe H3MEHEHHs MaTeMa-
THYECKHX BKYCOB H HHTEPECOB.

Lene HacTosimeli DHIMKIIONENUM — MOCTAPaThC OCBETHTL BCe
obsiacti MateMaTHkH. HenpemeHHEIM TpeGoBaHHeM K aBTOPY SIBJSIETCS
SICHOCTb H3JIOKEHHUS] MaTepHasa, AOCTYNHOCTb JJs HeCHenHaJHCTOoB,
a TaKiKe HaJvuyue noApobHoi 6ubnuorpadun. Toma dHumKIOnenHH
O0BEIMHSAIOTCS B CEPHM, KOTOPHIE COOTBETCTBYIOT Pa3IHUHEIM 06/1aCTIM
COBPEMEHHOH MaTeMaTHKH; NOPSJOK BHIXOAA KHHF B OTAEJbHBIX
Cepusix He ycTaHaBIMBaeTcs. Uucio ToMoB M cepuit Gyzer no mepe
HAaJO6GHOCTH NEpecMaTpHBAThCS.

Mer HafieeMcsi, yTo Hamle npejnpusitTie GyIeT CnoCO6CTBOBATH SHe
Gosiee MHMPOKOMY NPHMEHEHHIO MATEMATHKH TaM, IJie 6e3 Hee Helb3si
OOOATHCH, M clesaeT BOSMOKHEIM €€ NpUMEHEHHE B TeX 0OJaCTAX, FIe

OHa MorJia Obl OBITb MOJE3HOH, HO Kyja elle He NPOHMKJA BBHAY
. HelocTaTKa WHGopMaluHu.

Hscan-Kapao Poma



IIpenucioBre pejakTopa CepHH

B 6onblIHHCTBE KHUT O COBPEMEHHOH anrefpe KOHeYHHIM MOJISIM
OOLIYHO YJeJsieTcsl JIHIIb HEeCKOJbKo cTpaHull. [Tostomy Ha nepBelit
B3IJISIl MOXKET NOKAa3aTbCsl YJAMBHTENLHBIM MOSBJEHHE [EJIOH KHUIH,
MOCBSIIEHHON TEOpHH KOHEUHBIX mnoJieH, Ja.ele BhIUe[uel B CepHH
«DHIUKJIONeUs] MaTeMaTHKU H ee npujoxkeHuir. OnHako uyurtaTesb
3TOH KHHMIH YBHJHMT, YTO €€ aBTODHl BLINOJHH/IM B BHICUIEH CTeNeHH
CBOEBPeMEHHYIO 3a/iaqy, coOpaB BOGIHHO PAa3NHUYHBIC JHHKHY PA3BUTHS,
o6si3aHHBIE CBOMM BO3HHMKHOBEHMEM JaHHOMy mnpeamery. B nepByio
ouepenb CJeflyeT OTMETHTb OYpDHO pasBHBAIOMIYIOCH TEOPHIO KOIH-
poBaHHUs (KOTOpo# B 3ToH C€PHH yike OblTa nocBsimeHa MoHorpadus
Maksaaiica). B HacTosmeM H3JaHHM TeopHS KOAMPOBAHHSI Tpak-
Tyercs B GoJiee IIHPOKOM KOHTEKCTEe TEOPHH MHOI'OYJIEHOB Hal KOHeY-
HEIMH NOJISIMH, M DPH 3TOM yCTaHaABJIHBAaeTCs €€ CBA3b C JIHHeHHBIMH
pPEKYPPEHTHEIMU MOCJIENOBATENbHOCTSIMH H PErHcTpaMH C/ABHra.

Yrto ke Kacaercsl «4HCTOH» (T. €. TEOPETHYECKOH) CTOpPOHHI, TO
umeercs GoJsbinasi oOJacTh TEOPHH YHces, KOTopas HauboJjee ecrec-
TBEHHO ONHCHIBAETCSI B TePMHHAX KOHEYHHIX noJieil. MHoroe Hu3 H3-
JIOXXEHHOro 31ech (HampHMep, TPHrOHOMeTpPHYeCKHe CyMMHI M ypaB-
HeHHS HaJ KOHEYHHIMH IMOJISIMH) MOXKET CJYXHTb 00pasuoM aJs
GoJiee obmiero cJay4asi, H aBTOPhHI NPOABHIaOTCA TaK JaJeKo, KaK 3T0
TOJIbKO BO3MOXKHO NpPH HCNOJb30BAaHHH JIHIIbL 3JEMEHTapHHX anirel-
pauyeckux MeTofioB. B pesyJbTate KHHra MOXET CJIY)KHTb BBeJIeHUEM
B YKa3aHHy10 o0JacThb.

