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liju qppm.J4n~ fit4wmw4 bfip IlJlbt unnppw4wfi qllUlhi.llpGbp hw
rtnpqLl_ [!fipbpgJUUlfi, qawjpfi apmqpw~npuwfi hWJUlUp npnz }UUI}}lpfitpll 
L.. tipwfig tmouu.tG utplll}Gtpp l.}bpwpbpJwl: 

q.(nnJJ:tG bpwqpwl.}npmli[! 4lJpwnw4wfi thuptuwm}14WJP puu.tpfifiL
Pl19 ubyti t., npti mumuuwu]lpmu t OUJ.lllllUUl{.Wgliw(i }ufiqppfibpp·nymzw-
411 mbuwqfitp}l wnwfiofiwhwut4ntpJm fifibp[! h uzwqnni IJp.Wfig mtuw
qwfi hpunr fiptiLpfi nt tmauwfi Wfll}Jlll uwl{bm ubpn.qfibpf!: liJfi uzwqmu t 
utpnqfibp qbwJpG ~mtiqgllmJJ:t OUlUlPUWt wpdbP.fiLp}l npnfiuwfi, npnz
uw(i hwuwp: fl.w qwutwpl.}mu t btfihput tutqnp}lpu}l tlhP2Wtlnp l.flfibt.m 
mfihpwdb]Ul h pwtlwpwp utmJdwfil19 L.. l1pwqwfimgqmu l. tlbJ12Wtlntl 
pl{ml hwl{wuuq_uuuGLpl1 qwu wGhwtiwuwpmufibp}1 hwuw4mpqhpp hw
uwp: 

Um.tnrtupwp) UlfimbumpJUlU OU!U1}1UlUt unmfiwtlnpuwG, lfwnwll_wp
uwa, }lU[UlbU GwL ciiU1ntlJ1qwqwfi UlfiUILUlllpjlUUf! tlhptupbprul Ufl ZWilP 
}ufiql1p.Utp pbp4_mu bfi q Ou!Jf1U bpwq11wtlnpuwu: UJlJUl}lull }uuq}l}lfiLP. 
[!UI}hwUpwuitu m fibfi pwquwp}u{ tnt omuULp, npnGg!1g tl wfihpwcJbzm t 
pflmpbltWll_W'-l:DlJG[!: 

f1-PI2ntJ4p, pw.q4wgwo t. Jnp qtm}uliLpflg: 
Unw2[lfi L ~nppnpq qpltluflLpmu pbpl.{wb tfi qbtuJ}lU hwfipwhwztlll 

U}l ZWJ1j] qwnu.n}twpfiLp, (npnfig uf12ngnl.{ tibp4WJWgtfmu L. hpufiwl.{np
tlmu t(i qbrn.J}lU opwqpwll_npuw(i npnz hwpgbp): 

bpqpnpq Qtmlun titlllPtlma t qcrwJpti bpwqpmtlnpuwfi gti.qhwtimp 
JufiilPP O.L.w4lii1UIUWfip L. pbptlwa tfl uwufiwtln}l op}1Gmqfib[!: 

lftiwgw() znpu qfm}ufibpmu h}lufiwqwGnu1 .ptpl.}wb Lfi qbmJ}lU 
bpwqpwqnpowfi }ufiqppfibpp tmbuwu uhpm}Ghpu: .:!.wmqwUJtu uwUpw
uwufi zwptllf}PtlWb bu upUUJ.tb{!U h UJnmbGgllWtGlip}l tiLfHU}fibpntl}uflt}}:lp
titpp tmbuudi wtqnppptHitpn: S}lqwa bfl qbwJpG bpwqpwt{npuwfi 
bplJ.w4}1 }ufinflPUtpp O.L.wqbpUJntU(! L.. fi[lwflg l.Jwquuwa tnwfiwlJ.libp[!: 

<l-ppmJl.JI! fiw}uwuihul.{wo t. pmhwqwG hwuwlfwpqp }lUzUfbu fih11 
uwufiwqmwL}wG, WJUUJbu tt mtiwbuwqpmw4wG ntnpmp q}lmwqwu 
wz}UUlUliU1Glip]1 L. muwfillllfibp}l hwtiwp: 
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Q.tnt}u 1. Q.blujpfi hwfipwhwzlfjl npnz wwppbp 

§ 1. bpl.J.pnllll L. bppnp.q qwpq}.l qhmbpu}.lCiwCiwCibp 

P.fi[UJ.liu hWJUlfip t qowJpfi hwfipwhwzllll mtuntpJntfipg, tptw.npq 
4wpq!1qtmtpu}1fiwfim}.l qwqwl{lwp[! l{WUJ.l!wo t tpqnt wfihWJU1ll4 bplJ.nt 
hw-qwuwpmufitp.]:l hwuwLtwpqp tntauwfi hbut: Spqwo t hbmltJWL hwuw
qwpq[!. 

(1) 

LTJlW tntonrU[! qwpbt}l t umwfiwt mwpptp bqwfiwqfihpn-q, npnfigpg 
utqrr \flm,Pn]:uwqwfifibpp wpuuupuuwfi bqwfiwqfi t, npmt L. qwmwptfip 
tmontu[!: .PwqUwUJ.wmqbfip (1)-}1 wnw2pfi hwqwuwpuwfi bpqnt uwu[! 

h2 -11"4. (h2 -:f. Q ), puq bplijlnpqp lipqm UWU{f b1 -n4 (b1 -:f. 0), WJfinthbmlt 

qmuwpl.:itnll umwg4wa hwtiwuwpntt'ifihp[!' l.J.umwfiwUp. 

bpb (a1h2 - a2hJ -:f. 0, WUJ.W (1)-p tntonuil! qhwfiqpuwfiw htmL..JWL 

pqbp[!' 

(2) 

tJ.ml.Pnluwqwfilltpp qnpawl.Jpglltpn (1) hw-
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(3) 

np[! qni_t{nui t hpl.umfll1 Ltwpq}l pwnwqntup uwmppg, puq 

8 = a1b2 - a2b1 wpmwhwJmntpJntfit!' WJll uwmp}tg}l qb.mllpu}lfiwfim 

qwu tpqpnfU1 qwpq}l qhmb.pu}tfiwfim, npri uzwuwqntti bfip hb.mLJWt mhu

llmf 

(4) 

bph GzwCiwlJ.hfip 

WUJ.W (2) pwGwaLtpn l.J.qptl_b.fi' 

llx D.x 
X =-1 X =-2 

t 6 ' 2 ll (5) 

mbupm{ u qnltlntti bfi llpwuhpp pwfiwaL.bp: 
ltwJ:uqwo qb.pupCiwfim}l wpdb.gfihp}lg, (1) hwuwqwpqn l.J.wpnq t 

ntfihfiwt mwpphptntonu.ifibp. 

l. Uf)O Ll :1:- 0, WU[W hWUWlJ.Wpq{! ntfip Upwl.J. llltc:tnul. 

II. bph ll = 0, WUJ.W hfiwpwqnp t hpqntqblll.l2. 

w) bpb Ax-1 = 0, Ax-2 = 0 (hwuwppz qbmhpu}lGwGmGbpl! u}lwd'w

uwfiwlj_ = 0 lj_wu :#:- 0 ), WUJ.W hwuwqwpqfi ntG}.l wfippq pwquntpJwup 
LntbntuGbp: 

p) bpb llx1 :;t 0, D.x2 :1:- 0, WUJ.W hwuw4wpqn tntonui ~ntGp: 
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bppnpq qwpq:llqbmtpu]:diwfim[! umwgqnui t bppnpq qwpqp 
pwnwl[ntu}l uwu1ppgpg. 

at bt cl 

(6) 

h2 a1b2c3 + a2h3c1 + a3b1c2 a3b2c1 - a2b1c3 a1b3c2 (7) 

a3 b3 

fJ..jlw11l}nlp_fnlli: Lfwmppgp l.fwu qbmbpu]:lfiwfiu1p Ub£ umfinq mwnbp[! 
l.J.nl.l}ntu bfi fipw mwppbp (ttbliblimfibp): 

Op]:lfiwtr ".wztlhL qtmtpupfiwfimp wpdbl21!· 

1 3 2 

0 5 1 =1·5·(-3)+0·(-2)·2+3·{-4)-4·5·2-

4 -2 3 

0·3·{-3)-1·{- 2)·(-1) = 5-12-40 2 = -69 

§2. n -}lll qwpqJ.t qtwtpu).tfiwfiwfibp 

btlihtntl tpqpnpq 'L. tppnpq qwpqp qtultpupfiwfimfibp]:l 
uwhuwlinul]:lg, qwpl1ll bfip fintJfi oppuw~wlJ.lntpJwup mwt n -pq qwpqp 
qbmbpupfiwfim hwuqwgntpJntfi[!, np[! ntli}.l n pqnq mnqbp t.. UJntfibp: 
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au a12 aln 

A= a.::!l a22 Gzn 

Qrtl an2 ann 

(l) 

liJu pwfiwdh{! u1w1[m t n -pq l.J.wpq}l qtmtpu)1G.wlimp t{tpwann.l[l 

{lUUl i -pq Ulllllll Ulwppbpll: nwutudL.ntu Aij W[lUlWhWJUllllpJntlilitp[! 

lp124nu1 Lli ati unuppbpp hwlipwhwzqwl}wu wwgnu1utp: 

bpb A rtLuitpu}luwfimll ut2 2fi£blip i -Pil unum lt j -pq UJntfi[!, 

tuUiw qumwtiwti11 (n 1 )-pq qwpqp qLu1bpu}luwfiui, np}lu wfit{tufintu bfi 

av unuppp. upfinp L. uzwumqnu.l tfi M 1i: 

Otlla.l u1wppJ1 (aft) hwuptuhmzqwl.J.wfi tp.wgnniJ! (A0 ) hwt{tuuwp t 

hwdtuUJ.WUltuU}uw(i Upfinp[! (Mu) pwqUWUJWUlqwcr ( -1 )'t j -nq, npmbq 

i -fi L j -fi aiJ p mnq]:I lt UJWU htudwpfibp(i Lti: 

A,J = (-IYtj Mij 

J(tt{tfip up pwfip hwuilj_m J:)Jill (ifil:ip: 
<wwlfmpJmli 1: bpl:i qbu1bpupfiwfimp npt..t mnq]:I (uJwfi) pntnp 

Uituppbp{! hw~tuuwp bli qpnJp, WUIW qtmbpupfiwum{! hwt{tuuwp t 
qpnJ}.l: 

<wwljntpJmli 2: '1-bultpt.i}llimuUlp tpym utnqbp (uJmfihp) UlUflLU

lfm}ut{bllm WJti 4rmqutuutwml]t{}I -1 -m{: 
<wwlpupJma 3: bpt I]hmtpuputuUutl! utmpntGmlJ.mu t. bpl.J.nt 

UllltUmJfi unuppLpl19 l.Jmqti~tub umqhp (uJmGLp), tu1.4w fipw mpdhpl! 
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hun.}tuuwp l. qpnJp: 
<wwqnLpJillli 4: bpt qbmtpupfiwump gwfilJ.wgwb um11 (uJmfi) ntfi}l 

f!liqhwUmp pwqutull:lwmlJ.p~, wU}w WJfi qwpbtfl t qbulbpupUwump U.zwUp 
mw4pg qntpu pbptr 

<wwqnLpJillfi 5: bpt qbmbpu}1UwUu1}1 npLt m11ll.tt (uJwfi) u1wppbp~ 
qwqu~wb ta bpqm qmuwpbl]lfibp}lg, UJU}ut WJll qtmbpu}lfiwGulJ! lJ.wpbtJ.l 
l tibpqwJwgGbt tpqm qtmtpu}1Gwfimfibpp qmuUJpp mbuJlntl WJUUJ.bu, np 
bpltnt qbmbpupfiwfimutpntu lt pntnp uiUJppbp£! wutfi GntJU£!, pw
gUJmnpJwup WJfi mnqp (uJwfi), npmtq qu1fiqmu t qntuwpJ!: Unw~pfi 
J}bmbpupliUJfimp lizqwb mflJ}mu (uJntfinni) qptlntu t qmuUJpbt}Ilihp]:lg w
nw2}1Ci[!, }luq bplJ.pnp.qnur bpll.ftnpqf!: 

<wwljmpJntfi 6: !).bulbpu}lfiUJfimp wpdbp[! ~p qm}111.}ntu, tpb fipw 
npL.t mnqp (uJwfi) mwppbp}lli hwuwu1wmwu}uwliwpwp wl{btwgutup 
uhl.}WJL mnqp (u.Jwfi) unupptp' Gw}uopnp npl.tt fH.fntl pwquwUJ.wmqbtmt: 

<wwljnLpJntti 7: "1-tmtpupfiwlimp wpdbJl[! l}ln}utl_p, bpt fipw 
UlflJ} bp[! tJ:m}uwppGhfip UJDLU bpml: 

<wwljnLP.fntti 8: bpL qtmtpu}1Gwfiu1}1 mn1111 (uJwfi) mwppbpf! hwuw
U}Wmwu]uwuwpwp pwquwUJ.wmlJ.bfip fipw ubq WJL mnqp (uJwu) unup
pbpp hwfipwhwJtltuqwfi tpwgntU:fibpnq L. qbpgfib(ip fipwfig qntuWp[!, 
WUJ.W WJU hwqwuwp qJltfip qpnJp: 

Oppfiwq: <-wztlbtznppnpq qwpqp qtmbpupuwum}lwpdbpp: 

1 3 2 0 

4 3 1 -2 

3 0 6 2 

1 5 4 3 

UpmwhwJmLfi~ .1 ~fi (!UUl bplJ.pnpq u1nqp Ulwppbp}ll.t Cipwlig hwfi
pwhwzt[wqw(i LJlWgnLufibpp 1Ip2ngnt[: 

Ll = aztAzt + az2A22 + + a24A24 = 

4·(-If''· ~ ~ ~+3·(-1y+'· · 1
3 ~ t 

5 4 ;1 1 4 ~ 
10 

+1·(-1t'· 
1
3 ~ ~+(-2)·(-tt··-13 ~~I= 

1 5 ~ I 5 ~ 
= . (54 + 20 24) + 3 . ( 18 + 4 + 18 - 8) ( 6 + 2 7 - 10)-

- 2 . (18 30 + 36- 30) = -115 

§3. lTwmppgfitp 

lfwmp.}lg[! gwfiqwgwo WilJntuwlJ. t, np}l mwppbpg l}Wuwtlnpt.Iwb bli 
mnqbpnt.ll.t UJntfibpml_: UJG qwp.nq t tfllibt pwnwqnLUp qwu m . .qqwfituntli: 
liwUWJwl.J.wu uwu1p}1g(!, npfi ntfip m pt.lnt.l mnqbp l.t n pl{ntl UJntfibp, 

mup hbmL.JWL mtmp[!. 

