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51 Lwdwqgnyl dnnwpyiwl mwupp

Vuwlunpy  gumyd  dhlp  dwlnpwgbp  tGp  HmGyghwlbph  dnnwpldwG  npp
tnwlwlGhphG, npnGg  hhdpmd  pGywo b hnbpynpuwghw  hwipwhwydwlwi
pwqiwlnuittph Shengny: Uwlw)G dh pwnpp nhwyptipmd wpdwd fhnbpnu Unumwnlpynn
L dntnwpynn $nilGyghwlbph hwdplipiwl wuwhwiop Gupunwlwhwpiwn b, ophliwly’
tpt dhGp wnlynud blp thnpéwpwpuwwl wpuGbph  duldwl hbom, npolp,
npwbtu opklp, wwpmGuynul Gl wiémmpniiltp: bGumbpynpughuh htin dblntn
qnympniG niGh  pmGYghwlbph dmnwliwG fuGnph modwl wy dmnbgnud, nph
tnipymGp YuywGmd t hGg-np pmGyghniuwy wwpwonipjul denphljwnud Juuifuigni gl
dmmwpdued junngiwb dhe:
hphgQttip Gnpiwynpjwd nwpwdnipjul uwhiwinuip:

Uwhdw6md 5.1.1 : L gdwihG wwpwdmpymGp  (hpwlpub  Jud  Yndykpu)
ynsynid & Gnpdwynpdwo unupwonipymel, tpt jmpwpwlymp o € L uwpphQ
hwiwwywnwuiwngpjuwl §ie £ npwd wyny wiwpph dopd wijwbyng fjz]] hpwlw
phyp wyliwliu, np pwjwpupymd b

1. ||l 20, ||z|]l =0 =0,

2. f|Azl] = A=l

3z +yll <zl + [yl (Gnwilwl wihwdwuwnpnipint()

wwpdwibpp Judwywywl z,y € L L A (hpujwd Ywd, hwiwwuwnwufuwGupup,
Ynduytipu) puh hwdwnp:

Qhnwgquynud  dhip  YuwhiwlwthwyytGp  dhw)G  hpwyw@  Gnpdwynpjwd
wwpwdnipntGGEph nhnwpldwdp:

“hgnmip L-p Gnpdwynpjwd wwpwdmpml b, huy L, -p’ Gpw hGy-np 7 -swihwbh
hipwunwpwonpmli k:



UwhdwGmd 5.1.2 : Ywiwjuhwt f € L wwpph sbmwnpupmt L, Glpunwnw-
ompynilhg Ynygmud t
p(f.Lu) = inf -l (51.1)

ubompyniGn:
Munpq b, np bpt f € L,, wwu p(f. L.} =0:
UwhdwGmyd 5.1.3 : ¢» € L, wwppp, nph hwdwip
W = wll = p(f. Ln). (5.1.2)

Unpumid b yujugngl dponepldwl mwpp f € Lo wwpph hwdwp L, blipwunupw-
ontpjwl uhg:

Uythwyn t, np tph f € L,, wyuw GhlGg hGpG b hp hwdwp dhwly pogugngG
dnnwpljdwl wmwppp:

5.1.1 LwyjwqgmjG snnwpyiwl mwpph qnympymGp
Stnh nuGh htinlgwy hhdGupwnp wlngnodp:

Etnptd 5.1.1 ¢ Gwdwpequwd [ € L owawpph hwdwp L, Glipwaamuadmpimbmd
gmynipgm i mbh pudegmygli dnamwplduwed o

Uwwgnyg: Hhgnip 91,99 ..., wmwpphiph hwdwlupgp L, GGpunwpudnpjul
pwghul t: Fpubng pul Yudwjuub ¢ € L, wwpp dpupdapnpbl Geplugywugdmad k

122
v =2
i=1

wbupny: Uy nhuypnid

n
H(tc” = Z(}ilf"i = G((l’l:a"b e ﬂ'”) > 0 (513)
=1
L
n
IIf —¢ll = ‘ f —Za,-cp,- = Flaj.ag,....0,) 20 (5.1.4)
i=1

Gnpdbpp Yupbh b ophowpyty npwbe ng pugwuwlul  Smbhghwlbp npnpduo
a = (ay. o9, ... a,) Yhwbtph 2-pupuGh R® plupwlulyul wmwpwdnipniGnu:
<ty bt wbull, np F Ppmayghwyh Ghpdnddwdp (5.1.1)-ntd uwwhdwiqwo p(f, L)
hnunpnipymGp Yunptith £ gpby Guwb hbnbjpug Yhpy.

p(f. L) = inf Fla) : (5.1.5)

acR*

9



Ndyuwp st hwingyty, np G L F pmbyghwipp wiipnhwwn &G: bpnp, R" -h gulijugwd
a={a,ag,....q,) W J= (3 % ... . 5) Junbph hwdwp mGbGp

IGla) - G(N)| = }’ Hi‘:fh‘%‘“ - Héﬁ;%”! <

| 3 = B)a]| < S levi = Billlwill < ¢ 3 law = B4l
i=1 =1 i=1

npmbn q¢ = In;ja(x||\,:,||: Unwgywd  wihwywuwpnmpyniipg  hbwmlnd ¢ G

$mlGyghwjh mﬁnﬁrﬁaihmmpﬂuﬁ@: Quwiiwldwlnpti gnyg t wpymd F pmGlhghwjh
wipinhwwnnipman:

LwijwagnyyG dnwnwpliwt wmupph (5.1.2) b F pmGhghwih (5.1.4) vwhiwGndGtph
hwiwéw)G pujuwpup b wwywugmgh] wjGwhup o = (af,a3,....0;) € R* Yhwh
gnynipyni(p, nph hundwp Fla*) = p(f. La):

SGhunwpytlip R® mmwpwonipjul dbe

dhwynp uptipwl: hGywbue hwjwbh b, S-p uwhiwlupwy huy puqimpymb £ R”
wwpwdmp)niGnui: Qwjywnbp § Gwh, np wipinhwwn pnllghul hwl vwhiwlwhwuy
puqinipjul Ypw panmGnd b pp GuqugnyG wpdbpp (wbu, opplwl, [45]): Wn
wwwdwnny gnympjnb mGh wjlwhup € = (§.&,..-,&) € S Yawm, np

G(§) =minGla) = p : (5.1.6)

Lwih np G pmbyghwl ny puguuwywb b, wagw g0 > 00 Gan wdbihG, g > 0 bpnp,
tpt -G hwwuwp hlbp qpogh, wwyw (5.1.6) L (5.1.3) -hg Yhtunlbip, np

Z&i‘ﬂi =0:
=1

Uy ntiypned, pwlh np @, wwppbpp gonphl wiljwhe GG, yunwbwghtp, np § = 0
pnnp 7 = 1,2,....n wpdbplhph hwdwp: buly nw hwlwund & € € S wuwydwhG:
Wjuwhuny, g > 0:
Jdbpgltlp
L)+l +1
7]
phyp L wpnhtiGp R wmwpwonpnilp tpynt shwnynn bGpwpwqinipnilGtiph.

n
R} = {a = (0., ... () ¢ Za? < 7*2}

(5.1.7)

T
R} = {a=(a1,a2,...,an) Y a? >r2} :
=1

10



Mupq E, np 7 U Ry = R*: Ghmwpiblp Fopmihgghwt 777 puqumppul Jpu:
Bwiijugwd a = (o, an, ..., an) € 1Y Yhwnp hwdwp mifikGp’

zn:(r;z =\ >/ (5.1.8)
1=
L, hwiwwwinwuhiwGwpwn,
o) = lr = Sl 2 | Sl - 10 = ]| 35 oo (5.19)
=1 =1 i=1

U)lnihtanb Jupgbttp 3 = (3,. 3... .. 3,) Yy, nptn 3 = o, /IAl, = 1,2, m;
UyGhwjn t, np 3 € S: Ujn nhwpmd (5.1.9)-hg, hwydh welnyg (5.1.6) L (5.1.8),
JuunwGwbp

Fla) > Al H}L”:m«;,»n — A= INGEY = 1> A = A 2 e = AL

Ujuntinhg 7 pyh (5.1.7) pGunpnipjuil 2Gnphhy, htinlind b

Fla) 2 p(f, Lu) + 1

dtipehG wlhwywuwpnipymlp wbnh mGh yudwjulwld o € RY jhwph hwdwp: U
wwwdwnny, bGany (5.1.5)-hg, Yupnn bip qpby, np

oS, In) = mf (o) = in[ F(a) :

nCR

buy pwth np R} -p uwhdwiunhwy thwy puqinpmi £ R® wmwpwonpjul dhg, www
F wiplnhwwn $mGyghwb plnniGnud t wyn puqinmpjul ypw hp thnppugny wpo‘bp{}
U} funupny, gnymipyniG mGp wjGwhuh o = (af. a3, ..., a}) € B Ytw, np

F(a™) = inf F(a)=p(f.Ln) :

uE T
Wyuwhuny,
' v=3 ajgi €L,

=1

wwppp YihGh jwywgnyG dnnwpyiwG wwpp f € L wwpph hwdwp: O
5.1.2 Lwyjwqmjl dnnupydwG wwpph dhwympjwG dwuhl

Uhtis jwyuwgnyG dnmnwplpdw G wwpph dhwympjub hwpgh pGGwpynudp’ nhuwpykGp h
ophGul: “

11



OphGwy 5.1.1 : Fhgmp = = (2. 70 x3]T QtlmnpGiph R® nwpuompjui dke
dmgguwd bzl = lma;il‘u,-l (npip:  QanGttp pudugnyl dnnwpldwl wwpp
£ o= [L.11)" giywnph bwdwp @ = [en20.0]7 yeyunpGnh B3 tpywihwih
hipunwpudnipmlnn:

Swllwgwo r € Ry Yuywnph hwiwp mikip’

N —all=max{|1 = r[.[1 — | 1} > 1 :

UYyGhwjwm t, np
pUf RS = inf |If =l =1 :
xeRY

tyn b nbuliky, np gwljwgwd r € RY Jtyunp, nph gndynbhinibpp pudwpwpoud
i |1 — o €101 —a <€ 1, wyuhlip® 0 < 1y 29 < 2 wupdwlGph, pafugne

inuwpldwl wmwpp £ f Julpoaph hwwp, pwh np
Nf=zll=1=p(f1t;). &

Wuyhuny, nhuwpyuwd ophfiwlyp gnyg bt wwihu, np pujugnyl dnmwplydwd
wwppn dhyw 3k, np dhwlG ot
T~
UwhdwGmd 5.1.4 : L Gaptwydnpjwo vmwpuudmpnlp Ynsdgmd b fupurr Gnpduainpdud,
tiph
W+ gil = [IAT+ gl fog #0

wuwjdwlhg himlmd &, np f = ag, npntin o > 0:

etnphd 5.1.2 : Gpbt L wwmuompimlp fufun Gopduninpdwo b, www juugnil
dnunupltw G unuppn dfnelia b

Uwwgnjg: Gpt f € L, , wyw, hGywhu Jbpt wulkg, w6 dhwl jwdugne G dnuwpldwl
wwppl £ hGpl hp hwdwp: <bulwpwp GepunpbGp, np f € L\ L, b Gpw hwidwp L,
tlpwunwpwontpjwl dhe gnympymb niGEG bpyne puugnygd dnnuiplpdw @ wwpp, wyt £
oy Un nhypmd

1F =l = 1 = gull = olf. L) (5.1.10)
YhuwplbGp
‘ 1 .
Yo = ‘QWJ +yn) € Ly,
wwppp: Lwpygh wnlbng (5.1.10) hwjwuwpmpymGitpp Gpw hwdwp miblp’
1 , 1 1 ,
17 =woll = 11/ =5 492l = S —e)+U=e)ll € Sl ~all) = o/ L) ¢

Lph
=)+ (f =)l S I =¥l + 1F — wal]

12



whhwwuwpmpjwl dtg thGtp fuhun wihwwuwpnepnd, wyw dkGp Junwiwjhlp
ILf = ol < o(f, Lv) .
nG;p Yhwlwubp p(f. L,) htinwdnpmpjwl vwhiwiwin: <bnbwpup,

U —v) + (F =)l =If —wall + |If —wall -
huly pwGh np mwpwampnilp fjwhun Gnpdwynpywd b, wuw
f'wI:a<f_w2)a 0/7&0:

dtpohlG hwjwuwpnipjwl b9 o gnpdwlhgp wbtwup t hwywuwp hGh dtyh: bpnp,
hwlwnwl nhupnd GniGhGughGp

. 1 A

= t__a(wl —ays),
hG;p Yhwywubp dep Gipwnpmpjwlp, np f € L, Upuwhung, a =1 L f—w, = f~ ¢y
hwjwuwpnipjnibhg htmlemd £, np ¢y =¥, O

bhswbu inbulhlp vnnpl, mwpwompjwG uhun Gnpdwynpwompmin puguigng G

Unnwpliwl wwpph dhwlmpjwl wihpwdbyn wwpiwlp st:

52 dwyjwuwpwswh dinnwpynidGhp

Npwtu L Gnpiwynpud nwpwontpymG ghunwplbp [0, b hunnygwoh Jpw whplnhunn
pnllyghwbtpp Cla, b] wwpwonpnilp

/11 = max [f(x)] (5.2.1)

Gnpiny:
Muwnq t, np bpyn £, g € Cla, b] $myghwlbpp wmwpptipnpjw Gnpdp, wyuhGpl

I1f = gll = max |f(x) ~ g(z)|

dhompynilip, hwwuwnp t {e. b hwnguoh ypw win $niGyghwbhiph ShdwgmjG ptndwbp:
Ophlwly, tpt f(z) € Cla.b] $miyghwl dnwmwpyynid £ gy wy F(x) pmyghwyny
inyyG wwpwdnipynilGhg b ||f — F|| < ¢, wyu
[f(x) - Fla)l<e  Vzelad :

Qwbnyg huy F(z) $mbGyghwb [a, b hwogwdh Jpw Awgwowpuswgy dmnupynud b
f(z)-p & unmpjuidp: Ujn wwwdwnny dnnwpymiGtpp Cla, b)) wwpwdmpjwl gk
Unodnud bl rwdwinupuswth dnunwplndtitn

Gpt  f(z) $mlyghwl [a.b] hwngwoh Jpw Jepmoynd bt hwjwuwpwswj
qniquitin. wuwnhGwliwihld wpph, wwyw npuybu dnnwpyng puqiwinuyd Jupbh t
yting Gty wyn wpph dwubwyh gmuiwpp: Wnyhup dninbgms t oquuugnpdyma, ophlwl,
wwppulwl pnillghwlbph wpdbplbph hwyupyh dwiwGwl:

13



OphGwYy 5.2.1 : “Fhgmp wwhwbgdnud t hwpdly f(r) = sinz pmbjghwgh wpdtipp
[0, 7/4 hwwjwop hly-np Ylanmy 10 ©Gywnipjuiip: dhpmotlp sinwe pmlighwl

PR

sinag = L_—;T'F-——ﬁ—}_'“
swipph (wk'u, oppluwly, [45]): Uwhiwiwhwldtipny wpph wnweht hplig winudGkpnyg
nGkop

o S A | . 00 10 .
sl - [ — 31 + 5T 1 gl < (4) < 0.2 : (5.2.2)

Qhnlwpwn, wnpjuwd  Gumpjudp  [0.7/4]  hwngwoh  dpw sine pudighwyh
wpdbipGtpp finfuwntG upbh L ytpglby

Dy(e) = @ — £ + 17 ~ + — {(5.2.3)

pwqiwlnuih hwiwywnwupwl wpdbpltpp:

PG wuwhdwlhg ny pwpdp puqiubnuibbph dhel upmgud puguwlnuip
nnywd fulnpp dhwly monudp sk Fhn wytihl, jupbh £ junnigly jnptipnpn wunmpewOh
puqiwnud. npp [0, 7/4] hwwgwoh ypw Yunnwpyp sine pubhghwG 1077 mpfwo
Grunnippudp: U Gyuwwwyh hwdwp oqudtlp Quphybp T, (+} pwqiwlnuidttiphg,
npnlp pwwljwihG dwipwdiwoel nhowplby bip 4.3 wuwpugpupnad :

Uhpwnbng (4.3.7) winpunwnpd pwlwéabbpp’ gphlp

Tolz) = 23607 = 57607 + 4322% — 12007 + 9

puqiwbnuin: biygbu hugmGh b, 2 € [— 10 1] wpdtpltiph hwiwp (7, 00)7 < 1 (jlddw
4.3.1): Mwwnh nhuwplynn [0, 7/4] hwndwdh hwdwp neitiGp

g9 . 27 15 . i3] 1 1 ‘
‘9 ot Si N 3 o ‘( i r oy
z 4l + 16 &L 4 4+ oes | = g [75(r)]| < 08 (5.2.1)

qiwhwwmwlwin: Fy(r) puwqiwipuih (5.2.3) wpnwhwjunipjul gty 27 wumh&wulp
thnfuwphlGhGp
9 27 . 15 3 9
Qilr) = = g0+ 0 = g

puqiwinuuiny: Upnymipmd l;uml.u[iw(ip nptnnprn wumpdwGh

oA o B U |
P7(.I’) = I — 3*' + ?',T -— F + a (27(!)
B 31 e 59T 5 129023 o 10591919
T T 6180 " TR0 7T 10321920 "
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pwquwbnud: Uyn ghiypmd

, S R | i
sinr — (.r - =+ = ot Qela) ) =

L A NL LA 1,
e ( TR T a) g (7= Qal)

|sinaz — Pr(r)] =

| PRI LA S U A BN
s - (:r Sty Tt t g Q7(J‘)| :

Wumbinhg, mGbguwd (5.2.2) L (5.2.4) gGwhwmwluGbaph hhdwd Ypuw, unmobwbp

1 1 .
sin 2 — Pr(x)] 3(12-10‘“4-6]'§g~<(}2-10‘“+-L08-10'8<:0l3-10'7:
Wyuwhuny, Junmgdwd () pwqiwtinudp  hwdwuwpwswh dnnwpymd Eosin
$pnlyghw {0, 7/4] hwnduwoh dpw wpdwd Gyumppuip: &

NhinwpltiGp hwipwhwguljpul puqiwbnudibpp npytu dnnwplnn pnhgpadtp:
Lowlwhtlip H,-ny n-hg ny pupdp wuwhSwih ppuluG gnpdwlypgblipnd pnnp
hwGpwhw)gulu puqiwGyuibbph quup: Mupg b, np A, -p Cla. b wwpwdmpjud
(1 + 1) -swthwih bGpwnwpwonpymb E:

Snlyghwiibph dnunmwpydwl wbumpjul gy YwptnpugnyG wpnymbpllphg &
htinlyw) whnmdup:

Etnptd 5.2.1 (W dlwgtippupwu) @ Bps f(a) € Cla b . wupw gulluguo gpulali = -p
hwdwn guymp G mh wghoh Pl pugdwbnud, np

f =Pl <e: (5.2.5)

hGywhu Yupbh b nbulb) pinpbdh wwywgnigghg (nbu, ophGuy. [307), nppwb thapp
b c-p, wylpwl pwpép & Plr) pwqiwGnuih wuwhdwlp (hGyp plwlwi B): Gph n-p
P(x) pugqiwbnuip wunpéwl b, wap, hpdGdbpy (5.2.5) wihwduuwpmpjub gpa,
JuuwlwGp
plfyHy) = il [if = Pl <z

Pru(rjelty,

Ujuntinhg, pwGh np € > 0 Juiwjwlwb b, wyw

lim p(f, Hy) =0 : (5.2.

n—oc

1
[ ]
(=2}

~

Atin wytha, p(f, A,) hwenpnwlwlnpuiGp dntinnnd gwann L bpop, Gty

HycHiC---CH,C- - CCla.D]



bipwunwpwompiGGph  Ghpppuompitihg L p(f. H,) hbnwynpmipjwl
uwhdwlnadhyg, nitlp

p(f~ HU) z p(jHl) 22 p(f: Hn) =20

LwdugnyG dnnwpljdwi wwpph gnympyw@ 5.1.1 plinptidh hhdw6 Jpw YJwpnn Gip
wnty, np gwiugwd f(z) € Cla, b dmlyghwyh hwiwp gnympjnil mGh wylGuhuh
Qn(x) € H, pwqiwlnud, np

IIf = Qull = p(f Hu) : (5.2.7)

Uju Q,(z) pwqiwlnuip Ynpymd b jwiwgnygl  hwwowmuswy  dnawplowl
puquwinud f{z) $miyghwih hwdwp:

5.2.1 UWutpGuGuh dwuhG QtphpLh pinptin

Uuinple phpqwd  hhdGwnpwp  wylnnuip swhdwind t jwjuwgnyl hwjwuwpuywih
innwpiwl puqiwlinuy thikm wihpwdb)n L pwjwpwp wwjiwdp:

Etnptd 5.2.2 (M.LDJGphoL) = Amybugh  Q.(2) pwqiwlnudp  hih  pudugngl
hwjuwuwpusup dpmwpydwl puquwlnud f(z) € Cla, b pmbyghuwyp  hwidwp,
whhpwdbym L pdupnan, np gnympymd mGEGwl wnbuwql n+ 2 Gbw

Ty < Ty < o < Ty € [alh], (5.2.8)
wylujfufip, np
fle) = Quz) =a(-1)'If = Qul|, i=1,2,....n+2, (5.2.9)
npubn o =1 (quwd o = —1) dinudwdwluwly popnp @ -Gph hwdup:
Otnpbdnuy GJwe 2, < xp < - < Ipge Yhmbpp Yngymd GG phpfipljwl
wymnbpluwluf nbn (GY. 5.2.1):
y

LY. 5.2.1 Dtphzlywl wpntipGuluh Yhwnbpp
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Uwwgni)g: UGhpwdtinnipnil: Uklp yblp nhunwpyh wyt ophdhwy nliypn, tpp f(e)
$mGyghwl plpp »-py wunpdwih pwqiwinud L GYhgmp Q. (x)-p pudugnyl
hwywuwpwywg dnnwpyiwl pugqdwlinud £ f(c) pmihghwih hwdwp L

rlay = flo)y —Q,(r) :
Wn ntiypnud, (5.2.7)-h hwdwdw)G
lIrll = p(f. H.)

UGy wuywgnyghlG wlyglhp nwp npn) vwhiwlndGbp:
Wil zq € [a. b Ybwp. nph hwidwp

ir(zo)| = [I7]].

quwljwttp Q.(x) pwquwlinudh f(x) pmbhghuhy vEowgni i Jbpfwl Gn G
e-fbur Cln npnud, Gph r(xe) = ||r]}, wwyw zo Yhnp YulgwlsGp pgpadut dhougnyl
2w Yn Wwd et -fhur buy tph r(xg) = —|ir|], wyw wjpu Yhnp Juiguwikip
puwgwuwlpul dEonugnyl pEndwd hsm Ywa e~ -§lan:

Luwbh np r(r) $mGYyghwi wiplnhwn b, wyw, [e.b) hwmjwoh Yypw gnympymd
mGh gnlb dbYy e Ytw: UdbthG, [a.b] hwngwoh Jpw gnympymb niGbG plswbu
et -ytinbp, wylwbu b e -Ytwbp: bpnp, bphk, ophGwy, gmupmG ymGhGuighG
e~ -ybunbp, wyw YgnGdbp wilwhup <, 0 << < {[7|l, np

—llrll+e<r(@) <lrll - Ve fab]

Ujn nbypnud, yepglbny

Qi(z) = Qn(x) +
Yumwlw)hlp R
il + 5 < f(@) - Qn(x) = r(2) -

<lirll -5

o m

Jud
F@) = QU S lIrl =5 = plf H) =5 Vo€ fad):

bulj nw hwhwund t p(f. H,) hbnwynpoipjul uwhiwGiwGp: Qwdwidwinpi
wwwgnigynd ket -Yhwmbph gnympjniGp:
Uwwgmghbp, np e, b] hwwnywop uwptih b wpnhby depgwynp pyny hwnwotph’

la,z1). (200 2a) . (22 2] zen 2o (20 0] (5.2.10)

wjliyybu, np Gpuighyg jmpupwbynipp hippny wpupmGuyh Yu'd dhwyl et -Yhnbp, ud
upw)l e -Ytunbp:
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r{x)

-+

i
SR,

21|l

LY. 5.2.2 [a,b] hwwngwdh mpnhmdp

Spnhnudp Guunuphlp  htnbjwg Yhpy (G4 5.2.2) Dpnpwlhnipjul - hwdwp
GGpwnptilip, np |e.b] hwujwony bplwlnpjudp w-hg b wpdiwl plpwgpnid
wnwohl  e-Ywnp et -ghmG b Opybu =z Jbpglhlap () Ppulilyhuwgh
wiblwwe gpnG, npp qubynd £ ¢ Ghwph L Gpwl  hwenpnny  wnwehl
¢ -4hwmh dhole Oputu 2o YbpglGhbp () pmGhghwyh wdktwwe gpnd, npp qulyn k
21 Yowh L Gpul hwenpnnn wnwohG e -yt dhob (biph wynuihuptp gnymipnt mGh):
Npuybu zy Ybpglbbp rir) pmayghugh wiblwwe gpnl, npp gumligmd £ oz Ybwp L
(pwl hwenpynn wnwehb e -Yhwh dhol (bpb wmuipuplip gnpnpmnil mGp) bowygb:

“Yhgmp z, -p z Ybobph dhot b-hg mwppbp watGwdbpehG Ghnb b Cln npmd,
pun Junmgdwt (=) = 0, ¢« = 1.2...., m: Lwlh np (5.2.10) hwuwdtiinhg
jmpwpwlsymph ypw gumGymy b6 htppny e* -fhnbp L e” -fhnbp. www plinptioh
ww)iwip wihpudtymnpiuld hwiwp poduiped B wgwgmgtip, np m 41 2 n +2:

Glpuypliip hwhwnwlp m + 1 < n + 1, wyuplipl m < n: Qwiwdwyli [a. b
hwwywdh (5.2.10) mpnhdwbp [a, z;] hwogudh dpu goymppil yniikl ¢ -Yhnbp,
[z1. 22] hwwnyuwoh Ypw gnpmpinilG ymGhG e -Yhwnbp bowyp: Lubh np »(r) pmbyghwd
wiplnhwwm L (5.2.10) hwumjwaGbph phyp yepewynp b, www yonGgh wilughup ¢
phi, 0 <e < {lr{f, np

el e << Il relas),
~rl] <r@) < lril—e. € [z 2], (5.2.11)
S o [ TS Sy

L wyG: dhpgltilp
dp(z) =c(x—z)(x—22) ... (& — 2,)

pwgiwblnudp, npinkn ¢ phyi phuopgwd k£ wylwytu, np

ldnl] < (5.2.12)

3

M

dn(r) >0, 2 €la,z):
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Un phypnud d,,(2) pwqiwbnudp, 2 Yhobpnd wglbihu, thnjund ©opp Gl
Lhwbwpwp wyn pwgiwlnudp dhowtwgptpnud Ymbtbw  hippwhinpudng Gubbp,
wjuhtipti’

dote) <0, 2 € (z7.72).

dydd) > 0, 2 € (22, 23)

L wyili: dbpgGttp
P.(r)=Q, () +d,(x)

(hpptglbGp, np hwdwdwyl LGpwnpmipjubp, m < n) Wi nhypmd guwiwgud
2 € [a. 2] Yhw)h hwiwp YmGhGwlp

flo) — Py(a) = r(r) - d,(r) < |ril: (5.2.13)

Uhwdwdwbwy, hwyyh wnlbng (5.2.11) L (5.2.12) wihwjwuawpmpymGGbpp, » € [a. 2]
Ytwnbph hwdwp Yunwlwbp

F) = Pal) = 1) = dule) 2 =l + 2 = [dall 2 =1l + 5 > =il 5+ (5218
Wyuwhuny, (5.2.13) b (5.2.14)-hg hmbmd £, np
() = Pl < Ilrll, €[]
UjGnihtinl, z € [21, 22] guiuwgwd Yhwmh hwdwn mikip
fle) = Pu(a) = r{e) = du(r) > =lirl] - (5.2.15)

Uhwdwdwlwly, nupdjuy hwydh wnlbng (5.2.11) W (5.2.12)-p, = € [z;. 2] Yhwbph
hwidwp Juunwbwlp

Jlw) = Pu(e) = v(@) = dle) < flrll = e + M1 <l = 5 <l = (5:2.16)
Wyuwhuny, (5.2.15) L (5.2.16)-hg htnlimud k, np
() = Poo) < lirll. x € [212] -
Cwpmlwibny huwdwldwl guunpnipymlGpp wpynuipmd Juunwlwlp
|f(x) = o) < Miril Vo€ fa.b] :

UWyuhlpG
W= Ball < llrll = p(f. H)

hi;p hwhywumd b p(f. H,) hhnwynpnippul vwhiwidwGp: Upwim] wupogniggnud k)
pbnplidh wwpiwGh whhpwdbyunmpndp:



PwywpwpneniG: “Fhgmp phnptidh wuwydwlp yumwpqwd b GapwnplGp, np f(c)
Pmilghuwgp hwdwp uwdwgnyl bunjuvwpuswd dnnuplpiwl pugqiwinuip ny ph
Qn(2) -0 &, wy vbY mp)y puqiwinud’ Q) (x) € H,: Un niypmd wyihwim t, np

I1f = Qull <IIf = Qull (5.2.17)
dbpgltlp n-p1 wunhGwih pudwtnud
R (x) = Q;(x) = Qulw) = [f{&) = Qu(x)] = [f(x) = Qp{x)]
L ppowpyblp Gpw wpdtplipn (528) stpholjwl  wpnbpGwGup  Gbnbpm:

Opnpwihnipjul hwiwp Gapwnptlp, np (5.2.9) wwpiwliibpmd o = 1: Un nhyypmy,
hw2gh wofityny (5.2.17) wihwjwuwpmpymbn, ymGGGwlp

1}),,(.’[1) = [f(xl) _(Qn ll)} [f(-rl Q;(I])] = _”f—Qn“ - [f(‘L])"Q:l(J;I)]
< =if =@+ llf - @l <0,
Ry(z2) [f(x2) = Qula2)] = [flz2) — Qilx2)] = |[f = Qull = [f(22) — Q) (22)]

2 If =@l =llf ~ @l >0,

R7L(Ifl+2) = {f(In+2) "(ru+2)} [f(-Tn+2) - Q:(rn-e-ﬂ)] == (_l)"+2|‘f - Q””_

< 0 (pt n-p YhGwn t)

(f(zny2) — Q2 (ln+z)] > 0 (bph n-p qnug t)

Uuwgytg, np n wunhdwlhy ny pupdp R,(r) pwiwlnudp [a.b] hwnywdh Jpw
thnjund b hp Gywlp welduqli n 4+ 1 wlqud: QGulaepwp wyy pudwinudp whnp t
nlitGw wnljugl n + 1 wpdww, hG36 wihGwp b O

5.2.2 Lwjuwgnyl hwjwuwpwsug snnwpliwi puqiwbingudh
dhwlympjnilp

Cla.b] wwpwompymbp juhuwn Gnpdwynplwo st Fpwlnd bbm b hwudngyt) htinbguy
ophGwyh Jpuw:

ApunwplykGp {0.1] hwwndwsh dpu bpyme $oyGghw’ f(z) = = L glo) = 1:
UyGhwyn £, np |IF]] = 1, [igll = 1 W[If +gll = 2: UwywyG [|f + gll = [I£]} + [igl}
hwywuwpmpniGhg sh plund, np f(z) = a g{z), npnbn a # 0:

Ujn wwwdwnny dkbp shp Yupnn htGyt) 5.1.2 ptnpbdh ypw, npp hwunwomd b
wywgnt )G ununwpydwi uwnnh dhwlnipmin fuhuwn Gnpdwynpywo
wmwpwdnipintGatpnud: UylGnuwdbbwGhy, hown b htnbguy wGnnudp:
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Etnnpbd 5.2.3 : LwiwgnyG huuuwpupsunh dmnwpldwl paogdwnudp diwll ©:

Uwwagni)g: Gapumpbbp, np f(r) € Cla,b) pmGyghwih hwdwp H, -md gnynupnil
mibkG bpynt puydugnyl hwjuwuwpuyuh dnnwpiwl puqiwbnuiGhp QY (r) L

2(r): UyuhlipG’
Lf=QV = 11f = QPN = p(f H,) : (5.2.18)

THhuwpyklp
Qulz) = (@W)+Qﬁuneﬂn
pwqiwlnudn: <wydh wnbGhing (5.2.18)-p, Gpw huniwp mGhbp

1 , . 1 9 :
1 = Qull = 51U = @43+ (F = Q) < 5 (1f = QI+ 17 — Q1) = plf. Hu)
Wyuintinhg, by p(f. H,) htinwdnpmpjwl vwhiwGmdpg, junwlwip

Hf Qn]l - j Hﬂ)

Tpwlng huly @, (2) -p Gnyluybu pudwgnyl hwjwowpwswth dnowpliwb pugiwinud
b f(r) pmGughwyh huniwp: Uy ghypnd, Qtpholp pnptidh hwdwadwyG, (5.2.8)
wnbplulup Ynbtipnd wbnh nlkG

() = Qx| =p(f. H,). i=1.2.... n+2
Yud
[(f(2) = @V (@) + (flw)) = QP (x)| = 2p(f H,). i=12...n+2 (5219
hwjwuwpmpyniGGtpp: Lwdh np
(e = QP < p(f Hy) o [f () = QP ()] < p(f, Ha).
wwuw (5.2.19) hwdwuwnpnipyntGGEpp hGwpuidnp GG SpwyG wyl nhypmd, bpp
Jla) = QW (@) = fla) = QP(xs), i=12....n+2:
WhpohG hwyjwuwpmpmGibphg htwnbknad k, np
QM) =QP(x), i=12. . .n+2

Wuwhuny, 7 -prp wumpswih QM (2) U QP (&) pwgiwbnudGpp hwipGyGnd b6 72 +2
Ytwnbpnud: Nnp Gpwtp GniyyGupwp hunjwuwp b6, wyuhlpl QY (xr) = QP (x): O
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5.3 Lwijwqgni)l hwjwuwpwywth dnnwpldwb
onhGwybtp

Jpuligimy  QtphyLh plinptdh Jpw’ phowplblp puduwgngl hwduuwpueswt
Unnwpliwl pugiwinuuitbph Junmgiwd gh pwtih ophtiwy:

OpphGuwl 5.3.1 : Gwnmgb] (wyjwgnyyé hwjwowpwyuwh dnnwpliwb pwgiwinud A,
nwuhg {a. b hwmuoph Ypw npnpqwd  f{z) wliptinhwm Sniiyghwyh hwdwn:
“Fhynip
m = min f(x) = f(ry). M= max f(x) = fle) -

alr<h as el

Fddup sb hwdngyby, op

, M+m
Qulr) =
2()(‘! ) .2
nnnlbh prquiwGnudd
Y
M
m
0 a J:I; Ty b !

LY. 5.3.1 Lwjugnyy G hwjwuwpwswt dnmwplpiwl poqiuinud A, -hg

bpnp,
Al —m

2

f = Qoll =

Fl) = Oolay) = m — M -2{- o _jU ;m — = Ol

M+m AM-m )
flra) = Qulra) = M = —— = —5— = [If = Q| :

Qbphylywl wymbplGwbup ftinbpG 66"y L 20 (G4.5.3.1); &
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OphGwYy 5.3.2 : |e¢. 0] hwndwdh gpw opdwd £ f(r) wiplnghwm minnghly puiyghw
(G4.5.3.2y; Nwhwleymi £ Juemgl] pudwgnyl  hwjwuwpuyw dnnwpluwi
pwquwlnuyd Ay nuuhy:

Swiblp hwwiny (a. f(a)) & (b, f(h)) Yanbpny: Qwunnh phpmpjub wiljwd
nwlighlup huJuwuwwp b (f(b) — f(«a))/(b — a): Swltlp ynpuwihnn y = f(r) Ynphd,

gniquihtin wyrn hwwnnnhi: Cnzwhiwb Ytimp d wpughup npnyymad
f(b) = fla)
bh—a

flle) =

hwywuwpnidhg: Ujnthbnb wmwbbip hwwnaphg b pnpuhnnhg hwjwuwpwhbn mnghy
(G4. 5.3.2): Gwnnigywo gowhl priliyghwb Yihth npnbbgh jpudugnG hawowpusung
dninnwpliwb puqiwbnudp A, -hg: bpnp, ghgmp L = ||/ — Q4] : Wyn nhgpnud

fla)=Qila) = -L.
Fld) = Qi(d)
fh) =Qub) = ~L:

il
h

0 a d i)

LY. 5.3.2 Lwywgnyl hwjwuwpuswih dsnuwpydwl puqdwinuad H, g
Lzhklp, np a < d < b Yhnbpp sbphplgwG wnbplwGuh Yeobpt 66 &

OphGwy 533 : f(x) = r* PmGhghwgh hwdwp [—1,1] hwwndwoh ypw qulhg
fwjwgnyy hwjwuwpww dnnwpldwb puqiwtgud 4,2 guuhg:
“hnwpyblp (n — 1) -pip wunmpGwih
1
(L)n 1( =" - ‘é;"’f Twn(-l') (551)

puwquiwbnuy, npnbkn 75, () -p Qbphaup puqiwbnud L Wunbin dkp hw)dp Glp wnty
wyl thwuwnp, np 75, (x) pwqiwGnuih ujwg gnpowlhgp hwdwuwp £ 2" (nbu
(4.3.8)): 8nyg wwlp, np Qn_y '.‘v)-n npnGkjh pu.tqmuﬁqwdﬁ t: bpop, (5.3.1) -hg mGGp

1
2™ = Qnll = I17,]] = __T max jl,,(x,)i— T

2“ ]
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Ujimthtiinl, nhgmp
1l=60>0,>-- >0, >6,=—1 (5.3.2)

Yyhutipp 75 (z) puqiwbnuaih tpunpbdnuth YhnbpG G6 ((bddw 4.3.3): Wn jhnbkpnud

n 1 1
0~ Qusll0) = 5. Tulbo) = 5y
. 1
Q" 1(9)—2111 (0)=727—71’
n 1 (ul)" i
Hn - Qnil(en) = W Tn(en) = Eﬁ

“pwling huly G- (z) -p (udugnyl hwjwuwpuywt Snuwpyiwl puqiwinu t, huy
(5.3.2) yhnbpp shppolywl wpnbkpGuiuh Yanbpl GG: &

GGpwnphny, np f(z) € CU Ve, b}, wwbp p(f. H,) dbdnpjul tplyynndwih
qlwhwinwlwGn:

Twuwgpph wnwohl dwumd (wwpwgpwd 4.3), plGhwpylynd hGwbpynpughuw)p
ufuwijwGph GJugbguwl pulinhpp, dkip gmjg tlp wndby, np bpb npuybu hwlgnygGbp
pGuptlp T, (x) pwqiwlnudh wpdwwmbbph wyuwybplbpp

b—a b+a

T=— £+ 5 ~1<{<1

wpnwwwnitpdwdp b JunmgblGp wyn hwlgnygltpng L, (r) hlwbpwynpughni
pwquwlinuyd, wujw
max If n+1)(,.)l
a<:<b n+1
||f Lfl” = +1)|)’n41 (b_a‘)

(nb'u (4.3.20) gwhwunwlwp): Ujumbqhg wldhowwbu pfunud t

ma [/+(2)
a<r<i 2+ TN
p(f, Hy) < —W(() - a) ! (5.3.3)
glwhwwmwywGp:

Unwlwlp wjdd uwmnphl qlGwhwwnwlwip:  “Ghgnp  Q,(x)-p  (wywgnyl
hwjwuwnuw;wth dnnupyiwG pwqiwlnud t H,-pg  f(2z) pmlGyghwyh hwdwnp:
Lwbh np, hwiwdw)G Ybphyuh pinpdh, f(r) — Q,(x) wwpptipmipnilp wpnbpGuGuh
dky Ykwnhg dnup whglhthu thnfumd £ hp Gawlp (nbu (5.2.8) L (5.2.9)), wyw w)l
nunbnud t qnn [e, b] huwngwoh welgwql (0 + 1) Yaomd' zg, 21, ..., 2, 0 Wuplpl'

Qn(z) = f(z), +1=0,1....,n
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Muwp @, (z) pwqiwlinuip Jupbh b ghnb] npoybu pGwnbpynwghn pugqduwnud
flx)  pmliyghwsh hwdwp Junmguwo 2. 2).....2, hwlgnyglbpnyg: Ogudbng
hGwnbtpunpwghwih ufuwpwiph hwdwp (4.3.4) wpnwhw o nthg mGblp

(n+1}
f(x) — Qula) = {_:l(‘);')

npntin wyg () = (x — e — ) (2 —2,) b £ =E(x) € [a. b]: Fhgnip

Wi () Vr € la,b].

Hwnstll = nl??i:-{b!w”J’l('r)l = [Wner ()], a € la b -
U nhypnud
j'(nﬂ) c((]))
S Hn) = 117 = Qull > 1) = Qute)) = LS
: {n+1)/ ..
pnlel
ot (71 + 1)| n+1 .
dbpp dhip uunwugh) bap
(b _ a)n+l
H"‘JHHH 2 ?,,,1

gliwhwwmwljulp (nbu (4.3.15),(4.3.16} L (4.3.19)): LhwbLwpuwp,

f11<lllzi‘£l'f) |f(n+]] (I) ‘ n+1

p(f Hrt) = TniW(b - (1) : (334)
Quwitdwwmbing (5.3.3) L (5.3.4) ytphG L uvwnnphlG qGwhwwmwywGGbpp, hwigmy
blp w)l tqpuiugnipjud, np tph U () wowlguyp wwhwwlmd b hp Guibp
[a,b] hwwmwoh Jpw L wwn 3ft himprfuynud, www puugnyd hwduuwpuw
Unnupydwl  pwgqiwlnpudh  ujuwpubph L bphoth  puqiwGnudh  wpdwwGbpnyg
Junmgywd himbpunpughni puqiwinudh vfuwulph dhel unwppbpnuenulp yGsha L
Ltilp, np guwljwgwd whiplnhwwn dniGhghwih hudwp jwyjwgnl hwjwuwpuswih
Unnwpyiwl pwqiwlnuih JunrmgiwG yepowynp wgnpppd  gnyupymbG  ymidh:
Qnymipyml - mGEG vhwyl  pujwgniihG dnnpl pwgqiwlnuidh  LJuemguiwb
hmbpwghnG wgnphpidtbp (ntu, ophGwy, [4]): LpwlGg tmppilp Yuwjpulind L
sapholgwl wynbpGwGuh YhwnbphG hwenpruljwl dnwnwpynuiGhpp b wyy YhwnbphG
hwiwwywwnwuuwinn  puquiwbinudGaph juengdwl dbe, npnlp gmguwipmmyd LG

(wydwigny)G hwjwuwpwywgi innwpldwl puquiwtqudhé:

3.4 UnunwpynuiGtp hhppbpnjwl mupwompniGnd
bnliyghnbwy wlwihgh YuplopuwgnylG  hwoeugmpymiiphg  styp  Aypbpmjwl
unamionip i qunuithwnd b, npl wnwehlp Ghpdmot) b ghipdwlwgh dwpbywwmhynu
. <pyplipunp:
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Uwhdiwlmd 5.4.1 : L hpwhwl qowihl vnwpwdmpmlp Ynsqmd b dglyfuipali, Lpb
mpupwlymp x.y € L wmwppbph gnyghl hwdwyuwowufuwimpput dbe £ oopwo
(r.y} hpwlwb phy, npp Ynygm b wyn wwppbiph edagpag wpaagpyag, witiybu np
pwywpwpynid Gl

L (0.0) 20, (r.2)=0&02=0,
2. (roy) = (y,x)

3. (Awy) = Alry) .

4. (r+y.z)=(r.2)+ (y.2)

wwjdwlbbpp uiwjuwywl z,y. 2 € L b A hpwwd pdh hwdwp:

Ediphnyw mwpwdmpymGnul Shopw &t Grpp-PaGpuiimjuling wlinuduawpneg o ip.

()l € Vlw2)f/(yy)  VYeyel: (5.4.1)

Wi wywgmgynui b pwduwiwbhli ywpq nubwyng (pnnimd GGp nu pliptpgnnht
npybiu Jupdmpynil):
{h2tigltiGp oppngnGwnipjwil hwuljugmpynbp tyyhywl wwpudng mGnud:

Uwhdwlnud 54.2: L tfjhywl wwpwonpjub = Ly wwppbpp 4opgmd GG
oppngniiwy, tpt (r,y) =0:

Edyihnjwl wwpwonipymbp Juptih t npupdGly Gepdwdopdue’ uwhdwbny « € L

wnwpph Gnpdp hbnbjwg Yepoy,
]| = {x.x) : (5.4.2)

Addup sk bwidngyby, np o Gopdp 5100 wwhdwliwG  Jdbe  pduwplywd  pninp
hwunymp)nliGspp pwywpupynud GG: Lpklp dhw)G, np inwdy i wihwuwuwpnpjwi
wwwgnygh dudwlwl whup b oqundty (5.4.1) wihwdwuwpnipimGhg:

Uwhiwlnd 5.4.3 : BYyhnywl wwpwonmpinibp, npmd Gnpdp Gepdndgwo b (5.4.2)
wnlympjwl dhengny, Ynyumd t aelfunwp mwynuompymda:

Uwhdw@nmd 54.4 : Lphy, wGdtpy swhwGh mGhuowp wwpwdompmbp Ynsgmd t
hfypbnyl anupwonipinl:

YhonnmpimG 5.4.1 1 Guptdli hfypbpupuG unupwdmpinin wiehdw b pu wpuhwGonnd
GG,y wyl (hGh ubwwnwpby, aguplpt, Gmutmd quimpmmb mGkbw wibtimpbp fupm
hwplyh puiginipimd

Apwbu hhpbpnjwl nwpwompyub ophGwy Yunpnn b dwnwjty I wwpwdnpmip,
nph wwppbipG 66 hpwhwl pdbph = = (2, 0, ...) wibpe hwenpnuwwinpmtitpp,
npnlip pwdwpwpmd bl

>0
Z :l’? < ¢
i=1
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wwydwih(: Uwpwp wpownppup b Gopdp wyn awpuwdmpiui e npopgdmd GG
hwidwijwnwuuwliwpwp
(o)=Y wy W o = \‘Z-‘Ff
=1

[

pwliwdlbpny:

54.1 Lwyquwqgnjl dnnwpyiwb mwpph npnnuip
Luwfu L wnwg GLlp hhiplipnwl wwpwontpjub gkl uplop hwompymG:

[ounpbd 5.4.1 : fyplpmnywd mamuompmGnp fufunn Gopduninpguo |

Uwwgnig: hgmp hppbpnywl wwpuwompjwl f L g ny qouoyulul wwpphpp
w)liuthuhG L, np
I+ gll = 1A+ gl

Uh Unnihg, oquytny (5.4.2) wnlsmpjniGhg, mabGp
W +glP=(f+g.f+9) = 1) +20f.9)+ (9.9) = [IFIP +20f.9) + llgl]” :
Ujnu Yynndhg, ‘ . '
U1+ Hgll)® = AP+ 201 gl + Nt
<wyjwuwptglbtny ytpeht tpynt hwjwuwpmpmGGbph we Swubkpp JuunmwGwlp
. (f-9) =If11Tlgll : (5.4.3)
dbpgltlp o = ||fl|/ll¢ll: UyGhwym k. np o > 0: Qwydh wnGhinyg (5.4.3)

hwjwuwpnipynip unwGnd GGp

(f —ag. f—ag) = (f,f) = 2a(f.g9) + a*(g.9) = |f]I* = 2 |if]| llgl] + a?||g]|* =

A1 1
lgll llgl1?
Ujunbtinhg, ujupwp wpmwypjuih hwaympymGhg' f—ag =0, wyuhlpl f =og: O

Wuwhuny, 5.1.2 phnptdp hhdwG Jpw Yupnny tlp wlnb, np  hhpbpnjwG
mwnwompnulinud pujwgny)i dnunwpdwl mwppp Shwyd b

AP = 251 gl + lgl* =0 :

Ootnptd 5.4.2 : Gpl ¢ € L, qurugnigli dmmwuplphul unuppG Eof € Lowmapph hudwp,
wuy

(f —¥.0) =0
JwduywinuG ¢ € L, nwpph hwdup
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Uwwgniyg: Glipwnphlp hwlwnwyp, wjehlpl qnynipymb mih wjluhuh g € L, wwnp,
nnh hwdwnp

p=(f-wvg)#0:- (5.4.4)
Unwlig plinhwipmpnilp vwhdwluwhwlbbm YJuwpnny GGp bhpwnphy, np g wwppp
Gnpdwnpud b, wyuhlpl' |jg|| = 1: dbpgliklp v = ¢ + pg € L, : Miltp

If = vl = (= vl =v) = (=¥ = g, f =" = jig) =
(f=w f=w)=2u(f —v.g)+ 12 (g.9) =1If = 0l|? = 2p + p* =
1 =l = < If =l

Ujuyhuny unwguibp, np |Hf — off < {|f — || bul pu hwlwumd b GpuG, np ow-G
(wjwgnyl dnnwpldwl wmuppt £ 0O

Uwywgmgyuo ptinphidh ypw bhdgue bt jwdugnyyl dninwpydwl wwpph npnpdwb
tnwbwlp: Fhgmp L, Gipwwmwpwdmpimbp sGymd t ¢, ... .. 2 imupnliny qonptiG
wijwhe hwiwhupgny: Nupg L, np

ﬁ‘ = ZC,j(,D,‘ S Ln (

i=1

D
N
b}
—

wywgnyyG dnunwplpiwl  wwppp qulbnt hwdwp whop © onpmpbp cp.cs, ... .ep
qnpowlyhgltpp: Wn gnpdwyhgltipp, (5.4.4)-h hwdwdwil, Jupnn GG uinmugyby

wuwjdwllhphg, npnlp hwignud GG

n

Z(Qj.@i)Cj = (f, L,’)i)‘ i=12.....n (546)

=l

qowjh( hwlinpwhwuwlwl hwjwuwpmidGbph hwiwlwpgh: Uju hwdwljwpgp Ynsynud t
Gnpduy  hwdwlwpg: PGwulwpwp hwpg b odwgnd wyn hwdwlupgh dhwpdbp
tnotihnipjwl YwuhG: ‘Vwjuwutiu dingGhGp ¢h Ywplnp hwuljugmpynd:

Uwhdjwnud 5.4.5 : Ujwywnp wpnwnpyuGhphg juqigud

(9917501) (’»92-.%) (‘Pm&?l)
G| o) (brga) o (Pnva) (547)
(ﬁr;la 99n) (992-, 9711) (pw ‘Pu)

dunnppgp Yngynud b @y, @9, ..., wwppbph hwdwYupgh Quudh dunnphg: Umn
dunnphgh npnphyp Yngynud b Gprwdp npnsfys:
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Gwiwjywlywl = = [z, 29,.... 2,]T € R* ytyunph hwdwp mibp

(Cz,7) = 3 (¢p0i)air, = (ZJ*J‘?QJ ZIW’*) = ! i‘ri'@' H
, i=1

4j=1

(5.1.8)

Luidw 5.4.1 1 @pudh dunnphgn Jipwubipguo b wi b dpugl wylG plypmd, bpp
P12, - -, Pn pplinh hwdwilupegn gonpbl wpuguo F:

Uwwgniyg: UGhpwdtinnipniG: - hgnip  (5.4.7) Swwnphgp qbpwuhpqma E: pkdG
gnjmipynil niGh wjGwhup ny gpnjulwa yeunp = = {zy. 79, ..., 2,)1 € R*, np Gr = 0:
Ujn yttpnnph hwdwp, hwiwéuw)b (5.4.8) hwjwuewpnipjuG, mﬁbﬁg

2

n

Z Liyi

i=1

0= (Gz,x) =

UWjuwmbtinhg hbwnlmd b, np Z ri2; = 00 bull nu Guluwymd t, np 21,82 ..., 80
hwiwlwpgp qonphG l;wrm[LuO t: UGhpwdbymnipyniGp wuypugnmgud t:
Pwdwnwpnipnil: Hhgnip ¢q, 2. . . ., @, hwdwlunpgp qonpbl uwhuwo b Wuhlpa,
gnympjnil mGGG wyGwhuh z, 22, ..., 2, pybn, npnlp dhwdwdwiwl hwjwuwp LG
qnnjh L
Tipy + T2 o+ Ty =0

Wjuinknhg uwnwbinud LGp

a1 (g1 01) + a2 @r) + -+ Py(pn-w1) =0,
C1(P1: 92) + a2 2) + -+ Tnlon, w2) = 0.

5151(‘;91~ 5«91:.) + -752(9525 93n) +--+ :rn(:ignv ‘Pn) =0
hwjwuwpmpmbibph  hwdwhwpgp:  Guwhund, G Qpuwidh  dwnphgmy  gowghi
hwipwhwzyuwywl hwjwuwpmdGiph  hwiwetn hwiwupgp mGh ny  gpoywlwd
[monud: {bnbwpwp, G Swwphgp Jbpwubpquo t: O

Wyuwhuny, pwlh np @y, @0, ... @, mwppbpp Yuquined 66 L, GGpwuwpwonipjub
pwghu, wuyw (5.4.6) Gnpiw) hwdwlhwpgp hwpdbp mobith b bGsuto bplod £ (5.4.7)
uvwhiwlnuihg, Gpwih dwwnphgp uhdbwphy b UybhG, Shyw b hemlgw) winnoip:

Lbidw 54.2: &6pb ¢ 09, .., on wwpnlph hwdwwpgp onpblG wihupe b, wuyw
Qnurdh dunnphgn ol npng g b .

Uwwgnyyg: dbipglliGp ywiwjulwl z = (71, 29,....2,]7 € R* ng qunjulw6 Jslunp:
Wn nbypmd Y- z;0; # 0 U, hGyubu htwbmd t (5.4.8)-hg, (G, x) >0: O
i=1
foynwi t, pt hhiphipnjul nwpwdmpniimyd  pudwgnyG dmnwpldwl  wwpph
nandwl punhpp thnghG modwd t: Uwlwjl gnpdlwlwlnyd wjuntn h hwjpn LG
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quithu pmpe ndjupmpnibitin: Luifu b wnwy, whmp b ggnnpbl puply 21.ee. ... P
pwghuwihG  wiwpplpp: Rwighuh wlhweng panpngppul plagpnud hwyqugjughG
uhuwpwlplipp Yupng 66 wlywh dbowlwy, L wpggniipmd umwgdnn “uwdugngG”
dnunwplynuip hpwuitpg zwn htieme Yhths Munmownp wyl b, op Gpuedp dwaphgp
Jupnn b thib hwdwnw gepuokpfuo b wn dun wugdwGwgnpguo: Uj Yhpy wowd,
wm dwinphgh npnghep Ywpnn kbl quughl dmn, huly apugdwGwgnpuiomput phyjp
Jwnn ko

OphGuwy 5.4.1 (<hiptipnh dwwphgp) @ UingtikGp (0. 1] hwwndwoh ypu wdplinhwin
bnutijghwlitph mwpudnipnulinug

[
(f9)= [ F) g dr
0
uljluygun wpuiwnppuep:
Ghuinwplkbp
wolr) =1, gy =2, ..., gula) = 2"

qonptl wilwhu pnlyghwltnh huiwhwpgp: Ujwpgwp wpnwnpyugGepp hbpmnpjudp
hwpdymd &G

1
1
(i) = /:r”’f di= ——, 4, j=0.1.....0:

J P+ )+l

UpryntGpmad JuumwuGulp
1
ja— n v /]
H = V“-JL.]‘:U N hij = _—“‘-’ +1 + 1 (549)

Qpuidh dwwphgp, npp Yngdnud b <Syplmnp dunnphg: Uju dwainphgp hwpynnulju
twpbtwnhuwinud hwjnGh b oopgghiy Jun wupdwbwdnpgwd Swaphgh quuwljut
onpliwy: Vwwphgh wwpiwbuwynpgwompjul  phyp Jwwn wpuwg wémd £ »2-h
uhowgiwlp qmigplipwg, wyl b x(H) ~ ¢*>* (mbu, oppliwy, [53]): Uhwdwidwlwl,
n-h dkowgdwl htw dhwupG Lpphpnh dwnphgh npnphyp Jww wpwg dqumad b gpngh:
Stinh mGh htinlbywy pwlwdlp (nku [48]).

(123 ... (n— 14

TFhuwpyblp qowht hwlpwhwygwljuwb hunjwuwpnuiGhph hwdwlupgp
Hy =1, {(5.4.10)
npubn b= [by.by,. ... b7 Jubnnph YnduynGEGuGlpp wpdoud GG hnbguy Yhpy.



Qwdwlwpgh monuil £ r = [l.l,....l}T: Gwnwnpyby G hwygupylitp MATLAB
thwpliph dhengny: Upiymbpmd, 7 = 13 gwypmud vnwgyty © (5.4.10) hwidwlupgh
htunlgwg “paomudp”.

g = 1.0000, zy = 10000, 1z = 1.0006, Ty = 0.9916 .
ry = 1.0519, T = 080693, xg = 0.8092. r7 = 3.3755.
Ty = —6.8166. 1y = 133612, @y = —15.2629. ) ~ 12.2017.
Lp = —=3.4253, x4 = 1.7506.

Can npmud wpwpaqym b, npodet(H) — 3.9220 - 107197 W wo(H) = 1557010 &

Shunympynil 5.4.2 ¢ Upblp, np wyu pudlmd pwpanynfud wpnmplhpp dhpm G0
Guile mGhun unapawdnpinGabph wdwy

5.4.2 Oppnlnpiw) pwghuh oginugnpdnuip

duwnmly htumwppppmpyniG b Ghpluyuglned wylG nhwpp,  bpp @220 20
hwiwlwpgp oppabnpduy £, wyuhGpl (9, 25) = J;;, nunbn d;; -6 UpnGbytph GGG b:
Uyn ntiwypnud. hliywbiu hbnbnd £ (5.4.6) hwdwljuwpghg, jwjugny G dninwpljdwl wwpph
¢; qnpowhglbpp hwantd GG whdheowybu.

ei=(fp)., i=12..n: (5.4.11)

Wn gnpowyhyglibpp Ynydmd &G f wwnpph Dwphbft gnpowhgbby puae oy, 20 “n
oppnnpiwy hwiwlwpgh: Cln npnud, pwifugnyl dnnwpldwb (5.4.5) wwppp gpgnid ©
htinlgywy mbupny.

H

w= (fopiyn (5.4.12)

1=1
Lbpmnipjwdp npnzynid b Gul wpnwhwywngpymbp p(f. L,) deonipjul hwdwnp: hpap,
huyp welking (5.4.11) -p, uvnwln Glp

AI? =2 (f» > C,tpi) + (i Ciin 3, c_;'%‘) =
i=] i1 j=1

I =2 & el fop) + L = IS - 3 e

Wyuwhuny, e
plJf.Ly) = \jﬂlfll'z -y (5.4.13)
=1
Wunbtinhg wlGhw)ymnphl himbnud b wjuwbu Ynpgwo Rhuliyf wlhunjuuupnigpniip.
S < AR (5.1.11)
i=1



bpt L -p ubywpuwpby hhipbpoywi wwpwompym , wuw Gpunud gnympymG nih
V1920004, [T~ RN (5415)

wwppbph hwpytyh phd oppninpiwy hwiwlwpg (uty, ophGuy, [181[20]): Can npnud,
Judwjulwl f € L wwpp Gupljuywgynud k

[&¢]
F=3 ap (5.4.16)
i=1

wbupny, nputin ¢ = (f. ;) — dpptih qnpowlhgGhnG BG: (5.4.16) 2wppp ynyymd £ f
wwpph brpplif prpp: Fddwn skntiuGly, np

oo

et =l (5:4.17)

dbpehG hwywuwpmpynilp Ynagnd © Dwpulauyr hwunnapnpimi:

Ghgnp Ly, -p GhpwwmwpwompynG booGdwd (5.4.15) hwiwywpgh wnwohl
£1.92, - - on muwpphpny: blywbu yipG wwlbg, v € L, pwjugnyl dnnwipyiwh
wwppp Ghplwyugymd £ (5.4.12) mbupnd, wjuhlpl’ (5.4.16) dnippbh pwpph hwunguwol
t: CGn npmd, (5.4.13) L (5.4.17)-hg htinnud t, np

17 x
ol f, Ln) = !Hf\lz—Z(f?=\5 > 2 —0 tpp n—oo
\] =1 =+l
dhpohlp Gywluwynid £, np yudwjwlwb f € L wwpp gullijugud 6unippudp fupbih
b dnunwnyby Yyepeun]np swhwlh tGpwmnwpwompmbitph nwppbpny:

Jdbpp wpwnpuwop  GQubwynd b, np o whwitdun wybtth  gbpwnguubih E
oquugnpdt) oppninpiuy pwghulbpn: Uwyw) Gpubp ny dhown GG jupnn Shwiquidhg
Gyt 9pw hbwn ShwuhG gnympymG mGh oppngnluquwgdwd Jdapnp, npp pmyj| b
nwhuy Juiwywluwl qonpbl wijwh hwiwlwpghg wignud juwuwpbp oppnlnptiwy
hwdiwlwpgh: Wn hwpght t Ghpdwo hwenpr wwpwguudpp:

5.5 Qqpui-Cihnunh oppngnliwjwugniip
Qhgmp L niGhunwp mwpuompjnind mpjwo b qonphil wlywiu vnupnbkph

¥1:.4920 - ¥n (5.5.1)

hwiwwpgp: LVhwpwgpblp Quud-Cdipufi  oppngnbuwuwgdwl  dhpngp, npl wju
hwidwluwpgp dbwthnjunud £
q1:492, .-+, qn (552)

oppninpiwy hwdwywpgh: Wuwnbn dklp Ynhuwpytlp wyn dtpnnh tpynt mwppbpuwl:
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5.5.1 Oppngnlwjwgiwl uignphpth guuwlwb wwpptpulp
Ugnphpih wnwehb puwjymd Yunnmgymd £

1
Q=¥
el
wwppp: UYGhwyw &, np ||¢1}] = 1:
UGghhGp bpunnpn pwyithG: Fhuwpyklp
j2 = 012Gy + P2

wwnnp: Rwbh np 1 L @y, mwpptipp qdnphl wilwiu 66, wwyw ¢ -p wmwppbp t qpnjhg
Juwdwjwwl o2 gnpowlgh nhwypnui: Muwhwlieklp, np

(42»(11) =0:

Apwlny huly
a2 (g q) + (p2.q1) = 0

hwywuwpmpnitlhg Junwbwip, np

ayp = ~{p2.q1) :
Ujhnthbinb hwydtlp
1 .
=TT 4
=7 en®

Juynpp: Mwpq b, np gl = 1:
Glpwnphlp, np wpnbl Ywnnigh) LGp

192, -y Gk-1
- mwppbph oppnlnpdwy hwdwlwng, npntn & < n: Ugnphpdh hwenpg & -pry pwyG
hpwjwlwgynud £ Gowl dlny: Fhunwpyblp hbulyw viwppp.
k-1
G = e + 9k

1=1

Laphg, @1, 9, ..., @ uppbph qowihG wGlwumpymGhg htwlmd t. np G, wwppp
nwpptp b ogqpunghg judwjwiwub oy, = 12,0, k — 1 gnpowyhgltiph nhwypmaud:
MwhwGeklp, np

(Qeoas) =0, i=12,..k—1:

UpnyniGpnid

k-1
Zajk(qj,qi)ﬁL(cpk,q,'):U, 1:1,2,..‘,1&’—1
J=1
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hwyjwuwpmpjmbibphg qupowlhytbiph huwdwp Jumnwbwtip htinbjuy
wipunwhw jmmpnilitibtpp.

ik = —(pr, @), t=1,2,....k—1:

Ujtinthbnl hwpgdmd t )
G = —— Gk
Hal|

urunp:
CwpniGwllny plpwgpp Quwmwlwlp (5.5.2) wwppbph npolbh oppnGnpdwg
huniwlwpgp: Gphtp dhpnh wygnphpdp:

Pseudocode GRAM — SCHMIDT /Classic
inpu‘: n, (9911 Foyeeen 9911)
q = 1/llall
for k=2.3,....ndo
k=1

Ok =k — ;(w«,\qvﬁqi

U = i /1lgel]
end

Bwynp, Gnwid-Cuhnunp Gupwapywd wignphpdp, ip nuuwluwlud nwppbpuing,
Yuynif sk hGinpugiwl  vhuwpwGplbph Guwwdwdp  (nbu,  ophGuwly, [35].53)):
Upnynilpmad (5.5.2) «oppnlnpdwpy hwdwlwpgp Jupnn B wdbkGUhG by oppngnGuy shGly:
Wynuthuh Gplngph Juptyh b hwinhwty, JwuGuwdnpuytbio, wyG nbygpnad, Gpp (5.5.1)
wnwippiph hwdwlwpgp rwdwppw gonpbl jufujuo ko

OphGuwl 5.5.1 : FhwmwpyblGp

1 1 1
3 0 0
YL = ol Y2 = el 3= 0
0 0 £
gonpkl wlywju Juywonplhpp: dbpglblp ¢ = 107%: QwpunudGhph wpyniGpnid
Junwwbp
1.0000 0.0000 0.0000
0.0000 -0.7071 —-0.7071
“= 100000 |0 BT oqor |0 BT 0.0000
0.0000 0.0000 0.7071

Ujumbn (g.q5) = 0.5 &
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5.5.2 Qpui-Céhmnp Ytpuwihnuywo wignphpdp

OppngnGupugiwl nuwuwlwl dhpnnh wiyuwymbmpimbp b hwym b quihu, tpp,
Uinpugdwl uhpwjwbplbpp Ymumwldwl bbwbwlipny, hwenpnupwp uwnwgydnn g,
wnwppbpp jupnn GG oppngnlGuw)  yp0hy: GG npmd,  Yopwgdwl  ufuwpwlpGhph
wrpujunnny wgnbgmpyniGp wpnwhwjmynud £ hwanuwybu w)l nbwypnud, tpp o,
Giwybuwghl wmwpptpp hwdwppu gonphl Yywhijwo Gh: Lydwd papmp)nilihg guupy t
uh wgnphpy, nph Juomgiwl dwdwbuly sh ogumuwgnpdynmd wpbl  hwyyqwe
wmwppbph  oppngnGwmpymGp: Wn ghwypmd ¢, ¢e.....gx 1 wnwppliph wnwgdwl
pGpwgpnid wnwewigwd ufuwpulpltnp wpntt twwbo 56 wgnmd g, -h hwpydw b gpu:
Uwmnpl phpynn wignphpip nuuwiwihg wwppbpynod £ hwpynudGbph junwpdwd w))
hwenprujwlinipjunip:

Pscudocode  GRAM — SCHMIDT/Modified

inpUt n, (*fjl! P2y t¢n)
for b =1.2,...,n do
ok =k /||

for j=k+1,k+2,....ndo
©; = @i — (5, #r)¥k
end
end

output (‘101-59'21' . '-.‘p‘u}
Lotklp, np  oppngnlwjugiwl dbpnph  wju  wwppbpwymd  dLunhnfudwd
wmwppbpp hwpynad L imbnqunpynud 56 6hpn wyl wmbntpmd, np gpunbglmd thi
hwdwwwwmwupwl Gputunwjhl mwppbpp:

OphGwy 5.5.2 : AGhunwpykGp 5.5.1 ophGulh bpwybuwuwghG Juywmnplbpp: bGywbu L
wylwntin, Ypgltlp ¢ = 1078 dhpwihnfudwd wignphping hwydmubbph wpymipno
Juunwlwbp

1.0000 0.0000 0.0000
oy — | 00000 0o | 070N | —04082
0.0000 | @ P 07071 |+ B —0.4082
0.0000 0.0000 0.8165

UGdhowywi unnignuing hwidngynud Glp, np unwggwo hwdwlpuupgp oppnlnpdwy L
(hwitGuwyl nphuu, hwyyupyGhph 62wnpjwud powlwyGbpmd): &

5.6 UhohG pwnwlniuwjhG dnnmupynidbbp
hwlpwhw)yyujwl puqiwlnuittpnyg

Qhnupyblp [e,b] hwwndwoh Ypw pwnwynmuny hlwmbgptith $mGyghwibph Life, b
hipbipuywd mwpuonmpniGp: Wuplpt® wjl pmblyghwlbph wwpwonipinilip, npniy
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hwiwp
b

/fg(ll‘)(iﬂf < 400

. a
(nku  [18],[20].[30]): Ulupwp wpownpuwip L Gnpdp wyn  uwpwdmpjniinud
uwhiwiynud GG htunbguy Yapu.

b

ff‘z(;r) dz -

a

b
(f.9)= [ fl)glxydz. 1]

Qdjun b unmagb, np ujupup wpowguwh ko Gnpdh pognp hwnynipymGatpp
wmbnp nuGb6, tpb hpwphg ny wybih pwl gqpr swdhh puqdnipjul ypu wnmwppbpynn
Ppmbyghwlbpp hwiwpklp hwywuwp:

UnunupymuiGbpp  Leja b wwpwdnmppul dbe Ynsymd GG dhepl punwlniuupl
dnuwpymdGlp : Qwiwyuunuufuwlwpun, || f-g|| Gnpip f(z) b g(z) pmllyghwbph
dpioht puwnwlpmuughl phnpmie ko

Qupl b Gpb, np bpyme wlpGnhwwn $niGyghwlbph  dnnpynipymbp  Lofa, b)
ununuwompjubi  Gnpdh hdwunnd  gh bpwyouwdnpnud Gpulg dedwgnyG phndwl
thnppmipymGp: Ophlwy, L,[0, 1] wwpwompjul dte nhunwpytlp g(r) =0 L

—nlr4+n, wph 0< 2 < 'i,,
fla) = n

1
0, bph — <o <1
n

Inulyghwbbipp (GYy. 5.6.1):

0| . 1/ 1

VY.5.6.1 f(r) $mbyghwyh gpudbhyp

1 1/n3
If =gl = | [ 12(a) da = /PMMSJM%zlﬂ
0

\ nw n
0

MGtGp
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Wuwhuny,  7-h plnpmpjwG  hwydhG  f(z) L g(x) $mbyghwibph dhohl
pwnwhniuwgh(  2tnnudp  Jwpljh b onwpdGh) nppwl  wubu  thnpp,  dhy  ntn
Juax |f(z) — g(r)| dompymGp Yuwpnn L (hiby nppwl wubu $ho:

__Lv_,[a,b] wwpwonpyul  htin - dhntn  YnhnwpyhGp  Guwl Lyfa.b; p]  wyt
PntGyghwlliph mwpwonmpynilp, npnig hwdwn

b
/p{x)fz(a:)'d:r < +oc,

npntin p(z) = 0 hGg-np bhpuwd pnillghw t, npl hbnbgpth £ [e.b] hwngwomds
L wynunbn plinmGnud £ qpn wpdbp ny wytgh, pwl qpn ywihh pwginpjut ypu (wk,
ophliwy, [18L[20],(30]): p(z) $mlyghwl Ynpmd t fpruypl pmbyghuw Yud ninnulh
Yoz Uywyun wpuunpypugp b Gnpdp Lofa, b p) wwpwonipnilind npnpgmd GG

htwnlywy Yhpy.
(f.9) = /p (¢)dz, !lfH-J/p(r

Muwpq t, np Lyfa.b] wwpwompmGp Jupbih t ghwwpyly nputu Lofe, b pl
wnwnpwdnipjul dwulwynp nhwp, tpp p(e) =1

5.6.1 TLwjwqgniyG dpohG punwlniuwjhG Snnwpldws pwqﬁwﬁmﬁﬁ

hiswbu b 5.2 wwpwgpwpmd, H,-n| Gubwhtbp hpulwG qnpdwypglbpng n
wunp@wihg ny pwpdp pnpnp hwlpwhwyqwiwl puqiwinuiGiph nuup: A, nwuup
Laola,b; p] mwpwontpjwl (n + 1) -swihwGh bapumupwontpniGe t:

Ldwiwduyl wjyu qiumd wpnkG  Ghpdmogwd  qununhwnpGhph P,(r) € H,
pwquwlnudp, nph hwiwp

”f_})ll“ :p(f Hn) = R ulf ”f_H H

Ywiqublp  zwdimgnyli  dhehli punmulmuwgpG  dmmwpllwt pagiwlnud
f(x) € Lofa,b; p] Pmblghwih hwiwp: 54 wwpugpubnd rwpunpud plnhwngp
wbunipjwl hpdwl Jpw wyn puqiwbnudp gnynipiniG mGh L ShwyG t:

Gpb H, wwpwonipjub dhy npybiu puqpu YhpgGhlp wumhswlwjha bniGhghuwlitiph
qonptl wiywhu hwiwywpg

wolzy =1, oi(2) =z, ..., gnx) = 2", (5.6.1)

www n wunh6wlhg ng pwpdp pwqiwnudh smwlgupn gpunndp, pen g,
wyn puquwnudh JepmemdG tpuwn (5.6.1) pnuliyghwiitph hwowlwpgh: hgmp

Py(z) = Y aa®
k=0
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jwjwagnyyl dheht pwrwyniuwghl dnnwpldwé pugiutnud b f(x) € Lafa.b: p)
pmyghuyh  hwdwp: ‘bpw  gnpowlhgltiph apnzdwl hwdwp, hwdwdwyG 5.4
ujwpuwgpueph wpnndiplbp), whop L ndbg

fl

Z(‘r:’)e‘rci)”‘j = (f~ ‘r:’i)s 4 =0719"'1‘n‘ (5()2)

=0

Gnpdiw] hwiwlwpqp, npunbn

(@, 2i) = /p(;r:).riﬂ de, 4.j=01....,n,
a

0
(foyi) = /p(‘zr)f(;z')‘r" de., i=0.1,...,n:
OphGuly 5.6.1 : MwhwGeynud t quiGly [0. 1] hwnjwomd Py () = ag + ajz jwywgmyi
dhghG pwnwymuwhG dnunwpydw pudwlgud f(z) = /o pmGyghw)h hwdwp (Ypn
plr) = 1)
Gunmghlip hwwuwpnuiGbpp Gnpdw)] hwdwlwpg: MGLGp

1

. 1
(o, ¥0) /1 dr =1, ,,1,;,91):/1:'(&1::5.
0
; 1
(e1,00) = (po, 1) = /l'd-’lf =5
i -

1 1
. 2
= [Vede=>. (f.o)= [ Voexdr=
Jurie=t o |

0

PR B

Lhinlwpwn, Gnpdwy hwdwlwpgp wjuwhuh k.

a+l—a _ 2
{) 21—‘3
—1—a+1a -2
R S S

tmobind wyl’ Yunmwbwlp' ay = 4/15, ¢y = 4/5 L, hwiwywnwupwGupwp,

4 4
Pi(x) = B + - & CGn npnud

Hf - P1]|—JO/1(I—:1~—§J?)2(1$=£: &
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Uwlwjli wjn dwiwwwphp n-h 060 wpdbplbph nbwypmd  gnpdtGwlwlnpti
yhwnwGp b8 5.4 wwpwgpwpnud pbpue yuwmswnbipny: Onppliwl, hbpw £ wmbulb,
np L[, 1] wmwpwompjwl nhypmd (5.6.2) Gnpiw] hwdwlwnpgh dwwnphgp dhq wpnybt
hwjmbh (5.4.9) {hiptpnph Swnphgt b hGywtiu gmyg tp wpdwd 5.4 yuwpugpupmd,
fulinhpp twwbiu Yupwpgqdh, Gpb H, Ghpwwmwpwdnip)niny oguwgnnpatilip oppngnliwg
puqiwlnuitbph huiwiwnpg:

5.6.2 Puqiwlnuilhph oppngnlw) hwiwljuwpghp

Lwpunpny upepugpuepnid Ghupuwgpque Gpud-Cihnnh oppngnlwpugdwl dapnnp
pnyyl b uiwjhu Judwjwwl 7 -h hwdwp wunhdwGwghl pnlljghwbbph (5.6.1) gonpkl
wiyw hwdwlwnpgp dlwthnfuby

QU(I)' Ql(x)a Qn('L)

puwqiunpuitGtnh oppnlnpiw hwiwupgh: 6 npnud. hGswbe gdjwp sk Guwnb umyG
dtipnnh wgnphpihg, Qw(z)-p 6hpwn & -pn wunmpéwlh pwgiwbnuy t:
Yhunwpytlp Lola, b: p| wwpwonipyniimd

Q()(Jf) , (JI(I) , (J_)(L) sy (5()3')

pwqiwlnuidGtph oppngnlwy hwdwlwpgp, npnbtn Qr{z) -p Shyw £k -pp wuwmp&wbh
pwquiwlnui t (A =0,1.2,...):
Stinh mf htintguyg wnnudp:

LoWdw 5.6.1 : RwqdwtinuudGln) (5.6.3) oppngntiuy hwdwlwpgn dfualy b hwoanaanm
puquugannfsGhph dpumprudp

Uwwgnt)g: Dhgmp (5.6.3) hwiwlwpgh htin dklwtn gnympiniG mGh gty wyy
Ro(x), Ri(z), Ra(2),...

oppugnlw| pwqiwbnudltph hwiwlwpg, nputn B (x)-p 6hpw & -pny wwnhGwbh
pwgiwlnud b Lwpu gnyg wwbp, np (Qp. Ry,) = 0, bpp A # m: Unwlg
pinhwlpnipynuin vwhiwdunhwltine Juwpbp £ hwdwpl, ap & > me R ()
pwquwinudp shwpdtpnpbi Gepliugjwgymad b

Ron(z) =) a;Q;(x) (5.64)
i=0
wtiupny: UWyn nhupnud
(Qu. R) = (Qk, ia@) =3 0i(Qun@) =0 ;
g0

=0
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U ds wuyugmghiip, np (5.6.4) Gupuywgiwb gty a; qnpowlhgltpp, tpp 7 < m,
hwywuwp GG gpngh: bpnp,

0= (Qj Rm) = (QJ ia”iQ'r) = iai((\?j-@') = aj(Qj‘QJ) :
i=0 1=0

hulj pwih np (Q;.Q;) # 0, wuyw a; = 0: Uyuwhuny,
Rp(r) = Q)
hasp L ywhwoymid tp wywgmgb: O

SYhunnmpymG 5.6.1 : bph  oppnoniuy  pwquwinudtbph  Jmu nlbldp  nugnighy
wuydwiGbp, wuuhwlebiny, oppGuwl, np wywg winuuf gnpowlhfign  hwruuwgn
(R UEGR G, np wjug winudh gnpowlhgn (hif ppuwiwd, ful pagdulnudf
Gnpdp hwywuwp (pGh dGhh, wupe oppngniwy puquwnuniliph hudwlwpgn [a. b]
hunngwomyd mpwo plx) pnf pbypnd dfuulp phGh panpu pml idwauny @

bpt puqiwlnuiGtiph (5.6.3) oppngnfw hwdwlwpgp Yunngyud E, wuyw
P,(z) € H, pwjwugnii shohG pwnwlynuwipl pwqiwbnudp f(r) € Layla. b; p
Pmlyghwyh hwidwp Ygpyh

13

Po(x) = exQulx) (5.6.5)

k=0
wmhupny, npnbtn ¢ gnpdwlhglbpp, 5.4 wwpwgpupnid wpunpud  panhwinigp
whunipjul hhdwG Jpw, hwpymd kG

—_ (f‘ Qi =
Cp = (Qka) s 0,1,...,71 (566)
pwlwdlbnny: Fdjwp sk vnwlwy Gul
p(f ]In) = Hf - Pﬂ” = \JHfHQ - i C.iz;(Qk: Qk) (5-6~7)
k=0

wpunwhwpnnpyniGp f(z)  maGyghwyh A,  bhpwwnwpwompinilhg  dhohl
pwnwlniuuyghl ptndwb hwdwp, npp hwdwiiw b (5.4.13) wpnwhwjunepjubn:

‘Uphilip oppngnlu) puwgiwlnuiGhph Lu Gpine uplnp bwnynpjmG:

Lhddw 5.6.2 : (5.6.3) hwdwluwpgh Q,(x) puqdwlgudn, Gpp n > 1, oppngnluy b H,,
Llipwumwmudnmppuul gwllguwo poagdulnudh

Uwwgntyg: Ywiwjwywl R, (x) € H,—; pwqiwlnui Geplujugymi t

n 1

R,_\(x) = Z a;Q;(x)
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wmbupnm}; {bnbuwpwn,

n—1 n-1
(QmHn—i) = (QmZQJQj) = Zaj(Q11~Q]) =0,
i=0 J=0

nGsp b wwhwbeymd tp wuypugmghby: O

Lbtidw 5.6.3 : (5.6.3) oppngntiuy hwiwlwngh Q. (2) pwquwlnudp, bpp n > 1, (a,b)
dhowlugpmd niGh dfipwn no hunn fipanphg wmwpplpn wpdunnbbp:

Uwwgntyg: Lwlh np

b
(Qn, Qo) = / PO, (2) Qo) d = 0,

wyw @Q.(z) pwqiwlnuip (a.b) dhowluypmd niGh YhlGn wunhynippul gnlb
by wpdwn: Yhgnp &.&, ..., & Yhubpp Qn(x) pwqiwlnuih {(a.b) dhowljuphl
wwwuwbnn Yhaln wywwhynipjul nmwpphip wpdwwlbp GG: Mwupg &, np o m < n:
Shuwapltlp

R'm(T) = (41: - 61)(1 - 52) - ('T - Em)
pwqiwlnuip: Wn phypnd Q. (z)R,.(7) pwqiwlnuih  (e,b) dhowluphl
wuinljlnn popnp wpdwwltpp mGbl quyyg uwnhlnipyml: Nwwnp

~

b
/p(l')Qn(I)Rm(:L‘) da #0 :
Lbnlawpwn 5.6.2 |tidwjhg htwlnmd £, np m > n: Wuwhund, m=n: 0O

5.6.3 UbGnpunupd wnlGsmpyniGGtp oppngnlwy pwqiwGrnuiGlph hwdwp

bGsybu wpnbG Gogby b, (5.6.3) pwquiwlnwiGbph oppngnlw hwdwlwpgp Ywpbkih b
Junnigh]  oquuugnpdting  Gpwd-Cupnnp oppngnbwugnidp: Uwluyl wyn
hwidwluwpgp Jupbh £ unwGw) dp wyp BnuwlGuyny: Mwpqymd &, np oppngnbiwy
pwgdwlnudctpp  pwjwpupnd B pwdulywlwyup wwpg  wlnpunupd
wn{ynipjmGGtph:

zQ,(xr) pwqiwlnuih wunmhdwlp hwjwuwp t (n + 1)-h: <Gnmbwpwp, wjy
pwquiwlnuip Jwnptijh b gptig

ni+l

2@, (0) = a;Q;{x) (5.6.8)
Jj=0
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wbupny: dbpehG Gnylmpyu Lphm Ynndp pugqiweunbbtp ple}Qi(xr) nd, npnbn.
i=0,1,....n— 2, L hwbgplLlp ¢-hg b vwhdwbGlbpnd: Yunwbwip’

n+1

b b
/ p(2) (@) Qo) de = 3 ay / ple)Q; ()i (x) dx
a 3=

o

Jud

n+l

(Qur Q) =3 Q). Q) :
i=0

Lwlih np 2 Q;(x) pwqiwlnudh wuwmhdwlp h qhpwquignd (z — 1)-p, www
hwiwdw)l 5.6.2 tiduyh (Q,. 2 Q;) = 0: Ujlinthtunl,

n+1

0=> ;(Q, Q) =x(Q:.Q)) :

j=0

Uyjuwmtinjig hbwmtaud £, np ¢ = 0,1,....n — 2 wpdbplhpp hwiwp a; = 0: Ujuyhuny,
(3.6.8)-hg umwlinui Llp

z QF‘!(‘E) = aﬂ*Ian] (15) + anQn{I) + (1'n+1(2n+1 (I)
Juwd
Q41 Qni1(2) + (@n — 2)Qn(2) + @1 Qi (x) =0, n=1.2,...: (5.6.9)

UnwwhwpnmpmGGbpp cn-1, @ . 0pe1; gipowlhglhph hwdwn Jupbh £ oonwbwg
(5.6.9) wnlynipyniGp  ufuwpwpnphl  pwqiwwwwmlitiny  hwenpnupwp  plr)Qi(x)
pmGyghwlbpny, npnbn i =n - 1,n,n + 1, L hlwmbgpbny e -hg b vwhdwlGhpmd.