Ho koneunrie noJisi 06;1a1al0T TaKHMH CBOHCTBaMH, KOTOpHIE TIPH-
Cyuld flajJieKo He BceM ajrebpanyeckuM obbekram. Hanpumep, onu
(kak, BopoueM, M KoHeynnle OyJieBhl ajre6pr!) ¢yHKIHOHAIBHO
OOJIHEL. 3TO 3HAYMT, 4TO Jioboe oroOpaxeHHe KOHEYHOro MoJs
B ce0sl MOXHO MNPEACTaBUTb C MOMOLIBbI0 HEKOTOPOro MHOTOWJIEeHA.
JokasatenbcTBO 3TOr0 (hakra HECJOXKHO (OHO BHITEKaeT, HalpHMep,
U3 HHTepHoJsiHOHHOH ¢opMyJnl JlarpaHika), ofHaKO MPH OTHICKa-
HHH MHOrOWIEHOB, OCYUIECTBJSIIOIUX NepecTaHoBKH, BO3HHKAET Le-
JBIH psjl npaKTHYecKuX npobueM. Taxkue nepecTaHOBOYHLIE MHOrO-
yJleHbl HCMOJB3YIOTCS B CaMblX PasHbIX o0JacTAX, H B IaHHOH KHHTre
H3JlaraloTcs METOIBl HX OThicKaHusi. Hacrosinee u3jande, BrOJiHe
COOTBETCTBYSl CBOEMY HA3HAYEHHIO HACTONbHOH KHHMLH IJf [pH-
KJIaJIHHKOB, COJIEPKHT MHOXECTBO pa3HOOOpasHBIX  aJrOPHTMOB
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pa3JIOKEHHS] MHOIOWIEHOB Ha MHOXHTENH — Kak Haj GosbIUHUMH,
TaK M HaJl MajbIMW KOHEUHLIMH [OJISIMH.

OG6uMpHble KOMMEHTapHH B KOHLE KaXIOH IJIaBbl JAIOT HHTEpec-
HYIO MCTOPHYECKYIO MEepCneKTHBY, a ucYepnbiBalomas Gubanorpadus
AenaeT JIaHHbIH BLINYCK JHUMKJONEAHH HACTOSMHUM CIPaBOYHHKOM
N0 KOHEYHBIM MOJISIM.

I1. M. Konu



Iamene u Tepaunde

NpenucioBue

Teopusi KoHeuHblX nosiefi — 3T0 BeTBb COBPEMEHHOH airebpHl,
cTaBUIasi 3a NocJelHHe NoJIBeKa BeCbMa akTyaJbHOH B CBfI3H C pas-
HOOOpA3HBIMH MPHJIOKEHHSIMH, B TOM UYHCIe B KomOHHATOpHKe,
TEOPHU KOJMPOBAHHS M MaTeMaTHYeCKOH TEOPHH NepeKJIoyaTebHbIX
cxem. Hauana teopun Bocxonat K X VII u XVIII B. u cBa3ans ¢ ume-
HaMH BhblIawniuxcss MmareMaTHkoB Ileepa Pepma (1601—1665), Jleo-
Hapaa Jiepa (1707—1783), JKozeda-Jlyn Jlarpauxka (1730—1813)
H Anpuena-Mapn Jlexauapa (1752—1833), koTopble BHECHH BKJaj
B CTPYKTYPHYIO TEOPHIO NPOCTHIX KOHEUHBIX nosed. UTo ke Kacaercs
ofuiell TeOpHH KOHEUHBIX moJieil, To oHa Hayaaack ¢ pabor KapJaa-
®pugpuxa laycca (1777—1855) u Isapucra lanya (1811—1832),
HO NPUBJNEKJa BHUMaHHE MPHUKJIAJHHUKOB JHUIb B MOCIEJHHE NeCATH-
JieTHsl, KOrZia Pe3Ko BO3POCJIO 3HAYEHHE NUCKPETHOH MaTeMaTHKH.