npmbq aij -li Cipw u1wppbpfi bu: 

lTwmp}lgp gwfilJ.wgwb UlflJ} qwpbtfl t qpml:it npUJ.hu n -lwqtwfip 

~blJ.mnp. 

f!tptfi~ npnz hwulJ.wgntpJntGGbp uwu1ppglibpp Ulllultfi: 
l.Twmppgp nwliq[! Gpw qbnpbG wfiqw}u mnqbp).l pwfiwqfi t, WJfi 

pwuf!G:qfinui t qtqu1npfitpp hwuwqwpqp nwfiq}l htm: 
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l.fwmppgp at.J.wmuwup qwphtJ:l t qwmwpht lthlihfimwp (mwppwl!wfi) 
ahwt(mfuntpJntl.Hihp, npml Gw qlifiw pfi~fi ppbG hwuwpdbp: 

tthtibGutwp aL.wlf!nfuntpjntfiGhp hfi hwliwpl}nui. 
w) qpnjwl}wfi milillt 2fi2n1li (hhnwgntli) 
p) hpqnt qwuwJwqwG utllllhPJ:l mbqwtlJnfumu 
q) hpqnt qwUwJwqwfi UJntfihpp mhqwtlJnfuntu . 
q) npht utn.rt}l mwpphppfi qwpbtJ:l t wl}htwgfib.t uhq wJt mnqll 

hwtiwll.lwmwufuwfi mwpphp' Gwfuopnp qpwfi12 pwqliwlllwutqhtml 
gwfiqwgwcr pl}nl}: 

[il-bnpl:uf: tthubfiutwp O.L.wlf!nfuntpJntGGhppg uwmppgp nwGq[! lP 
lf!nfutlnui (W1J1WQDlJQl! lh(il2 pbpp): 

bph uwmppgp UlllllhPI! tltnJuwppGhGp UJntfihpntl, WUlW 4umwfiwfip 
Gwfunflll1.1 mpwfluUJ.nfiwgl{wcrn: 

au a21 amt 

AT = 0 12 a22 am2 

J:lwnwqntup uwmppgp a11 , a22 , • • ·, amn mwppbpn qwqunui bG 

qi.}uwl}np wG4JntGwqpGJ!: 
liJfi pwnwqntup uwmppgn, npp qtluwl}np wG4JntGwqerp mwppb111! 

ubl.} hfl, puq ufiwgwcrn qpnfihp, wfitlwfintu hfi tfpwl[np: lfllwl}np 

uwmppgG OzwGwqntu hfi E mwnm{: 

E= 

1 

0 

0 

1 

0 

0 

0 0 1 

liJfi uwmppgn, npp pntnp mwppbpn qpnGhp hG, Ltnltinui t qpnJwt.twU: 
bpqnt uwmppgfibp hw"l!wuwp hfi, hph Gpwfig hWUWUlWUlwU}uwU 

pntnp mwpphp'[! UntJGG hU: 
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§4. Q..npbnrtntpJntGfihp uwmp}lgfibpp hhm 

l.fwmppgGhp'[! qwphlll t qntliwpht, hwUb.t, pwqUwU.J.wm4ht L WJt G: 
bpl.}m uwmppgUbp qwphtJ:l t qntuwpht (hwfiht) upwjG WjU qh~ntU, 

bpb Gpwfip ntfib(i U}lhfintJU fH.J.nq UlllllhP L upL.Untjll ptl.nt.l UJntUhp: bpqnt 
tiwmp}lgfibp q.ntuwphtJ:lu (hwUbtJ:lu) wUhpwdhzm t UpwUg hwliwU.J.W
uuuufuwU mwpphp'[! qnuiwpbt (hwUht): l.fwmp}lgGbpp qntuwpuwG 
hwliwp qnpcrmu bG qnuntmwmpl{ (mhqwlf!nJuhtlmtpJwU) L.- wungpwut]:ltl. 
(qmqnpquwG) ophfipfitpn: 

A+B=B+A 

(A+B)+C =A+ (B+C)+ B+(A +C) 

Opj1ilwlj: q..utUbt A L. B uwutppgGhp}1 qmuwpn L. mwppb.pntJlJntG[!: 

(
3 4 1 ) 

A= 6 5 -3 ' 
B (-2 3 4) 

0 1 5 

(1 7 5) A+B , 
6 6 2 (5 1 -3) A-B= 

6 4 -8 

bpqnt uwmp}lgub.p qwpht}l t pwqUWUJ.WUll}ht upWJU WJU l}UU.J.PDLU, 
bf'b. wnw2]:1G uwmppgp UJntllbpp 9wGw4n hwl{wuwp t hpqpnflillt mnqbpp 
pwGwqpfi: UpmWl]llJWl uwmpltgn qntG.bGw WJfipwG utllll, nppwG wnw-

2Pfil! L WJGpwU UJntfi, nppwG hplrrtnMn: UpmwqpJwt uwmppgp i ·fl.ll um

ll.P j -pq UJWU mwpp{! uutwgl}ntu t wnw2pfi wpmwqpp~ uwmppgp i -M 

mnl1fl mwpphp[! pwqUWU.J.WUt4htntl. bptnmfl.ll uwmppgp j -J.Ul UJWU hw

UWUJ.Wutwu}uwfi mwppbpn-q L. tl.hpgGbtn4. Cipwfig hwfipwhwztl.wlJ.wfi 
qmuwpn: 

bpqnt Uwmppgfibpp hwuwp qnJUL]:lJlllU ~ntfip pwqUWU.J.UlUtquwfi mb
rtWt}lnfub.UmtjljWCi opbfip{!: 

A·B=t:B·A 

f2ntqnpquwG h pwz}uwqwfi ophGpllhp[! , }:lfi~1J1bu pqhpp U4wmuwup, 
ppwl{wgp bG: 
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(AB}c A(BC) 

(A + B )c = AC + BC 

Oppfiwq: f!wquwtqwmqtfip A L. B uwmp]:lgfihp[!: 

[

3 6 

A= 2 1 

3 0 

[

3 . 4 + 6 . 3 + 4. 5 

A·B = 2·4+1·3+0·5 

3·4+0·3+2·5 

trwu1p]:lg[! npLl pqn\( pwquwUJ.wmltbt, UzwUwqnui t fiptu pntnp 
mtupptp[! pwqUWUJ.WmlJ.bt WJll fintjfi p\(n\(: 

bpb 

WUJ.W 

... Aa l 

... ~~~ 
bpt nplat uwmppg O.wfupg qwu W2P9 pwqUWUJ.WUllJ.hfip upwqnp 

UWUlppgnq, WUJ.W WJU qufiw wfitllmpn}u: 
Opftliwtr 
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(1 0)·(2 3 lJ (2 3 1) 
0 1 0 1 4 0 1 4 

bpb pwnwl]utup uwmppg}1 nwliqp hwqwuwp t lipw l[wpqpfi (r = n ), 
tuU}lil qwphJll t. l]wnmgbt WJfiUUlUP uwmppg, np[! O.wJupg l[lUU W2P9 
mpl[mo uwu1ppgnq pwquwulwml[twu umwgl[p upwqnp uwu1ppg: liJ.q 

uwmppg a uqqpuwl}lllfil1 hwuwp 4Ll1lil1 hwqw.qwpa: bpt uz tufilllqtfip A -
}1 htuqtul}WpO UWUlpltgfi -m{, WUJ.W' 

A·A-1 =A-1 ·A=E 
btlibintl htuqwqwpa uwmpl1g]1 qUII1w¢wp}1g, pbpbfip fipw 

l{jipwnmpJmfi[!' hwqwuwpmufibpp. hwuwi.J.wpq[! J.lll obt}m: Sp\(wo t 
qbtuJpfi hwqwuwpuwfi html.tJUil hwutui.J.wpqrr: 

+ .. ·+a x =b ln n I 

x1 + a,"'x2 + .. · + a2 x = b2 ~~ r1 n 
(l) 

1.rJtufitul]bUp' 

all aln bl 

A= 
azt Gzz a2n 

X= B 
b2 

' ' 

ani an2 ann bn 

lijU llhUJ.pnrtl (1)-[! I.J.qptl]:l uwmppgwjpfi hwqwuwpuwfi UJ:l2ngnq, 
hbmL.Jtul mtupnq' 

AX=B (2) 
Atuqt'illlUJ.tumqtfip O.wJ.upg (2)-p bpl[m uwuhp£! A uwmppgp 

hwqm.qwpO.mt: 
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.l 1.tuli j1 t Jjl • ·1 A !:' . jtu lj E · . Y · . .\' . lt u u nuli mli p · 

.\'=A I B 

t ;pl! lnuti!llJlLlip A ·: B ...::. C. npu1Lq C -l..i U.Jnlli utuUlp/lq 1., HIU!tll 

t u illl.llll U p 111 tl lj u u uuli t u U p · 
.X C 

Lpuu 

.1::,., c' 

.r c,! 

11Jt{ll, lJ\l1Lit1 (I) htuliwltlllJI4llll1lc)mup: 

flti,'UJLU hlllJUlUjl I tUlilUi}l Ulj1lt 
LJllHHll21lll}tmp.JlllU}l~h 1mqlplllp_J\.Uli 4tnu ltLU1[1 plinpn;tlnni L Lpltm 
ptJLp114. J!Ulj Ll!lll~tlll}l UIUI{lllUJlllPJlUU liLy' upLp p4Lpn(\: ll.Jq lin1,lG 
op!llilll,'ttltlllHP.!LLnlp J1 -~llll}llllli[l Ul!U(HUOmpJlllG Lila~ 4Lutp 4pUntm/4Jt n 

i)tllJpn4: 
n -~m4nuU!1 uttltfHLH)mpJmG uL}! 4t.u1p uttttlntli 1. X:, X:, ... , X 11 ptlLr1J1 

lpHJlqtmjuptjwo }utipml, ntmtip 4n~qmu Lli 4LmltlpmpqjtlimU1Ut,p: \1lJUljl 

liJilllllulpliU l,ti X(x 1 ,x2 , ... ,x,J Ulhupm{: 

n -,'Ullluulll1 UIUIJltlli'lmpJIUU liLy 1111)1111 qjH) 4l1il1I11U \. 

\. ( r, . .r: ... ~x.,) ljl!Ul L.pj1 ptuqum p_pu Up, nJlnli~l 4nllf11JlllituutGLp[~ hlllU-

1!IlUlltlll1t u l1u t upUJIIUULUIJlllq 4wtu4wo qi)uqftU ,1mt tilmJnuULJ1. 

x1 =aJ +b1 

x2 = a2t+ b2 

xn =ai+bn 

(1) 

UJumb..q t l{lmlmiuwY.wGp lj:ml[miuuwG U1Pfll11J.f3fi t t E (-oo,oo): 

lJ.f3h t UJ.Wpwuhmpp l):lm.pntuuwfi wppntJ.f3t! uwhuwuwl):lwqtup hpl!m 
bqptr1[ly, WUJ.W (1) UiWpwuhwpwqwG hwl{wuwpntUJ:! l!UJ.wml!hp}l nutl'Jll 

llwun{wo 4,wu nu111Wl!}1 hwmttwo: (.wmtlwap hwuwp' t E [a, fJ]: bph 

l!wm4_wap bwJpwqbmhpf! Gzwuwqhfil2 X 1 L X 2 , WUJ.w fipwug l!nnpl}p~ 

Litumubp[! 4,mnwgJ.lhu (1 )-pg t =a L. t = fJ wpdh12Ghp}1 mhrtml1Jluwup: 

n -2_WtflWUp mwpwb"ntpjWU hhm qWUJ.l{WO t ubq WJf hpUJ.bp
hwppntp]nt(i hwu4_wgntpjntfi{!: UJG hwp_pntp-Jwfi gGqhwGpwgY.wa hwu
ljtugntflJillU t: «~PUJ.hp» GwiuwowGg{! WJumhrt ntG}l np.nzw\.tll tulwum: 
HwGI1 np n -2llll}lwGp mlllpwcrntpjwG ub2 hCiwpwl{np bfi mwpphp tnlnq}l 
<<htup}3mpJmGGb.p>>' u}lw2wt}l «hwppmpJntG>> (mfl..lul qpo), tpluwt.P «hwp

JH1lf-iJntG» L lllJLU, l{bp~WUJ.hU {n -1 )-2_w1}1wG}1 «hwppntj}JlllU{!»: (n -1 )
L'lutllwup «hwppmpJmU£!» n -[wl}lwG}l mwpwantpJwG ut2 wGt.J.wGmu b.G 
•<hllUJ.bphwppnt:pjntG»: 

UwhuwGnu.l: n -L.wtJ:lwfi}l mwpwcrntpJwfi ub2 hpUJbphw[lpntpJmG 

lpt.~l{nn'i t X(x~' x2 ,. • ·, xn) qb.mhp}l hwuwiunuip[!, npnGg 4_nnJlllll

(ltumUhp.Q pwtlwpwpnu.i b.G wnw2}1G wum}lCiwGp hb.tnLJWL hwtlw
mupuwG[!' 
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§6. n -iw$wfip qttrwnpfitp 

'Llb4mnpwqw(i ubbntpjnLU[! I}W gwfiqwgwb ubbntpjntU t, BPI! nt (il1 

mqqmpJntti: N ·zwqnutip mwpwbmpjwli ut2 ~tqump[!, }lultqbu qtau1[!, 

plinpnz~mu 1. n pqLpp. qrnpqwt[npt.J.wb lutipnq: N -Lwtftwull ~Lqumpu 
uzwuwl.Jmu b(i hbmL.JWJ. mLupbppg Ubl.Jnq. 

np.utL:q XpX 2 ,. • • ,xn Jlt\bpu. hwuwp~mu bll ~bl.Jumpp 

qnnp.qpUwmtibp: 

bpb mpt[mb Lti X(xpX 2 ,- .. ,xr) L Y{ypy2 , .. ·,y,J l.{hmbpp, WUJ.W 

wumu Ltip, np tipwagml npnJ~ntu t xy ~bl.Jumpu.' hLulhJWI l}Imp

'lllfiwmlibpnq. 