_ (3: QH:QH—I) (-T‘Qan) ! " (37:Q:1-Qn+l) .

Qn_1 = =

@Qr1.@en)” T @ Q) T @iy Qo)

Unuggwd  (5.6.9) wlnpunupdé  wnelympynlitpp  Jupbth t ogqumugnpobg
puqiwlnuiGkph oppngnw] hwiwlwpgh Junngdwid hwdwnp: OphGwy, p(r) = 1
nhupnd oppngnliwy puqiwlnudibpp, npnig wjwq wlnudh grpowlhgn hwijuowp £
dtihh, Ywpbih £ onwGug

(5.6.10)

—_— Ty = -_a+b
Qlr) =1, Qlz)=2-—, (5.6.11)

Qlc+i(:c) = (‘L - au)Qn(J:) - 0111—l(2u—1(:":) ) = la 2t v
pwlwdlbpny, npnbny hwiwduwb (5.6.10)-h°
(.T Qno Qn—l) (.’I‘ (271, Qn) i

] = = -—""

@t Gnt) 7 Qs Q)
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Pwqiwlnuitbph oppnlinpiw) hwdwjwpgp Juphijh © juwengh] hbnbgw Yhp).

V3

(91(.’.’,’) = m

—— 1 . _
Qo(r) = T (2z—b—a),

{ :+1(‘T) = (J' - 3n)Qn(-T) - B,,,__|Q,,_1(1E) .

,Bn—] = (SC Qanw—I)a 5,, = (-1 (Qn- Qn) )

1
@it Qi)

(5.6.12)

Quii(z) = Q:H_,(LE), n=12,...:

5.6.4 PuqiulnuiGtph oppngniuwy hwiwjwpqtiph ophGuyGtp

Munuwgpwdh Ytpemd phpklp npny, hwdwhn hwlnhwnn oppngnlwy hwdwlwpgbph
oppGwyGbp: Wu hwdwlwnpgtph oppngniwmpjul wwwgnyglbpp, héswbu Gub
winpunund wnlsnipjniGGph noipupipnuiGpp ponGnui &Gp plplipgnnpG npwbu
Jupdnipjnid:

o LEdwlnph pwqiwlnwdbbp, npnlp wpynd kG

1 d
! dr”

L.(x) = (22 =1y", n=0,1.... (5.6.13)

ngppgh pubwdlny, [—1,1] hunjwonud Juqimd &G p(z) = 142nn] oppngnluy
hwiwluwpg: Ledwlnph prugiwbnuiGhpp hwidwp (5.6.9) winpunqupé welnipmGibpp
nlgnuind GG htwbgwy wntupp.

(n+ 1) Lo(x) = 2n+ DaLofz) +nly, () =0, n=12,...: (5.6.14)
e Unwohl utinh 2bphoLh pwqiwbnwdlbpp, npnlp wnpymd &G
T, (x) = cos (narccosz), n=0,1,... (5.6.15)
pwlwdélnyg, [—1,1] hwwywdnd Juqimd b6 p(s) = 1/v1 =22 Yynny oppngnliuy

hwiwlupg: Uu  pwqiwlnuibbpG  dhlp  Gwpyplmd  hwinpwby  ip 4.3
wwnwgpudpmy, npubin Gpulp vwhiwbyby Gh

il

T0($) 1 , T (l‘) =2,

(5.6.16)
Towr(z) =22T,(x) — Thor(x), n=12 ..

winpurgund wnlympynGitpny:
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e bpynnpn utinh 26phoLh pwqdwinwadtbpp, npnlp npnpdmad LG

sinf(n + 1) arceos &
Uy (2) = sinf(n + Darceose] =5y (5.6.17)
V1 -2
pwlwalbpny,  [~1.1]  huwndwomd  Yuqinud - &G oppngnfw|  hunfwlwnpg
plz) = V1 — 72 Ypnny: Wn puqiwGnuiGtph hwdwp (5.6.9) wlnpunupd wnlgmnipynia-
Ghpp qpymud GG htnbguw) whupny.

Upir(z) = 20 Un(z) = Un_y(x), n=1,2,...:  (5.6.18)

e 3tipthwnh pwqiwlnwdbtnp, npnlp wpdnud GG

H,(z) = (=1)%* (%w” Con=01.... (5.6.19)
I-ll
pwlwélun], (—oo, o) wdpnng pyuwyhG wnwlgph Ypw Yuwqind GG oppngnliwg

hwiwlwnpg p(r) = e " Ynnd: Lpwlp pwdwpwpnd b6

Hon(z) =20 Ho(2) = 2nH,_i(x), n=12,... (5.6.20)
winpunwpd wnlynipmGGapha:
5.7 ®nppwgmjG punwynuhlibph dtpnn

Glpwnptlp, np f(z) dnnwplynn $mliyghw6 mpwo twnnuwyny, wpuhGpl hwjwh
bl wyn $ntliyghugh wpdbplbpp htiy-np xg, 21, ... 2y Yenbpnud, npnlp Jubgwihip
hwlgnyglbp.
y = fla;)., ¢=0.1.....N
Wu Yuwd w6 Guunwyny bppbiG wlhpudtpn £ fhGmd qulbl. piymq dnnwynp,
wjn pmGlghwyh wlwihnpy Ghphwjwgnuip: UkpnnGlphg dblp, hGywbu gnyg b wnpdbg
snppnpn giunyd, hGubpynpuwghw b Uwlw)G wyn dtponp sh Qupbi huddwpty
wnunft] hwenn htwmbjwy bpynt wwwndwnny: Unwehl, ipt hwignyglGhph php dto L,
hwdwwwinwufuwiwpwn dkd {pih Gub pGnbpynpughnt pugdwinuih wumbpdwdp b,
npujku hinlwip, dhdwowdwy YihGh wyn pugqiwlnudh wpnwhuw juongggndp: Gpypnpn,
tipt pmGlyghwih wpdbipGhpp wwpniGwynud LG yumwhwlub ufuwpuidpbp, ophlul,
swihiwG ufpwpupbp, wyw hwppnpjuG (2.;), « = 0.1,..., N Ylnbpny ynph
629nhwn wGgltnt wywhwlen hdwuwmwgpyynid t:
QLuwtipuyhGp htunbywy fuGnhpp. q@nély wibypup Q. (x) € H, puquwlnud, np

N .
Zwilyi‘ou(“‘! ' = min Z“‘! Wi = u ] s (571)

i=0 PutaicHe i,
aputlin w; > 0 Yhnl bz, hwbqnejgnid:

Urgnuuwynyd wpjwd $pmbyghwibph dmnwpliwG winuhup tnuiwyp ynpymd t
thnppuwgny G prrmugmuhlbph dipnn .



«
2

Yoe
Qn(2)

Feemeee---»

LY. 5.7.1 Ununwpynud punn hinppugnyyl punwnuplbpph dkpnnh

‘Lhipdmotlp

N

(I)((l,o, Iy .. "’n) = Zwv [:‘/z . Pn(l'i)}z

=0

pnyghw, npwkn ag, a,. .., a, thnhnuwywiibpn

—
[
=~
O]

~—

P.(z) = Z apz®
k=0
puquiwlnudh gnpowyhgGpnG kG Fpwbny puy (5.7.1) fulGnphpp hwlgmd t
b(ag, ay, . .., a,) dmAyghwih dhGhinudh npnpdwbp: UyuhlpG, whwp b guib] wiGwhup
(ag,ai,...,a;) Ybtw, np
®(ag.al,...,a;) = [Omin $(ag.ay,....a,) : (5.7.3)
20 (L] . By
GnunenuiGhph wwpgtgdwl hwdwp (ag, a4, .. ..a,) Yenp Ynhowpyblp npyte R
ytljnnpwlwl wmwpwonpjwl mwpp GGpwnptiiny a = [ag.a;.....a,)" : Wn phypmd
(5.7.3) wuwypdwlp YpnnilGh htnbyuw mbupp.
(b(a*) = aénﬂ_ivgl ¢(G’> = q)nu"n, : (57—1)
Gpl n = N, wyu (5.7.1) fulnph monudG & Ly (x) hGubpynughnt pugqiwinuip,
nph hwiwp
L'l\t'(:l:‘i):;()'i: i=071~"'1jv :

Muipg b, np wyu piypmd P, = 0: Ujuhlpl’ dhp fulnhpp, rwumnnphl, dlwdinfudnud
hGwnbpynpwghwh fubnph, hGsh dwuhlG wpntG funudly £ owje wwpugpueph uljgpnud:
UgtihG, hdwuwm ymilh ghpglbp » > N: Dwnp hbnwguymy GaGpunpblp, np n < N:
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pt 2.0y, ... txy  hwfignygliiph  puqimpyuwi Jpw npnpwd  pmlhghwGtinp
nwpwonmpminul (hpdmotip uljuwwp wpowgpju) L lin]ui‘

N

(fgy= ) wfledgle). (/1= QS wife).

p=A)

(H.7.9)

wyjwe (5.7.1) (G (5.7.4)) fulGnhpp Yupbih © ot 5.6 yupugnuwepnid Gupugpjud
plinhwGmp dkpnndtph Yhpwedwdp (nbu, ophbuwly, [4],(7]): Uwljpuyli wjunkn dhlp
Yplinpktp niphy Gwlwwwph L gniyg Guowbp, ph w)] nunnmmpmibtbpp dhengny
héywtu Qupkh b qup hwduuwpmudtph Gnpdwy hwdwlupgh:

Vuwp b ownwe unmwbwbp (5.7.2)-md npopduwo $la) pmbyghwih puwgwhwjn
wputwhwpnnpnup: MGkGp’

N n 2 N
Dla) = Zw‘.,‘ [g; - Zak;rf} = Z ,{u — 2u; Zau +- Z Lty L ”'”
i=0

k=0 k.an—0

= i (Zwtx”’”)aa —QZ(Zu yix )m+Zwﬂ/,-

k.m=( k=0 \i=0 =0

Uwinwphklp hbwnlgyuwy GyuiulynuiGhpp

N N N
Shn, = Z waktm o = Z R Z T (5.7.6)
i=0 1=0 =0
Un nhypnud
Z St Tie @y — 2 }: trap + 7 = (Sa,a) — 2(t.a) + r, (5.7.7)
feon=0 k=0

nputin S = (S0 oy uhdbwphly Swnphg b, huy t = [to. .. ... £,)7 : UyGhwypn &, np

®(a) ny puguuwluil b pun hp wpgnedbGnbbiph wipGnhww nhptipkGgbp $nGyghw t:
®(a) $mlyghwih thnppwgnyG wpdtipp qubtm hwdwnp hwytlp Gpw JwulGwih

wowlgjuabpn: blﬁhlnq wyn pmbGyghwih (5.7.7) wpnwhwjynmpmithg’

_,-__,__9 L =0.1...., n:
Quy, T;USLn,a,” 2y, k=01 , 1

dtipehG  hwywuwpmpyniGlhinph we dwubpp hwjwuwpbgling gpngh (nb'u  [45),
tpunpbidnuih whhpwdbyn wwjdwbp), JunwiwiGp

> Stmm =1, k=0.1.....n (5.7.8)

ni=A{)

hwyjwuwnpnuiGbph Gy hwdwlhuwpgn, npp Qupbih £ gpl Gub
Sa=t (5.7.9)
nbtupny:
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Luddw 5.7.1 : Unpndwy hwdwlpupgh S dunnphgp gl npnpjuy b

Uwjwgneyg: dhpgllifp Juiwjmywb ny qpoyulpwl o = fug.a).. .., u,,]T Jtlwnnp:
Oquujtiing § dwuiphgh sg,, mwppbph hwdwp (5.7.6) wpnmwhwjymnipymGpg mGGp

n n N
(Sa.a) = Z Skl = Z (Z ui:rf'*"") Up oy =

kan=0 kon=0) \i=0

N . " N
> (S awnt) (35 an) = S i

=0 k=0 m=0 =0

Lwlhnp n < N, wyw P,(z;),7=0.1,.... N wpdtpltipp s&6 Jupnn shwdwdwul
hwyjwuwp (hGb) qpoyh: {bnbwpwp, (Sa,a) >0: 4O

Wjuwhunmy, pwh np S Sunnphgp gpnwijpul npnpjwg b, wuu (5.7.8) Qi (5.7.9))
Gnpiwy hwiwlwpgp dhwpdbpnpbl inudbth b Yhgnp a* = [ al. . ... a;)” Juwnnpp
(5.7.9) hwdwlwpgh eonudb B <tyw L mbulby, np a* -6 ¢(a) ImGyghwgh dhaminudh
YtanG t: bpnp, a* -hg wwinpbp Juihwjwlywé e € R Jannph hwdwp, bk )
dmbGlghwgh (5.7.7) Ghplpuuguignidhg, uunwiwlp

®(a) — ®la*) = (Sa.a)—2(t.a) = (Sa*.a*) + 2(t,a*)
= (Sa,a) —2(Sa*,a) — (Sa*.a") + 2(Sa*,a*) =
= (Sa.a) —2(Sa*,a) + (Sa*.a”) = (S(a—a*),(a—a")) >0 :

CGn npod,
Ppin = (0") = —(t.a”) + 7 :

Wjuwyhunt,
dnlx) = }: apzh
pwqiwbnudp (5.7.1) fuGnph dhwy momadd k.

Qnhlp (5.7.9) hwywuwpnuiGbph Gnpdwg hwdwhwpgp w)p wbupny: Fpw hwdwp
Ghpdnwoklp

1 xp a3 ... U «0
1 oz, = ... ¢ wp 0
U= 1 1 1 L D= 0
1 zny 23 T
N Ly e LNy ‘-‘f’N

dwwnphgGbpp hwiwywuwupwiwpwp (N+1)x{(n+1) b (N+1) x (N +1) sunhubtiph:
Lwpih wnGkpny (5.7.6)-p" JunmwuGwp

S=U"DU, t=U"Dy.
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npubn ¥ = [Yo. 1. - - -, ya] 7 ¢ Hpwlng hul (5.7.9) hwdwlwpgp Ygpyh htnbjwg mbupng.
UTDUa=UTDy : (5.7.10)

Lyklip, np (5.7.9) G(npiw)] hwdwlwngh mnodwl dwiwlwl wjunbn Gmylybu
dwgmd b6 pwpnmpymGitp, Yuupwo hwyynnuiju@ wiljw)niimpjwl htwn, npnlg
twuhb funuymd tp 5.4 L 5.6 wwpwgpwpllipnud: Fw plwlwd £, pwih np thnppugny G
pwnwlnpGbph  dbpngny  dnnwplnuip, pun tnpjwG, dhohl  pwnwlyniuwihG
Unnwpydw nhuypbin GlwGuyG b Ophlwly, Gph w; = 1,7 = 0.1,....N, wyw
(0.1] hwwywonud hwignygbtnh hwuwuwpwywih pwztudwl nhwpmd, wjuhlpl, bpp
z;=i/N, i=01,...,N, hwiwdw)b (5.7.6) pwGwdbbph, ymuGwip

1

N 1
k+m . A7 R+m g . __ -
S = YA N [ = N
k+m+1
0

=0

pwiny huy, N -h wedwb htun gmgplpwg (5.7.9) Gnpiw) hwdwlungh S dwwnphgp
wuhduunnunnptl (N puqiwujunyhsh Gunipyuip) Yimntbw n+ 1 Yuwpgh <hiptipinh
{5.4.9) dunnphght:

‘Lopdwy hwiwljupgh Metw btun Juwywd pwpnap)mGapn, npnlp wnwowGnud
b6 n-p dkd wpdtpGhph nbwpnid, Juptih £ 2powligh), tipk oquiwgnndtip (5.7.5)
ujupwn wpunwnpjuih hdwenny oppngnGur puqiwinuitiph hwiwlwpgp (nbu,
ophGwly, [41.[7L131): Wrnwhuh hwiwlwpgh uenigdwl dkponp hwiwliwG t 5.6
wwpwgpwpnud wpwnpwd depnnhG, npp hpuGywd £ wlnpuipupd winlympynGGbph
Upw (nbu [31]):

OnppwgnyyG  pwnwymuhGiph dhpngp gnpolGwywlnud  w)GnptG Yhpweynud t
thnpéwpwpuwlw6  wyjuilbph  Huydwli  hwdwp: Wa nbhwypbnpnud,  btpp W
dhonpnGGhpp mGEG wwppbp §umnipynil, hwdwyunwufuwl w; Yzhelhpp hwdwhu
yuwnui ki &; ywhdwG dwmnmppul htwn (ophGuy, Yupglnud b w; = 7 %): Uyn nhwpnud
Snmwpynn Ynpp YwlgGh wybph dnn w6 Yhnbph, npnig Yzhnl wytih 46o t:

1. Uywgmghy, np f € L wwppp hudwp L, € L Glpwwwpwonpjul ke
(wywgniyG dnunwplpiwé wwppbph hwdwiedpnipymGp nnnghy puqinigm L

2. Uywgmghy, np & = [21, T2, ..., 2,0 Ublpnnpltph [|xj] = i |z;] Gnming R™
1=1
mnwpwdnmpnilp fupuwn Gnpdwynpus sk:

3.y = sinz $miyghwyh hwdwp [0.7/2] hwnjwdnud quilly pudugny
hwywuwpwyw dnmwpynuip y = ez whupp gdwhG $mbiyghwibph guund:

4. y = cosr Pmlyghwyh hwiwp [0,7/2] hwnduomd qultp wiwgn)l
hwywuwpwswh Snnwpynip y = ez nkuph gowjhl pmlyghwlbph nuunud:
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5.

10.

11.

12.

Qut] qwywgnyd hwjwuwpwywth  dnnwpliw6 pwqiwnudGepp A -hyg
htinljuy $miyghwbtiph hwdwn.

DHy=1x? «€0.1], Ny=a3. ze€l0,1].
JNy=zx*, zel-11], 4)y=lz|. ze[-1.3.
5)y=3z*+2z—-1, 2€{-1,1/3], 6)y=vV1+r2, xel01]:

L2b sbippzlywl wpntipnGuGup Yanmbpp:

. Qunnigh) jugqynn pnGyghwih opphwly, nph hwdwnp pwjwagni hwdwuwpwwth

dnunwnpiwi pwqiwbnuwdp sh pwywpwpnud wynbpGwivh dwuhl Qbphplh
ptinphidh wpwjdwGhG:

. Gulb] wjwgnyl hwjwuwpwswih  dnnwpljduG  pwgiuGnudbpp M, -hg

htinljwy $mlyghwlbph hwiwnp.

Hy=2 =zel[-1,1], y=22*+3z+5, z€[1,7],
3)y:x4, re[-1,1], 4)y=sin2x, x€[0.2n]:

Ut sbphplgw G wipmbnlwluh Yhmbpp:

. Uuwnmgly  f(z) € Cla.b] $nlighw L hwiwywunwuowld  ufugnG

hwjwuwpwswih dnnwpydwl pwqiwinwd H; -hg wylybv, np wpnbpGwiup
syupnibwiyh a L & Yhnbpp:

Uujwgnigty, np f{z) € C[-1,1] qnjq pmbyghwyh puywgnyl hwjwuwpwywh
dnunwpiwl pugqiwlnudp Gmjiubu gnuyg t;

Uwwgmghy, np f(r) € C[-1,1] yhlwm pmbyghwh (wywgnyG hwywuwpuswdg
dnnnwniwl pugqiwlnuip Gmglwbu Yaln t:
Qull] wywgny6 hwjwuwpuwsunh  dnnwpiwG  pugiwlnudGhpp Ay -hg
htwnlgywy pnilGyghwbbph hwdwp.

Ny=cos2z, z€0,2r], 2y=|22~-Ta+10], ze€[3.4],

Ny=e", zel-1,1], 4) y = 3sin* 10z + |z? — Tx + 10|, z€[3.4] :

U2t stphplywG wipnbiplwGup Yhnbpp:

Pninp

n—1

az" + Y apzt
=0

wmbuph pwqiwinuilkph dte, npintin a-G qpnjhg wmwppbp mpdwo phy £, gl
[(—1,1) hwwnjwonud qpnyhg wiblwppy 2tnynn pugqiwbnpudp:
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13.

14.

16.

19.

20.

21

22.

.y = r

Ronn 2 (x) € H, puqiwlnudbbnh dtg, npnbp £ ¢ [—1.1] hwnid plinmtnu b
7 wpdbpp, quitby [—11] hwndwomd qpnyhy wdtiwphy 2tnygnyg pugquwtnuop:

MwwwuhiwG.  P,(x) = nT,(x)/T,(£), npntin T,,(x) - 2tiphoLh puqiwbnudh t:

y = sinl100z Ppmbhghwh hwdwp  [0.7] hwoduwdntd qully jwfugng
hwuwuwpwywth dnnwpljiwl puqiwtnud Hy -hg:

S f@) = (e 4+ 9) prulGyghwG (1.1 hwufwondd dnnwplymy b wnwohG

wunhdwh pwgdwlnudny htnbguy tnwGwlGhpmny.
) orhjnph jupph hwwnduap = = ¢ Yhomd,
2) hwmbpynpughw zy = 272 1) = 2712 ouupniwy hwiliqngibpng,
3) wjugny G hwuwuwnpwywip dnunupyned:
Yuwnmgty wyn pugdwlnuiltpp L glwhwnty uuwpulpGph Gnpdbepp C[-1. 1]

mwpwonmpynuinid:

QG pujugneyyl dhoh( pwnwlynuuughl dnnwpydwl pwqiwlnudibpp H; -hg
htiunbjwy pmblghwltph hwawnp.

Dy=lz], zel-1.1], Ny=1*, zel-11],
Ny=1/z, xell.2], Hy=In(l+x)., zel01]:

Q-Gwhwwt) dhehl pwnwlynuwjhi 2bnnudlitpp:

. Qunbbp pufuigniG dhohl punwlyniuwihG dnnwplpiwt puwqiwlnudGtpp Hy -y

hbwnbjwy pmGyghwlbph hudup,
Dy=u3, wxel[-11]. 2)y=sina, xell n]:
Q-Gwhuwnnb) dhohG pwnwlynmuwihl ytagmdtbpp:
3 pmGyghwgh hwdwp [0.2] hwwywond quiGl) (wjwgm G Shopt
pwnuwynuwghl  dnmmwpliwl  pwqiwlnud Hy-hg:  QGwhwnby  dhopd
puwnwynuwghG 2tnnuip:

f(x) =sinz pmbyghwh hwdwp L0, 7/2] wmwpwampimGmy qunGh pudwgnyl
dpehG puwnuwlyniuwihG dnnwpynuip y = ar wbuph patdyghwbhph dtig:

fr) = cosz pmGhghwyh hwiwp L,[0, 7/2] mwpwonipyminul quit) uywgny
upohl pwnwlyniuwhG dnnwplnuip y = ez wbuph $nmGyghwltph dhy:

Uwwgmghy, np f(z) € Lo[-1.1] qnyq $mlyghuyh pudwgnyG dhehl
pwnwynuuwjhl dnnwplpiwl puqiwlnunip GnyGuibu gnyg t:

Uwwgmgby, np f(z) € Ly{-1.1] ytlw $mihghwih (wjwgnyl dhoht
pwnuimuwjhl vnnwnpldwi pwquwdnudp GnyGubo ghim b
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23.

24.

25.

26.

27.

f(z) =e™ pmbhghwb [-1.1] hwonguwdnd dnnwpyygmd b wnwohG wunpswih
puqiwlnuiny htnbjwy inwbuyllipng.

1) ©Ohyoph pwpph hwndwop z =0 Jhumd,

2) hGubpuynpughw g = —1, x; = 1 hwlqnghtipny,

3) hGnbpynpughw zy = —27Y% 2, = 279 owuhiwy hwlgnygbtpng,

4) Jwyjuwgnil hwjuuwpwywdy Snnwpyned,

S) wjwgnyyG dhohl punwymuwihG dnnwpynid Zs[—1, 1] wwpwdmpmGnoud:

Uwnmgt] wyn pwgiwbnuilbpp b gwhwnt) Gnpitph vpowpobpttpp C[-1.1]
nwpwonipnilnug:

YUhpwnbny inppugnyG puwpwlnuplhph dbpngp y = sina pmblghwyp hwdwp
L oqunytiny Gpw wpdbplliphg —1. —0.5. 0. 0.5, 1 Yhmbpmd quilb) juugnyl
dnunwpynuip A, -hg:

1
Uhpwnbiny thnppwgnyyl pwnwymuhltph dskpngp y = T Pprlyyghwgh hwdwp
b oquultiiny (pw wpdbpGphg @« = 0.1.2.....8 Ytwnbpmd, quib pudwgngl
dnunwpymip H, -hg:

Quppmpjwl Ypw wpgwd b6 hpwphg wwppbp wpughulbpny (e g0},
Yhnmtipp: Opnphy pun thnppugny G pwnwymupibph depnnp g, 7 = 01,0, N
wpdbplbipp dnnwpynn v = az+H mnhn qdh o L b yuwpudbmpbpp: UgGnthbnl,
nhgnp 7" -pb y* -p Gpqwod Yhnbph YnopnplwwnGhph Shopl wpdtipltnl &G, npntp
hwpdynud L

S

et = X L Yy = Y
,\+110 d N+ Ll

724}

*

pwlwabtbpny: Uwwgnighy, np (2. y
Ypu:
Thgmp hwppnpjul dpuw nipdud &G hpun)ig wwppbip wpughulhpny { z;,)}, 0

Ghwmbpp: Npnptip puwnm Lhnppwqmpu pwnwlynupGiph dtpnnh 4.0 = 0O 1 ...... N
wpdbipbtipp dnnwpynn y = ax” Ynph o wyupudbupp:

°) Yhwp gqumigmd t y = ax + b mnjin gdh
}

. Ghgmp hwppmpjul pw wpdud b6 hpwphy wwpptip wpaghuttpnyd {(@.40)):Y,

Ytwbpp: (ipnptp puw thnppwgnyl puwnwimuptbph dtpngh w4 = 0.1,..., N
wpdbplitpp dnnwpynn htnlgwy Ynpbpp ¢ W 0 wwpwdtmpbpp.

. b 1

b 2) y = ac’, 3)1‘)’:'I+T’ 4)3/:”4_5; :

D y=uar",




Qniju 6

OJU3bVLV huSEG-LORT

6.1 Lwnwlniuwugiwl pwlwdlbp
“hnwnlbGp [e,b] hunnfwoh Jpuw wiplnhwn f(2) $mbyghwih
b
I(f) z‘/ Fla) dz (6.1.1)
npn2jwy hwbgpuih hwyddwi tulnhpp: Vwphdtwnhjulwl wiwhgh nwuplpwgnud
wpmwoymd b ymunnd-Lugpihgh hwupnGh
I(f) = F(b) — F(a) (6.1.2)

pwlwdlp, npnbn F(z)-p f(z) $mbyghwih GuiuGwlwGl t (nbu, ophGuy, [45]):
Swiynp, gnpotwlwdnud shpw sk, np hGwpwnp k qulity F(z) GwhuGulywd Hruliyghwa:
OphGuwy, (6.1.2) pwGwdlp whunwbh sk

b b

sinz dz ’
/ dz, /___' ) /c"z dx
Sz J Inz

a

hlimbgpunGtph hwygdwG huswp: Pwgh npwihg, npny nhuphpmd LpwhGunbgnuwjha
f(z) Ppmlyghwl h wpynd pwgwhwin whupny, wj) hwjnGh &6 dhwyG Gpw
wpdtpltpn [a.b] hwwnwoh npny Yanbpnus: Uy ghypnd GwpiGulwGh npnyuw
hwpgl plnhwlpwybu YnpgGmd £ hp hdwuwnp:

dbpp Gwe wwwndwnlibpng  dkd YhpunwlwG wlwlmpnG  mGhG
hlwbgpuwiGtiph hwyydwl dnnwynp depnnttpp: Ujnuhup dtpnnlbph pynid wiikiGihg
hwtwfu oqumwgnpaynid LG

1)~ Quf) = 3. Af(z) (6.13)

k=0
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wmhuph pYuwyhl hlnbtgpdwé  pwGuwdlbkpp, npnlp Ynplmd bl puwrwlmuowgdul
pwlwdln: z9.zy....,z, € [a,b] Yhanbpp Ynydmd Gl pwnwynuwgiwl pwiwdbp
hwtignipglbbn, huly Ag, Ay, .. .. A, pdtipp’ pwnwlniwwgiwl pwlwdbh gapowlsglibyr

Lytilip, np (6.1.3) wbuph hwyuplwihG pwlwdlbph oqumuwgnponuip (hnyhG
huniwdwylibgymd £ (6.1.1) hGwntgpuh vwhiwbdwl hbhn' apybu hinbgpupu)hi
gmuiwpiph hwenpruluwlmpjwl vwhdwl (nbu, ophlwl, [45]):

ShnnnmupyniG 6.1.1 1 Vwpbdunnplyuynd punwlinuuwgnd  mbipdpln  Grubulnid L
mmjuwd wpuanbph dwlhGpbupl hwdeowpudid pamoemoen unmgmdp o bluba
hwpnbh F, (6.1.1) npnapuy plinbigpuyp henjunnap Eugl dnpuughd bt dalbpbupd,
app wwhdwiwhwlpjuo &y = flo) gnpnf ey =0, x =a, v = b mymbhpny (inhu,
ophtiwy, [45]):

Luwnwlmuwgiwb (6.1.3) pwlwdlh vfuwpudp Yngdmd t

Ru(f) = 1(f) = Qulf) (6.14)

wwpphpmpynilp:
Lbpdnotlp Lu diily quinuihwn:

| UwhdwGnud 6.1.1 : LGuwuklp, np (6.1.3) pwnwlnwwgdiwl pwlwdlp dygpfnn £
pmGlyghwGtiph npny K muoundd, tiph

R.(f)=0 Yi(z)e K : (6.1.5)

hiswybu wpnhl ghnbtlp, hwipwhuquiul pwgdwlnudibpnyg pwduijpwiwgwh
jun] upbih £ dnunwplbp wopbnhwm pniiyghwGbpp (hGuntpynpughw, hwyjwuwnuwwih
L vhohlG pwnwliniuwhl  dnnmwpymatbp):  (Qwwh, npybue pwnwlniuwugiwG
pwGuwadabh plnpwgphy, Ynhuwplbip wdbGwpwpdp Jwpgh wyil hwipwhwuwljuG
pwqiwlnuiGtpp, npnlg hwdiwp wjy pwiwdlp §qphm B Opuybu hhdp Juwpnn b6
dwnuw)b) hbunlyw) npuunnnompyntttpp:

Qhgnip (6.1.3) punwlniuwgiwb pwwdlp 62gphwn b hpuwhwb gnpdwlhyGbpm] m
wuwmh&wlhg ny pupdp hwipwhw)yuwiwl puqiwtnudibph A, quunud: Ujn ghuypnd
gulljugwo P, (x) € H, pwuqiwtnuih hwdwp, hwiwdw)b (6.1.5) upuyiwlh, dhpwn

Ro(f) = Ru(f — Pn) + Ra(Pp) = Ru(f — Pa) (6.1.6)

hwjwuwpmpynilp: Ywiwjwiwi $(z) € Cla,b] Pmbiyghwh hwdwp mGkip’

b n
Ra(@)] = 11(®) = Qu(®)] < ()] +[Qu®)] < [ 19(x)]du + 3 [Ax] ()
a k=0

IA

[(b —a)+ i: }Akl} max [D(x)] :
k=0 S
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Ujuwhumny,

1R,(D)| < Cp |1 D]}, (6.1.7)
npubn |} | -p (5.2.1) GopdG £ Cle.b] wwpwompjub ke, huy '
Co=(b—a)+ 3 |4 : (6.1.8)

k=0

WyGmbtwnl, (6.1.6) L (6.1.7)-hg unwlnud Llp
RN =R (f = Pl S Cullf = Pl VP, (x) € H),
whihwjwuwpnipynibp: Qjumbnhg htinlad £
IRW(f)] < Cuplf. H) (6.1.9)

giwhunnwlwbp, npntn p(f. H,,) dkompymGp f(x) pmllyghwjh htinwynpmpmGG t
H,, C Cla.b] tipwuwpwompymbhg (nbu (5.1.1)): buy pwGh np p(f. I1,,) deompynilp
dnGninnG dqumy t gquyp m-h dbhowgdwlp qmgplpwg (nbu (5.2.6)). www npny
yhpwuywhnwing  Jupbih bohwdwpty, np pwnwlnuwgiwG  pwlwdbh  ufuwpwlpp
wjlpwG wytih thopp E, appwl np pwpdp b hwipwhwydwliul puqiuiGnuoiGtph
wuwmpdwlp, npnig hwiwp wynp pwlwdlkp Ggppw b dspuywhnuip ujwlnud b
Gpuwng, np (6.1.8)-h C, dbtompnilp Yuwhigwo b YnGyptan  punwlniuwgiw
pwlwdbhg L, fuhun wowo, Jupnn b Gwl wakp m-h wadwlp gnignpwg: Uwlw;jh
gnpoliwjutind  oquuwugnpdynny  pwnwiynuwgiwb  pwlwdlbbtph dhowdwulmpjul
hwdwp L dwelwynpuiwbu dbp nuupipwugnud nhuwpldbip pwGudlbph  hwdwp’
Ghwmymd b Gwo hudwywmwubuwlnpymlp pwliwdbh ufuwqwbiph L npnpwlyh
wuwmhdwih puwgqiwGnudibph nuund Gpu Gygpunnipjub thel, hGsh dwuhG funudby tp
ybpp:

6.2 NumnuGymbGtph L vbnuGGhph pwlGwdlbpp

Mupquagnt)i pwnwlinuwgiwl pwlwdbbp Juwpbh b ounwtbwy nprpjuy htimtigpuh
tpypwgunhwljwl hdwuwhg phunn wijliwen punnnnipymdalibiphg:

6.2.1 NuqqublyniGGhph pwGwdlbipp
QhwmwpybGp )

1) = [ f@)de ~ Qr(f) = (b= a)f(c) (6.2.1)
wmhkuph  pwrwynuwgdw pzu(jwéhn, npnbn  c-G  fe.b] hwoqwoh Yun b
nypwywihapbl qu (wlwlymd b, np Ynpwghd ubnuih dwytipbup, npp hwjwuownp t

I(f)-p, hnfuwppldmi t b~ e hpipny b f(¢) pwpdpnipyuiip ninnullyjwl swhbpbuny
(GY.6.2.1): Uy uwndwnny (6.2.1) pwlwdbt wigwanwd W6 mpnquwilnibtanf puoliudle:
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L. 6.2.1 MupnuiGyyniGitph pwbwdlh bpypuywthwywi dthGwpwbnpmdp

Qnpotwluind, npybn QuinG, oquuugnpdynui ki (6.2.1) pwlwadlh  htunlguy
Uwulwynp nhwpbpp:

e duwlu ninnuwbyntGbbph pwlwadlp (c = a).

1{(f) = Qr(f) = (b—a)f(a) : (6.2.2)
e Up ninnuilynGatiph pwbwdlp (¢ = b).
H{f) = Qr(fy = (b—a)f(b) : (6.2.3)
e Uhohl nunnuwayyniGGbph pwlwdlp (¢ = (a+ b)/2).
b
i =aain=e-ar(*5?) (624

Wydd nhinwplbip mpnuiGyymGihph pwnwnuugdwl preGudlbinh vluwpuliptiph
qGwhwniwl hwpgp: UyukGp dwhe ninmublmGitph pwlwdalhg: Glpunpblp. np
flz) € C'la.b]: Ypgnip

Rp(f) = 1(f) —Qrlf) - (6.2.3)

Uwhdw(bGp

a+T
o(r)= [ fwdr-rf@. 0<T<A
pmGyghwh, npntn A = b—a: UGGhwpn t,np $(A) = Re(f) L ¢(0) = 0: Lhpdmotlp

Fr) = o(r) - (%)2<p(/_\.). 0<T<A

odwlinul $niGighwa: Ly b wmbulh], np F(0) = F(A) = 0: Ujn ntypnud, pun (kg
pinptidh (inbu, ophGul, [45]), Yygwbyh wiGwhup 7 € (0. A), np F'{7;) = 0: Qwpytlip
F(7) $mayghwh wowbgjuip: Mbhip
. 2
Fi(r) = #'(7) — 55 (8) = fla+7) = fla) = 5 2(A) :
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Jhpoh( hwjwuwpnmipynilnd Jtipglbpnyg 7 = 7" junwlwip

fla+n) - fla) - i-_i d(A)=0:

Wpuintinhg, Yhpwntiny Lugmubdh dhehG wpdtph dwuhl ptnpbidp (nb'u, ophlwl, [45]),
JumnwGwip

(1@ - o) =0, cela+n:

Lbwnlaupwp’ /
P(A) = fé*) A%
Ujuujhuny, quihu tip
Rp(f) = / éf) (b-a)®,  £€(ab) (6.2.6)

wnnwhwjnnipjubnp (6.2.2) dwp nuqnulpymbGiph pwGwdbh vhowywlph hwdwp:
Ujutntinhg hbpnnipjudp hbnlmy t

RA(N < S -0, A= max |f(x) (627
qGwhwinwywép:
Ldwb tnuiwlyny qhwhwwndnd £ w9 ninnublymGGhph pwlwdalh
Rx(f) = I{f) = Q%(f) (6.2.8)
ufuwqwGpp: UG hbwnbjuyo b
R =000, ey (6:29)

Uyu wpunwhwjnmpyul wpnwonudp pnnlind Glp pGplipgnnhl npuybu Jupdmpyni(:
Uptlp dhw)l, np wjunbn whwp b oquwgnpdty

F(r) = &(r) - (};)2@(&), 0<r<A

odulinuly $mlbyghwb, nmntin

b
o(7) = [ F(x) dz — 7(b)

bh—1

L A=b-a:(6.29)-hg htunlinud t

[R%(f)] < i\zﬁ(b —a)?, My = max |f'(z)] (6.2.10)

a<xz<b
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glwhwnwluwip, npp hwdwldw £ (6.2.7) giwhwnwluhG:
blyybu btpmd bt (6.2.7) L (6.2.10) qglwhwunwlhwGtphg, dwlu L we
nnuGlmGitiph  pwlwdlbpp Gqphn b6 gpn wump8wih  hwipwhwywlwb
puqiwnudltph Ay guunud, wjuhlpl hwunwunl $ollghwibph puunad:
Upunwotlp wydd wpmwhw)ynnipynG (6.2.4) dhohl ninnuiyymGGtpph pwGwdlh
Ry (f) = 1(f) = Qr(f) (6.2.11)
ufuwiwlph hwiwp: Glpwnptlp, np f(2) € C?[a.b]: UwhdwGtap

c+7

= / flryde = 27f(c). 0<7 <A

Plyghwl, npintin ¢ = (a+b)/2 U A = (b—a)/2: WyGhwpn t, np @(A) = R%(f) L
$(0) = 0: Wjlimhtiwnl Gipdmatlp

3
Fm=emn-(3) ). o<rsa
odwlinulyy pnullghwG: Mwpg b, np F(0) = F(A) = 0: Cuw Oagh plinpbdh’ gquynipymG
niGh wylGwhuh 7 € (0,A), np F'(77) = 0: Qwpyblip F(7) $mlyghwjh wowbgjuip

Fi(r) = ®'(7) — % P(A) = fle+7)+ fle=T1)=2f(c) = “1% P(A) -

Lty b bbby, np F'(0) = 0: Muwh, 4pyhG hwdwdw)G Nnph plinptdh, YquGdh
wjldwhuh 75 € (0,71),np F7(ry) = 0: Qwyytlip F(7) $nyghwjh bpypnpn wowligjup

Fi(r)=fe+7)~ fllc—7) - %T; ®(B)

Jtpohl hwjwuwpnipyniGnid ybpgGhing 7 = 7" junwGulp

flle+ )= flc=1) - ()A—TQ— P(A) =0 :

Ujuntinhg, Yhpwnting Lwgpwdh dhohl wpdbph dwuh( phnptdp, YniGhGwip
2r; |f (#)““‘D(A) =0, pE€(c—mnc+tmn)
huwjwuwnpmpyniGp: LEnbwpwp’
a(a) < I o

3
U9 dwunui mbnunpbing A -p ypnjuwptt (0 — a)/2, YunwGwip

f”( )

R(f) == (b-0a’  ne(ab) (6.2.12)

57



wpnwhwjnnpmlp (6.2.4) dheoht monuwGlymbGtph pwlwébh (6.2.11) uppwqwiph
hwdwp: Uyumtinhg hbyumpjudp hbnbmad £ htinlgw gbwhwmulpubp.

M,

b—a)’, M,y = max |f"(x)] : (6.2.13)
24 {

a<e<h

[RR () <

dbpohl glwhwuwluwlphg himbmd L, np dhoht nipnuiGlymliGinh pwlwdblp §2qphwn
b wnwehl Quwpgh hwipwhwpquut pugdwlnuaitbph Ay quumd, wjuhlpl’ qowjhG
$rulygpwilbtpnp nuund:

funnutyniuitGtph pwiwdlbph vpuwpwbplbpp unynpuwpwp puduwiljwlwsuwnh d6o La:
Uin vjuwwlpltpp Jupbih § twwbu thnppuglb), bpt punwinuuugdw i puwalbpp
Yhpuntlp ny pb wipnng [e. b hwwdwop dpw, wy wyG Guwiuwwbu wpnhtiGp Ywubph:

Pwdwillp [a.b6] hwunjwop n hwwuwp dwubph

b—a

T

zp=a+kh. k=01 ..., n, h=

(6.2.14)

wnpnhiwl Yamtpny): Quniwywnwuuwiwpwn, 7(f) pGntgpup Giplujugittp

ST
no1 Tkl

1H=3 /f(:z:)d;r (6.2.15)

L=={) i‘k

hGwnbgpuiGtph gnudwph wbupny: Gwamgbny nipupwilynip (26, 2p41] hwngwonud,
npbn £ = 0,1,....n — 1, dwhy, wy fwd dhohG mnnuGyymGGtph pwGwdlbpp,
L gnudwpliing puw pogap hwndwaGhph, juowGulp hbnbjop punwinuwgdwG
pwlwdlbipp.

e Juwfu nunnuwblyntGGtph pnhwipwgdws pwlwdlp .
()~ Qu(f) =h Y. flzi) - (6.2.16)
k=0

o U9 ninnuwbinibltph pinhwipwgdwsd pwlwdlp .
n—1
IH=QLNH=hY flawn) - (6.2.17)

k=0

e Uhohl ninnullyniGGbpp plnhwGpwgywd pwbwdlp .

n-~-1 . .
T Tegn

I =Quf)=hd_ fle), =" (6.2.18)
k=0

Chnhwpuwggwd pwlwdlbiph uhnopuipibph glwhwnwhwiibpp wnwwho daip
puqihgu Yogqunwgnpdblip hbwnlywy winnuip:
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Lbddw 6.2.1 : “2hgmp f(x) € Cla.b] L &, ... ,&, € |a,b] Qwiuywlpul Glainkn bG:
Un nbuypnud gnympyni mih wplypup € € |a, b §tan, np

&) + f(&) + -+ [{&n)

m

= f§)
Mbnnuip hbzwmnipjudp pfumd t
min f(xr) < f&) + f(&) - + f(&n) < max f(r)

a<z<h 71 a<r<b

wlhwn wihwyuwuwnmp)miGtphg L wplGnhwwn $mbGyghwih Showlljw; wpdtpltiph
dwuhl Pnigwbn-Unynt ptinpbidhg (nb'u, ophGwly, {45]):
Q-Gwhunntlip dwhu mynuGymaatph pGnhwipugyuwd puwiwdélh

R (f) = 1(f) - Qz(f) (6.2.19)
ufuwwGpn: GGGy (6.2.15) L (6.2.16) -pg” ufuwjwbpp qptilp htanljw) nbupny.

Ri(f) = (j S« dluhf(u) :

Juiu ninnuGlyymGabiph unynpuwl pwlwdlbh vfpwpwlph hwiwp JupG uinwgywo
(6.2.6) wpmwhuummpjmﬁhg nifitlp ’

Thk+1

g
/ F(z)dz — hf(zi) = “2**)/@ . k=01,....n-1,
npnbn & € (zp, Tp41) : Lbnluupup’
] 2 n—1
_L Z ;
k=0
U)imhbnk, Yhpuntm| 6.2.1 [bﬂljluﬁ, LJuinwGwGp
_ f’( 16
Ri(f)=—=nf'(&) = (b—a)h, £€(ad)
(GatGp, np nh = b —a, hundwdw)G e, b huwdudh (6.2.14) wpnhdwGp): Uuyhuny,
Ry (f) = ff) (b—a)h, £¢(ab): (6.2.20)
Ujuwntinhg unwlmuy tGp uhuwpwbph gGwhwumwlwip
M
Ry (f) < ‘(b-a M, = max |f'(z)] : (6.2.21)

agr<h
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thywn Gnigf Ypy wpowddmd b6 wpmwhwymmpynGitp (6.2.17) U (6.2.18)
pwnwiyniuwgiwl puwliwdbtph

RL(f) =1(f) — Qi(f) (6.2.22)
L
R (f) = 1()) - Qr(f) (6.2.23)
ufuwwbpltiph hwdwnp: Fpwlp b -
Ri(f) = _%77_) (b—a)h. n € (a,b) (6.2.21)
h "
RN =" ooap,  welan: (6.2.25)
Ujuwntinhg wlGhwjmnphbl hbnln GG
IR%(f)] < “51 (b—a)h, My = max |f' ()] (6.2.26)
- M.
RR(AI< 57—, My= max | (2) (6.2.27)
gliwhwwmwlwGGtpp:

Ophlwy 6.2.1 :  QGwhwwty hwlgnyglhph  pwlwyp JhohG  mnuilymGGtph
plinhwipwgud pwlwdlmd, npp pwywpwp t

1
.2
/e"d.r

0

hGubgpuip 107* Snnpywdp hwygliint hwdwp:
widwdw)h (6.2.27) gGwhwwwywbh' n phyp Yuptih t npnyty
A, A
—h=__= <10 5.2.23
21 ' T un? (6.2.28)

wwijpdw(ihg: Qwpdblp My dhonpymbp: MakGp’
(0_12)” = (42° — 2)(3_12 :

Ujuntinhg qumd tGp M, = 2: Uyuwhuny, (6.2.28)-hg htnlmd E, np (6.2.18)
pwlwdlond pwjwpwp b Jbpglby

50v/3
3

n> ~ 28.87,

wjuhlpl »n = 29: Fpwiny huly Yuwnmwlwlp pGnbtgnuh 0.74686 dnwwdnp wpdtipp
wwhwGoynn Gywnnipjwip: &
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Gpt  f'(z) wowligjup wwhwwimd t Gaulp (a,b) dhowluwipnid, wuww dwfu
L we mnnuGlymGibph pwlwdbbpp wwhu GG 7(f} hGnbgpuih  bphynndwGh
dmnwpynudGhp: bpnp, tph, ophlwy, f'(x) > 0, www, hGywybu htobond t (6.2.20)
L (6.2.24) wpnwhw)ynmpniGibphg, Rz (f) > 0 L RE(f) < 0: Munh, hwiwdw)l
(6.2.19) L {6.2.22)-h, nlklp
Qr < I(f) < Qh (6.2.29)
Wiuwhuny, (6.2.16) pwlwdlp wwihu b hmbgpuh dnwwdnp wpdbpn wpefwunpnny,
huy (6.217)-n fwwbynppmy: U)n nhwpmd Jupnn GUp oquiwgnnob) nigpuwlilym Gibpp
hwihulgifwe pufiwdlhp.

_ Qal) + Qr() |

I(f) = Qr(f) 5 (6.2.30)
{lin npod, (6.2.29) L (6.2.30) -hg hbyw L unutivg, nn
1) - Q)] < T = Qald) (6231)

2

Anwlng  huy nmnuubymGaaph hwdwyguws  (6.2.30)  pwlwdlh  ulwpwlpp
qlwhwuynui t htiig pnbgpuh dnnwgnp wpdtpthnph dhengny:

6.2.2 Uhnw6Gtph pwGwdlp
PJuwghG hntigpiwl wyn pwiwdld nmbh hbnbjw nbupp.

b
1) = [ flayde = Qr(f) = 222 () + 1) (6.2.32)
J 2

Wjuntin  7{f) hGnbgpuwih wpdtpp dnnun|npuwbiu tnjuwphGymd b GY.6.2.2 -mad
wuwuthhpjwd gdwwywunwe utinuih dwibkpbuny:

y

Ll.6.2.2 UbnulGhph pwlwdbh pypwawgquujui Jehiwpwimpinln

61



Gwhuwinbip utinuGGbph pulwdélh
Re(fy=1(f) - Qr(f) (6.2.33)
ufuwquiipp, Gapunptml. np f(2) € CZia.b): UwhdwittGp

O(7 E/j Ydor —7[f(e—7)+ fle+ 7). 0<r< A,

=T

$niGlyghwa, nputin ¢ = (@ +0)/2 b A = (b — a)/2: QyGhwjn £, np $(A) = Br(f) L
@(0) = 0: uhpdmoklp htulguw) odwlinuly pmGyghwa.

) T\*
F(r)= d(r) - (:\) DAY, <r<A:

Muwnpq b, np F(0) = F(A) = 0: <awmbawpwp, hwdwdw)e Oagh punpbdh, YgunGyp
w)lyhuh 7 € (0, A), np F’(T;) =0: F(r) pmGyghwh wowbgyul t

‘b{..l

[/|“°

Fl(ry=4'(7) - <I>(A) —7{ffle+7)=fle—7)] -
JhpngGbny Jtpephl hwjwuwpnipyminud 7 = 7, Junwbwp
n([fc+n)— flle=m)]+ —‘Z—E DAY =0 -
UWyumnbinhg, Yhpwnbn] Lwugpubdh dhohl wpdbph dwuhl phinpbdp, YniGhGwp

27 | 1) +

Zi <I>(A) :{): fE (('—7‘1,{1-}-7'1) :

UWjuughuny,
(])(A fif(g Ai .
Uy dwund wtinunpting A -h qinfuwepti (b —a)/2-p Quunwbwip

S
12

Rr(f)=-— (b—a)?, £€{ab) (6.2.31)

wnuwhwjnnipymbp ulinuGiiph pwlwdbh (6.2.33) vluwpubph hwdwp: Ujuntinhg
unwlimy kGp hhnbkjuy ghwhwnwjwbp.

A ,
[Re(DI <35 (=a)’s A= max [J"(0)] - (6.2.35)

hé ubu htnlou © wn gliwhwnwljwhg, einubGtiph puGudlp §2gphn b wnwghb
wuwmptwih hwlpwhwyywlui puqiwinudtaph 7/, puumd:
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Uydd Junmgblp plghwipugwd puGudlp: Fhgnp mbblp  [e.b)  hwnwoh
(6.2.14) mpnhnudp 7 hunwuwp dwobph: 3mpwpwtymp e oeo]. =010 .n—1
huwwnywonud Yhipwnbip ubnubtbph (6.2.32) puwlwadly,

Tr-1 ].'
[ fla)de = 3 (50 + flana)]

Apuling huly (6.2.15) -hyg uinwlwlp pwnwlnuwgiwli pubuwal

h i :
1(f) = ZU{”LL) Fflrea)] (6.2.36)
2 k=0
i
H-—-1
I(f) = Qr(f)—w [f{fu +2Lf xp) + [l (6.2.37)
npp Ypmd & wliqelGhpnh plnlnelmugyiud pwﬁwdb u.l[im[iL (Gh.6.2.3):
Y
flr) -
O S S SR U R
N
0 2o £y e -1 'y

LY. 6.2.3 Ukinutiikph plinhwipwgywd pwlwélj bpypuwswwtpod
dhljlwpwlnpynilp

Upunwatlp ubnwiibph pGnhwbpwgywd puliwdbp

Rr(fy=1(f)-Qz(N) (6.2.35)

ufuwwlph gGuwhwuwijwin: Giebny (6.2.15) L (6.2.36)-hg" ufuwwlpp gpbGp htnlgwy
whiupny.

n--1 e
h ‘
Rr(f) =3 ( / flrydr — 3 (f(re) + f(«l'k+1))) :
k=0 \ 5
Ldwdwdwyl  ubnubibph  ungnpulwl  pwlwdlh  uvppwwlph  hwdwp  (6.2.34)
wnuwhwjnmpjul mGLtp

&) s o ,
lz-h, k=01,....n—1.

/ flr)de — g [flrx) + flang)] = —

£
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npnbin & € (e, 2p41) : Wlnthtnb, ognybing 6.2.1 |tidwjhg, JunwGuwbp

3 n-1 i
Rr(f) = - 5 () =~ npier = T8 6ot

“LU

npuitin € € (a.b) : Wyuwhuny,

Rr(f)= -1 (b —a)h?, €€ (ab): " (6.2.39)

Rr(f)l <=5 (b-a)h?,  My= max |f"(2)] (6.2.40)

gliwhwunwwlin:

6.2.3 MunqubyymGGhph L ubnuGihph hwdwygyud pwlwdltp

Gpt f”(z) tpypnpn Ywpgh wowlgjuip sh thnfund hp Gowlp (a.b) dhewlwjpmy,
www hohG nipnuGlymGGtph L ubnuitph pwiwdlbpp nmwhu G6 I(f) hGuwbgpuh
Epyynniwbih dnnwpymudlbp: Ghgmp, ophlwy, f“(z) > 0: Wn nhiypmy, hwiwduw;l
(6.2.25) L (6.2.39)-p, hwiwywumwupwGwpuwp R () > 0 b Ry (f) < 0: Nwwnh
(6.2.23) L (6.2.38)-hg htinlinud t, np

Qr(f) <I(f) <Qr(f): (6.2.41)

Wyn hpwyhswlymd upbh £ oginwugnpdt) ninnuiblyynGatph L ubqwGGEph hwdwlgywd
htnlyw pwGwdlp.

1)~ Qur() = UL QUL (6.2.42)
Uju pulwadlp puy L Gpulnyg, np
1(f) = Qur ()] < TP QRU) (6:2.43)

2

wjuhlpld’ pwlwdbh vppwwlpp qOwhwwmymd £ hlGnbgpuih dnunwgnp wpdbplbph
dhongny:

fliqnubGyymGieph b ubnuGGhph pwlwdlbph hhdwd Jpw Yupbth b ounwlug
hGmbgpuwiltinh  Gyqpunwd  wpdbplbpp, btph hwydh welblp wm  pwlwdlbph
ufuqupltiph plnypp: dwidtdwmbing (6.2.25) L (6.2.39) wpuwhwjmmpnGibpp
wbulinud blp, np ubnubGbph pwlwdlh vppwpwippn dnunwynpuwybo Gpym wigqud
wybith dko b, b wpuwhwymmpymlibpp mle6 hwywnhp Gyuwiibp: Hpw hhdwl Ypuw
Jwnbth b gpbp nipnuGlymbGbph b ubnuGGbeph hwdwlygdud hbnbyw) pulwdlp.

2Qx(f) +Qr(f)
3 '

I(f) = Qrr(f) = (6.2.44)
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U ntiyypmd

1)~ Qirlf) = 5110 = Qa(N]+ 5N = Qe = 5 RR(N) + 5 Rr())
= - SO - wEE @)

fMwwh, tpt f7(r) wowlgpup [e.h] hwnywond nulnun t tintnfuynid, www
Yhpwntiny (6.2.44) pwlwdbp Jupbih b unwbwg hGobgpuh wewdb) 62gphun wnpdtpn:

OphGwy 6.2.2 : Qwpyty hbwnlgw) hGnbgpup.

Uju hGmbgpuwip hbpummpyudp hwagymd t vnunnb-LwgplGhgh (6.1.2) pwGwdlny.
I=arctga] =7 ~0.785398 -
—¢r(‘g1,0_4~.ra :

Ogutlip wydd dhephl mynublyniGGph L uknulbph plinhwlpugdue pulwdlLbphg:
dhpglttp »n = 10: UpnymGpmd Junwlwlp Qf = 0.783606 L Qr = 0.754951
(Yinpugiwb upuwubpbliph Gunipjudp): UjGnthbuwl, puw (6.2.44) pwlwdlh qulinud
tlp Qpr = 0.785398: &

Ujuwhuny, npny pbwpbtpmd hwiwigud pwliwdltiph oquugnpdmudp Jupng ¢
twybu (wyuwglb] hw)upl6bph wpryniGplbpp:

6.3 UhdwunGh pwGwdlp

U wpwpwgpudnud uwpnwotlp punwinunugiwd dh pwlwdl, npl nitlh §unipjub
withh pwpdn wuwhdwd, pwl monuilmlGtph b ubnubtibph puwGwadlbpp:

GapwplubgqpnuuughG  f(z) $nGyghwih hwiwp YJuwnmghlGp hGunbpynpughnG
pwgiwinud’ npytiu hwignyglhp Yepglbing a.b L ¢ = (a + b}/2 Yhwmbtpp: Oqugbny
(4.2.4) Lwgpwdp hGunbpwyniwughnG pwGwdlhg ny pwupn dlunhnfunipynilGbppg hbmn
Qumwbwip.

I = 2/(c) + f(a)
(b— a?

flz) = Ly(z) = fle} + () = f(a) (x—c)*: (6.3.1)

UjGnihtnl, ytpglhlp
b b

I(f) = l/.f(;r) dr =~ [ Lo(z) dr : (6.3.2)

a
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Gpypwywthnpl nw Grwbwymd t. np I(f) hlGmbgpuh wpdbpp dnmunmuwtio
thnfuwphtignud & oy == Lote) wwpwpnny  uwhdwbiunadud Ynpugho utnuih
dwlbpbuny (GY. 6.3.1): Sunwnptiny L, () -p hwdwp (6.3.1) wpmwhw junmpymip (6.3.2)
dnmnwynp hwywuwpnipjub dhe Juuulwlp punulnuwgdut puiwdl

1(f) = Qs(f) = 9——6—& (fla) +4f(c)+ f(b)] . (6.3.3)

npp Ynyynud © Uprdwygunth probuwdl (Gpul wiuwlmd GG Gube weapupm Ghapfr puGidl):

Y

LY. 6.3.1 UphdyunGh pwlwdlh bpypuwswthwlwb dbyGupwimpiniip
Q.Guwhwwnbip UhduunGh pulwdbh
Rs(f) = 1(f) - Qs(f) (6.3.4)

ufuwpulpp: Ghpwynklp, np f{r) € C*[a,b]: biyybu manublynGihph L utnwbGtph
pwliwdlnmd, vwhdwlhbp

c+7

O(r) = / flx)dx - 13 (fle=T)+4f(c)+ flc+T)], 0<r<A

c—T

dnGyghwb, nnbn A = (b—a)/2: 2-djup st hwinqyk), np $(A) = Rs(f) L @(0) =0:
Lhpdmotbp htinmlguy odwlnuily Hnillghuwd.

5

F(r) = o(r) - (;) B(A), 0<T<A:

Mupq &, np F(0) = F(A

) = 0: QLwmlaupwp, pun Qo pbnpkdh, qnympymG niGh
7 € (0, 4) wjbwhupl, np F'(7y)

= 0: Quptlp F(7) pmbyghwjh wowbgyup.

1

IT

Fl(r) = % (fle+T)+ flc—=7) = 2f(c)] - ZS fle+r)= flc=T1)] A

B(A) : (6.3.5)
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bz b wbulby, np F'(0) = 0: Muwh, YplhG pun Nogh pinptidh, YawGgh = € (0,71)
wyiuhuhG, np F7(y) = 0: Udwlgtiyng, (6.3.5)-hy Yunwlwlp’
1 1 ! +/ T g/ " 207.‘ ') .
F'(r) = 3 flet+T)— file— )] — 3 i+ )+ e ) - A ¢(A) - (6.3.0)
Lwp np F’(0) = 0, wyw puwn Anph pinptdh gnympyniG mbh 7y € (0. 72) wylinghuht,
np F"(r3) = 0: Gty (6.3.6) -hg, hwpgtilp F(7) Ppnilihghuyh bppopn wowlgjwp.

GOT?

FIH‘(T) — _1; [f”,((f + 7_) _ f}ll(() _ T)] _ ? (I)(A) .
dbpglbnyg 7 = 75, unwlwbp
3 6072
2+ m) - e - mll+ S #A) =0

hwuwuwpmpymbp: Yinhtnb, Yhpwnbinyg dhehl wpdtph dwuhl Lwgpwlidh ptnptadp,
Jumnuw lwfip’

%13 ) + 9(2 $(A)| =0. € (c—Tmg,0c+73) ¢
3 A
Tpwlny hul
_ _f“)(f) 5.
PA) =~ A
Ug twumd JtpgGbmny A -h thnfuwnbb (b —a)/2-p’ Yqwlp
N A 5 -
Rs(f) = _‘E'ggo"‘(b —a)’, £ € (ab) (6.3.7)

wpnwhwynnipjuip UhdwunGh pwlwdlbh (6.3.4) ubnwpuiph hwdwp: Ujuntinhg
umwGnui Lp hbwlywy glwhwnwywbp.

My
2830

|Rs(f) < (b—a)®, M, = max IUEE (6.3.8)

hGswtu tpund £ ounwgyud  glwhwwnwlwbhg, Uhdwunlh pwlwdlp Gqphn b
tppnpn Jupgh hwipwhwpuywb puqiwlnudibph Ay guumy:

Wod Yunmghlp Updwunbh plphwlmugdude putudlp: Hpw hwdwp (o 0]
hunmjwop npnhtlp n = 2m hwjwuwp Swubkph

b—c
3::‘:a+jhsj:0-1‘...,27’n, }L: - a
A 2m
Ytwbipny: Lpwjpugbtitp 7(f) plmtgpup
mo Tk
k:l_zz‘k_z
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gqnuwph wnbupny: 3Snipwpwbiyymp {Tog—2, Zox], & = 1,2,...,m hwmjudomd Yhpwntlp
Uhdwun(h (6.3.3) pwGwdlp

Tk

[ feydn 5 (o) + 4 ) + )]
Stqwnpbpny (6.3.9).;-0119‘ YuunwGwip
I(f) = ’; ; [f(Tar_s) + 4f (xoro1) + Flaar)] | (6.3.10)
Yuwd
1)~ Sol) = 5 |0 +43 Flama) 428 flra) + Sl (631

pwnwinuwgdwl pwlwdlbp, npp Ynyynud b Vpdwundh plphwlpugyud pubudl
UpwnwdtiGp pwlwdlp
Rs(f) = I(f) - Qs(f) (6.3.12)
ufuuwGph qéwhwwmwlwbp: G1GEnyg (6.3.9) U (6.3.10)-hg" ufuwpwlpp gpllp hbhwlguy
wmbtupny.

k=1

Rs(f)zi( / f(w)d:v“g—[f(:tfak—z)+4f(1fzk-1)+f(wzk)]) :

Jf-z;cr—'z
UhdyunGh  unynpuyuwl pwlwdbh  uluwjwlph hwiwp gbpl  vnwgud  (6.3.7)
wpnwhwjnnipjnitihg mGhlp

T

h W(&) g
[ f@)ds = 5 (Fnn) + 47 @a) + flea] = ~Lo e k=12 m,
nputin & € (_p. o) : Wyhnthbunl, Yhpwnting 6.2.1 tidwé, Junwlwbp
h5 ™m 5 (4)
Ro(f) =~ g 3= 1960 = ~gg mfie) = - - o,
npntn € € (a,b): Uyuwhuny,
| WG
Rs(f) = 180 (b—a)h? £ € (a,b): (6.3.13)

Wjumtinhg htwnlnud t

Rs(f)l < ISB (b—a)ht, My = argggb]f(‘“(:v)[ (6.3.14)

glwhunnwlywéGnp:
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Onhlwy 6.3.1 : QGlwhwwmby hwlgnygltph pwlwlp Uhduyunlh plnhwpugqud
pwlwdlnud, npp pwdwpun £

1

/e “ da

0

hGutigpuyp 107* Gwnipjwdp hwyytym hwiwp:
Lwdwdwyl (6.3.14) giwhwwmwlubh n = 2m phun Yunpbih t npnptyg

(6.3.15)
wuwydwlhg: Qwpdtiip Ay dhonmpynilp: Nilklp
2y (4 .
(c"‘z) - ! = 1227 + i.’»)‘ff‘t2

Wpunbtinhg qulimd Gp Ay = 12 L (6.3.15)-hg vnwlmy, np (6.3.11) pwlwdlned
pwjwpuwn b gtipglity

10
n > =
1!

~--= 2 50813,
V15

wjuhlplG n = 6 (hwibdwunipjuli hwdwp wnbu 6.2.1 ophlwyp): pwlnyg huly

Jumwbwlp plnbgpuh 0.74683 dnumwdnp wpdbpp wwhwGoynn G uinipjudp: &

UhdyunbGh pwGwdélp, hGswybu  Guwb  Gwhinpny wguwpugpupnd ghunwplpjue
niqnuiiyniGiph L wbnwGiiph  pwGwdlbpp, gnpdGwiulimd  wdtklhg hwlwle
oquiwgnpdynn pwlwdlbpb ba:

6.4 Upuwjwlph qGuhwwnidwG (kmGgbh JubnGp

{dwdwh dnunwynp hnbgpiwl vpowqubph gliwhwwnuip, hhiGgwd Ybpp unwgijwd
wwihnhy wpnwhwjwmnipymGatiph Ypuw, thnud © pwduljpuGhG pupg: hiyuybu bphmd &
(6.2.21),(6.2.26),(6.2.27),(6.2.40) L (6.3.14) qGwhwwnmwlwlltphg, wjli wwhwlienui t
M, = :?j}é;bif(?’)(a?)l dtonmpynGGtph hwpynuwip, hGp dhpwm st np hGupugnp & Muwnp
qnpbﬁuﬂ)tﬁﬁmﬁ hwtwh ogmwgnpoynuwl £ ukly wyy GnwGuy, oph bjpdpnad pGlwo t
piwpjud pwnwinuuugdiwl pwiwduny htnbgpuh pybwyh yhpwhwgndp’ uyqphg
h puyng, puly hbwmn' 2/2 puyny:

6.4.1 0mGqkh YwGnGp
“Thgmp

b

I(f) = /f(:L') dx

a
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hGmbgpunph  hwygdwl hwdwp Yhpwngmd b odbpp phuanuppud plinhwbpugquo
pwnwimuwgdwl pwtwdbbphg dtyp

unzmﬁmsiAwK#W (6.4.1)

k=0
npubn A = (b —a)/n: Fhmwphklp win pwlwdbh vuwpubpp’
RUf W)= 1) =Q(f h) : ' (6.4.2)

{wniwdw)l ufrwpwlph hwdwp vnwgud (6.2.20),(6.2.24),(6.2.25),(6.2.39) L (6.3.13)
wpnwhwjmmpniGltph, mGLGp

R(f.h) = Cf™E)D —a)h?, €€ (b)), (6.4.3)

nputn C-6 ny gpnyujwl hwuwmwnnG © uinwd pGopjwd punulniuwgdwd
pulwdlhg: Rupwd (6.4.3) wpunwhwjnnipjub dte” p = 1 dwju b wy mynublniGibpp
pwiwdlbph hwdwp, p = 2 dhop ninqulyniGibph L ubnuGitph pulwdlsph hwdwp,
p = 4 Updwunip pwlwdlh hwdwp: Gpt [a,b] hwaodwond  f%(x) wowbgyup
nwinun t tnthnfudnmd, wujw
R(f.h) ~ MhP, (6.4.4)

nputin A/ -p npnpwiyh dGonpymG ¥, npp wipgud bipwhptnbgpupughG f(r) Pmllghwgh
hwiwp ghwiwpblp hwonwamG o5 htnbgpdwG hwafwomd: Wdkha. Gotitip, i
tpt f) (1) wowbgjup uwhiwGwihwy b, woyuw puduljwiuwywd qinpp ke -tipth hwdwp
GnjGuwbu upbih L oquulty (6.4.4) wnlsnipymitipy:

®nppuiglllip (6.4.1) punwinuwgiwG pwlwdbh pwjp bphynt wlqud, wjuhlpl
dupgubilp punip hwjwuwn £/2: Gw hwfuwuwpugnp b hwlignyglbph pwlwyh
Ynyliwywnyiwlp: Gunwlwp hintgpuih Gop dSnnwdnp wpdhp

1) % QU b/ = 3 AP ) (6.4.5)
k=0
Qwiwdw)l (6.4.4)-p’ :
R(fh/2)=1(f)-Q(f.h/2) (6.4.6)
ufuwiwlph hwiwnp mGkip
R(f h/2) = (h): (6.4.7)
{wibdwwnbing (6.4.4) L (6.4.7) -p’ mbkulmy Lp, np
R(f.h/2) ~ > R(f.h): (6.4.8)

Wyuhlpl’ hhu pu)hG wigdwl wpyymGpnud ufuwjwlpp thnppwlimd b dnwunpuybu
2 wlqud: Ujlnihlinb, (6.4.2) L (6.4.6) -hg htmbnud §

R(f.h/2) = RUf D) + QU R) = Q(f. h/2)
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hwiwuwpmpniGp: Wunbnhg, hwygh welbing (6.4.8) -p, uinuGnud Lip

R(f.hj2) ~ QY hé?:ﬁ”* h) (6.4.9)

dnunwynp wpmwhuwywmmp)ntlp (6.4.5) punwlnuuugdwl puwdbh ufuwpuiph hwdwp:
Utuiwquliph gnpoGwljwl gliwhwwndwl Gupwgpuwdo dtpnnp Yypmd b ZAmdgsf Julind
wlywlnuip:

Muwpqymi E, np (6.4.9) pwGwdLh w9 dwumd gunlynn

Qf h/2) = Q(f.h)

E(f.1/2) = T

(6.4.10)

ukonipnilp Jupnn bt ooqumuugnpoyly ny dhwyG dnunwynp hlnbgpdwl  ufuwpubph
glwhwumdwl hwdwn, wj Gwb pwjwhwGhG nnnpl  pmblghwlbph  phiypmd,
hOwmbkqpuwith wpdbph 8gpundwl hwdwp:

6.4.2 hGwntgpwih dnmunjnp wpdtph 62qpunmil puwn QhswpnunGh

Ujdd tGpunpklp, np f(x) Lapwhlnbgpupu)hG pnillghwb niGh wykih pupap Yupgh
nnnpynipjnil, pwl ywhwieymy tp 6.2 L 6.3 wwpwgpuplipmd puwnwlnuuwgiwb
pwlwdlbph  upwjwGplbph  wpunwodiwl  dwdwbwl:  WikGhg wnwe wykjh
hwlquwidwlwipg hbwmwgnunblp punwlnuwgiwl pwlwdlbph ufuwpubplibph wmbkupp,
thpwnpbiny, np LGpwhGubgpwiughG priGlyghwl mGh jpwgnighy nnopynpniG:

Shunwpyblp ubnuGGhph (6.2.37) plphwipwgwd  pwlwdlp: GhGpwnpbp, np
f(r) € CHa, b): Lbpuywglklp 1(f) hGubgpuyp

ri—1 Tk H

1=y [ fleyd

k=0 JL
wbupny: Bnmipupwlymp [z, 7p1] hwnguwomd, npontn 0 < & < n — 1, gqptlp f(r)
dmbhghwgh @hynph Yepnonpdp.