B naHHO#l MoHorpaduu, nepBoH KHHUre, LEIHKOM MOCBSILIEHHOH
KOHEUHBIM MOJISIM, MBI XOTHM NpENCTaBUTb 06a acmeKTa 3Toro mnpef-
MeTa — KaK KJacCHYeCKH#, Tak u mnpukaagHod. Takum obpasom,
yuTaTeb HalfIeT 3/1ech He TOJBbKO BOMPOCH!, NpeAcTaBisionHe coboi
HEOTHEMJIEMYIO CYLIHOCTH TEOPHH, HO TaKKe H Te pe3yJsbTaThl M TeX-
HHYEeCKHe MPHEMbl, KOTOPHe BaXHHl IVIaBHBIM O0pPa3OM B CBSI3H C HX
HCIOJNb30BaHHEM B NPHJOKEHHAX. BBUAy OOIIMDHOCTH mpeaMera Ha
BuIGOp MaTepuasia GbUIH HAJOXKEeHEl XKecTKHe orpaHuyeHHs. [TuiTasce
cJieiaTh KHHT'Y [0 BO3MOXHOCTH 3aMKHYToll B cefe, Mbl Bo3JiepKHBa-
JHCb OT BKJIIOUEHHS B Hee Pe3yJITATOB U METOJOB, NPHHaLJIEXauHX
COGCTBEHHO aJjreGpandyecKoll reoMeTPHH HWJIH TEOPHH MoJEH asre-
Gpauyeckux QpyHKuuii. [IpuiiokenHs: ONHCHIBAIOTCS JHLIb B Ipeeax,
NO3BONSIIONIMX OGXOAUTbCS 6e3 CJHMIIKOM OGOoJbIIUX OTCTyrlJ]eHHH
JIAsl 4TeHAs] KHHTH TPEOYIOTCS TOJNbKO 3HAHHE OCHOB JIMHEHHO# aJl-
re6pnl (B Inpemenax mnepBOro Kypca) M HEKOTOpHe 3JEMEHTapHBIE
No3HaH¥s W3 aHaiusa. [IpesBapuTesbHOE 3HAKOMCTBO C aGCTPaKTHOM
ajre6Gpol, Ge3yclIoBHO, [OJNE3HO, XOTs Bce HeoOXOAHMMbE CBEHEHHS
npuBoisATcs B ra. 1.

[naBa 2 3aHHMaer B KHHMre LEeHTPaJbHOE MECTO B CHJIy TOro, 4To
3HAKOMHT ¢ obuel CTPYKTypoH KOHEUHBIX MoJeH, a TaKxke ¢ OCHOB-
HBIMH TOHSITHSIMH, MCIOJb3yeMbIMH BO Bceil KHHre. TpeTbs riaBa,
NOCBSILIEHHAS TEOPHH MHOTOYJIEHOB, TECHO CBsi3aHa C YeTBEPTOH,
paccMaTpuBaloniell airopHTMbl pas3jOKeHHs MHOTOYJIEHOB Ha MHO-



Ipenuciosue 11

HKUTEeNH, TaK 4yTo HX LenecoobpasHo H3yuatrb BMecTe. Croib ke
TECHO CBfi3aHHl . 5 H 6, Kacawioupecsi TpPHTOHOMETPUYECKHX CYMM.
[FaaBul 7 B 8 MOXKHO YKTAaTh HE3aBHCHMO JAPYT OT JApyra, oHH onupa-
10TCS B OCHOBHOM Ha BTOPYIO H Tperbio riasH. Ilpuiioxenus, npen-
cTaBJeHHbIE B JEBATOH IJaBe, 6asHpPYIOTCH HA MaTepualie U3 npel-
mecTBylomux raas., ['nasa 10 gononHsieT HeKoTophle YyacTH 1. 2 M 3.

Kaxnas rJyaBa oTKpblBaeTcsi KpaTKUM 0OG30pOM ee CoIepIKaHHS,
MO3TOMY NPHMBOAUTBL 3TOT ©0030p B HNPENHCIOBHH HEOOs3aTEeNbHO.
ITocKonbKy JanHas MoHorpadusl sIBJASieTCsl YacTblo SHLHUKJONENHYe-
CKOHl CepHH, MBI CTPEMHJIHCh AATh KaK MOXKHO GoJsibliie HHpOPMALMH
npH 3aJilaHHOM oOBbeMme, a 3TO, B YACTHOCTH, NPHBENO K HCKIIOYEHHIO
HEKOTOPHIX TPOMO3IKHX JloKasaTeJbCTB. UTOOB HE yCJOXKHATH
OCHOBHOH TEKCT, MBI BHIHECJH OGHOJHOrpadHyecKHe CCHUIKH B KOM-
MEHTapHH B KOHIe KaxKHOH r/aBbl. DTH KOMMEHTapHM, KpoMme Toro,
CHa6XaloT 4uTaTessi oO630pOM JIUTEpaTyphl H CBOJKOH AajbHEHIIHX
pesyJsbTaToB. B KOHLE KHHrH coOGpaHa BOENMHO BCS JIHTEPATypa,
KOTOpasi yIOMHHAJach B KOMMEHTADHSX.

JInsi NoBBHILEHHS] NPHUBJEKATEJbHOCTH JAaHHOH MoHorpadHM Kak
yyeGHOro nocobHsi Mbl NOMECTHJIH B MOJXOASHIHX MecTax TeKCTa
paso6paHHBIE NMPHMEPH W CHAGAMJH Kaxaylo IJaBy (Kpome mocje-
Heil) COHCKOM ynpakKHeHHil. YnpaxKHeHHs 3TH BecbMa pasHATCA Mo
CJIOXKHOCTH — OT OOBIYHBIX 33J[a4 JO CaMOCTOSIT@IbHBIX JOKA3aTeNbCTB
KJIoYeBEIX TeopeM. OHH BKJIOYAlOT TaKKe MaTepHas, He OXBaueH-
HBEIFl OCHOBHBIM TEKCTOM.