X qbmg lJ.nl~mu t XY l[bqmnpp uqqptiwqhm, lm4 Y -r!' tlhP2· 
timqbm: llJutqpuml, ~Lqmnpll l.Jtmpqpliwmtibp[~ hwl}wuwp tG lipw l{bp2-
tiwlJ.bmp L. uqqpawqbmp qnnp.qpliwmfibpll unuppbpntpjtuGg: bpL tlbl_t
mnpfl pntnp l}Impq}ltiwmfibp(! qpnlibp 1.11, wu1w WJU 44n2~l1 qpnJwl.Jwti L. 
4hwuu.GlJGp l.{Impr}}1Uwmlihpl1 ut}4_r(iwqbmp hLm (Unt}Illl[! hwt[wump l 
qpnJll, mqqmpJmU zm.lili): 

bpL t.J.bqumpll u4qpUwqtmn hwur,ti4limu t. l}Impq}luwmtiLpp uqqp
fiwl.Jhmll hLut, lllU}tu lllJI1Uil1UP t.J.bl.JumpLJ l.Jnl~nu1 t. l}tp2Gwl.(bU1p zwnw
~1111 tlb4mnp: Cwnw~li•l tlhl.Jmnpl! qnnpqpGmu1tibp[! hwuuul.Jfimu ta tlL4-
umJ.ll1 l}Lp2tiwqbml1 l.(nnpqpfiwmubp}l hLut: 

5wuqwgwo tplnuuzwlJ.Iwljwu t[bl}mnp pllmpwqptlmu l uruJmtntl h 
llllllllll}~jntGnl}: bpb hlU.JUIUfl t tlh4umpll ltimPIIflliwmGbpp, WU[Ul u}lwp
ctbp l.JbpU}nl} Il!lHZtlmu t lipw unqmm L. IlllllllliPJIUti[!: N -2WqlWUll UlUl-

18 

IXl ~ 2 2 2 + x1 +x., +···+x .. 11 

pwuwahmt: 

bpqpwzwl.}lwqwli bpqm ~tqmnpubp hwt{wuwp ta, tpt hmqwuwp 
Lu GpwGg un.qntlubp[!, l!ulJ. nulrtntpjntfifibpg hwti[!Uqfimu bfi: 'L[bqmnp
fiLp.p hwt{WUWJllltpjDLUQ. p}umu l utuL. fiptufig hwUWUJWUlWUfuwfi 
l.)nnpq}lllmmutp.}l hw~wumJ.llllf3-Jilllil"tg: liJll hwmqmpJntfi[! oqutwqnpo
tlmti t n -lwtJ.1wfip l}bqu1nplitpp hmt[mumpmpJmU[! uwhuwllbt11U: 

n -j_wtllmtip hplJ.nt tlLqmnp.fibp. hwl{muwp. bll, bpb hwl[wuwp bu 
upwfig hWULUlim (i l.Jnnpql!fiwUllitp[!: 

~wppmpJwli tl_pw bplJ..J.lwlwtltmqwG tpqm tlbl.Jumpubpp qmuwp[! 
(qb. I) L. mwpptpmpJmun (qo. 2) utpltwJtugt[wa t qmqwhtnwqbl1 
qwunun~: 

X a 

qa.I 
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qcl.2 
Swpwbhtml WJU hwmqntpJntfi[! n -lwlflwfi)l l]hqmnpfihp)l l}pw· 

quuuufiwfip hhmhJml. uwhuwfinu.l[!. n -i_tut}nufi)l hplJnt qblJmnpfibpJt qm

uwpr il)l Lppnpq qLqump l, np)lqnnJ.lll}lfiwmfibp[! UUlwgl]nn'i tfi qnulw
p.bJ.ll qhqmnp.fihp.}l hwilwll}wmwuluwfi 4nnJll1]1fiwmfihp.}l qntilwp)lg: 

bpb x(x.,x2,.··,x,J; Y(ypyz,-··,yn), WUJ.W 

+ Y =(xi+ YpXz + Yz,-··,Xn + Yn) 

X Y (xl- YPXz- Yz,-··,xn- Yn) 

PfiiUJ.bu bphnu1 t, n -lwl}1wfi)l. l]_hlJ.mnpfibpp qnuitup[! h utwp

pbpntpJntfi[! finLJUUJ.bu n -2_wl}nufi)l tlhl.Jmnp t: 
'-lbqumpfibp.')l. qntuwp[!. 1..t mwppbpntpJnLfi[! l.jLUp.bl]t t mLUpwbbt gwfi

qLUgLUo pqm.J. qblJ.mnpfibp.}lll_p.w: 
'LlblJ.mnp[! l.JlllpLI]t t ptuqthUUJ.LUmlJ.bt gLUfil.Jtugwb pqm.J, np[! 

Gzwfituqntu t pwquwUJ.wmlJ.bt fiplll JmpUI~lllfiLJntp lJ.llllflilllfiwuL 

Ax ( Axp Ax2 ," • • ' Ax n ) ; 

4:U1}ulfwb A -}1 LUpdbppg, pwquwUJ.wmlJ.bl]tu l}tqmnp}l Ulli}llLI.I! h 

nli}qntpJmG[! lJ.wpnq bfi t{lnt{ln}uqbt: b~b A> 0, IDUJ.W l}blJ.mnp}liinqnt[! 

qutowfiw A wfiqwu. J:m4 nli}qntpJntG[! qUJ.whUJ.mfit.U:t (bpt 0 <A I, 

20 

ufU]IlllP lJL}tnrnuufitu ;l mfiqwu): lJpL ).., < 0, wutm 4b4umplt t'inf)Illfll 

qotowfiw A wtiqmu, ImlJ ntr)Qlll pJm fit~ 4tlwnfim hw4wnw4l!: 
'-lbltmnpfibpp filtwmowup qbmJl1ti qnpbnqm p Jmfifibp[! l}munupbt}m, 

wfihpmdbzUI t fil.Jmm}l ntfibfimt hbmLJWl hwm4_mpJntlHibpf~· 
w) mbqwqm}ubtJlmpJwG' 

X+Y +Yh2X= 
p) qntqnpiJiiwG' 

X +(Y +Z)= (x + Y)+Z = (z +X)+ Y 

;"(K X)= K(2X) .AK X 

..t(x +Y)= 2X + 

+K)=X2+ 

bfipwl}llbfip 1l -lrnt}nuG}1 mwp.wbntpjtufi ut2 mfihfip 

... 'X rn qbqmnp.fiLp}l }um up: PwqUWU}lllUl4hfip WJI} qbltmnp.fihp[! hmum

UJ.lliUll;llll}uwUwpwp lJwUWJllll..Jllifi Kp ,. .K m pl]b[lllll L qwqutfip 

finp' X -t}bqump[!: 

X= K1X1 +K2 X z +···+Km 
UJu dhntl l..JlllqUqwb gwuqlllgrub l}bqmnp[! lJ.nlqntu l mptlwb 

X 1, X 2,. • • t}bqmnpfibp)l. qbmJ}lfi qniip]lfitugpru, pul.J pl}l.p[f 

K1 , K 2 , •.. . K"' tuJ'l qbmJpti lJ.nuppfiwgpwJll qnpi'Juritllgfitp: 

Opftuwlj. Sp.qwo hfi X1(1,4,2,0), X2(3,0,-1,4) L X3(2,1,4,-3) 

lJ.bqmnpGbp~: q..mfibL fip.lllGg qblllJ}lG 4niip]luwgpwfi 4X I -

mhugntl: 

4X1 = (4,16,8,0), 
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- 2X:: = 6,0,2,-8), 

X~ (2,1,4,-3): 

q.m UtuflLtn~ uunuyl}wD Lr1L_u l}l.i4mnpl1bpp 4umwl1wl112· 

4XJ-2Xz+X3 =(0,17,14,-11): 

bpL .,'\" ~hl.Jump[l hwl1tJimwfimu I. X 1 , ···,X m l{bqmnptibpl1 

qotuJ)lli 4_nupltfltug}nuli, WU1W wum u Ltip, np X-(] X 1, X 2,. ··,X m 

t{tl.Jumpf.iLpnt{ tupunuhtuJuJl}m u L qonpbfi: 
Pnl'lfl 11 -2tut}1tufil1 t{hl.JumpULflp pwqumpJmUf!, nrmug hmuwp utuh

umuttwo LG qmowputuG, hruliuwti L. t)_hquu1plibpl1 pmquruU1tuUll.Jntllp 
ptlntl qnJH)nqmpJntfifitpp, qn~ttnu.i t n -~ruqnuli}1 tiL4utnpwl.frufi unu

ptubm pJmli: 
UJtfU uauuu l{l:iquwpliLflll hwuruqrurq}I qonphfi l.fmlutlwbmpJlllu 

hwu4tuH111f.1JTIIlif~: Uubup, np xl,X::,-··, t}Ll.fUlll[lfibpp qonphfi 

l.Jtuimtw~ l:iG, qwu liflmliu l.twqumu Lti qonpbG l}w}utJ.wb hwliwl.tmpq, LpL 
Gpwlig}Ig npL.t ubl.Jp lU[lU1WhlllJUttlmll l uliwgwbuhppg qbnpbfi: ~Ul-

4wnw4 f1LLLt.umu, wumu bfil], np fipwfip qbnphu mli4wlu bli, l.Jruu l.J.mq
umo Lfi qhnpLG tulilpulu htutitul.Jtupq: 

OpjJuwlJ . .:.':LutL.JWl qbl.fumpfiLp}l hwumqwpqf!' 

Xt = (3,1,-2) 

X 2 = (- 2,1,4) 

X 3 (-1,3,6) 

qonp.bG 4mlm{tuo 1., uwnjl np X 3 = + 2X::: 

l,Lpum.otGp tlbl.Jumpubpp pmqpu (hLtip) L. nwuq hwuqwyntpJmli
litpn: 

llGpwrJpblip, ulptJ.wa bu m tlL4utnptibp]1 hbutL.JWl hwliwqwpqi!, 

npnup mULti 1il1LfimJli z.wqlmlru4wlimpJntG[!: 
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X1 Xz,·",Xm 
Umutiolimg lib lip lUJfl t}Ll.fumplilipl19 r -1!· 

(I) 

X i1 ~ _)( iz,. · ·, .)( ir 

Uumu blip, np (2) LUptuhtulitu4lUl14f~ lnuliiJ!mwtinui I. (I) hwlitu
qwpqp lnuump mmmlbttuqmJ4 qonplifi mlil.Jtuju Ltipwlnuuwqwpq, qwu 
hbfiiJ, bph (2) t.J.Lqumptilipp qonpLli tuli4wlu Lti, tm4 ( 1) htu!lmqwpqll 
jntpwpmli~Jmp lllJJ 4L4um11 htutiqlmwum o t. lipmtig q owJllfi 
qndplluwglnuu: .::,tuu4wliwl11 L, nr1 l.ipL (2) Lfipwhwuml.JwJlqllti mtllittug
fib(ip (1) 11lUOW4tutH.:il1 npL.t tJ.li4ump, lllUlllJ WJU 4tlLptub4J1 qonpbli 
qwlutlwb Lfi pwlnuuml.Jmpqll: 

OpjJuwlf.' Spl{wo t hLmLJLUt tpbp t{L4mnptil:ipll lnulim4tuiJqf}: 
lllwpqLL htGpm u 4L4umptibpl1 pwtim4p: 

X I = (3J,-2,4) 

X, (0,2,-1,3) 

X = (0,4,-2,6) 

T._lLltutnptiLplt lllJU 1nut1tu4wpqmu X 1 L X.:: t}LqumrJtibpp l.twqu111 u 
hfi hLlit?; pwu)1 11}1 litnuug lftmpqlltiLUUIUUflll htuuliuwunutguG zLti: ~L2m t 

---.... ---
mtuGbt, nr1 = 0 ·X 1 + 2X:: (X 3 -p qonptfl l.Jtu}uttmo L .. x·~ L ~\' ~ 

qtquli1Ilfihf1l19 ): .~Y 1 L. .X 3 t{LqmnrtiLpJ~ limJUUibu lJtuqumd bu hLlip (l.Jn

npt)pfituuJliLpg lnuuLuwuuu4tuli lbti): 'LuJLmptUJl hLGp 4tuqumu tG X 1 , 

X 2 h X1 , .A" qnqqtpu: ~lalipmu tlLl.Juwputp}l Htuliw4u htuqtuuwp L 

bpl}lll U}l: 

U.1u op}1liw4119 hLutLmu 1., np tlLLtumpGbttll lnulim4tupqmu qmpnq Lu 
Ll1(ibL UllllJlpbp hLlipLp~ umLtwJCi hlili}lLpm u tJ.LlJUIHJltitp}l ptulitulJp utLmp 
t tPfi}l UlllJUJl: q.nJtllpJntli mUll pliHJlbU, np11 luuUUJlllUllliU l. lUJl} I}lUUIH

ll_fllpJlll u 11: 
frtbnpbu: UllL.limJG ~Ll.Jumptu4tuli hwU:w4wpqf1 Lp4m mwpplip hliG

pbp. upupmfiwljmu Lli U:{1L.fimJfi ptimJ 4L4utnpfitJI (lllU(tugmJgf} mLu ... ): 
UwhtJwtinuJ: ttb4mnpwltwU hwliw4tupql1 nwfiq 4nz~nui t 

hwuwLtmJlqll gtuG4mqtuD hLCipll tJ.LqumpGLpfl pmuml.fp: lLJt Iunupntl, 
hwutul{wpqll muliq 11 htutjrumup 1. hLlivm o tlh4umptiLpl1 ptutiml.J}lli: 
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§8. fltnntgp~ pwqtintpJntfiuhp 

lJ}lG2 ntnntgplt pwqlintfJJWG uwhuwGnuin wGgGbl[!, phrhGp wGw
JllUlp\.t bp\.tPW2WtPnt}ljfltG]lg hWjUIGp up pwGwoL., npn wpmwhwjUlntU t 
XpX 

2 
hwtm{wap \.tWUWJW4wG X qbmp 2wnwtl.J1rl - t[hqmnp{! Gpw 

crwJpwqbUlbpp zwnwtllul- l{bqmnpGbpp up2ngn1{ (qa. 3): 

qa.3 

X= XI +AX2 
l+A 

(1) 

uqwmhGp GwL., np (1)-I:! GbpqwJwgGntu t X 1,X2 hwmt1_wan A hw

ptupbpntpJwU.p pwctwGllll X qbmp qnnflllllGwmGhpn npn2n11 pwGwoL: 
XX 

"UztlwO' pwGwoL.nu1 A.= - 1
- u tltm.P,np.u.J.nui t (O;oo) ilP.2w4.wJ~ntu: 

X¥2 
opt X 4tmn hwunGlJ.Gntu t X1-p hhm, wlllw A= 0, pu4 hpt X -n 
oqUlntU t hwunG4Ght x2 -P. hhm, WUJ.W A--)> 00: 

lilllwgmgt.lnu1 t, np (1) pwGwoL.n ppwqwg}l t GwL n -2wt11wGp mw

pwant}}JWG htutiwp: 
· CGqmGbtntl, np (1 )-n ppwl{wgp t n -2w4lwGp mwptucmt}}JWG hw-
uwp, qwmwpbGp npn2 aL.wl{lnlunt}}JntGGhp. 