1 ()

2!

flo) = flag) + f'(ze) (o —ag) +
S

T (0 —x)", Sk € (@h, 2rp)

hiwbgptny ytpehl hunjwuwpnipyniln’ junwlwip

k41 4

2 3
/ fle)de = hf(ee) + %‘f'(ffk) + %—-f”(:rk) + g;lf”’(q:k) + O(h®) (6.4.11)
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Qwiwidwinptli mGkip

f”(Ik+l)

f@) = flane) + o) (e — o) + 91 (x — 201)*+
o117 . ’ (1) ‘ ’
j_ﬂ%l%—])' (o — ~TA~+1)3 + LT(:ZL) (x - 1:k+1>1l ) M € (&h, Tpsr)
hwjwuwpnpynibp, npG hGuntgpbing GuunwGuip
et h? h3 ht .
/ f(@)dr = hf(reg,) — ?f’(:rkﬂ) + -(s—,f”(n.‘Hl) - ﬂf”,(.lfk+1) +O(h°) © (64.12)
Y

UG wn winwd gmiwpklp (6.4.11) L (6.4.12) hwjwuwpmpymGGtpp.

[ e = 2ipo+ faen+ 170 - Fa)
oy L3 14 r
}ﬁ U'(ak) + [ (2eer)) + —i-g [ (zi) = f"(zr41)] + O(A®) -

Cuwn Lwqpuldh shohG wpdtiph dwuhl phinphidh (nbu, opptwy, (45]), mGhtp”

() - (1) = _hf(])(’/k)7 Vi € (T, Lrg1) -

UWjuughund,
Vi h h/z 1 1
/ flx)de = 5 o) + flren)]) + T [F () = F'aen)]+
i B (6.4.13)
13 @) + £ (2e)] + O(°)

Gnuwpbing unwgywod hwjuwuwpnipymGGapG pun & -h* JunwGwbp

o }2 n—lr . , ‘2 ” ) i
1) = Qe+ 5 XU ) = Mol + Qe + 00+ (64.13)
k=0
QLwihnfublp (6.4.14) hwjwuwpmpjub wg Gwuh
h'z n-1
J= T DU () = f(xre)]
k=0

dhompymp: <wdwéw)l @Ljnph pwlwdlp’ makGp

g -t h ., h? VTP :
fila) = flle) = §f (k) + —S“f (c) + O(R?),
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Frn) = £l + 2 1) + 1 e + 0w,
npntin cx = (& + g ) /20 dbpehG tpynt hwygwuwpnipymGGphg hbmbmd b, np
F'(@) = fzin) = =hf" () + O(R?)
Ujuyhund,

}’.nl

= -3 () + 00 = =2 Qu(") + 00

k=0
Spulny huly (6.4.14) hwjwuwpnipymG6 plnmlmd b hbnlgw) wbupp,

h? h?
1) = Qr(f) = TQx(") + 3 Qr(f") + Ok*) (6.4.15)
UjGnihtint, (6.2.23),(6.2.25) L (6.2.38),(6.2.39) -hg mGLlp

f‘“(@
24

Qulf") = I(/") - (b—a)i?.  pe (ab)

(4)
Q'T(f”) — I(f//) + / 15”)

Stnunptiind Q% (/") U Q7 (f”) -h hwdwp unwgywd wpmwhwjnnipniGitpp (6.4.15)
hwdwuwpnipjwb 69" JunwGwlp

(f) Q’Tf +(’]’h +()(/I )

(b—a)h?, veE(ab):

hwjwuwpnipjm(p, npukn

Wyuyhuny, unwlmd thp

Rr(f) = crh* + O(h"), (6.4.16)
nputin crh? dhompymGp Ynsynid b utinuGitph pnhwipugqwd pulwdlh shaswiph
Qfuun/nn dww: Gunnn boywnwht) wjlybo, np ¢y = 0: Un nhypnud ufuwpwph
qliuwynn dwup hwyjwuwn t gqpngh, L ubnuGGuph pwlwdbh vpuwpwlpp Yhth wpnbG
h' Yupgh dkompymG:

Qwiwldwnpkb, GGpunpbiny, np f(z) $nilhghwb niGh wybh pupdp wunpwGh
nnnpympymd, YJwpbih £ onwGu) dnw punwnuuwgiwl pudwdbbph uhuwpuipGhph
htnlyw) GeEpluywgmaGhpp.

e tiphi f(r) € C?a, )], wyw

b
Ri(f) = cph+0(h?), cz= % /f’(.r) dr (6.4.17)
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e tph f(x) € C*a.b], wyw
1 b
RR(f) = ckh + O(h). k=3 /f’(;z} dr | (6.4.18)

o tpt f(zr) € Ca,b], wuyuw

1
Ri(f) = ch® + OhY), g =3 [ /(@) de, (6.1.19)
e tpt f(r) € CYu.b], wyuw
1 L
Rs(f) = esh® +O("). s = -1 / FO@) dr - (6.4.20)

a

dupp phpgwd (6.4.17)—(6.4.20) wnlympymbGGtph wpmwonudp pnnlnid blp plplipgnnhG
npyytiu qupdmpynil:

Wyuuythuny, nhgnip f(x) € CP™[a,b], nptn p = 1,m = 1 dwju L wy
mnnuayymbibph pwlwdbkbph hwiwp, p = 2.m = 2 dhohG mnnuGymiGhph L
ubnuttph pwlwdélbpph hwdwp, p = 4.m = 2 UhduunGh pwlwdlh huniwp:
Uhwynpklp (6.4.16) - (6.4.20) wnlympniGGtpp dkynuy

R(f.h) = ch? + O(h*™) | (6.4.21)

npuntin ¢-6 h-hg wilwh hwunmwnm( t, npp npnynud & plnplwd punwlnuuwg
pwiwdlm] L blpwhlnbgpupusht $mbyghwing: Uy nhypnud, hiywbu htnbn t
(6.4.2) L (6.4.21)-hg,

I(f) = Q(f.h) + ch” + O(hP*™) - {6.4.22)
Pnppuglny puwnwyniuwgiwb pwGwdlh pwyp bpym wiqund (wjupGpl® Ytpglbmy
puyip hwywuwp A/2), junwGubp’

1) =g+ o) + o (6.423)

UjGmhbnl, pugiuwwunbbinyg 2?2 -m| (6.4.23) hwjwuwpnipymp b Gpwbhg hwikny
(6.4.22) hwjwuwpnipjulp’ unmwGwbp

I(f) = Q*(f,h/2) + O(h"+™). (6.4.24)

nputin

Q'S hy2) = ZQUN2) ~ QULE)

1 (6.4.25)
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Umnmwgquwd Q*(f.h/2) dkdmpymlp Ynymd t hlwmbgpwih pouw (fpwpnunih aygpugud
(G Epuwpunynpugdwo) dnnwynp wpdbp (nbu wnnple 6.4.1 nhunnep)nilip):
Uuyhuny, hwdwdw)h (6.4.24) -h

R (f,h/2) = I(f) = Q"(f. h/2) = O(R**™)
w)l dwiwGul, bpp
R(f h/2) = I(f) = Q(f. h/2) = O(R)
(pliwlwGwpwp, bph ¢ # 0): LGy npnud, hswbu htnlowd t (6.4.10) L (6.4.25)-hg’
Q*(f,h/2) = Q(f . h/2) + E(f,h/2) : (6.1.26)

Wn huy wwwmdwnny E(f, k/2) dhompniGp (6.4.10)-hg Ynydnud £ 7(f) hGubgpuugh
Q(f,h/2) dnunulnp wpdbph drgmunmd mnn (Hfswpnunif:

AhwmnnmpymG 6.4.1 : Tuwpgymd b, np Gph Q(f, h/2) # QUf k). www plnbgpugh
pun (Hupnuntip dpgmufwo Q*(f. h)2) wpdbpp, npp wpdinid b (6.4.25) puludlany,
paiuo £ Q(f, h/2) L Q(f, k) dbompymlttpp wwpniGwhng wdbGuihnpn hunngwohg
pupu (wpn hlpmmppudp wnmgynn  wlinpnedp pnnbnud Blp  plptpngagfl’ oyl
Yupdmpima): Uyn puly unnownny Q*(f h/2) daompnilp gnsynud b Gule hlGinbgpuyh
tpunpwwnwglws dnunuyng wpdbp:

6.5 ‘UymunG-Unwmuh pwGwdlbtpp

Caghwipwgling 6.2 L 6.3  wwpwgpuwdpbbph  wpnymbpbbppy  dlaubpuklp
puwnuwlnuuugiwi pwiwaldsph Junmgdwl bGnwlwlGbiphg dkyp, npp hpdGgwo L
kapwhinbgpuqughl pmahghwb hGumbpunpughnt puquwlinuiny hnppwphiwl Jpuw:

6.5.1 bGuntpynwghni pwnwniuwgiwi pwﬁwdhﬁp
Lhwnpbip  [a,b] hwwnjwdmd gnyg wn qnyq hpwphg wwppbpn .20, ..., T
hwignygltp L GGpwhlmbgpuwpunhG  f(r) $uGlghwih huniwp Yunmgklp L, {(r)
hénbtpwynpughnG pwquwlnud: Ywpng bp gptp, np

flz) = Lu(x) + R, (x),
nptn R, (x)-n hGunbpynuwghwih uppwwipld b hGubgptnd pun x-h Jbpehd
hwjwuwpmp)nilp’ JunwGwGp

b b
I(f) = / Lu(a)dr+ / Ro() da : (6.5.1)
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Ujuntinhg quihu tlp hnbgpup dnnwygnp hwpgdwG htnlgw) bnwiwlh.
b
10~ [ Lu@ydr (6.5.2)

hGwnbpynpughnt puqiwinuip gpklp (4.2.6) Lwgpuldh wmbupny, wyb £

Pn1()
EEFAEANEAL

La(z) = i flr)
k=0

npbn wn (1) = (@ —xo)(z — 1) .. (¢ — z,) - Wn nhiygpmd

b

/ LnLv)dr =Y Aeflm), (6.5.3)
a k=0
npnkn
b
R (“"u-f'i('r) : . . e
Av=[| —————dr. k=0/1...., 7 (6.5.4)
g (& = 2p)wy, ()

“Ypwling hul (6.5.2) L (6.5.3)-hg vwnwlmd blp Adwmbpuynmughnt punnuougduli
puliwdl

I~ Quf) =3 Auf(es), (6.5.5)
k=0

nnh gnpowlihglbpn npnpynd B6 puwn (6.5.4) -h:
Lwidwdwyl (6.5.1) hwjwuwpnipjwb’ (6.5.5) pwnwlyninugiwl pubGwdlh vfuwputpt
p

b
mm:fmmu: (6.5.6)

Uwulwynpuybu, tpt f(r) € C™*'a.b], www oquytiny (4.3.4) hGunkpwnjwghwjh
ufuwpwiiph wpmwhwjnnipymbhg Yunwiwbp

b
l -
—_— (n+1) _ P :
) = Gy [ 1 € () (6.57)
Wyuwhuny, hGunbpynpughni punwinuwgiwl pwlwdlh Yuenigdwl dwdwlwly
fuwdwjwhwlmpiGp  Jdepwpbpmd  t dhw)ld [o,b]  hwwduond  hwlgnggGhph

phnpnipjwp: buy gnpowlhgGhpp hwpyynd b6 pun (6.5.4) puGwalh:
©@bnpbd 6.5.1 ¢ Mlybugh (6.5.5) punwgnuugiwl pubuwdlp (hGh hGmbnynpughng,

wihhpudbru £ b pudwpnun, np wyl (poh gpgpn hulpauduilpul puquulnuotbph
H, nwunid:
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Uwwgnyg:  UGhpwdbunigyniG:  “Fhgnmp  (6.5.5)  pwnwiynuwgiwl  pwlwdlp
plntpymughnG t: Gph f(x) € H,, wyw wybhwym k, np fO V() = 0: Ujn nbwypmd,
hlswbu htbnbmd t (6.5.7)-hg, 1,(f) = 0: UWGhpwdtynmpymil wujugmgyuo k:
Pwywpnwpnipnc: dhgmp (6.5.5) pwnwinuwgiwl pwiwdtp 62qphw & A, nuunud:
UwubGwynpuwwbu, wjb G2qphwn £ judwjwlul

Why 1 (L)

€eH,, m=01...,n
(z "xm) w;,+l(415m)

1™ (x) =

pwqiwlnuidh hwdwnp (nbu (4.2.1)-p): Muwnmh, hwydh welbng wyn pugiwGnudGtph
(4.2.2) hwwnympymGp, wjl £ 10 (zx) = dmx (Upnlblbtiph uhiyng), YuuwGwudp
b n
/ () de = S A () = Ay,
p k=0
pnmp m = 0,1,...,n wpdbpGbph hudwp: buly nu GuGwymd b, np (6.5.5)
pwnwiynuwgiwb pwlwdlp hGubpynpughnt t: O
Gpt hGunbgpiwG o L b uwhdwlGhpp pGunbpynughwih hwiqnygltpl GG, www
(6.5.5) pwnwlnuwwgiwl pwGwadalp Ynpgmd b rwl wifiyfr pubwdl, hwwnwl nhypnud’
puig ufiuf
hwnbpuynuwghnl punwinuuwgiwl pwliwdlh A, gnpdwlhglbpp Qupbh b gty
wj) inuGwyny’ shwydbiny (6.5.4) hintigpuGtpp: “Fpw Enipjnlip hnlgwl b Ghnphd
6.5.1-h hhdw( Jpw niGtlp

n b
ZA/\—J,'L" :/mmdx, m=0,1....,n
k=0 a
hwjwuwpnipyniGGepp: Ywnwpblp htinljwy GoubGwlymdGbpp.
b bm+l _ am-H
Yo = /;L'"’ de = B m=0.1.....n: (6.5.8)

a

Wjuyhuny, hwlgnud kip hwlpwhw)ulwl hwjwuwpnuiGhph htimlgwg hwdwlwpgha.

Y Ak = o

k=0

& T = (6.5.9)
Y Az = pa

k=0

Uju huniwwnpgp niGh Shwpdtp momnd, pwGh np Gpw npnphyp JawlnbipdnGnh npnhy Gk,
nnp hwjwuwp st qungh: hGnbpynuwghnl punwinuuugdwl pulivabh gnpowyhyliinp
npnpiwl qwpwnnywo tnutwyp Ynpdmd t wénpny gnpowyhglitiph dbpnn:
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Lptilip, np (6.5.9) hwiwipupgh wowehli hwuwuwpnudp, wyt €
Y Ar=b-a, (6.5.10)
k=0
pwgwhwpmnud b pGubpuwnpughng pwnwiniuwgiwG pulwdbh gnpdwyhgbtph fupbnp
i) hwwmynipym:

6.5.2 ‘UymunG-Ynwup pwGwdllipp

Quly whyh hAobpynpughni punwynuwwgiwG  pwlwdlbpp” Juoamgyud  pun
hwjwuwpwhtn hwGgnyglbph, Ynpdmd GG Uynonnl-Gnumaf pualGudlbbn:
Uhpglhlp [o.b] hwndwonud hwjwuwpuwhbn hwignyygGhp.
h—
m=a+kh. k=01,....n. h= -,
n

hlisjytu gmyg © wpgwd 4.5 wunpwgpwpnud, Lwgpwidh plwmbpuynjwghni puGuwdlp
hwjwuwpwhbn hwtigmglitph nhwypmd Juwpbih £ gpbi

,,._k,g;r(t— ... (t—n)
n! t—k

L, (xy+th) = Z fle)(=1)
bezz=()

wnbiupny, npwnkin .
L — Ty

[ =
h

Ujn phypnud

,._kggftwl)...(t*n)
”'!'u t—k

h T n
/ Lo(e)de = h / La(ro + th)dt = 1S flag)(~1) dt -
u b k=0

yuwghuny, uvwmwlmd  GGp  wpuwhwjummpmGitp  pwnwlyniuwgiwl  puGudalh
qnpdwlhgGhph hwdwp’

(_——])”'ﬁjﬂ(i~l)‘..((—n) .

A =h r dt . k=0.1.....n, (6.5.11)

npnGp Ynpynd WG Yynunnb-Gnutap gnpowliiglibp
Pwgh Jtipp Gdwa (6.5.10) hwnynipymihg. Uynnnb-Unwnuh gnpowyhgibinG mGka
dty Quplnp hwnynpymi Lo, wyl b

Av=Apk, k=01,...,n: (6.5.12)

Wn wnlmpymll wupugmgynud b whdthpwlwl unmgming oquujtny (6.5.11)
wpmwhw jimpynilihg:
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hi; Jbpwpbpmd b LymunnG-Ununuh pwGwdlh vhuwywlph, www, hwdwdw)i
(6.5.6) -h, mlkGp

b n
Ru(f) = / Ro(r)dr = h [ Rolrg + th) dF -
;1 i)

Wyuntinhg. oqubyny (4.5.4) wpunwhwpnnmpnthy, junwiwtp

n

fj'{"“)(f)f(t 1)t =)t (6.5.13)
0]

hn:r2

Rf)=——
/) (n+1)!

LUymumlb-Unwuh  pwlwdbbph dwubwynp nhwypbpG 66 ubnuGGeph  puGudlp
(n=1) L Uhdwunbh pwlwdlp (n = 2):

ShnnnmpymG 6.5.1 : <wdwdwyli (6.5.13) plpiulingp wpumwhw pnmppoln” UduuntGh
pwlwdly 8ygphin b hwlpwhwydulpel puquwtinudGbpfl Hy qoomad: DwlagG, plswbu
gnyg Louynfly 6.3 wpupugpuipmid, wyn putiwdbp fynulpulmd odunjud Fowdbih jund
hunnympyntGhbpmy, wyli £ opgphu b hwlmuehwpduiut pugiwbnudGeph Hy puonos:
Uiftght, wupugnigwo b, np fhln n -Gph hdwn UymoaonG-Unuep pabudbbpn 6yqpnn
&6 H, nuwunid. iy qnipg n-bph fwdwp” Hy, o guemd (mb o [4)):

6.6 Q-wniuh pwnwlnuwgdwl pwlwdlp

Lutunjin wwpwgpubned, thnfuwphbng hlpwhGubtigpuiugha PnGyghwG
hGumbipyniughnG pwqiwinuidn], dtlp wpunwdb) Lip

b. n
1) = [ flo)dr = Qu(f) = 3 Auflxy) (6.6.1)
p k=0

punwynuwgiwl  pwlwélp: QG npnud, z¢.7q,...,2, € [a.b] hwGgnyglliph
jundwjwljwl pdupnippul nhypnud wgn pulwdlp §xqphun £ A, nuunad: Mupgymd k,
np hwlgngGtipp hwannmy pGopnippuG nhypnad Jupkh £ onwlw) punwlmuwgiwi
pwlwdllip, npnlp  Gqphw LG wybih  pwpdp  wwmnhéwGh  hwipwhw) yulpuG
pwqiwlnuiGtinh hwdwp:

“HGkGp hbwlgwy fulnhpp. wpfiwed n-p hunhwp unngty (6.6.1) pumugnunugat
pwlwdl, npp drgpfnn GiiGh hbwpaninpht sunhmy pupdp wumpdwih hwlpuhu-
Ywlwl puqiwiquniihp hudwp:

Lwfu L wpwe Gwblp’ n°p wunpéwlh puqiwinuiGtph hwdwp w)y pudwdbp
62qphwn (hGby sh Yupng:

Lbtdw 6.6.1 : Gundwpululi (6.6.1) pwmualnunugd putiwd by sh hugmy argpfun thiky
hwlpwhwpwipoli puglwlnudGapp 1, . nuomd:
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Uwuwgnt)g: bpnp, nhunwpltiGp
Poio(a) = (x —20)*(x — 21)% .. (x — 2,)2 € Hypyo

puwqiwlinudp: UWhlhwpn £, np wju puqdwlnudh hwdwp (6.6.1) pwlwdlp sh Jupnn
G2qnhw hbby, pwh np

b n ‘
/ PQ‘”+2(J.’) dr > 0, huh Z Ak P2n+2(mlc) =0. &

k=0

hiswbu gnyg t mgby W.Gwniup, hwipuhw)quljwl puqiwinudtiph wikGupwpan
wuwmh@uwlp, npnlg hwdwp (6.6.1) puGwalp Gxgphw b, hwyjwoewp b (2n+1) -h: Wnuhuh
pwnwinuwgdwl pwlwdlp Yl & apumpul pupdmugny hwlnwhupdulub
wumnpdwih pwbwdl Yyl Qumuaf pulwdl:

Vwjupwl pwlwdlh Junmgiwil wigbtip hhytglhlp dkY hwulwgnipjmG, npha
Uklp wpnkG hwnhwty GGp 5.4 L 5.6 ywpwgpwpGapnud:

Uwhdwnid 6.6.1 : bwubGp, np o(z) b w(z) pmbyghwlbpp oppngniuy &6 [a. b
hwwnyjwamd, bph

b
[ o)) de =0
a
Quwlhbipublp b wupugmgklp wnnud, nph hhdwl Jpw Junngymd b Gwmup
pwlwaélp: '

©tinptd 6.6.1 : Apwbugh (6.6.1) punwimuwgdwl pwbwdlp jhth Grgpun Hop
puqumpyul ymw, wlhpudbpn b oL pwduman, opowylo (hah pGmbmynpughnt
wnt1(2) = (x — zo)(z —21).. . (x — ,) € Hopy puquulinuin |a. bl hunngwomu jhih
oppngntwy qudwywwl puglwinudh H, quupg :

Uwwgnu)g: UGhpwdtnnipynih: +hgmp (6.6.1) pwnwimuwgdwl pwlwdlp Gygphw t
Hj,qp nuumd: Fpuwlng huy wyG YihGh &)qphn Gwl H, nwunud: Lbwnlwpwp, pun
6.5.1 ptinptith, w)G hGunbpwynjwghnG t:
whpglitlip gwijwgws F,(z) € H, puqiwinud: Qwiwdwyl tipwnpmpjw’
SQH+1(~E) = W1L+l(:r)Prz(I) € ][2n+l

pPuqiwbnudh hwiwnp (6.6.1) pwlwdalp 2qphwn E, wyuhGpG*

b n
/52111'1(;’:) dr = Z AkSQn —O-I(mk) :
“ k=0
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Wjuinbnhg hbwnlnud k£, np

b 7
/wn+1(:r)}3,,(;r) dr = Z Apwni(rg)Polre) =0

k=0

UGhpwdbyunnipynGli wuywgnigqud k:

PwwpwpnipiniG: “hgnip (6.6.1) pwnwimuwgdwi pwlwdlp hGnbkpyniughnl £ L
wns1(2) puqiwlnuip oppngnGuwy b A, nwuh Judwjwlwl pwqiwbnuidh: dkpglhGp
gwilugwd So,.1{z) € Hyuyr pwqiwlnud: Pudwibinyg win pugqdwinuip w1 (x)-h
Ypw YumnwGuwGp

Sons1{Z) = wnys () Pol) + Tolx), (6.6.2)

npuntin Po(z), ma(z) € H,: hlnbgpbGp wyrp hwwuwpnmpymGp.

b b b
/ Somer () dr = / was1(2) Po(z) dz + / ro(®) dz :
h a o

Cuwn hpwnpmpjul w9 dwuh wnwehG hGunbgnwip huwuwnp b qpnjh, huly Gplpnpn
pGnbkgpuyp, hwdwdw)G 6.5.1 pbnptuh, hujwuwp b pwnwiyniuugdwl gnidwppi:
LhEnbwpwnp,

b n
/Sgn+1(-f) dr = Z Akrn(xk) :
a

k=0

hGyutiu htanbinud t (6.6.2)-hg, r,(xx) = Sang1(7x), k=0.1,....n: Muwnh

b n
/SQ1L+1((IJ) dz = Z ArSan (@) ¢
2 k=0

bul g Gwlwymy t, np (6.6.1) pwGwdlp 62qphwn t Hz,y nuunui: O

Wpuwhuny, Hznqy nuumd d2qphwn pwnwlniuwgiwl pwbwalh gnnepywb hwpgp
hwlgnd £ (n + 1)-pp wunmpdwGh wiGyhuh puqiwbnuidh gnynippub hwpghl, npl
oppngnlwi bt pninp pwqdwlnuiGhphG A, nuuhg b npp wpiwwmbbpG ppulub G,
phpwphg wwppbp G L wwwlwind 66 {a,b] hwngwohlG: Wn pwgqiwbnungh
wpdwwGbpG Ef YipGeG npnGhh punwynimugdwl pwiwébh hwlgnyglhip:

Muwpugpuwd 5.6 -my, pwqiwlnuidtph oppngnlw; hwdwlwpgph ghunwpydwi
dudwiwy, wuyb) b (wnwlg wuywgnygh), np

1 a, . ‘
L) = (F=1", n=01,... (6.6.3)

2nn! drm

LEdwlnph puqiwGnudGhpp yuqimy &6 oppngnGw hwiwlwpg [—1, 1] hwnyjwonud:
Wiunbin dhbp juywgmghiip htnbjwy wlnnuip:
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Luddw 6.6.2 : £, (&) puqiwlnudp |11 hwunfuomd oppngntuy b Qudwjalput
puquwbnuedt H, nuuhy :

Uwugnyg: Lywliwlklp
elr) = (@* - 1)
hGyytu htntund b Ledwlnph pwqiwbnudbhpp uwhdwéng (6.6.3) pulwélhg, whwp b
gnyg ww, np owygn pmbyghwyp (n + 1)y wowlgpup oppngnlwy £ judwjwlwl
pwquwlnuth H, nuufg: ’
dtipglbip gullhwgwd pwgiwbinud P,(») € H,: dwynpnwpup oquiwgnpdtijng
Gwubtipny plmbgpnudp’ Juuwliwbp
1 1

1
[ n s = R = [ S0

-1 LR
1 1

+ [0 Pl) do

-1 2y

1
— [P d =~ (@) Py )
. -1

:/ XV VP ) dyr =

~1
1 1

(=1 / )Py dr =0 0 O

-1 A

= (-1 A1)

UWydd nhinwplbGp [e. b] judwjwlwb hwndwop: Upnwupunbpblp wjn hunduwop
[—1,1] hwunwoh Ypw.

b-a b+a
p= Sl R cel-L) (6.6.)
2
UwhdwGtGp
. 2 b+a
En )= Ly rE n 6.5
+|(1,) £+1 (b——al b-—a)EH+1 (660}

pwqiwbnuip, npotn £,4,(§) -p Ledwlinph puqiwinud t:

Lhddw 6.6.3 : L:,,H,( @) pwqdwinudp e b] hungwond oppngntuy Foquulilpuguo
pugiwlinuidh H, nuupg .

Uwwgnijg: bpnp, juuwpbing ginhnfuwljwlh thinfuwphGmd hnbgpuih Gwh uly’
guwtiugud P (r) € H, puqiwinuih hwdwp mGtip

] b

. " 2 b
/ Lon(z)P(z)dx = / Lozt (E*” T - L a) P{z)ds =
b

—-a b—a
1 1
o b— b+ a b—a [ .
P8 Laor, ( e ?ﬂ) de =22 [ Lo (@B de.
1

E 2 2 2 ;
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apnbn P,(&) = P, ((b- a)6/2+ (b+a)/2): dbpohG hlwbqpuip, hwiwdw)é 6.6.2
(Etdwgh, hwjwuwp £ qpoyh: O

Wuwhuny, (n +1) -py wumh6wh wyl puquwbnudh gnmpimtp. npl oppngntug t
pnp pwquwlnpudGbphG f7, nuuohg, wywugnigyud

Lhdsw 6.6.4: L, ., () puqiwlinudh wpdunnGepl el 56, unappbn GG hpaphg
wpunlpudmd 66 (a,b) dhowlyppli:

Uwwgntjg: Wuwnbn dtdp, pum tnpjwd, YynphGhlp 5.6.3 (bidw)h wuwgniygp: Lwih np
b
/CA,,H(;I;)d:z: =),

Wy L,i(0) puqiwlnwib (e.0) dhowlpuypnud niGh yhlw wwmhmpywi gnib dky
wdwin: Fhgmp ... ... §o Yewbpp L. () pwguwinud) (e.b) dhewlugphl
wwwnlwlnn ppuphg wwppbip Yo yunhnipjwi wpdwmibpG GG: Twipg t, np
m < 1 SHhunwupyhtp

Ry@)=(z=&) o —8) ... (x = &)
puquwlnuiip: £, 4, (@) () pwqiwbnudh (a.h) dhowlw)phl wunlwing panp
wpdwwGbipp mGLG gnug wwinhmpymG: (hunpe

b

/ ﬁfﬁ‘;(:rﬂ?,n(.:;) dr #£0 -

{tnlwpwp, pun 6.6.3 (Lddugh Ywpoy klp bgpuiljugGhy, np om > n: Wuuhuny,
m=n+1: 0O

Luddw 6.6.5 : (n+1) s wwnfdwlh puqiwlnuadp, npl (o, b] hwadwon oppngntiuyg
L

quwdwpulpe - pwqdwinadh [, uaoopg, diwys b eonwnmG puqiweuennipf
drnmppadp.

Uuwpugnejg: Ghpunptlp, np gnympynG mGkG bplm prugiw by’

Cppr(T) = 2" Faat 4 4 ar + ag

Gppr(2) =2 b @, + -+ Qg+ g
npnGp oppngnliwg bl Junhwjwlwl puqdwinudh A, nuupg: Wn nhypmd P, (z) =
Wt (&) — @ () wwppbpmpynitip Yhtp 7 wump&ulhg ny pupap puquuwlnuud: Cum
Llpwnpnipjwl’

b b
/ Wi ()P de =0 L / I () Po(r) dr = 0 :

a
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liunp’

b b
/ P2 (r)dr = / (a1 (£) = Tms 1 (2))Pol) dr = 0 -

Lhnbawpwp, P,(r) =0 bW npuing hull wygq(2) = @y (x): O
Uyuwhuny, npyku (6.6.1) pwnuwiiniuwgdwl pwlwdébh hwbgnygltp YtipglQhp

_b—a b+a

Th = —5— & 5

nptin &, &, ..., & € [-1. 1] Yhwmbpp Lidwlnnph £, pwgqiwlnuidh wptwnGhpG bG:

Ujpuhtipl' zg.71,....2, hwlgnygltpl plinpdnud GG nputiv Lidwinph pwgiwGnush

wpdwinlbph wuwnybpltn (6.6.4) qow)hl wpnwuywwnybpiwl ghypnd: UjGnhbwnk,

pwiih np pwnwynuwgiwb puGwdbp hGnbpwynpughnG t, Gpw gnpdwlhgGbpp hwygynud

Ll puwn (6.5.4) ophiiph:

Guwdwpwwi  [e,b] W [-1,1] hwwnjwsGhph hwdwp Quwmup  pwGudbliph

qnpowyhglbph dhol gnynipjniG mbGh purnfuiwbhG wwpq welGympniG, wyl t

k=0,1,...,n, . (6.6.6)

b—a :
a,b R .

Al }=——2—A§__“’, k=01,...,n (6.6.7)
(w)n thwuwnh wywugnygp pngGnud bGp pGptipgnnhG npuybu JwpdnipymG): UpryniGpnid
Quniuh puwnwhmuwgdwl pwlwdbp upnn blp gpbj Gub

b T
1= [ f@dr = Qun) =122 5 AL () (665)

k=0

nbupny, npubn hwlgnygllipp npnaynud &G hwdwdw)G (6.6.6) -h, huy gnpdwlhglbpp
puwn

1
At < ot e p_o1, 5.6.¢
= e k0 (669

pPwlwdlp upunbn wna(€) = (€~ 6)(E—&1)... (€~ &)

THhunnmpynG 6.6.1 : Lwlf np Qumup pubudld pGumEmynpughnd b, www G
gnpowlhglbph npnywl hwdwp upbip ¢ oquniby Guilo winpny qnpowlhhglGhng
dlipnnhg, nph dwuehG funuyby E 6.5 upwmugpupnid:

OphGwy 6.6.1 : [-1,1] hwwnduontd unwlw; Swneh puwnwynuwgiwd pwlwdlp

n = 2 nbhwph hwdwp:
Gppnpn wumhdwih Lhdwlnph puqiwGnudG £

Ly(z) = %(5.7:3 —3z) :
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Uju pwqiwlinudh wpdwwnGbp6 &6

3 [3
To = — 5 71 =0, :1:2:\/5:

Ag, A1, A2 gqnpowyhgltiph npnpdwl hwiwp oguygtilip winpny gnpowyhygltph sipnnhg:
Quwiiwadwjl (6.5.9)-h" nuitlip

Ay + A+ Ay = 2
J —VEAO + \/EAZ = 0
hwiwjwpgp: Lnwotynyg w6 JuuwlwGp
Ao—g, A,_g‘ AQ*?)

Uyuwihuny,

; 5 3\ 8 5 3
;/1 f(if)dl"’b‘gf(—\[g> +§f(0)+§f(\[g) :

Uyu pwlwalbp 6gphw £ puqiwinuiGhph A3 pwqinipjul ypu: &
Lohfip Gwmuph pwiwdlp gnpowlhgGhph gty hwnlympjmb Lu:
Laddw 6.6.6 : Gumufi pwnwlmuwigdwd pwGudlf gnpowlhglitpp ppulwi 6G:

Uwuwgnt)g: QGhgnip zo, 71, - . ., 2, Yhmbpp Gwniup puGwdbp hwgmygGhpl GG: Rnpnp
k=0,1,...,n wpdipGtph hwdwp nhrnwpybip

Pé?(:r) =(x—m)?.. (z -z ) — ) (z—1)% € Hyy
pwqiwlnuabhpp: MGLGp
b n
0< /Péi)u) de =) AP ) = AP )
a m=0
Lwih np Pg(,f)(:ck) >0, munh b A, >0: O
dbponu phipliGp (wnwlg wpmwdtw() wpnwhwjnnipmb Gwnuh pubwdlh
R-n(f) = I(f) - (w)n(j)
ufuwjwGph hwwp (nb'u, ophGuwy, [4],[12),[27]): bpt f(z) € C?"+2(a, ], wyw

‘ _ SR [+ 10 2+
Ruid) = [(2n + 2)1*(2n + 3) (b =)™,

¢ € (abd): (6.6.10)
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6.7 Qtphylh pwnwntuugiwb pwlwdlp

Uhwburynp nnuu dwpbidwwplyne MLL.Otphybp hbnwgnuk) b hbunbguy hwpgp. Juannighp
hwijwuwp gnpdwiyhgltpny pwnwlnuuwgdwl pwbwadb

b T
1) = /f(.c) de~Qu(f) =AY flan) (6.7.1)
pe k=1 :

npp Yihlop 6gphn hwipwhwyqujjwl pugdwinuateph 4, guunod:

Ybhpp 6w (6.7.1) pulwdbmd dwuGulgnud &6 n4+1 hww wihwin wwpwitknpkp'
.o, ... 2, hwlgnuyglbpp b A gnpowlhgp: Wyn wihwynlbpp apnygnud b6 wyG
wwjiwahg, np (6.7.1) pulwalp wtwp t (pGp Sqpphn

flry=a", m=0.1..... n
Ppnilyghwlbph hwdwp, iujuhﬁp(i‘

A Z =, m=0,1.....n, (6.7.2)
k=1
npnkn
b
bm+1 _ am+] _
m=["dr = — 3.7
p }'/r - " (6.7.3)
Phpgbhm) m =0, (6.7.2) L (6.7.3)-hg Juuinwbwbp
An=0b-a
hwyjwuwpnipym(p, npnbtinhg k| qunGmy LGp
b—a v
A= - (6.7.4)
n
WyGnmhtinl, m = 1,2,... . n wpdtpGtph hwdwp (6.7.2) L (6.7.4) -hg mGhGp’

Z Z_m _ ﬂm _ n LL .
Ly — T T = T moo.
KTOA T b=t

Wjuwhuny, hwhgrygltnh npnpdwG hwdwp unwlmd LGp ny gdwhG hwdwuwpndGhp)
hwiwlwpg.

S e n y
Ty = Tk
b=1 b—a
= b—alt (6.7.5)
I n
xry = L
L El ) b—a'"
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Qhunnnnipynil 6.7‘.1 2 ML Dhpholp gnipg bongly, np (6.7.5) hwdwlpupgft pmonedn
hwligmd b mppwah no-pn wumpswdh hubpuohwpdwlpuld hoduowpdul wpduanblp
aprpdwln (nbu [41(27].(34]):

bGywtu wupugngt) £ ULLERGwE)Gp, » =& L > 10 wpdtipltiph hwdwp (6.7.5)
hwdwlwngp pnlGh hpuljwG pomuilbp: Guhlpt, »-h (2wo wpdbplbph phwypmd
OtphpUp pwnwinmuwgiwi pwlwdb gnympyniG mGh: Wy quuunp wywgnygp
Yupbh t quGhy [21]-md: <GGg uw t Qbphplh pwGwdlh uyqpmibpwihl ptipnpymbp:

OppGwl 6.7.1 : [—1.1] hwwjwomd wpnwdty QtppyLp pwlwdlp n = 3 nluph
hwiwn:
Cumn (6.7.4) pwlwdbh A4 = 2/3: Quwiignigltiph npnydwb hwdwp, bwdwdw)G
(6.7.5) -, mGhtip htnbyw) hwjwuwpnidtbph hwdwlwpgp.
Tty +ey = 0
itaital =1 (6.7.6)
i+l = 0
Gnipp pbpkGp tppnpn Yupgh hwlpwhwyquiwl pugdwinuaip wpdwnibph
npmpdwlp  (nbu  ghunqmpymG 6.7.1) Opw hwdwep Ghpdmottp  htanlguyg
dhionmpymbGabpp.

Cy = wy+ay+ 2y,
Cy = T2+ xoxy + 230y,
(’(] = TpTyy !

U nbwpmd, hGywbu hwymbh b, 2, 220 23 n

P e Clr = Cy =0 (6.7.7)

hwipwhwyuhwd hwfuuwpdwi wpiwwibpld 66 (nbu, eppGuly, [23]): Oqujtny
(6.7.6) wnlympymlGtphyg Yawmiikip

1 . . . 1
Ca=0, CGi=3 [(I] + 0y + wg)” = (0] + 23+ -I’i)] =3
: 1 ; a o ; : :
Cy = 5 [(1:1 + 2y 4 25)° = 3y + 2w 4 ) (2 22+ 2B + 200+ ad + ‘x}i)} =0
Fpwfling huly (6.7.7) hwdwuwpnuip YphnniGh
|
o3
S Zr=0
F -

whbupp: Lndbny wyl, Ygnlldp



Ujuuyjhuny, unwGmd kip

_/:' flz)dz ~ § (f (~——~2@) +fO0) + f (—?))

pwnwlnuwgiwG pwlwdlp, npp 62qppw £ pwqiwbnuiGhiph 3 npuund: &

PtpkGp  [-1,1]  hwuwdh  hwidwp  Qbphylh pwnmumumqﬂwﬁ pwlwdlh
hwégnygGbph pyw)jhG wpdtpltpp (nku [4],[27]).

n=1 n=~6
T, =0 o~y = 16 = 0.8662468181
n=2 —&g = w5 = 0.4225186538
~21 = 2o = 0.5773502691 —a3 = g = 0.2666354015
n=23 n="7
—a; = a3 = 0.7071067812 —z; = 17 = 0.8838617008
T =10 ~Zxy = 1 = 0.5296567753
n=4 ~T3 = 15 = 0.3239118105
—r; = zy = 0.7946544723 =10
—1ry = 3 = 0.1875924741 n=29
n=>5 —Iy = T = 0.9115893077
—r1 = x5 = 0.8324974870 —x9 = xy = .6010186554
—x9 = x4 = 0.3745414096 —x3 = x7 = 0.5287617331
3 =0 —ry = rg = 0.1679061842
Ty = 0

Uwdwjwliwl [a,. b hwnudh hwiwp Qtphplp pwtwdlh hwlgnygltpp hbn t
unwliwg, bph oqufblip wpnbl pwqiwpphy wliqud ogqunugnpofud wjn hwwndwdh
wnunwupuntipnuihg [~ 1, 1] hwnqwdh Ypw.

b—a£+b+a
2 2 7
Uwnpl pipjwd &G wpnmwhwpinmpyniGitp Qtiphoh pwnwynuwgiwl puGwdlbph
Rn(f) = I(f) - Qn(f)

=

£el-1,1] :

ufuuwquGplbph hunfwnp.

Ralf) = 57O m), = = 1),

Ry(f) = 565 1V (m), R = frags SO ).

Rolf) = w50 SO 0e), R(f) = m 1),

Ri(1) = sz /0n) Bl = T g S om)
nputn ;€ o0 (i=1.2,....7.9) (wbu [4]):



6.8 Unwuwwhy wignphpultip

©Jw)hG hGunbgpiwl vfuwjwbplbph pwlwdltph wpmwhwjmntpibibphg tpbmd E,
np unwgybihp wprymlplhph Smmpymbp ywhwd t hGywytu GlipwhGmbgpuiwhl
Pnlyghwgh thnihnfudwl plnyphg, wyliwbu b punwlymuwgiwi pwiwdlh pwyihg:
Mwng k, np pwnnunbith Gaunipjul hwulibine hwdwp upmy ghidimpuynn $mGlyghuwgh
plinbgniwl dwdwliwl pujip wlanp t plnpby wybih thnpp, pwl quinun inqinjugnn
$nlyghwjh hlnbgpiwl niypmd: Gnpolwluwind hwiwte himd GG nhuphbp,
Lpp GlpwhGnbgpuywght $nGyghwd hGnbgpiwl dhowlw)ph wnwGdhtG dwubpnud
thnihnfuymd £ wtwpptp dlny: “bpw htin Gwuwywo, wlhpwdbymmpimG bt dwqb)
jwnmgtip hwnmly wmhuyh wignphpiGbp, npnip wyunndwm Yhpyn] hwpdwpymd GG
$niGyghwih thnhnfudwG plnyphl: ©duwjhi hGunbgpdwl wympyhuh wiqnphpdGtpp
ynyund GG wpwuapnpy: Lpwlp pmyp GG wwihu oquwgnpdt] pwnwhniuwgiwi
pwlwdlbp, npnlp hGwmbgpdwl dhowhwiph wnwGdhG dwubpmd nGbG wwppbp
puitin: “Fw hGwpwynpaipym€ t wmwihu Guqbglly dhptGujwlw dwiwGulp wnwig
hwpqupylbph Gpumpjul Ynpuwnh: Cnqotlp, np winuhuh dnnbgnudp Gipuwnpnd k,
np kGpwhGunbtgpuwyhG $nilyghwl npymd t wlwhwhynpbG L ng pb wynuwyh
wntupny:

Unwwwhy wpgnphpilitp hpwywlwglng opwgpbpp  ungnpupup  dnlnud  bG
hwiwlhwpgsh  dwphdwwmhijuywl wwywhniwl dhe unwlnupm  bGpwdpwgptiph
ntupny: Oguugnponnpn wmwihu b hGnbgpdw6 hwndwop uvwhdwGibpp (@ L ),
wwhwoynn Gunipjnilip (¢ > 0) L juquimu £ opugph pnyy” kipwhlnbgpunuhG f(z)
Pmllyghuypt wpdbpltinp hwaybnt hwdwp: Opwghpp hwpgowd £

b
1) = [ () da

hGwnbgpunh Q(f) dnnwydnp wpdbpp mpdwd & §umpyudp, wjuhGpa’
Q) — Il <e:

YhunnmpymG 6.8.1 : @npotwlwbmd ny pynp pnillhghubbph hudwp b hGupwgng
huply  plmbgmup  wpwo pumppudp. Muah opwgpmd unydnpuipug
Gwfuunnbugwo b jhlimd hwgnppugpmpiml oquuugnponnghl’ wwhwGeyng &rump jul
whhwuwlGihmpyuwl Jbmupbpuy: U pbuypmd plnbopuyp hwpddnd b hGwpaudng
GjwquignipG ufuiuplpny:

Fhnwptiip hwiwnpnunwlh wnpuwwunhy wignphpidh wphiwwmwGph uygpmbpp: Lwhu
[a,6] hwwnywop wpnhynud £ m Gwubph

Aa=I0< I < < Tpe1 < Tm =20 (6.8.1)
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pwdwliwl Yhnbph dhengny: Yhgmp b = z; — x;o1: Smpwpwliyynip oy, 2

hwnwomd )
whH= [ f)de

hGuwbtgpup hwpyynid & §; rfwy vhowputipny, nputin
by
6,‘ —1 £ 6.8.2
- (6.8.2)

Uy pbwpmy, tpth Q:(f)-pn I(f) hbGwtgpwih dnnwygnp wpdbpl £ bhwpgduo 6
Guntpjwdp, wuyjw

1) =SS L) = Y1) + 64 ZQ 3 (653)
1=} i=1 i=1

Gph yhpglthp

T

QUf)y =2 QilS)

dtompnilp npwtiv /(f) hGnbgpuwih dnunwynp wpdtip, wwyw junwGuip ywhwieynn
Gyumipymln: bpnp, (6.8.2) L (6.8.3) -hg nlhlp

m -

1) - QU < 1o < i~Z
-1
QhwonympynG 6.8.2 : Unwupnfnf wignphpdlbpn, npuybo wlng, Guunapmd 56 (a, b
hunndwoh (6.8.1) vipnhnudp winndunn Gy

Bnipwpwlynp [rioy. ;] wwppuiwli hwngwomd, ;(f) hGntgpuih hwdwi
hwdwp Yhpweymd b apmpwlh punwinuuwgdwl pwliwdl: Fhgnp nuu jhiih, ophGuwly,
Uhdwunip pwGwdlp: Lwu hwpgymad & Q}”(f) dninwnp wpdbpp A;/2 pugynd.

QWU@=%E[<,J+H(,1+h) f(]:

WyGnthbnl juumuepymd b6 hwpduplilp 2, /4 puginy, wyupGpt

Q&) = fz {f (ricy) +4f (Jri_l + %) +2f (m + ’;) +4f (.m + 3?;—" ) - ft,;r.)]

LowyG: o plpugpp 2wpniGwiypymd Lowjlpwb, pwlh phn 3h wwywhngdly 6,
Gunipniln: Wn Gwwwnwhp hwdwp Jupbth t 4hpwnbg,  ophluwly.  upuwpuGpp

qnpolwlpub qhlwhwndwl Bmlgbh Ywlnbp (nbue (6.4.9) pwGwélp), wyl b npylu
plipwgph wjwpmiw yuwhwih) oquuwgnpdty

1M () - Q% ()
2~ 1

< {4)]
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wwjpdwlp (UhduunGh pwlwdlh bwdwp p = 4) QGlg np Gpqwd  wwydwin
pwwpwpynid t, plpugpp nunupbgymd kL depgdmd £ Q;(f) = Q' (f):

Lwuimy nywnpmp)nil nupdlitip wil pwGh ypw, np pwrwynuwgdwl pwlwabh
pwjth  hwonpnwywl  toppugmip  bphynt wlqud  hGwpwynpnipymt © wwghu
oguwgnpoby  f{x) Ppmlyghwih wpntb hwpuwd wpdbplitpp |21, 2] hwnygweoh
Gwhunp  wpnhdwl  bwlgmyglhpnud:  hw bwwbu  winbumd o dhptGuywlpuod
dwiwbwlyp:

dbppnud Gk wlqwd Lu GphGp, np wjuntin WkGp GYwpugpbghlp whwunhy
wignphpulbph {unnigdwG G hhaGwlw uljgqpmtpltipp sumlibiny
twlpwdwulmpjniGlbph gbe: Wn hwpgtph wybih dwipwdwul L wdipnnowluwé
wpwnpulpp Jupbih £ quGhy hwnny gpuljuwGnipyul gty (nbu Gulk [2],[28],(46].(53]
qnphpp):

6.9 UlGhujwlwl hGumbkqpwGhph hw)ynuip

Gnpolwywlmd  hwéwp GG hwighwynad  fulighpGep’ Quupwe  wlpulpwul
plnbigpuwyibp) hwadwl hbn: Fpulip whgbpe vwhiwibpny fud wivwhdwiwguy
bnlighwltiphg hlimbigpuaGbp GaG:

6.9.1 UGhujywlwG hGnbtgpuyGhph Jdnwnwynp hwyydwG  plnhwGnip
uljgpmlipp
Ahunwpylp

/ Jlr)dr (6.9.1)

hlwbigpwih hwyynudp, npnbn f(r) pmbighwl wiplnhwwn b, bpp @ < v < +2¢: Uju
hlwnbiqpup Ynyynud b grrquudtien, tpbk gnympymG niGh htnbgwy yupowydnp uwhdwip.

A

: ) 5
APTu/f(T) dx : (6.9.2)
UWn nhwpm, pun uwhdwlGiwl
+00 A
- — 1 E PO (g
/ f(z)da = tim / Flr)de (6.9.3)

Gpti (6.9.2) uwhdwGp wiybpe b Qud qnynipyntG ymGh, wyw (6.9.1) hGnbgpup Yasynud
aumudbar (nti, ophGuly, [45]):
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Opwbugqh hwydtlp (6.9.1) qniquitn wlhujuwlywl hGmbgpuip € §)ummpudp,
Ghpyuwjywgltilp wjl hbmbyw) gnudwpp wbupny.

roo A ro0
/ flz)de = /f(r) dr + / fle)dx - (6.9.4)
a a A
Luwliph np hGntgpuip gmguwibn b, wwyw A phyp Yunpbih t pupt) wiGpwd d6o, np
+oc .
/ fla)Ydx <5 (6.9.5)
a
Ujamhtinl,
A
[ f@)da (6.9.6)

hlwntgpuwin hwyydnmud bt opbk pwpwinmuwgiwG pwlwélny: Fhgmp Q(f)-p (6.9.6)
htiinbgpuih dnnwynp wpdbpl £ /2 §pumpjwip, wjuhlpl

A
[f@ar-Qn|<s (6.9.7)
Ujn ntiypmd (6.9.4),(6.9.5) L (6.9.7)-hg YunwuGwGp’
+00 - e
/f e — Q)1 < /f Ydzr — QUf) | + 4/ x)dz \§+§=c.
Ujuwhuny, Q(f)-p (6.9.1) hGwmtigpuih dmnwynp wpdtpG b e §ynnpjudp:
OphGuYy 6.9.1 : “hgmp wwhwloymu t hwpyty £ > 0 §Qumpjudp
+00 —
/ S S— (6.9.8)
) 14z +sinr

hiwntgpup:
Qntilip wyn hGwmbtgpwip htiwnlyw) gnudwph wtupny.

+oc — A - +oo —

€ e
/—»—A-fé——da:=f—~‘—7~dm+/ —————dr
A 14+ z+sin“z J l+z+sin“x 4 14z +sin“z

Oquytlip




giwhwinwluwbhg: Ujunbtnhg htnlmd b, np wwhwigynn Grunipjudp (6.9.8)
hmbgpwih hwyddwb hudwp pwdulu b gipglbg

A>1In g : &
3
Ujdd nphnwpltlp
b
/f(:v) dz (6.9.9)

plunbtgnuyp, npntin f(z) $nilyghw [a,b) hwndwdh hls-np ¢ GhpphG Yhwmmd mGh
tpypnpng ubnh jugmad: Cum vwhdwldw(

0 — +0 cté
4 — +0 ?

b =48 b
/f(r)dx= lim {/ fla)dz + /f(x)da:}, (6.9.10)

L tpt gnympynii mGh Jbpowynp uwhdwl, hlnbqpup Ymyymd t gmqudti;, huy
hwiwnwy nhwypmy vrwpuwdln (nkiu, ophGwly, [45]):

Spwo € > 0 Gunnipjudp gniqudtin (6.9.9) wlhujulywG hnbkgpwih hw)iwG
hwdwp plnpnud GG §; L J; npuwG pytipp w)Gpwi thnpp, np wknh mGhGw

C+62

[ fzydr

C—51

(6.9.11)

whihwyjwuwpmpniGp: UjGmhtnb, dnnwynp hGntgniwG pwlwdlbpng hwpyymd GG

c—01 b
/ flz)dx L / flx)dx (6.9.12)

c+62

hGwbgpuyGpp: Yhgnp QW(f) L QP (f)-p hwiwwwwnwuliwlwpwp (6.9.12)
hGwmbgpuw)Gtph dnunwgnp wpdbpltnG 66 €/4 6nnipjwip, wjuhlpl’

b
| f@dz-Q®()

c+d2

< < (6.9.13)

w1 m

c—éy
[ f@)dz - Q)| <2

dtpglilGp Q(f) = QW (f) + Q¥ (f): MlkGwyny (6.9.11) L (6.9.13) -p’ YunwGwlip

b r—.6| f'+§g
[i@dz-Qn| < | [ f@dz-@Vn|+| [ flarde|+
a a =0

b
+/5 f@)dr - Q)| <S+Z+5 =«




Wyjuwhunyd, Q(f)-G &y htlg Yhtih (6.9.9) hGwbtigpwh dnnwdnp wpdbpp npwd
Gyunmpjudp: '

Lnyh yepw npnpynmud € (6.9.9) wlhuhuwiub pGubkgpuih gquiguidpunipynia wyl
nhwpmd, bpp f{r) LGpwhGuwbigpuiwghG pmblghwh ¢ hugiwl Ytmp hwdpGylGng
[@.b), hwwmwoh nput  owjypwfbnp  htwe: Uy phypnd hwpgdwl  GnuGuyp
whhwpmnpbl dlwhnjudnd b

Ophlwy 6.9.2 : VFhgnp wwhwoynd £ = > 0 Grumpjudp hwpgh)

Lol )
/' i da (6.9.14)
.0 d

hGwbtgpuyp, rptin g(z) -p wiplnhuwn pnilyghw b 0. 1] hwnguonu:
Lhplwjwglklp (6.9.14) hGunbgpuwip htunlgwy gnidwph wmbupny.

1 & (T‘) L (I)
. alr . ‘
/ T dr = /éL— du + / ‘—LF- dar OD<o<l: (6.9.15)
4 .r 5 \/T ] VA

Qhgnip A = Juax lg(r)] - MGhGp

&
< M / s

gliwhwmwlubp: Cowpklp 4 dEonpymlp wytiutiu, np

20 V5

I\alﬁ)

wjuhbpl’

UjGmbtinle (6.9.15) hwjwuwpmpjwt we  dwund  qulgny  Gplipnpy plobgpugp
hwpgynud b oe/2 Gpnmpjunip nplt punwimuwgdwli pwlwalng: &

Uty whqud Lu pingdtlp, np gtipp dtlp pwpunply bip wihuljulwb hwbqpuiGhph
hwpqiwl  dpuyG  plnhwlmp  uhgpmlpp’  hpaGuwd  gnquidbe wiheulpoi
hanbgpuyltpp btiliy wuhdwidwd Yypw: pw bt dtluobn gnynpymG mGhG hwandy
LruwtwyGtn, npnlp npny ghiypbpnd puduijuGht wppgmbuglo LG:
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6.9.2 UGhuywlywl hGnbqpuiGbph hwyyiwl hwnnly tnuGulyGtpp

Uaytpe uwhdwGGtpny hGunbgpuyltpp hw)gdwl bnwlwlwllbphg dklp hwpdwp
thnthnfuwluwGh thnfuwphlnodG £, npp nhypnud hGunbgpdw b vwhdwGibpp qunGmd &0
ybpownp:

OphGuy 6.9.3 : Fhuwphhlp
I

1l

Hx
2

/ e " dr

0

wipuulw6 hGnbgpup: Ywuwpbiny + = 1/(1+2) wbnungpmadp, wyG Jupth b phpt
hhmlgywy pGnbgpuihG

1
I - /rl’f(?‘")}/f L &
n

Lklp, np hmfinfuwlwGh hnfuwphidwl dudwGuly wytimp t ggney) (hGtg, npytivgh
tlipwhGwbgpuiwihb pnlyghwyh dhe sungyp whgubywih bquyhnipinil:

OphGwy 6.9.4 : YuwunwpkGp
i
I= / (1 + %)V
0
hmbgpumad ¢ = 1/(1 + z) thinthnfuwljuih hinfuwphnud: UpgmGpnad junwGuitp
1)
1
I = /(t.Z + (1 - 1)2’)—-1/3[2/’.‘5(” .
0

UwlyuwyG wju pGuobgpugnnd, hyybu ndqup b unnigl], bGpwplumbgpuughG
Prlyghwyh wowlgjupn vwhdwblwdwy st (= 0 Ytwomd: Gw Jupnn ©oplipty
ko upuwjwlplbph Gnybhul yupqugul punumuwgdwi puGwdabtph Ghpwndud
dudwlwl: Lyqwd papnipyniGhg Yupkih 'l: wquunyby £ = 2* wmhnunpiwdp: bpnp,
1.
I = / 324284+ (1~ )N

0

Ujuintin wpnbl GGpwhimbgpuypugpt pnuiyghwgh wowlgyup wiplighwm b &

OnthnhuwljwGh  hwpdwp  impowphndp hwdwhe ogunuljup b hlind Guilk
wluvwhdwbwthwl pnblyghwlbphg hGntgpuidbph hwpygiwl dwudwiw]:
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Ophlwy 6.9.5 : LLymmpjudp YJuptih b gugy wnwy, np
1
1
wihujwlwi hmbgpup z = 2 wbnugmiwdp pepdmy b hewbjw hGnbgpugh.
1
1= [2ea: &
[)

(Ipny nhwpbpnd wihuljwlul hGunbgpup Swutipny hGnbgpiwl sheongny pbpynid t
npn2jwyi pliwntgpwih:
OphGwl 6.9.6 : Vhunwplkbp Gulunpn ophGuyh fGntgmugp.

Guwunwpbiny dwubpny hfimbgpmyd” umnmwGwip

1 1

I= 2/ (Va)e"de = 2¢ -2 /\/’Ie"d:l’ :

0 0
Up dwumd dlwgud hGnbgpuip wpnbl npnpjuy hGmbgpwy b, U Gpu Ghumdwdp
Lwpbih & Yhpwnebp nplE puwnwinuwgiwi pwtwdal: Jwhunld Gapwhlunbgpuwiwgh
PmGyghwih wowlgjuip vwhdwlwihwy 38 @ = 0 Yhnnmd (wyn Yuuuhgnipjudp wnbu
6.9.4 ophGwyh nuwnnmpymbGtpp): CwpmGwykip Jwubpny pGumbgpnudp.

it

1
4 [, 4 2 4 7 .
=2~ Eb/(;r‘w)'e‘“’d:r =50t 5'(,/ ey -

Ujdd wpnbl JbpphG hGwmbgpunud blpwhlunbgpuiwihG pniGyghuyh wowlgyup
wipinhwwn bt {0,1] hwwjwomd: Uwywyl bpypnpn  Jupgh  wdwlgpup  nbn
uwhdwlwiy (b 2 = 0 Yhwmnwd: Muwn), ipt nignud klip Yhpwnb) wybh pwpép Gupgh
Grumpjml mibgnn puwnwlntuwgdwl pulwdlbp, pwl dwhu ud we niqnutlymbGheph
pwlwdlbpp, wyw dwubpny hGnbgpiwl pipwgpp Yupbih b zupmbuyt; &

Uluwhiwbwthwy $miyghwiiinhg hGwbgpuiibnh dnnuwdnp hwpddwol hwdwp
hwéwp oquulwp bt (hGmy bGguwipmprut gmiwpughli wmuld Gugowl dbpnnp:
Wy dbpngh tmppmGp, npl wnwewnlyly b Ldl.bwlwnpmihyp, hhnlgugl L
Ghpwhwnbgpupuhl dnillghwl Ghiptujwgynid t

fla) = 5(r) +g(x) (6.9.16)

wmbupny, nputin S(z) $pmbighw mbh Gnyl bquyhnipymbp, hls f(r) $nuiyghuwd,

uwlwl wyn pmbyghugh hiwbgpuip Yupbh b bty 6gphw, huy g(z)-p o, 8]
hwnyjwond pujwlwlwswih npoply pmlijghw b
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Oppfiwy 6.9.7 : Fhgmp wwhwloymy kb hwpybp
w/2

1= /lnsina:d;r
0

hGunbqpuyp: Fddup sb nbubh), np r = 0 Yhop GGpwhlnbigpupuhi $milyghup
fuquwl Ybhwnb E: MGkip .
Insinz = Ins +In s :
:r
Ujuntn Inr dnGyghwb Gnylwbu fugynn b 2 = 0 Ytwnd, vwluwiG wiG §qppn

plunbgpymd b
E 7
= (ln=-1):
2 (ln 2 )

0

w/2

/ Inrdr =ux(lnr—1)
0

sinT

bul] wiipnhunn In —  pmlyghwjh hlwbgpwip wpnbl Yupbh t hwygty nplk

aq
punuyniuwgdwl puwlwalng: )
dbtponud  ghuwpytlp  bquhhnpjuwl  gmdwpwihl wnwtidbugiwtl  dhpnnh

Yhpwnmpnilip
b

I = /‘E—-ﬂz——d.r,

r—c)"

whwh hwnbgpwih hwpgdwd hwdwp, npotn ¢ € [@.b], 0 <a <1 W o(r) € C" a b :
Cuw (0L nph pwlwdlh’ miklp

m ;’:(k')(( N
olr) = L o (=) + (),
k=0 '
npunbin
Ji ‘Tg(m+l)(§) m+1 . ~
y(r) = —(u:,—;m (x =), £€(ab): (6.9.17)
Ujuintinhg
m (k) b b.
I = S{i?(ff) /(T — ) dr +/ ( ’ (*lz?f)’n da
k:O L7 w - ] . -
mo o0 () (b = — ot /" () i (6.9.18)
= c a—c ;
SRk a) TR
WjGnihtinl, (6.9.17) -hg htimlmd £, np
() o
(.’L‘ _(_ C)—; € C {G,b]

(mpulinud  hwinqybty pGpGnpnyG): Munh (6.9.18) hwjwuwpnipjul we  Gwunud
gnliynn hlimbgpup Yuptijh b hwpyb hwdweuninwoeow G penwlmuwgdwi puGudlp
oqlimpjudp:
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GnanGbn L Juindnipinil06]] - 6  aeseese—————

I. SpYwo GO htinlgw) pGuinbgpuGhpp.
1 1
1) /sin.rg(f:r, 2) /exp(;r?)d.’zr :
0 0
Q-Gwhwwink} hwtgnyglitph phyp, npp puwjwpuwp b odhohl mnnullyymGGhph
L ubnuibtph plghwipugquo pulwdlbpmd wyn  plGnbgpuiGbpp 107!
Gyumnipjunip hwyybint hwdwp:

2. Upwwob] we mnnquiGymGitph puliwdlh (6.2.9) vfowpwbpp:
3. Guliby

1

[ A
J [+ 27
hlimbgpwih hwyydwl vfuwpulpt pun
Q) = [£(0) +2£(0.1) + 2/(0.2) + - - - + 2(0.9) + f(1.0)]/20
pwnwiniuwgiw( pwiwdlh:

4. “¥hgnip ,
1

[ fiyde

i

hGwntigpwih hwyydwl hwdwp oquugnpoynd t ubnuwbitph pGnhwpugywd
pwlwalp: GGwhwwb) hwignygltnp pwGuwlp, npl wwwhnymy t 0.5 - 107
Gywmntpymdp Jnax [f"(z)] < 1 wwjydwlhi pufwpwpny f(z) $mbyghwitph
nuunui: T

5. thgmp
/‘ fla)dr
0

hwbgpugh hwyydwG hwdwp oguwgnpoynud & UhdwunGh plnhwlpugyuo
pwlwadlp: GGwhwunby hwlgnygltiph pwGwyp, npé wupuhngmd t 0.5 - 1077
Gyuintpynilip 013:1;;2(2;.)"(”(:1'}} < 1 wwpiwlpi pwduwpupng f(z) $mblyghwbbph

nwunty:

6. UpdwunGh plnhwlpugdud puGwdbnd pwGh® hulgnyg whnp ¢ Ytpglk)

w/2

S sina
. T
w/d

hwmbgpup 107 §nnipyudp hwptipm hwdwnp:
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12,
13.

Gnliby

1

/ dr
1422

0

hGwntgpuwih hwy dwl ufuwwGpt pun

Q(f) = [£(0) +4£(0.1) + 2f(0.2) + 4£(0.3) + - - - + 4f(0.9) + £(1.0)}/30
punwynuwgiw pulwdlh:
Npnzby" hG°y Gaumpjunip uiptih thwyyl)

1

/Sill((’.w) dx

0
hGwnbgpuyp ShohG mpnuiymbGhph, vknuwitph L Updyunth pinhwipuguo
pwlwdltinh oglimpjwdp, Ytpglhny hlp hwignyg:

Unwbwy (6.4.17) wpnwhwjnmp)mbp  dwh  mnnublyniGGeph  pwlwdlh
ufuwwlph hwdwp:

. Uwnwlwy (6.4.18) wpumwhwjmmpymGp we ninnuGyyniGGeph puGwdbh vfuwwuGph

hwdwnp:

. UnwGuwy (6.4.19) wpunwhwjnmpniGp  dhohG  minnulyymGGeph  puwGwdékh

ufuwpwiph hwdwp:
UunwGwy (6.4.20) wpnwhwjnmpymip UpdyunGh pwbwabh ufuwpwGph hwdwp:

Uujugnighy, np

0/]'f(a:) dr ~ % [7f(o) +32f (%) +12f G) +30f (2) + 7f(1)}

pwnwlnuwgiwl pwGwdlp Sqppn & oynppnpn Jupgh  hwpuwhwyulyjwG
pwquiwlnwuittph hwiwp: ‘

. Upunmwdt| hGnbpuynughnG pwnwlnuwgiwb puliwdél

1

/f(;z:) dx

0
hGuntgpup hwyytym hwdwp, JepgGhing npube hwbgnygltp -2, -1 L 0
Ghwbpp: Qwpytp wyn pwlwdlh oglmpjudp f(x) = sinmr Ppmllghwjh
hlintigpup:
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15.

16.

17.

18.

19.

21.

Uhpwebing winpny gnpdwlyhglbph shpnnp’ wpumwdb) ubnubGaph W Updwunth
pwbtwdlbpp:

Giikinyg

A .
7r=/1+‘?-7§(,.1,
0

hwuwuwpmpnitihg, gnbby 7= pyh dnnwynpmpymGGhpp:

Ywnenighy Gpypopn wuwmpdwGh  hwipwhwyuywli pwqiwlinuiGtph hwdwp
62qphwn

3
/ flo)dr = Af(0) + BF(2) + Cf(4)
1

punwinmuwgdwl pwlwdalp:

Yunnighy
L .
] Fl2) dr = A f(0) + ALS (é) }
0

puwnwynuuwgdwli pwlwdlkp, npp )gphwn £t hwpwynphl pupdép wunhdwbh
hwipwhwywiwl puqiwbnudibph hwdwn:

U/If(;c)(l:z- ~ Aof (%) + A (%)

punlnuuwgiw( pwlwdalp, npp &2qphn © hwpwynphG pwpdp wunhdwlh
hwlipwhwyjwlwl puqiwinudGhph hwawnp:

Lunnighy

. Gwnmgh)

/2 flo)de =~ Agf(0) + AL f (%) + Ay f(2)

pwnuynuwigdwl pwlwdlp, npp 62qphn t hGwpwynphé pwpép wunh8wGh
hwipwhwuwiwl pugiwlnudttph hwiwnp;
Qulby f(r) = ae” + beos{mr/2) wmbuph Pmbayghwltph nwunwd 6ygphw

/f(.r) du ~ Ay f(0) + A, f(1)
)

pwnwinuwgdwl pwiwdlh gnpowljhglbpp:
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22. Gty f(z) = a + beosx wmbuph pnblghwltiph nuumd d)gphwn

23.

24.

25.

26.

27.

28.

/ fle)de = A f(0) + Ay fim)
0

pwnwlynimugdwl pwlwdbh gnpowlhglbpp: QLwywgnmgl, np wju pwlwdlp
Gyqphin Yihth Gube

flr) =" lag cos(2k + D + by sin k]

k=)

wnbuph $nliyghwitipp guuunod:

“hynp 7-0 tnwymG t oz = (1. 22) hwppupjul gpue b A B, C Ytwbpp
(ipw Ynndbtph dheGwhtmbpl G6: Snyyg wmwg, np

mes(T)

S+ 08y 4 g0

/ | flo)de =
T

pwnwlniuugdwb pwlwdlp 6gpphuw t
ag + ayLy + axan + a“:rf + apd o+ (1.321'3
mbuph btpypnpn wunhdwih puqidwlnudGhnh hwdwnp:

Thgmp R-pmnnubymbt r = (2. 29) hwppnipjulb jpu b A. B.C. D Ytntpp
Gpw Ynndtph dheliwlbmbpl b6, hul £-G Gpw Ghiopntit b Sngjg wwg, np

es(T)
[ $teydr = "0 5 70B)+ 110 + (D) + 2/ (B
R

pwnwlnuuugdwb pwlwdlp §zqnphw b Epym inimjuwljuGh bppopn wenpdwGh
hwlipwhwyulwl puqiwinuiGkph hwdwn:

*1,]. hwm ludnuj l[]u hph C!*Lunlu pwllujl]nluulgliulﬁ plll[iludh]l 1= 5
m p 1 z
hll!ﬁmp:

Qwipdlip Gwnuh pwlwdbh R, {(f) vhuwqwuipp fle) = 222 pmllghwgh hwdwp:
Bmyg wnwi, np

Uwugmgty, np gwiljwgwd wlipinhwn pnliyghw)h hwdwp Gunweh puGwdlfp
ufuwwbpp R, (f) — 0, tpp n— oc:

[-1,1] hwwydwomd fuwnnigh) Qtphplh punwymuwgiwl pwiwélp n = 2 L
7 =3 hwiwnp:
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29. 0.2], [0.1] U [-1.0] hunmjwdlbpmd Yyunmgby bpkp hwlgnygltpm| Qtphylp
pwnwiyniuwglwl pwlwdlbnnp:

30. a -h hGywhu’h wpdtplhph hwdwp

/f(r (@) + f(2-a)

punwlnuwgiwl pwlwdbp Gqppw b Gpanpn wunhdw G hwipwhwzuljuwb
pwqiwlpuudttiph puunod:

31. “hgnip wwhwleymd L hwpgby

70 dur

/ (L+z)ve
hGntgnup: Uppuebiny « = 1/: qimbhnpuwlwGh pofuwphinuip b hwenprng
dwutinny hnbgpnuip” hwlqhkglby npnyjwi pwbgpugh hwyddwlp:

32. Unwowplyly hbwnlgu hGunbkgpuiGtph hwpdw6 tnuGulyGhpp.

{2 22 +00 00
dl(tg.l

dur e’
1+.1:3 1/2+bma, ) J V142 ) / 212"

33, Uhpwnbiny bqulhmpjul gmidwpwihG wnwidGugiwl dhpnyp wnwewpybg
htnlywy hwmbgpuGbpp hwpydwl EnpwGwlGbpp.

1)
1

/2"
/ dx

1)_()/%(13:, Z)U/m

34, Uppwntiny GquhhnippuG gnuiwpwihl wewidlwgdwG depnnp hwpytp 1074
6yunipyudp htinlgwy hGnbgpuiGbpp.

”O/T'(Tlf?‘ 0/\/7 T

1

2 2
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Q.nifu 7

undnetulv 4bhder6u8hUL
quuucnkruuvteb LOFMOUTL UGONRLER

7.1 Unpm julinhpp

UtfuwGhywjh, $hghyuwjh, phihwih, ghmmpjub b wnbulGhhuwsh wy plwgujwnibph
zwn fulinhpttn dwptitwmhywlwi dnpbunpiwt dwdwtiwl hwlignd bl engnpuul
nhptiptiighw hwjwuwnmittph: NQwwh wn hwjwuwpndGbph enuip uiptaop wbn t
grumbglimy  Yhpwrwywli dwplidwnhuynu:  Lhpklp unynpulwl  ghptintlighuy
hwjwuwpnuibpny Guumugpynn fulinhpGtph dh pwih ophGwl:

OphGuwy 7.1.1 (6nSwlwyh wqwwn wwinwbnidting @ hgnip 1 Gplwpnipjub dnnp pu
wipwgqwd m quigiuioh Gympwlwl Jwpihtip dSwlpnipjwl nudp wantignipjul wwy
yuwnwpnd £ wqun nwnwindibp ghdwnpnn dhowdwypnud (GY. 7.1.1): Glpugpymad £,
np énnh Yhep m-h hunibdwnnmpyjudp wibwl thnpp B Wnwhuh Shqhyujwi
hwiwupgn Ynyynud t dndeliwg:

LSS S 7, ;/ S
,
|~
0
l
R mny

LY. 7.1.1 Gnfwlwyh wqun nwunwindibp
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finSwlwyh bniwb 4(t) wilyymbp nuqpnwahg wnwlgphg dwiwlwyh ¢ wwhhi
nnnynd £
8" (t) + af'(t) + bsinf{t) =0

nhptipblGghwy hwjwuwpnidhg, npnbn a-6 b -6 ngpuwiwl hwunmwwnmGitp GG, npnlp
quwhjwo bG -hg, m-hg, wquu wiyiwG ¢ wpuwqugnuihg b odhowquiph R
nhdwnpipymGhg: Cln npm, dundwGwyh ¢ = {5 uyqpiwlwl wwhhl npgmd Ga
uygpiwyub ptpuudp b uqpGuljul wiljnbugh wpwanipnlp.