UTo Kacaercsl NepPeKPecTHBIX CCHUIOK, TO Mbl [epeHyMepoBaJH
BCe OTZAE/bHBIE MYHKTH OCHOBHOTO TEKCTa MOCJENOBaTeNbHO MO IJa-
BaM — HE3aBHCHMO OT TOro, ONpeleJeHHsi JIH 3To, TEOPEMbI, MpH-
Mephl H T. n. TakuM o6pasoMm, Hanpumep, «onpenesneHue 2.41» orch-
JaeT K n. 41 ra. 2 (Kotophlili oKashlBaeTcsl ONpefie/leHHeM), a «3aMme-
yaHue 6.28» oTceuiaer K 0. 28 ru. 6 (KoTophlii OKasbiBaeTCs 3ame-
yaHneM). AHaJIOTHYHO «ynpaxHeHue 5.31» oTChUIaeT K CIUCKY ynpax-
HeHHit K . 5.

Ham pmocTaBlisieT orpoMHoe YJOBOJbCTBHE BBIpa3HTbL Gaarojap-
HocTh mpodeccopy Jlakany-Kapsao Pore 3a To, YTO OH HpemIONKHI
HaM HanucaTb 3Ty KHHIY, M 3a €ro TepneHue B OXHJAHHH PesyJib-
TAaTOB HAaIIMX ycuiauil. Mbl npu3HaTeNbHB 3a MOMoHIb Focmoxe Me-
nanuy BapToH, KoTopasi ¢ GOJNbIIOH THIATENbHOCTbIO H YMEHHEM
oTneyaraja Hamy PYKONHChb, M, HaKOHel, Mbl GiarolapuM Bechb rep-
coHan usnarenbctBa Addison-Wesley 3a BhicOKH#T mpogeccHOHANIH3M
NpPH CO3AaHHUH 3TOH KHUIH.

P. JIuda, I'. Hudeppaiimep
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Aare0panueckye OCHOBBI

OTa BBoJAHAs IJ1aBa CONEPKHT 0030p HEKOTOPHIX OCHOBHBIX aJire-
GpaHyeCKHX MOHSITHH, KOTOpble HCNoJb3yloTcs B KHHre. B snemen-
TapHOH anre6pe npHmeHeHHe apH(MeTHYECKHX onepalnii (Hanpumep,
CJIOXKEHHS] U YMHOXEHHS) C 3aMEHOI KOHKDETHBIX YHCeJ CHMBOJAMH
o6ecrieudBaeT BO3MOXHOCTb NOJY4eHHsl (OPMYJ, KOTOpHE MPH NOJA-
CTaHOBKE YHCEeJ BMECTO CHMBOJIOB AAlOT PEIICHHE YACTHBIX YHCJIOBHIX
3afay. B coBpemeHHo#i aiare6pe ypoBeHb aGCTpaKLll BO3pacTaer:
OT OOLIYHHIX onepanuili Haj AEHCTBHUTENbHBIMH YHCIAMH NEPEXOAAT
K ofmuM omepauusiM — nporneccaMm ofpasoBaHHs B HEKOTOPOM MHO-
JKecTBe ofHIero BHJIa U3 ABYX HJH Gosee HaHHBIX 3JIEMEHTOB HEKOTO-
poro HoBoro sjiemeHTa. [IpH 3TOM CTaBHTCS UeJIb H3YYHTb oOuiHe
CBOHCTBA BCEBO3MOXKHBIX CHCTEM, COCTOSIIUX W3 MHOXECTBa H HEKo-
Toporo 4McJia 3ajjaHHBIX Ha HEM H onpejieleHHbIM o6pa3oM B3auMo-
JeHCTBYIONMX onepauuil, HanpHMep MHOXKECTBA C JIByMsl GMHAPHBIMH
onepanHsMH, B3aHMOJAEHCTBYIOIMMH NOAOGHO CJIOXKEHHIO H YMHOXKe-
HHIO JEHCTBHTEJbHBIX YHCEJ.