X= Xt + A.X2 =-l-Xl + l+A.-1 X2 =-1-Xt +(1--1-)x2 
l+A. l+A. l+A. l+A. l+A. l+A.. 
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'S 1 npmhq =--: 
l+A 

x = s x 1 + (1 - s )x 2 , (2) 

bpb A. -G wiSp 0-pg upu2L. wfitl_tp2, w1.4w S -11 4fitlwqp 1-pg upu2L. 
q[lll: 

lijUUJJmntl XI ' X 2 hwm t.{wap gill G qwg wa X 4 bmp 2 Ulllllitllnl - tlh4-

mnpn GbpqwJmgtl_mu t (2) pwGlllaLntl, ntp S -I! ummGntli t 1-pg qpn pn

LllJl hGlllpwtl_np mpdtpGbpt!: bpt S = 1, WUJ.W' X= X 1 , hpb 

S=0,WL4W' X=X2: 

Uwhlfwfiruu: A pwquntpJntfit! 4n2tlntu t ntnmgl14, tpb X 1 E A, 

X 2 E A L. 0 < S s 1 uiWJliwGGbppg hbmLmu t, np SX1 + 
+ (1- s )x 2 E A : 

bp4.Jlw2wlJlnpbG WJI} GzwGwqnui t, np npL.t pwquntpJwfin UJ.Wm
qrnfillll. qWUUIJW4WG bpqnt lJ.bmbp{! upwg Ullll. hwmtl_wop pntnp qhmhpn 
lintJGlJ!bu UJ.Wmqwfimu bG w.Jll pmqnntpJWG[!: 

bpl.J.pwj_m$wqwG UJ.Wutl.J.bpGbpp mbupntl_ phpLGp numtgpq L. n2 
mnmgpq pwqlintpJnLGfibpp oppGwl{Ghp: 

m) 

0 
p) 

b) 

qo-. 4 

q) 

q) 
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PhptJ.w~ pwquntpJntGGhppg ntnntgpq bfi w), p), q) 
Otnmg}lq pwquntpJntGGbpp op}lfiwqfihp bfi hwfil]}luwGmu hwuul_w~'Q, 

ntl1J:ul qpb'Q, 2P2WU{!, hpUJ.hphwppnt~jntfi{!, LPW\.} lt.}lUWUlWpwb"ntpjntG{!, 
pwg mwpwbntpJntGJ:!, q.ntfi.qn: f!bptf.wo pwqumpJmfifihpp oJlpGwqfibpn 
pntnpfi tt bfipwqw bfi WUJ.WQDLJgp, uwl}WJU Uhfi;Q phpbfip UpWJU 
WUJ.wgntJ9 hpUJ.bphwppnrp-JwG hwuwp: 

fitfibfil] hpUJ.bphwppntpJWU hwtJ.wuwpntd[f 

a1xl +a2x2 +· .. +anxn +b=O (3) 
tnbupntl_, np'(! n -~WLPWfi~ UlWJlWOnt):lJDtfi{! pwcJwCintU t hp.qnt Uwubpp, 

np.nfig}lg ubqp hwuwp. qnJDtj)JDtfi ntfi}l' 

a1x1 +a2x2 +· .. +anxn +b~O (4) 

puq UJmup hwuwp' 

alxt + a2x2 + ... + anxn +b::;; 0 (s) 
UJ.WJUWfifihpn~ ~ltUJ.bphwppntpJntfiml n -!wtflwG]l mwp.wbmp]ntfil! pw

ctwGtl_mu t hpqnt uwuhpp. wfitlwfihfip .qpwfi12 l.JlluwmwJlwontpJmGfihp: 
BntJg mwGp, np l.}ltuwmwpwontpJmGn hwfiqjmwGnu1 t mnntgpq 

pwqllntpjntfi (hpUJ.hphwppnt}ljWG hwuwp 1.}WUJWgmg4J:l fiuwfi oLm.t}: 

bGpw.qpbfip x1 (x~,x;,. .. ,x~) L x2(x;·,x;,. .. ,x:) qhmtpn UJ.wmqw-

Gntu bG (4) qpuwmwpw~ntpJwfin: liUJ.wgntgbfip, np gwfiqwgwo X l]_b

tn{!, np{! U}Wtnqwfinui t X 1X2 hwmtl_w~pfi, finLJUUJ.bU UJ.Wtnlj_wfinui t WJI1 

lj_}luwmwpw~ntpjwGn: 

Oqmtlhtntl (2)-pg X qbm}l qnnfl.Iltlfiwmfitpn fihpqwJwgfihGp hh

tnL.JWl mhupmf 

X 1 = sx; + (1- s)x:· 
X2 = sx; +(1-s)x~ 

Xn = sx: +(1-S)X~ 
(6) 

Sb.rtw.qphfip (6)-n (4)-p aw:tu uwumu L. qwmwphfiD npnz 

JuupwtJ.np.ntufibp: 
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al (sx: + (1- s)x;· )+ ... +an (sx~ + (1- s)x: )+ b = 

== s(a1 x; + a2x; + · · · + a11 X~ )+ (1- sXa1x;· + a2X; + · · · + a,~X~ )+ b 

<Dn]uwppfihtn~ b::: Sb + (1- s)b hwuwpdhp wpunuhmJUUUpJWUp, 

qumwfiwfip' 

sla1X; + a2X; +···+an x;, + h J+ (t- s)la1 x;· + a 2X~ + · · · + a
11
X; + b j (7) 

.Qmfi}l np XI h x2 qbmbpn UIWUlijwGntU hfi (4) q]luwmwpw

bntpjUlUI}, mump' a1X; +a2X; +· .. +anX~ +b20 h a1x;' +a
2
X; + 

+ ... + anx: + b 2 0; .!.hmhwpwp (7) Ul[lUtWhWJUlllLIJJlllU[! UntJUl4LU D}: 

pwgwuwqwfi t (hllzbup, np. s 2 0 h (1- s) 2 0 ): 

UJUUitmmi X qLmn fimJfiUibu UJWmqwfinui t (4) l.Jtmwmwpw
ontpJmfin: 

fiJliJipbli 1: bpt A -a h B -a ntnmg]14. pwqumpJntufihp tfi, WUJ.w 

lipwfig hwmnu.'in' (An B) fimJfil4bu nmn~g}14 pwqumpJmfi l: 

Uujwg/Jl}g: Bntjg mwfip, np (An B) -fi nmmg]llt. pwqtintpjntfi t: 

bfipwqptfit~ Xl· h x2 qbmtpl! UIWUlijWUlllU tfi (An B) 
pwquntpJWfi£!, WJil Gzwuwqnru t, np. fipmup t4wmqwfimu tfi fiwL. A L. 

B pwqumpJmfifihp}lfi: P-wJg pwfi}1 np A -G L. B -G mnmg]lq 

pwqunLpJmfifitp tfi, mUJw SX1 + (1- s)X2 E A L. SX
1 
+ (1- s)X

2 
E B, 

tpp o < s:::: 1: <.tutL.Uipwp SX1 + {t- s)X2 E (A+ B), tpp o < s s 1: 

liJupfipfi X 1 L. X 2 qbmbp}l hbm u}lwu~fi (An B) pwqumpJwfifi l 

UJ.Wmqmfimu fiwh SX1 + (1- S}X2 ·f!, bpp 0 < S $; 1: fimm]1' (An B) 
pwquntpJntfin ntnntgpq t: 

.fiJ'bnplili 2: Q-b"Ulj]lfi hUiqwuwpnn1fitp}l L. wuhwqwuwpnu1fibp}l 
hwuwqwpq.p tmbntufibp.[L pwqumpJmfifi mnntgpl.J $wq pwqumpJntfi t: 
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q..1nt}u 2. q..itwJpfi ()'p.wqpwqnpuwfi ):ufillPPl! 

§9. '+btUJpfi bpwQllun{npuwfi pfiqhwfintp J.ufiiJllPI! 

<+oui Jpfi bpmqpw~npuwfi pfiqhwfimp lufillPPI! qwpbi}l t O.'L.wlJ.bp~hl 
hhml..JWl. qhpur s11~wo t qbwJpfi 1Jmfil.]gpw, qowJp~ hw~wuwpnu1fiLp]1 
(wfihwqwuwrmuHitpP.) hwtiwl.]wpq h qinqm}uwl.]wu~tpp nz. pwgmuw-

qwfi J11fibtnt U}WJUWU: 

f(x X ••• x ) c1x1 + c2x2 +· ·· +cnxn ~ext (1) 
p 2' , n 

qwu 

Gttx1 +al2Xz + .. ·+atnx,.(=, :s;)bt 
a::

1
X

1 
+GzzXz +···+aznxn(=,~,s)b2 

(J 1,n) 

n 

f=Lc 1x1 ~ext 
j=l 

n 

Laux; (=,~, 
j=l 

& l,m) x1 ~ 0, 

(2) 

(3) 

np.utlil]_ c i 0 ~ 1, n}, h; V = I, m), ay V = 1, m; j I, n) hwuunuumtfi 

pl}hp t(i: 
illwhwuyqnu1 t qmfibt ¢n¢n}uwl.]mfifitp}1 wpcthpfihp}l WJfiUJ.l:lllP 
.~ fi (in (l) qbwJ)l.fi :Pntfil.).gpwJpfi hmqnpqhfi exstremum 

pwqumpJnt , np11 ~== • • - • 
(tillfiptinLU qwu uu~pup1lntti) wpdtp 'L. pwqwpwphfi (2) 'L. (3)-pfi. 

(1)-(3) l.Jnzqm~ t qbwJ]lfi erpwqpwqnpuwfi }ufiq)l.p (utJfimhtmh q.rnu) 

[!tiqhwUm[l ulhuutA: 
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f(xpx 2 , • .. ,x,J utfit.lwGmu bfi lufilJllp liUIWUlwqw.Jll£i :pmtil}g 11w~ 
bpphufi qbWJllti a\t, (2) WilUl_lllJlJlll fi[f uwhuwfiwt)1Wqnttitihp}l htU UW
qwpq, )l.uq (3)-l! tlml.}ulluwl.]rufifibp}l nz pwgu.wmqwfi J11fil..tnt UJ.WJliwti: 
~fiqhwfimp wmiun1p (3)-[! fimJfil..llbu l.JwpLI}l t hwuwpbt uwhuuttiw
lflwl.tntufihpll hwuwl.Jwpq)l. ut1 uwu, uwl.J.wJli WJfl UIWJUWfi[! r~Gqhwurnp. t 
qpbph pn1_11p q...t)Ju-Ghp}l hWUW[l, mum}lWJfi I}flUl~ntU t nputbu lllnmCial1ti 

UJ.lli JU w fi : 
lJ:m}uqmo <+t:>Iu-GLp.p IlP~WOIJpg, 4wpru1 t qptlLt UJlUJUIDfi u UJW

wwqwJpfi ~mtG4g]lWJll uptil1umu l.]wu t.hupu)ldntu tuJ1db.uf! npnztpu: tili2 
qtllwpbpntu t uwhdwfiuttl1wqnu.'ititpll hwuwqwpq}1G, fipm JlllJlW" 
pwfil.Jntp mnfizmpJmti qwpl1ll t. mpl{LL =, ~ ttwu ::::;; hwpwptpwl.}
gntpJntGGLp}l mhupnq, Im4 (3) l.LllllJUWti[!' qmu z' qwu ::::;; ' qwu upw Ggpg 
nj_ utq{!: 

lntbht tuJU Jufii}PPl! fi2tufiwl.}nLU l qUifiLt uwhuwfiwt}:Iw4mlititpl1 hm-

uwqwpq}l WJU ill_ pwgwuwl.}wfi LlllGfltUJf X~ ,X~,· .. ,X~, npp UUJlUUllll

\tWJ)l.fi 1Jmfiqg}lwJpti hw11npq]1 ext wpoLp (u]1Gln1mu l.}utu liwpupumu): 
Uwhti'wtinnJ.' 1: Uutfi lil1 nz pwgwullll.]mfi tmbmti, np{l punltuJ1WJlll10 t 

C}.t51u-ll uwhuwtiw$wqnu.Hlbpp hwutuqmpqpfi, t.tn2qmu 1. pntJtlllUlJlhtll 
tmbntu (hut6wJu GwL.' lufiqpp unwu): 

Uwhtfwlimtf 2: UJfi pntJLWUlpLl}l tmomU[! (uuwfit~), npf! UUJUl
mwl.J.tUJllfi 1Jmtil}gllWJl1ti hmqnp.qruu t ext. wpoh1~, qn~qmli L OUJ.Utpliwt 
llltbnn1 (oUJU1llUW} UJt.ruG): 

liJUUJ.llllml, pum fiLpumowo uibplilltiwpwfimpJrufi, tmbht fl.tJiu-p 
qfi2wfiwqp UJtrufifibpp pwqumpJm fiGLppg plimphj oUJUI}lUWt unmfif!: 