6(f0> = 9[) \ 9I(f0} =g *

OnphGuwy 7.1.2 (Rtwnwash fubnhpp) : Fhwwpipmd Ewphh 2wpdnuip, npb wpdwipgmd k
EpypwgGnh dwltpbnypht npng wiljwl mwly: Vwpbhiwmplpulwl dnnbih yupgbgdw@
hwiwp bipwnpynud E, np wplhp wbnuthnfuynd b owylighuh hnwynpupynG, nph
ghypmd, wnwlg Gunipjwl Ynpuwmp, tpypuglnh dwibploygpp jupbh £ hwdwpty
wwthwl: Gipunpymd bt Gul, np wpyh bbwwghop qulynud £ dp hwppnipjwG dhe.
wyuplpl GGpwnpynid b Yompidwlwl puwdne b owyp wpgbipltph pwguwlwnpmidn:
Qwydh  wnlhmy  Juwuwpud  Gpwnpmpymbibpp  plwopdod © o Gplpputhwih
ynnpnhGwmwywul hwdwlwpg, nph uygqplwhbiop haipGhind ©owpdwipiwG Yowh
htiwr: Upyp hnwghop wunybpgweo £ GY. 7.1.2 -nid:

LY. 7.1.2 Upyh htmwghop

Shgnip z(8)-G L y(H)-G wpyh YnnpppGunGhpG 66 dwdwlwlh £ wwhpG:
Ldwdwpbyny, np wpyp wpdwldwo t ¢ = 0 wwhhi, mGhip

r(0)=0. »0)=0 (7.1.1)

uygplwljpul wywjdwbGhpp: dwdwlwlyh ¢ wwhhG wplhh wpugmpput Jilunpl b
v(t) = (&'(t).¥'(1)) : Vywlwykbp wpwgmpjwb ybwnph Swompmbn () -ny, huy
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(pw wllmmGp hnphgnGh htin™ O(t) -nyg, hlywbu gnyg © wpdwd GY.7.1.2 -nud: Uy
dbontpyniliGitipp npnpynud LG

/
— ; t .
o(t) = \/(.1;'(1,))2 + (), 6(t) = ar('tgy% (7.1.2)
wpuwhwjnmpymbGephg: Uplh wpdiwl hwjwuwpnuiibpp qpynmd ba
" cps 2 ) 7" cps 2 : .
() = ——uv (1) cosB(t Yty = —— v (1) sinf(t) —
r(t) 5V (tyeosB(t), (L) oo " (t)sinf{t) — g (7.1.3)

whbupny, npwbn m-p wplh qubgwolG L, s-p wphh uyGulwl hwnngpli E,
¢-G nhdwnpmpjul qnpowlhgld &, p-G onh tummpynitG L, hul g-G wquwun
wiyiwl wpuwqugmip: Upuuthum, mGhbp tpyne ny qowgha ((7.1.2) wnlGympjmbtatph
wuwinGwnwy) nhpbphlighw;  hwjwuwpmdbbph hwdwlupg: (7.1.3)  hwidwlywpgh
jonuip whnp t pwjwpwph (7.1.1)  ulgplwlub  wwpdwlihphG: Uy tpgm
wwjdwbbbpp wpymd Ga
e(0) =1y, B{0) =6 {(7.1.4)

hwyjwuwpmpynGGaipny, npnbn -6 wpyh deylGwpyuih wpugmpimGa t, huly 6y -6
wndwldwl whtpymap: Mwnpg t, np wju bpym ywpwdbnpbph gidginfumpymGp ypkph
htwwgdh hinthnfumpjulp: Y
OphGuly 7.1.3 (Shwwhs-gnh dnnbp) : Fhnwpiynud £ Gpym JhGuwpwluijpul mbuwy-
(tpp wnympwgpuwjp ghGwdhluwd, npnGp dhujwbg Ypw thnfuwgnnud GG gfrzwafy-gnh
uljgpniGpny: CGn npmd, BGpwnpynid £, np gnhp Jupon £ hwypwpby pudupunp uGmn,
pwjg gphywngh htim wdtl dp hwlnhupdwb dwiwGwl yepehlu uvujwGma b qnhpb:

Y
((t). y(t))

Yop--ewvn-

Ul. 7.1.3 GhpwwnhyGEph L qruhtiph wnwargughwgp nhGunipiju

Yhgnip () -6 L y(t) -G hwdiwwywumwupiwGuwpwp  gnhtph L ghywupyGbph
pwfiwlylbpld GG dwdwGuyh ¢ wwhpG: Opny wupglgnuifiphg hbmn npippblghuwy
hwwuwpmdGipp wyy pmGhghwibph (uundwdp gpynud GG

2'(t) = az(t) + Fz(t)y(t),
y'(t) = vyt) + da(t)y(t)
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whupny, npmntin a > 0,8 < 0,7 < 0,6 > 0 npny hwunmwnmGitp GG dwiwlwlyh
t =0 uygplwhwl ywhhl mpdnd LG

. 2(0) =0, y(0) =y (7.1.6)

wwiwbGtpp: dhpp pipduo (7.1.5) hwjwuwpnudGipd wnwohG wiqud wpnwoyh) LG
1925 p. L hwywGh 46 npwbu Lnwnfw-dnpumbpuwgh huduowponadGén:

hiywhu gnyg bl nwihu hinnwgnunmiGpp, qrbtiph b ghpwwnhyGiph wynwnijwghwjh
nhGwdhywl (x.y) hwppipyjul gy qpuibhlnpll plinpwgpynd £ pugynn wupniput-
qony, npp hbipwlnui © (2o, o) Yuwhg (G4. 7.1.3): &

Uh wpp hujwuwpnuiGlph hwdwp (ophGuly, wlowwynn thnhnfuwlwGlitpny
hwjwuwpnuiGhn, hwonmunmb  gnpowyhgltpng gowhG hwjwuwpnuiGp L wyG)
hwenqmd £ unwlwy monuin puwgwhwpn whupny: Uwijuyl wyl hwjuwwwnmdGhph
nuubpp, npnGg hwiwp duldwd GG Gqphw  monudlbiph unwugdwl  dbpnnlhn,
hwdbdwmnwpwn Ghn &G U pGngpynd GG gnpdGuywlnud hwinhynn funhpGlph dhu)G

thnpp dwup: Ophluwly, puulwbuyunh wupg
' (z) = 2% + u¥{z) {7.1.7)

hwjwuwpiwd nontip yh Ghpyuywgynid mwppuljuwt Smlhghwlbph dhengny: Nwuwp
wynyhup hwjuwuwpnuiGiph nodwl hwdwp ogunugnpaynd b6 dnnwynp depnnlhp:

Unynpwlwl nhdtpklGghw] hwjwuwpnmdlbph  pmuodwi dnowdnp dbponGtipp
upnhymd &6 hhdGuljwlnd Gpym fudph wlwghupl L pyughl:

Ubwyfunply undnpuwpwp wlijwingd b6 dbpnntibpp, npnGg dhongny {unnigymd &
w(z) Grqphwr mddwlp dquing u,(x) PmbGhghwltph hGg-np hwonpulwlinpm:
Can npmy, w,{r) $miyghwilbpp wpnwhwymynud L6 nwppuijul pmbyghwibpny
Yuwd hlmbgpunh dpongny: Uwhdwlwhwlptynd » dhpowdnp pynd uwnwlmy &
tnunwynp wpnwhwjmmpmi »(z) mdiwl hwiwp: Uwhw)l wiwmnhy dbpnnitpp
hwpuwnp BG dhwyl wyl nhypnud, bpp dhowlywy hwydwpllliph d6¢ duwup hwennymu t
Juunwphy 62qphwn: %w ppugnpotih bohudbdwmwpwp wwpg  hwuuwpnuiGhph
hwiwn, pGgp nhun uvwhdwGwihwlna £ Jhpwndw6 whpmypp: WGwhnhy dbpnnfitpnud
tpphdl oquiugnpoynud GG Gl hwjwuwpnuiibph wuwnpgtignudGbp, npnlp twwybiu 366G
wqnnud nuodwl ypwe: Opng fuGnhpGipnud hwennynud £ neonuip Geplpupuglbg bpyn
pwnunphsGiph gnudwph wbupny, npnlghg wnwehlp wnwihu t hhdGwywd Gapgpnud
(niotwb dte, hul hpypnpnp thnpp bhwygbnad £, npp Yupbh L wlnbabg:

rjuyhl dbprnGhpp hpkGghg Ghplwjwglimyd GG wygnphpilhp, npnlg Shengny
hwddnud GG npnlbh pmodwl wpdbplibpp wpgmadkbnh wpdbptbph npny ghuyplio
pwgimpywl Jpw: Unwyby wmwpuwddwd b hwdwynndwip pqughl skpnnp ybpvwgnn
vnppbpmpimGOEpnh Wl vnuppbmufoed Spnnl b bpw bpymlp Quywlinmd
Gpwlnud, np ghptptGghw) hwdwuwpdwd dbe gunbynny wowlgyuyGtpp hnhuwphtgmd
&0 dtpowynp-nwppbipwwl wnmpymGitpny (nbu ywnpwgpud 4.6); Swppbpwljwd
dtipnnlibpn Yhpwntih 66 fulnhptiph Jwwm qwyl puueh hwdwp: wah pujuijutwswih
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ko owbpwwnhy hphzonmipjwl dwjuwy mlikgnn wnwywgnpd hwdwlwpghslbph Gplwb
quint htin dbljinbin wjn dtpnglitinp nupdty bl nhpbpblighw] hwwuwpmdibph meedwl
hhdGwlwb gnpohplibphg dhyp:

Ulublp dnunwynp depnnltinh nuumiGuuhpnudp Unyme lulinphg:

Fhunwpytbp 7 -pn Jupgh unynpulwl nhbbpblghw) hwijwuwpned

u(z) = flroud, o uY) (7.1.8)

npm fulnfipp (7.1.8) hwjwuwniwG hwdwp dbwfbpuyynud b hbnlgwy Yhpy. qubg
(7.1.8) hwjuuwpiwd nonudp, npp ¢ = 2 Yhnnud pwdwpwpnad £
w(zg) = wy, u'(xg) = u,él) vee w0 () = Y (7.1.9)
wwswGGhphG, npnbin w, ), . ul* ™ wipgwd wpdtpGlinG t6: (7.1.9) wwjiwhikpp
Ynpuymud G0 wygpbuwdnul wuydwnGGin:
Unyl nuuupbpugnud dklp YnuumdGuwupptlp

u'(z) = flz,v), u(zg) = ug (7.1.10)

Unym fulinph jmddwl dninwynp dtpnnGhpp:
Juulbpyhbp (7.1.10) huGnph modwl gnympjul b dhwympjul pwjwpun
wwijtwblbpp (nk'u, ophliy, [26],(40],[50)):

Yhgnip f(r,uw) Ppmlhghwa vwhiwlyuwd t L wiplnghwwn
D ={(x,u) : |z — 20| <a,|u—ul <b} (7.1.11)

thwy vwhiwlwhwy whpnypnud, npnbin -6 b b-G hGg-np npujul pytp GG Nwwnh
w)l vwhdwlunhwly £t D whpnypntd, wiuhGpl' qnympintG niGh wyGuhuh A > 0 phy,
nn

[flr,u)| < M Y{ru)eD: (7.1.12)

Ujmhtiink, nhgnip  f{z.w) $mlyghwlG D whpnypmd pwdwpwpmy t Lauppgh
wwdwlhl w pmhnpuwlwih Gundwdp, wyuplpl gnynipymb mGh wylypuh L > 0
phy, np

[flaouy) — flo,u2)] < Lluyp — uy) Vi{z,uy), (x.uy) €D : (7.1.13)
Wn ntiwjpmd zo Yhwh |z — 29| < A powlugpnid, npuntin
H = min (. 7.1.14)
=min {a, - ) (7.1.1:

qnynipymb mGh (7.1.10) ulinph hwy jmonud (GY. 7.1.4):
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LY. 7.1.4 Lmonuip uljqplwywb jewmh ypgwljuypmd

Upkp, np tph f(z.uw) $mlyghwl D whpnypmd mGh vwhiwGwuthwy f (2 0)
dwulwlh wowbgywy, wyuhlGpl’ gnympyml nbh wjGwhuh L > 0 phy, np

[file,v)] <L V(r.u)e D. (7.1.15)

www wjl pwywpwpnd b Lhwhgh wwypdwGhG: bpnp, pun LwgpuGdh dhohG wipdtiph
ptinptudh’ mGhip

fleu) — flowg) = fl(xBuy + (1 = ug)uy —up), 0<B<1:

Wjuntinhg wlGhwymnptl htintowd t (7.1.13) wohw]wuwpnmpimdp:

7.2 UGwihwnhly dnnunnp dkpnnltp
Uny wwpwgpupmd dulp Ynhnwpyblp

W) = floon). ulzg) = uo (7:2.1)
Unpm fulinph pmodwl tpyn wlwihnhly dtpny: Glipwnphiip, np wmbnh mahG gbpp

phipdue (7.2.1) hulnph modwl gnynipjwl L dhwlnmpjwb (7.1.11) - (7.1.14) pwwpup
wuwdwGahpp:

7.2.1 Mhjwnph dpnnp

YuwnnighlGp dnnwynp (monudGtp =z > zo wpdbplbph hwdwnp: (2 < zq niwpp thnyh
hwdwldw £): bGunbkgpbmy (7.2.1) hwjwuwpmdp xg-hg @ vwhdwlbpnud Juuwbwlp

w(z) = uo + / £l ult)) dt ; (7.2.2)
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Jupohl hwdwuwpmpjwb dbe thnfuwphlbny hnbgpugp Gywlh wmwly qubdng u
wihwjn pmlyghwl ug uyqplwluwl wpdhpnd Yuuwlwlp npnbbh podwt wnwehl
tnunmuplnuip.

wn () = up + /f(t,uo)dt :

UjGnihtnl, mbnungptiny (7.2.2) hwdwuwpnipjuwl we dwunud «-h thnfuwpbb qunGwo
wy pntlyghw, Yunwlwlp Gpipnpr dnnwpynuip.

I
uy(r) = uu+/f(t,ul(t))dt :
Zo
Canhwlpwybtiu, hwenpnnn dnnwpynidlhpp yunnigynd GG
n () Z1LU+/f(t, by () dE, n=1.2.... (7.2.3)
Ty

puwlwdlng (wjunbin up(z) = we): Fpuwdbhynptb w, (x) hwonpnulwl dnnwpynuitbpn,
npntnn = 0,1,2,..., hplghg Ghphujyuglnd GG My (xy. wp) Yhwnny wlglnn Ynpbp
(GYy. 7.2.1);

u
u(r)
| ua(X)
2y ()
Ug b---- : i
t : ﬂ‘
0 To Tp+ H

LY. 7.2.1 Unmnwpynudibp pun Mhljunpp dbpnigh

UwwgmgtiGp, np (7.2.3) pwlwdlny hwpyynn  u,(xr) dnunugnp  momdGipp
(2. 0 + H] hwwnyjwonwi, npnnbn A dtompynilp npnpynud t hwdwdw)b (7.1.14) -],
hwywuwpwswih gniguipmmud G (7.2.1) fuGnph 62qphun motwGnp:

Uyqrhg gnyg wwlp, np pninp n = 0.1,2,... wpdbpGaph hwdwp (2., ()
Ytwbpp, npntn z € (2,10 + H], qumbwlnud &G D thwly npnublnG wmhpnyphG
(7.1.11)-hg: bpnp, n = 0 wpdbph hwdwp nu wyGhwin t:
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SYhgmp ylngmdp Shon £ n— 1-h hwdwp: Wn nhypmad (7.1.12) U (7.1.14) -h hhow(
ypw (7.2.3)-hg Yuunwlimp

lun () — 11g] < ./lf(f,;u,,_l(f))l dt < A (w —30) < MH < b,
hG;p L wyugnignul b wlinnuin:
Fhunwplklp 7 =0, 1,... wpdhpGhph hwdwn
en(2) = fu(r) —uu ()], o< e <+ H (7.2.4)
ufuwwipltpp: Gpp 7 = 0, ogunytyny Lwgpwlidh dhohl wpdtph ptinplidhg, unwwtp
eo() = |u(x) — o] = [u(z) — ulxo)] = W' (€)|(x — @o) ,

npnbn 7y < € < z: buy pwGh np, hwdwdwG (7.1.12) gGwhwnwywbh, [@(§)] =
IfE ()] < M, wuw
so(r) < M{x = ap) - (7.2.5)

Nhgmp wydd n > 1:(7.2.2) L (7.2.3)-hg htwmlnmud £, np
o) — ) = [0 — Ftwcs O]
s
Ujuintinhg, hwydph wnbbng (7.2.4) GwGwynuitbpp, Jumwtwlp
/u () = (8.t (1))]

whwjwuwpnipynip: Lhuyhgh (7.1.13) guwjdwGh hwdwdw) mGip
£t w(t)) = F(tunat ()] < Lult) = s (8)] = Lenon (1)
Nuuh )
ez <L /anﬁl(t)dt, n=12...: (7.2.6)

To
Oquytind  (7.2.6) wlnpwnwpd welGympymGGiphg L (7.2.5)  ulqplwlwa
glwhwwmwlwlhg hwenppupwp gunlnd GGp

(r Lo)z ‘

T
)<L [ df<LM'/t—r0 dt = LM =
e ’

To
7 3

2 e
£2(7) < / f)dt < L2\I/———) dt = 12pg & w0) 3'“’)
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L wyil: Upynilpnud®
, (v — z)H?
gy < LM ——— |
(z) = (n 4 1)!
UWu glwhwnwlwihg hbwmlnd b, np [zq.2¢ + H] hwndwdmd g, (z) upuwpalpp
hwijwuwpwwih dqund L qungh, tpp 7 — oc:

Mhywph dhpnngp hwpdwp b hpwnby, Gpp (7.2.3) pulwdbh we dwuh himbgpw)lbpp
hwenpynid t wpnwhw)wmby mwppuwjwé dnllyghwlbph dhengnd: bul bph (7.2.1)
hwywuwpiuG we dwup wjipwl pwpn t, np hnbkqpuilbpp unpyywd bip hwagbg
Unumuwinp, wwyw dbpnnp nunind £ gnpdGuwljuGeptb phy wjhunwlh:

OnpGuy 7.2.1 : Uphpwntlp Mhlwph dkpnnp
u'(x) =2+ u?, uw(0)=0

n=>012...: (7.2.7)

hwywuwniwl hwdwn, nph neonudp, Gute wpntl woeyb] £ Gwunpn wuwpwgpudned,
sh wpnwhwjmymd nwppuwlwb pmidlghwibph dhengny:

U ju nhypnud phnbgpubipp (7.2.3) -nud hwpgynud GG 62qphw, LodkGp hbynmnpjuidp
unuwlinid kGp

up(x) = 0,

3
u(z) = % ,

x3 x? 7.2.8
us(x) = 3 (1 + 2—1> , ( )

rd S rl?
udr) = 14+ =+ =
walz) = ( T temt 19345)
L owygpG: AdJuwp sk mbulb, np 2 < 1 wpdbpGhph hwdwp wju dnnwplnoiGipp wpug
gniquihunnui GG U pniy GG wwihu hwpygtp monudp pupdp Gunnpjuip: &

Mhywpp dbpnngp  htpunnmpjudp  pinhwlpwgynd t wytlygh pwpdp Yuwpgh
hwywuwpnudGhph hwdwp: Uwlpuwgl, hGpwl pwpép b hwjuuewpdwl Yupgp,
w)lpwl wytih hwgunbtiy b hwenmmd 6gphin hwpyby hlnbgpulhpp (7.2.3) -nud,
hGsp uwhdwGuwthwlnd t dbpnnh Yhpwenuip wju nhiypnud:

7.2.2 UuwhGwlwjhG pwppbph dtipnngp

Llwpwgptlp dbY wj wGwihnhy dkpng, npp hhdlGgwo b omodwl wanhGwlwghG
upph Japmodwh qunuithwph dpue: dwdwfe wyng Guyuwwmwlnyg oqumugnpoymud kb
Ot inpp Jwpptipp: Gapwnptny, np (7.2.1) Unpne fulinph w(z) monudp puduwywiuswg
nnnpy , Yihlnpblp dnnwnp jmonuip

nout) ()

up(z) = up + T (x = 20)* (7.2.9)

k=1
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whupn]: w*(29) wowlgjuGtpp wpumwhwjnynu b6 (7.2.1) hwjwuwpdwb we Jwup
dwulwlwl wdwlgjuwilbph dhengny: bpnp, nilbip :
w'lzg) = flre. ug),
w(xo) = filzo.wo) + f,(xo,u) f(o, ua),
u(x0) = fr(@oouo) + 2f0 (2o, wo) flwo ug) + £, (w0 ug) f2 (0, up)+
Falo, uo)[f1{@o. wo) + £ (0, u0) f(z0, u0)]

i

(7.2.10)

LowyG:

Wu dbpnnp zo-h 2ppwhugpnud pwjuhwlwswh 060 n-h hwdwp wwihu t
(7.2.1) pubnph w{r) Sqphn mddwb @y dnunwpynud: UwlwgG, hhnwlumy  xg
ulqpiwlul Ytanhg upuwubpn, plinhwipwybu wuwd, wan b ban wybih, dapnnp
nunlnd b wGplnmbbh, tpp 2-p amipu £ qughu w(z) pmbGyghwgh @6 nph 2wpph
qmquihwnmpjwl whpnyphg: Cwpph gmquihnmpjui ywnwdhnh gdwhwndwl hwpgp
pwwiliueGhG purpsy t (i, ophlwy, {33]), L wjunmbn dklp wyb Ghp paGwplp:

OphGwy 7.2.2 : Fhuwnpyklp Unym htwnlguy uGnhpp.
W) =22 +u?, u(0)=0:

Cuwn (7.2.10) pwlwélbiph’ qunlnud GGp «'(0) = 0,27(0) = 0, «"(0) = 2: Up
nhypnd, hwiwdwjb (7.2.9) -h, Junwbwip

xS
1[3(.’1‘) = ?

(hwibdwwnby  7.2.1 ophGwlynut Mhjwph dbpogny  unwggud (7.2.8)  dnwnwynp
(nonudibph htwn): &

Uuwh6wluwyhG  wpptph  dbpngh  ppmpymGGhphg b (7.2.10) pwwdélbph
dhowowywintpjnilp, pwGh np Gpulp wwhwiomd 66 f(r, w) $nbyghwh dwulwlwd
wdwligyuilbph hwyynui:

7.3 Enbph dtpnnp
ShuwnpytGp
u(z) = fleow), xp<z<axy+H (7.3.1)

nhptiptilighwy hwjwuwpnudp
w(iwg) = ug (7.3.2)

ulqpliwlwl  wwypdwng: MunmdGwuhptp wju  fulnph  modwl  wwppbpulwi
dbpnnGbipp: bywybu b Gwhinpr wwpuwgpu$nmd, YeGpwnpblp, np (7.3.1),(7.3.2) fuGinph
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hwiwp yunwpwd b6 modwl gnympjwi L dhwynipywl pwdupun wwydwitpp:
Ltipdnidktp npny hwulwgnipymGibp L mbpdhGGtip:
“thgnip (20,20 + H| hwwndwomd plnpwd t Yunbph (hwlgnygliph) hGs-np
pwqunipnif
o< < <oy <xTy=1In+H. (733)

npp Julywlblp gwlg: FGhuyptn wpgmikGoh w = {u, }_, pniGhghwi, nprygwd
guiligh hwliqm)gGtph Ypw, YwGwGklp guliguypl pmblygpw: Mupg t, np guligwjht
pmbyghwltph puqimpmip Yugind L qdwjhl wwpwontpymi: UwhiwGbip wjn
wnwpwompyminud Zrzf hnlywy Ylpu.

llwli = max fu| : (7.3.4)

7.3.1 Swppbpwlw6 dkponGhiph quuwlwpgnuip

Swnpbpwljwl dtipnplhpp pmyy GG wwihu hwenprwpwp quGly (7.3.1),(7.3.2) fuinphp
dnnunnp modwl v, = v(z,) wpdbplhpp (7.3.3) gwlgh hwiqniygGhpnud puwn

Untt = F(Unepy Unps1, -+ s Une Unas) (7.3.5)

optiiph, npunbtn  F-p Gqwd wpgmibbwbipph npny  hwpnGh  mbhyghw t; U
PmGlyghwyh mbupp Juwhuwo b dkpnnh jurmgdwl tnuwiwlhg U (7.3.1) hwyjwuwpdwi
w9 dwuhg: (7.3.5)-nud p wwpwitnpp ny pugwuwlywl wdpnne phy b (undnpwpwn
p < N),puly s ddmpynilip uwpnn t plinmbby bpym wpdtp' 0 Qud 1: Gph p=0,wyw
utipnnp Ynodmd bt dfwpuyyy, huly bpb p > 17 puquwupuyy: hisuybu thwpuyy, wjbubu b
pwquwpwy) dkpnnGpp Ynyynud GG puiguwhwpan, bpp s = 0, L wilpwguwhugo, tpp s =1:
Ujuujhuny, niGkGp
- Ghwpw)| pwgwhwjwn dkpnn
Unt1 = Fw), n=01,...,.N—-1, (7.3.6)
- Ohwpw)) wipwgwhwjin dtipnn
Unp1 = F(vn, vny1). n=01,....N-1, (7.3.7)
- pwadwpwy] pwgwhwin dbpnn
Ungt = F(Upop, .. tn), n=pp+1,...,N-1, (7.3.8)
- pwqiwpw)] wipwgwhwjn dapnn
Vi1 = F(Up o Ui Unn) . n=pp+ 1. N—1: (7.3.9)

Bnnp (7.3.6)-(7.3.9) dtipnnibpnud gbpgyms b vy = 1 : Pwgh npwitihg. (7.3.8) L (7.3.9)
puqiwpuy dtpnnlipmud oqunugnpoymd 6 wowehlG p wpdtiplbpp’ vy, s, .. .. Uy,
nunGp npngynud GG wyy dtipnntibiph shengny Yw hGg-np jpugnighy (lYwwmwrnudltphy:
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Otl [zg.20 + H] hwwdwoh (7.3.3) wGhwjwuwpwywdt wpnhmdp ghpownp
pyny dwubiph sh wnwewglimd hwwnl ndqwpmpniditbpn, gnpolwlwimy hwowju

ogmuwgnpdymd L i

N
hunfrnmapupunfi qulg, npntn b dtonpymlp Yngymd £ guGgh puyy:

r,=xy+nh. n=0,1.....N, h (7.3.10]

7.3.2 Ejtph dtpnnp
8wlgh r, hwlgnygmd, npintn 0 <n < N — 1, mbkGp

w'(rn) = fry, ulr,)) (7.3.11)
hwdwuwpmpymGp: Gnjuwphéblp o (r,) wowlgjup

, W Tpey) — ulr,
(z,) o ) 2 0)

nwppbpwljpul  hwpwpbpnpyming: Gepwnptyny, np w(x}y € C*ag.wg + H], L
oquuwagnpotiiny [Ohyinph ghpndmpymbp hbpwmnipjwdp vunwimd bip

t—l(lL])’_ﬁ‘—) — gu"(xn +0h), <<l
1

hwjwuwpmppnilp (nbu 4.6.1 Gdidwgh waugnggp): LbepehlG hwjwuwpnipymGhg L
(7.3.11)-hg htwnbnw E, np n=0.1,...,.¥ — 1 wpdbptlph hwdwp

(e, =

U(.T".H ) - U(I‘n)
h

= flen,u{r,) + &, (7.3.12)
npunkbin
u’ (2, + 0h), 0<O<l: (7.3.13)

Ep =

b o

HhG Ghwnbny (7.3.12) hwuwuowpmpymGibpmd Oh) Jwdmpjwb ¢, wlnpuilbpp guhu

LGp

[} — Uy .
——“h—'— = flzatn), n=0.1....N—1; e =u (7.3.14)

hwyjwuwpnuiGiph hwdwlupgh Unzn fulinph v = {, 37 dnuwdgnp (niddwi npnydwa
hwiwp: Wyu dtiponp Yngdmad t Lybppr dapng: Uuwo vy = up-hg, v, ShompymGGtpp
hwonpnupwp gulynud GG puwn

Uit = U+ fla,v,), n=0.1.....1 N—1 (7.3.15)

pwlwdlh: Wyuwhuny, Ejtp)h dbpanp dhwpuy) pugwhwpnm dbpan b Qwdbdwnnipjuli
hwdwp, (7.3.12)-hg ntGLGp

W(Zps1) = w(zn) + b flan, u{z,)) + hen, n=0,1...,N-1: (7.3.16}
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g, Udonmpjmln (7.3.13)-hg Juljwlhblp (7.3.14) Stpnnh wlwupuligmpymé Jud
dnunupydwl ufpwpwlp: Vjwoh nGblwny ¢, = O(h) wnlynpnilp wumd GG, np
Eyeph dtupnnp mGh dounupydwl wnwopl uipg

Swlip bpbph otpnnh Bpypuywwlwl daliiwpwlmpniipn: Glpwnptlp, np 1z,
hwlgnygnud, npntig 0 € 7 < N — 1, dnnmwynp L Ggphn momiGtpp hwdptyGmad
L, wyuhlpl' v, = u(wx,): U ghwgpmd, hiyybu htwntow t (7.3.11) L (7.3.15) -hg,

Ungr = ulx,) + b f(2, w(z,)) = ulz,) + hd'(z,) (7.3.17)

Qudwdwyl (7.3.17) hwjwuwpmpjuG, v,-hg v,.; wignuip (Q(A?) Gunmpudp)
bplpwsupnphl wunlpdwo b GY. 7.3.0 -nud: {hphglhlp, np Gpk o -G Jnpunpnnp
ptipnipjwl wlilynbl t Ox wnwlgphl, wuyw tgan = u'(x,):

U

u(In+l)

Un+1

0 Y

LY. 7.3.1 Ejph dtpnnh pwyjip

GOy npmd, (7.3.15) L (7.3.16)-hg qwlnd bGp Gyqppw L dnnwdnp mdnudGhpp
wwpphpmp)nilp z,4 hwignygmd, wy £

U(Tpg1) — Ungr = hey

Ujuntinhg, hwyh wnbbting (7.3.13) -p, Junwwlp

I’U(.’L‘,,+1) - '“n+1‘ < ;2': h*, (7.3.18)
npnbn A, = max o’ (2)]: Uy dhdmpymGp, nubGu)ng

ry<r<eg+ I
() = flleow) + fLeou) f(xou)

hwjwuwpmpymp, Jupbh t qlwhwint) hinlgwy Yhpyy.

M, < max e u)| + LM

(ntu (7.1.12) L (7.1.15)): (7.3.18) gliwhwwmwljuth hhdwb Ypw wumy &G, np Eptiph
Utpnn) wénuypl upnwpultpp O(h?) Shompjni L:
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7.3.3 Ejbph dtpnnh quuquidhmmpmip
Vuwh b wnwe wupugmghip hhnbjw) odwlinul winmdp:

Luddw 7.3.1 : 2pgmp z = {2}, gulguplb pntGlyghwl wbuyhupl b, np
[2ng1] € (1 +hL)|zp| +RE. n=0,1..... N-1, (7.3.19)

ooty L >0 L E > 0 npny hwwnmunnmGGbp bG: Uyg pewypnid
E
. HLy . Lo 9y . By
lzll < €'zl + 5 (" = 1) - (7.3.20)

VivuGuwynpugbu, 6ph zy = 0, wuyw

E nu ) q
lIz]] < E(‘“ -1) : (7.3.21)
Uwwagnyg: bGuwiwjuywl n-h hufwp, npobn » = 1,2,..., N, hwonpnupwn
oguwgnpdtiny (7.3.19) wihwyjwuwpnipynGibpp, junwGwip

|2l € (1 + RL) |z | + hE < (1 + AL)[(1 + hL)|2o- 21+hE]+hE—-

(1+hL)?|zp_a| + 1+ (1 + AL)RE < -+ < (1 + ALYz + Z 1+ hL)F hE :
k=0

UjGnmhbwnl, E
[2a] < (14 RL)" 2| + 7 (1+hL)* - 1)

E
[[2]] € (1 + AL)N|z| + I ((1 +hL)N - 1) :
Ujuwntinhg, pwGh np

N

(1+hL)N = (1+ %5) < ML

(nb'u, ophGuwl, [45]), Yunwlwap (7.3.20) gGwhwumwlwbp, nph wyGhwjm hnbwbpl k
(7.3.21) giwhwwnwlwbp: O

Ujdd wliglblp wlihpwlwlnpbi Eybph dtpnnh vjuwwlph qlwhwnwljwihi:
Lhndmotilip

Zn = u(zy) —vn, n=01,...,N (7.3.22)
gulgujhG u/uwlwﬁpfz DmiGhghwd, npnbn w-0 Unpm puGnph dgqphm pmonudf £, huly
v = {v,}i -0 (7.3.14)-ny npnpynn dnnwynp momdp: z = {z,}Y, uuiwpipp

ibmﬁughm.m (7 3.4) Gnpup wpdbpp YuidwGkGp tybph dbpnnh ginpuy ufuwwbp:
Clnhwipwwbu, wbtwp L  wwppbpl] quopw) vhiwawlph  hbulgw)  bpym
pwnunph,ttpp.
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1) dmunwpydwl afuwpwipp, np6 wnwgwlmd b (7.3.1) nhpbiptiGghw) hwdwuwpmdp
(7.3.14) nnwppbpwlwt hwjwuwpnuilbnpny dimpuwphlbing wpnndipned,

2 npugdwl ufuwquGpllpp, opnlip wnwowlind GG f(z.u)  pmllhghwih
wpdbtplbph  hwpdwl( plpugpmd L pun (7.3.15) pwlwélbpph pwpwlwlwi
gnponnmp mbibph Junmwndwi dwdwbwly:

UtiGp YpGGwnykGp Yinpugiwb ufawpubpbhph wqnbgmpmp wybih mp, huly wyd
ghwhunntGp dhwil dnwwptiwl vluwpwbipny yupdwlwygnpywd gnpwy ufuwwbpn:
U Ybpy wuwd, Yhwdwpklp, np vpe wpdbpGhpp, nputn » = 0.1,..., N — 1,
huwpyynud GG puw (7.3.15) pwGwalbph Ggphin, wowg YinpuugnudGhph:

Grabiny (7.3.15),(7.3.16) L (7.3.22)-hg pninp n = 0. 1,..., N — 1 wpdbplbph hwdwp
qnklip

Zoa1 = 2o + B[ f (0 w(a)) = flan,en)] + hz,

hwjwuwpnmpymGlapp b, hwinywnwuhowwpun,
|2nt1] < [2a] + Al f (20 u(@n)) = (20, va)l + bl
wlihwjwuwpmpymGGtpp: dwdwdw)b (7.1.13) Lphyzhgh wuwydwip mGkGp
|flanulen)) = flan. v < Lz

Nuunp
lzns1] < (14 hL)|za| + hlen] :

WyGnthtinl, hwadh wnlbing (7.3.13) wpmwhwypnmpnilp £, wijuwwlygmpjuf
hundwpn, YumnmwGuip

[zn41| (14 AL)|zp|+hE, n=0.1,...,N -1, (7.3.23)
npunkn v
= 2 Af, = ax u . (7 3¢
E= 5 h W M, —moslr;n;}%mlu ()] : (7.3.24)

Fnwlnyg huy 2z vhuwpulph pmbyghwl pwjwpupnd £ 7.3.1 (Gddwgh wpgdwGGephG:
bul pwlh np 2z = 0, wwyw, hwdwdw)t (7.3.21) wihwjwuwpnpjuGp, Junwiwip
Ejitiph dtpnnh qinpwy ufuwwGph

A[g a9 o
Izl < 7" =1 h (7.3.25)

qliwmhwwnwlwbn: Wjuwhunyd, qunpwy vuwqpuGpp O(h) dhongpyniG £ Nwwnh wumd &G,
nn Ejbph deponG mGh wewohd rupgf Srpinmppml:

OphGwy 7.3.1 : UppwnkGp Ejbph dipnnp

u’=%(m—u), 0<zr<1, u0)=1
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Ynym fulinph pmodwt hwdwp: Wiy julnph §qnpin pedomdp w(z) = 3e7/2 + 7 — 2
dmGlghwi b dwdbdwinblp dnuowdnp momdlbpp A =0.5,0.25,0.125 L 0.0625
puyibph hwdwp: Lwpdwl wpygmbplbpp pbhpdwo G hbnbywp wynuuwlmay.

In i Gyqphwn !
h=057h=025]h=0125]h=00625] momd |
[0.000 [ 1.0000 | 1.0000 [ 1.0000 1.0000 | 1.0000000 |
0.125 | 0.9375 0.9404 | 0.9432392
0.250 | 0.8750 | 0.8867 0.8922 | 0.8974907 |
(0375 ; 0.8469 08547 [0.8620873
| 0.500 [ 0.7500 | 0.7969 0.8174 0.8271 | 0.8364023
0.625 ? 0.7976 0.8089 | 0.8198469
0.750 0.7598 0.7868 0.7996 | 0.8118678
0.875 0.7845 0.7985 | 0.8119456 |
1.000 | 0.6875 | 0.7585 0.7902 0.8051 10.8195920

hGywhu wkulinud blp, pwjth thnppwgiwd hbm dihnbn GyunipymG6 wand t: &

Qbwnwgnublp wydd Ynpugdwl vfuwpulplGtph wqnbhgmpymip qnpw| ufuwqwGph
Ypw: Gapwnpklp, np (7.3.15) pwlwdlh we dwuh hwpyiwl dwiwlwly pmy £ wopymd
hGs-np 6, ufuwplp: pwbng huy Yruwmnphl hwpgwo v,y SonmwpymiGhph hwdwp
nilkGp

Ungr = Un + b f(Zhovn) + 0n, n=01....N—-1:

Ujn nbwypnud (7.3.22) vhuwpubph $niiyghwjh hwdwp inbinh nGhG
Zup1 = Zn + R, ul,) — flza,v)] + he, — 6, (7.3.26)

hujwuwnmpynuGhpp, npmbn 7 = 0,1.....N — 1: GGpunptlp, np Ynpugdwl
ufuwpuGplbipp pugupdwly wpdhpny 3hb qghpuqubgmu ply-np A, wjuhGpl

IGa €A, n=0,1,....N~1:

Gl (7.3.26)-hg U ypyGhind  Jtpp  pbpywd  guunnmpmGGhpp  (7.3.23)
wihwjwuwpmpnGltph thnfuwepbl Jumwiwip

A A
[Zna1| (14 hL)|zp| + 1 (E+ 7;) , n=01....N-1

wihwdwuwnpmpymGibpp, npubn £ dtompynilp npnpgwo & (7.3.24)-mud: Yylinthtinl
Yhpwntyny 7.3.1 jkidw 6 YuinuGwip

HE _ 1 /AL A
¢ m("% + )sgm) (7.3.27)

Al € ==~ -
1211 < L 2 h
glwhuwwmuljubp:
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Wyuwhuny, Lytph dtpnnh ¢(k) quopwy uluwpulpp hp ok Ghpwunmd b bpym
punwnnhy. dnnwpliwl vuwputpny yupdwiwynpjwd ¢ A I2h ]2 wbpnnp ufuwpulpp
Ynpwgiwl ufuwpubpitph Ynunwlmdihg wnwpwgwd o Ajh hupdnipalpal sfuwpalpp
(wjunbin ¢ = (et — 1)/L): Cliy npmd, h pwyh thnppugdwG htun dtnbn dtpnnp
vjuwpwlpp qonplib Gugmd b, vwhuyl wénd b hwydnnuijwl vfuwputpp: Wu
ppwypdwlyp gnubhynphl wwnfbpdws b GY.7.3.2-md: <wdwldw Gplnyph bln
wn(yty tlp 4.6 wwpwgpnuwpmd pwghl nhplipklgiwb pwlwalbpp ghuwpybjho:

Y

h

0 ho

LY. 7.3.2 Qqnpwy ufuwpubph Juppp Ejbph dtpnnnud

Adqup st vnwlwg wpmwhwywmnpmG kg owwhidw] puyh hwdwp, nph hypnid
(7.3.27) wihwyjwuwpnpjul we dwup pinnudmd L dinppugm)G wpdbpp’
s
W= 1—
v v ;‘13
UhwduniwGuwy GytGp, np gnpdGwlubnptl yh hwonnynud unwlwy owwpiwyg pwjih
wpdbipp: Uwlw)l oquwgnpaynn puiip, npuhiu opkilp, wijih dbo L, pwl pb fe-G L
hpiGuljuG Gipnpnid ginpwy ufuwpulph g6 Juwnwpmd Ednuuplpdwd upuwjuGpp
(dwiwGwlwlhg hwiwywpghyGbhpny hwpqupytihu A dednpynilp wwn dinpp ).

7.4 Ejtiph wipwgwhwjm dtpnnp
Ujuinbn dhtip YnpuniwnpybGp (7.3.1),(7.3.2) Unpm fulinph modwl Enbiph dbpngh dby
Ybpwipimfuned: MGGGuwny

ul(:rn+l) = f(fr‘rwl-, “(Iru.-l)) (T4.1)

hwywuwpnipinmGp’ hnfuwphGllp o (2,4,) wowlgpup dwiuwinnijui wwppbpuluh
wowlgyuny (nbu (4.6.2)): 06y npnud, bph w(x) € CHag. xo + 1], wuyw

W (2ar) = “(I"“)h" wan) (7.1.2)
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npwnhn
It
Ens1 = «-25 W (Tyey — BR),  0<B<1: D (7.43)

(7.4.1) L (7.4.2)-hg htanbnud £, np pnpnp 7 =0,1,.. -, N — 1 wnpdtpGtph hwdwp

u(dn 0 ) — ”(4’771)

h

QLG Ghnbny (7.4.4) hwjwuwpmpymGGpnud O(R) dkdnippul £, 4, wlinuadGtpp
unwnud Gap

= f(@ner u{Tns)) +Eaen (7.1.1)

Ung1 — Un

’ = f{Tus1:Uns1), n=0.1,....N =1 v =1u (7.4.5)

hwywuwpnipymGatph hwdwljwpgp (7.3.1).(7.3.2) fulnph v = {e,}_, dnuunjnp
iovwl npnpdwé hwdwnp: Gju dkepnnp Ynpdnud © Lylpf wiipwgiuepn Wlipng, pwlh
np 2,41 wlhwynp quibpne hwiwp wwhwGgynud ©nidky

Une1 = Un + b f (g1, Uast) (7.4.6)

hwuuwpmdp, npG pGghwGnip ghypmd ny qowhG & Undnpuipwp wn Guywunulih
hwdwp ogunwgnpdynid bl hwbpwghnG dbpnnltp: Cln npod, plghwGngn upuwwOph
gy YuwGh Gwl ppwywbepbl hwywd v, wpdph vfuwwlpp: fhuwmp (7.4.5)
Ejtph wipwgwhwpe shpagh Yhpwnnuip ywhwlemd b (7.3.14) pwgwhwjn dpnnh
hwibdwunnpyueip wybih 2w hwyynquiwi wyfuwnwip: Uwlugb, jGwjwe npud,
(7.4.5) vbpnnp qwjlnpbl Yhpwndnud b hwpdwplylbpnud, pwlh np npnz fulinhpttiph
hwiwp wji mGh twhwli wnulbnpmi pwgwhwjpn dipnnh hwibiwwnnipjwdp
hwyynnulwb ppwgph Jwjmbnpjwl wnkuwlbuthg (nbu 7.9 ywnpwgnudp):

blswbu L Eptiph (7.3.14) pwgwhwjn dkpnnmd, wijwlbip <4 dtioniplip
(7.4.3)-hg (7.4.5) Stpnnh wllwupulgmpmb Yl dnuwplpdwl ufowplp: Cin npnud,
pwlip np ey = O(R), wundi GG, np SkpnnQ mGh drunupydwl wmughl fuipg :

Q.Guwhwwntlp wydd dnnwpyiw6 sfuwjwipny wwjdwbwynpjus dkpnnf ginpw
ufuwwbpp: UkGpwnptiGp, np v, dnnunp modwl wpdtplitipp npnpymd b6 (7.4.6)
hwijwuwpnuihg 62qphwn, wnwiig Yinpuwgmdtbph:

SGhunwpyhbp

=ulr,)—v,. n=01...N (7.4.7)

qulguiyhG wpuuyuwlph pmbighwé: (7.4.4),(7.4.6) L (7.4.7) -hg nGhGp

Zn+l = Zn + h[f(xn+l~ u(:c,,+1)) - f(xn+]:'vn+l)] + h5n+l

hwywuwpmpniG6pp pnpnp 7 = 0,1,..., N — 1 wpdtpGtiph hwdwp: Wjuntnhg
htimlmy GG

|2n1| < lza] + "llf(rn+1au(4l’n+l)) — flxns1. Uns1)} + hleng]
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wlhwwuwpmpimiGtpp: {wiwdw)l Lhuphgh (7.1.13) wwydwGh’
|f(1'n+l»“($n+l)) - f(fl‘"“, 'Un+1).l <L 53:¢+1E :

Wjuwhuny,
|3u+11 < }3"[ + hL]Z,,,_+1l + hlfu-Hl : (748)

YGhwdwptbp, np gwlgh A pujp pudwlwGha thnpp E: Fhgnp, npopwyhnipjul hwdwp,
h < 1/2L: Ujn nhypmyd

1 1
— > Z — < hL :
1 hL*2 L l_hL_l+21L

Oqultiny wjn wihwjwuwpmpimlGbphg (7.4.8) -hg hwenpnwpwp unwinud Llp
(1= hL)|zawi] < |znl + Alenail,

1 h
“n < <n n+ils
| +l| 1thl l+1_hLIE +ll

|zns1] < (1 +2hL)[2n] + 2hleni]

Wyuntinhg, hwydh welbny (7.4.3) wpnwhwjnmppnlp g4 wijuuwygmpjul
hwiwp, gunlimyd bip

|zns1] < (A +20L)|z,| +hE, n=0.1,....N -1 (7.4.9)

wlhwjuuwpmpenilitpp, npunbn

E = Myh (1\‘12 = max ]u”(:c)]) : (7.4.10)
zo<ao<zg+H

Qpwliny huly 2 uppwwlph $mbayghwl pwwpwpmd b 7.3.1 (bddwgh wwpdwiGbph:

Luwlip np zp =0, wwyw huwiwdw)G (7.3.21) wihwjwuwnpnipjul’ uwnwn Glp

M,

Il < 5

(et —1)n (7.4.11)
qGuwhwunwlwip: Wyuoyhuny, Epbph wipwgwhwjwm depnnl nGh drumpjul wnughl
quipg:

Vwulwynpuwtu, (7.4.9) L (7.4.10) -hg htnbinud £, np £y 6ph wipwguhwjn dtipnnh
wbnuyhl spowputpp O(h?) Shomp)mGa

Jdbpenud GytGp, np Ejitph pwgwhwjn b wlpwgwhwpn dbpnnitpp Yupnn GG
wpunwdyti] Gub pywjhG pGnbkgpiwl pubwdbktphg: hpnp,

Tyl

U(Tnyt) = u(zn) + / f(z,u(z)) dx

T
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wliibwyn hwwuwnpnipywl we Jwuh hGnbgpuip Gumdwdp Yhpwnting (6.2.2) dwfu
manublymGGtph pwlwdlp, junwiwlp

u(.r:n+1) = u{x,) + h fa,, u(-fn))

dnunwynnp hwyjwuwpmpnilip, nphy £p hbnlnd © Epbiph depnnh (7.3.15) hw2dwplwiha
pwlwdlp: bul] &pb hGubgpunh GQuwwndwdp Ghpweblp (6.2.3) we mnnullymltph
pwlwdlp, wyw Junwlwlp

?1,(;1’,‘,14.1) = ?i(ﬂ'n) +h f{fn-ﬁl: u(xn-i»l))s

npunbknhg quihu GGp (7.4.5) Lybph wipwgwhwjn dtpnnh:

7.5 Ejnbtph yipwhwyydwb dtpnnitp

Brumpjul wnwehl Ywpg nilbgnn Eptph dhpnnp qnunun b gniqudhnnd: Uwlwyb
Ukpnnh gniquiphumpul wpugnipymGp Yupbh b pupdpugibg ]uuzqnnuluum ufutiiwjh
npny pupnugdwbl hwpyh:

Cwpunphlp wjuwybu Ynpwd Eybph fbmuehwpdint depngp: dwiwdwyG wjn
ibkpnnh’ v, -h hwpduinyp hpwwlugynd £ pyme ingny: Uyqphg guiymid t

Tp = Uy + Qb f(z,, Un) (7.5.1)
dhowlljwy wpdtpp, npintin @ > 0 (thwuwnnpbl qw Ejbph dtpnnl £ ol pugny):
UWiGnhtwb hwpddmad £ v, ; wpdtpp pun

V1 =0, + 0 [(1 =) flz,.v0) + o flr, + ah,v,)] (7.5.2)
puwlwdbh, nputn o > 0: Unnwputiiny &, -p (7.5.1) b (7.5.2) -hg, umwlwip hhinlguy
dkpnnp.

%ﬁ = (1=0)f(zn, tn) + o f (20 + al v, + ah f(r,.vn)) . (7.5.3)
n=01,....N—1: v=uy:

Uliqphg pGGwplklp dtpnph dnunwpyiwl ufpwpwlph hwpgp b gpw hbn Juygwd

a b o wwpwitwpGhph pGuopmpmbp: Hhgmp w(c) € Cao, xo + H]: Qphlp

wnunwhwjnnpynil Skpah whwapwligmpjul Yl dnunupydwd afuwpwlpf hwdwp,

u(:rm)h— u(zy) (1-

En =

o) f(zn, w(zs)) — o f(xn + ahou(z,) + ahf(r,, u(r,))),

(7.5.4)
npntin 0 <n < N —1: Oquytyny @bynph Jtpnonpmihg mGhGp

U(Tyq1) — w(an)

!
A =u'(z,)+ i

2

;2
'(:Cn) + '[l),_ 'Um(;lfn + H]h) s 0 < 9] <1:
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Ujn niwpnud (7.5.4) -hg, pwiih np u'(z,) = f(z,.u(z,)), Junwiwip

h ,
=g w(xn) + o [ (xn) — flon + ah,u(r,) + ahu'(z:))] + p . (7.5.5)

npubin g, WkonpymGp qwhwnynud t htnlgwy Yhpy.

M.
lital < i()_dhz My=  max  [u"(2)] - (75.6)

Tp<eSao+H

Juwthnfutibp (7.5.5) wpnwhwjnmpjmlp &, wijuwyuygmpjwi hwiwp gptiny wyl

h
e = Hu u(zn) + ol (2,) — flrn + ahou(c,) + ahi(z,))+
f(zn + ah, u(zn + ah)) — v/ (2, + ah)] + pn
wthiupny: Lhpdmotlip hbwnlywy GwlwynaiGhpp.

Vn = f(Tn + ah o w(z, + ah)) — f(rn + ah,u(2,) + aha'(x,)) (7.5.

ot
-~
~——

U phiwypmud

h
Ep = 3 w'(2,) + o [u'(z,) — W' (@, + ¢h)) + p, + oW - (7.5.8)
Cwpnilwytilp dLwhinfumpmGGhpp: Q-phlp

0,2} 2
(2, + ah) = u'(x,) + oha” (2,) + ——Qﬂz_ W (i, + Ok, 0< 8, <1

©tyinpp JppniompymGp: Uyuinbnhg
U (xy) — W (20 + ah) = —ahu"(z,) + py (7.5.9)
npntin g, dhonpjul qGuwhwmwlubp hbwbpuyG t.
M. )
|on] < 7“03211.“ : (7.5.10)

Ujuwhuny, (7.5.8) L (7.5.9) -hg uunwGwiGp

1
En = (5 - (1‘0') ha (@) + pn + 0(1n + pu) (7.5.11)

Utip wpntl gqGwhwwnty GGp 4, L p, dhompymGGhpp (wbu (7.5.6) L (7.5.10)
giwhwwnwlwbibpp): UGwgk) b ghwhunnby v, ubmnmmﬁu (7.5.7)-hg: Lhwphgh (7.1.13)
wpiwbh 2Gnphphy mGhGp’

|un} < Llu(zn + ah) — u(z,) — ahv'(x,)] -
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‘Lnphg oguigtlip (Otiynph yhpmonpnihg.
alh?
u(, + ah) = u(w,) + ahd (a,) + - 5

uu(wn + H.‘;(Yll) y 0< 63 <1:

Yuuwlwip

a’h?, My= max |u(2)} : (7.5.12)

zo<r<og+11

Wyuwhuny, (7.5.11) L (7.5.6),(7.5.10),(7.5.12) -hg quGmu LGp, np

1 2
En = (2 - aa) hu"(x,) + O(h?) : (7.5.13)
Uytih 6hyw’
M v ,
len| < ’(% - aa) " (z)| + (f n %3 (LM, + M3)> B ©(7.5.14)

(7.5.13)-hg httmlmd t, np &, wlwuwlygmpymlbnp Yhth h-p GYundwdp Gpypnpn

Yupgh dtomp)niG, tiph
1

ao =g (7.5.15)
L6n npnuy, hwidwdwyb (7.5.14) -h
cal € Cla)h?, (7.5.16)
npunbin
Cla) = f‘fé:i + ‘i (LM, + M) - (7.5.17)

Ujuhbpl, (7.5.3) dtpnnp (7.5.15) wwydwiny dmnwpydwl Bnipnpn upgh Sienn b
Opubu o b o wwpwitkwptph dhet (7.5.15) wnGynippuG wpnynilp vnwimy Lip,
np (7.5.3) dtpnnh wbnupl ufuwpwipp O(R?) Shdmpymd t: bpnp, (7.5.4)-hg mGhdp

U(.’If-,H.l) = u(fl'n) + h[(l - U)f(-rn; u(:cn))-i-

of(x, + ah,u(z,) + ah f(zn, u(z,)))] + hen (7.5-18)
Glpwnptlp, np v, = u(z,): Uy nhiypm (7.5.3) L (7.5.18) -hg hkunbmud &, np
w(tpgy) = Upgy = he, -
Ujuintinhg, (7.5.16) qGwhwwmwlwh 2Gnphhy
[t(Tns1) = vnsr] < Cla) b (7.5.19)

Wuyhuny, (7.5.3) Ejbtph ghpwhwygdwG dbpnnp (7.5.15) jpugmghy wwjiwiing
hptiGhg Guplwywglmd b dmnwpydwl - Gpgpnpny  Jupgh pugwhwpn  StpnnGhph
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dhwuwwpwdtinp plonwbhp: LLGp Gwl, np (7.5.3) dbpnnp Wwwnwbnd Y wpbnpl,mnnp-
gnnGlmnp whwh dbpnnltph nuupl: Utpnnh jmpupwlymp pwyp plngpymd b hp
dbe bpynt thmy Gwh hwpdupy gun (7.5.1) pwGwdlh, npp nwhu b ouygplwlwb
dnunwynpmpymG  (wpbpghplunmn, wjmhbnl’ v,y wpdbph Gyqpuinidp pun (7.5.2)
pwlwdlp (ynanbljuann):

GnpdGuwlwlnud wiklhg hwtwp ogunugnpmd GG htwbjuy Gplpm dwulungnp
ntwpbipp:

e AnjOh dbpnnp (=1, 0 =10.5)

Uny1 — Up 1 . .
—ee—— = — | f(@p, Un) + flTpg1. v + Rf (20, 00))]
ot = 5 ) + (s v + B (@0, 20) 7520)
n=01,...,N—-1; wvy=wuyg :
Utipnnh puwjip hpwhwGwgynud t htinbywy vhubidwiny.
efi =v, + hf("[iu Un) (lqﬂbl]ﬁl[h’?nﬂ) . (7521)
h . . _
Unsl = Up + 3 [f (zn: vn) + f(xne1, Tn)] (Yynnklunpy) (7.5.22)

Gpypwswhnpbl v,4q b wnwgnudp (O(A?) Gumpjuwip) wwnhtipwo £ QY. 7.5.1 -nu:
Rln npnud, hGaubu dhpw, GGpunpnud b, np v, = u(z,): Opybu pugunpmpimi
GywphG G2tGp, np tgy = (tga +tgJ)/2, nputin tga = u/'(1,) b tg3 = u'(wpp):

L e u(z)

1

Uy = w(Xp) b------ AN .

¢
¢
+
[
+

0 In Ln+1
LY. 7.5.1 <njGp dtpnnh pwjn
e Uhohl ytwnh dtpnnp (a=0.5,0=1)

v — ' h,
Ynkl “Un f (x,, + -’-,fu,,_ + 51 f(rn,vn)) ,



Ujunti v, -hg v,4; wlignuip Junwmmyd t hbnlgw vubdwgng.
h
Ty = U, + 5 Sl ) (wnpbnhlypunngm) (7.5.24)

h
Upgl = Un + hf (;L‘n + —é, vn) (Ynnblunp) - (7.5.25)

Utipngh bpypuwywihwlwl diyGuwpwlnpnilp (O(03) dzmAmprdp) wyuwwitpquo t
GY.7.5.2-mu: Uyunbn tgy = u'(7, + 4):

ut

R ¢

0 I, Ty + 3 Ll

LY. 7.5.2 UhohG Yawh dtpnnh pwjp
OphGuwl 7.5.1 : FGhnwpyblp

’

1
u (x—u). 0<r<1, w(0)=1

T2
Unpm fuGnhpp, nph 62gphn mOnWiG £ u(z) = 3e™™2 + 0 —2 pniliighwb: LwdbumtiGp
Ejlbph, <njlh L hohG Ylnh dhpnnlbpny unwgywd dnuwynp mondGbpp (gutgh
pujl & A =0.125): Qwaqwpyltiph wpymGpGhpp wipdwd Gl htnlgw) wnyniuwlng.

x, | Entph | <nyGp | dhopG Ytwh | 6rqphin

utipnn | dkpnn utipnn mond

[0.000 | 1.0000 [ 1.0000 | 1.0000 | 1.0000000
1 0.125[0.9375[0.9434 [ 0.9434 | 0.9432392
0.250 | 0.8867 [ 0.8977 0.8977 0.8974907
1 0.375 ] 0.8469 | 0.8624 | 0.8624 | 0.8620873
10.500 [ 0.8174 [ 0.8368 | 0.8368 | 0.8364023
0.625]0.7976 | 0.8203 |  0.8203 | 0.8198469
10.750 | 0.7868 | 0.8124 0.8124 | 0.8118678
1 0.875 [ 0.7845 [ 0.8125 | 0.8125 | 0.8119456
- 1.000 | 0.7902 | 0.820:

0.8202 0.8202 0.8195920 |




hliyybu wmbtulmyd GGp, <njlih L dhohl Ytinh dupnnllpp wwhu Gl wyth 6gphn
wpiymGpltp’ Lybph depnnh hwibdwnmpyudp: &

Ujdd hwdwnnmwiyh pGGupyslp dnnwplpdud vfuwpubpny  ywpdwlwynpuwd
Ejkph ybpwhwygdwl dbpnnh guopwy ufuwqwlpp: “Ghgnip = = {2}, npubn
zn = ulzn) — v, gwlguyhl wfuwpwlph pmiGhgfuu E: Epkph dhpngh hwdwp
(hGywbu pwgwhwjm, w)lutiu tp wipwgwbhwpm) dklp wwpgky bhp, np & unnipjulb
qupgp hwdipGyimd £ dnnwpyiwb Yupgh hbu: LdwG hwdwywinwofuwGngpymin
wwhwwiymd t Guwb Epbph dhpwhwpfdwi dbpnnned: (7.3.25) glwhwmwljwGhi
plipnn gumngoipymG6hph ogGmpjudp nddup st gnyg wwy, np =l = O
Uwulwynpuybu, (7.5.20) <njGh dhpnnh hwawp U (7.5.23) dhohl Yhwh dbpnnh hudwp
Ghyw t o

o 5 :
|’3” < L(l T_ O%B ((’,”'(Hﬂ”m/‘) - 1) h? (7.5.20)
qGwhwwwwbp, npntn Cla) dedmpymGp hwydynd £ (7.5.17) pwlwalng (o = 1
(7.5.20) dtpnnh hwdwp L o = 0.5 (7.5.23) dtpnnh hwdwp): ©@nnlmd kip (7.5.26)
qwhwunuljwlh wpmwodnuip ppbhpgnnhi npyhu qupdnipynG:

Uhponmd GphGp, np 4njGh L dhohG Ybwh dbpnnltipp Yupbiph b unwluy pwjhG

hGwmbgpiwl pwlwdltiph dhongny: Yhpwneking

Tatt

w(@,p1) = wlx,) + / fle ule)) do

Iy

hwjwuwpnipjul we dwuh hwnbigpuighG (6.2.32) utinuGGhnp puGwdalkp’ junwGwbp

h
wW{Tnyy) = u(z,) + 3 [f(zp () + flangn u(zna))]
dnnwynp hwjwuwpmp)niGp: Pnfuwphlbip we Jwuntd  w(w,, ) -p Gpw dnnwynp
wndbpny.
W) = ule,) + hf(2,, wle,)) :

Qpuwfling huly quthu BGp <ny6h dtpnnh (7.5.21),(7.5.22) hwydwplughl puGwabbph: hay
tipt hGutigpuh0 Yhpwntklp dhohl ninnulymGitph putwdly, www junwbGwip

/ h
w(Tpsr) = ule,) +hf | on+ 2 £, + n :
2 2
Ujuinbnhg, bpt w(z, + g)—n thnfuwphGblip Gpuw dnunwydnp wpdtipny, wyl £
h h .
1 (.un + 5) ~ ulay,) + 5 Sy, ulay,)) .
wupe JuumuGwlp Shehl Ytanp (7.5.24),(7.5.25) hwywplughl puGwdlbpp:
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7.6 [rnilqti-Gmuunwjh dtpnnp

SGhunwpyklp (7.3.1),(7.3.2) Ungmt fulnpp (nuodwl wnwybyp gnpowdbh dkpnilitiphg
dtyp, npp hwpnGh b npwbu MAmbgb-Gmuawgh depng: Ujn dbpanp gpymd b htnlguy
Ytipw.

Un+t — Un E[A(" + 2k 2k R (7.6.1)
h 6
=0,1,...,N—-1; v9=up.
npwntin
HY = flaa. ).
kY = f(x,,+." Un +'—‘k§ )) .
(7.6.2)
k;(‘}”) = f(rn +— Un+ " ’\z ) )

Y = f(@ns,vn + hEY)

hGywhbu wbumd bp, OmGgb-Ununwgh dbkpnnp dhwpw) pwgwhuwjn dhkpnn b
Unwnwynp mddwd wpdtplhpp hwydynud &G hwonppwpup, uljuwd ve = ug-hg, pun
hbwnljw) pwGudlh.

h 7 n n n v
vn+1=vn+g[k( Dokl ookl 4kl ’] . on=01,... ,N—-1: (7.6.3)

Omiigh-Ununwgh  dtpnp mGh  dowwpidwd soppopn Quwpg: “YhunwphbGp
wpnwhwjnnipym G Sapanh wllwupuwlgmpuli Wwy dnunwpldwl afuwpawGph hwdwn.

n )~ Lopp 1 7 (n 1{n T(n r(n s
. *‘)} ulTn) _ . (B 26" + 27 + EV] L n= 0.1 N 1. (T.6.4)
1

npunbn

icg-n) = f(z,, u(fEn)) s
Vo= (xn + 2 u(z,) + 4 ,;(n))

R (7.6.5)
BY = (wn+ ule) + 2RV
K = f(@nanulza) + hEY)
Gwnphith b gnuyg wmwy, np bpl u(z) € C?lzg, 7y + H], wyuw
len] < Crich*, n=0,1,...,N -1, (7.6.6)

npnbin Crg -6 npuljul hwununnG t: Uu gGwhwunwlwih wpnwdomdp puduljwGh
owywm b, muwnhp dkGp w)l wyunmbn skGp pbph (nb'u, oppGuy, [4],[27],[34)):

Nnlgb-Ununwh  Stpnnh wbguypld  ufuwpubpp O(h®)  hompyniG b bhpnp,
(7.6.4) -hg niGLGp

h 7 (n rin 7.(n Tin
w(n) = ulea) + [k + 265" + 25" + k7] + he, (7.6.7)
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Gph LGpwnpbGp, np z, hwlgnygmy, npntnp 0 < n < NV — 1, dninwydnp b G2qphwin
monuithpp hwdplyinad GG, wyw (7.6.3) L (7.6.7) -hg Junwlwlp

'll,(.l',1+1) —Up+1 = h Ep b
Ujuuntinhg, hwyyh wnitny (7.6.6) gGwhwwnwlwip, nlbip
l“(*’puﬂ.) - 'Un+1| < CRI\'hs : (7()8)

Wdd wGgGhGp dnuwpliwb ujpwpuGpny wwjdwlunnpjude  nlGgb-bUnunwgh
dbpnnh qnpwy ufuwjwiph gGwhunndwip: Lhpdnwoblp = = {z,}.,, npubn 2z, =
w(rn) = vn, gulguhG ufuwjwlph pmlhghuw: blywhu hnlimad L (7.6.3) L (7.6.7) -hg,
pynp n=0,1,..., N — 1 wpdtpGtph hwdwp 6hawn LG

il < ol + = [W KL+ 2087 — kS 20k = R+ (R = Y]+ Bl
(7.6.9)
wihwdwuwpnipmiGitppn:  ikGuwny  (7.6.2) b (7.6.5)  wpnwhwymnpymGltpn
hwiwwwnwupwiwpup & U &Y dhdmpymGiph hwdwp W ogunfting (7.1.13)
Lhuphgh wwpdwihg' ndqun st unww) hinbjw) gGwhunwluiGhpp.

-~ )
Ikgn) — Iig | S L]zuI$

, hL
kS — k5| < L(1+ '2)I~nl-
~ /L hLy (7.6.10)
k(n) (") < Ll1+" — ‘:.’,,
|k l + 4 '

(hL)* | (hL)*

2) +T i3n|:

i — k) < L(1+lL+

W)Gnthtanly, (7.6.9) L (7.6.10) -hg htnlmu t
Fzasi] € (1+ hQ(R))]2a] + hle,]

wlhwywuwpnipiniln, npunbin

hL)? hL)?

b ytipen, hwyyh wnltny (7.6.6) qGwhwuwlubp, junwbwip
lzns1] < (14 hQ(R))| 2| + hCrxh*. m=0.1,....N -1

wlihwuuwpmpymGGipp: GSpwlng puy 2z vhiwqubph pmbGhghwt pujwpwupmd t
7.3.1 pidw)h  wuwpdwGGhppG: RwbGh np 2 = 0, wwyw hwiwdw)b (7.3.21)
wihwywuwnpnippul’ unmwlGwbp

lI2]| < ccgz?/?) ("™ — 1) b* (7.6.12)
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qbwhwwnwlwlp, npntin Crg -6 hwunwnnt t (7.6.6)-hg, huy Q(k) Shompymip
npiywd k(7.6.11) -nud (GpbGp. np Q(h) — L tpp A — 0): Uyuwhuny, Mnlgb-Ununwgh
Gbpnnh mGh gnppnpn Jwpgh Srmmprud:

OphGiwy 7.6.1 : Uppwnklp MNniGghk-Ununwyh Shpnnp
=-(z—u)y, 0<z<1, u®)=1

Unpm fulnph modwl hwdwp: Gnyph §qphw monuiG £t w(z) = 3e /2 + 1 — 2
Pnlyghwb: Unnple pipdwo wyniuulmd mpwo 66 2 = 0.125 pwjinyd umwpwdy
hwyuplitph wpiynilpGhpp: Qwibiwwmpjuwi hwihup wpws G Gwl <njth L Shohl
Ytwh dbpnnltpny vnwgyud wdjultpp:

x, | <mybh | dhohl Yhwnh | kmbgk-Unununh | 62qphwn

thpnn dibpnn dblipnn momd
0.000 | 1.0000 1.0000 1.0000000 [ 1.0000000
0.125 | 0.9434 0.9434 0.9432392 0.9432392
170.250 | 0.8977 0.8977 0.8974907 0.8974907
0.375 | 0.8624 0.8624 0.8620874 0.8620873
0.500 | 0.8368 0.8368 0.8364024 0.8364023 |
1 0.625 | 0.8203 0.8203 0.8198470 0.8198469
0.750 | 0.8124 0.8124 0.8118679 0.8118678
0.875 1 0.8125 0.8125 0.8119457 0.8119456
1.000 | 0.8202 0.8202 0.819592] 0.8195920

Ujuyhuny, mGgb-Ununwih dkpnnp wwiho b pwgwluwGhG puy dnnwpynud uGnpp
G2qnun mddwln: &

Ukppmd G2blp Ywwp OmGgb-Ununwgh dkpngh b UhdwunGh punwynuwgiwi
pwlwdlp dhol: Yhpwnbiny

Thn+1

U(Tna) = ulxy,) + / flr u(z))dr

In

hwjwuwpnipjwl wy Swuh hlnbgpuhb (6.3.3) UptwunGh pwGwdélbp GunwbGmtp

h ,
wWTny1) = ulr,) + 5 [f(w".u(:un)) +4f (J",,, + }EL u (:1:,, + g)) + [{anpr, u(zy 1))

Unnwydnp  hwjwuwpmpymbp: Qwdwéwyl  (7.6.5)-md  dngwd  GuGwymsGhpp
f(zau(z,)) = k" : Ujtinthtunl, ny pupn nwwnnnmpjmGGuph Shengny Yuptiih b gnijg
uwy, np

h h =
if (r P (I ; 5)) 2R 4 R), f(@nens wlne)) ~ R
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UjuhlipG, }
ul@a) & ulr) + 5 (4 2K 200 + ]

npntinhg ty htwloud & [hnﬁqhhmmtuh ubpnnp:

7.7 0Nmbqbh YuGnGp L &pqpunud puwn [FhywpnunGh

UmyG qifuh Gwhnpn  wwpugpudlhipmd  dhGp  ahnwpyby Glp Ynpne fulnph
ovwG Shwpw)y ShpnnGhpp. Ejtpp dbpnnp (pugwhwjn b wipwgwhwjwm), Ejtph
gtipwhwyqiwb depnnp U Nmbgt-Uniumwgh dkpnnp: Bninp depnnlbph hwdwp wamugly
wip hGywbu wnbnuypl, wylwbu b gnpwl vluwjulpph gGwhwwnwlywip: Uwluw)a
(7.3.25),(7.4.11),(7.5.26) k (7.6.12) qlwhwwmwlwiitph gnpdlwlwl oguwgnpomuip
uwywd t npny nddupnipyniGitph htn L, npugtiu opbilip, hGwpwynp sk Pwgh wy,
YupeGuwlywl wprymbGph ypw npnpwih wgntigmpmt GG gnponud Gub Jinpugdwl
ujuwwGpGhpp: Nuunh, Guplnp GputGwlnpmni G0 vnwingd ufuuqutph gGwhwntiwb
w)) bnwGuylbp, npnGp gk wwhwlemd hGywbtu wbuwywl hwyqupupnipinGabp,
wjliybu b hwyynquywG dwhiubkph twlwl wybpugnd: Wnuhuh tnuiwyphg t
Ambgkp LwGndp, npp hpipnd pGhwo b yphGwhh Jspwhwzdunplyph qunuirwpp:
hptigltlp, np wyn YuGnGh htwn dGGp wpnblG wnGyly &Gp 6.4 wwpugpul l)mli
punwynuwgdwl pwlwabbph ujuwpubpp ghwhwwnbijhu:

7.7.1 (mlgbh Jubnlp
Glpwnptilp, np
u'(z) = fle,uw), 2o<a<a+H: ulx) = (7.7.1)

unymt fuGnpp pYwyhlG mddwl hwdwp oqumuwgnpodnd b p g Gupgh drnmppul
dhwpwy dkpnnp, npntn p > 1: hgnip hwpdwpylitpp yunwpdnd &6 A = H/N
pwjiny

M =254+ nh, n=01,....N (7.7.2)

gulgh Yypw L v = {pMIV_ " Snnwgnp (ndmdl t: Ubp Ynndhg nhuwplwd panp
dtipnnGhph hwdwp Yuptih b Ghuwnb) hbulgw) ophGugushnepymlp. dbpagft apumppulb
Gwnpgp vEGny gwop b ownbnughl ufuwpelph Gupghg: dpimompjwG wwpqmpjul
hwiwp YaGpunpblp, np wikl dh pwynud Juuwwpyny upuwpuapp dnnwynpuiugbiu
(nyGG t L hwyjuwuwnp £ CAPHY npntin C-G hGy-np ng gqpnjuiljud hwuwannd b Uy

nbwypnd :1:5{21 hwGqniygnid ufuwwbph hwidwp, npby 0 <7 < N — 1, mGtip

2 = u(@) - el = (n+ DOR (7.7.3)
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Gpynt wlguwd tinppugGhlp gulgh pwyp’ Ytpglbnyg wjl hwwuwp h/2-h: ‘unp
dwlpwgywo guligh

J”h_r+kﬁ k=0.1,...,2N (7.7.4)
hwlignjgGhpp Ghpwnnud &G (7.7.2) gwbgh pninp hwgnyygGhpp, wyl £

A = 2,

n=01. N (7.7.5)
(wtu GY.7.7.1): Fhgmp v = {1“'/2)} " (7.7.1) pulnph GnyG Shpnpny unwgywd

dnunwynp pmomdd t (7.7.4) gulgh Qntu: JuwdwlwbnpklG (7.7.3)-hd, T(;{,/]i};)
hwignygmd, spuntin 0 <n < N — 1, mGhlp

: R\Y'!
hi2y h/2) h/2) . X =
2 u(a (2{r1+l)) ”E\I/ﬁ)x) 2(n + I)C( ) : (7.7.6)

“n+ly = 2

Qpwlny huy (7.7.3) L (7.7.6) -hg, hwpyh wnlkny (7.7.5) welympynilp, gunbmd GGp

(h/2) ~(h)1
- P ~r+ .
“2n+1) ™ 21} . (777)

UjGnthtunt,
Ly o (R/2) ) (hia)
A1) = u(r, (nu‘:) Vo) = = u(Tnyy) = Vopnrny =

L) (h) (h/2) (h/2) (hy (h/2)
Zpel T Unpt = Vg iy & 22 Zagn+1y T Unt1 — Vopmar)

Wuwmtinhg ufuwqulph qGwhwwndwl hwdwp vnwbnd bGp

(h/2) (h)

J(h/2) ~ f’ 2nt 1) = Untt
“2(::4—1) _““'7_—1‘“_ (7.7.3)
dnnwinp puiGwdlp:
h
: h
) Taia
h/2) /2 (h/2
’an 2711. +1 1'2(7/»0»)1)
hf2 h/2 .