Mbl paccMOTpHM JIHIIb CaMbleé OCHOBHHIE ONpEENEHHs M CBO¥-
CTBa anre6paMyecKuX cHcTeM (T. €. MHOXECTB C OJHOM HJIH HECKOJIb-
KHMH ONepalusMH Ha HHX), CO3HATEJbHO OTPAHHYHB Ce0sl TeM MHHH-
MyMOM TEOPHH, KOTOPHII HEOOXOAMM [Jisi Hauleii OCHOBHOM LeJH —
H3y4YeHHs] KOHeYHbIX nojel. [IpH 3ToM HeKoTOpHIe CTaHJapTHEIE
pesyJbTaThl Mbl coolmuM 6es JokasaresabcTBa. B Bormpoce o MHOXe-
CTBaX Mbl NPHHHMAEM HaWBHYIO TOYKYy 3peHus. Bynem Hcmonb3oBaTh
cefylomKe YHCIoBEe MHokecTBa: [N — MHOXeCTBO HaTypalbHBIX,
Z — upenblx, Q — pauMoHanbHbiX, R — pefictButenvHbix ¥ C —
KOMIJIEKCHBIX YHCEJI.

§ 1. I'pynnw

V3BecTHB! jBe oNepalud HAa MHOXECTBE 7 LENbX YHcea — CJIo-
XeHue 1 yMHOXeHHe. O6GOOHIMM MOHSTHE onepalHH Ha NPOM3BOJb-

HOEe MHOXKECTBO.

TTycTs S — HEKOTOpOE MHOXECTBO, M HyCTb S X S obosHayaer
MHOXECTBO YIOpsiloueHHuXx nap (s, #), rae s € S, ¢t € S. Torna
NpoH3BOJIbHOE oTOGpaXenHe M3 S X S B S Mbl GyleMm HasbBaTh
(6unaproti) onepayuel Ha MHOXecTBe S. B 3ToM onpenesieHHH Ml
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TpebyeM, 4TOOBl 06pa3 Kaxilok mapwl (s, f) € S X S Owu1 Henpe-
MEHHO 3JeMEHTOM MHoXKecTBa S — 3To TaK HashIBaeMoe C80Lcm8o
samkuymocmu onepauuM. Ilox azeebpauueckoll cucmemoii uin anze-
6pauteckoll cmpyxmypoti Mbl Gy IeM NOHKHMATh HEKOTOpPOe MHOKECTBO S
C OHOH HJIM HECKOJbKHMH oTniepaLHsiMH Ha HeM.

B asemeHTaphoii apuMeTHKe Mbl HMEEM AeJo C JIByMsl onepa-
LHHUSIMH — CJIOXKEHHEM M YMHOXEHHeM, BaXKHbIM CBOHCTBOM KOTOPHIX
SIBJSETCA acCOLHATHBHOCTH. CpellH BCEBO3MOXKHBIX alrefpanyeckKHx
CHCTEM, HMEIOHIHX OJIHY aCCOLHATHBHYIO onepanuio, CaMbIMH H3y4eH-
HBIMH ¥ pPa3BUTHIMH SIBJSIOTCS Ipynnel. Teopus rpynn — OfuH
M3 crapeimux pasgenoB abGcTpaKTHOH anre6phbl, KOTOPHH K TOMY XKe
ocoGeHHO 6oraT NpHJIOKEHUSIMH.

1.1. Onpepenenve. I'pynnoti (G, *) HasbiBaeTcsi HEKOTOPOE MHO-
*KectBo G ¢ GuHapHoll onepanyell % Ha HeM, I KOTOpPBIX BBIIOJ-
HAIOTCA CJIeNyIoniHe TPU YCJIOBHS:

1. Onepanusi * accoyuamusna, T.e. jns mobux a, b, ¢ € G

ax((bxc)=1(a=b *c.

2. B G cyuecTByer eQunuunbil asemenm (WIH eQuHuya) e, TaKoH,
uto Aas Jioboro a € G

a*xe=¢€ex a— a.

3. Jlas xaxnoro a € G cymectByet o6pamubii nemenm a™ € G,
TaKoH, 4To

axatlt=aglsxa=e.

Ecnu rpynna yHOBJIETBOPSIET TaKXe CJAEAYIOHEMY YCJIOBHIO:
4. s mobeix a, b € G

ax b=2"> x a,

TO OHa HasbIBaeTcs abenecoli (MU KOMMYMAMUGHOL).