.Qwfi]l np q..t)lu-fibpmu wfihptudLzm t qmfiLt Gutwmw4w.Jpti 
~mfiqgpwJp tpuu1pbdwt wpcttptihp{!, ntuutp hwpg t Wlllll2IDGmu wpq
Jll13~ hfiwpmqnp zL tmbntUJ1. ¢fimplif qp:}lhp'Ltigpwt htuzl.\ll hwJmfi]l ul..pnq· 
fibpn\f: Uwqutjfi, pfizUihU hwjmlill L uwp'LUWUlpqwqwti WUUlt}lqll l}WU~ 
n.Gpwgpg, up. pwfill "4ml{m}uwqwfifibppg :fmttiqg]lwJ]l t.puutphUllll wpdtu
fibpJ1. qmfibtnt hwUtup, fiput uwufiwqwfi wbtuugpllltfihp[! u}lwdUlUWfiwl.] 
hwqwuwp.LgGmu bfi qpnJll: l.J')lfi2.qlm Q~t5Iu-fitpmu UUJlllUltul.}WJllti 
!l>ntfiqgputG qbwJ]lG t L. fipw dwufiwqwfi wowfigpwtfiLp[! hwqwm.up.tlntd 

b(i XpX2 ," .. , X
11 

l.}:lmpn}uwqw(ifitpp Qll[lCrUllt}lgfibp}lfi, npnfip bUlUUllli-

Ulntfi pqtp bG L. tiputdruuwfiwq qpn 2.tfi l.]wp1111 t}l{lht: fllllgp qpwfi}lg, q}l-
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1>bpL.U!-JflWl hwztll1 uL.piUJULilP huwpwtlnpm pjntti br.i UlWJflU npll} hpll 
:j:)ru til{qflwj}l lil1LUJti WJU t.puUiplit'iuq lJLUlhp[!, nrmfip [!fi4wb bti npnJUWfi 
mllpJUJPll filiJlUlltU, lllJI. nz_ pL Lqpmu: U11ULqbn fiutwmw4WJpti ~ndi4-
gllWJll qbwJllfi Lltlitm pbtwqpnui t, np Up.w t.pum{ltt'iwt wpdl..ipfitp.g 
uUiwgl}_ntii tfi upwJfi npnzuwti (1mcn.lwu) mllflllLJPP tqpwJpfi 4tu1Lpnu.l: 
~tmL.wpwp, q.l)lu-Ubp}l llll (}uwfi L hbmwqnmuwfi hwuwp I}]11>hptfigl1Wl 
hwztlll utpm}Cibpp lllfmtwup ibfi, mumt1 utbmp l tlifimpht np.wltwuthu finp 
ubpnqubp, npr. L tuwptui}fllitiu hbuuuqw UJnt ptp.mu: 

UJdU ph[lbfip CJ:.tJiu-liLp}1 q(lwnuwti WJt U1bupbp: 
w) Uwmppgtu.r[lu qpwnmu 

f CB ~ext 

AX(=,~,~)B 
x~o, 

Il}lUJhf[ c ( cl 'c 2' ... 'crl) umf[ UWUl[IPY l, pul.J. B -fi L. 

uwUlpl1gtiL[I Lfi. 

all al2 aln bl 

A 
ll21 az2 a2n 

,B 
b2 

am} am2 amn b m 

p) tlb4umpw4wfi qrwnm1l. 

f = c ·x-) ext 

A·~¥(=, :2=, ~)B 

X 0, 

XI 

X 2 X-' -

xn 

X·[! Ujntfi 

npUlhilC = C(c1 ,c2 , .. ·,crJ, X= X(x"x2 ,-··,xn),B = B(bpb2 ,-··,bm) 
11 -).lUtflWUll t(bljmnptiLp tu, pul.J A -Ci fintjfi uwmp]lgfi t, puzl}lipbqmu: 
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§10. q..~J}lfi b"p.wqpwl{npuwun, pbpt.lllll }ufiilltp-oppfiwqfihp 

up.az qcrwJpG b-pwqpwqnpuwG gfiqhwfimp luGqpp O.hwl.J.bpUJ.murf 
pbphfip Up pwG!1 UlpUJ.WJpu luuqppGbp}l op[d1wqfitp: 

1. SpwuutlJnpznwJftu fuliiJftp: q.nJnt_pJntG mGb.G WJU juuqpp mwppbp 
aL.wl.J.hputntUGb.p, npnGp mwppbpl{ntu hG ppwppg qpl{w(} U}WJUWGfihpnq: 
'llwfi awL. WJl tuuqppfibp, npnGp qWUJ. ~mGh[i mpwGuUJ.npUlWJpfi tjm:tuw
rymtUGbpp hhm, uwlfWJfi UJ.Wtnqwunui b.G mp.wfiuUJ.npmtujpG m}llt!P 
fuGq}lpGhpp qwupG: l).wuwltwG mpwGuUJ.nptnwj}lG lufiqpp oLwlfhptqntUI} 
hbmL.JWtG t: 

bfipwqpbfip ntGbGp m wnwpnq l}b.mbp' ApA2 ,- .. ,Am, ntp mb-

qwl{npl.}wo bG hwuwuhn (upwmhuwq) pb.nG.bp, L. n uUlwnuwCi l}hmbp' 

B1, B2 , • • ·, Bn : Spqw(J t JntpwpWGiJntp A
1 

wnwpuwG qtmntu phnfibpp 

ai(i=l,m) crwl{wm L jntpwpwGLJntp BJ UUJ.Wnnfl.ll' bj(J =l,n) UJ.W

hwfi2tuPl.J.t!: QGqntGbGp UJ.WJUtuG, np wnwpnq L. UUJ.tunnq qbmhpntu pb.n
fih[lp qntuwpwJpG pwGwl.J.Ghp[! hw\.{wuwp b.G: llJu UIWJUWGl} qnz.qnu1 t 
mpwGuUJ.nptnWJllG tuGqpp tfltul.J. l.PGhtnt UJ.WJUWG, np[! qpl{nu'i t hhmh.Jwt 
mhupnl.}. 

a +a +· .. +a =b +b + .. ·+b I 2 m 1 2 n (1) 

IuGrnmtu hwJmGp t Gwh upwl.}np phnp l:Jlhqun.}lnluuwfi mpwGu

uinpmwJpG c IJ (i = 1, m; j = 1, n) awluubpn gwGqwgtub- A, (t = 1, m) 
wnwpnq qbmpg upfilh B) (j = l,n) UUJ.Wnmu~: ~wuqwuwl.P t, np 

tnpwGuutnpmtuJp(i b-w}uubpp WJI} qw.qwljlwp{! n2 u}12m t wpmwhwJmnu.t 
PP wGu]12wqwG mGmhuwqpmwlfwu puwumf!: Uwl.J.wJu wjumb.q WJfl 
aw).uuhpt! qwpbtJ:i t qllmbt npUJ.hu UIWJUwGwltwG hwuqwgnt_pJntG, npn 
tnwppbp luGl1]1pGhpnui l!wpn.q t lJlGht tnwppbp gntgwupi J1GpGwJ1dh!2, 
hbnw\.{npnt_pJmu, dwuwfiwq, qwnhlJlpp awluu L WJtfi: Um{npwpwp WJfl 
bl.u).uuhpn U1ptlmu hG hbmLJWt uwmppgp mhupm{. 
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ell e•z eln 

c..= ez• e22 e2n 
lJ 

em! e m2 emn 

lllwhwG~nl_mu t qwquwl.J.bpUJ.bt pbnGbp}l mbqml}lnltJnruG WJGUJ.bu, np 
wnwpnq l.J.bmbp}lg pbnGbp[! LPP.tl mbqwl}l.nlt.nJ.bG, UUJ.WnniJ.Gbp[! umwGwG 
UJ.WhwG2qwa pwGwqmpJwUp pbnGbp(! L. np mbqwqmltJmufitpp_ hwuwp .' 
l.J.wmwpwa mpwfiuUJ.np.UlWJP.G qmuwpwjp_G awltJul! !lJ.G}l GqwqwqmJG[!: 

liJdU, btfibtmllufiilPP UJ.WJUwGGtpp_g, mwGp Gpw uwptuwmplJ.wqwG 
oL_wlJ.bpU{ntU[!, np[! GzwfiwlJ.mu t GwL_ UlWL mpwGuUJ.npUlWJP.G ltJGilJlP. 

mGmtuw-uwptuwmpqwqwfi unqbl[!: lijq GUJ.UIU1Wl.J.nq GzwGwqtGp A; 

qtmp_g B j UUJ.WniliJ[! mtqwl}lnlul.{nq pbnp_ pwGwl.J.I! X ij 

. XII x. z xln 

Xij= X zl x 22 x 2n 

xml xm 2 xmn 

l:JfipWilJlbtml, np mtqwl}l.nltJmuGbp}l hwuwp l.J.wmwpqfliJ. OUiluul! m
IJ.P-11 hwutuwmwqwfi t mbqwl}l.nluqnq ptnp_ pwfiwqmpJWG[!, l.J.wpnq bGp 
hwzll,bt [!Gqhwfimp qmuwpwJ}lG awltJubp[!hbmL.JUll mbupnq. 

m n 

F = L:L:cijx ij ~min (2) 
i= l j =l 

· liJfi UJ.WJUWfi[!, np pbnGbp[! wnwpnq l.J.bmbp}lg UJ.bmp t LPP-ll mtqw
l}l.nltJqbG, wpmwhwJmqmu t hbmL.Jwl qOlliJ}lfi hwqwuwpmuGbp}l li}l2n
gnq. 

l.J.wu 
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x •• +xl2 +· · ·+xln =a. 
X zl + Xzz +' '' + X 2n = Gz 

(3) 
) =I 

~lU2llP.fl UJ.WJUWU[!, np UUJ.WllUWG qbmbpmu jntpwpwfit)ntp UUJ.Wnn-
111 UJLuhwfi2WP.4.l! UJ.bmp t pwtl_wpwptfil, l.J.qptfil n qawJ}lG hwqwuwpmu
LiPI• mbupntl, 

XII +x21 +· .. +xml =b1 

XJ2 + X22 + ... + Xm2 = b2 

1=1 

(4) 

.QwGp np, [!UUl fuGflJlp pGntJ~P.. 4J,m)mfuwl.J.wG utam~JmGGbp[! n~ pw
lllluwqwfi ~qbp bG (GpwGp wpmwhWJUlntU bG mbqwqmfuqnq pbnGbp}l 
biUl!WtGbp[! wnwpuwG qbmhpp_g qhUJ.lt UUJ.WnnqGbp{!), WUJ.W' 

. X if ~ o(i = l,m;j = l,n ) : 

(3 ) h (4)-1! fuGilJlp uwhuwGwl}lwqmuGtpp hwuwl.J.wpqG t, puq F -n· 
( llJ WUlwqwJ}lG :pmGqg}lwG t (bppbuG wGqwGmu bG qawJ}lG oL.): 

lftu~tuwmpqnpbG tmb"ht WJU fuGqpp[! GzwGwqmu t qmGbt uwhuw
lluH{lwqmuGbpp hwuwl.J.wpq}l WJG n~ pwgwuwl.J.wG tmamu(!, np(! Gutw
lntll lJWJllG :pmGqg}lWJpG l.J.hwugGp_ upGpumu wpd"bpp: IuGilJlP. uwpbuw
tn lllJwl.[wG UilJlbll! 4!lJ.Gp (1)- (5)-1! Gbpl.J.wjwgGnq qawJpG apwqpwqnp
lll!O JuGqppn: 
I 1 · 2. fi.bumpuGbpp OUJ.UlpUwt oqmwqnpWwG fuGqpp[!: 

bG~wqpbGp npL.t mOm!;iumpJmG gwGlJ.wfimu t lJ.wquwlJ.bpUJ.bL n wp
ntuqpwmhuwlJ.Ghpp wpmwiWm~JmG, pp mpwuwqpmpJwG mwq hqwb' 
m mtuwlJ.P uwhuwGwiJlwlJ. awqwl.P nhumpuGhpnq: 10nq i -pq nbumpup 

lUltltw pwGwtm mGmhuriipJmGmu t.PG):l b1 V = 1, m ) : luGflJlmU hwJmGp t 
lll l(lWpwGL) Iit p j".:Pll wpU1WilJlWtnbuwl.J.P Ubl.J. Upwtlnpp wpmwqpntpjwG 
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ltilw ltwm~rnlllll. i -p11 ntumpu)1 awluul}' aii ~ = l,m; j = l,n) , )lfi ~lllhu 
fiwh j -JU1UJ.WUlpWUU1]1 WIJUlill'l:PWfip)l Ublt U]1wtlnp]1 ppwgmu]1g UUlWQ-

~WU zwhntjp(}' cjV = 1,n) (l.J.Wpnrj t !llCiht Ciwh mfimbuwq)lmwl.J.wfi WJL 

gmgwCi]1z): 
(J}whwfi£4mu t UJ.tWfiwtlnpbt wpmwqpmpJmCifi wJlilllbu (wJupupu 

Jntpwpwfi~mp wpmwll:Pwmbuwlt)1g nppwfi wpmw'l:Pht), npUJ.buq]1 nb
umpufitp)l. mptlwb lllwzwpubp)l. oqmwq.npauwa qhll!Pmu umwgttwo
qmuwplllJ)l.fi zwhtuJp[! !llfi)l wnwtlbtwqntJfil}: 

lufi'lPJ:l uwptuwm114w4wCi mtup£! umwfiwtm hwuwp 4wmwpbGp 

Cizwuwl}mufibp: bpb X 1 -ntl fizwCiwltbfip j -pq WpUlW'lPWUlhuwl})lg wp-

UlW'l:Ptlhfpp pWCiWltJ:!, Wll!W qmuwpwj)l.U zwlmLJpf! lt!ll£i)l.' 
n 

L = z=c1 X 1 ~max (6) 
j= ! 

LiwqutGp uwhuwCiw4twl.J.mufitp)l. hwuwl.J.wpq[!, btCibtntl ntumpufibpp 
uwhuwfiw41w4 ~lCibtm UJ.WJUW fi)lg . 

all x 1 + a12x2 + · · · + a1, x, ::; b1 

a 2txt + a22 x2 + ... + a2, x, · ::; b2 

11 

:La!ix1 ::; b; ,(i = l,m) 
}=! 