Ul.7.7.1 Ombgbh YuinGh wpnwddwd Jepuptippu) wwnybpp

132



7.7.2 Grqpunud pun (thywpnunbGh

Muwpqynid t, np (7.7.8) pwGwdélp we dwuh
(hy2) th)
th/2) P'_ : - ' -
oSN LAST AL (7.7.9)

Z[n-r-]) 2[: _ 1
dhompnilp Jwpkih © oogumuwgnpol) dnnwynp mdndwl Gqpudwli hwdwp: bpnp,
wnrwidlwgltlp dhpnnh jmpupwlgnip pwjnd unwgynn ufuwpulph giuwgnp dwup
ibphuyugGhnyg wyn ufuwpwbpp
Ci P 4 O(h??)

mbupny, npnbn Cy-p hGy-np ny gpmywlywl hwuwnmwnmG b Wy ghygpmd, hwpgh
wnlbpny wyn Gpmnudp. gnphlp (7.7.3) L (7.7.6) dnnwynp hwjwuwpmpmGitpp npuybu

M= ue )y = x (e DO + O3 (7.7.10)
: (h/2) (h/2) /2) vl
h/2 2 (h/2 4 5 -
~2(:.+1) = () — L2<n+n =~ 2(n+1)( <§> + Ok (7.7.11)

hwdwuuwinwufuwGwpwn (GyGGp. np pueduiwiwywth d6d n-tph hwdwp vk = Q1) ):
Qpwlnyg huly (7.7.00) L (7.7.11)-hg nmliktp

w(z® ) = o+ (e DO 4 Ot (7.7.12)
L p-H
(h/2) h/2) - :
u(zyl ) = el + (n+ 1)(*, 5 T oMM (7.7.13)

Qwlbng 27 -ny pwgdwwuwinydwd (7.7.13) hwdwuwpmpniGhg (7.7.12) hwjwuwpne-
pjuip JuunwGwlp

2 ((h /2) bt l‘(h)l
u(rh ) ~ ';2;” - Oy (7.7.14)
Ghpehl dnunwdnp hwjwuwpnipju we dwuh
oryt (hf2) l’:,m
1,2(’::/+>1) = ';U 1 - (7.7.15)

dhonmpyniGp Ynyymd b gpunfiwed pun (iswppgenGh Snowuadnp qmomd (7.7.4) guligh
xg(éq) hwfignygnud: bswbu Gplmd t (7.7.14) -hg, Vz‘(’;j)l modwl §2unnmpjul Jupgp
hwywuwp t (p+ 1) -h, pik Yhpwnynn dtpngp mGh §yunipywd p-pn Jupg: Wuwhuny,
halinph mnuip bpym gwfigbph Yypw pniyyp £ nwhu pwpdpuglhp wprymiplbph
Gowmnipjnulin: Ybpowwhu, (7.7.9) L (7.7.15) -hg htipnmpjunip htunlm b, np

v (h/2) _ (h/2) +EM’] . (7.7.16)

2n+1) T V2An41) 2(n+1)
Ujn ywwnSwnny Fz(n+1) dompymGp (7.7.9)-hg Ynsynud £ dnnwdnp (movw G purgnad

puen (Hswpnunih (7.7.4) guligh fc(;(',/l 41y hwlgnyygnud:
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7.7.3 Utuwpulph tpwhulynmdp pwjih ypw

Lhpp uurwgywd (7.7.8) puwbwdlp, wjuhGpi E,,” |y Ukonipym Gp Quphih £ oguugnpdty
hwyuipyGtph 8;wnnipjut Yapwhulpiwb Gywwwyny b pwjh wjuindwmpl thnthnfudw
hwidwp: Gbw Yupbh b hpwlwbwglly, opplwy, hbtwilguwy Ubpu: CGwnpdnd E
puwlwbhG thnpp ¢ > 0 phy: bph |E(h,f“)l < &, wyw hwuwd G)unepmdp
huuiw]n[nui b pwjwpwp, L plpwgpp 2wpniGuiygmd t GnyG pwyny: Udhihl, bpb
|E”' | < ¢, wyw Yupkh b hnpdb) wylnihtnb Jwpdyb; wbh Shd pwyny

An+1)
(ophGwy, 2A puwjyny): buy tpt |£ ﬁ,{il)l > ¢, wwyw Gunpymbp hwdwpynud t
wlpwjwmnun: W giypnd jupbh b b ety % hwGgnygp L ypyGhy
hwaqwpytpp wytith ginpp pwyny (ophGuly, £/2 puyny): Unuhup puyfwlpuGha
wwpq pwjth hrmpnfudwl tquiwlyp hwdwhe pmyp t wwghe moby ulighpp tunybu
phy hwzynnuiwl swhubpny hwunwnmG pwph hwitdwnnipyudp’ dhwdwiwGuy
wwhwwibing wpyniGph 6nmpjniGp:

7.8 Unwduh dbkpnnp
dtpp nhunwpyud Onlgh-Ymmwgh dkpnnp
W(x) = fz,u), wo<a<uo+H; ulrg) =1 (7.8.1)

Unym fulnph inuddwi hwdwp mGh hiswbu pwpénp 62nmp)nil, wjiuybu by puwjwluilha
wwnq hwzynnuijwb upubdw: Uhwdwdwlwl, gulgh npny hwlgnygnid ununwiynp
[monuip unwlwin hwidwp whop thwpyty (7.8.1) hwjwewpiwG we dwuh wpdbplbpp
apu Yhnmd (nbu (7.6.1) L (7.6.2) pwlwdlbpp): Gph hwywuwpdwG wy tdwun
pwquwiwlhG pwpny £, wwyw qw juwygwd b oapnpwih hwyynquiui swjuukph hbn
Unyl wwpwgpupnud dhip Ypwpwnpblp puqdwpug wmwnptpuwlwl Unanfup dhpnnp,
nph Yhpwnnuip wwhwbonud b wikl h pwjnud hwjuuupdwG we dwup dhwuunhly
hwzqwiply: Swpptipnud 6 Unwiduh dkpnnh bpyne wwpptpuy, wyG b Unwiu-Fup pnmnp
dlipny (npl widwlnud GG Gwb fpuwpunynjughnt dbpng) L Ungwidu- ~Unnpinnlh dlipny
(Ywd pdwmbpynpughnt d6pnn):

7.8.1 Unwiu-Rw)bnmnh shpnnp
Clwnnkilp [ro, xo + H] hwnwonus

Ty, =xo+nh. n=01....N;, h= - (7.8.2)

hujuuwpwywih guGg: dbpgltGp pGy-np wipnng phy p > 0 (undnpwpup, p < N):
Qphlp

Ln+l

W(Zngr) = ulr,) + f (@) dr (7.8.3)

In
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wyGhwywn GnyyGmpymGp: Ghpunptny, np # > p, hinfuwphGblp [z, 2,1 hwndwomd
«'(z) blpwhlwbgpuwpuihli pmbyghwl z,_,, ..., 2,-y, 2, hwlgnygibpny Yuemggwd
p-nn wumhdwih hlmbpynughnt pwgiwlnuinyg: dwdwdw)l (4.2.6) Lwgnuldh
pwliwdth’ niliklp

L why (T
Z £1z k ]-H( ) + R,,(lf) R (704)

(’E - Jzn—k)""‘;ﬁ-l ("‘Unmk)

npnbin Wy (2) = (2—a0—p) ... (=20 )@ —20) . hul R,(x) -p WGwgnprpuhl wlinwd t:
bph u(z) € C**?[zg, 2o + H], wuyw hwiwdw)G hGnbpwnpughwjh vpuwpuiph hwdwp
(4.3.4) pwlwdlp

alG)
(p+ D)

=]
o]
[ ]
~—

Ry(z) =

wWpsr(x), EE€(Th_p,an) : (7.8.

hwntgptiny «'(z) -h (7.8.4) wpnwhwynmpynilp’ (7.8.3) GnyylnipyniGhg junmwGwip

In+1 EATES

P wy () .
UTnpr) = w(zn) + Y ' (Tn-k) / -l . dr + Ry(x)ydy . (7.8.0)
+1 ( kzz;) k J (.T _ .IT,,_k)u)p“(Iuﬂk) z/" 7 (

Uuwwnwptlp (7.8.6) hwjwuwpmpiub we dwuh pGntgpuiGpmd ¢ = {(r — r,)/h
thnipnfuwuwbh hnfuwpplnu: Mwpgq dbhwdhnjunggmbitph shongny Junwbwlp

Tn+l
' r LCE Tt
2 (T = Tnop)wpy 1 {(Tn) p' t+ k
L
Tn+1 hp+2 1
) Ry () da Ty uPTDEN(t+1) . (t+p)dt (7.8.8)
Lhpdnoklp hbnbyw GpuGuwlndGhpp.
CE it +1)...(t+p)
Ay = (- "’—'l/ x dt, k=01..., 789
& (1)p! —p . ) P (7 0
L
Pl .
L= / 4D () (1 + 1) (L + p) dt - (7.8.10)
(p+ 1) 4
Uprmymbpmd (7.8.6) - (7.8.10) -hg Juuwmwbwlp
Ju-H) - 11( Up + h Z Al\ Ln~k-. “(Irl»k)) +h &n (7511)

k=0
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Juwd

sl r il p
U(~Ln+l)h U(-Ln) - ZAkf(Iu~k* 'lL(ll'nk,k))"FE" - (7812)
k=0
ALl Ganbyny (7.8.12) hwjwuwpmpjub dby =, dhdmpymlp quihu Lip hbwljwg
wnwppbpwlwl dhpnnhl.

Un+1 — Uy I

; };—— = Z Akf(-'l"n-—k- ”‘n—l\:) )
k=0

7.8.13

n=pp+1,...,N—1, ( )

vy =g U1y, vy — Wpud BG

npp Ynpynud t Unwdu-FPuppopenfr dipng: ju dbipogp wijwinmd 66 Gwle Ynwdup
tpunpunynpug/ing dhpnn, pwih np pnbtpynpughnG puqiwbnudp o (x) $nlyghuwih
hwdwp  Yuwnmgyty t pun  [z,_p 2, hwngwohl  wwnwing  hwGgnygGhph,
huy Yppwnyty t [z, 2nye) bwngwonud, wjuhlip pun tnipjuG Yuwnwpyby b
tpumnpunynpuwgfu:

Ununugnp imédwl wipdbipGtpp, ujudud v,y -hg, npnpynud bl hwenpnwpup

p
Uyap = Uy + 0 Z Aeflenp vp), n=pp+1,....N~1 (7.8.14)
k—0

puwgwhwjn  pwlwdlny: Ujuyhuny, hwiwdwil 7.3 wuwpugpupmd  plnnGduo
nwppbpuwlwl dpnnlitph quuwwpgiwb, Unpudu-Rwypnpoh dbpogp  paquupugy
puwgwhwn dipng b {tipt p > 0):
hGywbu tplnud t (7.8.12) L (7.8.13)-hg, &, dbodmpymbp hpklhg Ghphwjugind b
dtpnnh  wljwupulgnipymb WS dnanwupldnG sfuwpelp:  Oqugdtiny  (7.8.10)
wpwwhwjpnmpynilhg htipwm £ gniyg wwy, np
Sul < M ohPHY (7.8.15)

npntn M, = max Hiu.(p“)(:zz)l: WyupGpG, (7.8.13) dtpnnG mGh dnuwpldwi
ro<L<irg+

(p+ 1) pp fuupg: Gy npmd, wbqupl ufuwpulpp O(RPH?) dhonipyniG t: bpnp, tph

Lipwnntlp, np .y, ... 791 2, hwlgnuyglbpmy d2qphw L Snuwgnp monudGhpp

hwipGlynd &6, www (7.8.11),(7.8.14) L (7.8.15)-hg wllhwynnphl uvnwlnud bip

htinljwy gliwhunnwljGp.

[@(Zni1) = vnyr] = hle| < M, W02 (7.8.16)
“YhwnnnpniG 7.8.1 1 Apybugh (7.8.14) pwtwdlay hupdblp v,y wnwehli wpdhpp,
Utiq pugh vo -pg wlhmudbiyn 66 Guil vy, v, . .., v, "UGGGuplugpht” wpdbplitpp: U
Gupuuudgny upbh b oogunugnpoty dwpwy dbpnnGhpp, ophlwl, (kmlqb-Ynunuh
dhpnnp:
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“hunwplblp Unwdu-Pwybnpinp dipnnh dh pwlh dwuGwynp nhwp: Swing
p-hli mwppbtp wpdbplbp, (7.8.9) L (7.8.14) -hg unwlimd Lhp hbwnlguw] hwpupyujhG
pwlwdlbipn.

w) p =0 ntiwpp

Upat = Un + hf(rn, ). n=0,1,...,N -1

(Ejibph dtpnn),
P p=1 nbuypp

h .
Untl = Un + 2‘ [3f(3’n Un) - f(ll',l~1,‘l.’11_1)] . n= 11 29 s Af‘ -1 .
q) p=2 ntwpp

h
Upsj = Up + 'i'é [23f(~rna 'Un) - 16f($n—h vn-—l) + 5f(xn—21 'Un—Q)] ,
n=23....N-1:
Q-whwwmtip wydd  Unwiu-Luwpbnpnp  dhipngh  dnnwpyiwl  ufuwqwuipny
wupdwluynpwd ginpwy vhewputpp: GHhgnp 2 = {2}, npntn 2, = wix,) - v,

gwlguyhl vpnwpulph pmbhgnu £: Un nhypmd (7.8.11) L (7.8.14) -hg wylhwjwnptb
htunlmd LG

p
[znt1] < |zn] + h'z LA f{zn—k w(Tn 1)) — f(Zror: Vi) + A |En]|
k=0

wlihwjwuwnpmpymbhtpp, npuntng 2 =p,p+1,..., ¥ = 1: Lhuphgh (7.1.13) wjdwGh
wwwngwnny nilklip

[f(Tnopy w(Tni)) = F(@noi Vi)l < Lzpci]
tuwnh

P
[zni1] < lzn] + AL Z LAk Lzn k] + R len]
h=0

Ujumntinhg, oquftny (7.8.15) glwhwunwlwipg, vnwimd Lip

v
|zni1] < |za| + RAL Z |zn k| +hE, n=pp+1,....N-1 (7.8.17)
k=0

wlhwywuwpnipymGGbpp, npntn

A= Jnax A, E=My,hett {7.8.18)
<h<p
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Cwpmbwlblp  dLhwhnpumpymlGtipp:  dwenpnuipwp Yppwnbiny  (7.8.17)
wihwjwuwpmpymdtpp, Junwbwp

I

n P
|Zn+1| S |:p| +hAL Z Z |37n~k| +(n -p+ l)hEs n= pap+ 1" "~jv - 1’

m=p k=()

huy pwGhnp (n —p+ 1)h < Nh = H (nbku (7.8.2)), wyuw

n P
|zot1] < 2ol + RAL DY Y |zmil + HE. n=pp+1,...,N-1:

m=y k=0

UjGmhbinl,,
a1l < |zpl + RAL(lz0] + 2|21 + -+ (p+ D)|zp))+

n 7.8.19
hAL(p+1) ¥ |=|+HE, ( )

k=p+1
n=pp+1l.....N—-1:

Thygnip vy, vs,....vp UblGwpyuihG” wpdtpGbpp hwpqqwe GG & Gunmpjudp,
wjuhlpl

2] <6, k=1,2,...,p: (7.8.20)
Ujn ntypnud (7.8.19) -hg, hwyyh wnGbiny 2z, = 0 unmwGwGp
1%H1g(1+hAL”p+”>5+f4Lp+1 S |al + HE,
2 St (7.8.21)

n=pp+1,.... N-1:
LawlwlnuiGiph wwpgigdw( Gywunwyny Gepdmotlp htnbguy GyuGuwynudGhpp.

pp+3)
2

aE(l+hAL )6, b=hAL(p+1), ¢=HE : (7.8.22)

Ujn nhuypmi (7.8.21) wlhwjwuwpnp)ntGGhpp Ygpyhl
|2n+l|Sa+bZ |3k1+c, n=p’p+ls1N_1
k=p+1

wtupny:  GiGGny yupehG  wlhwjwuwpmpyniGhg pun n-p  Jwphdwwnhulwl
hGnnyghwh oglinipywip nddwp 3t gnijg wwy, np

[zl < la+) 1+, n=p+1.p+2,...,N:
UjGanihtinl, oquytiny b dhonmpjul wpunwhwjnnpjniGhg (nbu (7.8.22)), junwGuip
lzn] < (a+e) (AT +B)VN P <(a+cH1+0)N < (a+c)(1+hAL(p+1)N

ALH(p+ 1)) < (a + ¢)eHHHED

2

= m+@(1+

138



dbhpowwhbyu, wmbnunpbing wpnwhwpnmpymfibbp a L ¢ dkompmlGbtph huniwp
(7.8.22)-hg L E dtompywl hwdwp (7.8.18)-hg, uwnwlmd bLlip htwnbjuyg
wihwjwuwnmpymbGGtpp.

20| < eAPHEHY [(1 + hAL W) 5+ H.w,,uh"*'] ,

(7.8.23)
n=p+1,p+2,...,N:
Ujuwhuny, (7.8.20) L (7.8.23) -hg htunlm Lk
[[z]] < C8 + Cyh?*! (7.8.24)

gGwhwwwlwlp, npinkn
Cl = 8ALH(p+1 (1 + hAL p(p;_ 3)) , C‘g = CAL11(1)+1)HAJP+,2 .

bGyubu tplmy t (7.8.24) gGwhwwnwlwlhg, dyumppul (p+ 1) -pg Gwpg unwGugm
hwiwp  v1,v2,...,v, dbYGuwpyuyhG” wpdpltipp whwp bt GGyt hwpsl
0 = O(hP*!) Gnmpjwip (ntu 7.8.1 nhunnmpymap):

7.8.2 Unuiu-UnmpunGh dtpnnp

Ahgnip p = 0 hGy-np wdpnne phy Lt (p « N): Ghpwnpind n > p -1,
thnjuwppGhGp  (7.8.3)  GnyGnipynimd /() GGpwhlwmbgpuiwhG  pmbyghwd
Tp—ptis-- - Tns Tnyr hwlgmygllipny Yunnigywd p-pn wunhowlh hGnbpynpughnd
puqiwlnuainyg: Oquutiny (4.2.6) Lwugpwbdh pwlwdlhg mGhip

P wyy (%)
W(z) =Y (.- ptl + R,(x), 7.8.25
( ) kz=0 ( n k+l) (.7,' _ xn-k+1)a",/;+1 (Z'n—k-{-l) P( ) ( )

npunbn wyi1(2) = (& — Tpopar) .. (& — @) (@ — Tuy1), hul Ry (x)-p dlwgnprughl
wlnwd t: Gpt w(zr) € CP'%rg, 2y + H|, wyw, hwiwduwyli hGubpunpughwih
ufuwwbph hwdwp (4.3.4) pwlwalfp’

_ ()
= p )l

hGunbtgplinyg «'(x) wowlgpuh (7.8.25) wpmwhwjmnpynbp’ (7.8.3) -hg Yunwbwlp

wps1(2) . & € (Tnps1) Tn) (7.8.26)

Tr+1 T+t

P

Wy (@) , :
w(ygy) = w(an) + Y w0k / s dx + / R,(z)dx
(ne) ) k=0 ( ) i (T = Tymker 1 )Wy (k1) : W)

(7.8.27)



Gwnwptilip (7.8.27) hwjwuwpmpjub we Jwuh hlimbgpuilbpmd ¢ = (v — 2,41)/h
thnihnfuwlwlih hnfuwphlnd: Upynulipnud junwtwtp

Tn+il .0
' w1 (1) dr = h(“l)kq’é / e dt (7.8.28)
F (.T — J:n_;,.ﬂ)w‘;ﬂ 1(-1'71—k+’l) p' 4 t+k
L
7“ Ay gy (
R,(x)dr = ’ / uPrAOE+ ). (t+p)dt (7.8.29)
) P+ 1!
Ltipdmoklp htwnlpwy GrwGuyniGhpp.
CF Pt ot
B = (~1)" -2 / e+ lt) ﬁ(‘ PO k=01 (7.8.30)
P +k
L
}Lp+l 0
En = TE] / uPTREOHE+ 1) .. (t+p)dt (7.8.31)
Wyuwhund, (7.8.27)-(7.8.31)-hg niGhtp
]
Wanar) = ulrn) + 1Y Bif (Tnoket, U(Tnoisr)) + b, (7.8.32)
k=0
Jund
W Zppr) — u(zp P
(o) Z0En) _ S B gyt i) + 6 (7.8.33)
k=0

Al Ghwnbiny (7.8.33) hwjwuwpmpynlimd £, dGOmpymbp vnwlnud Gip htntguy
nwppbpwlwl dkpnnp.

Vn41 — Un r )

_ﬂh— = Z Bi'f(mn—k-{-{‘@n_k_}_l) ,
k=0

n=p-1lp....N-1, (7.8.31)

Uy = Up; V1,V,....Vpoy — mpYud b,

npp Yngdned b Unewdu-Unmypantp dbpog: Ugn dbpnnG wlquind 66 Gub Sgarduf
flwmbpynjwghnt dtpnn
Ununwynp nodwl wpdpGhpp, ufudwd v, -hg, npnagmd LG

»
Un41 = Up + h Z ka(xn—k+1a Un—k+l)7 n=p-Lp....N~-1 (7835)

k=0
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hwywuwpnuiGbphg: Ujuwhuny, Unwdu-Unnywnbh dtpnnp, bpp p > 1, pwqdwpu;
wlpwguwhwpn dapny t:

Qwibdwwnbinyg (7.8.33) L (7.8.34)-p° nbtulmd bbp, np =, Jdbompymbp hpklhg
Gbphwpuglimy b dhpnnh whlungwhgmpm G Wl dnuneplidwl sfewywlp . Oqujhiny
(7.8.31) wpmwhwjunmpniGhg ndjwp st gnyg wwy, np
jup+2

leul < -
p+1

B (7.8.36)

Qw Gpwbwlynd b, np Unwdu-UnnmynnGh stpnnp nilh dnonwplydwt (p+ 1) -pn Gupg:
Cln npmd, stpnnh wliquyhl sfuwpwipp, hbGaytu L Unwdu-Pwdnpoth dtpnnnud,
O(h¥*?) dhompyml b (qpw wuwugniggp pontnud bp plptpgnnpl): Ujunbn dhp
nnipu shlp ptptim Unwuo-Unniypnnlh dbipnnh ginpwy ufuwqubtph gGuhwmwijwGp
(nti'u, ophliwy, [4]): Ltlip dhw)l, np bph v, ve, ..., v,m; “UELGwp{wyhG” wpdbpltpp
hwpqqwd &6 O(AP*!) G uinipjuip, wwyw qnpwy ufuwjwbpp GnyGybu mGh wyy
Gyunnipnilp:

“FGhunwpytlp Unwdu-UnnyuinGh dbpnnh dp pwGh dwuGwynp nhyp: Qwdwdw)l
(7.8.30) L (7.8.35)-h uwmwlinid kGp htunlgw) hwyyupyuyhG pwlwdlbpp.

w) p =0 nbwpp’
U1 =ty + Af(Tnrty), n=0.1,.... N -1

(Eptph wipwgwhwjn dtpnn),
p) p=1 nbwpp

!
Upgl = Uy + 51 s vn) + f(@e)) . n=0.1,....N -1,
¢) p=2 nbwpp

h
Uptr = Un + '1_2 Sf(l'n-{—l’ vn—+1) =+ 8.[(51:71- Un) - f(:L'nwlr ,Unfl)] )

n=12....N-1,
1) p=3 nbwpp

h . . .
Unyr = Uy + i [9_f($,l+1,1’n+1) + lgf (:L'na Un) - 5./(-':11-—17 Uu—i) + f (-1711—2-, Un—'.’.)] s

n=223,....N-1:

7.8.3 Mptnhyunp-Ynnklnnp mhyh Spngitp

Unwiu-Unniuintih dtpnnp wiwthu b ony pb v, -h hwpddwl puguwhwin putwdl,
wjl hwjwuwpmd (pnhwlnp ghypmd’ ng qounhtl) wjn wpdbph npnydwl hwdwp:
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£iwlyw6 t, np Unwiu-UnmpunGh dbponh pdujhb hpwlwiwgndp wytih pupn L,
pwl Unwdu-Lw)$npunh dtpnnhlip: Uwluyl, J0wjwg npu, Unwdu-Unniypnbh dbpnnp
GnyGutu oguwgnpdynud b PwG6 wyl E, np dupnnh hhdpnud npwo hlwnbpuinpughwjp
hwiignygGtph quuwynpmpymbp wytih hwenn t, pwd Unwiu-Lw)dnpinh dhpnnmad:
Wy wunndwneny Unwdu-UnnpunGh dtpnnp wawjhu £, plnhwipuybu, wytilh qphwn
wpnynulp’ Gy pym] hintipynpughuwgh hwignyyglbn ogunwgnpdtithu (wnt'u, ophlwly,
[22]):

GnpdGuwlulnmy  qwjlnptG  Yhpwmymd b Gpyne dbpnnGliph dhwulwlywb
oquwqgnponuip: Fw wjyuwbu Ynggwo wplinhlmnp-gnnklponnn dtpnnltinG &0 (w)y
Ybpw wuwd, Guwpnwgnipwdnd W pulpdwl SipnnGtp): dnwbg tnip)nilp Jujwlmd t
Gpuwinud, np uyqphg Unwdu-Lwpdnpnji pugwhwipn Stpnnny quliymyd t nGpwghl
hwGgnygnud 62qphwn natwl ulqplwwl dtnnwynpmpnip (Gufuwgnipwlnd), huy
wjlnthtunt wyn wpdtpp Unwdu-UnnyponGh dtipnnh dhengny 62qpungnud k (puinlnudy:
Wytih 8how, hwpynquiwb ufubdwb gpymy £ htinbywy Yepy.

AR L
vn—i—] = Un + h kgo Akf(l‘n—k-, vn—k) 3
N (7.8.37)
Uny1 =Un +h kgl By f(Tn_pars Unors1) + RBy f(Tn4r, U;?fl) .

n=pp+1.....N—-1:
Npny phiypbpnud hpdwuwn mGp Juumwpb sh pwih puugnighy hnbpughw.

0 ALt
w =v, +h Eo A f(Tnk. Vnk)

p
Q = v, + h kg:l ka(xn—k-H s 'Un—k.+l)
fori=1,2,.... ! do
w = Q + hByf(Ter. w1
end

) — il
Ungr = w

Ujuwhuny, wptnhyunp-Ynetyumonp whwh dtpnnlbpp puguwhwyn dtpnnGtp Ga:

7.9 YuyniGnpjwl fuGnhpp L Ynynm hwjwuwpnidGhp

OJuwjhli wignphpdGtph YwplunpwgniyG hwwnympymbGbphg Y yuymbmpimdan: W
hwujwgnipjulp pwgihge wnGypty Llp dbp nuupGpwgh Gwjunpn pwdhGabpmd:
Unyl wwpwgpuwpnd YpGGupyblp wje qunuihwpp  undopulwG nhpbiptktghug
hwyjwuwpnuiGtiph  hwdwp Ynpne Julinpph modwl  wwppbpwwb  dtpnnitph
Yphpwpyiwdp: CGn  npnud,  dkGp  Juwppbpblp  hGywbu  pnili nhdbipkighuy
hwjwuwpmdGhph, w)wbu §  Gputg  modwlé  owppbpulul  dkpnnlitiph
YuwyniGnmpymaGp:
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7.9.1 9hptptlGghwy hwyjwuwpmiGtph JuwjniGopjniGp
Vwlu L wnwe nhnwpytldp tpyn opplwly:
OphGuwYy 7.9.1 : Fhgmp wnpfwo b

W =zu(u—-2), *>0.
u{0) = uy

Unym fuGnppp: Wpu fuGnph pmonuip

2‘“.0

u(r) =
wp + (2 - u())er2

pniGlyghwi b: Gpb 1 = 2, wuu u(r) = 2: Gpb o =2 ~ =, npuabn € > (4, wuww

ulz) = 2(2 - =)

2—c+ee”
Uju nhwypnud u(z) — 0 tpp £ — o0 bul bph wy = 2 + <, npmbin £ > 0, wyw
2 B
ulr) = _(2_+_)_ :
2+e—cef

Wyu pmonuip mbGh bqubhnpymi zg = (/In(1 + 2e71) Ylannud:

U
2+¢ '
2 ;
. T
0 Lo

LY. 7.9.1 (7.9.1) fulnph ndnuip wwppbp uhgpiwué yuydwGispp ntiyypnd
LmomuGhp pinpny Juppp gnyg b wpyuwd QY. 7.9.1-nui: - &
OnphGwy 7.9.2 : “Vhunwpyhklp tpypnpy Jupgh
-2 ~3u=0. 20 (7.9.2)
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nhpbtpblighw] hwjwuwpmdip
w(0) =1, (0)=-1 (7.9.3)
uligqplwwt yw pdwbbbhpny:
lutinph monuwiG t w{x) = e $pmuliyghwb: Nwpg b np w(e) — 0 Gpp £ — oo
Oninfubilp (7.9.3) wuwjdwlitphg wnwehlp ¢ > 0 thnpp dhompjniting wjlubiu, np
u(Q)=1+¢, «'(0)=-1: (7.9.1)

Uyn gligpnud (7.9.4) wwpdwGitpny] (7.9.2) hwdwuwpdwl nonwdp YihGh

3 . .
U{.I') = (1 - 1 f) et 4 3(‘33 (TQSJ

$olyghw: Stulnu GGp, np (7.9.5)-h we Jwuh wrwehl gmuibwphhG dgumd E qpoyh
tpp r — co, wyl dwhwlwl bpp tphpnpn gmuwpbpld gulljuwgwo gpulpul < -h
nhwpnud dgqunnud £ whytpenipjw:

o

U = (]_—}——%) (7—1K+%(33x

1
\_u — ™%

VLY. 7.9.2 (7.9.2) hujwuwpdwb (mdnuip mwppbp wlqpGulpul yuydwlabph nhuypmd

Wn Gpyne (nuomudGlipp wuwnybpduo 66 G4.7.9.2 -nud: &

Shunwplqwd  ophlwlGhpp  gnmyyg &6 wwihu, np npn)  phdlpkGghuyg
hwywuwpnuiGtph  hwdwp  uyqplwlw6  wwpdwGiiph nppwl  wubu  Giopp
thnthnfumpyniGlbpp Jupnn 66 wnwewglly  mwodwl  hlypwlG  wube b
thnihnfumpyniGGhp: Uynuhuh nhbpblghuy hwjwuwwpnuilbpp Ynsynd G0 whlum G
uygpwluelt  wwjdwiltph Guwumiwdp: Gnpotwlwinmd  hlwpwynp 3t uuwlwg
wyn  hwjuwuwpnuiGtph  ppudibp pduypld ymonad, pwlGh np dnnwupiwi b
Ginpugdwl  ufuwquGpGbpp  GnyGupup wagnbgmpyni GG gnpomd, pGywbu L
ulqplwlwl wwpdwilbeph hmthnfunipymGGbpp b wupnn &G phpby wprgniGph wntiunwgp
wnuywniwbp:
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Unwehl Yuwngh nhpbphtighwy hwjwuwpnuiibph hwdwnp Unyme julinph (addw
pquyhl akpnyitph Qumbnpjuwi hbnwgnomdp Juplih © junwpby

W=, x>0 (7.9.6)
wuwpq hwjwowpdwl ophGwyh dpw, nputn A # 0 hwenunam t,
w{0) = ug (7.9.7)

uhgpliwluli  wuwjiwing: (7.9.6) hwjwuwpnidp hwdwhe nhowpymd B8 npwtu
dnnlywpli aduieopnod (ot unnph 7.9.1 ghunnmmpyniGp): 4w £ olodb, np (7.9.6) -
(7.9.7) tulinph momdp

u(x) = uge™® (7.0.8)

Pmayghw6 t: Gpbh A < 0, wyw wyn monuip dqumd £ gpnjh, Gpp » — > buly Gph
A >0, wyw wil whuwhiwblnpbl wdnud b puin pwgupdwl) wpdbph:

Qhuonnmpymb 7.9.1 ¢ fdluwn/npblp (7.9.6) hwunnupdwd wdwinidp” Gnnbpwgh
hwlwuwnnud: Xhununlblp
u' = fleeu), >0 (7.9.9)

hunfwawpmdpe: “Mhgmp w(x) -p (7.9.9) hugwuwpdwl g onad F, npp pasdagpapnd |
w(0) = ug vhgplulpul wuygdwlhl, puly a(x) -p momdt Q) = uy + ¢ wlgpliwipul
wuydwng: UunulwGp huduwawnmd
z(x) = w(a) — u(x)
ufupualiph heedwp: (GGGp
Py =0 (r) ~ (&) = flaeoa) — fleow) = fllr,u+02)z(2),
amntin 0 < 0 < 1 Lhpdmoblp
AMx) = fl(z.u+62)

rwlwlymdp: Upnghund. =(c) pmblguti

fulnph uomda b, plsp L hwlngpuwguy (7.9.6) hwduiawpdwl wliawl phapmp ol
wunndwn :

bpt A < 0, wyuw (7.9.6) hwqwuwpnuip fuymed £ (7.9.7) ujqpluljul wugdgwih
Guwundwdp: Qwlpunwly nligpnud, wyehipl bpp A > 0, hwdwuwpmib wéluygmd b
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bpnp, ghygmp @(z)-p (7.9.6) hwywuwpdwl PmiG t @(0) = uy + € fununpdwd
ulgplwlub wwypdwlng: Un ghypmi z(z) = a{xr) — u(x) ufuwwbpnp

=Xz, >0
' - 7.9.10
2(0)=¢ ( )
tunpp mondd £ Qwdwdw)l (7.9.8)-h" wyn (mdnudp YhGh
2(z) = ee™ (7.9.11)

Wuwthuny, ph A < 0, wujuw uvhuuwqwlipp dquumd L qpogh, Gpp £ — oo: hul ipt A > 0,
wupw wil wluwhiwlnphl wénd b z-h wadwd htan dblpnbkn: Munh hbunwquyng
Yhwiwnbip, np Wnnbjuzhé hwjwuwpiwl dhy A < 0:

7.9.2 Swpphpwlywd dtpnnliph Yuymimp)mbp

UlnpununGup wydd Unynt fulnph modwl wmwppbpului spnnGhph GuymGnipjwd
hwpghG (7.9.6) dnnbjwjhG fuGnph hwdbdwwn: bGsuitu htwnlmd t (7.9.8) -hg,

|u(z)| < |uol V>0 : (7.9.12)
Cuw Empjwb, (7.9.12) wihwjwuwpnpmiip Gyuwlwymy k, np uhqplulws wwpiwtnug
pnyl npjwd uppwpubpp sh wémd (nbu (7.9.10) L (7.9.11)): SwppbpwlwG dtpnnp
Ghwiwpblp fuwrymb (7.9.6) dnnbpughG hwjwuwpiwG g, Gpk v,, n = 0.1,...
Ununwynp niodwl hwiwp wmbnh mbh (7.9.12) wihwjwuwpmpyuwG GdwGwy, w)l b

lval <fwpl, mn=0,1,...: (7.9.13)

Ejlph dpnnp: wdwéw)G (7.3.15) optiliph’ mGkGp
Ups1 = (1 4+ hNv,, n=0,1,...:
Ujuinbinhg umwind tlip
v ={14+hN)", n=01,...
pwlwdlp: UYGhuwyw E, np (7.9.13) wihwjuwuwpnipyntip wbnh YmGhGw, bph
1+hX <1,

wjuhlpl’
-hA<2: (7.9.14)

Llwwnh mGtiwny wn vwhiwiwhwyndp pwjh gpw’ wund GG, np Eptph Skpngp
wpthwwipuinn i hugm G t:
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bibpp  wlpwgwhwjn  depnnp: Qwdwdw;jl  (7.4.6)-h  monmdl  plpwghy
hwlgnuygnud npnyma t
Up4y = Uy + h/\v1¢+1

hwjwuwnpnuihg: Lmotind wyl v,y -h Gumdwdp’ junwbGwlp
Upil = ! v n=20,1 :
‘ n+1""1__h/\ n . =uU,1,...7
Uju wnbympinilihg hbwmtad t, np

1

=———wu, n=01,..;
(luh,\)“l" n .

Un
Ujuntinhg tplmu t, np (7.9.13) wihwjwuwpnipynilp wmbnh nGh gwilhugud b pujih
ghwpmu: Ujuwhuny, £jiph wipwgwhwjyn dtpnnp puwgqupdwluybe uymG t;
Enbph ybpwhwddwl dGprnlbpp: (7.9.6) dnnbjuwghG hwjwuwpiwl hwdwp

(7.5.3) -hg, hwpyh wnGhyny (7.5.15) wwpdwfip, unwlinu LGp

Ung1 = (1 + hA+ % h,2)\2> e, n=0.1,...
wnlynipymp, npunbnhg t| hnlod k

v, = <1+h/\+%h2)\2) ve, n=01,...
puwguhwypn wpmwhwpnnpinilp dnwwynp (mddwl hwdwp: -dfup ;b gnyg mwy, np

|1 + A+ % }RA?| <1

wlhwjwuwnpmpniGp ntnp mGp, bpp —AA < 2: TGw Gulwlymd t, np Eytph
Ytpwhwyydwl depnnlbpp (Gwuolwynpuubu, <njih W dhehlG Ytwp dhpnnGbpp)
wuwpwlwlpwnpbG uymd ba:

Mnibqb-Uninwgh dipnnp: dwiwdw)l (7.6.3) pwlwdlp’ nlitép
1

_ 1o 133
vn+1—(1+hA+2h>\ PR+

h4/\4) vy n=0,1,..
Wuntnhg unwlnud kGp wpmwhwynnipiniG dnnwynp ptodwG huniwnp.

1 ... 1 ... 1 n
vn=<1+h/\+§h2,\2+6h"AJ+ﬂh4)\4) v, n=0.1.. .

hGswtu gnyyg 6 wwihu hwyqupyGbpp,

'1 +hA+ %h?,\? + L R3NS3 + 21«4}»,4)\4 <1

6
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wlhwjwuwpmpnilip wbnh mGh, tpp kA < 2,780 Upughumy, (bmbgt-bUnunwjh
dhpnyp Gnytwtiv wuyowbulpeednpil ugm G, pulc wjunbin l|u1|m[|mpjluu wwjdwlip
thnpp-pG; wybih poyy b, pwd Ebph dbpnnnud:

Ujuntin dkGp »bGp qpunybim Unwduh pwguwpw)p dbpnnlitph JuymbGnipjpul
htnwgnniwip, pwlp np w)G wywwhwiomd b hwnmly bpwiwyibph  Yhpwnna:
UwhiwGunpuwytGp dhuw)l dky tphpuw)) dpnnh ghunwpldunip:

OphGwy 7.9.3 : Fhuwwpltlp
' = 2w, u(0) =1 (7.9.15)

Unynt juGnhpp, npp momudl tow(z) = e 2 pmlyghwl: YhpwnbGp fuGnph pquyhG
novwl hwdwp

Uyl — Up—i p — - :
"—97—"— =-2,. n=12...: wvy=1.0v,=¢"2 (7.9.16)
2h

bBphpuyy wpptipuiw G dbpongp: hi;wbu ntulimd GGp, wnwehl tpln hwlignygGhpng
dninuwynp Lk Ggphn momulbpp hwiplylnud b6 Unnwdnp podwl wpdtpltpp
hweonpn hwignygltpnd hwpdymd Gl

Upy1 = —dho, + vy, n=12... (7.9.17)

optilipny: Unwgywd (7.9.17) wnGsnipyniGGhpp hphGghg Ghpywjwuglind GG hwuwnwnndb
gqnpowbhglepny  &pdpnpn upgh  hwdwebn  oeupplmwlad hwgwoewpnmd (b,
ophGwy, [111,[37})):

Ghunpllp (7.9.17) hwjwuwpdwl Jwulunp (monuip

v, =4", n=01...
wtiupny, npntin ¢ # 0: Stqunpbiny w6 (7.9.17) hwdwuowpiwb gt Junwlwlp
G AHdhg—1=0

pwnuwinwuh hwjwuwpmd, npp Ynpynud bt plmpugnfy hwiwuowpmd: Win hwjuuwpnudp
nulp kpynt wmwppbp hpwlwl wpdwan.

q@=-2h+Vdhi?+1, @ =-2h—-Vdh?+1:

Qwdwdw)l tpypnpn Qupgh  wwpplipuluwt hwdwuwpndGhpp mbumpjul (utio
(11L{37D), (7.9.17) hwdwuwpdwl plnhwlngp monudp gpdmd E htinbgwy mbupny.

vt =Ciqy +Coqy, n=0,1,...:
Wyuntin C; L ¢y hwumwunmGGhpp npnpdnid 56 19 =1 b vy = e 2k
wyuplpl’

wwpiwGGhphg,

Ci+Cy=1,
Ciqi + Cogy = e
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hwuutupnuiGhph hwdwiwpghg: Lndbnyg wyn hwdwlupgp' gmbbdp

T 2h 4 e 1 2k e
Cy=5+ "—’f:—-«-»-—‘ o Co=5 - *L/—L—i-——* :
2 2/1h+1 2 2/ + 1

Ujuuihuny, uunwbnd Glp
vy = CU=20+ VAR + 1V + Co(= 1" (20 =V + D" n=001 . (T.0.18)

pwgwhwjnm pwlwdl (7.9.16) wmwppbpulwé dhpnnmy npnpynn dnunuadnp pmiddwG
hwiwp: Unwgywo (7.9.18) puGwalp pmy b uwthu hbwbbp e, podwG Juppp, bpp
n — oo: bpnp, JudujwijuG phpuwd 1 pwjh hwdwp

O< =2h+VIZ+ 1< 1. 2+ VIR +1>1:

W wwwGwnny, bpp » -» o¢, wuu (7.9.18) wpuwhugunippul  wo  dwuh
wnwohl wlinunip dgqummd L qpnyh. huly Gpypnpn winudp, mwuowldyny, dguomd b
wlybpompyul: Uhwdwdwbwy, fulingph G2gphun jmdnudp dguumd b gpmg, bpp r —
(0Y. 7.9.3): Wyuhtpd. (7.9.16) dhpnnp (7.9.15) fuGnpp ppwndwdp wiugnid t:

i 1

&
!
_ :
By L3
a H
i
0 " . P U U |
1 2 5 4 4 5

LY. 7.9.3 (7.9.15) hulinph Ggphun (=) L dnwmunnp (x) pnuomdlbpp

Bpupnpn quidwptihG (7.9.18)-h we dwuntd hpliphg Ghplupugbmd b owguygbu Ynyfud
dwippnno pununphy: &
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7.9.3 Un)un hwjwuwpmdiGbp

Qnympjnili niGG hwywuwnpniGhp, npnGg pjwjhG monuip unwlnupun dnntigiwl
nhypmd  phpmd B wlpwywpup  wpymbpGhph: Umyhup hwjwuwpmdGhph
pupd wuwwnlwlnud GG wyuwbu Ynpgwo §mpwr hwfwuwpndGapp: Mupqupwlbip
ynynnipjwl tplnyph tnepyniGp hbwnbyw) ophGulh Ypw (nbu [31]):
Thuwpyklp
' = —100u + 100, u(0) =2 (7.9.19)

Unym tulighpp, nph §2qphwn (nionudl k
u(z) = 14710 (7.9.20)

PnuyghwG: Wyn monudp uymG £ L jwn wpwg GJugmd £ w(0) = 2 wpdbphg dhi,k
hp vwhdwGw;hG wpdtpp, npp hwywuwp b degh: Yjuwbu, ophtwl, w(0.1) & 145-1073:
Uhpwntbp (7.9.19) fuGnph modwl hwdwp

Uny1 = (1 — 100h)v, + 100k, n=0,1....; vg =2 (7.9.21)

Ejtph dtipnnp: Qwdwdw)l uymGmpywl (7.9.14) wwydwGh whnp t ytpglbp 2 < 0.02:
dhpglbing h = 0.02, (7.9.21) -hg unwlnmu kip

Ungy1 = _Un+27 n‘:()vlv'-' y Vo = 2
hwpgupluhl pwGwdl: Wyu pwlwdlng unwgynn
U()=2,'U1 =0,'L‘2:2, 1’320,
hwenpnujulinipyniGp ny dh nhwypnd sh Juwpbh nhunwplyl npytie (7.9.19) tulnph
(7.9.20) 62qppnn notwl pwjwpwp dnnwplnud, phl dnnmwygnp pnonuwip JugniG t
(7.9.13) pdwuwmny: Gpp A = 0.01, hwyywnpyGhpp nmwihu GG
YW=2;Uppn=1,n=01,...:

Fwwbtu wybjh dwlp pwjp, ophGuly A = 0.001, pwjuwihl jwy bt wpunwgnnud
modwl Junpn.
mp=2,11=19,1,=181,...:

Ejieph (7.9.21) dbpnnny unwgynn dnunnwynp modwl hwdwp ndup st wpunwob]
vy, =14+ (1 -1000)", n=0,1,... (7.9.22)

pwliwdlp (pnnlimd Glp w)l plplpgnnhG npybu JwpdmpymG): Jwidbkdwnbing
(7.9.20) L (7.9.22) wpnmwhwjnnpjmbitpp G2qppn L dnnwynp pmomdGhph hwdwp
hwiwywwwuppwGwpwp, wtumd bGp, np (1 — 100h)* StompjniGp ¢ %% wlinudh
dnnwpynud@ t, plg npmy pudwywthG pwy thnpp A -bph hwdwp: 4k 7199 winudip
wnwihu t 3G3hG thnpp Ghpnpnud §2qphn modwl Wke (hwdblw)6 nbiwu, bpp 2 > 0.1),
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YuwymbGmpjwl wywhywliiwb hwiwp ywhwedmd t, np A pwyp thGh prudwywlwwg
thnpp: “Fpwling pimpwagpymd GG Ynywn hwwuwnmdlbpp. gpwby momdp Gapunnid b
wipeg dwipfnng punqunpfy, opft Ghpgpnednp ny bwlwd £, el punn plughl dipnnlbnh
quymbmppuwl upwhypuGhoeld hudwn wwhwGedmd b np wyn puqunnpfsp douwplydh
puijuwlpwbusunp dpgpfun’ puduluGusunh inpp h puyh plupmppul dhongny: buy
nw ptipnud £ hGyutiu dbphiwjwywl dwdwluyh b swluubph, wjlybu £ jinpugdwd
ufuuupGhnh ymunwljdwln:

OJuyhli wignphpilbph Junnignuip Yoo hwjwoewpnuiGbph  nodwl  hwdwp
dudwlwlyulyhg hwyynnuub dwpbdwwmhlwih juplnpuwgnyl mnnnpjniGlbphg ke
UnyG nwuplpwgnd dkbGp shlp qpumbpm wyn hwpgny: Upklp dhwyfi, np Ynpwn
hwjwuwpnuiGhph modwl hwiwp oguuwugnpoymd kG, npubiu opkilp, wipwgwhwjn
dbpnndbpp: Uhpwnklp, ophGwl, (7.9.19) hulinph ymodwl hwiwp pwgupdwljwubu
JuymG Ejbph wipwgwhwjyw dhpnnp: dwdwdw)b (7.4.5) -h° nGkGp

Un+1 — Un

i =—100v,41+100, n=0.1,...; wg=2:

Lwlh np hwjwuwpnidp  ve41-h Gumduwdp qowphG b, www  hwyduplGhpp

Yhpwluwiwgyhtb
v, + 100Ah
Vo F =0,1....; vw=2

U= T oon T
pwlwdlny: Ywwmwptiny hw)qupybipp 2 = 0.02 pwyny qubnud tlp

v =2, v = 13333, vy = 1.1111, v3 = 1.0370,...:

‘LnyyGhuy hwitdwwnwpwp 460 A = 0.1 pwjih nhypmd YumwbwGp
vg =2, vy = 1.0909, v, = 1.0083. v3 = 1.0008, ...

hwonpnpulwlnipymGn, npp npuljwwbtu hpwn t wpunwgnnud fubnph qphwn Nuodwa
Yuppp:

7.10 GqpujhG fulGnhpltip

UGyl wydd dbkGp mumdbwuhpmd thGp Unym julinph pyuyhG moadwd depnnGbpp
vwhiwGunhwybny wnwehl YJupgh nhbbpklghw) hwdwuwpmdlbph nhunwpldwdp:
Un fulGnpmud jmodwl gnympymGp L dshwynipynip wwywhnynn (pugnighy ww pdwlGhpp
wnpymd G0 dbYy Ynmd L hpkGghg Goplwjwglnud BG npnlGbth pmblyghwgh L Gpw
dh pwlh wowlgugibph wpdbpGhp’ Juwujwd nhipbpblGghw; hwjwuwpdwl Ywpghg:
Qnympyml mGhG Gl Egmughd fulnpptbp, npnGgnid pGopynd b nppbpbklghwy
hwywuwpiwl ponudp hGg-np hwndwonty, L jpugnmghy wupiwGohpp wpymyd LG
hwunmjwdh dwjpulbmbpnad:

151



OphGuwy 7.10.1 (QtipdwumnhBwbh dhwynth pwtuncdp dnnnud): MwhwiGoynud gl
T etpdwuwmhtwlh pwplumdp ¢ bplwpmpput dnpmd, opp wwopwunwd bos
sbpuiwhwnnpnuuuimpjut gunpowlgny hwdwutin Gphg: dunph - = 0 b & = |
owjpwhbinbpnud wpwhupulignud L hwumuwnmb ehipdwumhawd,

To)y=14y,. TWH=1 :

Glipunpymu t, np dngnud wpmwypynud Euwpnipimd ¢(@) wpugnipjudp: Nwpgynud b,
np nhbhphlghwy hwijwowpnuip 7'(2) ehptwunhubh Ghumiwdp gpgma b htnbgug
wmbupny.

—k 1"y =q(x), 0<r<l:

Qpuling puly nlGhbp bgpugphl fulnhp: &

OnpphGwy 7.10.2 (2nnh Gpyw)Gueyp dnnudp): Hhowphdgmd £ E7 hwwnuwnnmG Ynyun-
pjwl dmp hp wnwlGgpny nuppdwd P oubindnn ndh wanbgmpjul wmwl tpljugGuyh
ondwl pulnhpp (Eybphr fulinfyny: Fhgmp dnnh o = 0 dwju dSwypp wipugdwo L, huy
r =1 we dwypp hklijwd t (G4.7.10.1):

LY. 7.10.1 9nnh tplwyGwyh onnuip
Lwynlbh k. np dnnh hp wnwlgphg Jndwl y() pnGhghwl punjwpwpmd k

- P,
y't o+ Yols y' =0

nhptiphiighwy hujuuwpdwip: Qwdwéwyl dnnh dwypbph wipwgswd  bubwlhi
mblp htimlgw bgpughl wwjpdwlGhpp.

y(0) =y (0) = 0. yl) =y'(H=0:

AQuihwoynud £ qulty £ -h tmppuigny wpdtipp (wjuwbu Ynsdwd fppufilpulpad md),
npp ghypmd wnwgwlind B gimnh bpyuglwyh onnod: Uy hhpyy wuwd, hwpgp hwgnu L
£-h wy hnppugnyG gpujuit wpdtph npnadwtip, nph gtuwgpnid bgpught futinhpp mGh
ny wphyhwy (nuonu: &
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Qhuwnpybbp bplypnpn upgh
W' = flroud)., a<ax<b (7.10.1)
nhpliptlghuy hwdwuwpnuip
wla) =a, u(b) =3 (7.10.2)

tqpuighl wugdwGibpm]: Uju fulnpp modwl quympjwl b dhwympjul wwpdwitbpp
uypuunfiy Yupwyny munwiwoehpquwd 66 ghnwljwl gpuljubnepyniimd (nt'u, ophbwl,
[29]): QuubputiGp winuhu) wwegdwddbphy dblp:

Ahgrmp  flr.uw,z) pmGyghwd b Gpw fi(row.z) W file,w ) dwubGuywG
wowbgyuilbppn wlplnphwn 66 D = {{(r.e.2) o <z < b, ~x < w2 < +x}
wmhpnypnud: Gph

filrwz) >0 Y(ewz)eD

L gnynpymG miGh wjGupup A7 > 0 hwemwwnnil, np
[filr.wz)| <M Y(x,u,z)e D,

wuw (7.10.1),(7.10.2) tqpuyhb fulnhpp mGh dhuwly mon:

Qnympymi  mbbl  GgpwihG  fulnpplbph modwG wwuppbp pywghl
ttpnplitpn: OphGwl, Gqpupl pulnhpp Jupbp b ohwlghgGlp Ynpme fulinhpltipp
hwonpuwimpubp: Uy whyp dtipnglbphg hwdwnnnwyh Gupugpbip wjugto
ynswo Apudgmppuli dnpnnp:

]

LY. 7.10.2 Lpwagmpyub dnpanh ipypuywipwljwt dihtwpwbnegpninp
Cawpllp hGs-np K} ppy L nhunupybip (7.10.1) hwjwuwpnuip
w(a) =a. W'(0) =K, (7.10.3)

uhgpliuub  wwdwllbpny:  GapunmpiGp, np [¢.b] hwndwomd  Junmgwd
(7.10.1),(7.10.3) pulgpp V) dnwwynp nuomp: Uwmwggwo Vb)) wpdtiph W .3 wy
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hgpuyhG wwjdwlh hwdbdwnmdp wuphue b hGpnpdwghw 8, = arctghk’, ptipdwd
wllpywl 2nfiwG hwdwp (GY.7.10.2): Fpwling quipu bip Unpm Gnp julnph (7.10.1)
hujwuwpiwl hwdwn «

ula) =a, u(a) =K,
ulgpGwlwlG wwpiwllhpny, nputn K phyp pGunpjwd b ow)Gybu, np Ginppuiw
3 = Vi(b) wmuppbpnipyniGn:

Oquytiiny niGhgwd hGpnpiwghwihg Jupbih © Yhpunky w'(a) = Ki, Ko, K, ...
wndbpGtph pwpnpjul wyu jud w6 unpunbghwG, npp Ypeph Vi), Va(b), Vi(b). ...
hwenpnuywlnipjui hGwpuynphG swh wpwg gniquidhnngpyubp 3 pyha:

‘UokGp, np hpwdgnpjwb dnpnnp wwihu bty wpyniGpGhip w)G nbwpnd, tpp
Unyhh tufpph (uomdp ny wyGpwl qquymG bt «'(e) wpynn wpdbplGtph thninfudwl
GHuwndwdp: Qwiwrwl giypnud qupbih £ unwlwg wljuymG hw)qupy:

OppGwy 7.10.3 : Fhwwpyklp

v =100u, O0<z<l (7.10.4)
hwjwuwpnmdp

Su@=1, u(l)=0 (7.10.5)

hqpuyhG wpupiwGGhpm): Rdjwp sk unmgby, np (7.10.4),(7.10.5) hulnph monudp
hhwnlgwyh k.
1 —20

P (G [ (7.10.6)

u(z) = 1—e-2 1—-¢20

u = u(z; -9.99)

u(x)

0

VLY.7.10.3 u(z) L u(z; K) $nGyghwbtph qpuphyGtipp (pp K = —-9.99)
Qhunwnpyklp w)dd (7.10.4) hunjwuwnpnudp
u(0) =1, ¥(0)=K (7.10.7)

uljqprlwywl wwjdwlipny: (7.10.4),(7.10.7) huGnph monuiG bt K wwpwdtnphg

o No - K 10+ K
wz K) = ————e 1% 4 ———¢!%"

% % (7.10.8)
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Pntlyghwl: Lt £ nbtuGh), np »(1; K) = 0 wpdtipp hwuwGhih E, tpp

1+
K=-10 m ~ —10 :
Mupgynud b, np u(z; K) pmlyghwb pwwm gquymb t K wywpwibnph thnginfudwG
Glusndunip: OphGuwly, A = —9.99 wpdbph hwdwp pniblhghwgh Juppp gnig b vpywd
G4.7.10.3 -mud: RwGG wyl £, np Unpm fuGnph (7.10.8) indnudp wénud £ hGywhu €9, L
wyn wpwg wénng pwnwnnhsp Swpbhm hwdwp uygpluwlul ywjdwlp wuop t plunpdh
pwywlwlhG 6zqphm: - &

{pwdgnipjwl dbpnnnud  junhpp hwignd £ bGpypnpn Ywnpgh  nhpbptiGghwy
hwdwuwpiwl hwdwp Ynym juGnph (neadwGp, hGsp sh pGGwnpyYh dbp nuuplipwugnud:
Winwhup pubnhpltph (nedodwl bnubuliihphg dbyp uwjwlimd b bhnbyjuwimd:

Gpb nlhlp

u' = f(x,u,u)
hwjwuwnpnidp
wa) =a, u(a)=xv
uhgplwjuwl wwyiwlbtpnd, www wjd Jwpbh b plphp bpyme wnwehG Ywpgh
nhptipilGghwy hwjwuwpnuiGbph  hwdwlwpgh, Gphk Juwwwpklp o'(x) =  y(x)
wbnunpmap: Uy phypmd «”(z) = y'(z), k dblp vnwbmy bip

hwdwhwpgp u(a) = o, yla) = v uhqplwyws wyuwdwibbpny: Wy bwdwwpgh
modwl hwawp Ywptih £ Yhpwnty, ophGuwl,

Un+1 - Un
h
}/n.+1 - Yn
h

Enkph dbpnnp Uy = o, Yy = v ulqpGuwlwl wpdtplbpny:

=Yn’
n=0,1,...
=f(a:n.Un,Y;.),

711 dJhpowynp wmmwpptipmpjmGGtph dhpny

UnyG wwpwgpuwpmd  dblp  YnhwwpytlGp  GgpujhlG  pulnhpGipp  modw
wibfwnwpuoyws bnulwlyp' Jepewynp mwppbpnipiniGGbnf depngn: Wju dbtpnnh
oglimpjwip bqpujhG fulnph momuwip hwGgmd £ wnpdwd npnpy Yhwnbph pwginepul
Upw npnbbth $pmGyghwyh wpdbplliph Guwumiwdp hwjwuwpmdlbph  hwdwlwnpgh
inwdwlipn (gowght Ywd ny qouhl’ Juiudwd nhptphlghw) hwdwuwpdul whyhg):
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bGywybu wpnbl wudt £ 7.1 upupugpuwpnid, nu Jupbih b hpugnpoty’ ginfuwphGling
nhpliphlighwy  hwjuuwpiuG dhy dwulwlgnny wowlygjuilibpp Jtpgwynp-
nwippbpwljul dnnwpynuittipny: '
Hhunwpyklp
—u" 4+ plah + g = flr)., a<aoe<b (7.11.1)

qowjhl nhphiptiighw) hwjwuwpmdp

wul(a) + u'{a) =a.
poula) + (T11.2)
pyulb) + ' () = 3

tgpuihG wpupdwGGepm). nputn plr). (). f(r) pmGyghwltpp W e, gm0 00 S
pubipp e GG, pln npmud g+ > 00 02 202 > 00 (7. 11.2) wugowiitpy vwhdwingg
GG gowghl GuwhudwonipymG npnGhgh jneodwG L Gpw wowGgyuyGhph wpdtpltph ok
[a.b] hwumwoh dwjpwyknbpnud: UG nwpnud, tpp i = vy = 0, wyn wpuiwGitipp
Yynoymud 60 wrwphl ubinyh ypuplGhn: Gph o = 1y = 0. www (7.11.2) wuw)dwGibpp
Unyyrud GG Gplpnpn vhnp wuydwGiGn: Clinhwlngp nhypmd, Gpp g, # 0, (=001,
bqpuyhG wwpdwGGhpp wiwlms GG Gppnpg ubnh wugdwlGln: Npnp fuGnphpGbpnud
dhowlw)ph dwhu b we dwjpnwhmbpmd upnn &G wipylp mwpptp ubnh wywjdwiGbn:

Lphklp, np (7.11.1),(7.11.2) tqpuyhG fuGnph modwG gnympjwG L ShwlynipjuG
pujwpup  wwgdwGGipp yupbih boqunGh,  ophlwy, [29]  dGwgpnipynidinud:
VwuGwynpuwtiu, bpt p(r),q(x) L f(r) PmlyghwGbpp wplnhwwn &6 [a, b]
hwungwonwd, plg npnud ¢(x) > 0, www (7.11.1) hwjwuwpnuip  wnwehG
utieh tgpuyhG wuydwGGhpng mGh dpwly gmond w(r) € CHa. b} Uykhl, bph
plr),q(r). flr) € Ca b], wyw u(r) € CHa.b):

Ywnmglbp [a.b] hwnjwonud

wh={2n txy=a+nh.n=0.1,....] N + 1} (7.11.3)

huwjwuwpuwywh guwlg h = (b—a)/(N + 1) pwyny: Swlgh z, hwlgnygGtpp, npintn
1 <n < N, wljwlhGp Gépppl. hull zy = a W rry = b hwlqnyglhpp Ggmuypl:
Bwligh Yypw npnpqud o' = {z',,}.j};’()' dnGyghwG, npinkn v, = v(z,), YJwiduikip
guligujhl: Lywlwlklp Gj-ny gulgwjhl $mbyghwlbph qdwjhG wwpwompmip:
Muwpg t, np [e.b] hwnguond npopqwd Yuwidwjwhwl  f(r) pmlyghwb oGmd t
f' = {fa}02 gwlguyhG drlyghw, npntin f, = f(,):

Ahunwpyblp uyqphg (7.11.1) hwjwuwpnidp

u(e) =a., ulh) =73 (7.11.4)
wnwohl utinh bgnuyhl wwjdwGpny: Guwmwpkp (7.11.1),(7.11.4) juGnph Jbpougnp-

wwppbpwlwl dnnwpynudp, honfuwnphGbing hwjwuwpdwt ke pypnpn wowligjwin
bpypnpny wwppbpulpul  wowlgjuny, huy wnwehl wowbgjup YhbwmpnGwlyw
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nwpphipwiwl wdwlgpumny (ntu 4.6 wwnwgpwdpp): Uwhdwbblp (7.11.1),(7.11.4)
tutinph dnmunnp ynomdp npegtu

{ J(?.ll).rf + ’)u(l'u)-r + 4,0, = ,/.u . n=12 ... 1\‘ .

oy =, Uy = /7)

(7.11.9)

guiliguyhli hunjuwowepnidGtph gdwihG hwiwlwpghG pwdwpupng @ € G, guligwjhl
PmGyghw, nputin, hwiwdw) (4.6.3) L (4.6.7) GywlwhnudGhpp’
_ Vpyr — Up—1 . Un-1 — 21'11 -+ Upn+1
(1 )‘, T ' -

— T . (l‘u).ri =TTy

24 h-

dhpowdnp-nmwppbpwlpul  pulnppp, npp dnnmwpynd ©oghbtiptiighuy  Gapuight
fuGnppp. wOjwtmy bl wwppbpuwiwd cfubdw: Upughun, (7.11.5)  gwligughl
hujwuwpnuibiph  hwiwlupgp vwpphpuhwl uptdw b (7.11.1),(7.11.4)  julinph
hwdwn:

GpbGp (7.11.5) mwppbpwywb ufubidw(

h ) } o
- (l + 51)") I‘”'—I + (2 + ])_Qn> 1’” - (1 - él)”) {."+l = hz./'(n -
n=12 N (7.11.6)
Yy =Q, Uns+1 = 3

wmbupny: pwlm] huy umwimd bp tpbhpwblymitwgdwhi Swwnphgny gowjhl
hwGpwhuyquljul  hwjuwuwpnuiGtph - hwdwwpg: Wy hwdwljupgp jupbph b
wnnuwdbnnplG ot 3.9 wwpwgpupma Gupwgpiuo  depnpm: Clg npd,
dkpoph YnntihwmpjulG L YugniGmpput hwdwp gbop ©owwuhngh (7.11.6)
hwdwwpgh dwnppgh whlymbuwgdwihG ghphyfundp, wyuhGpl

h

|2 + /72q,,] > !1 + =

5 l—.}ip,,}, n=12....N (7.11.7)

+ 2

wuwpdwdibph wplugnpaup (nbiu 3.9.1 phinptidp): Uph Glipunpblp. np ¢(r) > 0, wopw
(7.11.7) wlhwjwuwpmpmGitpp wbnh ymibiwl puduijutwgwd gopp & pug)h
nhiypnd dwubwynpuwtiv, Gpp
ax |p(r)| €2
h (112.1_1;?)|p(r)| <2

Wnuhuph vwhiwGunuuynud guligh puyp dpw upth b oopewghy, bpk (7.11.1)
hwjuwuwpdwl gy wnwehl  wowlgyuh  dnnwpiwl  hwdwp  JhGopnGwlwi
mwpphpulwl  wowlgyuh  Ynpuwptl  oguugnpoblp  wewlnndpulb  juad
dwpiwinnijwl nwppbpuwli wdwbgpuGlpy utuduo gnpowligh Grwlipg: Lyl
Ghow, dLwinjubGp (7.11.5) wwpptpwyw ufutidwb qplpny 2 -y hwduowpooip

_(1-'11)12? + pn(l"n).r + Inty = fn H bpb Pn < 0*
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Jud
_(l’n)wi + pu.('Un)."E + gy, = fn,-, hPh Py 2 0

wbiupny: UWjn nhiypnud gulguihG hwjwuwpnuiGtph hwiwlwpgh dwwnphgp YntGhGu
whlyymbwuqowhl gtiphyfumd wiywfu A pwjh dtonpymGhg: UwluG Gi;t6p, np bph
YEaunpnGwlwl wwpptipmpymGGapny dnuwpynuip mGh 6nmpjw bpypnpy ljwpg puwn
h-h (lbudw 4.6.3), www dhwynnwh wwppbpnipyniGGapny dnwnwpynuip mGh Ghw)G
wnwehG Ywpg (ntu 4.6.1 L 4.6.2 kidw(tipp):

(7.11.2) bppnpn ubinh wwpiwiiiph ghypmd  wwppbpuljwi hwjuwuwnnudGtpp
tiqnuiyhG hwlgnygGipnud uiphih b gpby, ophGwy, htinlgwy Yhpuy.

Uy — o UNyl —UN
=a, iyt ————
h h

Gpti (7.11.1),(7.11.2) tulnph puonuip pwyjwhwluwyuh nnnpy t, www  bgpwih
wwpiwilbph wnfbih 62gphn Ynnwpymy wwjhu b

HoVo + 141 =f:

—3vg + dvy — vy 3tn. — dun + vno
HoUp + (4 o =0, VUnyg + 1 o7

=7

hwywuwpmiGbpp: bpnp, tpt u(z) € C3(a,b], wupw oquufting @hjnpp pwlwdlhg'
hbnnipjudp Jwphh £ gnyg wwy, np

=3uf{xe) + 4u(xy) — u(xy)
2h
Ju(enyr) — du(en) + w(zy_1)
2h

=u'(a) + O(h?),

=u'(b) + O(h?)

(pnn(nud LGp plptpgnnhl hwingyb nputnug hGpGnipnyG):

Swppbipwlwi upubdwitph Juengiwl dwdwGwl ny dhpwn b whwp gmguphkphy
2wpnbuyhlG  dnunbignud,  wy)  fubpwdnnphG  oquwgnpdty  fulnpp nhptipklghuy
owjipuwunph wbupp, Gpu bgpuighG wwdwGGbpp b wyG: “Qhwnwnyblp, ophGuly,

—(a(x)u'Y = f(r), a<z<b (7.11.8)

hwjwuwnpnuip, npunbn a(z) > 0, (7.11.4) tqpujhG wuwjdwilpm): hhwpyt, Jhap
Yupnn kGp gpby (7.11.8) hwJwuwpnuip

—a{a)u’ — a'(a) = f(x)

hwiwpdtp wbupny, nphg hbwn Yhpwnk) dkiq hwjwnGh Ybpewynp-tnwpplipwljwd
pwlwdlbipp: buy Yupbjh £ Jupdly wy Ytipy: Lhpdnotlp wy, gwligh hwlgnygGhph
dkgutnnud odwlnuly "phywhy” hwbgnigGtp.

h

xnil/'zzmn:hi. n‘=1,2,.‘.,N:
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U niypnud » = 1,2,.... N wpdbpltpp huwdwnp mbhGp’

-~ an+1/2'l¢'(11“+1/2) - an-l/:m’(l”u—l/z) ~
~ ~

~(a(asy :
I=Tn 2
1 u(rn 1) — uley,) w(zy,) —ulry, §)
“h Qnt1/2 h — On-1/2 h =
1

nZ [—anq/zu(wn-l) + (@no1/2 + @urrjo)ulry,) ~ Gn+1/eu(-77n+1)] :
Wuwnbn dklp oquit) tlp ansiz = a{z,i12) Gulwlymihg: dbpgGhing npuybu
hhdp unwgywd wpnwhwinmpnilp’ gpklp hbnbjw] guGgwihl hwywuwpnidGhph
hwdwlwpgp.
~—An-1/2Un-1 + (an—l/‘z + an+1/2)vn — Qnii/2Vny1 = han )
n=12...,N, (7.11.9)

Vo= @, Ungr =00
<t t mbubhy, np (7.11.9) hwiwlwpgh dwnphgp uhdbimphy b b ndGh wilgmGugowhl

qtiphzfunud:

Ujuyhuny, dblp hwiwnnnwlph dwlnpwgl] bhp unynpuwywl nghbbphbghuyg
hwywuwpnuiGiph hwdwp  wwppbpwiwi  vubdwlbph  Juwnrmgiwl  hpdGulwG
uljqpnilplbph hbw:

7.12 Swppbpwljwl vjubdwjh hbnmwgnunnuip dtly
tqpuwjhl fuligph hwdwnp

“thunwplklp

Lu=—-v"+q(x)u= f(z), a<z<bh (7.12.1)
qow)hd nhdbptlghw; hwjwuwpndp

u(a) = a, u(b) = 3 (7.12.2)
tigpuyhl wuwydwGiGtpnny: Gapwnpblp, np ¢(z). f(x) € C*e.b], pin npmd g(x) > 0:
Wn nbwpnid gnymipymb mGh (7.12.1),(7.12.2) fuGnph w(x) € C*a.b) dhwly pnuonudp
(:nbu [29]): (7.12.1) hwjwuwniwb dwh Jwup swhdwlned t Gpypnpn yupgh L gdwgha
nhytipklghuwy owbpunnnp:
Sphlip

Livp = ()it quun=fun. n=12_... N.
" e (7.12.3)
w=a,vvy =8

mwppbpwlwd upubdw: (7.12.3) Japewydnp-nwppbpuwiul hwduwuwpiwd dwhe Swup
uwhdwlnud t L), gowyhb tnwppbmuliut owbmueamng, npp L nhplipklighw oygbpuwanpp
Yupgwynp-tnuppbpuljul dnnwplyndG b
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Swppbpuwb ufutiiwl kg wwipu b updtimphy liptpwGlymbwgowhl dwnphgny
{ -yt (2 4 /Izqn) Uy = Ungt = lz.jjf,, o =1.2.....N .

g = QL vy =
guliguhG huuuwpmdttph bwdwlwpg: Lwlh np hwdwlupgh vwwmphgp mbh
whlnthwgdwght gbphyiumd, wuqw (7.12.3) mwppbpuljub futinhpp ntl vhwl pnoma:

Uwhiwbtp " = {w L1 guiigughl pruyghwtitph G5 mwpuompmtnd

v}‘ fasel v N
it = e o

(inptn:
Munq b, np (7.12.1),(7.12.2) tulnpph Gqphan pmdndp,  plhwtinp wndwdp,
«n gulgh ypw sh pwdupupmd (7.12.3) wwppbpuyud eubdughG:s <bunwgnnblp
htanlguy hwpgp. /1 Gy drumgppadp b gy pneondg puu/lu/uu/mu} (7.12.3) unupplipulyul
yfubidugp: Wy Guuunwymy GEpdinmottp < =z ,,},, ) gwlguyhG pmGhghw htwnlguy
yhpuy.
co=Liu,— fo. =12, N,

Fo = g — Q. EN| = UNG — 3
UGgwGhbp wyny pmalhghwd (7.12.3) wmwpplipwub ulubbwgh wlpoepaedggmpnd jud
dnunupltwl ypnwpedp : dwdwdwyG (7.12.2) bgpughl wuydwilbph' ¢o = cvyy = Ot
Lhippht hwgnghbpnud mGkGp’

|‘Hl = l = () + @ty + 1 ( T) — (nth| = |‘”H(-'1f'n) - (”1)).1'.7‘1 :
Ujuntinhg, oquu[b]nq (4.6.8) qiwhwumwwihyg, unwiwip
M
|~nl§‘1§}‘ n=12... N,

nptn My = max [V ()] Wyuwghuny,
a<lr<h

EIEE (7.12.5)

u

Lwih np l|g"]] — 0, tpp / — 0, wuw wumd &G, np (7.12.3) mwppipuwl ufubiiwt
dnunuplmid F(7.12.1),(7.12.2) npptpblghwy fulnhpp W miGh dnonepldwl Gpgpnpg
Jung:

LiGwphtlp nwppbpwywl vubdwih dp Yuplop bwaynpmG, npp Ynydmd &
JuwymGnipymt; Lwlu wupugnmghilip htinlywy odwlnuly wannuip:

Lbsdw 7.12.1 (Swpupdndh uyqpmilp): 2igmp 6" gwlgw i pmllgnul wylivhupl ¢,
ap M = o nax 19” >0 L

Lify <0, n=12....N:

Win pypmd pmbhghwl bguught hwlgnggGlipmd pligmGmd £ p AL dGowgnyl
wpdlipp, uyuplpl’ max(fy. Onyy) = M:
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Uuwpwgnyg:  Blpwnptip hwlwnwlp, np bqnuihG  hwlgnygGhpmd  Gpque A/
dhowgnyt wpdbpp hwuwGhih ok, wuhlpG Gy < A/ Oy < M Wn nhypmd A
wpdbipp hwuwGbih E ptg-np Guppht hwtignyggnod: Bgbhd, Yymbdh wybGuhup 2z, Ghpph
hwligniyg, np

Oy <M. 0, =M, 0,4 <AM:

Uy hwligniygh hwdwn

()m -1 2"0_1'1 + 97?141 4 q & > 2‘\[ - (ﬁm -1 ™ F}m% l)
2 mUn Z e

LI)Hm = — > 0‘

higp hwjpwumi b wtdwgh wpuyswtiht: G
Quubpybtp L wwpugnighlp widd hhdGwlwl winnuip:
Etnpbd 7.12.1 : Gpk oM -p (7.12.3) unuppbmulped fulinpfr pneomda b, wapo
[loh] < (fi_“‘éﬁﬁ 1{}1}&}_;;\,!]‘1.! + max (Jal. [J]) - (7.12.6)
Uwwgnt)g: Lrwlwyklp # = max [ ful: LhndmatGp

7n—' (b—' ?")
2

F, n=0,1..... N+1

U}n o=

gulguwhG $nillghw: BYGhwjn b, np w, > 0. plnnpmd wy = wy g = 00 Un nbaypnud
(r—aj)ib-ur) (b*u)

max w, < max —————— = e [ {(7.12.70)
<o N alrah 2 ke

UyGnihbnlk, htipn £ huningyby, np
Lyw, > F, n=12...,] N (7.12.8)

Qpgmp 8" = " — " Wn gubguyhl pmGyghwyh hwdwp, L), wwppbpulwé
owtipwwnph gow)lnpjul h (7.12.8) wlihwdwuwpmpjntGibph upumawnny, mubkbp

Lhon = L}:'Un - Lh wy = fn - Lh'wn < fn -F < 05 n=12.... N (le(‘))

Ulgphg LGpunpllp, np max, H > 0: Uy ghwypnd 6% gulgwjhG pmblghwb
g

0<n<
pwjwnwpmu £ 7.12.1 [hﬂl\uij]l ululjt'll.l.lﬁ(lhphh Lbnbwpwp,

o X 6, = max (0y. Ony ) = max (o, 3) < max (jaf, [3]) : (7.12.107)

bul] tipt max 9,, < 0, wyyw wylhwjnnphl

gL <N

oI | 6, < max(ja].|3]) {7.12.107)
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Oqungtiny (7.12.7) L (7.12.10) wihwwuwpnpmutiitpnhg, uunubnud Ghp, np

l
vy, = w, + 0, < (3';\; ) F -+ max (|a]. {7]) (7.12.11)
pngnp 7= 0,1.... . N + | wpdbplbph hwdwp: Ghyw &6 Gwl
(b —a)? )
-1, < 5 F+max(a|.|4]), n=01,....N+1 (7.12.12)

whhwjwuwpnipyniGitpp: bpnp, Gpt " guGgughG prillyghwb (7.12.3) wwpptipwwi
fuGnph nonuiG t, wugque —" pulyghwd Yiptp

{ Lh('ﬁvn):”—fn, n=l.2,..,,N,

- = —a, —tnp = =3
wmwppbpww6 fulngph peomud: (7.12.11) U (7.12.12) wihwjwuwpmpymGGtphg hbnbnid

LG
(b—a) :
|2, I<——8 F+max(jal.|4), n=01...,N+1
wihwywuwpmpimGGbpp L npwbing huly (7.12.6) gGwhwunwyutp: O
Unwgwo (7.12.6) glwhwwmwlpulp wpmwgnmd t gbpp hbhpwwwlpywd (7.12.3)
wmuwppbpwiwld  vhubkdwgh  Jegmmpped hwolmpminp: Mwpqupwtkip  win
hwuljugnipjwl tmpymGp: “hunwpltbp (7.12.3) pulingph hbn dehmbn junonnpud
w9 dwubkpny
{ Lh(’?n):fn +€ns n = ]..2 ..... i\‘"

To=a+¢€y, Tnyr = T+ Ens

umwpptpwlywl fuGnhpp: W nhwpnud, L, wwpphpwiwé oybpuwmnph gowjnipiwul
wwwdwnny, 7 — " guiguyhl pmiyghwh

{ LUy, —vy)=¢,, n=12,...,N,

Up — Vo = 0, UN+1 — UN41 = EN4T

nwpphpwlwl fulnph momd b <bnblaupwp, hwdwdwG (7.12.6) gwhwwmwyuwih’

”T—)h_vhH < ({?—(1)2 max_|en| + max (o], [ ) 1913
= 3 ]SI::\‘N n ax (|€o}, vN+1|) : (7.12.13)

Uuwhund, (7.12.3) nuppbpulub fulnpph modwl funnnpnudp hwdwswihtith £ owe
dwubph funnnpnudGtiph htin: dbpewugtiv, delp upnn GGp wydd gmyg wnwy (7.12.3)
wwppbpwlwl upubdwih  gugudfnmpmdn: bpnp, (7.12.13) glwhwmwljuihy b
(7.12.4) -hg htimlenud b

bh— a)?
h __,“h,” < (_’_ a) ( ) H h”

g max [un' <

e s
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Wyuwntinhg, oqunylyny (7.12.5) qiwhwwmwljwlihg, Yunwbwlp, np
2 h h 11_1 __ 202 71 1=
[lu" = || < 5 (b—a) h* : (7.12.14)
Wuwhum], (7.12.1),(7.12.2) tqpuwyhG fuGgph oppluwyh ypw dhlp gmgunpby bGp
qow)hG  nphptpblghw  hwyjwuwpnuiGipph  hwdwp mwppbpuwlwl  ufubdwGbph
wbunipjusi bhdGwlwl npogpp, npp upbth b hwdwennwyh dwlbpo wjuybu.
dmnwplynulhg L Guymbmpymipg hbmlod b giqudfunmpntin: Uklip wju hwpgp
wybh dwlpwiwuG Ypllhupytbp bwonpn gifund:

L D={(z.u):1<2<3, 1< u<4} whpmypmd quby Lhyphgh hwumunmGnp
u hmpnfuwyuGh Guwndwdp htinlgwy $mGyghwlbph hwdunp.

D flzou) =2 —u, 3)flr.u) =222,

2Y flow) = —xu. 4 fla.u) = L :

73
2. Uppwnbim] wuwnp8wlwhG jwppbph dapnnp’ quiGlg
o =, w(0)=1
fulinph dnunuynp uonuip * = 02 L * = 1.2 Yhwbpnd: Qwdbdwnty wfc) =

(1 —2)" Gqphu modwl hwiwwwnwuhuwd wpdbplibph htw: MuwpquipuGh,
pli plsn”t Bplpnpy nbwpmy (@ = 1.2) wpymlpp wipwupup t:

3. Yhpwnkh® t wpiynp kjkph dhpnnp
=1+, 0<r<3; w0)=07
fulinph hwdwp: folnph S2qphun memdp w(r) = tgx Pmiyghwa t:
4. 8nyg wmwy, np Ejbph dnpnnp, Yhpwnwe

3 .
U = 5 W w{0) =0
fulinphG, wwhu t wlpwjwpup wpymlp (62qphin nonudG b u(x) = 2%?

$niGlghwG):

5. Ywnmgty wignphpd, nph dphengny Ywpbih b oqulhy «(0) = 0.v(0) = 0
ulgqplwlul wujtwiibpoy
W="re flaoy,
I
vV =u+a

nhpliptiighuy  hwjuwuwpnuiGph  hwiwupgh  dmnwgap monaip  (f(z) -p
wliplinhwwm pnllghw b):
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6.