Fpynny (G, #) 6ynem o6osHayath npocto G. Jlerko mokasathb,
YTO EJMHHYHBI 3/1eMeHT e rpynnbl G, a Takke oOpaTHEIH 3JeMeHT a~*
L7 KaXJOoro JNaHHOro snemedta a € G onpejessiorcsi OJHO3HAYHO-
yVKasaHHBIMH Boimie ycjoBusiMu. Jlanee, mas Bcex a, b € G umeer -
Mecto paBeHcTBO (a % b)~' = b~! % a~!. Infg npocTOTH MBI 4acTo
s rpynnoBofl omepanuH OyjieM HCMOJMb30BaTh MYJbTHIJIHKATHB-
Hoe obo3HayeHHe - (KaK AJs OGBIYHOTO YMHOMEHHS) U BMecTo a # b
nucath a-b Wau npocTo ab (ua3biBasi 3TOT 3JIEMEHT npoussedeHuem
3JeMeHTOB a M b). Ho Heob6XoJuMo Mop4yepKHyTb, YTO NpPH 3TOM MKl
OTHIOAb He mpejimojiaraeM, YTo onepauus U B caMOM Jejie siBJsercs
OOBLIYHEIM YMHOXKEHHeM. MHorna, oflHako, JJIfi TpynnoBoH onepanuu
OniBaeT ynoOHO HCNONMb30BaTh AJMTHBHYIO 3amHch H nHcath a + b
BMecTO @ * b (Has3bBas 3TOT 3/1€MEHT Cymmoli 37MeMeHTOB a H b),
0 BmecTo e (Ha3bBasi STOT 3JIEMEHT Hysem) H —a BMecto a~'. Takune
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(anouTHBHBIE) OCO3HAYeHHS OOBIYHO pe3epBUpPYIOTCA Aas abGelieBhIX
rpymmn.

3axKoH aCCOUMATHBHOCTH TapaHTHpYeT, YTO BhlpaKeHHe BHJA
Qs ... 0, THe @; € G, 1 < i < n, He COAEPKUT HUKAKOH JBYCMbIC-
JICHHOCTH, TaK KaK HEe3aBHCHMO OT PacCTaHOBKH CKOOGOK 3TO BhIpa-
JKeHue BCerha NpeJCTaBJIsieT OIMH H TOT Ke 3jeMeHT rpynnsl G.
[Mycte a € G u n € N. ByzeMm npuMeHsTbH 3anHCh

a®” = aa...a (n comMHOXuTENEH Q)
H HasHBaTh 3JIEMEHT a" n-H cmenenvto sneMeHTa a. Eciu xe pas

rpynnoBoil onepalHH OPHMeHSIeTCsl aiiMTHBHOe ofo3HayeHHe -,
TO BMeCTO @" OyJeM nwcaTb

na=a-+a-+ ---+a (n ciaraemux a).

Ucnonbaysi o6blyHble O0O3HAYEHHS, Mbl MOJy4YaeM CJeAyIolHe npa-
BHJIA:

Myabmunauxamustiese Addumueruie
o06o3rauerus 0603naueHus
a—" = (a~ )" (—n) a = n (—a)
amag* = gmtn ma+na=m-+n)a
(am)n = gmn m (na) = (mn) a

JOas n = 0 € Z nonaraem @°® = e B MyJbTHINIHKATHBHHIX OGO3Ha-
yenusix W Oa = 0 B aiAMTHBHBIX (3eCb BTOPOil HYJb SIBJISIETCS €lu-
HUYHBIM 3JeMeHTOM rpynns G).

1.2. Ipumepni

(i) [Tycte G — MHOXKECTBO HEJbIX yHcesa ¢ onepanued -+ (obblu-
HBIM cJioxkeHMeM). M3BecTHO, 4YTO 3TO acCOLMaTHBHAS onepanus
H 4TO CyMMa JIBYX LeJBIX YHCeJ — OJIHO3HAUHO OnpeJieieHHoe Leoe
uhclo. Jlerko yGemutses, yto G — rpynna, B KOTOPOH €XMHHYHBIM
3JIeMeHTOM sBJAseTcsl HyJb 0, a oOpaTHbBIM AJS LEJIoro uuciaa @ —
NPOTHBONOJIOKHOE yHCIO —a. 3Ty rpynny ofosHayaoT vepes Z.

(ii) MHoecTBO, COCTOSIIEE K3 EIAHHCTBEHHOro 3JIEMEHTa e C ore-
pauueli =, omnpeneJeHHoH ycJOBHEM e % e = e, oOpasyer rpymmy.

(iii) TIycte G — mHoxecTBO {0, 1, 2, 3, 4, 5} ocTaTKOB OT Je-
JIEHHS IIeJbIX YHcea Ha 6, u s @, b € G nycts a # b — ocraTtok
oT JieJieHHsl Ha 6 ofniuHo# cyMMBl ynces @ H b. CyliecTBoBanHe e/iu-
HUYHOrO 3jIeMeHTa ¥ OOPaTHHIX 31eChb O4eBHJHO, HO HJIsi yCTaHOBJIE-
HHSl aCCOIMATHBHOCTH Onepanud # TpebyloTcsl HEeKOTOphie BbIUH-
cnenus. TlosyueHHyI0 Tpynny MOXHO HENOCPEJCTBEHHO OGOOIIMTD,
3aMeHuB Iiejioe YHucao 6 Jio6nM HATypadbHBIM 4HHCIAOM 7. O

Untepecuriil kynacc o6pas3yloT Tpynnel, B KOTOPHX KaxNIbli dJe-
MEHT $fIBJISETCA CTeneHbi0 HEKOTOPOro (PUKCHPOBAHHOTO 3JeMeHTa
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rpyIibl (npu angnuTHBHON 3anHcH roBOpAT O KP4THOM, a He O CTe-
neHu).