(7) 

x1 ;::>: O,V = l,n) ) (8) 

(6)-(8)-1! l}wqumu bfi lufill:P)l. uwpbuwm)l.l}wltwfi Uflllbffi, np[! ]1pbCi]1g . 
fibpl}WJWQ fimu t q Ow j)lCi apwqpwtlnpuwCi lUfillPp: 

IJ-ftwmpnpJmu: ~wgp (7) uwhuwfiwl{lwl}mufib{l]1g, hfiwpw4np t, n11 
lUfi'lPntU wnwfi6)1fi nbumpufibp!l oqmwq.npauwCi tlhpwpbpJWL t)lfibfi ww
gmgp~ uwhuwfiwl{lwl}muCibp: Op]1Ciw4' nbunl.pup uwhUwCiwl}lwl}mu 
Cibpphpg, npn l}pwgwn]1 m4Jwt ntunqmp pbp)l. oqmwqnpomun: <.uwpw-
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ti11Jll . utuhuwGw41w4mu t)lfil1 wpmwqpwmtuwl}fibpp pwCiwltJ.l tlhpwpbp

I'IIJ: r•J:lCiwq, bpb qptfip x 3 ;::>: a mtupp uwhuwfiwl{lwl}mu, wUJ.w qw 

ltll/lllUW\.t!l, np bppll{ll} W{lUlWilllWUlbUWl.J.Pg UlhUlp t WpUlWilJlbt n~ UJ.W
\ttllll ' pwG a pwfiwl}mpJwup: 

r J. . LJIJ]lWJftU nwgjmuft juuiJftp!J: bfipwl1Jlbfip mCimtumpjntGG wuw
UIII (iGLJ1llfi lthpwl.J.phtm hwuwp hwml}wgfimu t n lJb{lwmbuw4fibp, 
upulip ufwpmfiwl}mu ta m mbuw4P uGfii}WfiJmpbp: <.wJmCi]1 t, np Jm

JilllJ)tUfi i_Jlll!l j -M l}bpwmbuwl.J.P ubl} urwqn{l[! i -pll uuuqwfijntpllg UJ.W-

p!llCiwlJmu t bu V = l ,m; j = l,n) pwCiwl}mpJWUp: Oplllhuq]1 UJ.WbUJ.wlitl_)l 

! I( tuumCifibpp UpbpwmtlntpjntU{!, wfihpwctbzm t t}bphiLll U!l£ngn4 optlw 

111 ptli!:JJ2ntU i -pl} ufifiqwGJmp}lg mptltt n~ UJ.wl.J.wu, pwfi d; V = 1, m) 
IJitl U l>lllJmpJmG: 

lufiqpmu hwJmfi)l t Gwh-wuwuCiwl}bpbp.lt c 1 V = l,n) qfihpf! (tpt 

lthJ1p qfin4}.1 t) ltwu llfipfiwpcJbp[! (tpt lthpn wpmwillltlmu t mfimb-
11111 PJ•H.Gmu): 

fl)whwfi£tlmu t l.J.wquwl.J.bpUJ.ht wuwumfifibpp l}tpwl.J.pmun WJUUJ.bu 
lllJUllGpfi np l}tpwmbuwlt.J.lg, optlw [!Upwgpmu, nppwG mptl_)l wfiw-

11111 OGbppfi), Il{lUJ.buq]1 WUJ.Whn4tl.J:! fip.wfig .uptp.wmttmpjmfin h np op4w 
tll!uu 1 !l1fi)l. fiqwqwq.ntJG[!: . 

IVUllPP uwptuwmltltwltwfi qpwnntU[! (t'iflllbl[!) l}wqllhtm hWUUlp 

l l •uCiwltbfip x1 -ntl j -MlthpwmbulllltP WJU pwfiwltn, np.[! UJ.bmp t mp41t 

IIJ ( lUUmCifibp!lfi utq op.tllli [!Uplligpnui Ublf qtlU)1 hwztlntl: 
flh.upq t, n{l opqw q.ntuwp.wJJ.lfi awiuui! lt!llfilt' 

n 

s = ""c .x . ~ min L..J 1 1 
j = l 

(9) 

Uwhuwfiwl{lwl.J.mufitpp hwullll.J.wpq[! l.J.wqubup, htfihtntl WJfi UJ.lliJ
lllllltg, np optlw J:!fipwgpmu i -[lll uufiqllifiJmpbppg wfiwumfifibppu 

lltiJUII) t. mptl~ n~ UJ.Wl}wu, pw(i d; QlliUWl}IllpjWUp: 

35 



/ 

l.jmu 

bllxl +b12X2 + .. ·+bl,Xn ?.dl 

b2lxi +b22 x2 + .. ·+b2,x, ?.d2 

j = l 

(10) 

<Pmlmtuwi.JwGGbpll Hi_ pwgwuwl.jwG t_llGbt_m UJ.WJUWG[! ptumu t Gpw

Gpg, np wGwumGGbp!lG mptlbLllll l.jbpbp!l l)WGWI.j[! (x1 ) pwgwuwl.jwG i.}1 

l.jwpru1 LllGbt_: 

(11) 

lufiJ:}p!l uwptuwmtti.Jwi.J.wfi Ulll}hl[! _llphfipg fihpi.J.WJWgfimu t (9)-(11) 
qbwJpfi apwqpwtl,npuwfi J:ufi'lflP£!: 

.IJ..jJUJ111]nipJntu: ~fiwpwqnp t (10) uwhUwfiw$wi.J.mufitpp hwuw-' 
4wpqmu oqmwqnpatl,tfi WJL uwhUwfiwtiJ.wl.jmufitp: Oppfiwi.J.' wfiwumfi
Gtppfi optl,w [!fipwgpmu mptl,twp ufifiJ:}WfiJmptpp pwfiw4f:l tl,tpwphpJm 
uwhuwfiwlJiwl.jmu tl,tphpg, J:lfii.UJ.bu fiwh opqw [!fipwgpmu wfiwumfiGtpp 
4bpwpwdfimu · wnwfiapfi I.J.hptp}l pwfiwqp qtpwphpJWL uwhUwfiw
$w4mu' 4bphpg, fitpph}lg I.J.wu tpljntU[! u}lwupfi: Oppfiwq, tpt mfitfip 

x5 ~ b mP.UJll uwhuwfiwtiJ.wqmu, mut.w IIW qfizwfiwqp, np 5-M qtpw-

mtuwtm qbpwpwcHintU UJ.bUlp t (}lfi}l Di_ UJ.WqWU pwfi b U}lwtl,np: 

'-lhp£! Gz4wb tptp Jufiii}lpfitp}l h fiuwfiwm}lut. WJL )ufiJ:}}lpfitp}l 
t_ntMwfi ubplll}fibp£! qmptlbfi htmwqw qt_m]ufitpmu: 

§11. Q.bwj}:lli bpwqpwqnpuwli JulillPJ:l hwmi.J.ntpJntlilib.PI! 

Uwhliwunuf 1: Q.bmJpli apwqpwtl,npuwli Jufi'lPPt:! I.J.ni.tlmu t I.J.wfin-l 
fiwi.J.wfi, tpt uwhUwfimtiJ.wi.J.mulitp}l hwuwi.J.wpqf:l pnt_np wnfii_ntpJmfi-1 
fihp£! qpqwa tfi hwqwuwpmpJmfifitp}:l mtupntl,' $n$n)uwi.J.wfifitp}l ni_! 
36 . . 

ptugwuwqwfi LllGbt_nt UJWJUWUp wnl.jwjntpjwup: 
UjuflG£lG, qwGnGwqwG mbu£lntl 44ni.tlP htmhJWl qbwj}lG ()'pwq

(ltllllnpuwfi }uGilllp[!. 

l.jwu' 

w) [=ex~ ext. 

AX=B 

X ?. 0 

n 

f = L:C1x1 ~ ext. 
j = l 

x1 ?. o0 = l,n), 

p) f =(ex)~ ext, 

AX=B 

X ?. O 

Uwhliwfincli 2: Q.bwJpli apwqpwt.lnpuwli J:ufiiiP-Pt:! qni_qmu t u}lutm
Jllti.J, tpt uwhUwliw$wqmulitp}:l hwuwi.J.wpq}l pnt_np wnfii_ntpJmfilibp£! 
ll(l4WO bli U}lhlintjli _}lUWUUl}l ( ?_: I.J.wu ~) wfihwqwumpntpjntfifibp}l 
utLupml, Jmq pnt_np t1J.n$n)uwi.J.wfifihpf:lg UJ.Whwli2lJ.mu t ni_ pwgwuwi.J.wli 
lltubt_m UJ.WJUWfi£!: 

UJupfipfi, qbwJpfi ()'pwqpwtl,npuwfi J:ufiiiP}l u}lutmpf:li.J. mtup£! I.J.Lllfi}l. 

" f = :~:,:C1x1 ~ t{lum. 
j =l 

'faiixJ ~ b;V = l,m) 
J=l 

x1 ?. OU=l,n): 
l.jtuu· 

IU) [=ex ~ext.p) f = (cx)~ext. 
AX~B AX~B 

X?.O X?.: 0 
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t ' 

! I 

vw]unpq tptp J:ufi.qpp-oppfiwqfibppg hpwuu t, np fipwfip, ~fiwJwil 
gum pm{wfi.qwqm~Jwfi, mwpwpfintJ~ bfi, uwqwJfi WJfimwutfiwJiifut m
fitfi nJmzwqp (!fi.qhwfipnt~Jmfifihp: Unw2pfi hhpJ)pfi fipwfig [!fiqhwfi
pm~Jmfin qwJwfimu t fipwfimu, np hptp ]:ufirl}lpfihpmu tL 1.4whwfis.>ttmu t 
qmfiht tun{wqnLJfi mwpptpwl.Jn: UJuUihu, mpwfiuU}npmwJpfi }ufi.qpmu' 
mhqw¢n]umufihpp tmJ.lwqmJfi UILWfi[!, ntumpufitpp ]ufiqprmr umw
tlhtwqmJfi tqwumwptp wpmwqpm~Jwfi qwquwlJ.hpU!ntU[!, nwg}mfi}l 
]ufirwnur wfiwumfifitpp qtpwqpuwfi tmtJ.wqnLJfi nwgpofip qwq_umu[!, np}l 
qtU}pntu opl.j_w bwJ:uun 41Pfill liqwqwqmJiiJ!: 

bpl:i WJil }ufiqppfibp[! qpmtfip qmm UW~hUwmpl.J.wqwfi ml:iuwfi-
4.Jntfipg, wutw lJ.mbufitfig, np. Jmpwpwfivmp ]ufiqpmu UIWhwfi2tJ.mu t 
$fimpht n -l}lmtm}uwlJ.wfifitpp wpdtpfitpp hwuw]umup WJfiUihu, np. 

w) pfil_-np qbwJpfi ~mfitl9pw umwfiw upfipumu (uwpupumu) wpdtp, 
p) pwt.jwpwptfi qb"wJpfi hwtlwuwpmufitp}l (wfihwl{wuwp.mufihp}l) 

hwuwlJ.wpqp, 
q) WJqwpcJbpfibp[! (}lfitfi n2 pwgwuwqwfi: 
vlJ.wmhfip, np wJq ]:ufirl}lpfihpmu uwhUwfiwl}lwlJ.mufihp}l hwuw

l.J.wpq[! mfip qwfinfiwlJ.wfi qwu uputmp.plJ. mtup: BmJg mwfip, np qwphllt 
t fipwfig up mtupflg UJDLUpfi wfigfibt UJ.Wpq &L.wl}ln]:unt~jmfifibp}l 

llps_>ngmJ.: 
bfipwqptfip, qb"wjpfi opwqpwtl.npuwfi J:ufiqpp uwhUwfiwl}lwlJ.mu

fibpp hwuwlJ.wpq{! mptlwo t WJfiUJhu, pfi~UJ.bu ntumpufihpfl OU!utpuwt 
oqmwqnpiluwa ]:ufiqpmu. 

all XI + al2X2 + ... + ainXn ~ bi 

aziXI + azzXz + .. · + aznXn 5. b2 

ami XI + amzXz + ... + amnXn $. bm 

UpuhmJ:lpq mhupm.J. mptl.wo uwhUwliwt}lwqmufihpp WJU hwuw
qwpq[! qwfinfiwqwfi mtupp ptpbtm hwuwp fitp.umomu tap [pmgrugp1_ 

l}lm{m):uwlJ.wlilibp' Xn+l, Xn+Z, • • ·, Xn+m , npnlip qDLUWphtml mptlWO hwuw

l.Jlupqp &w)u uwutppfi, tlbpwonu1 bfip qpwfig hwl.J.wuwpmufitp}l, npg 1&: 

uthmp tp 9DlJ9 UlWL: 
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all XI + a12X2 + '', + alnXn + Xn+I = bi 

a2I XI + a 22X2 +' '' + a 2nXn + Xn+2 = b2 

l1pb qowJpfi OJ:lmqpwtJ.npuwfi Iufiqpp uwhUwfiwl}lwqnuHitpp 
h111Lhu4WJ:l'll! mpl{wa t ~ mtupntJ., pfi].utbu nwgpofip Iufirwnu1, WUJ.W 
IJIIIIfJnt.Ylll. ¢nl}lntuwlJ.wfifibp[! qiuuwpntu tfip hwuwlJ.wpqp Jmpw
lllll lltllllJl uwhUwfiwl}lwljuwfi (iwtu uwutp}lfi' pwgwuwljwfi uzwUntJ.: 

OflfJOwlj: Sfltlwo t hbmL.JWL hwuwljwpq[!. 