10.

“Fhunwpljdnud £ Unym fulinhpp

{ u’ =1t~ —o?,

V=40 8

apypnpn Yupgh nhiptptiighw hwuwuwpmdttph hwdwljupgh hunil‘up u(0) =10,
w'(0) = 1,000) = 1.0(0) = 0 uhgplwul wupiwbitpng: wlgbglty uGnhpp
wnw9hl Ywngh nhphptlghw) hwjuwuwpmdtbph hwdwljupghl: bwnngh) By bph
pwgwhuwjn b wlpwgwhwjwn dhpnnibpn:

. Umnwoty  Epkph dGpwhwyddwl  dbpnnh (7.5.26)  gumpwy upuwqutph

gliwmhwwnwwln:

. huwuplynud £

Upvi — Uy

L + ((\111(11',,) + (i'zfl(fl'll+1))(!31 Uy + Bot) = "/Jf(il'u) + “;'zf(."u+1) !

n=0.1....; vp = uyy
nwnpplipwlwl dhpnnp
w+alr)u= f(z), u(0)=uq

Unpnt fuliph hwidwp: RGwnpky a4, 3;,y; (0 = 1,2) qnpdwyhgltpp Gpypnpn Yupgh
unnwpynuip wunwiwn hwdwn:

. Gwnmgh) wikGwpwpép dnnwpldwl Yupgp mGhgnn

Uy — U2
2h
wmhuyjh mwppbpuwul dbpnn

u' = flrow) . u(rg) =

Unpm fulnpp jnmodw G hwdwp:

= Qf(-”l:n- 'Un) + ﬂ.f(-‘l'n—lw 7«’71—1) + ‘,”,]“(-77”—2: 7~’n—2)

TFhnwnpyynud t

=x+u, u(0)=1
Unym fulinhpp, nph 62gphwn manuil b u(r) = 2¢° — z — 1 pmliyghwb: Omlgh-
Ununw)h dpnnny qunlb dnnwgnp matwb wpdtpp 7 = 0.2 Yhnnd: Gunwpty
hwoqupyltp 2 = 0.2 L h = 0.1 puybpny: Bgput imonwip puwn (khywpnuntp
L hunibdwwnby 2qphw modw G wpdtiph hbin:

. Uhpwnbi Gppnpng Yupgh &unpjwb Unudu-Rw$npoh dipnnp

u' =u?, u(0)=1

fulinph (movw hwdwp: Gnlh) dnnwdnp mddwl vy Lovy wpdbpGlpp o = 0.1
pwjim] gwflgh Jpw' Jtipgltng nputu "dEyGiwa” wpdbplbp vy = 1.0000,
vy = L1111 L wp = 1.2500: Qwitdwwby u(z) = (1 — z)™' Gyqphw modwl
hwiwwwwnwuuwl wpdtipltph hhwn:
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13.

16.

Lwnmgb hpwdagmpjwl dnpnnp
"+ (I+0) +u=1, O<z<l: w0 =0,u(l)=1

Lqpuwiht fuGnpp hwdwp, npp £ > 0 umpjwdp pudupwpmd bowy bqpught
wjupdwlipGe

Al hpwagmpjub dnpnnp
o = flrouad), a<ar<h
hwjuuewpdwl hundwp

pou(a) + mu'(a) = o, wpu(h) = vl (h) = 3

tanuighl wuydwGGbpny:

. Gp%w b wpnynp

(e + k) —u{w - h)

1141311) 2h

oL Ju(r 20+ ulr)  wlr) +oule = ‘211)]
lim — -
=0 20t 2 2

hwywuwpmpymGp, bph u(z) € C?:

. Gh%w £ wpynp

u(x + h) — '2_:7.57(;>.?.f) + u(a ~ h]

v fE -

. " & . :. ‘: B 2
“IH *1; {u(‘r—i_Zh) +”(1) ”2(/(.1.’)+ U(I) +U(.I' h):l
h—0 [ 2 5

hwywuwpmpmp, bpt w(r) € C2:
Q-phb) wmwppbpulwl ufubidw
(142" + 2200 —u=sinr., O<ae<l; w0 =1, u{l)=0

BgpuwhG fulinph hwdwp wytiybu, np guguwihG hujwowpnidtibph hwdwhupg)
dwwnphgp (hGh updbnphy L mGbGw wilpmiwgowhi glphyfumad:

. Uhnwnbyny qbpgtutmp wwppbppmGGhph dhpangp’ = 0.2 puyny gwligh ypw

qpb gutigught hwjuwuwpnudtitiph hwdwljupgp
"+ (1 —ap' +2u=e"" l<r<24 w(l)=1,u24) =05

tgpughG fuGnph hwdwp:
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21.

22.

= 2% =1 hwduuowpdwl hwdwn qunmgly o/ (0) + 4(0) = 1 dwlu bgpught

wwjdwGh Gphpnpn Jupgh dnunwpymip oquwgnpobny guwlgh tpm Yhwbp:

- = sinr + 1 hwjuuwpdwl hwdwp Juemgl) o' (1) = 3u(l) = 1wy hqpuwy)hi

wuydwbh Gpypnpn Jupgh dmnwplnudp’ oguwgnpdtnyg guéigh tpym Yhnkp:
Gwnmgh) bpypnpn upgh dnnwpydwdp Gphhomwgh wmwppbpulwi ufubdw
—u' 420 = cos2r, u(0) =0

fuGnpp hwdwp:
Ununwupyn™d t wprynp

ks +1—L‘ 1 ]
__L':v)-};'f'vii:l'z. n=12.... N: UU:G;W[:O
ETn

wnmwipbpuwiwl vubdwi

' +u=ux" w(()=0
tqpuyplG fuGnhpp Bpypnpg upgny puw 7 <h: Gpb’ ny, wyw dlwihnfub) ufubdwi
w)liybiu, np wyG mbbbw dnmwpldwG bplpnpng yupg:

hiywhuh® a,3 L v wuwpwitnptph nhupmd t

Un—1 — 20? + Ur, 4 h.z
B : h; T + (O’ LTS e ’3 Un + Y ”n—H} = 'fn + 1_2 fu(-‘l'n) .

n=1,2....,]VZ Vo = UN41 =0

muwppbipwljwl ufubdwi dnunwplnod
~u"+u=f(x), uw0)=u(l)=0

fulinhpp snppnpn Yuipgny:
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Q.nifu 8

suregruuly UvbUuuver UUULVULU Y
aouus3uLvernd <Uduuurnruutrh
Qaguupe

8.1 Uwptdwwmhiwlwl dhghljuyh hwjwuwpmdibph
dwuh(

Plwghumpyub pwwn ulnhplbph Swpbdwmhluwlwi dngb)Ghpp hwlignud B dwoliw-
Jwl wowlgpuipm] nghphpblighw) hwjwuwpmdlbiph: Wnuhuh hwjuuwopmdtbph
wihuywm  pniblyghwlbph wpgnudktinGhphli hwéwp Ytpugpdmd b nwpwowub
thnthnpuwiuGitph b dwdwhwyp hdwewn: Uy poy o wpwwdwnny dwuGuljud
wowlgywyGbpny nhpbpbbghwy hwduwuwwpmdGtipp, npnip Guwpugpnud B8 hipwljub
bhahyyuwjwa Bplmyplhp, Ynggmd GO dwpbdumplpielieli phohlugt hwduwawpn i :
Ptptlp dh pwlh nuuwluwb ophGuly:

e Lwph nwnwliwb hwywuwpnidp (Guwd wihpw)hG hwywuwpnidp)

Uqun wwnwlnudlbp Juwwwpnn @ = 0 bk o« = | wipwgqud owjpbipm] [
Epjwpnipjwl hwdwubin wnwdgulwb popp o ) puylului Ennudp Ghupugpdm

Pu u

0t2=05§, O<z<l. t>0 (8.1.1)
nhptiptiighwi hwjwuwpmuing
w0, ty=0. w(l.)=0. t>0 (8.1.2)
Ggpuyhl wwphwGGapmy L
Ju ‘
w(z,0) = (), - =y(r), 0<a<l (8.1.3)

ot

“ =0
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vhopluwwt  wppwlGhpny (G4, 8.1.1): Glipwgmymd b LgnugpG U ulgpluljpul
ww jiwlihph hwiwdwybbgmdp, wijuhlpl 2(0) = 2(0) =0, ©(0) = (1) = 0:

wle,t)
/—:\ '
0 X {

LY. 8.1.1 Lwph nwwnwnuip

Lotlp. np (8.1.1) hwjwuwpdwl dbe « = 7/p, npntin 7" -6 puph pupmui@ t. puly p-G
puph Gpupp punmpimGp: (8.1.3) wwpiwGGhpmd 2(2) W e (e) pnllhghwbbpp npnynud
GG puph uwiqpiwipul nhppp L uljgpwiul wpugmpmip hwiwwunwouutiopupn;
Gpt mwwmnwinuilbpp Yurnwpyma & f(r. ) miyghwnyg phnipwgpnn wpuwphh
nidh wqntgnipjwip. wwyw (8.1.1)-h thnfjuwpbl gpynud |

Fu Fu
o Tt
hwjwuwpnudp: Uwulwluwl wowlgpuilhapny Gpypnpn Gupgh qowght ghptpbibghug

hwjwuwpnuilitph  guuuwlwpgiwd  hwiwew G (8.1.4)-p  Apwbppnpoianl uifuyh
hwjwuwnmaid t:

+f (8.1.4)

o bpdwhwnnpnwbwinipjwl hwywuwpnidp ud nhdnighwjh hwdwuwpnidp)

DGhuwpyyndd £ ! bphupmppudp  dbymuowguwd hwdwubn pupul dng, npp
dwjpbpnud wwhwywignmd £ hwunwwndd ehpdwumhow(: Innh (e, ) ohpdwumpdutip
pwywpwpmd k

u F*u o
R D<az<l. t>0 (8.1.3)

hunwiwpiue(ip
w0 ) =a, w(lt)=3, t>0 (8.1.6)

Lgpupghli wpuplinllibpny: Opgbu vhgpbwhwl gpopfwd pgmd ©oobipdwumpéwGh
pwtunuip dwiwliwyh ¢ = 0 wuwhhl, wjuhlpl’

wlr,0y=p(r), 0<e<l: (8.1.7)

Uztilip, np (8.1.5) hwjwuwpiwb dtig a = &/sp, npntin « -0 ¢hpdwhwnnpnuljwinmp b
gnpowyhgl b, s-p° dnnp Gymph wnbuwywpwnp ehpdmbGuwynmpymbp, hull p-G ipw
funmpymbp: Gipwnuynud £ Ggpuhl L ulgplwyul wpupwlGEph hudwdaw)Ghgnoip
w(0) = a, ¢(l) = #: dnnh Ghpumd f(r,t) pnllghwgny plmpugpynn otipdmpjub
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wnpjmph Jud etipdmipywl Ylubhsh wnljupmpiwb nhypnd ghpdwhwnnpnuljuGnmppui
hwywuwpmdp Yithlh wihwdwatin’

ou P u
— = - : 8.1.3
gt = ot (8.13)
Lh2tigltiip, np (8.1.8) -n wuynupnpulpul inpogh hwduwowpnd t;
<wnp phptinmu gbpimpjwl mwpwdiwi ppugpp GQupugpnud k
du

o aAu~f (3.1.9)
ot

shipiwhwnnpnuwGnipjwl hwjwuwnnedp, npnbn A -G Lwegpauop ogbipuanpl F

Pu Pu

U= =+ 7=,
gt y?

hulp w(x,y. t)-G (x.y) Yhnh shpdwunhbwll b dwdwlwyh £ wwhhG: UokGp, np (8.1.8)
L (8.1.9) wpuh hwduiuwwpnedtbnp Ghupugpnud kG gbpdmpjwt mwpwonishy pugh Gwl
ghpnigfiind wpngtutibp:

ThunnmpymG 8.1.1 : Shdniqhw puwnp owqly b puinpiansb diffusio prunflg wwpudnud,
gnd: Wyl Gpwluymd £ Guuph inbquipnfudwdin & enmpput haduowpbgwinp
Pl dfowduyph dwuGhylbph pjwpdmd: Oppltiwly, dyblnglhpf pbmluht jwpdnidmy
wwpdwlwgnmfuo dopblmyppap gipmgput dily Grph (Quigh, hbnmih. whtny dwpdth)
Gbppwinuligmd £ dynmuft dbip Gpulig wibohowlwl jgidwl phuypnd G owlhmni bl
dfioluiuinfi dhony:

e MintwunOh hwywuwnnidp

{wpp phphinmd unwghnGup (dwdwGwlh plpugpmd shninfuyng) ebipdnippud
w(z, y) pwphundp Glupugpynud £
Au=f (8.1.10)

Gyl i infyh hwduwuwnonudny, npp Ynpynd t Dnrwenpy hwdwowpnaf: Qudwubin
Au = 0 hwjwuwwpnuip wqulmd 66 Lwaywaf fwdwawpmnd: Gufudwe hbnwgnungdnn
tplnyph plnyphg” phptinh tgph Jpw Yuwpnn GG wpybp wmwppbp wpw)  bGgpagil
ww ik

Lphlp, np (8.1.10) whuph hwduwuwpnyd hwlnhwynod £ Gub Ehupnumwmpljugh,
biGywpnbuwghG  owwhlwyh, wnwéquiwlnpjwi wbumpjuG L wy;  fubnpplbph
GywpwgpiwG dwiwlwy:

o Stinwthnhudwl hwlwuwpnidp

THhunwpyklp npny Gyueph dhwywg YnGdbjopyd mbnuginfudwG wpngtup —a(x. £)
wpwgnpjwdp wnpdynn dhowyunny: Wiy Gplnyph dwpbdwwmblulwl dnglyp

du du
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hwwuwpndG b, npnbn f(r. ¢) -6 pmpwgpnud b Gynph hiwpwynp wnpymplbph ud
hnutph hGnbGupgmpniip: Cun npmud, ¢ = 0 wwhhl mpymd £ Gyuph funnepjuwd
ulgpliwjul pwptunidp’

w(x.0) = o(x) : (8.1.12)

]

Qhunqmp)nil 8.1.2 1 unldtyghw  pump  wrwgwgly b junhb6phil convectio
przpg’ wnhnuhnfumd,  Ghnpowlgnd - pd Grwbwlmd b dwawwlph,  hgpliph
L owy phghlwlput  dbompimbhpft  wmbnunfimfumd puwpdyng  dipwduipmd (onh,
gmpnppm,  hbqmgh  hnupbpmf):  Swppbpmd G0 dhvwywyp  wihwdwebomp padp
wuwdwlwdnmfwo piwywb §abifbhghw (obpdwumpcuth ud funmppul gnaunhlitiuh
wnluympmin) L dfpwuagpfl yme wponuphG o dhfuwGhipulped wanbgnippodp
wrwewgwo hwpyunpwlwl nbdbhgiuw

Yhuwpywd  hwduwuewpmdinpn hhwpyt b6 uwypunnud dwpbidwnhlwljud
$hghyjuwph hwyjwuwnnuiltipp wdpnng puwguwquinmpnilp (nku, ophliwly. [32],[42]]):
Jdhpp phipjwd hwyjwuewpnudbbipp yupqugngi b, shwdwdwbwy, dwpbiwmhyuwiwi
$haghjwih  hwyjwuwpmilnph  plopnz  Ghplwjugnghslbp GG DlGwjmd  npny
hwywuwpmidlbph hwdwp Jupth € unwiwy §2gppn imonuilitp (ophtwl, Smphbjh
suwpptph dhongm)), dklp wjn hwidwuwpnoiGhpp  Ynhrnwpyblp npybu hwpdwp
unnbpwihG utinhpltp pYuyhé wignphputtipp Ghpluwjuglbine hwidwp: Pwil wl t,
np wybih plnhwmp wbuph hwwuwpnuitiph hwowp (ephtwl, thnthafuwipwG
qnpowhglbpm]) vnwluy neonuip whwhnhply ntupnyd, npybu Yulnd, hGwpwynp sk
Gy wjunbn wpnh6 whwnp b Yhpwnek) pqughl depnnlbp:

Uwpbdwwnhjuywl $hghljuyh hwjwuwpndGbph modwi pduyghl dapnnlitiphg
widbGwipwyG  wwpwomyd  vunugty 6l Yapeuninp-irnwppbpulnd dhpnnlbpp: Uy
GhpnnGbipmd wpgnuiklmh waplnhwn mhnpudw G nhpaypp hinfuwphlynad £ Gpu
nhuypbn  ginthnjudwd  whpnypny  gwlgny: Jwjuuowpndtbpp ke dwuliwulgnn
wowlgiwibpp, pGywbtu Gl Ggpught L uyqpéwwl upujdwGitpp, wpmwhw jngnad ki
gwlgh muebgmjgthpmd pmllyghwltph wpdbpltph dhigngny: UpnynuGpnud unwgynud b
gwlgwjhl hwjwuwpnuiGbph hwdwhwpg, npp Ynpdnwd Y wrpplpwiuuld afubdu:
Loty wyn hwidwlwngp, gulnud &6 npnGhh peotwl dnuowynnp wpdbpliipn gubgh
hw(ignyyglkpnud:

8.2 Swppbpwljwl vhutidwltph mtunipjul hhdGulwb
hwuljugmpjnGahpp

hGywbtu wpnbl wuyb) b Gujunpn wuwpwgpwdph yhpend, wwppbhpuiwl uwpubidwjh
Junnignuip Ghpwnnud £ Gpyne hhdGulwb ghing,

— guwflgh Qjwnngnd wiljwp Gimhnpewyuiliph wlplnhwmn inginfudwb
wmhpmypnid,
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-~ nhptiptilighw) owbpwwnnph thnfuwphimd mwppbinwlwi owbpwwmnpny, hGyutiu
Giwl tqpuwyhl b uygplwlwl wwyjdwbibph wwppbpuiul Gdwbwltibph Juemgn:

LG0GwnpykGp jnipupwbyynip il wowGdhh:

8.2.1 SBuwlgtp L guGgwjhi pmbGyghwlhnp

Qhphptlghw) hwjuuwpmdbaph pyuyhl ppeotwl dudwGwy hGupwdnp b vnwlu)

dnunuwynp manwdp ghuwplyng whpnypnd yininfudnn wlwpe qindinfuwuibph

pnpnp wpdtipGeph hwdwp: Nwwh pGopynd Lowygn wmppnypp Ghobph npnpwyh

pwqinipyncG, npp Yngynud b guslig: Uyn Yhmbipp Yngdnad GG quboh Awdbgnygtbn:
Phpllp bpYyywih whpmyplbpmd gulgbph unmgdwl $h pwlh ophlwly:

OnhGwy 8.2.1 Quwdwuwnwswih guig ninnwbyntinud): hwmwpyblp =,y hmhnfuw-
yulGtph hwppmpjui dhy Q = {0 < v < @, 0 < y < b} ninuGlynG whpniypp
A8 tqpny: SpnhblGp Ox wnwlgph [0,a] hwwndwop b Oy wnwlgph [0, hwwnduop
M U N hwjwuwp dwubph hwiwywuwufpwlwpwp 2z = oy (= 0,1,..., M) L
y; = jhs (j = 0,1....,N) Ytwbph dhongny, npwmbin ky = a¢/M L hy = 0/N: Uy
Ybnbphg nwlbinyg GnnpnhGwnwliwl wnwligpbphli gniquhbtn ninpnibp Qunwiwlip
(i, ;) hwlgnygGtipny
wy = (-Tuyl) € 52}

gulgp, npntin A = (hy, hy) (G4.8.2.1); UWGYwGkGp Ay L h, ShdmpmGahpp gubgh
puyrbppun Ly nnnmpymGatph hwiwwwinuwupewGupwp:

)
b
Yn
Y
h
Yo ¢ T
Ty S T, ... Taf

LY. 8.2.1 Qujwuwpwswih gulg monuGyyniGmd
Gpyne hwlignyg GuljwlbGp Awplwd, tph Gpulg hinwynpupynip Or juni Oy

wnw(gplbph nummpjudp hwywuwp £ A Jwd 2 hwiwyuwnwuuwwpwn: U)G6
(z;,y;) hwGgmyglGbpp, npnlp pGYwe GG Q@ whpnyph Ghpunid, Yngdmd GG Ghaphd,
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huy whpnyph bgph ypw quiynn hwlynyglbpp Ggpughé: Uwhiwlblp  Gupp)t
hwligm jgutipnh gutg
wy, = {lriy) € 2}
L bgpughl hwlgnyglhph guilig !
= {(rey,) €09 -
UyGhwjwn t, np wy = wj Uwy,: &

Bqnummppul puwpdpwgiwb Gywnwlng npny pagpipnid wihpwdtipnm b jhGmd
Juwnwpby guiligh hwignmjgtbnh ppmugmd ghnwplpgnn mppnyph wnwléht dswutipmuad:
Uy nhiypmd oqunwgnponud Ll wihwduwuwpuywth gulighp:

OphGuwy 8.2.2 (UGhwywuwpwswth gwlg ninnublyyniinud): “FhunwpltiGp 8.2.1 ophGulj
Q whpnypp: SpnhtGp [0.¢] U (0.5 hwunjwoGtipp hwdwwmmmummﬁmpiup M
N dwubph Juiwjwlwlnptl Jybpgywd 0 = 2y < 7 < -+ < wy o= a b
0=y <y < -+« < yy = b Ytimbph dhongny (6Y.8.2.2): Uyumbin wpnbl hwpluwl
hwiignyglitph dhol bnwo htinwdnpmpyniGiepn (hGywbu @, w)lwbu b ¢ mgnnipjuip)
hwununm b dhompymGGhp s6G: Swbgh puybpd GG lzi, =aq;—w q,0=1.2.... .. i
n h‘lz)) =gy -wjg.j=12.... N:

Y
)
¥v
Y,
Y
Yo ! &
o Xy ... Li .. Lrr

LY. 8.2.2 UGhwjwuwpwswih gulg nnuGlyymbnad
Upuwhuny, (24, y;) hwgnygGhph hwiwhudpmplp ugimd k
wp = (x4, ;) € 0}

gmﬁg {mmml; Gytdp, np wyunbin wpnbl A GQwlhG wpyma bt dinpp-hiy wjp pdwun’
= (RO B2 R RY R RS S UkpphG L kqpuuughG hwGgngGbp gwlgbpp
(u,g L owy) umhdmﬁqnuﬁ h[i Ghywn ﬁm_]ﬁ Ytinw, hsyybu Gujunpn ophGuiynui: &
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OphGwy 8.2.3 (Bwlg Ywdwywywb &dup nppnyph hwdwp): “Fhgmp .y hnpnjuwtjwd-
tibph bwppnipjwl dbe opdwd b Quwdwjwlub bpypuyuguuui dLh Q wmhpmgp 90
bgpny: Clinpblp pun z Ly mnnmpnuditinph hwdwwwnwupatbwpwp Ay > O L
ha > 0 npnpwlh pugtipp L wwlblp 2z = ;.0 = 0,x1L.£2... b y = y,,
Jj = 0,£1.£2 ... mnpnGtpp, npntn z; = ¢ L y; = jhy: Wn phypmd
wipnn® hwppnipjul dte Junwbwlp hwjwuwnuwywh gulg (ulnuly)  (z.y,)
hwlgnygltpny: W0 hwlgmygltpp, npnGp quiymd &G Q  wmhpmyph  Gtpuniy,
wiJwlklGp G&ppha hwlignygltp (G4 8.2.3 -md Gpwlp gnyg GG mpquwde e (hny) L
ipwlg hwiwhudpnipmilp Gruliwhblp wy -mf: UjGnihbnl, © =z, L y = y; mnhnltph
hwindwb Yhwbpp 962 bapp hbn wljwibGp Ggrraysé hwGgnygGhp (Gl 8.3.3 -nud Gpulp
gnyyg &G npdwo o Ghpym]), huly Gpulg hwdwhdpmpiniGp Guluykp @ -mf: Utp
GyuwlwynudGhpny £ = (hy hy):

PN

at )\

[/
i\

LY. 8.2.3 Swlg Juiwpulwb duh wmhpmyph hwdwp

Wuwhuny, € whpnyph hwowp yunmgqud b wy, = @) Uwy, guligp, npp nhpngph tgph
tnn wihwjwuwwpwswih t: )

Luwl dtnmy Qupbih b Qunmgbp gulgbp Gwl wybh ko swhh wmwpudnpui
mhpnyplbipnud: Utp ghunwphwe dp pwGh ophGwlOtipny ;50 uwpungmid guwtighph
Yuwnmgiwl pnnp tpuGuyGlipp, npnlp, hwoiuwbu, 2wn puqiuqub B0 judwjwlwb
4Uh wmppnyplbph hwdwp:

QhwnnnnpymG 8.2.1 : Hhunupyyiuo oppGwlilibpmd dhlp Ghpdmomd thip h Grwip,
aphl’ fpufulwed gquitigh  pupwhwanmpniifig,  dbpwgpdnid Ep mappln il
NuypdwlwynmfbiGp htimwquymd wyny Gpwdn oguiugnpdly nmygbu  wwymuodbion L
dhhGwpwlly wyt npuyliv guiligh «puigy »:

Buwligh hwlgnygbitiph Jpw npmpwo pmGlghwi Juijwliklp gwdgughi: Gph
hwiwpwluwiklp gwtigh pninp hwlgnyglbpp npnpwyh Jupgny, wupw guligwhb
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Pruyghwl Junbih b hwdwpby gelumnp, nph yuhp hwiuwown B gwtigh hwtignggGlph
pwlwhhG: Yoguuugnpotlp G, .Gy U G gpmpillbpp wy.w; b w), guwlbghkph
Ypw npupduwo guwlgwihl pmGyghwitiph wwpwompymblbpp Gpwlwltine hwdwp
huwdwywnwupwiwpwp:

i

8.2.2 ah$tptlGghwy owbpwunpltiph mwpplpuiwl Snnmupymip

Shgnp mGhlp npny L qujh(‘x nhpbptGghwi owtipwinnp, npp gnpoma b dky fud dh
pwih thmpnfuwyubh v = w(r) pmbyghwjp ypw: jumbn npybu z hwuljuinmd bip
hwdwujwnwufuwl zuuhnnmqummpjulu nwpwompjwl Yhwn: dnjuwphibnyg o € wy,
hwGgnuygmy  Lu(r)-p wpmwhwynnippul e dwnlnn wowlgjuilbpp yYhppwynp-
nwppbpwlwl wnGmpmGatpny, Juunwlwlp Lyw(r) wpuwhwpnmpmip, npp
gwlgh hwlgnuygltph hGy-np Sp(x) pwqinmpjul Jpw w pmGyghwih wpdbpltiph
qow)hi Yniphtiwghw £

Lru(x Z Aplx, &) u(8), (8.2.1)

TESR{X)
npntin Ay, (2. &) qnpdwlhgGbpt GG6: Qwlignuyglibph Sp{e) hwiwhudpmpymbp Ynggnd t
2wpnl r hwGgnigh hwdwnp:

Wuwhuny, (8.2.1) wpmwhwymmppudp opnpymd L phbbptibghwg owbpunnpp
dnnwpynn Ly wnwppbpuwlpet owbnwanng

Qhnwpykap npny  wwpqugryl phpbpklghw) owbpuwnnplbpp  wwpplpwtjub
dnunwplyndGbn:

e Owbpwwinp Lu=u':

Cumn tmpjul, wju owbpwwnph dnunwpliwl hwpgp ohlp wpntiG puwduljwGhi
Gwlpwdiwul pGlwnpybp tlip 4.6 wwpwgpwpnd: Uklp YJuwpnn  blip  oquigby
wowlynnujwl, dwhwynnijul Juwd jhinpnbwlwl mwppbpwwl wowlgjuiGtphg:
Lwdwyuwinwuhtwliwpwp Juinwiwip htnbjwp wwpptipuwb owbipwwmnplbpp.

u(r +h) —u(r)

Lyu(z) = ; = u,(r) (8.2.2)

(QupnGp’ S,(x) = {z,z+ h}),
u(w) — u(or = h)

Lyu(x) = p = wi(x) (8.2.3)
(upnGp® Sy, (z) = {z — I, 2}) Yud
Luue) = "¢ ’L--’L.)‘)_h“-(lﬂ_ "2 () (8.2.4)

QupmGp Si(z) = {z — h,z+ h}):
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(ipwtiu nhnwpyynn owbpwwnph nwpepkpuyw dSnumupymad Jupbh b gbpglity Gwb
(8.2.2) L (8.2.3) nwpliph qdw)hl Yniphlwghwl, wjuhlpl

L}f"u(.’l:) = gu(r) + (1 — a)us(a). {8.2.5)

npntin o -6 guwlljugwd hpwijwl phy t: L}:’) nwnplinpuwljuG owbpuwnnpp npndwo
Su(z) = {& — h,x.x + h} tptpytunwghl JwpnGh Jpw: Uwubwynpuybu, ¢ = 0.5
nhwpnud Junwbwlp (8.2.4) mwpphpwiwl owtpuwnnpp:

e Owbpwwinp Lu=u":

Ulip wpnhb pwqdhgu ogindby BGp Lphpnpny Jupgh wowlgjuih wwppbpulud
innwplnuihg (nbt'u (4.6.7)-p): UwhdwGLlp

w(r 4+ h) = 2ulx) + ulr —h)
h*

Lyu(z) = = wep(e) - (8.2.6)
Wuwbn pwpnG6 £ Sy (z) = {z — h,z.x + h}:

UWydd nhunwpyblp plne inhnfuwywhg $niblyghwbtiph Ypw gnponn nhdhipblghwy
owbtipwunplbpp:

du  du
[ OU.]b['lLuLnn['l Lu= 5‘; — a :

Oqugting  GYy. 8.2.4 -md wuwntipjwd JwpmbGhphg gpblip hwiwguwnwuuw
wnwpptnuljul dnnwpymdGhpp.

Lyu(x, t) = w2, t) — u.(x,t) (upinG (w)), (8.2.7)
Lyu(r.t) = w(z.t) — wzla. t) (QupmG (). (8.2.8)
Lyu(x.t) = wlx, t) — us(x.t) (upmG (g)) : (8.2.9)

(.t +71) (14 7) (z, L+ T)

*— &
L4 <

(z,1) (x+ht)  (r—=ht) (2,4) (r—~h.t) (;1'.'t) (r+h.t)

(w) (p) (q)
UlY.8.2.4 Cupnlltn ou/dt — du/dr owbpuwwnph SnnwpljiwG hunfwp

FHhnwpyynn owtipwwnnph hwdwp, higyte (8.2.5)-md, Yupth b urmgl) o wwpo-
dbwnphg Yuwhuduo

Li7u(z, 1) = w(z.t) — [0 ug{x,t) + (1 — o)uz(z. 1) (8.2.10)
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nwppbipwljwl ouipwwnnplhph pGunwGhp: Uwuludnpupwp. Gpp o = 0.5, (8.2.10) -hy
utnulinud bfip Yhpp ptindwo (8.2.9) mwppbpuljw{ oytipumnpp:
. Pu
ot ('_}.I'.‘2 ‘ !

Uju nhdptiptlghwy owbpwinnph dnuwpliwl hwdwp oquyblp G4 8.2.5 -mu
wwwnlibpyuwed ywpmbitphg:

e Owbpwwinp Lu =

(w.t+71) (c—ht) (. 1) (x+h.t)
(@ _ i t) (;lrt) (@ +-}L. t) (0.t —T)
(w) ®

LY. 8.2.5 Cwpmlltp du/dt — 8?u/02? owhipwwnnph dnnwnpldwi hwdwp

LwiwyjwwnwuhiwbinpbG YunwGwlp hbnbjuy mwppbpuljul owbpuwmnpGhpp’

Lyu(a.t) = w(x,t) — upz(, 1) (Qwpmnb (w)), (8.2.11)
Lyu(a,t) = v(2,t) — uez(z, ) (QupnG (p)) : (8.2.12)
92, 2
e Luywup owbpwinnp Au = % + 34
[exR -

Unwyt) hwéwhu ogunwgnpadynn Lwuypwuh owtipwmnnph wwppbipuljwl dnunwplnuip
Juunwpygnud £ puwn Gl 8.2.6 -mud gpualibpyfud « fuwy » pwpnh:

(z.y + N)

(= hy. p) (o + h1.y)

(r,y — ha)

Ul. 8.2.6 «luwy» wpmbp
Lwwjwuh Ay wwppbpulwl owybpwwnnpp uwhiwGhip
Apule,y) = uz(.y) 4 wzley) (8.2.13)

wnunwhwjnnmpjwi Jhengny:
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8.2.3 Swppbpwlyw6 vfubdwihp

Uwptdwwmpljulwl  $hghlwih  fubGnhplph  npwoph  dke, pwgh  nhptiptGghuy
hwjwuwpnidhg, dnimd GG Gwb Gopuhld b ulgplwwi pugmghy wwpdwiGhpp,
npntp  wywhnymd GG ymodwl dhwhnmpymbp: Ublp wpybl Jbpp wauby bip, np
unuppbmuwljw( ufubdie Ynynid E nhdphiptlghw) hwjwuwpnudp, hlywto Gub bgpughG b
ulqpliwliwl ywpdwGaapp dnuwpynn wmwppbipwyut hudwuwpmdGlph hwdwijupgp:
ftpklp wwpptpwlwl upubdwibph Junmgiwl dh pwip ophGuy:

OnhGwy 8.2.4 : VhwmwplyhGp
,—'-—a — = flz.t), —x<r<+x.0<t<T
r

mbtnuihnfuiwl hwywutupnudp
u(z,0) = o), —m0<r< too

uliqplwuul wpwpdwling:

Uwnnighllp —oo < 7 < 4oc, 0 < ¢ < T whpnypmy wy, gwlg h > 0 pwjny puin
r thinhinfuwuth b 7 = T/N (N -p plwlwG phy £) pujiny pun £ -h (GY. 8.2.7): Swligh
hwlqnuygGtpl GG (. t,) Yhnbpp, npubny o, = mh, m=0.+£1.+£2.... W t, = nr,
n = 0,1,...,N: dhpuwd n-h ghwypnui (2,,.¢,) hwlgnyglbph hwdwpdpnipyniG
wliyubtlp gubgh n-py sl

A
tar T
&
t() I
...... Iy oy Iy £y £y R

LY. 8.2.7 Swlg wmbnudinjudwl hwjwuwpdwl hwdwp

n

SwlgwjhG w € Gy, pmbyghwyh wpdbpp (2,,.1,) hwlgnygnud Gruwlwlblp «w? -ny:
Uwnnighlip nwpplpului ufubdwb pun GY. 8.2.4w -nid wwwltipdwod ywpmGh.

S+l o n —pn
i Uiy _ (t" ”nu—l 2"m — fn

T m h m
m=0%1.£2,... . n=0.1,... N~1,

0

Uy =m, m=0,£1,+2 ...
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Upuwntn @, = o(2,): Unnunjnp ¢ € Gy, ol wpdtpp (&, Ha) huligmpgmd
hwyymud b prwugwhwjnnpbl pun

T T
g+l n n Son o m 1L
U = (1 - }_l G’m) Uyt h Ay Uy T Tfm

pwlwabh: Ujuwhumy, hdwGuyny pmondp n-pg pbpnnd, dbGp Ywpnng Llp hwybg
inuonuip hwenpny (n + 1) -pg 2kpuinad: Lwlh np uqpeliwul zbpumd ) wpdtplitpp
npwd GG, www dklp Gupnn bkGp pwjp wne puwjyy hwyybp dmnwydnp modwb
wndtiplbpp gwlgh Juwiwjwiwl hwlgnygnui: Mpwnpmpin nunpdGhtp, np pbh =
numipjudp Shwwh gwlgh hwgnyglbph pwlwyp widtpe L, el oh hwpddwG
hwiiwp wwhwlgymd 66 Shw)l ©n, @met - - Pmtne1 wpdbplbipp: &

OphGwy 8.2.5 : Hhunwplhlp Q = {0 < x < a.0 <y < b} monubymb whpnypmd
Apppfubp felnpp Mnuuunih hujwuwpdwl hwdwp.

A = [, {(r.)ef o
{ w = . (ryed: (8.2.14)

Uwnmghlip Q@ wppnypnud wy, = wf, U w), hwjuuwpuyuh guwig A = (ky, k) pupny
(ophGwy 8.2.1): Lywlwyklp w(i j)-m] w € Gp gwligwjhl Pailijghwh wpdbpp
(x;,y;) hwlgnygnui: Oquuugnpotiny « fuwy » Jwpnlp (GY. 8.2.6)" gphlip

{Anv(-{-ﬂ = .f(!:u‘:)- (T, yj) € wj (82.15)
v(i,j) = 2l,4). (2.y) Ewy

nuwppbpuiwl uptdwG (A, wwppkpuljwi owhpwwnnpp wpfwd b (8.2.13)-mu):

Unwgdwd gulguihl hwjwuwpnuiGkph wjuwghuh hwdwlupgh jnddwb Gnwtwyp
plhwnpywd b 8.9 wwpugpugnud: [ ]

Ophlwy 8.2.6 : Ahnwpytlp (8.2.14) “pphiuitgh tulnhpp 92 nnnplp Gqpnd  ©
Juwdwywlwl whwh whpngpmd: Wn julnph hwdwp 2wpwnpblp wwppbpulwb
ufuivw)h Junnigdwl tnuwbwyGhiphg dkynp:

Uwnmghlp Q whpnypmd wy, gwlgp, hGyubu Gyupuwgnygt) b 8.2.3 ophlwimud:
Spnhtlp wj Ghpphl hwlignuygGhph pwqinpmiln  bpin Glpwpwqdnipynibltiph:
(ziy;) € wi hwlqnygp wiqwiblp fupmn GEpppl, tph (z; — by ) (T + by,
(zioy; — h2) L (xiy; + h2) hwlgnyglbpp Wwwnlwinuw &o Q-hl: lhun Ghpphd
hwlignygltiph pwquinipymfip Gyuwlwlblp wp®-nd: Ulwgwd GhpphG hwlgnygltpp
wijwiblp wvwhiwlwdbpd: Fhgmp wp = wp \ «p® vwhiwiunibpd hwqnygltph
pwqump)niliG t:

tohuwn GpphG hwignuygGbpnid wmwpptpwljpul hwjwuwpmudGtpp gpgnud GG Ghpn
wjluybiu, hGywbu (8.2.15) vjubiwynui’

Aﬁv(aj.y)=f(1‘,y), (.L,y) Ewgo :
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Gqnujht hwignyglibpmy nilitlp
v(ey) = ple,y),  (ey) €w)

UGiwgwd' uwhdwGwitpd hwGgnyglpmd hwdwowpnudlbp gpbim hwdwp YhpwehGp
gowjht pwmbpynpughw = Yud y wnwbtgpltph nimnnepjwdp:

Ghonwpyhp G4 8.2.8 -nud  wuwwjbpdwd  ppopgnitip: Ghgnip o Alr yy) -0
ywhiwGunibpé hwignyg t, huy Blz; + hyy,)-0 W Cle, y; — he) -G Gpul hwplasG
(tipph6 hwlgnyglbptd GG pun z Uy mnnmpjniitbph  hwdwywnwouwiwpup:
Ujtimhtwnl, A-h wibGuwinm bqpuhG hwignygltipl b6 pun 2z by ngnnipymGGtph’
D(z; — 61, y;)-6 W E(z;.y; + d2) -6 hwiwujunwufuwlwpwn, npntg 0 < 6 < A L
0 <y < hy:

EL~

Y;

/ | Q
/ C

o0

£y

LY. 8.2.8 Swlg vwhiwlwdtpd hwignijgh ppwljupnid

Cunn @tijnph pwlwdlp nGhlp

w(B) = u(r; + hi.yy) = u(A) + ()—“«KZ)TT"/L) + O(h?)
L 9
w(D) = ulz; — 8y.y;) = u(A) = &, -—“-%iff’—’f-) + 05 :

Puqiwuumtiny wmuehl hwywuwpnpymGp 6; -ny, tpypapnp’ Ay -ny, wyw winud

wn wipud gnudwptiyny, Jumwbwbp’

hyu(D) -+ 6,u(B)
hy + (51

u(A) = +0(h3) -

QLG Ghwbny wyuwbn dGwgnpnuihG wnudp, dtnp Yphphlp  hwjuuwpnd A
uwhiwiwidtnd hwlgnygnud’

hip(D) + 0,0(B)

v A) =
o(4) hi + 4y
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Qwumnpbl dhlp Quuwpbghtp gdwjht hGwmbpwynwghw pun dnnugap modwb
wpdbpltiph B b D Ythwbpmud: dwdwidwinptl junwiwlip

_ hap(E) + 6y0(C)

Iy + &9

v{A)

hwwuwpnudp: Ywpbiph b Guit, bpine mnnipymGGtph hwjwuwpugnp oguwgnpodwiip,
A hwlgnygmd hwduwoewnpnudp gpbp htintgw) mbupny.

1 ]I]Q(D) + (S] l'(B) hg,’)(E) -+ 52’1«'(0)
v{A) = - - + — :

2 it‘.l + (31 h'Z -+ ()2

Wuwhuny, uwhdwlwdtpd hwignygltipmd guiguipl hwjwuwpmilbph gpundw
bnwlwlibpp puqiwqul bi: &

Popnp  oppGulyGhpnmd  dhGp  vwhdiwGwhwlyty blp wnwehl ubnh  bgpuyht
L uyqplwlub  wuwpdwGhph  ghuwpydwdp: QowlguGtpny  wpowhwjufwo
tqpuht L uyqplwluwt wwydwGibpp piwluiuwpup dnowplpnond G0 wybh pwepn
wipnwhwjmmpynuiGpny (o, ophGuwly, [4],[7].[34].[36]):

8.2.4 Swpptpuliwl upubdwitph gniquihnmpynibp, dmnwpynidp L
JuwniGnipymip

Upu  hwueuwgmpimGGhpp, umjnpulwl ghdbpblghwy  hwuwuwpmdlbph - hwdup
bapuyhG  jubnpplbph  povwl  wwppbkpwtpuG dapnnblipp Yhpwplpdwdp,  wpnbd
pGtupyyby 66 7.12 yuwpwgpuwpnd: Upunkn dblp Yuwbp wmwppbpuipub ufubdwibnh
wn Juplonpugny pmipugnpbph widtigh juhun vwhdwGnedGhpp b jhwunwnbop Yuugp
Gpwfg dhol:

Thgnip JQ bqpny 2 wppnypmyd wwhwieynul b gl

Lu(x) = f(x), 2€Q (8.2.16)

nhptptGghwy hwgwuwpdwl manudp, npp pwdwpupmd b jppugnighs (Ggpught jud
uljqpluljmG)
lu(zy = ¢(r). r€d (8.2.17)

wwyswGGbppG, npntin L-p L 7 -p qowyhl nhpliptbghwi owbipwwnnpGlip &G, huy f(r)-p
Loe{a)-p mpywd pmbGlghwbbp: Gapwnpymd b, np (8.2.16),(8.2.17) julinph (mdnudp
quynipynil mGh L Shwyh t:

GwmnigliGp ©Q wppuph hwdwp wy = wp Uw;, gulgp: Qpllp

{Lmr“(:u) = M), zeo

8.2.18)
LaoMx) = oMx), 2 €w], (
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wwnpbpwlul upubidwl, npmtny Ly -p b L,-p L W [ ghdplipblighw) owbpwmnpttiph
wmwppipuljwb dnnwpynuitbpl b6 hwdwgunwepewtwpun, huyy " € G; L 2 € G,
gulguwjhli pmlyghwllpp mpfwd LG: Swlguht " € G, Pmbhghwb (8.2.18)
mwppbpwhwb fjulnph pmonudG ke

Uwhdwltlp Gr, G5 L G gulgught $nillghwibph qowghi wiwpuonipm Gapna
npnpwh ] s -5 W - )5, Gopdbp hLul.lUJu[LUUlLUU]llLUULUplU]] s Lywlwlklp |1 -ny

fo=(hy hoy ..o hy) «puth» bpupnipymGp’ 6] = e + 5+ 2 U wlwlltp
1 L YELY

u' - (8.2 16) (8.2.17) fulinph w 62qphwn ymdvwil Ghpugnidp W), gwligh ypw Jtpgttny
W) = u(r) Yuwiwwhwi r e G, hwGgnygnui:
Quultpwyhlp  wydd  wwppbpulwi  upbdwibph  wbunpjwl  hhdGulwi
hwulwgnipymGitpp:

UwhdwGnd 8.2.1 : Uunud GG, np (8.2.18) wwpptipwlpul upubdwl  gmqadpamd £
(8.2.16),(8.2.17) nhptipklghwy fulinpp pndviwbp, tpk

(" — ™[]y — 0. tpp (A — 0 : (8.2.19)

L6in npmud, Lpl wbknh mbh
[ =", < C'lhPm {8.2.20)

wlhwjwuwpmp)mbp. nputn C'-6 7 -hg wiuwh qpuui hwenwomt B L om > 0,
wujw wund b, np upubidwl mGh e -y Gupgfr apummppn i buly bph wnijw b

[ — i, < O R BT 4 P (8.2.21)
2 i

wlhwjwuwpmpmbp, nputin m, >0, o = 1,2..... p. wuwpu wunud G4, np wfubdup
spunmpul lpupgn puu by, - haduownp Bomg, <fre:

Uwhiwlnui 8.2.2 : Uunid GG, np (8.2.18) wwpplpwlwl ufubGwl  duaraplnid F
(8.2.16),(8.2.17) nhpbptlighwy fulnhpp, tipk

HLau" = My =0, | =" —0.  b&pp bl —0: (8.2.22)
Gph mtinh mGLa
L ~ M5 < COpp™ . W — P, < Culnp” (82.23)

wlhwjwuwpnpymGGtpp, npotin Gy U Gy npuub hwunwwmmGbpp 7 -hg wiljofo ba,
L m > 0, wwyw wund b6, np vwppbpuywG ufubdwG mGh me-pap Gpgfr dnaplnig:
hulj tipt

[|Lnu™ — 25 < € (h"" +h e+ hjj"’) .

(8.2.24)
il = PPl < Co (B 4 A5 4 B2
npnbin m, > 0, a =1,2...., p, wagw wumd &G, np wfeldw dmmaplpiwl pupgp pon

ha - hunfruap & my, -p
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Uwhidwlmd 8.2.3 : Uumd &G, np (8.2.18) wmwppbipwlwl ufubSw6 fuymdé b, tph

el < Coll FH115 + Calle" 11 (8.2.25)

nputn C3-p L Cy-p hywtu f-hg, wybwbu b ff-hg L " -hg ux[il;lulu npuywi
hwumwwmmbbtp GG:

(8.2.25) wGhwywuwpnmpymbp GubGuymd b, np (8.2.18) wwpphpwlwi fuGnph
dnunpuyhl wyjwyltph dinpp thnthnpungpyulp hwdwwwmwuefewlnid E pmodw thopp
thnthnfunepynil: Gy huly YugniGmpmtp pimpwgnnd £ wwppipulwG ulubdwgh
qgunilnipjnilp wwppbp whyh vlpwqwiplbnh Guudwdp: LobGp, np YuynilmpniGp
(h wmwppbpnipyml gniquidhnmppul b dnuopljiw6) nwppbipulwd wjebtwgh Geppht
hwwynipymGb t, npp Ywuwo st ghnwpydnn nhdptiptiGghuy fulnph btn:

Lhpdmoywd hwuljuugmpmGGbph dhel: wuwp hwumwwnnd b htnbgwy wlinnuip:

(Otinptd 8.2.1 (Lwpu-dhijhwyny) : Gpb (8.2.18) wwppbpwlwl ufulidiul dnuuplnd
(8.2.16),(8.2.17) nhpbpbilghwy fulinhpp L Juymi £, wwpw witi quiquidtan b, plig npmd
dyunmpul uipgp npopdnid b oanownpldw wpgny

Uwwganyg: Lwbh np Ly U 1 wwppbpwuG owbpunnplbpp gdwihG kG, wiyuw

Lia(u -~ ) Lhuh - thh = Lﬁuh - fh_-

n(u" =) = bl — hat = e — ot
Qnwlny huy »" - »" wmwpplipnipymip pwupupnu t

{Lf,(u - = Lyt - P zeus

I =2 = L -t rew

wnwpppwlwl hwjwuwpndGiph hwdwlpupghl: dwdwaw)b (8.2.25) qGwhuwinwlwdh
mOtGp
[l ] < CyliLpu = fHI5 + Calitwu = &1

Ujuwtinhg, hwydh wnGting (8.2.22)-p L (8.2.23)-p (Yuwd (8.2.24) -p), quihu Llip dhp
winiwip: 4

Wuwhuny, unmugduwd wpymbpp hudwnnnwyh Qupbh € dlwltipyl] wjuwtbu.
dnunupynidhg b uymbmipmiGhg hbmbmd £ quiquuafunmpmGr: Qwanh, Junmgbng
dnunwpynn mwppbipwlwl vhubitw, L wywgmgbing Gpu YuymGmpymip, dtilip uupnn
tGp Juwwh (hGhg, np wyG gniqudbun b

<wonprp  wwpwgpwplbpnd  dhGp  YpGlwpyhlp  wwppbpulué  ufubdwGtph
urmgdwl L hbwmwgnuiwl  bnulwyiipp unyG gup uligpnid  phamuplwd
dwptidwnblulw( phghljwgh hwjwuwpnuiGhph hwdwp:
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8.3 Swppbpwlwl vlubdwGbp ntnuihnfudwl
hwjwuwpdwl hwdwp

ThunwpytGp
g ==f. — x . < $.3. ]
o oaz f. o<r< 4+, 0<t<T (8.3.1)
hwywuwpnuip, npinkn a = const > 0,

w(z,0) = p(z), —-oc << +oo (8.3.2)

uygplhwywl wwpiwbnyg:

Guomghlp nhnwnplynn whpnypnd wy gwlgp, pGyybto Ghupugplwd £ 8.2.4
ophluwynud (GY. 8.2.7): Uy gulgh Ypw npnpjwo Gp, pnillghwGhph wwpwonipynilnud
(tpdmotilp

[lw]] = max sup|w? (8.3.3)
0Sn<N m

e

npdp: Wylnmihtnk, wy, = {2z, @ m = 0.£1.£2....} dpwswih guligh ymu npny|wd
v = {vyn : m = 0,£1,%2,...} € G}, Pmlyghwltph hwiwp Gnpip vwhswlibip
htunlywy Yhpy.
I1 = sup il + (3.4
m

Lhnmwgqumud oguwgnpotGp Gul
w' = {u), o m=0.£1.42....}

m

Gywlwlnuip gwlgh n-pn 2tpnh Ypw npnpdwd gulguihG $niGyghwibpp hwdwp:
Fhuwpytlp wewynnijwb jwpinliny Junmgyud

n+1

n I T
Uy, — Uy - Untr — Uny _m

T h m:e

m=0,+1,%+2.... ,n=01... N—1,
v?n = Pm, m=0,:i:1‘:l:2.

(8.3.5)

nwpphipulwl wpubdwd (GY. 8.2.4w): Qwiwdw)l wyn vfubdwyh, d&Y tpuphg dynuhG
wlgnuip Juinwpynud t pun

ot = (1= r)ul + el + TR r=a - (8.3.6)
pwlwdlh:

ShunnmpymG 8.3.1 1 Swppbpmuluwl  ufubugf ququidfinmppul - hbuwgnuidut
duwdwlwly d6lp Yhlpunpbip, np v & h puwybpp douund 66 qpunh ny pl hpuphg
whipufu, wyy ihtliny

r=a = const (8.3.7)

==

hwpmuptpnip i dky :
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Luwhu wpupghlp (8.3.5) wwpptipwijul ufubidwip dnmwpyiwG Jupgp: Oqungtng
otyinph Juppompymihg (nbu bddw 4.6.1) L hwadh weGbny (8.3.2) uhgplwywd
wpwjdwlp, nddup sk unwbiug

n+l __ n —
i Wy —a “m+1 7 + "u{]

T l] m i
m=0. 0,42 .. n=01.....] N —1.

W =0, m=0,+1,42,...,

T

i

npnkin
b HQIL'

‘:”*I*T({’)H ol
(Fi =01 7) 9 a2l stonty’

~am 2 ()t

Upuntinhg, Glpwnptynyg (8.3.1),(8.3.2) tulnph &gphw mddwG  Gplpmp Junpgp
dwulwluwl wowlguGbph vwhdwlwhwynpymbp, Yunwbwip

0<b.bs<1:

i*‘”+|| < ("(T + h) C = const > 0

m

popap m=0.£1.4£2.... bk n=0.1,... N — I wpdbpGbph hwdwp: Upuyhuny, (8.3.5)
wwppbpwiwb uhubdwG dnunmwpynad £ (8.3.1),(8.3.2) tulinphpp:
Ujdd hbnwgnuntilp ufubdw)h YuymGneppnitp:

founpbd 8.3.1 : Gph v < |, ungyw (8.3.5) unupptnulyl fulinpfi © € Gy, imovwli hunfwp
afin b htnlyuy gGihunmululn.

el < THA+ el (8.3.8)
Uwwgnyg: LwGh np r < 1, wuyw (8.3.6)-hg hwmbnud t
[ ::.\‘1!< l~7 j m1+,E nrﬁ—(]+rljmj

wihwywuwpnipynibp: Ujunmtinhg

sup [t < (1~ r)sup e, | + rsup v [+ 7l
m m

L dblp unwlnd tbp
B < eI+ I n= 0.0 N =1

wihwjwuwpnpymGiepp: Uu wihwjwuwpnpymGibph  hwenpruljwi Yhpwmiwdp
pninp n=1,2...., N wpdbpGtiph hwdwp Yunwlwip

el < e+ 7l A< =2+ 20 f) <
SO+l AL < WO+ NTIAL= Il + T
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Wjuwhuny,
e < TSN+ el . n=0.1...., N

nptinhg b wilhwjnnphG htnlnud b (8.3.8) gliwhwnwljulp: O

Unwgdwd ghlwhwwmwluwip winmd bt (8.3.5) upubdwyph GuyniGnipjnGp (8.3.3)
Gnpuim:

8nyyg wwlbp, np 7 < 1 wwjiwlp twhwl b, wyuhlpG 7 > 1 gypnd ufutidwG
wllwymb £ Gpw hwdwp pwydwpwp b gnyg wwg, np wyl gniquidtn sk (nbu 8.2.1
plinptivdp):

Gapwnptyny f(r.¢) = 0 whdhpwlwl unmgiwdp Jupnn Gip hwdngyby. np (8.3.1),
(8.3.2) fulinpp nuonmnip wu(x.t) = plr+at) pulyghwb t: Nranh eonnip hwuwmwwnmG
Juipupwbsnip r+al = const mnhn qoh ynw. npp gngynud £ hwdwuwpdwl pdmpugrfiy
(wbu unyG wupwgpuph Yupep): Gupunpiwl wwpgnepjub hwdwp Jupglulp 7= 1:
Ujn nhypmd monuip hwuwmuwnmb b oo+ at = ¢ ploipwgphyh gpuw, npl o wbglnid b
(0.1) b (a,0) Yawmbpny (GY. 8.3.1): UyGhwpn b,onp «(0.1) = p(a):

t

D €
0 alr a

LY. 8.3.1 r > 1 phwypmd (8.3.5) ujutidwgh nwpwdhunnipjul wupugnijgh wnphy

Qb bt wbuGhp, np (8.3.5) wwpphpwlwl fuGnpp vy puonuip (0.1)  Yeonad
Ghwpdtipnpll npnpynud £ oo(a) pmbyghwh wpdbptbpng 0 < 2 < a/r hwnywohG
wuwnjuwng hwGgnygltph Yypw, L Ywiudwd st () pmGyghwih wpdplbphg
wjn hwngwohg nuipu: Gpb o > 1, wwyw «o/r < a: fhunh guqudhomp G
(0,1) hwlGgnygnud, pnhwlpuytic wuwd, gnynipymb ynieGh: bpnp, yhgmp npng o (r)
Pnyghwh hwdwp wmtinh niuih ququdhumpnil, wjuplpa’

lim o) =u(0.1) = ¢la)
h,r—0

Onublp (x) Pmblyghwyh wpdtpliipp r = e Ytwh pewluwpnd w)liybu, np
0 € 2 < a/r huwnduwomy wjl Wiw, vwlwyl, wihnfofu: Wikth ohwn, JuipgQtGp op
wy; uhgplwlul pniGyghw () wylubu, np G(a) = 2(x), ipp 0 < o0 < a/r, puyg
gla) # wla): Wn ghwpnud Ggqphw nuodwG wipdtipp (0, 1) Yhwmd hnfugh (wydd
wyl hwywuwp £ B(a)-h), wy gtiwpmd, bpp v dnowynp monwdp YuGw Guiuyptp:
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Fpuling huy gniguithnmpynG hnhnputwd uljgplwlub wpdbph giypmd wpnbG suw:
bul pwih np (8.3.5) ufutitwb Snnwpynn L, wupw wyl oh Ywpnn thGty jugmb (hwlwnul
nhypnid wyl Jhwlwubp 8.2.1 phnpbdh wlniwln):

fapklp dh wwpg ophliwy, pt hGywbu t r > 1 ghupmd ulubiwyh wiwymbnipmip
wgnmu dmnwynp modw Ypw ulqpluwljub wpdhptbph thnpp uuwputpbph nhypm:
TFhunwplklp (8.3.1),(8.3.2) julnhpp, ipp f(a.t) = 0 L p(z) = 0: W fulinph pmdnuit b
w(x,t)y = 0: MbhGwgm)
=0, m=0%14%2,... (8.3.9)

m

uljqpiwlul wpdtplbpp, dnnwynp nenudp hwenpn 2hpwtipnud npnpynad b pun

el = (L=l +rel,, m=0,%£1,%2,...

"’

pwlwdlp: UyGhwjw E, np v, = 0: Uydd GGpwnplbp, np uhqplulwl wpdbpbpnid

™

pny)) b wpyb upuwpuGp L (8.3.9) -h ginfuwptb hpulyuGnud nGhGp
0= (=1)", m=0,+1,%2,..., (8.3.10)

npnbn € = const: Fdjwp sk unwluy pugwhwyn pwlwdl Gnp (8.3.10) ulqpGwlwb
wndtiplbtiphl hwiwuwwinwupwinn @7, gulguihG pmayghwih huniwp

= (1= 2r)"(=1)"e

Uwulwynpwwytiu, Yypehl 2hpuninul’
Jim| = 11 = 2r|V]e] = |1 = 2r[T/7}e] -
Lwlhnp [1 =27 > 1, wyw 7 — 0 yhypnud ulqpnid pnyy; mpfwd ufuwqulpp 2w
wpwg wénd £ nwwnh b monadp wnbknwihnpbG wnwyungynuad t:
bwnwpbiny hwiwGdwl puunnnipyniGbp, Yupth b gnyg wwy, np GY. 8.2.4p -nud
wwunhbinywo dwhiwlynnijui pwpning Junniggwud

,Un+l — pt s

m m m~_ Ym—1 __ rn
-—-—-a

T h Jm
m=0,%x1,£2,... ,n=0.1.... N-1,

WO =, m=041.42... .,
nwppbpuwyul vpidwl wijuyml t udwpolwl r-h gheypnd:
e Stinwthnfudwl hwywuwnpiwb pGnipwgphsGtiph dwuhG
bwpbih £ gnyg iy, np
. du I

o a(z. t) Iy flz. t) (8.3.11)
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nbnuihnuiw( hwjwuwpiwl dG9 dwpu dwup pphGhg GhpYuywglnd b ow(z,t)
dniliyghwyp (phy wowlgjwy puwm ¢-h

du  Ou N Oudr  Ou () O
dt ~ ot orar ot T Vor
Nwunp (8.3.11) hwjwuwpnidp Jwpnn b gpdbg hbinlgw) pdmpuwgpfs mtiupny.
du X
dr ' 9 1
yri —a(z.t) : (8.3.13)

Uytilip, np (8.3.13) unynpupul nhptipkGghw) hwyjwuwpiwb hGubgpwy Ynpbpp Ynsnug
GG plmpwgnfsGhp: Wyn Ynplipp hnuph qotipl GG. = = x(f:zy. te) plintpwgphyp hptilipg
Ghphupurgimd t Ypnn Shewyuyph dwubhyh pwpdiwl hbnwagho, npp dwdwlwlyh ¢ = £,
wwhhG mGh z = o YnnprphGuunp (GY. 8.3.2):

2

0 Lo

LY. 8.3.2 = = x(t; x¢. tp) pGmpugphyn

Mupg b, np = = z(t;xo,te) Phpugwd plmpwagphsh Ynuw ghnwplpnn (8.3.12)
hwjwuwnpmip unnpuwl ghpbpbiighw) hwjwowpmd £ ¢ wiwh inthnfuwlwing
Lou(t) = w(x(t:zo,te).t) npnlhh $pmlyghwynmf: Wn hwjwuwpdwl monuip
dhwpdtpnpbl npopmd £ u(ty) = wu(wg.tp) uhgplulul wuwjpdwing: «Uwpmp
nbnwihnfudwl » ghypmd f(x,t) = 0, plmpwgphsh dpw mGhip w(t) = uita): Gpp
a = const, pGmpwqnhsGhpp Gepyuywuglnd GG 2 + at = const gniquhtin mnhnGtph
pGnwGhp:

8.4 Uuwymlmpjwul uytljmpuy hwjnwbhp
Cuwnpumpbklp wmwpptpwljwd ujubdwGbpp QuymGmepul yepmomppuG pudwlpuGhG

wuwpq Gnubwl, npl wrwowpll) £ 2. LEdwip: Wyuntin dhlp Yuwhdwbwhulpbip
wnbnunpnfudwi hwquuwpdwl hwiwp (8.3.1),(8.3.2) Unpm fublinph hbnmwgnindunip:
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Uygphg nhnwpytip

o+l ol P —pn
m mo_ o omEl o e f”
o a m>
T b

m=0.£1.%2.... . n=0,1.....N8N =1, (541

v =, om=0,£1 42

wwpphpwulwl  ujubiwG: Qwiwdwgli 8.2.3  wwhiwlGiwGp  (8.4.1)  wwppbpulwl
ujubitwh JuyniGnipymlip Gyuwlnad &

el < Gl + Collall (8.4.2)

gliwhwwnwywih wpiuwympyml, npmbn ¢ L Cy gpujwl hwunmwnmGibpp uwhufwod
st ny gulgh puptiphg, ny by f = {f2} € Gy b ¢ = {on} € G}, guligwyht
$miyghwltphg (nbuv guwigwht Gnpitph (8.3.3) U (3.3.4) vwhdwblinuilbtpp): (3.4.2)
wihwuuwpnipjniip whnp b wtinh mibGw judwjwlyub f L e pmGlyghwitph
hwdwp: UwuGuygnpuybu, Juyniimppuld hwdwp wihpwdb)w b, npykugh w)é dhywm

hGh f =0 L juiwjwlub ¢ € G}, pnbyghwgh hwiwp: Uw Gpubwlmd E, np

R AT
T ' h ' N
m=0%1.42,. . .n=01. . . N~1, (84.3)
W =, m=0%1,42, ...
wnwpphpwiwl fuinph modw i hwdwp whnp b nbinh mitGw
el < C el (8.4.4)

ghwhwunwlwbp, npnbn C -6 gubgh pwjptiphg b ¢ guliguihG bnibGlghwihg whlwhu
ppuwiwl hwuwwwnn t: (8.4.4) hwwmympymGp Ynyymuo & (8.4.7) ufubidwfi uyniGmpna
puw uhgpluwlpnd mnuyGhnfr:

Cuwm ulqpGuwljulG wuGliph vlubidwgh JumGnipjwl hwdwp wibhpwdbyum £, np
(8.4.4) qtwhwwmwlwlp wtinh mibbw, dwolwynpuuba,

em(a) =€, m=0+%1,+2,... (8.4.5)

Yniutpuy gwlgujhG PpniGlyghwih hwdwp, npnbn o-60 Judwjwliwl  hpulpul
wwpwdbnp t: LwGh np |e.(a)] = e = 1, wyw (8.4.4) ghwhwwnwljulp wju
ntiypnud pnmGnud £

[lo(a)l] < C (8.4.6)

whupp, npnbn () -6 (8.4.5) uyqplwlwb pmGyghwyhli hwiwywwnwuiwbng (8.4.3)
wnwppbpwlwl fulnph neonudG B ddup b hwdngybg, np

1,n ((‘l) — /\”(a)ci"’" ,

m
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npuntin
M)y =1—-7+ 7. r=a - : (8.4.7)

Luwlh np
S1p !1;::’{(():)! — I/\(“‘)]n ’
2l

www (8.4.6) gbwhwwnmwlwbh gnpnipyuwl hwiwp wlhpwdbyw b, np popnp hpulwb o -
ikiph hwdwp

max A" < C
Oy

Wu wihwjwuwnpmpymlp wbinh YmGbGw, bph
M) <1+ K7 Vo € R, (8.4.8)

nptin K -G 7-hg b o -hg wlwh ngpulwl hwumwnmG t: bpnp, wyn nhypmd

, KT\Y .
_ YL I F_\n AN 0 KT |
QA [AMa)]" < 02}%}\,(1 + A" <{1+ A7) = (l Y ) <t

Unwgwd (8.4.8) wuwjdwlp Ynyynd b Chpdwlp GuymbmppuG  wiihpudin
uyblpuy wurpdwG: Uyt Ynpdnud £ uyblnpuy hbntgwy gqundweny: Hhuwpyynn
(8.4.3) wwuppbpwlwh fulinpnud dh pipnhg dynupl wigndp Yupbijh b gpby

ot = pyn
owbnwunpwyhG duny, npnbn P whgdwl owbmunnpp qnpdmd t puwn
(Pw)m =1 =7r)wp +rwyey. m=0.+1.+£2.. ..

optiliph: <byw t gnyg wuwy, np AMa) pydtpp (8.4.7)-hg P owlipuunpp ubpaljwh
wpdtipltpG GG, huly (o) guwlguhG pmGyghwhpnp (8.4.5)-hg hwidwuunwutuwb
ubthwljwl pniGyghwbp GG, wjuhlipG

Pela) = Ma)g(a) Vae R :

bpp o-G wlglnd b wipnne hpulwl wnwlgpny, AMa) Ytwp gomd t Yndujbipu
hwppmpjul dnw npng gho, npp punugwd b P wlgdwl owbpuwnnph ubhwwd
wpdtiplbiphg:

Thupghlp (8.4.8) wwydwGh walpuynpniGp sbp upubdugh phypnod: Gdyup st
bbb, np (8.4.7) Yhnbph hwdwhidpmpnilp Yniwbpu hwppnipjul gpu Juqdmd t r
wmuypnny 2pgwGwghd, nph YhGnpnGp quGynad £ hpwlwé wnwlgpp 1 —r Jhnnd:
hpnp,

[Ala) (1 —2)| =7l =+ :
Gop » < 1, wyn 2p9wGwghdp qubdnud b Shwynp ypewlip Ghipunud {GY. 8.4.1w), ntuwp
IA(@)] < 1:6pp r > 1, Jppwlimghop qutigma & dhwdnp ppowtihg nmpu. znpwhlny
dtpohlp dhwyli ppwljpul wmulgph A = 1 Yt (GY. 8.4.1p): “Ldquup ot wmbulby, np
(8.4.8) wwyiwlip wjuntin nbnh s
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(ur) 0y
LY. 8.4.1 Ulgiwi owbtipwwnnph uwbijnpth Yhntinp (8.4.1) ufutitwgh hwidwp

Lwhunpn wwpwgpupnd dblp puduwlwihl dwipwdwad htnwgnnky bip (8.4.1)
wnwppbpwluwi ufubidwl L gnyg Gap wigb, np » <1 nhwpmad w)G YugneG £, huly » > 1
nhypnud wiyuwymb: Gpuyhuny, Lhjdwih guydwip puduljuiht qquymb quidhg,
npwhugh Gaunipyuip dhdjwlghg wiowwh uyniGnpjwl b wiuymbmpjub ghupbpp:

JuwuwwunpklGp wjdd wbnuihnfudwl hwjwuwpdwl hwdwp w) mwppbpuljwd
upnbidwGbnh yapnuampynilp: “Ghuwpybip

n+1 PSR )
[ Um —a Ui U1 _rn

T ' h e (
m=0,+1.22.... . n=0,1...... N—1, (8.4.9)

O = pm, o m=0,%£1,42....

ufubdwi: hGywbu wpnbl wudb) b Guhunpy wwpugpupnud, wn vjubdw wijugmG
Juwidwjwlwl 7-h nbupnuw (hhpkygltdp, np wyunbn ¢ > 0): <bpw L hwdngyby,
np (8.4.5) wmbuph ulgplwluwl gwlgwjht PpniGlghwip hwdwp huuiunqwuuuuruum
hwidwubn juGnph (f = 0) pmonuip Y hih

) (a) = A" ()™
nnunkn ‘
Ma)=14+r—re™': (8.4.10)

(8.4.10) Ywmbtiph hwidwhudpnipjnilp, tpp o € R, hplibhy Ghplujuglmd b ynduytipu
hwppmipjwli Jypw 7 wnwdhnny 2pewliwghd, nph Yhlwmpnlp guiymd b hpwlwG
wnwlgph 1+ 7 Yo (GY. 8.4.2w): Munmp (8.4.8) wupdwip witinh smGh 7 -h ny Gh
wnpdtiph nhypnud: Wpouhum), uynmlimpiul uvybljumpuy hwymwGhyp (8.4.9) utubidwih
hwiwn Gn)lGubu qquynd k:
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Ltiar
Ala) ray
—1 NoL+r -1 1
| —iar
(Jh
() (m

Ul 8.4.2 UGgiw( owtpwunph uwbljnph Ytwmbpp. (w) (8.4.9) uputuhwgh hadwp,
(p) (8.4.11) ypubdwyh hwdwp

Shwnwpyhlp wydd

gl m il I
Uy, Uy —a Uins a1 _rn

T 20 s

m=0+1,+2,... . n=0,1.... . N-1,
W =0, m=0.+1,+2....

wwppbpuywl  uwpbdwG: U upubdwgh hwdwp,  Juwwpbing hwdwldwa
numnnuip niGahp, qunbmad tap, np

Ala) =1+ m}I sina : (8.4.12)

13
Ujuintin (8.4.12) hhnbp) hunfwhudpmpnilp Yuqind b 2a7 /b Gpjupnipjwdp nipwudhg
hwwnywd, npl wighned t hpuywl wewlgph A = 1 Yty (GY. 8.4.2p): Gpl at/h =r =
const, hyybu Lapwnpnud EhGp Yhpp, wuw (8.4.8) wwjdwlp whnh ymh: buly bpl punm
duwdwGwyh 7 pwyp, bpp 2 — 0, ginthnjuynud £ 12 -pG hwdbiwwnwpuinpbi w)buby,
np 7 = rh?, npnbn = const, wuyw wju nhwpnud (8.4.8) Yuymbmpjwl wihpudbyn
uwgkijnpuy wwpiwip wpnbG wbnp nwih: bpnp, judwjujui o € R hwdwp niltGp
: [ 2 2,
IA(a)] < IA (3)4 =1 +(12;-;—§ —Vitahr <1+ ‘7-;-7 :

Uuklp, np 7 = rA? wwhwlop wybtih uhun wuydwd b pwjitinh hwpwptipuyynpud
ypw: Uw Gpulwynd b, np thnpp A-Gpp phypnud dblp unhuydwd blp pbwnpki
swynuquilg thnpp pwj) pun dwdwlwyh: buy pu, hp hpphG, Yptph dtphlwyulwh
dudwiiwyh qquith wdh:

GiGbiny dbpp  pwpunpuohg. dblp quwihu bp  binbjwy  Gapuljugmpjudp
Gpt QuymimppuG (8.4.8) wihpwdbyn uubupuy wugowlp wbnh smdh, wuw
guligwjhG Gnpikph hGywpuh fubpudhm piuopmpymd by uowpdh b Quptih eojuiok)
nwpplipwlwd ufubitw)h uynlmppwui: buy bpb w)l intinh nGh, wope Jub Gko hhuptip
hwiwpbnt, np ujubtiwd uymb t: Cun wynd Ghpdwih ww)dwip Yupbh b ghiowplb
apwtiu jnupuinbuwy $hpnp, npp dwnmd b wiyuynl upkdwGbpp:

(8.4.11)
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8.5 Qupiwhwnnppnujuwlinpjul hwjwuwpnidp

Qhwmwplyblp
Au ?u
e —q——=f, O0<r<l. 0<t<T 8.5.1
at a dr? ! ! - ( )
ehpdwhwnnpuwinpyul hwwuwpnuip, npntin a = const > 0,
w0y =p(r), 0<r<l (8.53.2)

ulqplhwyjwl wuydwling L
w(0,) = a(t). u{l.t) =3(t), 0<t<T (8.5.3)

tqpuhG wwydwbGGhpny:
Glpwnpyntd . np (8.5.1)-(8.5.3) fulnpp (monudp gnynipymil nGh L dphwyt b
Ywnmgblp ghuwpyynn wppaypnd wy gulgp (24,.¢,) hwlgnyglGbpml. npntn
T = mh.m = 0.1...... W+l h=L1/M+1) b it, = nr.n=01..N,
T =T/N (G4.8.5.1): Mhgmp Gp-p wp gulgh Ypw npnygud gulgughl pmtlghwlbtph
mwpwonpmibl b LVywlwhbbp o, -nd w € Gy pmllhghwh wpdbpp (2,.8,)
hwgnygnud: bhpudwd  n-p phiygpnd  (r,,.4,)  hwlgnglbph  hwdwhudpnipnitp

wiywkGp qulgh n g shymn : GoguwgnpatiGp w® = {w) : m =0,1,... .M + 1}
Gwlwlynoip 7-pn 2ipnnid wpdwo guiligwhG poilhyghwlbph hundwp:
f
tN T
ty
to ! I
Lo L1 o Lar Fara

LY. 8.5.1 Swlg ebipiwhwnnpruliwinpjut hwjwuwpiwl hudwn
Swligujhl ImGyghwltph G mupuonmpinilinud uwhdwitip

] = ANV }‘N, § (l".;
ell = 205 g 2285 1 35
Gnpup: UjGnihtinl, dhwgwh wh = {r,, : m = 0.1,.... M + 1} gwlgh Ypw mpjuo
w= {1 s e G4 pmiGyghwyh hwiwp Gnpip vwhdwGbGp htnlgwg Yap.
A = ¢ i . .
W= gy ol (8535)

UmjlG wpupuwgpudpmyd dhlp Ynhunwpyblp Gphp wnwdbp gnpowdtijh ujubdwiibp
ohpniwhwnnpnuyuwlnmpiwt hwjwuwpdwi hwiwnp:
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8.5.1 Pwgwhwjn ufubdw
Qunmghlp mwppbpulw ufubitw pun G, 8.2.5w -nid wquwnlbpdwd pwpnih.

n+t n n L ni
Uy, T Uy —a S R . fn
T h? me
— Y — A =g
{ m-l2...,]\[,71.70,1....,1\/ 1, (8)())

Uy = Pm s nl:U,lr...,J\/]-{—l,
w=ao" vy, =3", n=12... N
Ujuntin o™ = aft,), 8" = 3{t.):
Quwiwdw)l wyu ufubdwyh, hdwlwmny dnnunnp monwip 7 -p Jkpomd, npnbn
0<n <N -1, modwl wpdhpltinp hwenpy (7 + 1) -pn phpmmd hwpyynud G pun

et =l (-2l A T . om=1,2,... M (8.5.7)

m Y

pwgwhwjn pwlwébh, npnbn » = a7/h%: Wyn pul quwmewnny (8.5.6) mupppwjwb
vfuidw@ Ynpynud b pruguuhiuyn :

Psceudocode EXPLICIT

input a. T. M. N

h=1/(M+1)

T=T/N

r =ar/h?

form 0.1,....M +1do
m = Pm

end

forn=0.1,....N—=1do
vn +1 an+|

n+1 1--1
Ui =103

form=12,..., M do
J'17;1-*-1 - (1 - 2’) ‘nt (”:;r—l + 7"ynn+1) + T.f:,:t
end

end

output v
Mupgblp ufubdwh dnuwpyiwd Yupgp: Ogurugnpobny @tynph Jupmdmpmin
(nti'u 4.6.1 L4.6.4 |LudwGbpp), b hwpdh weGhny (8.5.2) k (8.5.3) uqplwljwi b kqpught
Wwjdwbabpp, ndwp st unwbwg, np

n+l n n
T~ u ty, + U

m i1 m-1 m+i |
T '—‘a ’L m+‘;n
m=112.... M, n=01,... N-1,
W=y, m=01,...] M+,

ug =a”, uy o, =5", n=12....,N
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npintin
n+l _ T *u h? #u
= - — —a— -
" 2 Ot? Hemdn+617) 12 924

Gapumpbind  hwjwuwpnipjuf w9 dwumd  dwulGwlwul  wowlgjultph
pwhiwGuwympjmip, wjunbnhg hhnlmd &G '

, 0<f,<1,-1<fy<1:
(Tm+G2h.tn)

lent] < C(r + h?), C = const >0 (8.5.8)

giwhwnwlwGitpp pnnp m=1,2,.... M LW n=0,1,..., N — 1 wpdtipGtiph hwdwnp:
YpuwGny huy (8.5.6) wmwppbpuwlwl vpubdwl dnnwpynad b (8.5.1)-(8.5.3}) hulnhpp
wnwoht wpgny puwn 7 -h b Gpypnpn Yupgny pun A -he

Ujdd winpunwnGuip (8.5.6) ufutidwjh uyninpjul hwpghG:

@tinptd 8.5.1 ¢ bph r < 1/2, wuw (8.5.6) nwppbpwlwl ufubiduyh v € Gy, pmodwl
hwdwp gppn L
llvll < THA + max (le]l’, @) (8.5.9)

Qlwhuwinwljuitip, npunbin
¢ = max (12@\ fa™|, max ][)’"[) :
Uwwgnyg: Lwh np r < 1/2, wuw (8.5.7)-hg mltGp
] < rlo oy + (L= 20l + ol + l/al < Il + 7170 (8.5.10)
pninp m=1.2,...,M Ln=01,...,N -1 wpdbpGbph hwdwp: UYGhwjn &G
g = 0™ <, g = 3 < (8.5.11)
wihwywuwpmpymGatpp: UjGnhbunl, (8.5.10)-hg L (8.5.11) -hg hhwmlnud E, np
) < max ([o*]], @) +7Ifl], n=01,...,N—1: (8.5.12)

Oquytiny  (8.5.12) wlhwjmwuwpmpmbGiphg, gwGliwgwd n-h hwdwp, nmnbn
1 <n<N, nmbhlp

[l < max (||, @) + 7|1 f]} < max (max ([0"7?||". @) + 7[If]], @) +7[If]| <
max ([[o" 2", @) + 27 ||f|] < -+ < max ([, @) + a7 ||f]] < max (O, @)+
N7 |[fll = max ([lofl", @) + T [If]] :

Ujuntinhg wllhwpnnpbG hbnlmd £ (8.5.9) gGwhwinwlwGp: O

Uuwgywd (8.5.9) qGwhunnwljuip hwouwnnd t (8.5.6) vhubidwyh JuyntGmpyminp
{8.5.4) Gnpimud: Ljpunh mGhbuym] 7 L A punjtiph hwpwpbpwygnpjuG ypuw npynn
r < 1/2 wuydwGp, wumd GG, np pugwhwjn ulubdwl wuydwbuwlnpbl jupml ¢
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U2tlp, np pwpiiph hwpwpbpuwlgmpjwé gpw Gnyl wwhwGep plind t Gwl Lhkjdwh
Yuymbnpjul wihpwdbu vwblpnpw) wwydwp: bpop, dnnwpybnyg

Ou 8u

——ai— = - : . < 5.10

Frimir f, x<r<4+o00,0<t<T, (8.5.13)
u(z,0) = p(r), —oo<r <+ (8.5.14)

eipdwhwnnpnwywlnipjwl puGnhpp 8.2.4 ophlwymd Gywpwgpdwd guwlgh yYpw
(iy. 8.2.7), gmlmu Llip, np wlgdwl owybnwinnph ubthwjwb wpdtplitpl b6

Ma)=1-2r+2rcosa, a€R:

UyGhwym t, np [Ma)| <1 tpp 7 < 1/2:

8.5.2 UGpwgwhwjn ufutiiw
Cuwn (Y. 8.2.5p -md mpjwo wpinGh Yunmghlp

r th:}lsvz‘_v”::l — v:"l—l'gqfﬁﬂvaH.J e
T h?
ﬁ m=12,....M , n=12,... N, (8.5.15)
v =¢n. m=01,...,M+1,
L vg =at, vy, =8, n=12...N

wwppbipwywl vlubdwG: b wmwppbpmpintG pwgwhwyn upubdwsh, wjuntny jnpu-
pwlgimp n-pp 2ipnmd, npnbn 1 < n < N, dnnwynp ndndp quGkm hwdwp
wlhpwdb)yin £ naty

—rvng + (L 2o —rup g =Tf
m=12.. M,

n — n n [
vy =l vy = 6"

qdwjhG hwlpwhwyguwywl hwyjwuwpndGhph hwiwlwpgp, npobty ¢ = ar/k%:
Unmwgywd hwiwmlfwnpgh dwinphgp bptipwlynbugowjh6 b Nwwh win hudwlupgp
Jupbiih t wpyniGwybnm mot) 3.9 qwpugpupmy Gyupugniwd sipngmy: LhunnkGp,
np 3.9.1 phnplth pninp wuwydwGGhpp wjuwnbn pujupupdwd GG L, dwulwynpuwybu,
wnuw b dwwphgh fehum wilymGugawihG gipppfundp’ 1+ 2r > 2r:

bwnnigywo (8.5.15) wwppbpujw6 upubtwG Ynyymd bt wlpwgwhuge: Uanpl
wpjwo b owyy upubdwh hpujubuwgiwé wignphpdp:
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Pseudocode  INIPLICIT
input a. [, M, N
h=1/(M +1)

T=T/N
r=ar/h? '
form=0.1....,M + 1 do
= e
end
forn=1,2....,N do

Uy = a”
Uipe = 3"
solve system
=1y (L 20— e = T
m=12..., N
end solve
end
output v
Utubdwjh dnnmwplydwl Jupgp GnyGe t, pGywbtu pwgwhwjm vfubdwih phwpnul:
bnnp, oqundtim] 4.6.2 L 4.6.4 |kidwGtiphg, W hwpyh welhing (8.5.2) L (8.5.3) ulyqplwlwb
L Bqnuhl wuw)ydwGGhpp, unwGuip

ur =it up g = 2un A L,
- — e = m + I

m=12.....M ., n=12....N,

W=, m=0,1,...,M+1,

uy =a”  uy,, =3". n=12...,N,

npunbtin
T 0*u h? oty
e = = 5 fewtrotrry ~ O 5 5Eimlem, D<by<l,~1<b<l:

Ujuwntinhg, bipwnpliny hwwuwwpnppul we twund Swulwlwl wowblgyuyGhph
uwhiwlwthwympjmbp, Junmwbwip., np

len | < C(m + 13). C'=const >0 (8.5.16)

pnjnp o m = L2,... M L n = 1.2,...,N wpdlpltph hwiwp: Cjuwhuny,
wlpwgwhw)n wwpptpwliwl ufubdwl Ynnwpgna t(8.5.1) - (8.5.3) fulinhpp wnwehG
YJwpgny pumn 7 -p L bpypnpny Yupgny pun A -h:

Uwwgmglilip (8.5.15) wmwnpphpwlwb afubidwh uwimbmpynip (8.5.4) Gupind: Ujy
ffyuinwyny dkq whnp Yqw htnlyw) odwlnuly wlinmuip:
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Lhddw 8.5.1 (Swpuhtmuh vlgpmGp) : Hgmp 0 € Gy guliguhpli pmbhghwl
wiplicghupd b, np
Lyl <0. m=1.2.....: Af.n=1.2,....: N {8.5.17)

Tn

Un nliypnod wyl plpm G E pp diowqny G wpdbpp uwd vhqpiwal Jbpamd (n = 0).
Ydd £ Ggpud (mo= 0 fuod mo= M+ 1)

"

Uwwgnt)g: Lywliwlhlblp g = m?x()m: TMwpg b, np dwpuhineip hwawllyp £ owy
gwligh npmy hwGgnegGlipmu: Ghgnip £ -G gwGgh w)l wikGuunnph pEpump hwdwpG b,
npnbn 6 gubgughlt pmbyghwl plnmbmd £ g wpdbpp: Gph & = 0, wyw winnuit
wuyugnigyud t:
Qhgmp k = 1: Smjg vlp, np (2, f) Ghppphl hwlgmjglitipnid, wl B tipp
[ < m < M, 6 pmbyghub sh Jupan pinnibl) g wpdbpp: Cannilhlp hwiuralp,
wupGpG #% = p hGg-np i-h hwdwp, npoby 1 < 2 < AL Uy nlagpmd (g, 4y)
hwgnygmd Y Ghlwbp
N o o N T ST

ko _ _ Ti- i+1 e
Fafi = T ! h? h T +o ir? = T

hGyp hwlwund £ (8.5.17) wwjdwlh: fMump dbp GGpugpuipymtip 6hpwm b W 0
$pmGlghwi YpinniGh hp dhowgnyG g wpdtipp (o, fx) Qi (4. 4) hwbgnygglibphg
gnlt delynmi: 04

©tnptd 8.5.2 : Swppbpwlwb (8.5.15) fulignhi v € Gy, podwl hudwygr dfipur
l " ¢ el i}
el < o IAIE+ max{ ). @) (8.5.18)

qlwlnuunulpeln, npuntin

<n< N

P = max ( max _|a”|. max |ﬁ”|) R
[ 1<n< N

Uwwagnyyg: DYhuwpltlp w € Gi odwlinuly pmGhghwd, npp npmpyned b htnbjwy

Y.
- -Tm{l - -l"m)

Wi = 5 m=0.1..... M+l.a=01....N:
Muwpq t, np w? > 0, py npmd wf = wy, ., = 0: Wn ghypnd
r(l—u) 1
N < maxy ——— = — 3.0.1¢
el < oo =57 = % (3519
UjGnithbwnl, wupq hwyqupylipnyg vinwbnud G0p. np
Liw?’ =1, m=12.... M, n=12_...,N: (8.5.20)



Yhgnmp 6 = v — ||flfw: Wu gulguyhG pmlyghwih hwidwnp, Ly wwppbpulwb
owtpwuinph gowyinpyul b (8.5.20) hwwynipjwl 2Gnphhd, pnppp m = 1,2, M W
n=12 ..., N wpdtpGliph hwiwp mbGbip

Lnb,, = =1l Lawy, = fo = [1fIl <0

Apwiny pul ¢ pnGlyghwil pwyupwpmd b 8.5.1 thddwih wwjdwGhG: Ujn nhypmd

72 o 70 . n
07, < e (e 0 e 05 s 04, )
m=0,1,...,M+1, n=0,1',...,N :
Swlgwjhl § dmbhghwph vwhiwbnuthg mGhip
ef'ln = ”f”u'm S Lm = L'Qm
65 = vy — |Ifllwg =15 = o™ <

32114-1 = Uprer — HwaleH = U1 = gn <o

el

el/\

Lhnlaupwnp,
eﬁlgma’){(H@“’* (I))‘ 7)'1:0,1,...,1?‘/14-1, n ZO,L-‘--,-N' :

dhpowuytu, hwyygh wnGbny (8.5.19) gwhwwmwywbp, umwbwip

n n 1
“‘9rn+“f“wm < nmx(”;c”', LI))‘*- g(—LHf”
m=01,.... M+1,n=01...,N:

Bhywn kG (wh

m

1
—ul < max (|l¢]". @)+ W A, m=0.1,.... M+1.n=01,....N (8522)
[a164

wihwjwuwpnipymGatpp: Fpulp hbmlmd 66 wjl wlylhwyw thwunhg, np bph v
guligwjhl pmGlghwi (8.5.15) mwpphpwlwb fuGnpph nudmadb b, wyw —v dmoyghwa
UthGh

Lp(-uvy)=—fr, m=12... .M, n=12,...,N,

m?