1.3. Onpenenenne. MysabTuniaukartuBHasg rpynna G HasblBaeTcs
YUuKAUMECKOLl, €CJIH B Hell MMeerTcsl TAKoH SJIeMEeHT 4, YTO KAKMIBIH
3/eMeHT b € G SIBJSETCS CTENeHbIO 3/eMEeHTa @, T. €. CyLIeCTBYeT
HeJioe YHCIO R, Takoe, 4To b = @*. DToT 3MEMEHT a HasbIBaeTcs
obpasytougum rpynnet G. JIns nukauveckoit rpynnel G OpHMEHSIOT
obosHayenve G = (a).

M3 ompejienenns cpasy ke ciefyer, 4To Kaxaas LHKJIHYecKas
rpynna KOMMYTaTHBHa. 3aMeTHM TaKxKe, YTO LUHKJIHYecKasi rpynna
MOXKeT HMeThb He ofiMH ofpasyromuii. Hanpumep, B anauTuBHOI
rpynne Z ofpasylomuM siBasiercst Kak 1, Tak u —1.

PaccmatpuBasi afIuTHBHYIO IPYINY OCTATKOB OT JENEHHS LEJBIX
yucesa Ha n € N, oboGmalomyio npumep 1.2 (iii), HeTpyano 3ame-
THTb, YTO MCNOJIb3YEMEIH TaM THII ONEPAUMH MPHBOAHUT K OTHOLIEHHIO
SKBHBAJIECHTHOCTH Ha MHOXECTBe IesneX uyuces. B obuwem cayyae
OMHOWEHUEM IKBUBANEHMHOCMI HA MHOMXKECTBE S HasHIBAeTCH MNOJ-
MHOXeCTBO R MHoxecTBa S X S ynopsimodeHHnX mnap (s, f), s,
t € S, obaajamoiee CJACAYIOUWHMH TPEMS CBOHCTBAaMH:

(a) (s, s) € R nns Bcex s € S (pegrexcusrocme).

(b) Ecmu (s, §) € R, 10 (¢, s) € R (cummempusurocmo).

(c) Ecu (s, £), (t, w) € R, 10 (5, u) € R (mpaxsumusrocmp).
OneMeHTH s, § € S Ha3HBAOTCH IKBUBANCHMHbIMU, eclH (s, 1) € R.
HauGonee npocThiM NMPHUMEpOM OTHOLLUEHHSI 3KBHBAJEHTHOCTH SIBJISi-
ercsi paBeHCTBO. BaxkHo oTMeTuTh, 4TO JI060E OTHOIIEHHE SKBHBA-
JIEHTHOCTH Ha MHOXECTBE S BLI3HIBAaeT HEKOTOpoe pasbuerue 3TOro
MHOXECTBa, T. €. npejcTasieHHe S B BHAE OGBHEIHHEHHS €ro Hemy-
CTHIX IONapHO Henepecekawluxcs noaMHoxecTB. CoOpaB BmecTe
BCE 3JIEMEHTH MHOXKECTBa S, 5KBHUBAJIEHTHbIE HEKOTOPOMY (HKCHPO-
BaHHOMY 3JIeMeHTy § € S, NOJAyYUM KAaCC IKEUBANCHMHOCINU 3Je-
MEHTa S, 0003HayaeMblii CHMBOJIOM

[sl=1{t € S|, # € R}.

COBOKyrlHOCTb BCEX pasJHYHBIX KJIACCOB 3KBHBAJIEHTHOCTH H )lge'l‘
TpebyeMoe pasbueHue MHOxKecTBa S. 3ameruMm, uto [s] = [t] B T%M
H TOJILKO TOM CJIyyae, KOTZia S H { 3KBHBaJeHTHH, T. . (s, ) € R.

ITpumep 1.2 (iii) noxBomuT K creayomEeMy HOHSATHIO.

1.4. Onpegenenne. [Tyctb @ U b — npoH3BoNbHEIE HEJHE YHCIA
H n — HatypaJbHoe Yucyio. ByaeMm rosopuTb, 4TO a CpasHumo ¢ b
no modyato n, v GyreM nucath a = b (mod n), eciu pasHocTs @ — b
Henutcsi Han, T. €. eciM a = b -+ kn 171 HEKOTOPOTO LEJIOro YHcJa k.