2xi +5x2 ~ 4} 
XI +3X2 ~ 6 

3x1 +4x2 ~ 7 

l .Jllugmgp].l{lnl}lntuwl.Jwfifihp[!' x3 , x 4 , x5 fihpumahtnt9 htmn 

ltU ll IIU (j lU fip' 

2xi + 5x2 -x3_ = 4} 
xi + 3x2 - x4 - 6 , 

3xi + 4x2 - x 5 = 7 

IIJip!tpbG'·~ fitpljwjwgfimu t ljmfinfiwqwfi mbupml_ q:<'Jwjpfi apwqrtw
!IIIJil~lllfi 1ufi11.-.- uwhUwfiwl}lwqnuHihpp hwuwl[wpq: 

ll,l(.)u tmotfip hwqwnwq ]ufiqpp(!: Uwhuwfiwl}lwqmufitpp 
IH1J\Itu4w£lq[! l[wfinfiwqwfi mtuppg pbpbfip u}lutmp}l4 mbuj;!p: 

lJOpw11phfip qowj}lli apwqpwt.jnpuw(i ]ufiqpp uwhUwfiwl}lw-
llt!ldliLpll hwuwqwpq[! mpll_wc) t qwfinuwi.J.wfi mbuJ;1nl{o 

all XI + aizXz + ... + ainXn = bi 

a21XI + azzXz +. o . + a2nXn = b2 
(12) 

ami XI + am2X2 +. 0 0 + amnXn = bm 

I L,1u hwuwqwpq[! wfihwtlwuwpmufihpp (uputmp)lq) mhuj;!p pbpbtm 
hltll11UJ1 l_m()bfip WJfi npL.t UbpnqntJ. (oppfiwq, l}lnl}lntuwqwfifibpp 
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hw2npqwpwp wpmwpuuwO): ~wut.twOwl}l t, np npnz ptJ.ml pwJtbppg 
hbmn lthwunqtJ.bOp hwliwltwpq}lltwu wOhwuwmbqbl}lmpJwO lib2, t.twu 
t tlttmabGp WJO, pG! np lltlntl tltntllnJ:uwltwfiObpp Gltwmuwup (oppOwlt, 
x., x2,- ·· ,x,.): UJumbq r-n mptJ.wa hwliwltwpqp (12) 

tltntltnJ:uwltwGGhpp qnpaw4PgObppg ltwqlitJ.wa uwmppgp nwGqG t: 

XI =a;,,.+lxr.;.l +· .. +a;nxn +b; 

x2 =a~ r+lxr+l + ... + a~nxn + b; 
(13) 

.!!wOp np x1 ~ O,x2 ~ 0,- ··,x,. ~ 0 (num qawJpG apwqpwtJ.npuwG 

lufil}Ilp UIWJUwOp), mump (13) hwuwltwpq}l &w]u uwuhpp n! J 
pwgwuwt.twO Ll10htnt9 hhmLmu t W2 uwuhpp ll! pwgwuwt.twO wObm: 

a; r+lxr+l + ... + a;nxn + b; ~ 0 

a~.r+lxr+l + .. . + a~nxn + b; ~ 0 
(14) 

a~,r+lxr+1 + · · · + a~xn + b~ ~ 0 

UmwGmu bOp n- r tltntllnluwqwOObppg' x,.+1,. • ·, xn, r qawJpG 

hwtJ.wuwpmuGbpp hwuwltwpq: llJuUIPuntJ., ltwGnOwltwO mbupntJ.mptJ.wa 
qawJpG apwqpwtJ.npuwG luGllflp hwuwt.twpq[! pbptJ.hg upuhmpplt mhupp: 

UUmu t gmJg mwt, np (12) L (14) hwliwltwpqhp[! hwuwpcthp bG : · 

b O}}Wl}IlhGp, qmht bOp (14) hwliwltwpqp lip npLt' X~+l , ... , X~ tmamu: llJ'l 

qhUIPmli, (13)-pg qmGhtntl x1° , x~,. · ·, x~ D! pwgwuwt.twG wpctbpGbp[!, 

0 0 0 0 0 h h u h . u t.tumwOwGp, np x1 ,x2,. .. ,x,. ,x,.+1,.··,Xn j)tJ.bpp w w1um PI! 

hwOqpuwOmu t (12) ultqpOwltwO hwuwt.twpqp tmamun: llJctli gmJg 
mwOp hwltwnwqn: Ppnp' pG!UIPupO tt np wGp (12) hwuwltwpq}l 

x~ , x~,. · ·, x~ , x~+., .. · ,x~ tmamun, x~+P ... ,x~ lltlbpp hwliwlumlip[! ltl}lfip 

(14)-p tmantun: , 
u t.twmbGp OwL, np qawJpG apwqpwtJ.npuwG ]uOqppGbpntu 
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II IU•hw G2tJ.ntli t qmObt 0UiwmwltwJp0 ~mOI.tgpWJP upOpumu ltwli 
llll uj1umu wpcthp[!: ~bztn t mbuGbt, np lip mbuppg UJmupO ltwphtli t 
tJOuGbt maxf =-min(- f) UIWpq aLwtltn]um}}JWUp, npn GzwOwt.tmu 

I. t ~ l• tuGl}Ilpg UJmupG ltwphl}l t wOgGbt f ·[! tlln]uwppGbtntl - f -ntJ.: 

liJuUIPuntJ. qawJpO apwqpwtJ.npuwO ]uGqppObpntu OzwGwltnt}}JntO 
Jill 01•, }}h uwhuwOwtllwqmuGbpp hwliwqwpq[! pG! mhupntl t mptlwa L 
I U!UHnwltwJpG ~mOI.tgpWJP9 pO! t UIWhw02tlntli qmOht: 

P.bpbGp oppGwt.t: q.awJpG apwqpwtlnpuwG ]uOqpp[! tnptlwa t 
hbtn LJWtmbupntl 

f = 5x1 + 4x2 -:- x3 + x4 + x5 ~max 

2x1 -3x2 +x3 +x4 -x5 +2 = 0 } 
3x1 +x2 -2x3 -3x4 -2x5 -1 =0 

x1 +4x2 +x3 -2x4 -12x5 +10=0 

x j ~ o(j = 1,5) 

P.hpbfip WJU _]uGqppG pphO hwuwpcthp ]uOllflp WJGUihil, np uwh-
1 UtOwtltwqmuGbpp hwliwltwpq[! tliOp wOhwtlwuwpnuiGbpp mhupntl: 
l I IJ Gll!wtnwltntl hwuwltwpqp II L III hwtlwuwpntliObppg wpmwpuhOp 

- 1 (qw GzwOwltn~u t wnw2pO hwtlwuwpntupg npnzbOp x3 -1! L Opw 

III[Hi bpl} tnhqwl}IlbOp II L III hwtlwuwpntliGhpp lib2): fippg hhmn I L III 

l• tu tl wuwpnuihppg wpmwpuhOp x4 -n: llJOmhhmL I L II hwtlwuw-

jllluHi bppg ' x5 -n: lrumwOwOp' 

f = 2lx1 -:- 9x2 ~max 

x3 = 1 0 1x1 -1 02x2 } 

x4 = 95x1 -93x2 -1 

x5 = 22x1 -:- 22x2 + 1 

xj ~ o0 =1,5) 

liJGmhbmL, p Gltwmp mGbOwtntl tllntllnluwqwGObpp D! pwgwuwt.twO 
II Ot lilt ll!WJUwGn, ultqpOwqwO luOqpp[! ltqphOp hhmL.JWl mbupntl. 
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f = 2lx1 -9x2 -+ max 

10lx1 -102x2 :2:0 } 
95x1 - 93x2 -1 :2: 0 

22x1 - 22x2 + 1 :2: 0 

X1 :2: 0; X 2 :2: 0 

(}.Jm)u 3. Cl-c)-wJ}lfi apwqpwtJ.npdwfi }ufillP.P bpqpw!wtllwltwfi 
ublt fiwpwfinuin 

().l)tu.JJlfi opwqpwqnpuwfi UJ.rnpqwqntJ!i }ufi$pfitpn, npnfip UJ.Wpm
lhlllt'" u tfi utq qwu tpqm tllmfm}uwqwfifitp, qwptw t tntObL hJ1qpW-
111Hinu4tufi bqwfiwqnq: ~liWJWO WJI} UlPUJ.P }ufi$p!itpf! qnpofiwqw!i 
I u•fhu4mpJmfi ~tfi qwJlllll mfitfiwt, uwqrnJ!i lipwfig ntum.ufiwupJllltU[! 
11\lltll•ntl t qOwJpfi Op.wqpwll.npuwfi }ufil}JlP. npnz hwmqmpJrufifitp pwgw
l111,1li1Lt11U, pfi~U[bU fiwl.t tpqpw~wtllnptfi tmbUwfi U:tpnqlibp.[! [!lilJrntbtltu: 

§12. bpqm tflmlm}uwqw66bpml qbu!J}lfi w6hwqwuwpmu6bpp 
hwuwqwpqbp}ltmltntu(! 

IJOpwqptfip m{lqwo t bJlqm tllntllnJ:uwqw!ifibJlllt.J. <\mtlJJ:lfi wfihwqw
lllllr•muutpr htmL.JWL hwuwqwpqn. 

a1x+b1y+c1 :2:0 

a2x+b2y+c2 :2:0 
(1) 

amx+bmy +em :2:0 

lltnttbuqlt qwJlllllmfiwfip gmJg mwt, pt pfi~ t pptfipg fitp4WJwgfimU: 
1 I ·Ia t.mbmun, fiwJ:u umwfiwfip fipw U:t2 umfinq nJlL.t 
I II htmtwuwpntpJWU tmbmu: (1)-p U:t2 umfillll JlllJlWpwfivntp wfihw
ljll\Jill[llllU qwpttlt t fitpqwJwgfitthtmkJWL mbupmJ.. 

~+~+c:2:0 W 

a."C+by+e>O 

ax+by+c<O 

qu.s x 

UJumbq hmpg t I}llqmu 
UIWJlqhL ph pfi~ mp
JlllLJP t }lptfip.g litpqw-

JWglimu (x,y) qbmt

PP WJli pwqUm.pJntli(!, 
npnlip pwli.WJlWpntn 
tfi (2)-pli: UJq hwpgpli 
UIWIDWU}uwfibtm hW
UWp qllmwpqtfip l-
q}l.O(!, npg nJllllll.ntU: t 
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ax+ by+ c = 0 hwl}wuwpntunl}: 

UJfi, fllii.uthu hwJmfill t, hwppmpJwfi qpw utmml.J.hpl}mu t nlllM 
qbp mtupnl}, np{! hwppmpJDLUt! pwdwfimu t lipl.J.m l.J.lluwhiDppmpJmfi
a tpp ( qb. 5), npnfig!lg utl.J.ll hwuwp mtiJjl m!i 11 ax+ by + c ~ 0 , pul.J. 

UJDLUp' ax+ by+ c ~ 0 wuhwqwuwpntU{!: L qpb{! ltwpnq t utwmltwfibt 

l.J.puwhwppmp Jmfilitppg Jmpwpwfii.Jntpp!i: 
q.npbuwl.J.wumu, nputbuqp utwpqtap, hwmltwutbu np lJ.puwhwp

pmpJwfifi t utwml.J.w!imu (2) wfihwl}wulUpntU{!, pu!iwpl.J.hfip bpl.J.m qhutp: 
y l. b :f:. 0 : liJU flbut-

qb.6 

hwppmpJwfi l.J.bmhpp pwqumpJmlip: 
2. b = 0 : liJu qbutpmu (2)-t! ptpl}mu t. 

pntU hfiwpwl}np t. 
w) b > 0, npp 

qhutpmu (2) wfihw-· 
l}wuwpntup ptipl}mu t 
y ~ kx + d mtupp, pul.J. 

p) b < 0 qhUIPntU' 

y ~ kx + d mtupp: 

(w) qhutpmu (2) 
x wfihwqwuwpuwfi Lnt

bmup !Pfimu t I qbpg 
~tpL., pul{ (p) qhUIPntU' 
utppL_ pfil.J.wb l.J.lluw-

w) x ~ h mbupp, tpt a > 0 L_ 

p) x ~ h mtup, tpt 

a<O: 
.Jlwfip np tpltpnpq 

qhUIPntU ax+ c = 0 nt
lllnlt! Dll}qWhWJW9 t 
wpugpufitpp wnwfig
ppfi, mump l.J.lluwhwp
pmpJntfifihp{! l.J.!Pfib(i I 

--+--------~~-r-----+ X Dll}IJjlg W2 L_ OW}u 

44 qb.7 

, 

11 t,C1) lptquL1mu1: w) qhutpmu (2)-p tmbmup 41PfiP. l niJ1IJll9 w2 
III111HI Iuupp111pJWU l{bmbpp pwqUntpjlllfi[!, pul{ (p) qbtqpmU' owju: 

11 utqlmml, (2) wfihwtJ.wuwpmpJmfi[! hwuwutwmwutuwfimu t 4l1Utu
llllj1Jlll1Jl.ILUG l{tmbpp pwqumpJmfi: 

qer.8 

y 

q1J .9 

·------·-·-r f. 2 

Opftuwlj: q.mfitt 
hbmL.JWL wfihw
l}wuwpuwfi[! hw-

uwtqwmwutuw-
finq l{Puwhwp-
pmpJntfi[!: 

2x+3y-6 ~ 0 

Spl}wb wuhwtJ.w
uwpntU[! pbp.~nu1 

x t pptu hwuwp<ttp 

1 
y~--x+2 

3 
mtupl1, hhmL.w
pwp fipwu hwuw
tqwmwutuwfi 4)).-

uwhwppmpJntU[! 
[!Cil{wb l{!Pfi)l mqiJ.llg qbp.L_ 
(qb.7): 

UJ<tU (1)-p tntbmu(! 
umwfii.utm hwuwp GmJfi 
ltnnpqpfiwmwl.J.wfi hwuw
l.J.wpqmu l.J.wnmgmu tfip 
upw Jlllp.wpwfii.Jntp wfi
hwl}wuwpuwa lJ.puwhwp
pmpJmG{! L. qmfimu fit!
pwfig hwmmut!: ~hzm t 
mbufiht, np qtp2wl}np 
pqnq lt}lumhwppmp JDtfi
ubp.p hwmntU{! pptfipg 
fihplJ.wJwgfimu t )lfii. np 
pwquwultJmfi: q.b"wqpp. 
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8-mu gntJg t mptjtub" huwpwtjnp mwppbpwl.J.ubppg ut.lm, mp oOqb~wb t 
tmb"uwu M m}lpmJp(!.: 

M m}lpntJPI! l.J.n~tjmu t (1) hwuwl.J.wpqbpp tmbnuiObp~ m~pntJp: 
Uuu}12wutbu ul.J.wmtup, np tmb"muutp}l m}lpntJPI! lif11u1 ~t. np lftwli t: 
liJu l.J.WJlllll t IPlibt pwg (qb-.9) L. qwmwpl.J. (qb . IO): .QwO~ np (1}, 
hwuwl.J.wpq}l tmb"muutp}l m}lpntJPI! pwquwul.J.jmuw~t. 1., muua~ Opwll 
(M) wutjwunn1 tu uwL. tmb"muutp}l pwqumpJmu: 

'bl.J.wmtup uwl.t, np (1) hwuwl.J.wpq}l tmb"muutpp M ua~pnlJPfl }lpt...; 
upg ubpl.J.WJWgUntU t ntnntgpl.J. pwquwul.J.jmu: 

liJuut}luntj, WJU l.J.bmbp}l bpl.J.pw~wl}lwl.J.wu mbq(!., npnOg liMflllll

y 

qo.IO 

X 

uwmubp(!. pw~wpwpmd bO (1) 
hwuwl.J.wpqp pntnp w0hw1fw
uwpntuutp}lfi, 4wlltmbmd0bpp 
m}lpntJf}lfi, hwOqfluwOmd t 
M mnmgpl.J. pwqllwOltJruO m}l
pntJf: liJu uuawg~mll t (1)-p 
pntnP wfihw~wuwpmiiObppO 

hwUWUjWUIWUIUw0nq ldluw
hWpfntfjntUubp~ hwmmd}lg: 