—0 =—pPn,, m=01....M+1,

—vp =—a", —vi,,=-3", n=12,... N
nupptpwlw fubgph imomdp: Wuwhuny, (8.5.21) b (8.5.22) -hg umwGnus Lhp

1
[en]| < ™ NIl +max ([|¢]|, @), m=0,1,...,] M+1,n=01,....N
wlihwwuwpmpnilGtpp, npnighg L plumi Lk (8.5.18) qlwhwwnwlwipn: O
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Utlip wwywgmgty biip (8.5.16) wwpptipwlwi ulubdwih Yuymbnpniip wewig
guwlgh pwjpbph hwpwpbpwygmpjwl Jpw nplt dp vwhdwGwhwdwl @ Uy
wwwdwneny wipwgwhwjn nwpphipuywl gfubdwl widwimd G0 whupw pdwlnpbi
Wwi puwguwpdwl uynil:

Lhydwlh Qugnimpjul wlhpwdhn  vwyblmpw] wwypdwlp  (8.5.14),(8.5.15)
tuGnph Yhpwpydwdp, Gnylybuy hwumwnmy b wipwgwhwpn vlubdwih pugwpdwy
Yuwininipymbp: bpnp, wjunbn wigdwi owtipunnnph ubkihwjwl wpdtplhpl GG

1

Ala) = 14271 —cosa)’ aeR:

UyGhwyw £, np (A (a)] <1 gullugwd gnuyul r-h phwypnud:

ftphlp dh pwip bwlwl nhunnmupnitd puwgwhwjn L wipwgwhuwjm utubkdwGhph
ybpwptpywy: <wdwdw)G (8.5.8) L (8.5.16) -h, ipynwul by mGLG O(7 + A?) dnunwpydwé
Jupg: Pwgwhwjwn ufjutdwl hpwiwluwgynd b owygbth htpn, wjG phypmd bpp
wipwgwhwjym ufubdugh hwpduplylbpp wwhwlend G ympupwlyymnp dwiwbwlpwjh
stipinmd qowghG hwlpwhwyquwiwl hwjwuwpnuiGbph eomd: Ywluyl whuop
(ywwh mlulwp, ap GpepwllymGugduihG dwunphgny hwdwlwpgbpp moymy &G
pum fupgh owwnhdwy dhpnnny (nbku 3.9 wupwgpudpp): Munp hnlpu nhypnud k)
wnwbapl 2tpnmy Snunwynp pmdtwl opnynuip wwhwlemd &£ O(A™) pYwpwluljwb
gnponnupymG: Pwgwhwpn uubiwynd ptpnbph pwGwyp, pGnhwipuwwbu, 7 < h?/a
uwhiwlwihwynpjuli yuumtwnny, wdkh ww b, puwl wipwguwhupn ufubdw;jnud:
Mbwnp 3k dnnubw) Gub dnunwpldwl d)umnpjul dwupG, npp pugwhwjn uhubdwgmnd,
dwiwGuwljwhG pwyh Yypw vwhiwbGuwhwynppud weluwmppudp, O(h?) dkompni t,
L npybugh mGeGwlp GnyG Sunipymip wipwgwhuwjn vfubdwh qhwypmd, ybwp |
GnyGutu Yytpglty 7 = O(h?):

8.5.3 UnwlYy-UhYynjunGh ujubdw

Dhwmwpyblp Lu 0y nmwppbpuywi vfubdw stpdwhwnnppuijwimppul hwwuwpdwb
hwdwn: Gnphip (8.5.1)-(8.5.3) fulinph hwdwp

( 1}31+1 - t‘::x 7L+1 n+1/2
_’_7_—- - [( )rr ( ] f
?7121,2,...,:‘!'[,TL-_‘-O.].,...,N'—I, (8523)
v, =pom, m=0,1,..., M +1,
vy =a, vy =", n=12,....N
gwlguhG hwjwuwpmiGhph hwdwlupgp, npnby 2772 = (e, 6, + 7/2) W

uhubdwd, npp Ypnd b Gpwdly-YahnunGh wimbp, Yunnggue b opun G4 8.5.2 -md
wwinypyuwo Yhglbmwihl ywpnGh:
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tn+1 I
t, T

RATRE Ly NPT

LY. 8.5.2 Unwly-Lhynjuntih ufubidw)h jwpmtp

UnwGYy-Lhynunih ufubdwl wywwluingd L wipwgwhwin vjubdwlbph quuhd,
pwlh np jnpupwlymp (7 + 1) -py 2ipuined, npbn 0 < <N — 1, muoymud £

r 1T o
n+1 +(1+7) g+l _i,n+ _ (]:,Li-("l .

2 =1 m 9 m+1
m=1,2....M,
1 - +1 an e
L(V]L-f- _ Onol . "'t'l p»n 1

gowyhl hwlpwhwyulwl hwjwuwpnuiGiph hwdwluipgp, npnkn

r
n+l — N n n n—1/2
Im = 5tm-) + (1 - r)l’m + al‘m—»l + Tfm

[N

b wmupptpmpnil pwgwhwjn L wipwgwhwjn vfutidwGlnh, Ynwly-Lhynpunlh
ufubdwl mGh annwpluowb tpypopn upg pun 7 pwph: Ghpungpbynyg aygphim nddwi
pwywlwlwywth nynpympniQ, ndgwp 3t unwbwg, np

‘u;;‘T___i.,_;'_ _a [( P () ] 2y /2
m=L2,....M n=01... N-1.
W =, m=0.1.....M+1.
uy =" Wy, =3 n=12....N,
npukn
|en+ii2) < 0(72 +h%), C=const >0 (8.5.24)
pnnp m =1,2...., Mun=0.1,....] — 1 wpdtipliiph hwdwn:

Uwywygmgjwod k, np Llnlubl]-bjlllnluntlh ufutiiw( Juymb t (8.5.4) G(npdmud. bph
7 = Q(h?) (nbu, ophGwl, [36]): Uhwdwitwwl, hwenpn wwpwugpudpnd dklp gng
Junwlp, np wyn vppbdwl pugwnéwl Juimb bt guGgwihi bEyyhywd Gopinad: Ow
GpwGwlmd b, np mGkbwny (8.5.24) qlwhwwnwlwlp, L ytpglling 7 = O(h), dhkp
wwwhnynud GGp O(A*) dnunwpljdwl ufuwwGp:

Uhubdwl hpwhwGwgynud £ pun htimb g wgnphpup.
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Psecudocode CRANK — NICOLSON
input 2. T AN
h = 1/(;\'] +1)

r=1/N
r=ar/h?
form=20.1,...., A/ + 1 do
LU — A
Lm - ¥m
end
forn=0.1....,.N—=1do
'U(’}L [} — (}n-s]
iy = gt
form=1,2..... M do
g = (L= r)ug, + 0.5r{ulh_y + vhy) + 72
end

solve system
05 (e = 0 = g
end solve
end
output

dtpomd G)kGp, np ehpdwhwnnpuywlinmpiul hwfuuwpdw b hwdwp nhawplud
prpnp upubidwGbpp dwulwdnp nhypbpl GG wjubu Gnygwd

Uqul —

e o (T g+ (= o) ()] = 100
opnGhEpny afubdugh, npnkn 177 = f(om,t, + 07): hpnp, o = 0 phagpnud dhlp
unwinud Llip pwgwhwypn ulbidw, ¢ = 1 ghypnd” wlpwgwhw)m, hull ¢ = 0.5

nhypnid” Unwiy-Lhynunlh vjubdwe

8.6 Dbmphth dtipnnp

pny  phyptpnud guiguyhlG Julngph mdndp hwenynud £ Jipmdbty  pun
hwdwwpwumwuhiwl mwppbpwlui owbpunnph vbdualpub pmGhghwtbph: Lnddwb
winwhuh  Ghpyuywgmitppy hwéwh  oquwgnpddnud - G dnnbpunghl  fulnjipttph
nwnubtwuhpiwl dwdwblwl, pwih np wyn futinhpotpp hGwpwynpmppoil L0 wwhu
hwynGwgnpot] nhuwpyyny hwwuwpnudtibpp guup hhdGutpul hwolneggmdGbpp:
Gnmpnti mbGaG Juppmdmpymbliep  pun wwppbip gwlgwpht pwghuwpb
duGyghwGbph Yywugwo gwlgughl potnph whuhyg (nbu, opphtwl. [39]) Unyo
wwpwgpupnud dhip Ynhumwpybip wpmuhuh dippnuompynlltphg dtigp:
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8.6.1 dmphth nhuyptn 2wppbp puwn vhGnuGhph

Hgmp 0 < v < 1 hwoduond wpfuwd b wy, = {x,, =mh : m=0.1,..., M + 1}
guwigp A = 1/{M + 1) puyny: LywGuyklp (O;h-ml wy gwlgh Yypw npnpygwd
wii v = {v, f,,';"& guwlgwjhG pmGhghwlbph pwqimpynilp, npnGp hwjwuowp GG
qmjh bqpuyhl hwGgnyghhpnud, wjuhlpl® vy = vargy = 0: UYlhwywn b, np wyn
ImbYghwbliph huwdwhdpmpnilp A -swihhwlh qowhG mwpwongpml §: Lhpdntdblp
(C;’h nwpwontpjul dbke ufjupwp wpnwnpuyy L Gnpd’

M

(vw) =R DY tnwe, ]| = (v, 0) : (8.6.1)
m=1
Thunupytlp
M+1
= [ = _pmm } —1.2.... M 8.6.2
¥ { (¥ \/ﬁsm“+1 o p=12 (8.6.2)

gwlguyhG PpnGyghwbbpp: Bnyg wwlp, np wyn  bnGlyghwllipp Yuqimd LG
onppnlnpiwynmjud huuiuxllwpq Gp -z Ll wwwgnighlp, np

sTm 0, tpbk s-p qnug t
= 8.6.3
,;,Y:,w M1 {1, bph s-p YhGw E (8.6.3)
pninp s = +1,4+2,..., +(2M + 1) wpdbtplitpp hwdiwn: bpnp,

M M 1 M
. sTm 1 ; amm e
ST L e g [ S 5 o -
1[##_1 e—_l—l} 1[(—1)8—1 (—1)&1}
b T + — = Y + —== s
2| &7 ¥ — 1 e T — 2" M1 — 1 e 'FE+T -1

npunbinhg by htywnmpjwdp htinlamd b (8.6.3) hwnlmpymGp:
Gpb p # ¢, wyw

AL
(@) @y = 2h Z sin A}; MM cin A(;ﬂ:ll = thZ sin ;}}rj_nl sin J\?IW-TI -

m=1

(p—q)mm M (p+q)mm]|
[Z‘m TETEP by vorww

m=0 m=0

bul pwlh np p—q L p+q pytpp qnuyg Y GG 66 Shwdwdwlwl, wyw, hwiwdw)i
(8.6.3)-h" (¥, 4'9) = 0: bul bpk p = q, wwyw

2p7rm
® P — 9 2 P‘”" - _ [ _
(Y\P? 2 zmz_lbm MLl 2h"§l Osm hmE 0 U+ 1
M 2p'r7n
A -h — h(] -
h{(M + 1) § M+ =h(M+1)=1:

m={)
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Ujuuwhuny, (8.6.2) mllhghwltpp Juqimd GG oppnlinpiwynpywd pwghu guligu)hl
pmbyghwlbph G wwpwompnilnud:
Buwlljugwd » € Gy gwlguwyhl pnlibghw Ghpywjugyma t

V= Z R (8.6.4)
p=1
gnuiwnh wntupny, wjuplpl’
M M
=3 e = V23 cpsin -53% m=1,2... M : (8.6.5)
=1 p=1 :

Guutiip, np (8.6.4) gmdwpp v gulgwjhG $mblyghugh dbpmompmGl t bmphtih
phulnbm pwpph: Lapmompjw ¢, gnpowlhglibpp Ynyynud kG v pmlhghwih boiphtip
gnpowlhgGbp: fughuwpli  »®  $myghwlbph oppnGnpiwmpjul wwwndwneny
uwnwlind GGp hbnlgw wpwwhwjmmpymbltpp dniphbh gnpowlihgltiph hwdwp.

¢, = (v,yP) = h Z v t® = V2h z Upn SIN

m=—=1 m=1

UjGnmhbwnl, mGhip
Al

I¢l] = \jZ (5.6.7)
p=1

hGsp unynpuwljwl Smphbh 2wpphph wbumpjwl hwjnth Nwpulath hwjwuwpmpjwb

GiwGwll k:

SwlguwhG v € Colh PdmGyghwih dmphth gnpowyhgltph npnymdp pun (8.6.6)
pwlwdbbiph Ynydmd t bmpptin mnfin nhuypbn dbhwhnfumpymG: huy gulgughG
bniGyghuwgh YhpwlwGglnidp puwn (8.6.5) pwhwaébbph Ynsdmd b Dmyplifs thuu}wpd
nfrulpin dhunfinfunipyni: Gpyne nhwpnud £ fuGnppp hwlgma &

AM
kwl
Sk =
k ; a; sin ﬂ/f T 1

=1.2,...,M (8.6.8)

nbuph gnidwpGhpph hwpddwGp: <Gyw t hwdngyb, np pnpnp S dkonipymGGbph
hupydwl hwiwp pujwpup b juunwpb O(AM?)  pupwlwlwl gnpongmpymG
(kGpwnpbyny, np sin{kw{/{(A7+1)) wpdtpGhpp hwymh bG): Uwlw)l wju phyp uptih t
twubu grinppwglby, bpt oguugnpoklp (8.6.2) gwigwjhG oppngnliwg dmulijghwbbph
huwnnnly wbtiupp: GnympynG mGh wygnphpy, npp pmyp © wnwihu hwdly ponp (8.6.8)
gnidwplbpp dSwpuukiny O(M log, M) plwpwlwlwl gnponnmpyml: Wyn wignphpip
yngymd t Dbmppsh wpwq dluuthnfunipymG: pw dwlpwdwul Guwpugpnipnulp
lpupkih t qunll), ophGuwy, [2],[39) apphpnud: Lpklp dhwyG, np wignphpih hhuGuiwi
gqurnuwthwpl wyl t, np (8.6.8) gnudwplbpmyd Gwhupwl puqiuyuumynid jumwpbp
udpwiynpymy b6 plighwinp pugiwwuwnlhy mbbkgng wlnpodibpp:
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8.6.2 Utthwlywl wpdtpGhph wmwpptpwlwb luGnhpp

Uwhdwl(bip v € éh gwlgwjht pmllyghwih Jpw gnponn A wwppbipwud
owtinwwnnpp hhmlyw) Yhpu).
Avy, = (Up)ez . m=1.2,.... ! M, Avg=Avyy, =0

8nyg wwlp, np  ¢®  guGguihG Pmllghwlbpp A owbpwuinph  ubthwlwb
PmGyghwGtnG GG: bpnp, m=1.2.... M wpdbplbph hwdwp mGhGp

V2 pr(m—1) pEM. pr(m+1)
/ o) = ¥ sin - ——————r — 28in — - —— 530 0 R A I
\L’m 2 sin S S TS + sIn (YA
212 sin - ((‘LH o l) = in? =l )
nd M1 M1 h? M+
Ujuwhuny,
A,U’.(P) = )\71('//'(1)) R P = 1, 2.... s AI, (8()9)
npnkin
4 N a8
A= - g T 8.6.10
P TR oy 610

putpp A owbhpwwinph hwdwwwwnwubuwl ubthwlwd wpdbplhp6 GG Wy ubithwluwt
wpdhplbph hwdwp Ghyw GG htnbjuy weGynipmuGGhpp.

T 4 . T
S Mol € oov € PDas] = — cox?
20M + 1) Al < el < sl = 7 cos

juwntin [Ay|-h Juphl gGwhwumwlwlp wlihwym bt bay Ytpuwpbpmad £ || -h unnphG
qOiwhwnwijwlhb, wyyw wjl upbp b unwiog hbwbgw Gepeg: MGkap

2
I m i :
(Al =7 (“”‘2(M+1)/2(M+1)> '

Lwlpnp A > 1, wyw «/(2(A + 1)) phdp qnGynud £ (0, 7/4] Showluwpnud: Lbyw k&
uinngliy. np sin /o pmGYghwyh ShGpdnuwip, bpp o € (0.7/4], hwuwllh £ o = /4
Ywnnud: Nwunh (A > 8:

4
—— < = (86.11)

8 < = sin?
pz 2M+1) R

8.6.3 Dmiphth nhuypbtn ywppbph fhpwnnuip

Muwpqynud &, np oquuuugnpdtny dbniphth Yappmompynilp, npny nhyptpmd Jupbp t
unwliw]  wwpptipwywb  fulinnp  pnenwip,  hywhu  Gub wwugnigbp ufubtwgh
YuymGmpyniGp: PlipkGp plnt oppGuwly:

o {Ipwbu wnwohl ophGuwly nhumupykGp

{ ~Avy, Fquy = [, m=1,2..., M,

(8.6.12)
vo = Var4y =0



wnwppbpwwl ujubdwl, npnbn ¢ = const > 0: Wu vpubdwG dnnwplmd 712
wwpwgpwdnd ghnwnldwd hwdwubn bgpughl wwypdwitbpng (7.12.1) undnpuljub
nhptiplitighwy hwjwuwnpnudn: dtinpblip (8.6.12) fulinpp (neonudp htuntgwy abupng.

Al
v=S el (3.6.13)

pe=1

SQhgmp F, pytipp’ gubGguyhlG f = {Fu 322 pmitlyghwyh Doppbh gnpowlpgtbpt bG:
MGuGp

A
. f=Y Fu®: (8.6.14)
=]

Stnunpting  (8.6.13) L (8.6.14) JupnompymGGepp (8.6.12) hwduuwpiwG  dte,

Yuunwbhwbp
M

Z (:,,[—:\a,'f'(p) + gt Z Fuiv)

p=1 =
UjGnithtwb, hwdwdw)b (8.6.9) -
Al
Z P(q /\,; Ny \ F, )

p=1 = l

Ujuntinhg, pwih np ¢® $miyghwlbipp gonptiG wilwu 66, unwinu tp

ely—N)=F,, p=12....M
Jud
cr:—E’ p=12,...,M: (8.6.15)
P q-— ’\P : :
Ujuwhuny, dblp qumbmd tip dmphth gnpdwlhglhipp, b npuim] hulyy (8.6.13) plnph
|monuip:

MOLGwny (8.6.7) hwjwuwpmpynilp, htpwn b wwygugnighy (8.6.12) wwppbpuljwb
ufubiiw)h uymbGmpyniGp: bpop, ogwybmy (8.6.15) wpumwhwymnipyniiGhphg U hwih
wn(itpy] (8.6.11) wihwjwuwpnipymblbpp, YunmwliwGp

'_ni'ﬂ M F’ : | w
o1l = \J 3= \fz = L s

Uwnwg o

1 :
Il < =5 Il

giwhwnwlwip (8.6.12) mwppbpwlub uppbdwgh YugymlmpymGG L pun w Gwup
(8.6.1) byithrywG guwbguihG Gnpudnd:



e Npubtu tpypnpn ophGwly JtipgGhlp (8.5.23) Unwly-Lhynunbh utubwi:
Uwypwgnighlip wyn ulubdwih Juyniimpymp pun we dwup L uygplulwl ufjwybtiph:
Tpw hwdwp nhunwnpybip

( ’t'"+1 '

il i a n 2 n
——T—— - 5 [('{!"?1)1& + (“’*:n)flﬁ} = fm+1/27
m=12,....M , n=0,1..., N—-1,
Urnz(pﬂ'l' m=0‘1$"'7ﬂj+1?

[ =vfy =0, n=12..N

(8.6.16)

wwnppbpuwlwl  tuGnppp: Gepwnpynud b bgpuyhG L uyqpluwlw ’u;uul.iwﬁﬁhph
hwiwdwjGbguwdmpymbp pe = ppre =0
MGtGwny ¢ uyqpbwlub gulguyhl dnblghwgh

W=p= Z(i,q’ P

p=1

bnippth JepymompyniGp, plwphlp (8.6.16) fulnph monuip n-pn pkpunnud, npunbn
1 <n < N, htnljw] wnbupny.

% ——Zc":,/) : (8.6.17)

“thgmp F*Y/? putpp gwlgwjhG f*+2 = {fa+/21 040 pniGyghwgh, npabn fo 2 =
f;ﬁllﬁ =0, dupptih gnpdwlhgbbpG LG: MiGkp
A
=3 F;1+1/2,¢.{p) . (8.6.18)

p=1

bhpujwd n wpdtiph hwdwp, npntin 0 < » < N — 1, gpblp (8.6.16) hwiwlwpgh
hwywuwpnudGbpp

1 n+l n u nil n 14172
;(U — v )“‘é‘{AL +A?I}—f

owbpwwnpwhG wbupny: Sknunptinyg (8.6.17) L (8.6.18) YupimonipjniGhpp Jbpght
hwjwuwniwl deg, Yunwlwlip

M ntl n M

e, - oA

4 P P s n+l n n(p) __ wn+1/2, . (p) .
Z; = 2P +cp>}w"~§jlf; /2@
p= p=

Wuwnbnhg, hwjwuwnpbglbing ubthwywli gulguyhi $nllghwitph qnpowlhglbtpp,
quiinid tbip

nel L+ T0A,/2 n T

= . ————————~F”'H/2 =1,2...,AM :
b 1—7'a/\,,/2("’ 1—7a),/2° 7 p=12..,0M: (8.6.19)
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Zwonprupwn hwpdwpytnyg dmphth gnpdwyhgltpp puwn (8.6.19) pwlwadlbbph’ ujuwd
n = 0-hg, Yuinwluwtp (8.6.16) nmwpptipwlwl fulnph momdp:
UjGnthbwnly, puth np

1+ 71aA,/2
1—71ar,/2>1 L |——F— 1.
Tarp/ ’1 - Tar,/2
wuju
2 < Jepf+ |2, p=1,2.0 M (8.6.20)

Uy niypnud, oquybiny hwpnGh UhGynjuym wlhunjwuwpnipimihg (nby, onhGwY,
[91,[20]) L (8.6.7) hwywuwpmp)jnilhg, unwlwbp

M
n+1|| _ \]Z!(n+1|2 JZ(l‘nH‘TI n+1/2 ‘Z|L11|2+T\}Z|Fn+1/2lz

p=1 p=1 p=1
Hor ||+ Tl 712
Ujyuuyhuny, niikp

R < i+ Tl =01, N =1
wihwywuwpmpniGibpp: Wuntnhg wpnk htymnipjudp htnlond b
, n . n+1/2
gmax [l < T max [[f |+ llell

glwhwwnwlwbp, npp hwuwnwwnmd b Unwy-LhynunGh uutdwjh Yuymbmpinibp pun
w9 dwuj b uyqplwlyw myuwltiph:

dhpemd fptiip, np dntphth dtpngh Yhpwndw hGwpwynpup)niGibpp nodwb
wdhpwlw6 hwyyiwi hwwp vwhiwiuhwy G6: Rwli w)l t, np dipnnp nunlinud tng
whwnwGh, ophGury, thmhnfuwlpul gqnpowlhglibpny hwyjwuwpnuiGtph hwdwip, Juwd Ef
wllwinG tpypwswthwiwi duh whpnypGhph hwdwp: Uhwdwdwlwy wubfp, np
Gp4wd nhwyptpnud hwennnipywdp Yhpundmid GG nwppbpujwb dipnnGpp:

8,7 Lwph mwwmnwiiuG hwjuwuwpndn

hinwplhlp wipugywo dwyptpny jwph nwnwidwi ubnhpp.

32u 62u
ZZ - = < .
ET , 0<z<1,0<t<T, (8.7.1)
Ou ) .
w(z,0) =p(z), =—| =), 0<x<1, (8.7.2)
At |,—o
u(0,t) =u(l,t) =0, 0<t<T: (8.7.3)

Qujwuwpiwi $h9 ¢ = const > 0: Glpwnpymd t, np ujqplwjuwl L Lgpuhd
wuwpdwéGhpp hwiwdwjibgfwd b6, wjuhlpli’ ¢(0) = (1) = 0 Lk w(0) = ¥(1) = 0:
UtiGp YhGpwnpbbp Gul, np (8.7.1),(8.7.2) -nui wpdwd pnuliyghwilitipp L (8.7.1)-(8.7.3)
fuGnpp (nuomdp JwpunpiwG pipugpnud mltl wwhwoynry nnnpynipntG:

207



8.7.1 Uhubdwjh urmgmip

Qtpdwhwnoprnuljwlinpjui fulinhpp mobkihu oquuiklp 8.5 wpwgpudpmd Yunmggwd
gulighg (Gh.8.5.1): Lwlupwli wwppbpwlui uppbdw  gpbp. phowpyklp (8.7.2)
uhgqptwfjuel  wpupiwlbtiphg  &phpnpp dowwpldwl hwpgp: Whpuetppd  @bynph
ybapmonpymbp, mGkGp

oy, 1) 72 FPula,. t) ™ Pule,,. )
1 ¢} Ly m
by = WL, =y, + 7T —F + — — +H——-——— :
ty, = u(y,7) = u 5 Tr e Lt
npnkin 0 < 8 < 7: Uyuintinhg’
ul — dulr,. t T FPulr,,. ‘
m ' — ( ) oY ( A } + ()(TZ) .
T ot ey 20 O o0

U)Gnthbnl, hwyyh wneGbng (8.7.1) hwjwuwpmip L (8.7.2) uygpGuljwl wywjdwGibpg,

Juunwlwip

ul =

S+ 0>, {8.7.4)
T
npuntin
Vm = ‘!"’m, + % (”“'p (1"1) + jm) :
Oguugnpobiny Gl 8.2.6 -nud wipwd « fjuwy » wpnbp, gphip

(endg—a{e) ez =fr, m=12..... M , n=12_..N-1,
vl —f o
Upn = Y, ——2=v,, m=12...,1, (8.7.5)
T
vy =4y =0, n=0.1...,N
nwpphpwywl vfubdw(: Mwpg t, np
(i) — a(uh)ez = fin + O(T* + %) (8.7.6)

(nbiu 4.6.4 jLidw6): Ujuwhuny, (8.7.4)-hg L (8.7.6) -hg htwilinud b, np (8.7.5) upubiwi
mGh dnnwpydwt Ephpnpn Jupg hGawybu pun b -h, wybwbo b pun 7 -

Utubdwgh pwihG hpuwlwlwgnuip Yuwnwpdnid bohbnlgwy hbppaluGneg udp:
UnwehG bplyne plipmbpmyd gunng bip

N S
1“ \p", , o= 1 2 .y 1’1’[, \'.'0 - L!\/i~1 - 0.
o= AT m=1,2,... M, wi=0vl,,=0:

Ujlmhtwnl, n =1.2,.... N —1 wpdtipllph hwdwp mannip hwenprwpwp hw)gdm t
nuwm

s+l 20 - 2..n ai—1 2
Uy =TUL + 2(1 —1 ) m +r Uil = T +i
m=12...,0M,

o+l n+l __
vy =y =0

m?
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pwgwhwjn pwliwdlbph, npntin .
= \/(-L E : (87‘?)

8.7.2 YuwjniGnpjwl htiinwgnunuip

Utlp YuwhdwGuwihwlyyytGp (8.7.5) wwppbpwlwb  ufutiwyh  pun  ulyqpGuluG
njwilbph uymGmpywl numdGuuhpmpjundp: W Gywunwyny nhunwpytp

() —a@)s=0. m=12.. ] M.on=1.2..., N-—1.
,Ul _0 .
L9n=99m~ —"—“-——ﬂ=1/m, m=12....M, (_SJ,S)
T
v =t a=0, n=01..N

mmnphnmlﬁuﬁ fuGnhpp: ®Gupklp wyu fulnph (womdp grrpnfuwlnuGlbnh whisunndul

dtpnnny: UYqphg quiittip
vt =2t (8.7.9)

m

wtiuph Swubwynp jmonuiGhpp, npntn vy, = ©(2,). 2" = 2(t,): Skqunpliny (8.7.9)
npnQbth monedp (8.7.8) hwiwlwpgh hhdGwlw6 hwdwuwpdwd gk, npp dnnwplnid t
(8.7.1) hwiwutin nhptiptlghw hwyjwuwpnudp, junwbwGp

U’m( u)tt - ”'(Q ) 3’" =0,
m=12.... M, n=12....N-1
jud

Om)ez _ 1 (5:3& = ). (8.7.10)

"gl'm «u
Spulng huly fubnhpp plipynod £
(":;’N‘l)u" = /\'l,”)m s m = 'l. 2, e A[

ubthwlwl wpdbpGhph fulnph, nph monwilbpG 6 +® gulgwjh $nllyghwitipp
(8.6.2) -hg L hwdwupumnwuluwi A, wpdtipltpp (8.6.10) -hg:
Smpupwlymp p=1,2,.... A/ wpdbph hudwp hwiwéwyb (8.7.10) -h, mikGp

(z"(pP)) — “)‘pzu(p) =0, n=12. N-1

tppnpn Ywpgh hwidwutn unwppbpujut hwjuuwpndp: 2wygp wnitmnyg (8.7.7)
(2wlwlyniGtpp, gpklp wyG

U p) = 2+ 7))+ 2 p) =0, n=1.2,....N -1 (8.7.11)
nbkupny: Uyu hwjuunopiwl swulwynp jmdnuip hiGupynid |
(p) = "
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wbupny, npmbn g # 0 (wjunbn g"-p g pyh n-pp wunhGwGG t): (8.7.11)
hwjwuwpiw G dhe wnbnunptymg htunn JunwiwGp

pr= 2+ )+ 1=0
plampwgnpy hwunapmdy: LwpblGp nhuyphdiphGuGup.
D, = r* R (4 + r?h2),)
Luwlhnp Ay <0 (b (8.6.10)), wyw D, ddmpymbp YhGh pugwuwywd, tph
4+ rzhzx\,, > ()
Jund
4—1?h*\, >0 : o (87.12)

Tpw hwdwp, hGyybu htnlmd b (8.6.11)-hg, pwwpwp b wwhwieb, np r < 1,
wjuhlpl
1
T ~—=h: (8.7.13)

a
U)n niypnud pinpuignhy hwjwuwpdwG wpdwnGhpG GG
24 rhtA, +14,/-D,

K= 2

&

QwynGh E, np (8.7.11) hwwuwnpiwG plnhwGnip nudnuip gpynd k
z"(p) = A,cosnay, + Bysinna,, n=0,1,....N

wtiupny, npntin A, -G b By -G udwjwlwb hwunwwmGlp GG, huly o, -G

v—=Ds 2+ 22,
08 (xyy = —————
2 st 2

hwywuwpnipymGGepny npnpydnn walyymGa t (nbu, oppbuwy, [111,{36]): Wjuwhuny, Gtlp
uwnwghy tilp

(8.7.14)

sinay, =

v, (p) = (A, cosnay, + B,sinna, )P p=12 .. M

m m

dwulwynp nonuiGkpp, npnGp pwjwpupnud LG (8.7.8) huwdwlywnpgh hpdGwlwG
huwjuuwpdwlp b hwiwutn bqpuighl wwytwGephG: WGahwjw t, np

Al
vp, =Y (A, cosna, + B,sin na, ) i) (8.7.15)

fs
m “m
p=1

gulgwjhlG $pmlyghwl Goylubu wynyhuh momd b Ulmd t pGwnpk A4, L B,
gnpowlhgltipp w)lwbu, np pudupupyti uyqpbwlwt wuwjdwGtpp:
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aptilip v = {pn}n s b v = {r, )07 gquliguh pmGyghwitph
M
L“ vy = 3 bt (8.7.16)
p=1 p=l

ytippuompmilGtpp (hGp bhnwnpmd GGp, np vy = vy = 0): Mwhwloklp, np " =
JbupgGhinyg (8.7.15)-ntd n = 0"

ki3
ZA W =3 ot
=1 p=1
hwiwuwpmpyniGhyg qulmad bap
Ay=a,, p=12....M: (8.7.17)

Ujlinthtnl,

1, 0 a cosay — 1 sin ay,
- — 9 = A B (el .
G pz](,, 5,y
<wywuwptglbmy  Yupehl hwjwuwpmpjuG b (8.7.16)-hg v-h dbpmonpjwi w

PJ ?
dwutinp, jumwGuwip

cosq, — 1 sinap
! TP p=12 ..., M
T r ’

“p T P
Wjuntinhg, hwyyh welbing (8.7.17) -p, quimd kGp

I —cosa T
B,=--- ¥ o= by, =1.2...,] AL 718
P sin o, it sin ay, ! P ' (8.7.18)
Stnunptingd A, L B, qgqnpdwlhgGph (8.7.17) L (8.7.18) wpuwhwjnnipyniliGbpp
(8.7.15) -h dbig, npnp dlawpnfump)niliGtphg htinn quitinud tlp (8.7.8) tulinph uonip

M :
cos(n—1/2)a 7 sin na, ( )

=3 Lay, + — ol 8.7.19

Y = cos(a,/2) P sina, 7 el ( )

h ybpen, qliwhwnblp vnwggud (8.7.19) monnip: dpw  hwdwp thnpp-h(;
nidtinuglttp (8.7.12) wihwjuwuwpmpniip wwhwGebmny

4=l > VYp=1.2.... M, (8.7.20)

nptin e-p npng phy £ (0.4) dhowluwphg: Fpw hwndwp, hwiwéw)G (8.6.11)-h,
pwwpwn bt gbpgll r < 4 — /2, wjuhlpG

b (8.7.21)




Poinp n = 0.1,..., N wpdtipGtiph hwdwnp, GGknyg (8.7.19) wpmwhwyymmpymihg L
UhGiynyuljm wihwdwuwpmpnithyg (nbu, ophtiwy, [9],[20]), Junwbwlip

2

7 M cos (n - 1/2> ap T Sin 'TIC!’,, -
= 32 A,z sun
| p= (:()S(ﬂp/z) S (X,
M Mo 2
Z cos? (n —1/2)a, a4+ ' TRy, o (8.7.22)
b= cos? (ﬂp/2 r VP':I sinfa, T

Al 1 A T2

\ 2 2 .
e (] + — b .

2,‘ cos?(a,/2) " ; sin’ a7

p=1
Lwipyh weGbiny (8.7.14) L (8.7.20) -n, mGLlp

ap _ Ldcosa, 4+, 4=

cos” =F = = = > :,
2 2 4 4 4
Ujtinthbul,
sinfay,  dsin(a,/2) cos?(a »/2)  sin® (0,,/2)
—= =5 - > — . £ =
72 2 = 72
1 —cosa rih2| A alX,
ooy PRIN b,
272 472 4

Oquwgnpdbny wju ghwhwmwljpuGibpp, (8.7.22) -hg Juunwlubp

2
Het)) € vil, n=0,1,...,N,

1
—_— D + E——
npubinhg by
<2 2 1 )
o |le"|] 7 llell + o I} -
FpwGnyg huly dhGp wupugnighy GGp (8.7.5) mwpphpwwl ujubdwgh YuyniGnpynip pum
ulgpGuiuiti wiyuGhph guiligwghl tyyhnpwi Gonpdnog:

(8.7.23)

8.8 hphhuikh fuGghpp MniwunGh hwwuwpdw6
hwdwp

Uhlb wydd dklp nuunuiGuuppmd thip wwppbpwywl vhubidwibp dwptdwnhyuwlwi
Phabywsh wil hwjwuwpnuiGeph  hwdwp, npnlp  Gupugpmd b6 dwdwlwyh
plipwgpnud inthinfudnn ypnghultip: Wynujhup hwjwawpnuiGlip plgmGqwo b wiywtiy
ny vonwghnGuw: Gpp dwulwlul wowlgyuiGhpny] hwwuwpndp sh wpopmGuiyno
duwiwlwywihl thnthnfuwlwlp, wyG Ynygmd t wrwghntiwp: Opwbu  ophlwl
nhunwplblp “Fhphputh fulinhpp MmrwunGh hwdwuwpdwd hwdwp:
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Qhgnp Q = {0 < 2,y < 1} whpnypnud inpuo &
-Au=f, (r.y) e (8.3.1)

hwyjwuwpnidp
u=+y¢. {(x.y)ed (8.8.2)

hgqpuighl wwjdwGny: Uklp yeGpunptlp. np gnpipymb mGh (8.8.1) . (8.8.2) fulinpp dhwly
inuonudp: GhpwnpbGp Gub, np wyn uondp nudh Jwpunpdwb ppugpmd upwhwGgynn

nnnpymp)mi:
Uuwnmghlp Q whpnypmd wp hwjwuwpuwswth gwbg (x;.y;) hwlgnygbibpm],
npnbin ;= ((=0,L... M+ 0.y =jh G=01....M+1)Lh=1/7M+1),

pliywbu gnyg bt upuwo Gy 8.8.1-nud: Uyunbn dblp miGhlp .« gwGgh plwlwd
wpnhand, Wyl U owy = wy U wy . npubn wp bowy -p hwdwupuounwofuwGupug Geppht b
higqpuyhG hwGgnygGhph pugquinipnllibnG GG (nbu 8.2.1 oppGulp): Bwliguihl uw € Gy,
Pnayghwgh wpdbpp (2, ;) hwlgnygnud GpwbwlkGp w(i. j) -ny:

Swiguyhl pnGlghwlbph G wwpwantpyminud vwhiwlhip

]| = max fw(i. 7))

Gnpap: WyGmbtwnb, Gopdtpp G U G wwpwonipym Gakpnid hwdwwwuiwufuwwpuap
uwhtwGhbGp btinbgjw) Yhpuyy.

lwl]® = max jw{i. ), Hwl]" = maxhwo(i. )] -
“n “h

Yy
1
Yar+1
Yar
A
) 1
Yo - T
Ty Yy .- Tap Ay

LY. 8.8.1 Swlg Mnuwunlp hwjuwuwpiwl hwdwp
Cuwn GY. 8.2.6 -mu wwwnybpjwd « juuy » pupniih Junniglitp

{—A;,u(i,j) = f(i.J). (roy) €y

. . , (8.8.3)
v(i.j) = . J), (7.y;) €wy
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nwppbpwlwl vfubdw, npnbn Ay, Lwugwafr anuppbpwlad owbpanpp napnpgma b
htwnljwy Ybpw.
Apeli, j) = vw (s, 1) + vt j) ¢ (8.8.4)
Uwpbip £ gnyg wwy, np (8.8.3) ulutiwl nlGh dnunwpydwl Gpypnpn Gupg: bpnp,
oquiytiiny Otijinph Ypmonip)mGhg (wbu (hddw 4.6.4), unwGuwip
—Anu(t, j} = f(i,3) + (i, J),

nputin

2 /o :
s(zlj):—h (du Hu

Pl s , —l<b,0,<1:
12 \ Qxtiitbihy,) Oyt (T.,y,+92h)) ‘ S oh TR

Glpwnpbind  wju  wpnwhwynnipjwl w9 dwund  Jwulwlwl  wowlgjuiGhpp
uwhdwliwthwympynilp, Junwbwip

le(i. j)] < CRY, C' = const > (

pmnp (x;, y;) € wy hwlqnygGhph hwdwp:
Uydd wlglkGp (8.8.3) wwppbpwwl upubdwjh Ywymbnipjul hnwqnuiwdp:
Lwluwuytiv dlwlytipytip L wywgnighlp dhY odwlnul wlnnd:

Luddw 8.8.1 (Gwpuhdnudp uwyqpnilp) @ Hhagmp 0 € Grp  guwlgupl pmblhghwli
wylivghupl F, np
—8p0(i,7) <0, (zi,y5) € wy (8.8.5)

Uyn pliypmd wyl plinmGmd  pp dbowgnyG wpdbpp mppnyph Gqph Jmw, wyufitpl’

max (7, j) = max (i, j) : (8.8.6)

Uwwagnuyg: Ohgnip o = max 6(z, j): BGpunpklip hwlywnwyp bqpuyhG hwbgnyg-

Gipnud dJwpuhinuip hwuwGhih st Uyn nhwpnad wyGhwjnnpbG YqubGih wyliwhuh

hwignuyg (zx.y) € wi, np (k1) = u L Gpw ynpu hwplauG hwigniyglhphg gnGk
dtynud 6 pniGyghwh wpdbpp p-hg thnpp t: Wnwhuh (24, ) hwlqnygnd nGkGp
Ok —1,0) = 20(k. ) +0(k+1.1)  6(k,1—1)~20(k.1) +0(k,I+1)

A0k, ) = — e — » =

22 @
4 =0k -1.0) -0k +1,1) = 0(k,l = 1) - O(k, 1 + 1)

h?

>0,

hGp hwlwunid t(8.8.5) wwydwGhG: WyuhGpl shp kGpunpnipmibp Ghyw sk ntunp L 4
PmGyghwb hp dEdwgny)G wpdtpl plnmbnd & gnlb ikl tqnuwhlG hwGgmygmd: O



©tnptd 8.8.1 : Supplipwinul (8.8.3) fulinph v € Gy, iniodwli hwdwnp dhpn b htiolyuy
qluwthunnuluwGn.

1 [+] ’ 5 —~
llvll < 3 WA + 1l (8.8.7)
Uwwgnyg: DhnwpybiGp htanbyuy Yepy uwhdwlyng w € G, gulguihG pniliyghwd.

,il,_ . A1 — s o
'LU(’[:1j):I(4x')+y‘/(4y])’ 1"]=0.1’.“’]\J+1:

UyGhwyn &, np w(z, j) > 0: ddjwp sk uinwbug

1
el < (5.5.5)
qliwhwwmwlwbp: Upinihtnb, wupq hwpdupym] qunbmds &Gp, np
Apw(i, g) = -1, (zi,y) €wy : (8.8.9)

QYhgnmp 8 = v — ||f]|°w: Swpphipuwywl A, owhpwwmnph qowyimpyud L (8.8.9)
hwwlynipjw@ 2Gnphpy nibtip

—8nf(i,g) = —Apo(i. ) + 11" Brw(ig) = (i, ) = 1If1I° <0

pnpan (z;,y;) € wi hwlgmjgGhph hwdwp: Uw Gulwind b, np 6 $mblghwG
pwywpwpmid b 8.8.1 hddwjh (8.8.5) wwydwGhG: (wwnh, hwdwaw)l (8.8.6) -h, hywn ta

9(%}) < I’H‘((I)(H(i,j) s (in, y}) € wn
“h
wihwjwuwpmpimbitpp: SwigwjhG 6 pmlyghwh vwhdwlinuihy mitGp

max 0(i. ) < maxeli. ) < el = Il -

“h
Ltwnbwpwp’
e(l:]) S HSDHI: (Iis yj) € wh oo
UjGnithtnk, oquuytny (8.8.8) qGwhwwmwlwihg, vnwlnd bip
. . o i 1 o ,
v(i.j) = 06 3) +IAPw( 5) <llell + SIS, (@iyy) € wn (8.8.10)

wlhwjwuwpmpymbGihipp: Ghow GG Gwl

—v(i, ) < o]l + % A, {zny) € wn (8.8.11)

wlhwwuwpmpynilGhpp: bpnp, tph v qulguiht pmbyghwi (8.8.3) mwupptipwljwi
tulnph ponud £, wupw —v pnighwb YhGh

{_Ah(_v(i'j)) = —j(ij)v (*z?sy])ewz
—U(i,j) = _ip(i‘j)$ (:Eivy]')ew;t
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wwpplinwlub futnph eomd: Lhpgwglu, (8.8.10) L (8.8.11) -y unwtinud tiip
o L _
el s g+ Grny) € wn

giwhwunwljwip, hGshy plunud k (8.8.7) qiwhwwnwiwp: O

Uyuyghuny, dblp wupmgmgty Glp (8.8.3) mwpplipuljpuel ujubidwgh Jugnitnipnitp:

Jwonpn  wuwpwgpuwpnud  dhip  YpaGwpyblp (8.8.3) wwpphpwlwl ujubidwny
npnpynn gubguiphl hwjwuwpnudbph hwdwlupgh Gwnmgdwopnp, b Ynhuwpthip
wynuihuh hudwljuwpghph modwl npny dtpnnGhn:

8.9 Swligwjhl hwjwuwpnuilGtph hwiwwpgtiph
inuodw G dkpnnltpp

Luwhunpy wupwgpuwpnid unnigguo (8.8.3) wwppbpwljuld vjubdwd, npG dnuwplynig |
Ahppuyp fulnppp Anrwuenth bwjuwuupdwl hwdwp, wwghu t

—v(i =1 j) =0+ 1, ) +4e(i,j) —v(i.j—1) —w(i.j+1) = h[(i. j).
Lj=1,2,....M,

v(e.0) = p(i.0), vl M+ 1) = (G, M+1). i=0.1..... M+ 1,

v(0.)) =20, ), (M + 1) =g(M+1.5), j=01.... M+1

(8.9.1)

qowjhG hwlpwhwyulwl hwjwuwpnuiGhph hwdwlwpgp: Qughuny, dkap mGkGp
M* hwwuwpniGhph hwdwywpg A/ wGhwynny (npwlp v(i. ) wpdbpGhpl b6, bpp
I <2, < M) L6Gwpyklp wnwhuph hwdwlpwpgbph nodw dkpnnGpp: Gpt M -
Uko b, wuw Jupbh b Yhpwnt) enwGnupn dipanlbp, opptwl Qwnwh dkpnnn:
Uwljw)G wpntiG A = 100 -h nhypnud dkGp wwwlnud GGp 10" x 107 swieh hwdwlwpg:
Uyuwntin wpntG wihpwdbyw Ll protw hwondl) dbpnnlbp, pwih np Q-wniu) dbpnngp
hpwlwtwgnuip  juwhwieh 107 Jupgh plwpwiwlwi gnpongmpymG: buly nw
(wlwlnud £, np hwidwlwpgh neonudp upnn & huwjwljul dhptiGwjuljut dwdwtiul
ICILTR

UGhwh nhpbptGghwy hwjwuwpiwG whuphg, whpnyph bpypuswhwlwG dlhg,
bgpuhl wuwpdwGGbph wpwhg b wowlgyuiibph Ynnwpldwl tpuiohg uopphpu-
Yuwl  hwjwuwpniGhph  hwdwhwpgbph  wnwldGuhwnmpymGp Gpu gjuujop
dwwiphgh  Gnupmpm Gl £ UpuhGpG, win dwwphgh wwppbph dbowdwuatmpymip
qnnibipG LG, npnlp quGdmd &G Gwluopnp hwywméh wmlinbpmd: Uwnphgh  Gwd
hwwnympyniGp  hwonnnipjudp  oquwgnpoymd L guligwghl  hwfwuewpmGbyph
hwiwhwnglipp nodwl Epeyumpy wignphpdiltp Yunngtihu:

Ophlwy, A = 4 nhypmd gpbp (8.9.1) hwiwhwpgh hunjwuwpnuiltpp, ptiygh
w9 dwu mwlbpny bgpwjhl wwjdwliibphg hwpnth wingudttpp: Yuawbutp hbnlgug
wmbuph hwdwlwpgp.



4 -l -1 1 vl 1)
-1 4 4] -1 v(2.1)
-1 4 - -1 u(3.1)
1 4 -1 vl 1)
| 4 -] -1 B v(1.2)
-1 -4 - -1 0(2.2)
-1 -4 - -1 v(3.2)
-1 -1 4 -1 v(4.2) |
-1 4 -1 -1 (13 |
-1 -1 4 -] -1 (2.3)
-1 -4 - -1 (3.3)
-1 -t 4 -1 {1.3)
-1 4 -1 (1. 4)
-1 14 - v(2.4)
-1 -1 4 4 +(3.4)
| -1 -1 | el4. D |
[ A2 F(1L) + 2(1.0) + (0, 1)
RF2.1) + 2(2.0)
h2[(3.1) + 2(3.0)
CPEAD) 4 2 (4.0) + (5. 1)
R f(1.2) +2(0.2)
h2f(2.2)
R2f(3.2)
h2 f(4.2) +p(5.2) "
R T (892)
hEf(2.3)
h2F(3.3)
h2f(4.3) +¢(5.3)
R F(1A) 4 9(1,5) + (0, 4)
DA1(2.4) + £(2.5)
WEF3 A+ 2(3.5)
PP 4 (D) + (5. 1)

Udbith  dwilpudwuld nghowphklp (8.9.1) hwdwlwpgp: 6L win  hwdwlpuopgh
Junmgduopp pudwlwihi wwpg b, Gpu (8.9.2) mjugh gpumnaip pwin owywymd k:
Udtih hwpdwp B bwdwupgp Ghphuywgll quinujughG dumj, ogmugnpdtipny
guligh Gtpphlh hwlignygbbipp G4 8.9.1nd GJwd  hwdwjulpuymep, npp Ynymd E
puwnumulitugmulned lpupguaynpaat (ntu GY. 8.9.1);
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* [ ] * L] [ ]

M-M+1 M2
. . . . .
M+ M+2 L. 20
. . . . .
1 2 L M

LY. 8.9.1 dwlignyglitiph pwnwpwlwgpuiw Jupguynpmip
Gn npnud, hwgnygh pghjwpuygwl YnnpnhGuwnGhphg hpwmmppudp opnzdmd £ Gpw
punwpwiwugpuljul hudwpp, b pinhwumoyp
(,7) = n=(U-DHM+1,

n—1

7 —rj=l A J+1,i=7"“(j"1)]\'[:

Lhipdmotlp

v = [v(1, ), ¢(2, 7)., 0o(ALHT, j=1.2,.... M

ro= KAL), f2.1),....f(M. D]+
[0(1,0) 4 0(0,1),2(2,0),.... (M —1.0), o(M,0) + p(M + 1, 1)},
Tj = h‘z[f(]w./))f(?vj)’ e ’f(‘i\f’j)]'l' + [99(0*.])‘0‘ tee ,O.(P(A{ + 1’j>]T ’
7J=23,...,M—1,
ry = RAF(L M), f(2,M),..., f(M,M)|"+
({1, M + 1) + (0, M), (2, M +1),...
(M =1L, M+ 1), (M, M +1)+@(M+1,M)T

Julunnplbpp: Uyn phiypnd (8.9.1) hwiwluwnpgp Yunbh £ gptg

[T I 17 » ] [y ]
-I T I (%5} T
-1 T -I v, T
o A I (8.9.3)
-1 T -1 Upr—1 Tal~1
L -1 T J L tar ] L "M
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yndyjwln  Juibnuwjhl  GpipwGlyynmiwqduwyhl  wbupnd, npntn T-0  htnbgwg
tphpwlymGugowihl AL x A ywhh dwwnphgl

4 -1
-1 4 -1

-1 4 -1
T = S . (8.9.4)

-1 4 -1
-1 4 |

huy I-G° A Ywpgh dhwynp dwwnphg b

Bwlguwjhl hwjuuunnudltiph (8.9.3) hwdwlwpgh wbupp dkq phpmd b owjG dwph,
np hGwpwynp t pinhwipugby 3.9 wwpwgpudnd nhonwpywe GptipwdlynGuwgdwhi
ujwpwn dwwnphgny hwdwlwpgbph ymodwl wignphpip:

8.9.1 dJdwlnguljujhG bptpwGyymbGugowihG hwiwmjwnpgtph mddwl dhpnnp
Fhunwplyblp wykth plnhwingp wbuph hwiwljwpg

Dvyy - Bjv = T
—Ajvj_, + Dj’Uj - BJ’UJq.l = T'j . J = 2, 3, AP ﬁf -1 R (895}
—Apvar-1 Dy = mar,

npntn v; L ry Yblpnnplbpp mGsG A GpywpmpymG, puy A;, B; L D; dwwaphgltpp
M Yupgh pwpwlniuh dwwnphglbp GG:

bywbu L ujwpywup dwwphgng hwiwlwpgbph phwpmd, dbpnnh  wignphpin
punyugwo b tpym tinhg: Unwehl thmypn (mnsny wpunepunnd) (8.9.5) hwdwlwnpgn
phipdma t
{ Uj—l—‘j’b'j.,.l = P, j:l.Q,....l\J—l, (89())

vM = pPu

hwdwpdtp hwdwlwpgh, nph gnpdwyhgGhpp L we dwubipp hwagynud GG puun hnbjug

pwlwabbiph.
F;=D]_lBl, Fj=(Dj—A‘,‘FJ_1)—]BJ', j=2,3,...,j\’f—l, (89"')
v
pr=Di'r, pi=(D; - AT0) M+ Apan), §=23.... M :

Gpypnpny Ghnynd (Awlpenupd  wmbnpwgpns) (8.9.6) hwdwljupghg widhewlwlnptl
quliynud &G wGhwjnihpp

Uni = Pars
v = 1‘31{,»+1+p], j=ﬂl—1,.‘\f—2,....l :

©bL pwpunpud dbpnnh wpgmGuytmnpymip twwbu wybhh pwpdp t, pul
unnpuwlwl Qwnwp dtpaghlp, pwjyg L wjlybu wjil wynpwl b whwybn gk,
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hbywbu upbiih tp uwwaby, pwih np Gpe hpulubugndp ypohwiomds £ O(M Y
plwpwlwlwl gnponnupymil (wb'u, ophliwy, [36L[39]): Pwll wjl t, np mnhn
wpuiwpudwl plpwgpmd whwp £ pety A -py Yuwpgh dwwnphgtitp:

hG; ybpwpbpnud © ubponh Ynetlpnnipjwip, wyw dhpum b ohtnbgwy wylngnudp, nnp
hwiwGdwb £ 3.9.1 ptinptith (wwwgnygp wbu [39] -mud):

fetnptd 8.9.1 1 Hgmp (8.9.5) hwidwipupgmd D; (1 < j < X)) dunnpfiglibpp
il 66, A; b By (2 < j < M — 1) dwwphgtibpn ny quywipud 66 L, pugh
gmulifig, wmbnh mGaa
DT Bl <1,
ID Al +11D7' Bl <1, 2< <A -1, (8.9.8)
D3 Al <1
wuyfwltbpp, pling npmd wwpdwlbiphg qnlb gkl whhufraapnipim Gy Jupun F:
U plypnid Dy — AT,y (j = 2.3 M) dunnpliglitipn sqlmuatynjwd GG L npeelimyg
fruly dbpnnn nntilpa E:
Uwuluwynpwubu, dkp (8.9.3) hwiwlupgh hwdwp (8.9.7) pwlwdlbnp bwutu
wupgbgynud GG

r=r", = (T -T.)7. J=2.3,...,M—1.
pr=T7"ri. pi=(T =T,y (r,+p,.0). j=23....M:
Cln npnid (8.9.8) wuwphwGGhpp hwGgnud GG G, w6 b
1
1—1 ) .
Tl < 5

Fdjwpn b hwinqyby, np ybpohG wuydwlp pwupupqud t: bpnp, (894)-hg T
duinphgh utpwljwG wpdbpltint ba

— 9 a2 P —19 1.
A(T) =2+ dsin ST p=1.2.....] \{
pytipp (nb'u (8.6.9) L (8.6.10) -h wpmwdnudp): WyGhwywm £, np A,(7) > 2: Munh
1 1

T, = ms TH = =
I =m0 = s < 5

8.9.2 Dmiphth dhpnnp

“HhunwpltGp (8.8.3) mwppbpuywé futinph peodwG Lu Skl ninpin dlipnn, npp hpdpnid
pywd b hnhnfuwlutGhph wigwmiwb tinwtwlyp:

Luwfu L wnwg, (8.8.3) wwpphpwlwi fulinhpp Qunbih b phphp hwidwubn
LgpuyhG wwydwtpnyg fuGnph’ dhindinfubing uwhdwGugtpa hwlgnygGtpnd gpdwd
hwjwuwpmdGinh we dwubpp (hwuwnpbi dbip nu by wnby Wp (8.9.2) huwdwipwupgh
gpuniwl dwiwtwy): Wgbih 6hpw, w), gwligh Gippht hwignygttipn (8.8.3) hutinpp
[nomup hwipliylin £

(3]
[
<



_'Ai’r"‘(j~‘]') = ’{’f) oo ey ?1'1') & “‘I;
(5.9.9)

u(e. ) = 00 (x.y;) € W)
Juinph (modw htin, nph we Gwup npnoymd b pun
o o 1 o 1 o .
ri.j) = fU.5) + X i)+ g ilig) e () € wp
pwliwabh, npunhn

~0.7), =1 2.0). ) =1
i) =<0, 2<i<}f -1 st j) =000 2< <0~}
oM+, ). i=M ple. M+ 1) =1

Wuuthuny, pwwpwp b qulby (8.9.9) Julinph pomdp:

e Ubthwhwl wpdbiplbinh hiGinhpp Lwuywuh nwppbipubwG owbpwwnnh hwdwnp

Muwnpuwgpud 8.6 -md dblp ghuwpyly bip tphpopy uuppbpwipul wowlypugh A
owbtipwmnph hwdwp uhihwhwG wpdbpltph fulnhpp: Gplswg nlypmd wyy julinph
Gawlwyl b vbthwlw( wpdbpGhph futghpp nnnuiGilyma nhipntjpd hunuuupoe g
guiligh ypw npnaquo A, Lwujpuu) muwppbpuiljud owhpwwmnph hwdwp:

‘Lywlwyblip (Ci,'r,‘ - Gp o wwpwompjuG  wyi  gulguhG $ntighwGtiph
pwqinipimp, npnlp hwjwuwp GG gpngh Ggpugh hwligngllipma: Ujn priilyhwdtiph
hudw{udpmpymip Juqund & A7¢ yunhh gowgha wwpwdnpntl: Lhgimollp Gy -nid

uljuipjup wmnwnp g’
A

(e.w) = 2 }: eli j)w(iog) -

1.j=1

Uwhdwtlp p.q=1.2,.... M wpdbplGhph hwiwp

PO jy= oM 0<i < +1 (8.9.10)

guligwihG pnuliyghwltip, npuintin

,U'.fl” = \/éﬁill {R‘?T . (3 "';,'H == \/:j sin T\(YI{“{}

(nt'u (8.6.2)): <bpw £ wbkulby, np (8.9.10) Ppmlihghwliph huniwhadpopdp Jugino t
oppnlinpiwy pughu Gy -md: hpnp,

A M
X/ ki L k) N i) 5%
((b“"})’ ({J( )) = (h 2_4 t-"i\p & ) (h L (",;! ("; ) = ()pﬂ éq{

=1 gl

(D L dqr Upnltihtinh uhddnibpl Ga): Tpwling hulp Qutwpalpol Eé’n guliguih
Pnuliyghw Ytippmoymu t
A
w = Z (‘Pq(b(-f"‘f) (8‘)11)

Jhig- -

7
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wbupnm. npintin o, -bpyn Dagprfilife grpowlhqlibp i GG npntip hwpQnid GG pawn
G = (0. ®") . pg=12. M (5.9.12)

pwliwdlbph:
Snyg wwlip, np (8.9.10) gulguihlG pmlhghwltpp A, wwppbpwlwt owbpunnpp
utithwluwl pmahghwitp GG Ogudtinyg (8.6.9) -hg, Yunwlwlp

AR @ ) = (-c,',‘;m)z_ ol L"':"') (L"ﬁq)) = (A AP G
2T yT

1
Ujuwhuny,
A = )\ O g =20 V. (8.9.13)
npunbn
Ay pr L2 yw _ Ca1
Apg = P (blll 20 <1 + sin ST U) : (8.9.114)

hGyutiu whGhwjnnpbl hbnmbmd b (8.6.11) -hg.

16 < |, < }El pg=12....M:
2

e Lniddwl dbprnp. yepintdnippnil puin dnuphth 2wnph
Glwnptlp (8.9.9) wmwpptpwljwd futinth nonip (8.9.11) mbupny: Lowlbuwllitip
R, -n| hgpuijhd hwlignygtpnud qpoétipny muuuwhdwqus » e G5 we twul bmphlr
gqnpowlhhytibnpn: UWn nvpnud
M
r= 3 R,>ora . (8.9.15)
pg=1
Stnumpbing (8.9.11) L (8.9.15) JtpmonmpmGitpp (8.9.9) hwjwuwpmdGtph  dhe,
Juunwbwlp

M A

. mi > tpg)

= 2 T = > Renn
pg=1 =1

Ujmhbwnlk, oqunybiny (8.9.13)-hg. mihlp
A

M
_ Z CW‘)‘W,I,[,UJ;) — Z qu,lp‘q,‘ .
p.g=1 pyg=1
Luwbp np P77 pmlbfhghwllpp gonpbl wljwlu LG, wyw
I
"‘pq:“’\ﬂi’ py=12....A: (8.9.1G)
“*pq

QwiwadauwG brppbih gnpowyhglbph hwygdwl puGwattiph JuwmwGwGp.

At A M
Rpg = (r @) = 12 3" (i, )OP0(, jy = 1y (h 3 f-(:f,,;)f,,-j") e

ri=1 == J—1
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bul (8.9.11}-hg mGkip

Al M
Z ¢ (I)(pq) (4. i) Z (Z(l’ ! ) (‘/_‘{7)) .

Pag=1 p=l A\ g=L

Uyn nbwgpred hwydnwljul wignphpdp Yupbyh £ jupquiynply hbinbjuwy Yupy.

Pscudocode POLSSON/FOURIER
input AL h, {r(i. )} {A)
fori=12....Mdo
forgq=1,2....,M do
=V2h Z ) sin liL
= M+
end
end
forq=1.2,...,A do
forp=1,2, ....A[do
=/2h Z Siq SR '\%ﬂ’
end
end
forp=1,2...., Al do
forq=1,2,..... M do

g = =g/ Ay

end
end
forp=1.,2....,M do

for 1 =1,2,...,: A do

A
2% p-:"”l +1

end

end

for j=1.2....,M do
fori=1,2,... f\[do

-
\[th,sin p?

end
end
output {u(<. j)}
Gpt hwygblp gmubwnpGhpp dmppbp wmuq dhanpinfumpnut wignphpup Yhnpwindwdp,
npl wpnkl hhywumayyl tp 8.6 upupugpuipnud, www (8.9.9) tutinph ;nidonip npnotym
hwdwp Yyuwhwbggh O(A*log, A7) plwpwlwlwt gnpongmpynl:
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8.9.3 bubtipwghnG dtpnyGtp

EihyuwwljG bgpughl fulinpiplbph hwdwp Junmgwd guwlgughlG hwdwuwpnuiGhph
hwiwlwpgtip nobihu hwswh Gwuwywwmympyndin npduud b halinpoghnt depong-
Ghph0 w6 wuwawnm|, np Gpulp hpwlubugymd G6 Lwogbo wdtyh yupg U hpuntgh
G0 plywbu hninfuwljub gnpowhhglibtpo] hwnjuuewpudGhpp bwdwn, wbybia b pupy
Gnypuywthwyub aLp whpngplitiph hwdwp: Pwogh wio, habpoghnG dbpsnbbpp, npugbu
opklp. wwhwlenmyd LG hwdwluwpgsh hhpanmppul wylgh qinpp dwijwey. pwt ninhy
dkpnnblipp:

Muwpqmpyul  hwdwp nhuwpyklp (8.9.1)  gwlguwyhG  hwjwuwpnuiGhph
hwiwlhwpgp: Wy hwdwlwpgh  motwd hwdwp Jupkh £ Yhpunk),  ophtwy,
puwjuljutihG wupg

A | . . o o o
("= L)+ L e =) 4 e )+ SRAE

',n-w](

i) =

W | e

ig= 1,20 M (8.9.17)

Swhynppp dhpnpp: Lhdip plnmGbny hwGgnggliph purwpuwtugpuiui  Jupgu-
ynpmap , juptp £ oquidby Gwle Quumu-L8 ity dbipnnpy

o L/ o, i il . . . . o
(,'"'"I(z‘]) = L_l (1,‘ ‘]{t — 1._]) 4 1,"'“(?,.] -1)+ 1L )+ VL o+ IJ) 1 } fiig).
.5=12,....0M : (8.9.18)

PGywbu htpw b Ghuwnty (8.9.2)-hg, (8.9.1) hwiwlwpgh Swwphgp niGh 2s fuprou
wllpniliwgowihi  qlppyfumi:  Mwwmh  wjumbn Yhpwnbih kG Bwlhnphh  dkpnnh
gniquidfiimipjul dwuohG 30112 L 3013 phnplidGbpp: Uwlwpl wdbh fupuwn
htmwgnnipnilip gnyyg £ wwe o, np dbpnnp ququidbun t:

Hhgmp B -G 3wlynphp (8.9.17) dhpnyp hubpwgling dwuphgl b Opybo owbipwmnp
Gpw hwiwp §hywn L

13y = }-} Ay + 1
Gtplwjwgnidp. npntin £-G Gmylwlwd owbpwnnp b Ogquadtny (8.9.13)-hg, pnynp
pog=1.2...... W wpdtipGlph hwdwp, mGtilp

2 2
B‘I(I)UL!]) — %’A(,‘D(P'd) + ([)(jm,'} = (] 4+ %A;)r[) (I,{p.qj .