Jlerko mpoBepsieTcsi, YTO CPaBHHMOCTb MO MOAYJIO N SBJSETCS
OTHOIIEHHEM 3KBHBAJEHTHOCTH Ha MHOMXECTBe 7 UEJbIX YHCel.
PednekcHBHOCTb ¥ CHMMETPHUHOCTL €ro oueBHAHH. TpaH3HTHBHOCTD
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TOXE NpoBepsieTcsl HeCJOXHO: eclu a=b + kn u b=c+ In
JUIsl HEKOTOPBIX LEeNBIX yHucen k U I, To a = ¢ + (k + 1) n, Tak uTo
u3 a = b(mod n) u b = ¢ (mod n) crenyer a = ¢ (mod n).

PaccMotpum Tenepe Kiacchl SKBHBAJIEHTHOCTH, Ha KOTOpHIE OTHO-
LIeHHEe CPaBHHMOCTH MO MOJYJIO 7 pas6uBaeT MHOXKeCTBO Z (OHH
HAa3bIBAIOTCH Kaaccamu ebiemos no modyawo n). Vimu sBasiorcs MHo-
JKecTBa

[0]={..., —2n, —n, O, n, 2n, ...},
l={.,—2n+1, —n+1,1,n+1, 2n + 1, o by
ln—11={, —n—1, —1, n—1, 2n—1, 3n— 1, ..}.
Mol MoxeM onpenennts Ha MHoxectee {[01, [11, ..., [n— 11}

KJIACCOB BBLIYETOB IO MOAYJIO 1 HEKOTOpYIo GHHApHYIO ONepalMio
(XoTOpyI10 MBI CHOBa 0603HAYHM 3HAKOM -, XOTHl OHA, KOHEYHO, HE
ABJSAETCH OOLIYHBIM CJIOXEHHKEM), MOJOXKHB

lal + [6] = la + b1, (1.1)

rle @ ¥ b — npoH3BOJIbHBIE 3JIEMEHTH COOTBETCTBYIOIHX KiaccoB [al
u [b], a-cymma a 4 b cnpaBa siBnsiercs o6bMHOH CyMMoOH wuuces a
H b. Jlns Toro yto6hl MOKa3aTh, YTO Mbl AECTBUTENBLHO ONPEETHIIH
HEKOTOpYIO omnepanuio, T.€. YTO Halle OnpejejieHue KOPPEKTHO,
MBI JIOJI2KHEI NPOBEPHTh, 4TO Kiacc BuiyeToB [al -+ [61 ogHO3HAuHO
onpenensiercss Knaccamu [al u [b1 1 ue saBucut ot Be6opa ux npen-
crasutenedl a H b. JloKa3aTenbCTBO 3TOrO MBI OCTABJISIEM UHTATENIO
B KayecTBe ynpaxHeHus. AccounuaruBHoctbh onepanuu (1.1) caepyer
H3 acCOIMATHBHOCTH OOBIYHOrO CJOXKEHHS. EJHHHYHEIM 3JeMeHTOM
aBnsercs [0), a oGpaTuev snementom mns [al 6yper [—al. Wrak,
mHoxecTBo 3astementoB {01, [11, ..., [n — 1]} obpasyer rpymny
OTHOCHTENBHO OTiepanuM .

1.5. Onpeneaenne. I'pynna, obpasoBannas wmHoxkectsom {[01],
[11, ..., [n — 1 ]} kaaccoB  BuueToB no Moyt n ¢ onepauneit (1.1),
HABBIBAETCS 2PYNNoll KAACC08 6bitermos no modyao n u obostavaercs Z,.

[pynna Z, sBasercs NMKJIHYeCKoOil rpynnoit ¢ o6pasyloium
snemenToM [1], W s1a rpynna umeer nopsiflok n B COOTBETCTBHMH CO
CJIe/lyIOIIHM ONpesiesIeHHEM.

1.6. Onpepenenre. I'pynna Ha3bIBaeTcs KOHeuHOU (COOTBETCTBEHHO
Geckoreurol), eCii OHA COCTOMT M3 KOHEYHOro (COOTBETCTBEHHO Gec-
KOHEYHOro) YHc/a 3JeMeHTOB. UHCHo 3JeMEeHTOB KOHEUHOH Ipymnbl
HasbiBaetcsi ee nopsadxkom. Jlns nopsaka KoneuHoft rpynnsl G 6ynem
HCNoNb30BaTh oGo3HayeHne | G |.

CymectByeT yJoGHBIH crnoco6 3ajgaHusi KOHEYHOH TIpynnsl —
B Bujie TabnuIel. Jrta Tabiuua, NpencTaBJsionas rpyInoBylo omne-
pannio (oHa OOBLMHO Ha3BIBaeTcs mabauyel 2pynnosoll onepayuu