Niuwnh
h?
4
putpn 3B, dwuphgh ubinuwé wpdbplnG ba: Qwygh welbng Gwl (8.9.14) puwab),
umwlmd Ghp hbwbpwp wpmwhwjnmpymbp B, dwwnpphgh ugblopuy wnwyhn)

g =14+ —Ay,. pg=12.... M
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hwdwn
(wh)?

iy
p(By) = 131:{"}[\ ltgl = 1 — 25in? "(_\7371_) = CO8 Ty = cosmh =1 — ~- 5

Wuwhuny, p(53,) < 1 L, htwmbwpwp, Swynphph dbpangp gniqudhmmd £ Uil
thupp  A-Gph pbhwypmd dwophgh  uybupwy pwnwdhnp dnw EodbyhG: Mhunp
dhpnih quiqudhnnipyual wpwgnipimp pwph thnppugiwlin gnigplpwg Ghwnmbhnplb
Juuiwlnud B Wn hull wuwméwnny dwip guwlgbpp nhiypmd dtponnh Ghpwnnuip
whtupuwwlpwhwpdwp b

Quniu-Qbinbih (8.9.18) dbpnih gmguihwmpimbp htimlmd t 3.12.4 phnphdhg,
pwfp np (8.9.1) hwdwlwpgh dwnphgp updbnphly £ L gpuljpod npong g (wugugnegh):
Wyawntn, pGyubu L Swlhnpph dbpangnud, guwGgh pwyth thnppwgdwl hbw dhiljubn
iwuymd £ gmguidhunneppul wpwgnippul uinmwgnad: Bwpth £ gmgg wwy. np

p(Bis) = cos*(ah) = 1 (7h)*

(mbu, ophluwly, [51]):

dtponud pklp, np pwgh yhpp phhinwplgwd dkpanibphg gnynipym b mGkG gulgujha
hwduwuwpnuitbph hwiwpwpgbph (neotwb wyy wdbh EpElumpy pubipughnb depnnltp:
Winwhupp GG, ophlwlyy, swenppudiel Jinht nhpupmughugh depngp, imdmfualioli
mnpepnibhpfr dhpnngp, lwduyned gmunhbGumGhapp thpngplowgl (wboa 3904710515

1. “hmwpyymy t
Pu Pu
Tont g
hwdwuwpnuip {(r.y) 2 + 2 < L.y > 0} Ghuwypewing T Ggpoyg: dhpgtiting
h = 0.5 puyny pwnwlmup gulig, junmgh; nmwppbpwljul vlubdwGbp hbnlgug
BqpuyhQ wpuydwiibph phypnid.

w) ujp =lr+yl—1

Hu
P ( ()u)

{n - wpurwphl Gopdwih JLljuonpd t:

{ y—xsinmr. y >0
v b oy =10

2. Upmnwdty  9%/drdy wowbgpuh wwppbpuiud  dSnunwpynuiwl putGwdlp
hpytwmwbh wpinlp Jpu:
3. Nipnoky
ou L ou
ot b

hwuwuwpdw( hwidwp qm{m&
l -+ m + l;:! - { I'l,t - l“/,flz -
nuwpphpwljwb vhubdw)h dnnwpipdwi yupap:

o
2
n



- ‘Fhunwplbp mwppbp ohwh mwppbipugod uubdwdtp

M oV

—————— = ‘r NS ) = ,"‘ S
of "ar D0 U0 = ol
M A . .
o (u; =0, V{00 = V()

hwyjwuwpnudttph hwdwlupgh hwdwp b hbowgnnby npulig Qugnitingmip:

- Lhpdwth wybopwy hwpmalihzh oginipjudp bhnwgnnti

4‘.n.+l — l_n-!] _ l,n-H

M B L = ) ppubin a = const
T [4

nwppbpwlwl ufutivwh JugmGnipymbp:

- Ulydwlh vyl hwjuiwthy i oglimpjudp himwgnint)

1 - _l,n-t—i . [,ll"l
: -1
e e e S5 = 0. npwbn @ = const |
T )

n1

wnwppbpulwG ufulidwih JuymGnipjnitip:

Lhpdwh uybljnpuy hwpnwGhzh oglimpjwdp hnwgnint

n=1 n gl _ il

& — 1 ?
n m™m -] -1
—= 4+ q——-—- =(0. nnuhb (1 = const .
T 2h fintn

nwippbipulwd ufubidugh YugmGnipymGp:

- Llydwlh ugtyunpuy hwjnwbhyh oglinpjudp hbmwgninkg

J. ‘ 'Un + "U” B I’“ - ,“n B
X ot L “mtl T *m—1 +a m=l o U=l =) . nnubit a = const

T ?
T : 2 2h

wwppbpwlul ufubidwgh YugniGnepnin:
Uhjdwh uyblmpw) hwjnwiph oglmpjudp hinwgnnk

n+l __ .n n 2 D, Rl
u m v h lfmﬁl =1 m +1 m- 1

o L=
m m T+ m—1
+a——"= - 5T . =0. npwby a = const.
T 2h 27 h? - Bpwoin

nwppbpwljul ufubidwgh Gugmbnegymp:

- Lhpdwlh uytiopay hwguwbhph ognggwisp htimwgninty

NE W g di

-1 e

n+l _ .n .
U I 2 ‘i + (1 _ “)_[_“_T mel 0
1

n
1 m +a ‘et
T h

nwppipwwl vfubidw)h Yuymbmpynitp e € [0, 1] phypnu:
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14.

. Gnjuo t

15 BRI RIE BYRIES! REE
l Crey } (mv_i»_ R _(,2 _}_l‘lm l“‘)"’rr:: V'LA‘N:H -t
T 9 opy i ) /l‘" - »/m
wnwppbpwliul uhubdwi
Ju ) du
P G D
ot Té)?

hwjuuwpdwl huwdwp: 7 L A pugitiph pGywhuh® hwpupbpulgnp nbwpmd
dnuplpiwG uhowquilipp Whih Oh) gupgh dtonpimG

. #-h hliywhuh” wpdtplbph phypmy

n+l __ ,.n BRIk N YRS | gt e Gdi
Pin Vin - ¢ Uiy ) 2 I + Yol + (l _ ({I‘) f'_m--l :2{ m T, il
T h? ' h?

wippbpudjul vjubidw, gpiwo

e 9t

o " o

hwjwuwpdwl hwdwp, YmGhbw O + 1) dnnwpldwl ujuwwlp:

. Lwenmighy

du d e
=1+ ~lecr<i.f }
ot dr (( * )().1‘) ’ s bt

hwjuuwndwl hudwn

wlw,0) =sinzr. —1<r<1

ulgpliwlpwl yuwypdwling b hwdwutn bqpugh wupswbibpny wilipwgwhuwpn
nwpptipwljuG ulubidw wylogbu, np wdbt ) dwdwiwught bpond gustiguight
hunjuwuwpnuiGtph hwdwwpgh dunphgn thh vhotanphy;

Ltwnwgnnbiy
m it =1 e
27 B I
wwpptpwipul ufubdwgh GuymGupmbp  hwdwebe bgpughl wwpdwGGhph
nhiypmd:

pltrl .z,’H—l ! . NI l.::.,+]

. Lhinmwgninky

S+l on=1 PRIRE S YN IE S RINE!
P T Ot TS0

27 h-
nwpptipwwl  vppbiduwgh JuymGmpymip  hwdwuebkn Ggpught wwgdwdidtph
nhwpmy:
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16.

17.

18.

20.

Lbumgnnk
A I A e A VO S

27 B h?
wnwppbpwwG  uputidwgh  Gugmdngpyniip hwdwubn bgpught wwydwGGhph
nhiwpinyd: _ ,
Uwnmglb] mwpplpwlub shetidw

i Du A

— =, a = const >

or = o Lo

hwuwuwpdwl bundwp pumn wanple pepywo wpnGh: Gy wwyugmgty, np
uputidwl YuymG b, bph 2a7 > B4

Uywymgliy, np (8.9.1) hwiwlwpgh swnphgp ppuuG npnp g t:

- Lwypueh Av = 0 hwjwuwpnodp muoynud b Jipewygnp wuppbpuljuG skpangny

dwlipwgynn pwnwlmup guighph hwenpnubpwmGmipjul Ypw: UdEG dh gudg)
Ypw pmonuip hinpynud £ npbk punbpuwghnG dapnh oglGmpyundp: Uunpl Gpdwd
GG guligwjhl modwb wpdtplupp & pwpny gulgp gtg hwlgmjgltpnid: //2
pwyiny guwlgh Yypw gutigwihl puddwl uljgptiwub dnuugnpmpmtp wwpm
hwdwp whwp €, dwatwdoputiu, npupbyp b b ¢ wpdtiplbpp, hiaubo gngy
L wnpjwo unnpte.

81 83 89

93 95 97
Nuwhwlyymu b hwyylip wyy wpdlpttipp O(h') G uimpywip, wlinbebng npduwd
pywjhli wpdtiplibnh ufuwpuGpttpp:

Qwpygbp A-h dnuuwnp thnppuigny G wpdtipp, nph nhypnud
Au+ =10

hwjwuwpnudp mGh ny mphyhwy monud. npp hwuewp t gpmyp (0.0),(0.1) L
(1.0) ququplpny tnwGlywl Gqpp Ypu: wpduplibpp Lumnwphy ogquytiny
dbppwynp nwppbipwlul dtpanhg 2 = 1/5 pwyny gwlgh dpw: UpnymGpp
hwidtdwnty A = 57¢ Gyqp)hw wpdtipp htin:
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LUJELIU0
QUUUNAS uGuulta iyl SEAGUNMo3arLLER

o Unwdu 2nb Wi (1819-1892)

UWeg(hwgh wumnughn L dwptdwwnplynu: Mtwbppnipgh GU wpnwuwhiwuG prpulhy
wiinui (1864), EntinnGh Prwquynpwipud pybpmpnad winwd:

Gyt b bnntnumgeud: Undoplg b Rdpphend: 1859-1892 -hli' Lhdppheh hwiw uwpwh wuinnw-
ghwntpjwl U bpypwswhmpiut wypndtunp: buly 1861 -hg’ Gub Lbdpphoh wunmnunbuwpwij
wloptl:

piGwljub wyuwwnmpymGatpp Yepwpbpnud 66 GplGw)h6 dsfuwbhlughi L dwptihwwmhlpulud
PhahlpwughG: bwnwgqmnky tobphGwghd SwpdhGitpph (Lnwlh, dappayGeph,. ghuwuuntinp,
tpyGwpwpwihG hnupbpp) wpdnuip: Qg fununpnadGhiph hbnwgnuodw hpdwd dpw
1845 -6 Ywhnugnipwlby t o LkupnmG dnpmpuwyp gupmpynilip,. hwzdupltpng Gpae mntepp
' YnnpphGwwmGbpp: Uk wwpp wig, 1846-hl Vbwuntlp hwjpmbwplpbp ©gbpowtwgh
wuuiqughinn 3. dwybl. yhwywpdiyng ppwbupugh wuagugbon G Lfpptgh apquippfuo
ynnpyhtwmitpn: <wyynquliwl dwpbkiwnhjwinu pwe hwjpnth b ungnpuyul nhptptaghug
hwywuwpnuiGtph pyught podw pwduf dtpagr: Ugn dhpnnp 2. Unudup dzwlb b 1835 -hl
wlig hwgh hwywlh pbunwlwynp Pwpbopuh fubnpubpny]: Lhunwgwnud dhpnng dnnwgnepjuti
t dwwdyty L Gnphg hwjmGwpbpdby b Guiunpn pupp ugpoed Gnpbygwgh dwpbtiwnpljnu
b. Cubtipdtiph Ynnupy:

o PLnGywnt)G Ukpgk) Lwpwlnyhs (1880-1968)

funphpnuighlG Gwpbdwnpynu: ULU GU wljugkdhynu (1929, ppwijhy wlnui 1924 -hg):
PhighwlywG GU (1911 L dwphgp SU (1955) winud: ULU Mbnwlwl tpguliwlp pudhatyhp
(1942): Muwpqlawwmpyty £ LaGhGR Gpym Jpwbruling:

Oyt & Onhuwymi, pdzjughumpyut gnijpmnph pluwGhpord: Wipwpwntipng ghdGwghwd (1898},
unynpliy t Unppnmd  (dwphg): Wwpnty £ Gwiphgh hwdwyuwputp  (1899), dwphygp
MNnjhuntfuGhlyuljuG nupngp (1901): 1904 -hG dwphgmd wwymuubby t nnjumpwul winbiw-
funumpniGp: 1907-1908 -pG nuuwnwlnky L Mbnbkppningh Lwiwlg wnthnbhuGhyulub
nuupGpuigGlipnud: 1908-1933 -hG fvwpynyh hwdwguwpulh wpnpbunp tp, puly 19331941 -ha
LaGpGgnunh hudwuwonaGh b wejanguGpludpod hunionuap gpobong: 1935 -hg wphu-
nmd kp oUY U Uwptfwmphulwi hGompununnad: Wjwlph JapepG 25 wwppOiphl
wuypnd tp Unolgugmd, guuwutgnud bp Unoipugh Wil hudwpuupuGnd:
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ZhiGwwl hbnwqnuumpymGGhpp Jhpupbpnd G6 ghbtpkiighwy hunjuuwpnuiGephG, $poiiy-

ghwlbph dnmwplpiwl wbunpyulp, hwjwiwubnpniGobnh wbumpiwtn: Uowewplhty L ny
qowghG Ethuymwlpul hujwuwpmdGtph bwdwp bgpuhl polnhpGhiph eodwG Gnp dipnglbip:

Uwmbinat) b $nllyghwibpp YnGumpnigmpy wbumpnibp: QunjuwbwipelimpindiGtph wibungpjud

gty hbhnwgnunb) £ vwhdwGwphl penpbdGhp, uvuinfuwuewmhly ghpbpbtghw) hunjwuwpnedlbp,

hpybu Gl hwjwiwlubGuwiht depnylbph Yhpwedwd hwpgbpp phahluegmd, Jhawljw-

gpoipjwl L YEGuwpwinpjwG db9: Gwnmughy b hwyjwtwlulmpmGGbhph nbunipjul wawehl

wpuhndwwmhpl mbunpinilp: Uh pwpp w2 fuwnwlpGtipn yspuptpmad GG potyghntw) wilighgp,

YwphwghnG hwpgpl, dwpbdwwpluwyh uwwndmpjubp b quuwutniwi depnnhliw)hi:

e PLutii dphnphtu dhhtid (1784 -1846)

Qhpdwliwgh wunnugbn U dwpbfuinpynu: RempGp G wlnund (1812), Mbnlippmpgh 41U
wwinyuynn wiinwad (1814):

UGty & UhGnuGoud: UwuGwghnwlwd yppopjmlb sh vnwgh]p b wennwghnwljwb ne
dwpbdwwmpluluwl ghwbhpGbpp dtnp L oplipbp hGpGwlypprnipjunip: dwybgh  ghuwuwmnp
ninboph Gygphw bupdupyp (1804) Gpwl hiwpwynpmpinit £ by LhypbGpugh dwuoiwygnp
wunnwnhwwpwimd {806 -hg unwGd ) mnjump-wuhumbimp wupuntp: 1810 -hi Guwlwlgty
bt RnbGhquplipgh hwdwpwpwGh wypndbunp L Yuemgl) b dwdwlwlh wdblwumwpguwg
qnpohplbpny vwppwnpywd wunnuwnhownpulbp, nph wioptlp b £ optsl Yuwiph Jepep:
<hGwlwl hbnwgnuumpymibpp Jbpuwpbpnid G0 wunnughwmmpyubip: Rhutith  wyfuw-
nwlplhipp twwbu wgnbp GG wnnqpugmuoljuG nhundGhph pGoyph W plinhwGpuwbo
wumnughmnipjul hbnwqu qupgugiwb Ypw: Upwih b owemnughuwlwG gnpohplbph
upuwpulplGtiph wmbGumpndip: Fhonuddtinh wpynGpGepp Ywpbdwnpuuwl  dpuynuitbp)p
pipugpmd yhpwnt) £ hwjuwbwuinpmbitph wmbumpymbp b ginppugnyl punwlimuptitinp
ubpnnp: Uwmbnobp t Uphquiyh  fpowdupnuiGbph wbumpymbGp, npophp dnpnpulGinp
quigquothpn:  Uwpbdwmhu)h  pluquijunmd  Gully b gpubwypG  $pmilhghwiitph
wmbunipnulip (phubppuld pritlig/nubbn) LW nhnwplb £ w)l ghptphbghwg hwijwuwnpnedp, npht
pwdunupmd b6 wyn pmlyghwlbpp (Phulyf wdwapned): bpw wmGl toypmd boephitp
2wnph gnpowyhglbiph hwdwp hwjmGh wihwdwuwwpmpynlip (Laulipfi wlhoguowpmp ey

e Gpuwd 3npgkb Mbnkput6 (1850-1916)

Nubhwlywl dwptdwwuhlynu:

Oldh £ vmumpmuy) gympnud (Quintpuilpy dnny: 1871-h6 wjwmnb] bt Unytlhwghth
hwdwjuwpw(p: 1875 -hg wptuwinb) b npybu dwpliviwmplynu «dwhplhw » wuywhinduypuywb
pUytpmpymlnud: 1896-hg wyn plybpmpijwi wlopkbp U dwlhwhwld wuywhnjuqpuijul
tunphpnh Gujuwaquh:

Lpitwluw htwwgnmpnuliGbpp Ypuptpmd 66 Swpbdwmhluwlub Jhdwhugpmppotp b
pytiph wbumpjulip: Qpunl b Gl pnllghwlhph Snnwpldwl hwpgbipnd: Uhpdmot; t
ujupwp wpnwnpwiitphg juqijued dunnppgltin b npnphslbp (Rpundh dunnphg, nadf
npfyp), npnlp nubl puwquuqub Yhpwunmpymbibp:
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e Thphjult Mbwbp Gnrunwy (1805-1859)

Q-Lpdw Gwgh dwpbdwwhynu: Bamhip GU wiinud (1837), Mhubppnpgh GU pnpwlihg winud
(1837). bwphgh GU wlnwd (1854): Lntinnlh Qwqudnpuljut palitipmppui winug (1855):
Oyt & Bympblnui: UnwbGwim] dshelwljupg Ypprpynilip, 1822-1827 -hG wyhnuwnby t dwphgmu
nputiv wlughl munghy: Gty £ bphowowpn ghubwluGbhph fodpwyh winud, npp ghjw-
Jupty £ d.dmphbG: 1827 -pl unwGdbb) b pnglitnh wupmnlp Ppbupumh budwjuwputing:
1829 -hg nuuwyjwilinty £t LtinghGnud: 1831-1855 -pli Raryi0h hwiuuwmubp, puy 1855-1859 -hi’
G nphbghitih hwdwpuwpwbih wypndbunp bpe

GG wphnuwmmpyuGlhpp Jipuphpmd GG pytph whumpyubp, dwptdwmpljulpud
wlwihght, dwphdwnpyubwt phahliwgh hwjwowpmiGbphl: OYtph whunmppul die vnwgly
Eodp pupp Jupbnp wpmpméplhp: Qgugmgby Eobbpdwgh ok plnptidp hptig gmghsp
hwidwp: Qyqphn dlwlbpwl) b htwwgnngy b wppbph wupdwlulpul gmqudhunipjub
hwulpugnmpnip b vunwghy gmgudhnnppul Yuplnp hwymwbhy (Hipppgbh hwpnwiig).
Uwmtindty ¥ Hpfifipsh pwpplph mbunpmilp, npp hbmwgw)nud quipguighy L npyybu wiwghwmpl
$nmGlghwlbph mbumpjwl wnwdhl ooy Vwolbwuwl wdwlgpubbpny phptiptiighwy
hunjuwuwpmuiGbnh mbumpywl d6e pwe hwywnGh & “Hypfrfuibh fulinpipp:

e tjbp LanGwpn (1707 -1783)

Culygwpugh dwpbdwwhynu, dejuwihy, phahynu b wumpughnm: 1726-1741-hl W 1766 -hg’
Muwmbippnipgh U wtinud, 1742-1766-ht" Newmbppmpgh QU wpmwuwhiwlywl wywndwgnp
wiinuud: dwphgh AU, Ctmhih U U Lntgnbh pugudnpuljud plybpnigpjul wlngud:

Ol ¢ Pwgbimd, wwumnpp phnwlhpmd: 1724 -h6 wwpoby b Pwgbih hwdwpowpadp:
1726 -p6 hpwyhpybg b Ambppmpgh GU: 1726 -pg plwfununippul, wdtigh ny’ dwpbdunnpljugh
wyniGyn: 1731-1741 -h6" alygphg phahfugh b wmbwwhub dbhnuGhljpogh, wyinhbnl’ dwph-
dwmhljwgh wypndbunp: 1741 -pl mbnunpnfugby £ PlinghG, npubn wwypty £ 25 wiwph: 1744 -hg’
Penihth U Uwpbdwwpuljpub puuwputh wmboptib: 1766 -h0 Jhpunpwpdby b Mbnbppogy:
Cmuny hwdwpyw wipnnenyghé Ynpgibind wbunnonepynbp, Jupndiwyby b unbndwgnpdby:
Enbtph ghnwlwl htunwppppmpymbGhph yppwGubp plngpynud tp hp dudwbwyh dwpbiw-
wnhiuwjh b dkhuwGhlugh papnp puedhGlbpp: 1727-1741 -hi gpby Eowygbgh pul 80 wyhnunwiip
Guhpjuwed JuppwghnG hupypl, nhptipblighw; hwjuuwpnudGhph, wenhdwlwghG ywpphphd,
hwuimly $ntyghwbbppl, nhpbptlghwy Gpypwpwgmeppubn, pytiph  wnbumppudip, hhnpn-
nhiwsphluhG, GpyGuyhl SEhuwGhlughi, owpmpljught b wy6: EpGph. npwtiv dwpbdwinhynup,
Gifuwjnp gnpop bk b dwpbdwwmpliulwl wiwhgh Gwlhnodgy: Unbinobp ©oJuphaghnd
hwzhyp, nhptipbighw hwjwuwpnuiGtiph wibuwlut pdndipbpp: Gunwgnotg b aghtin dwpdtGh
YhGidwmhywl L nhwdhjwb, ugty wiywpd yhnh pmpop Gpw upnndwl hujwuwpndp,
hpdGunpty ahpnuynyh weempnbp: Lywlwluih 6 Eptph bbwwgnuniggyniGibpp bpljwhG
dtpuwlhlyuwynd: Lpw wbuwiwi wpynlphpp hhdp B0 dwrwyky LmulGh 2wpddwi wym-
uwllbph vintndiw6 hwodwp: Qpuity £ Gul unul jhpwewiwl fulnppibpny. hhdtwnpt £
wmmpphGObph wbump)mGp, Ghpypmd juumwpty Gyuptph phdwnpmp)ul wbumputmd L
oupmpuljul nbhtipluygnud: Bibph ghunuguel wpiwumgpymGobph gmgulp waupmtiwgon b
850 -pg wbih wigunuiGtp, wyn pynd dh wpp pwqiwhwannp deliwgpmpnibbip:
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o Lwjplhg Qnpdnhn dhhtid (1646-1716)

Stptwlwgh dwpbdwwplnu, $hahlnu, thhihungiw, hwipughunwly b hwuwpwluwl gnpohy:
Btohih QU hpuGwnhpl b b ownweht wpbghpbtmp (1700): bnty b dwphgp 98 (1700) L
Lnlmnih pwguynpuulpuut paybpogpjut (1673) wlinwd:

Oliyh b Lunpughgnul:  Qumatwuppty b ophthundugmpynii L hpugmbp  Lugwghgh
hundwjuwpuind (1661-1666), dwpbiwwhlw Ghwjh hwdwuwpubng (1663): 1672-1676 -t
nhjwiwgqhnwlwb hwldbwpupmpmbibpnyg nby E dwppqnud L LntgnGnd, ng dhwdwdwGuy
qrunyby b ghunufuib wzfuwimwtipny b guwuweduitignuing: 1676-1716 -hiti dwnwijly b Qwlilingbpp
htipgngh dnwn’ Gwp npybu qrunupulugup, yundwahp, wepu Gl wpowpht gapotipny
pwnwpwlywd funphppujwi: Vupuunmbp £ Lwgwghgh, dpbltwgh b Manbppapgh wiljunt-
dhwibph unbinodwlp:

<ilwlwl dwpbdunnhuljuwl wyfuwmwbpitpp Ghpdwd GG phptipkGghwy U hGobgpuy
hwdh unbnotwlp: Uwubwlh L wleun dtpnnltipp Lw)plphgp dhwpbpt) b swpbdwmhyugub
wlwihgh  hwulugnipmbibph  thofupuguiygdwoe shwoeGwlul  hudwlupgh: Syt
phptplilighuft W plinbgpugh vwhdwinaitbpp,  Ghpdmdt £ phpbpblGghwh () L
hGumbgpuih  (f)  GaulwlnniGhpp, wpowoby b gnidwpp, nwppbpnpnuG, wpununn i h,
pwilinpyb, wuwmhdwGh, Juplopugng wputughlntiGn paiGhghwbbnh, pupny $nGyghwitinh
nhptptiligiwl optlplitpp: Pwgwhwynbp b wlwhgh hpdGulul  hwulugngpmGitpp
nhdtipkiighwt L hGnbgndwl thnfuluywnwpd pnygpp: <hdp b gpbp 2wppliph whumpuip
L nhptipkGghwy hwjwuwpnuiGiph wbungputp: LugpGhgp wnwewnpyly b hwdpGhwGneg
oquugnpand wwnwgwd  wbnShGobnn'  pmGhgpu, ghplipbitigliyy  hwguauapmd, wgnp/ipd,
wipugfu, opppwn Lowgli: Lymnnlhg wilpo LwgpGhgp Suntnoty £ dwplidwmhljuyw6
wlwihqh  hpdnlpGhpp: Buwgugnud Gputig dhel plupunt ghtwpwbmpmb L
owjuwiy  wowelmppul  hwpgh  ympen: Wjwlnulwl  dluuljwb  wpwiwpwlng pad
2nowlwyGhpmd LwygpGhgp Wwhky L qupqugpby b sh pwpp dhpnnlbp m quiqpughupGhp,
npnlp htwwguymd plngpiyb) GG dwpbdwwnpiuywi wpuiwpwulinput dbe: Qpumlt
nbfulihljubul hwpghpm]’ wnwewpyt) b quuGh L dhngh qunuirupp, Junwpbpugnpdty
Nuwuluih bwpyhy vEphlwG L wpl: Ohhumhwympyut ke Lwjplhgpn dquiby t Yhgmp b
tnpymlp  pugwhwyuby unipuinwlgh dwuhl mudndiph dml: b owwppbpmpn XVIln.
Ubjuwihunwywl wwwytipugnuiGaph, hinpdnwd bp plnipjut pugiwquitingpnitp okl GupuGlg
npliwdhy hhdpbpny: Cuwr Lwyplhgh, unipuuanulgtiph phdp wdbpe & opnGp ponpG Ly
(whwwwppbp Ywd Yhgmpjwl Shwynpbpt bl enbwntbp: W uwphh pwquwgulinipmitp
wwplwlwynpywd b wwppbip dnGwnibph unnpuupgmpyudp, nph hhipp pwpdpugngt
dnlwnb t wearfwor: Liquipwmp)wt plwquduend hwlinbe £ GGy (bgmGlph dwguwG
dbpupbpjwp wuwmdwowyGyywl  wnwuytih nld, Gty dh pwpp  (kgmlbph wuwmthulw
plnhwlpmpymGtpp: LwjpGhgp dwuGwynpuybu  htamwppppyty £ hwing taquh hbw wy)
lEgmiGlph mGbgwo ginfpuhwpuptpmppul hupgny, fipufumub; U Lw Upngh hiajwghuwljud
w fuwnbplbpp: bwwbp t milikgh) Wduwmbpyudmd gnpomy hwy wiwgphslbph (‘Lmiljuau
dwdiwlnbigh L nphyGtp) htu: LwypGhgh wy wyliwwwtptbp gbpupbpmy b6 hpwym GphG,
GEGuwpwimpjwlp, hGhwpwlmpjudp, punupwywimpyubp, dwiyujwpdnpputnp b wjG:



e Lwuwjwu Mhtn Uhinh (1749-1827)

bpwlhupwgh dwphvwwplynu, wunnugbnm b Shahynu: Gwphgh GU (1783) L Dpubupugh
wqgiugpl piuvmpunnnp (1795) witinpud: Mbnbppnipgh S wwowdugnp winwd (1802):

Gligh £ Podnti-wi-Odnd (unpiwdinhw). gpuupugn plawthpmd: Uunwgbp b owoududw-
putiwul Yppripynil’ wdwpuntym] phlibphlmpwt gubwlputthph dhwpwtimpiud qupngp:
Nulibp hjuubw) hhpnnpmpgmt, htizh 2lnphjd wpwg whpwwbnb) b6 pwd]) (kqniblph:
Qpubnpl] b odke plnmbwlpupymiGGhp Swpbdwmplugh, wennqughuompyud, gpuipuGnpjut
b wpbuwmp munudGuuppdwd dbg: 1766-p wbnuignpudly L dwphq, npmbn 1771 -hi
d % Wwdptiph  dhgunpnmpyudp O wquidnpujub  bptwwliwghli qupngmd wpnhbunph
wwywnnk £ umwghy: bpwbuhwhwd Uko hbnudginfumpmtihg htann dwutiwygly b bpwtupwgp
yppnipjwl dpwlpuqiubpupiwd. ptagba Gwd Rwupdpaugng@ Gopdey L Mmphwblulibutpodt
nupngliiph unbnodwi wyhiuumulpGlipht: 1790 -hi nupaty b dwphgh Qudibph b YzhnGbph
hwaGwdnnnyh Gwhauquib: UWwdupb) © Gop dboputpeld hodwlpupgh GhpnpowG wphuw-
wwlipp: 1795 -p tinh) & BpluyimpymGatph pympnih nhjudupmppub pugdnmad: Lunelalpoeb
nipnGnuiGhpny wiljuyned tp: Snpuepwlyyngp punwlpuipud hopwpetw6 hypnud fiw wiglinag
tp hwnpnnGhph inndp’ Gwhe hwlipuwybnwlub tp, LwwnenG Potwupupoh pluwGnep pud
opnp’ GhipphG gqnpotiph Gwhowpup, wupu ubtiwnmfpy winuod G ynfuGwjowugueb. Guogupnp
npupu: Wylimhbwb dhwgb) b Lwwymbingh hwunwynpybbphG. winnpugpbing Gpw wpunpiwG
ntiptwp: Puppnlitph pzluwmpyul ghpulwiglindng qupdb] £ owbp L uawgly Gwpligh
whumnu:

Zhitwhwl wyhnwmnwbpOtpp Jbpwptipnid 66 dwpldwnpipughi, GplylughG gdGhowGhlpught b
dwpbitwwnfljulut Phghljuppl: <wijwiwlwinpnuittiph wbunppuolb ewmtnonntilphy gl t:
Quidwlwpgh] U Juwwwpbpugnpdty £ pptithg wnwe  gnympymb  mlbgnn  dhpnnlitpp b
wbunipyltbpp: Uuwgmgby © hwdubwyuinigpniGiph puptudwl bphulnudwiht opblpp:
bp unbinowd wbunmpynlngd Yhpwnby b hlimbgpuwe) élwwfumpineG, npp hwgwGh b Lweyeauh
dlhwinfumpnid wlinlnyg: dwipwhwdnd wuypogmygby ©onpnghyp (pugmghy  dhanpabpp
wpuwnpjwiibhph  gnuwiwph whupny  Ghplujwgdwl dwopG phnpbdp  (Lwugeah plinpidy:
Quipqugpby b ufuwpulpbbph wbumpmbp L jmppwgnyl punwymuplibph depinp: Luwujwueh
Juwplnpugnyl ghwwhwi w)hwmwiipp Gpw hhGghuwnnmw Gpgtagpt defuwbplu ™G L
(1798-1825), npnui wdwpmywd b pylughl dhfowGhlugh antpomup’ hpdGgue BanonnGp
wmhbgbpuywl dgnpmpiwl opttiph hftdwl ype: 1y hhatwynp dkGwgpmppuad gty Lwujwun
zwpwnpty tng dhwyG ubthwlpuoG wpyymOpGhpn, wpb huGpugnidwnf B plipty bp Gufunpmbhpp
LimwmnGh, ¥ Upudpbph, Ejbph, LwqpuGdh L mphGhaph hivwgnuomepmGGhpp: pgmilpmad
Gwnmgyty &6 wwpphp whunppuGlbp, dwwGudnpewha, Bphyph wpoulbph mbumpyuGp,
LnwuGh  wmbumpimGp, dnnpubibph feoonpdwl abungpplip. Gwhplipugnegpmbiaph L
wmbnuunynipmibttph wmbumpip, Smugghubph wppwdpayliph wpddwl ombumppafip:
Luwnygpueun wuyywgnighy £ UpbquiiGuhG huniwilpupgh ugmtinep pdip: L utnueghy | Ywnmp(h
onwyh hwjwuwpwlpnmpjwl upupiwbibpp b wwyugmgty §, np wgt hne (b )h Gwpnn:
Lpw wliml 66 Ypmd jEnGwdnupeynpmdbpp LnoGh bplaugng Ynndh gpuwes Luwgpuap
qupqugpt] b hpdGwdnptp £ dhqudwdmpmiipg UpbgqulGuwiht bhuduipupgp wnwgugdut
uphgbpuwotmppul whunpniGp, npp npubiv qupluo wnwewmph) tp ghpdwGugh dgighungnu
b, bwGwmp (1755):
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e Lwpu MbLwnkp (6G. 1926)

Libphlywgh dwpbiwuhlynu:

Ghybp b Pnquuybynnd (KmGqunphw): 1944 -h6 wjupnb) b Un-3npph hwdwuwmaubp:
1958-hg’ O-Unipulnh wljwi Jwpbhtwwnpuywl hGunhununh wpnbbunp, hulp 1963 -hg”
Udhphlju6 fEyupuiwa pGybpuygnpjwi hwpgnnuyui b yhpunwlwb GhGuopnGh wiopb:
2hdGwlwl ghnwlyws hbwwgnuapymbibpp Ghpwo L6 ghptiplghw hunjwuwpmdGhph
whumpjubp L hhpumohw  dwptidwnhpughGs 1956-h6 dLwibipyly b puduwbo;uh
plinhwlngp wbupny penptd. npp Juy & hwonuenmd nwppbpuut wubdwibph dnuwplpiwb,
yumbmpjui L qmoudpnmpput dhel: Ldwl wpignilip Eounwigly Gweb fenphphegh
qhnbwlwl Wb Dhhumip (1955):

e LtdwOnp Unphtl Uwph (1752-1833)

Spwluhwgh dwpbiwmhynu: Gwphgh GU winwd (1783), Spwluhuwgh wqguiht hGumpunnh
wiinwy (1797):

Uiy t dwphgmd: Ujwpnty t Gwphgh UwquphGh Unikdp (1774): 1775-1780 -ha" dwphqp
ghGynpwiwl nupngh wpnpnunp, 1816-hg Anhwnbiutipjulwl nupngh wpnpbunp: 1813-
1833 -hG’ bplpwyGnpymGGbph pynupngh wlnud:

Qhdfiwywd  htinwgnunumpynidfispp Gghpywd w6 dwpbiunhlpuijpwl  wwhopl,  pdbph
wbunpjwiip, yuphwghnG hwpypl, bpylwght dbhuwGhlughG: Uwpbdwnpwlwl wiwhqh
plwqudwnnl Gepdnb) b mopuwhi wunqugnyl pmiyghwlbn® Ladwiinnp puqiisbgutr.
Eihywuhly plimbqpulibpp phipk £ uinGwlwé wmbuph, gt bt npwlg Jbppmomdp Jwppliph,
il npuiig wpdbpibph wyymuwltp: bp wylownwipGtipng Gywunig Epdbph mbumpjul
umbnddwdip: Ybwlbpuly b upupg pubiph pwpfudw ophilipp (1808), oyt E hp dwiwbwyh pdtph
wbumppud wdpnnewywl pwpunpupp: dwphwghni hwydmyd dbwhbpyb) b Epumpbdmd)
gmmpui hwpnwGhop: <hiGunnply b qupgugnb) b gmbghwlwb suthnodGeph wiumpymlp,
hugwugnpdl b (1805-1806-hG, U Guwmuhg wlhwiu)  ¢erppugngl - prupwniufpiibph
vhpnopp: Uuunnugtnlhp &% WwuhGh b Mb. UbykGh htn dhwuhl qunbp B dwphgh L
Qnhiyhsh wumnqunhmwpulibph tpyuwyGnipymGatph twppbpmipymGp (1787), dhwopp npubu
pljwpnipuG dhwynp ewhdwGbjm hwdwp junwnt © Bwputinih (bugquiha) W 5mayeplh
(dpwlupu) dhol: vheopbwywGh wnbnp tpthupmpyub pninp hwpguptibph onngndp:

e Lhuzhg Ninupngd Ownnn Uhghqindln (1832 -1903)

Gbpdwiwgph dwphduwnnplinu: RbnhGh U winwd (1872), dph wpp whwnbdhwlbph L
ghuiwluwl plytipnipmbGGhph winud:

Glgup b £nihgupbpgoud: 1853 -hl wyjwpnby b Atmhih hwdwppwpwin: Ppbupunch (wydd
Jdpngpuy, Lihwuwnw() hwowpuwpwiph ypnptunp (1862): 1864-hy BnllGh hwidwuwpuih
wnnbtunp, 1874-1875 -hli’ wyn hwdwpuwpwih ekljuwnn:

ZmiGwlwl hbnwgnuupindilbpp Jepwpbpnud 56 nhphipkGghw) hwjuwuwpnuiGbphb, pdtph
whunipjuflin, pwnwynuwhG L bplwyph dLlbph ntumpjubp: Upkoonky © Gub hwGpahwdh,
hpnpnaGwidhuygh L depmowlhwl dbfuwGhyuwih plwgujunibpnud: Gpwl B wyuinljuiiimid
nhptiptlgpuy hwduwuwpnuiGbph momdGhph grynpjul wuwydwGGhinl bpwpbppuy pinpbdh
dLbwtipunuwip  (bngfp-Lpygsfigh phapbdy: dphbh zuppbph wbunpput dle wnwopwpliby b
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wipnne pduwghG  wnwlgph Jdpw wpph  hwduwuwpwswi  gniqudhunipiul  hwjuwGjop
(Lpupfigh hupunudfpy).

o Lninjw Uppptin 2M5ydu (1880 -1949)

Udbphiiwgh phipynu, feGuwpwd, nhingpud b dwpbdwmpynu:

Ghyhy t Ladpbhpgmy (w)dd Lyny, Mipwplw): 1902 -h0 wpmwgqunpt £ UUL:

Jwjulih b npybu gnh - ghywinhy dwpbdwmhwlw dnpbijh hnhtwy, opp Gw wowowplby L
1925-hG dnpnbpwihg wiYwlu (Lnwuw-Admmbpagp dogdipy: Qo dnnbp hhdp bp nupdly
pninp hbmwgu ynwmpuwghwbph npGuwdhlwi Glpupwgpnn dnpbyiepp hwdwp: <eunwguemd
Lnnlwé  pnnbp b whwntidhwywé  gpompymbp b wpfuunty b wwuwbngugpuljut
pQybpwlgnipym Gnul:

e Lwbwnpnyhs LenGhn dhunwitiyhs (1912 -1986)

funphpnu)ht dwpiwwpinu b wintuwgbn: LUT GU whwnbdhyno (1964, pnpwijhg wilinuad
1958 -hg): MUY whuiwlpudi (1949) L (GGpGywd {1965} dpgwbwyltph nuehbby)p: unphbywi
dpgwlwlf guhGhypp (1975):

Oliyk t Mbmbppnipgnud: Wiwpint) £ LeGhGgpunh wtivwlpuG hwdwpuwpwdp (1930): 1932-
1964 -hG nuuwgwlnh) £ LkGhGgpunh hwdwuwpumd (1934 -hg’ wpnphiunp): 1940-1964 -hib
wptbwnby b ULT QU Uwpbdwwnblpulput hbunpimmmp LeGhGgmunpub pudwbdndipms,
1964-1971 -h6i’ L ULU QU uhphpjwl pudwlbimbph dwpkdunnhijpuih hGumpmnunnad, 1971-
1976 -h6i* PoULU Uplpunplbph tunphpnh ghnnpjwG b wisfuGhugh bl gndnnth
dnnnypnuljuG minbunpyuli junujupiwG hGuohununnat Yjwlph Jbpehl wwphibpht
wyvwwmb T UYU QU hwiwjwpguyht  hbnwgnuompymG6bph Qwdwihmphtwlwi
pluwhunnunnud;

<hiliwlwh htwwgninmpnGGhpp Jhpuptpmd G0 pmlygmtu wiwhghl, pugdmpymithph
wbunpjulp, $pmlihghwlbph  mbumppulp, Juphwghni  hwpdht, pguwihd  Sbpnnlbphd,
wlnbnughmmpyuf dwpbiuwnhlpuujwt dhpnnibph: brGhghnbw; wlwihgnad Ghpindby b
nunuiGwuhpty § jhuwupqunpywe wwpuomppllibph nuup: Umbnoby b bhupumwlpui
hunjuinwpnuitph hundwp bqpughl puGnppGhph modwl Gnp Juphwghnl dhpng: Uowliy
owtinwwnnpuwijhl hwduuupmibtph modwi wpwqugnyl hebgdwl dbpnnp, UinunnGh ikpngh
plinhwGpwgnuip ny gdwihG owtipwmnmuhl hwwuwpmiGtph hwdwp: 1939-1940 -hG untindty
t vwhdwbwihwlmdlbnpny punpbdwy unhplbph npny nuwoebph edwd dbpanltp W qowihG
opugpuignpnid wbuntpymbp: Ubd Ghpppmd unmuptig wmnbowwl dnpbGhph wibumpput
k9. Lpw hbnmwgnnmpyniGtipp Gwuwuwnb) 66 winbumpjwl owywnhdwy Gwhiugdduli L
- junujupdwl witiumppul vnbnddwip:

¢ Unwwu MNingkip (1682-1716)

Ulgthwgh dwptiwmplou: LnGgnGh Cwqudnpuljut plybpeppul winud (3711

UGty & Chpphygnul: Ungnptip b LnlnnGnud, wylndibal’ Laipphoh hwiwpuwpubh Sphhunp
pagionud (1702): b.ujnuanGh wywltpunG tp: 1706 -hg” Rbdppheh hwdwpuwpulh wpndbunp:
Lhdliwwl hbomwgnnnipymbibpp dhpwpbpmd 56 vfuwpetplbph wbumppublp, npp hbune-
qumd ogwuwgnpdb] b N Lwyjpwup hujuGululGmpimGtihph whuwmpjwbd L pmitiyghwibph
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whumpjul  quputhwplbph qupgqugdwG  pipugpnui:  Qpuntp t Gwl nwghnfwg
hwipwhwrduipuG pnGyghwlbiph plwkgpiwt hwapgbipnyd: Upab GG gumlutowd o' -1 = 0
wibiuph hwjuwuwnpiwd wpdwntbph upupbpuog pinpbdp, mwdgbtu W abitpuwGuh gpuephyliting,
wnliympmiiitp Gnwlpmbuwyuawljuld b gongaughl pGugpwttpp dhol. nhptipblghuy
bphypwywynpywb npny pwGwdldg:

* LYnwGy An0 (80. 1916)

Whgthwgh dwpbdwnplnu U phghlynu:

Ohyby b <plnpnud (LaGpuwphp): Unynply £ Uwbgbunph huwdwiuwmuding (1934-1938): Bpypopy
hwdw) fuwphwpG yumbpugup wwppGippl qpungby b hbwwqnunipyndittpny puhumpljugp
pliwquuuenid: 1945-1957 -h6 wytuwwmtp b ghnwbhbunwgqnnualpuel pupnpoeuinphugnod: (957-
1981 -pt" PpmGhp hwdwpuwputh dwphbhwwmplpugh ypndphungp:

LpifiwljuG gpunwlwi hbmwgnuwmpymGibpp Gyhpwd B0 dwpbdwwmhhuwhwd  Shqplpuh
hunuwuwpnuiGtiph,  dwulwynpuyby,  9bpdwhwnnpnuljiuiimpyui  hwdwuwpiwl  pughl
miwl dhpnnlbphG: Ukd Ghpgpnad funnwphg guipupnulput hwjwuwpnudGhph puodwd
Juym G nmwppbpwlub sepnnlGhph vnbindawl dbe: bp ghwwlpul gnponGlimpym Gnid 2.Unwaliyp
ubpunnphl hwiwgnpwlghy o p Uhlnpuniifh htin: Lpwbg Gnndpg wnwownlpwd  dhpngp’
Ynuilily- Ufpquntfy - ufutidwd, wupupnpulpuG - hwjuuowpnoittinh pyaghG poodwl waabg
wppntbwitim wgnphpdtitiphg by

o Ununw UwpinhG Yhihbpd (1867 -1944)

Qhipdwdwgh phghynu L dwpbdwwmhynu:

DGyt £ LhphG Uhighwnuld (wjdd LhwunwGh uginud B): 1885-1890 -hG unynpbi £ Rptupwung
punqupnud (wydd dpngpuy, LehunnwG): Swpmbuyk £ ooonaip UniGiubGh wpépugng G
whfulifuljub qujpmgntd (1891-1894); Gwuwdwlnty t Glwnud L Qwfukind: 1911-1935 -p6
Cumnngupnp Pwpdpugnyl wmbhlmngmolpul gypngh wypmpbunp:

Uwpbhdwwnhljunid junmupbjugnpoty b eminpulpuet ghdhphlghwy hwdwuwpmdGiph Unpn
fuGnph pyuyhG ymotwl Y. Nenilgkih Stpnnp (nbgb-Unnunh Uhpnn):

e 3Lpdhwn Cwng (1822-1901)

Ipwlvhwgh dwphdwwhlnu: Gwphgh QU wlinud (1856):

Ohytp t Fatgmd (LnpwphGghuw): 1845 -hG wjwpnby b dwphgh MinhobfuGpyuipul nupngp:
1848-1869 -h6" Mnthwnbjulihywljwl gupngh nuwuntumgg, hulp 1869-1876 -hG' wpndhunp: 1869-
1897 -hG" dwphqub ghunnp)mGibph pwlyngpntnp wypnptunp:

<hiGwlwb  ghuwlwl  wyppwnwlptbpp  Jbpuptipnd B0 dwpbdwwhlpeul  whagghd,
Libwuwwl priyghwbph wbumpyutp L Gpu Ghpwnondbuphd, hwipwhw)yhi L pdbpp
wbunipjubp: {bwnwgnnb £ oppngnliw] pwqdwbnuditiph hp winip Ypng quup (<G
Pwqdwbgudibny b ywa gmdinpuieuibGbph pugdwnuathph hudwtidwb guop: Qupgugpti b
hwlpwhwywlwb dlbph b Gpwiy hdwphwntbph wbompymp, Gpw Yhpwunnudtbps plkph
unbivtupjub dhe: Um Juuyuwlgmpywdp dngpby £ hwiomly bplgdughl aubp (<apdpafr dhLbpy:
Uupugmgby b ¢ pdp mmputiugbbntiunipynbp:
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o 3hptipwn Nwdhn (1862-1943)

Ghpiwblwgh Ywpbdwwhynu: PhohGh GU prpwlihy winwd (1913} WULU UL yuaodwynp
wlinwd (1934, prpwihy wlnwd 1922 -hg):

GGyby t dbujum punupmd (&nGhquptipgh dmwn): 1884-hG wjwpnty b £nlhquptpgh
hwdwpuwputip:  1893-1895-ht’ LmGhquptngh  huwdwuwpwih  wpnbtunp: 1895 -1943 -pl
O aphGobih hofwjuwpwGp wpnpbunp:

Quitiwywl  wyuwnmpymGibpp  Jepwpbpmd &6 hljwphwinbtph wbumpjudp, pytiph
wtumpyulp,  Jwpbdwwplugh  hhdmdpGuphG,  dwplidwapljulpul wpwdwpwbnepputn,
quphwghnt  hwayhG, nhpbiplibghuy L plinbgpuyg hunjusupnnitiph, dwpbiwmplului
$pahuht: hGJwphwGnbtph whumpiing wuyugmgl) £ hGJuphwinlibph hwiwwpgh
Joppwynp  pwghup  gnympjwl  dwupl hpdGwywl plnpldp: QwlipwhwydwluG  pdtph
wbumpmimd <pjphpnp wytuwnwbplibpp Yapudinfuly & dwpbdwmhlwsh wyg pluguigung
m hwihn qupdbp npu hbnwqu qupgugdwl  hwdwp: upbpoh «Epdpaswging el
ApinGipGbp » (1899) dhGwagpmipnilp dhowwbn fupwlibg tphpwywthnippul wpupndwnpy
Qunnigiwl  htnwaquw  wptuwnuwbpibpp: bpw wlnG b gpod BQhihnpued owpodnip b
plinhubpugnuip wigbpe yunhwGh nbwph hwiwn (Ayplpupwl uwpaonipymG): <hiphpup
lpunmgwd uhibwmphl Ynphgmy hGnbgpuy hwjuuwpmdGbph wbunpinuip pupdwy wpnh
Poiliyghniwy whwihgh W hunnjuube  qowihl  owbpunnplbph  vugklpomuy  wnbumpuo
hjpiptiphg dbhp: 1910-1922-hG Gw hpsGwlubnd qpamydt £ dwpbiunnjipupui phahlugh
ubpniibpp himwgqu hwodwtwpgbny: . Umpuiomp b hodwhbnhiwynegjudp bpuuiuaolb
b «iupbdunnplpntiud phhlpugh hwiwowpnndtitp » (1924) daGugpnipymbp: Gwowpty b
quptap bttmwgnunmpynuiGtn dwpbdwnpipugh mpudwpwdwlud bhdnGpltph pluguunna:
b. Ptntwjup htmn mudwwbn gpby b «lapbiuwmflpuf A aplib » (1934 wylowmulipp:
upspwh bbunugnnnipmGibpp  dbdwbu Gupuunty B0 Bwplitwmhluh pugiwphy
pwdhGitph qupgugiwip: G npplgblimd Gw hhdtby b funynp dwpbtwnpljuijud Yaduopn:
Uh pwGh wwph "Mathematische Annalen” widuwaph fudpughpG tp: Gpypnpn UhguqquihG
dwpbtwwnpljulwd  YnGgpunud, npp Yujwgby t Gwphgnud 1900 -pa, hp qbynugiwl dle
dlwybpuby b 22 GuplnpugngG ulghpGep (Kfyebmaft wpnpptidlae), npnlp Ywinpnybghl
20-pny nuph dwpbdwwhlugh qupgugdul bpdlwlwl nmoogggedbhpe <gebpap
umbndwgnpdnipplp hwuuny tohuspwap GwpnglpuphG doeph wivwhiuGugnolmppot n
Wwpbtwmplpwgh U plwghmmppul Spusiwutmpiub hwotnlog:

e 3njb Uuwpg Lyncnyhg vhihbia (1859-1929)

Gtpdwdwgh dttuwdpl b dwpbdwnpynu:

Ofiyty t Jdhupwnblnd: Unynpby & G nphtightp (1878-1880), Qwith (1880-1881) U Plnihih
(1881-1882) hwdwuwpuedlapmd: 1886-1902 -ht wphnumnud tp U Glublh hurduguwpuoln:
1902-1924 -pti’ Ywppupmbh MnphubluGpuywi pliunpomap ypnptunp, 1921 -hg" Blmjt-
Cwnpmnblpmpgh Rwpdpwgmyt wmbfuGhyulwi pupngp Gwpmwpugbn-nnlnng:

uifwlywi hhmugnunnipniGitpp Yhpupbpmd GG gowhG ghptipkiighw) hwduowpnuiGbph
whumpjubp, pnillghwbtnp whungpyubp, wbuwlwl Ghitdwnhywiht: Uh upp wfuw-
nwbplbp Gppywd b6 Lwdkh pmGlyghwbiph wmbunpjubp b yajunpuipet hwadph:
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o UhGynyulh 3tpdwb (1864 -1909)

Qhpiwdwgh Swphdwwnhynu L dhghynu:

Bl b WhpunwnGtpmy (Gwmbwuh dnn, Lhngw), pupgudws wnlnpwlwih plunwGhpmy:
Uyjwnbing ghdGwqhw, unynpli t RunthGh b 2inthgupbipgh hwdwuwpudpnud: 1883 -h
phup hhlig puwnwlniuhbbph gnutwph wbupny GhplwywyglGliyne fulnph nodwl hwdwp unwgl)
tp duwphgh GU dpgubwy, Yhuting wyl wlghwgh hwymih dwpbdwwhiinu G Udhwh
htun: 1893 -h6 Grwwlipjty b AnGGh hwdwppwpwih ypnphiunp: 1894-1896 -hG" L nlihquplipgh
hwdwuwpwiGh, huy 1896-1902-hG" Sjmphiuh whlulnnghwliwl hGunnnunh wpndbunp tp:
1902 -hg” @ nphlgbih hwidwjuwpwGh wpnphunp:

pdlwlwl  wyuwwnmpymbibpp  Gyhpywd GG pdbph  wtumpubp, Gplpwwpmpudn,
hhgpoghéwdhlughl b Gwpbiwwnpiwlwi  $hghluiht: Upwllp L qupgugpty L pdlpp
bpypuywiiwyui whungpyndip: <uip b ogpbp nmghy dwpdhttbph bphpoyuhing putip:s Lpw
wlinGt b ypoud wikGwhwdwlue Yhpwnygnn whhwywuwpmpnlGbppg styp (Yallngduiym
whhwwowpmpGp:  dwiwfuwphwyht Gwlwymd b unwgby Gpue «Swynwompmd b
duwwl » wyuwnwlpp (1909), npubn wipdwd b hwpwpbpwljwtnggjul hwonl wkunpjwi
Swpbdwnhywhwi hpdGuanpnudp: UwuGunpugbo, duydby b bhutppnpulw deophljwyng
pwnwywih nwpwdnpul whumpynilp (UhGgnfulm amueompmiln), hyp dnntgpty ©wyn
whuntpymbp Lnpwyluyne tpypwyunpmpjwl htn: Quwybnyby tp phahjuyuwi opklpGhph
Loptlgh atwdnfunpymbébph  Gyundwdp  hGJuphwlompiuG  dwuhG  Jubhoungpngp):
UhGynquym wtimGng GG Ynybty fuwnlwpwl Lnwih hwljwnwl ynpdnug:

e Ukjdw0 2n0 (Swling) $nh (1903 -1957)

Udtphywgh dwpbdwwhynu, wqgmpjuidp hmbgup: UUG-h wgquphi U winud (1937):
UWdbphyywl dwpbdwwmhlipuyul pGytpmipywG wptghntidum (1951-1952): W EjGwb)lh why.
(1956) L k. dtpdhh wiy. (1957) dpgubwlyibph nuthGhlhp:

Oyt b Pnquybyunud (<niGgwphw): 1921-1923-hG umnpby b Rhnghih hwdwppwpubinad,
1923 -1925 -hG" Bymphiup pupdmugnt wyninbfuihyuyul nupngnad (Syt)guppw): 1926 -h6
wjwpubp B Pmguybynp hwdwpwpuwdp, eunetiumy golpoeph Ynpmad: hweunjwebinty
PtnhGh  (1926-1929), Quwdipmpgh  (1929-1930) L Mphtunnth  (UUL)  (1930-1933)
hwdwuwpwiibpnw: 1933-hg"  MphGuwmnth  htnwGupuhG hGuwgnonggniGhph
hGunpununh wnnptunp, 1940-hg" pwlwluyhl L omjwihli viwpptip hwuwmwunpynGGph
funphpnwyw6: UwuGwygl) t wnwehl wwnndwjpld pnudph vinbnddwt  wzuwnwGpGeph:
1955-hg tntp t UUL-h wnndwjhl tGepghwgh hwidGudnnngh winud: Usd wnwln mdh
wnweht EQU-tph unbnddwb L oquiwgnpdtwd dhpngltinh dpuldwl gnponud: 1945 -1955 -h6
LU -bph Guwhiwgovwl pynipngh wlinua:

ZhiGwlus wytuunnwlpGhpp Yepwpbpnu GG $niilyghnbuy wiwihghl, moynnghwljwi fadpkph
wbunpjubp, hwjwlwlwimpmiGieph mbumppouin b Swpbdwnhljwlwl yhéwtpugpnippudp,
hwzynnuiwi  dwpbkiwnhyuihi L minbuwghumpyul  dwpbdwmhuljwi  dhpnnltphd:
Uhpwnet) £ $mbGyghnGwy wluwhgh dtpnnGhpp plghwimp b plwbwnwipl dbowbhlpogh
funppibpmus: NwnGwuhpmpymGibp mGh dwpbdwwhlpulwld  wpwdwpwbnpiud,
puwginipymbibph wbunipjwl, wipGihwn udpliph nbunpjwi b wpupplipulpol pmbyghwabph
wmbunipjwl  pGwquyjupnd:  Swppbpwlwl  vubdwltph  wbunpjui Gk Ghpindt)
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fugmbmppad hwulpugnnnipymn: JQhpghG wumphGephG qpuniby b hpiGwliwlnd fuinbph
wmbunmpjul L wjnndunibph mbumpub hwpgbpny:

e Lhyngunb dppu (1917 -1968)

UGgihwgh $hahynu L dwptifwnmplnu:

OtyL) £ Uwpudpinnud (ophnpnuljul wqquimbyp’ Lnljtw): 1934-1939 -hG unynpby £ UGykunph
hwiwuuwpwind, npnbny 1946-h uinwgly t bhghlwihg  thhihunthwynipjul  gnijpnnph
ghinwlwl wunhdwlp: 1940-1945 -h( Uwlbunph hwiwuwpwih ghnwhbnwgnnwui fdph
uaquntd wzhnunt) b pwqiwlwb pinhpibph pu. gpundbpm] dugGinpnGitiph mbungpynuing;:
1945-1949 -hG Yunnwpby b ghuwyul hbnwgnuinipymGGip Ledpphenud:

S.UhynpunGp pwe hwpnGh b hp hudwwnbn ghnwljuwi  wyuwnwiplitinpm] 2. Unwiyh
htan: Lpuwlg yYnndhg wnwownplyus dtpanp GmwGly-Upgnunip sfubitdwd, upupupniuljui
hwjwuwpnuiGiph puwght madwd wowgby wpgnubwygtn wygnphpilbnphg deya k:

e Guphnun Epfuwpn (1876 -1959)

Q.bpiwdwgh dwpbdwwnhynu:

Oyt ¢ hpyuned (wydd Swpnm, LunnGhw): Umfnpby & PhnjhGp L Gnphlqlth
hudwpuwpwGibpnud (1901-1905): & Clywpgh L Tk Lppplipnh wpwhbpnl tp: 1906-1916 -hi
nuuwyulnt] t Synpphhup, ErwlighGh L Ppbupump hwdwjuwpuGobpnod: 1917 -hg” BhinjhGh
hwdwjuupuip ypondtivnp: 1946-1958 -hG° 4-1L-p G- Uwptbwnhljuigh hlumpinnunh wmoghd
wlioptl:

hiGwlywl ghwwlwl wytuwwmmnpymbibipp Yapupipmd 56 pmbhghwltph  nbunipjwlp,
hnbgpwy  hwuwuwnnudGaphl, pmGhghnbwy wiwihqphl, wnyninghwihE: Cwpmbwyl L
qupqugnly t % Lhpbpnh hmwgnuinnepynuiGhipp hinbgpuy hwdwuwpnuiGinh plwguiunn:
Lphy hwiwGiwimpunip Eyyhnbup Gpypwswthnipyul htin hbinwqninkg t hpplipugwG
mwpwampymbp:  Qwywnbh &6 <ypbpn-Clpmnfp owbpunnpp W Quaud-Clpninp
oppngniwpugliud wignphipdp:

o Mwpubiwy Uwpy Ubnnuwl (1755-1836)

bpwlupwgh dwpbdwnhlynu:

Gyt t Nnghbp-o-Uwhind hwpmuon wqbywlwb plurwlihpmd: bp punupwbjpuol huningimGp-
itpny Yhwwybwmwlwé tp: 1792-1793 -pG, npwbu Ljngedhynu XVI-h YondGuwlhg, quiynd tp
puwlunnmd: Luwnbni AnGwwwpmp byuwngppud hwulbnegg hbuon (1804), hp pwnupwwl
pwlwwntndmpimiGbph hwdwp hbnwwlnnuiGbph Gopwpgbg L uinhuyyws Ep hbnwtug
bnwlvhwihg: Lbnwgunui Yopunupdty b Qunhq: 26wpud ap hhiq wiguwyd wowewnpyty t
bpwlivhwlwt QU winud (1796,1799,1802,1813 L 1828), ny th wlquni sh pGunpyk):
Ghunwlwl wyuuwnmpymGGtpp yepwpbpnud &6 nhbhiptiighwy hwjwuwpmdGbphG L pwyul
tmphnfuwlwGh $niGhghwibph wbunipywlnp, nputn hwynGh t Souphtbh zupptiph Ynlnbpunnud
nhumwnplynn hepulbwh hunfwwwpnopndn .

e Mhiwp Swr| tdhy (1856-1941)

Spwlupwgh dwpkiwmpynu: Guphgh U wlpud (1889), Gpw wptqhgtiGup 1910 p6: LnGnnth
rwguynpuijwt pllsprpiwi wtinud (1909), dpwtujiuljue EU winud (1924); AQtiabkppmpgh
QU prpwlhg whnud (1895), bULU U wuwwnjunfnp whpud (1925):
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GGyt t dwphgmd: Whupnbp £ PwpdpugnyG Gnpiwg guipngp (1877): 1878-1879 -hi
nuuuwuwlnly £ @uphagh, hulp 1879-1881-hG" Onynigh hwdwpuwpuGitpnud: 1881-1941 -ha
nuuwyulnky £ UnppnGmud (1886 -hg’ wpndtiunp), 1893 -hg wipybunltph b wphbunGhiph
yhGumpniwlwl nupngnut: 1917 -hg” Guphgh U dwpbdwnhuljub ghonmpynitbpp pudih
Wyunulpul pwpnnuup:

<hdlwluwl  wyppwnwbiptbnp  dbpwpbpnud 6 pmbyghwltph wbumpyubp, phpbptitghwg
hwyuwuwpnuiGhippt. wiybpe hudpbph  wbumpjwip: bYwnmgb)p b qouyghl nhphpklghwy
hwwuwpnudttph whumpyiip hwdwliwG hwipwhwyuwiul bwjouwpnoiGiph Quymwgh
wmbumpjulp: Cwlhwb Gopnpnud B Quunwpty hwipuhwpjuuG pmbyghwGiph U Gpwly
hGwmbgnuwilbph hbuwgnuonippul dhe: Undwibipu gimbinfuwlwith pmlighwbtinh wbunppuob
Uk umwgbkp bt dh Jupbnp wppgmGp, opp hwgywbh  t Dhlph phopkd wlmGm]:
Qupqugpby b hwonpnuul dnunwpymudGhph dbpnnp unygnpuljub nghptpbGghwp hwijwew-
pnudGtph odwG hwdwp (Dpdaph dopnn): Qpunyt) b Gwl yuundnpyuwdp b dwpbhdwmpljugh
thhhunthwympjwip:

e MnLwunb Uhdnb NGh (1781 -1840)

bpwluhwgh dwptdwupynu, dafuwihly b phgphynu: Guphgh FUW wlinud (1812): Mtunbppniigh
AU yuwywynp winud (1826):

Giyb & Mhwhypt punqupnid: Wjwpnb B wuphqh AnghubhuGplpuut nypngn (1798), 1802 -hg
nuuwwbnky wyn pupongnud (1806-hg” wpndbunpy: 1809-hg” Owphgh  hwdwpuwpuih
ujpndtiunp: 1812 hg” dpwbuhwyh pntieGipnul dwpbiwwnpljugh puuunjulniwi ghwnpn:
hdliwlwl wyvwmwplitpn Jipuwpbpnud 6 dwpbidwnpulwl wiwhghb. dwptidwmhuwywb
$hahwyhG, wbuwlwl U bpylwght ssjuwGhipught, hwjwbuolulnegoniGbph obumpjwbn,
Juwphwghnl hwpyhl: <hnpndbfuwGpljugnad plhwipogptp ©bwghb-Uonpuh hwjuuwpnodp
ubnubjh dwdmghy htnniyh Jwpddwl hwiwp ghpdunpnfiwlyiwt hwywnning: Lmot) t
wnwdquiwlmpjul wbumpjwl dh wpp hulGnpplbp, plnhwipugpty Bougg whumppuG
hunjuwuwpnniGbpp wlhgnunpnuy SwpdhGGEph hwdwp: Annblghwh wbunippoi dhe Gipdm ot b
Nnnwun(h hwgdwowpmdp b Yhnpwnb w0 gpuyhnwghuwh b bjupuusnwunhlpugh plghpGipp
imodwl hwiwp: GpylwyhlG dhfuwGhljpugh plwgujwenid munmiGuuhpty B UpbquijGuh
hwiwluwpgh dnnpulGbph wpddwl  YuymbGupmbp, qpunyty dnnpulpuhG nintioptph
funinnpnuiGtiph L owlpmpnruG YtGuopnbh pmpop Bpynph pwpdiwG fuGnhpGhiph nidwdp:
Lwywlwhwtimpmttph mbumpput ke wupugmgly b dkd pytiph opbGph Gwubuninp nhupp
L vwhiwluyhG pinptdGhphg dhlp: Quulitpyl) b upomwhwljuwl dedngpmliGtnh pufudwi
optlpp (Mnuwunbh opbilip):

e NhswnpnunG Ljnthu bpwy (1881-1953)

Whgrthwgh qindhghynu b Swphdwnpynu:

GOt b Upmpwupnd puibplitph plwwGhpnud: 1903 -pG hwenpipjudp  wijuwpnby
Ltipphoh puquynpuywb pnkiop: Whiuwnby b puqiwphy hhdGuplnipymtatpnod” Shgpijugh
wqquiihG pupnpunnphuwgma (1903-1904, 1907-1909), Snpph wqquughl paytipwlgnipymanud
(1906-1907), Ontiplmpwpwbwlwl dwmujnmpniinud (1913-1916); UnweopG hwdwzpuwuphw)hG
wunntipuwqih wwphGhppb, hp Ypnlwljpul hwdnqimGpitipm] thGbpn) wughphuwn, hnudugmiby t
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dumuwjnipintlihg gnponn puliwfnud b wyhownby £ pupyuwwhG hnuggowgmd (1916-1919): 1920-
1929 -hi nbjudupty £ LbundhGuutiph dwlwdwpdwwb pribeh Shahljugh ghyupuuadtiGog:
1929-1940 -h(" MEjuth whfubnnghwljpul pnjich L CninpwGghwgh wpdbumh nuypngh nbljonp:
1940 -hG wupnnGuwpnn bbby, hpbl Gihpbny hbnmwgnnwijuG wyhonwGph:
Uwptdwnhjuwpmd  hhiGwhwi  w2hluuompymbbupp  dbpupbpnud b6 dwpbdunplului
Phahyuwht L hwpgnnuijut dwpbdwwhljwghG: Yhpwebp b ogbpewdnp wuwppbpmpynibloph
dbpnnp wnppmd hinmiyh hnuwlpp GYwpwgpnn ghptipbbghw] hwdwuwpmdGhpp modwb
hwdwp: Wy dbpnnp hbuwgw qupqugmd wuwgwy dplimnpmnp nhbundplpwghl Gdppdwd
Gpw wyhmwnmwlplhpnud: Lpw  hnwgnuongpymiGhph wpyoGpltpp paywd B BquGuyp
Gwpnwgnpuwliwi  Jduwiwluwlwlhhg  dwphtwwmhyuywb  depnnlitiph hjidpmd: Upwiys) t
hupdnuimb  dwpbdwwmplpynud pujlnpbl  oguwgnpdynn dnuwplmiGhph - §yumptip
wwgling Supnn (bpumnpunynpuughu o fHsagmpuntfiy: 1919 -hg ujuwd Brwliby © hwdwlgud
huljuwuwnbpugduwlyuli  qunuhwpwhmumppudp  wuwmbpuqiGtiph hp dwptiduanhlpulad
nbumpymap:

e Mnnphq (Mnnphqgtiv) PLEGowiLG OhGnb (1794-1851)

Dpwluhwgh dwpbvwunhlyne L wlnbuwgbion:

Gaybr £ 2npnnynud: Udwpnby t Quphqh Pwpdpwgnyyl tnpdwy nupngp: Whnuinky & Gwphgh
MinjhinbuGhwywb nupngnid npugtio puunmuntgg, wiGnithtnl' qwpljughl pwiyh wiopkt:
<hdtiwlwl wyhnomwipltpp Jepupbpnd GG dEhuwGhughl, Ephpuswgmpputp b pybph
wbumpyubp: UbhuuGhugh piwguuemd nuunudGuwuhpmed tp ghppugnog o gopongmgp juili
uafpgprilpp, npp quigulygnud bp Lwgpwldh pugduigunnlfisGhph dipnp hbn® qwnddwl
hwjwuwpnuitGbpp wvnwiwm  hwdwp: Uwhbploygplbph mbumpjulG dbe winwgbp © Gop
wpuiwhwjnnipynil Ledwlnph puqdwlnudGhph hwdwn (Zagppgh pabuwcl):

o fintlighk bwn Twyhn (1856-1927)

Ghpiwdwgh dwpbtiwnmhinu L bhaqhynu:

Gty t PpdbGnud: Unynpty | UmGabGh (1876 1877) L Rhghlh (18781880} hwdwpmwuput-
ibpnud: 1886-1904 -h(’ QwlilGnybph Pwipdpugnyl wbhuGhlwljwd nupngh. hulp 19041925 -hG'
Q. npplghGh hwiwpnupuGh wpndtivnp: Uhpwnwyui dwpbdunnhljugh wnwehb wpnptunp tp
Ghpdwlhwynut;

hunwgnunpyniiph hpdGwlwt nngoepjolibhpp b &G Yhpwnwuot dwpbdwnhlpol L
uyblunpnuynyhwb: GhdphptiGghwg hujuuwpnuiGhph ineddwb pyuyhG depnnttiph hnhlwy
Lwylnpbl hwpnGh b 2aclgl-Unamuyp dhpnyr Unwewplyl) t nhdpliplighw) hunjwuwpnudttiph
vl Gplpuwyunjiuwt dtipnr: Qpawndbi b Gwlo wiwihwhl pmlhghwitph puguwiinudwh
dnunwnynudtinpny:

e Uhdwunlb Bndwu (1710-1761)

UlGgihwgh Ywptdwwhlnu: LnGynGh @wguynpuyub pybpnppuol winwd (1746):

Oyt b Uwplbm-doumnppnud: Uwphdwwplut munudwuppby b plptmpnyl: Qwpmd tp
dwpbdwwmhiugh dwubwynp quuobp, hwdwdwbwl qrupnud bp dhuwpuyw gnpoywdplitiph
wpunuwpmippuip: 1743 -hg” dnipjpish mugduayut wjunbdhwgh wypnpbonp:
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WhiunnwGpGhpp  Jhipuptpnd 60 dwpbdwmphwljwl wlwhgpG: 1737 -h6 hpwupupuwlib) b
wbynpuuliph dwahli Gnp ;e » wyfuunmpnGp, npuabn Yhpont) b dwpbdwnptu-
wl whwihgh dhpnptiipp dbhrwbhlpugp ulnhpibph medwG hwdwp: Upowoby © donung -
hlwmbigpiwrl pubwdlp (Yfrdgundl pabadly: UpiwpudpGph wbunepjwl bhdGunppdbphg b
Pwgwhwypnby t qlnuhd towGmbwyupmpput §h jwpp pwlwabbp: Qpunyl b Gwb
2wpphph wbumpjuwiip:

o dnjuinbpw dpuwn (1860-1940)

huiwpugh dwpbdwwhynu: <ondh gbp LhGbh wqquphl wunmbdhugh winud (1899), Gpw
wnbghnttinp (1921-1926): Mhnbppmpgh AU wpowuwhiwipuld pypuwlhg wlnud (1908),
ULU G-U uumywiynp wlnud (1926):

Ulgby £ UGYnGugmd, wnpww plwnwlhpnud: Udwpuby b Mhqueygh hwdwuwpuGn (1880); 1883-
1892 -hG" Mhquijh, 1893-1899 -hG" @mphap, 1900-1931 -h6 <nndh hwdwjupwpuGibph wpndpbunp:
Unwohl hwiw)luwphughl wwwbpugdh viwphibphG Gupmwpughnwlwi gnppbph v bp:
Lpuwdwpdbiny  buwhwgh puwphumolywl Yumuupnippul htin hwdwgepdwlgneppmthg,
1931 -p6 wwpygwd kp ponlilip <endh hwdwjewpebip: Qwenpnnn wwepplbpp wegpky b
hhdliwlwind wpmwuwhdwdind” ppuduhwgod, bugabhwgood U owg bppttpog:

LhiGwlwl wytwwnwliplbpp Yopwpbpmd 66 dwpbdwnhuluG wiwhghG. $mihghnGuy
wlwihghl b dwphidunnhypuiljuG bhahliughG: Upwlty b dwotwlu wowlgyuiGipm| nphpbpkt-
ghw hwjwuwpnuiGtinh pinbgpiwé depnnlbp: Qwpqugnt b hGnkgpu] hudwuwpooitbph
wtunipynilip (Unpanbpayft hunfiunawpnodpg): 1900-h6 <endh hwdwpuwpwind junwpus
qynygmud G2t b YeGuwpwlnpmilngd L unghwpulwl htnwgnompmiGitpmd Swptiswmp-
Yulwl dtponltph Yhpwndwl wihpudtymmpniGp: Upwby £ gnynipjuw hwdwp wgugpuph b
dnnmypnugpuljwl nhtwshlpogh Swpbdwnplpulpwi whumpmln (Loal-dopnbmag) dagdp):
Uumwghy £ Ywplnp wpymplitp Yyphbwhph peynoaind dhewdwiptinh owywhywynd L whiin
dwpipliGhph pwpddws nkump pul dhe:

¢ dnipht dwl Pwwwnhuwnn dngbd (1768-1830)

bpwluhwgh dwpbtwinpynu: Pwphgh GU wlinus (1817, 1822 -hg” dwptifwwhlpuih pudw-
dniliph Guwlwi pupnmnup): bpwbehwlui QU winwd (1826): Mtwbppupgh GU
upunyguninp winuad (1829), LolinnGh pwqugnpuijw plhtpogpui wpnwuwhdwGul wipu:
Oyt £ Oubipnud, wnpwwn npdwyh pGnwGhpnd: Nppwgb bngpudju hwuwynad: Wdupat b
Outiph nuwquwlwl gupngp, npubn b wigk b guuwjunuwljwt wofuwnwtph (1784-1793 -ht
nuuwdulnt] b hobumpopym, wwwdnpymb b qighungragmpnit): 1795 -hi ungoplyne t
mnupldby Pwphah MnihabtuGhlulut pypongp, npobn pnunnyd qupdbp ©opuuwiun,
wjtinthtinb’ wpnpbunp: Vwuliwygly b bwwymtinGh Gghwwwlpul wppwuippt (1798-1801):
1798 -hg’ bghwywnwlhwl hGunpnnunh Guwlwb puponinup: 1799 -hi gluwygnpma tp Ybpht
Lhtinnup hnguimd ghnwlwl wpwyibphg dhiyp: WUslpuduply b hpadupadiodiod gopgnpndp,
Yuunophy B ppwlopwipel ppfuwbnpymbbbph ghwiwghuwlwl hwidGupupmpymGibpn:
1801 -py  wzpuwnnty b bpuwlshwh doqndpnwiwl  puuwdnpmippu gipunbuynipnuin:
1802-hg” babp pywpowitGoh yphphtpn: 1827 -y Timjunbfalhlulud nunnghk  Juuww-
nhpugnpddwd funphpnh Gumiwqwh: Snpptih pGnpmpymip Gwphgp G-U dwpbiwwnhlywyh
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pudwGimbpnud (1816) pwquninph Ynnihg sh hwumwwnygbp: Gpypnpn wiqud Gw pGupdty t
ponhwlnin $hahluih pwdwbdmbGpmuyd (1817):

Jhutiwiul wluwuwlpltpp Jepuptipnud B0 Swpbdwnhwlwé phghyuwghl, Swuliugnpuiwgbu
whin Gwpdmy ehpampjwii nwpwodwl wbunipjulp, npobn Gpw vnugwd wpiynitpbpp
Uho ntp GG fuwnughy dwpbdwmbluph hbinwgu qupgquigiwl gnpomy:  Smbyghwltpp
bpwblyymbwwdoelwl  wppbpnd Ghpluipugtibpm wbkumpput hhdbwnhplibphy b
(Dmupptf qwpplipy: Oth gwllugwd Hnilhyghw tnwllmbuywguwi Jwpph Yhpwodwi
hGwpwynpnipymGl  wwywgmgtine Gpw gmpdbpG  wihwenn  thG, wjlnuwdbGuwgihy  wn
wy fuwnwGplbpp nupdwl wyn fulnph hbnwgw puqdwpy hbnwgnumnpymGGenph hhdGwpupp,
npnGgny by Gowlwlwihg swhny wupdwlwynpyby puginpymGGhph whumppuG U hpulpod
nmfuwubh - pulyghwlbph  wbumppuG  uygpbuynprdp: dwng wyvwnwplibpna
wpunwdtp £ onpny  vwhdwGwipuymdaGtph phypod hwipubw)quiwt bwdwowpnidGhpp
hnwjwl wpdwwnlbph pwlwyh dwuehG phinptuip: Lpwwwpult) £ sh Jwpp wouwnwbplbp
hunjwwlubnipywl nbumpniihg L dwpbiwwhwijub ghdwyhugpmpmbhg: Utd Ghpnpoad ¢
YJumuph) bghuypmwpwlnippuG he:
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