'bntjfi op~OWlWiftnlpJWUp, 

hfb hwuwltwpqfl qpbOg bptp 
l}lnl}ln}:uwl.J.wOObp~ Ia l{bp5!w
utbu n lftmfmfuwliwOOtp}l 
hwuwp, wutw hwllwliwpq}l 
tmb"ntU(!. bnwlw\fl mwpwbmf

JWU ut2 l.J.ubpl.J.wJwgu}l mnmg}ll.J. pwquwu}lum, ~u'J n- !W\flwO}l 
mwpwb"ntfJWU ut2' n- ~wl}lwfi}l mnmg}ll.J. pwquwupum, npnOg OruJOutbu 
l.J.WJlllll b(i tPUhtpWg, l}lwl.J.l.J.WU qwmwpl.J.: 

§13. q_bwJpli bpwqp.wtjnpuwli J:ulillPP tmbntdn bwppmpJWO 1@w 

Sptjwb" t qb"wJ}lu b"pwqpwtjnpuwu }:uuqpp(!. hbmL.JWL mbugn~. Q.mObt 

f=c1x+c2y~max(min) (1) 

hbmuJWL utWJUwuubpntj. 
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a1x+b1y +d1 ~ 0 

a2 x+b2y+d2 ~0 
(2) 

X ~ 0, y ~ 0 : (3) 

UJu _lulii)ll}l tmb"mt1(!. umwuwtm hwuwp l.J.nnpq}luwmwq~u hwpfntf
JWU 11Jlw l.J.wnmgmu tup (2) hwuwl.J.wpq}l tmb"muutp}l pwquwfil.J.Jmu(!.: 

y bfb }1 ul.J.wm}l mubuwfip 

O<c'<c''< ... 

qo.ll 

UWu (3) UjWJUWU(!., WUjW 
tmb"muutp}l pwquwul.J.
JntU(!. l.J.umwgtj}l l.J.nnp
q}luwmwqwu wnw2}1u 
pwnnpqmu: Sptjwb" _tuuq
p}l tmb"mul! hwuqmu t 
htmhJwwu. tmb"muutp}l 
pwquwul.J.Jmu}lg qmfibt 

x WJUut}lu}l qbm, np}l qnnp
q}luwmubp(!. mbqwi)llbtntl 
qb"wJ}lu &L.}l ~muqg}lwJ}l 

ut2, umwgtj}l upw uwp
u}lumu l.J.wu u}lu}lumu 
wpdbp(!.: 
UJau utwpqtup (1) liutw
mwl.J.wJ}lu ~mul.J.g}lwJ}l 
bpl.J.pw~wl}lwqwu }luwu

m(!.: Ujq UUjWUlWl.J.ntl uw}:u ~mul.J.g}lwu hwtjwuwpbgfibup qpnj}l (qwpbiP 
t hwtjwuwpbgubt gwfil.J.wgwb" ptj}l): 

f=O 

l.J.wu 

c1x +c2y = 0 (4) 

Umwgtjwb" wnw2}1u wum}lnwu}l hwtjwuwpntU(!. (4) hwpfntfJWU 
11Jlw utwml.J.bptjmu t mq}lq qb-}1 mbupntj, np(!. wugumu t l.J.nnpqpuwmubp}l 

ul.J.qpuwl.J.bmntj L. miJ.qwhwJW9 t N(ct>c2 ) tjbl.J.mnp}lu (qb-.11): UJum-
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hbmh l>m!iqg}lwj}l!i mwtml mwppbp wpdbp!ibp (I • c', I • c ·, · · · ), 
umw!imu b!ip qmqwhbn q~bp}l nUmw!ipp, npnOp ~nl"nuJ b!i 
UUJ.wtnwqwJ}l!i l>m!iqg}lwJ}l uwqwJlllw4}1 mf\lut qbbp: UbbwgObtntl 
l>m!iqg}lwj}l wpdbp(! 0-}lg u}l!i!h 00' UW\tWJlllW4}1 qbbp(! «t,gOnuJ» bO u}l 

WUPIUJ.2 4}1uwhwp~m~Jm!i, np}l uwhUwUU t I= 0 q}lbo: 

b~b l>m!iqg}lwj}l wpdbp(! tfmppwg(ib(ip 0-pg upOl~ -00, WU{W dw
\tWJlllW4}1 q~bp(! «4.zwpdtlb!i» hwqwnwq Dlll.flnt)}JWUp' «~,gOba,D"» hwp
~nt~jw!i bp4JtnJlll qbun: liJlllJm!ipmu qw{lllil bOp wubt., np b'b ~ruaq.: 

y g}lwJ}l wpdbpo &lln&llntu"ntd t 
- oo -}lg upal~ oo, wutw l1w-
4wJlllw4}1 qbbpo .qgOotd bO))_ 
wupiUJ.2 hwppmpJmOn: 

Sbqwzwpdbtn" / • 0 q}lb-}! 

qbUJ.lt tmbmlSObp)l pwql1wU-
4JmUn, uwtawfUlW\a)l qbbp}lg 
qqmObOp wJO bp~mun, npnOp 

X M tnppnlj)}(! oOI}CUll{md bO 
}lpb!ig up2~ ~ tmbrulSObp}l . 
puiqunt)}JWO · hb&n ntObG 
·wnttwqG ublt ~bln (qb.12): 
UJq q~bp(!, npnOp wOgOmu 

qa.l2 b!i A h B ltbtnbpn", tDtbntu-
Gbp}l pwquwG4JwG hwuwp, ltn!tlmu bG hb!iuwG qbbp: "lwpq t, np 
hbGuwG q~bp(! M m}lpntJ~}l hbm mGbG ubqnGqhwGmp ~blft: ~bOdwG 

q~bp}lg WJG, npn wnw2}1GG t hw!iq}lUJ.mu M mppnlJPP hb&n, hw
uwUJ.wmwufuwGmu t I l>mGqg}lwj}l u}l!i}lumu wpdbppQ (qb.12 A qb-

mntl wGgGIUJ. q}lb-}!), }luq tlbP2lt!in' uwpu}lumu wpdbppG ( B ~b&no" wOg
GIUJ. q}l~): UwqwJG h!iwpwtlnp t WJUUJ.ltu}l qbUJ.P, bpp hbOdwQ qbbp}lg 
ubq(! (qwu bpqmuG tl) hwunG4G}ltm~muGbp}l pwquwGllJwO ~llf\dbpM 
npht ub4}1 hbm (q~.13): UJU qbuwmu WJI} hwmttw~p (BC) pntn(l l{bUlbp}l 
hwuwp I l>mGqg}lwU qumwGw u}lhGntjG uwpu}lumu wpdbpo: 

'VUJ.wmwqwJ}lG l>mGqg}lwJ}l oUJ.m}luwt wpdbpGbp(! qtnObt.m hwuwp 
w!ihpwdbzm t npnzbt A u B qbmbp}l qnnflllllGwtnGbpn (12) ~ apwGg 
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y 

X 

qa.l3 

hunhup. hwztlbt f .'l>mfiq

gpwjp wpdtpfitp.[!: Ujq qt
mtp}l qnnp.q}lfiwmfitp.[! 4l!
qmfitltfi, t~b tm~bfip WJfi 
mqllqfitpp hwtlwuwpnulfit
pntl qwqii1lm~ hwuwqwpq[!, 
npnfig hwumuipg umwgtltt t 
mllJwt qhm[!: 

bpt 

Opjluwlj 1: Q..mfibt 

f = 2x + 3 y ~ ext, 

5x+2y~10} CD 
· -x+2y~4 <V 

y:s;4 ® 
Iufiq}lp[! tm~btm hwuwp, fiwlu qmfitfip tm~mufitp.p pwquwfi4Jmfi[!, 

np.p hwuwp. qwnmgtfip Jmpwpwfivmp. uwhuwfiwl}lwquwfi qpuwhwp.

qo.l4 

~m~Jmfi[! (q~. 
14 ): Pfi!UJ.hU b
p.1.mu t q~wq

ppg,'htfiuwfi q[!
~tp[! wfigfimu 
tfi A u 'c qt-
mtpntl, [!fiq n
pmu A qtmmu 
f .'l>mfiqgpwfi 

q[!fitpufi}l u}lfi}l
umu, p.uq C 
qtmmu' uwpup-

x umu wp.dtp: 

A qhm[! wnw-
2WQhL t <D 
h <V nllllulfitp 

p. hwmmupg, 
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hbml.twpwp upw 4nnpq}luwmutpn qmubtnt hwuwp U}bUlp t tntbbt llljl} 
hwlJ.wuwpmuubp}lg 4wqulJ.wb hwllw4wpcm. 

5x+2y = 10}: 
-x+2y =4 

5 
lmbbtnlJ.wJCi, 4umwuwul). x = 1,y =-: 

2 
5 1 

<!,bmLwpwp' fmin =JA =2·1+3·-=9-: 
2 2 

C 4bmn wnw2wgbt t <n L ® mJll1qubp}l hwmmu}lg, mumll' 

y 

-x+2y=4} 
y=4 

,x = 4,y = 4: 

fmax = f c = 2 · 4 + 3 · 4 = 20 : 

OpfJuwft 2: 
<+mGbt 
f = x + 2y ...._.ext, 

bf}b 

4x- y ~ 4 } CD 
x+3y~6 @ 

2x-3y ~ 6 ® 

------<~~------""'+-~--~----==~:----7-~x 4wnmgbup tmbuwu 
-2 
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f=O 

qb.l5 

mppntJPI! ( M . qb. 
15) L qmUbup htu
uwa qbbp[!: PU~UJ.bu 
bpLmu t qbwqp}lg, 

tmMwu m~JlntJPI! 
pwg t. ~u4 hbGuwu 
qpb[!, npu wagumu t 
B 4bmml. hwuw-

ll!lllUllllUlulllUntU t f .'pntu4gpllljp UpUpUntU wpabpp(i: .Qw(ip np Ulp

pntjp[! pwg t , mum}l WJU I}hUipmu .'pmu4gJ:lwJ}l uwpupumu wpatp 
qnJntpjntU l_ntu}l (wuljbp2 uta t): PUl_Uihu Uwtunpl} oppuw4mll, UntJU 

O.Lml qmumu bUJ1 B 4hm}l 4nnpq}luwmubp[! L upw hwuwp hwzlJ.mu 
.'pmu4g}lwj}l u}lu}lumu wpabp[!: 

4x- y=4},x=~,y= 20 
x+3y=6 3 13 

18 20 6 
/min = fn = D + 2 '13 = 40 : 

§14. q_<)wJpfi bpwqpwqnpuwfi }ufil}!lp tmbmun tnW!WtP lL n
!W$wfip wwpwbntpjntfifitpp ut2 

btGbtntl hwppmpJwfi qpw qbwJpfi bpwqpwlJ.npuwfi lufiqpp 
tmbmupg, oppfiwl_wtllnpbfi 4wnmgmu bfil) bnwl_llltP h n -l_Wl.jlwfip 

mwpwbntpJntfiubpp llb2 UpwUg tntbntU[!: 
bnwl_w$ mwpwompJwfi ut2 qbwJpfi bpwqpwlJ.npuwfi lufillPPI! mfi}l 

hbmhJWL mbUJ)[!. 

f = c1x1 + c2x2 + c3x3 ~ext , 

aiixl +at2x2 +al3x3 +bt ~0 

a2Ixi + a22x2 + a23x3 + b2 ~ 0 

amlxl + am2x2 + am3x3 + bm ~ 0 

X1 ~ O,x2 ~ O,x3 ~ 0 : 

(1) 

(2) 

(3) 

lllwhwu2tJ.mu t qmubt (2) uwhUwuwtllw4mllutpp hwuw4wpqp WJU 
nl_ pwgwuw4wu tnti'Jntll[!, np[! (1) CiUiwmw4wJpU .'pmu4gpwJpu 4hwugU}l 
Oll!Ul~lllllL (upupumu 4wll UlUJ)UpUntU ) wpctbl)p: 

UJI}. Ci1.4wmw4n4 bptww!w$nptu 4wnmgmu tu11 (2) hwuwljwpq}l 
jntpwpwu!_lntp wuhwlJ.wuwpuwu[! hwUlllllll.UUllllUlulllfilli} 4}1uwmwpw
i'JmpjntU[!: flppg hbmn qmUmu tu11 WJI} 4}1uwmwpwbmpJmuutp}l hw-
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mmur!' fiqwm]l mfitfiwtml (3) UJ.WJUWfifitp(!: l.J)luwulwpwb"ntpJntfifitp)l 
hwmmti(!, tpt WJfi lllwl.J. t , qfitpqWJWgfi)l mnmgpq pwq1Ywfi]1um: 
UJfimhtmL. qmfimu tfip htfiuwfi hwppmpJmfifibp(!, fiwluopnp 

qwnmgbtml f = 0 hwppntpJntfi(! L. mtqwzwpdbtml WJfi pfipfi )lptfi 

qmqwhtn: <.tfiuwfi hwppmpJmfifitp)lfi hwtiwUJ.wmwuJuwfinq l>ntfil.J:
g)lwJ]l wpatpfitp(! l.J.\llfibfi fipw oUJ.m]ltiwt wpatpfitp(!: bpt htfiuwfi 
hwpplllpjntfi(! znzwl}l.ntU t pwquwfi)lum)l qnq(! qwU fipUUI(!, WUJ.W WJI} 
qnq]l qwu fi)lum)l pntnp qbmtpmu f l>ntfiqg)lwfi q(!fif)ntfip uphfintjfi 

OUJ.Ul)lUWL wpdbp(!: 
n -lwl}l.wfi)l mwpwb"mpJmfifitp]l ut2 qb"wJ]lfi b"pwqpwqnpuwfi Jufiq]l

PI! qwpb\ll t qpbt htmuJWL mtupnq: 
Spqwb" t fiUJ.wmwl.J.wJ)lfi l>mfiqg)lwfi, uwhUwfiwl}l.wqmufitpp hwuw

qwpq(! L.l}l.nl}l.nluwl.J.wfifitp)l nl pwgwuwqwfi \llfittm UJ.WJUWfifitp(!' 

f = c1x1 +c2x2 +·· ·+cnxn ~ext , 

a11 X1 +a12X2 +· .. +a1nxn +b1 ~ 0 

azJXl +azz Xz +···+aznXn +bz ~0 

aml Xl + am zXz +. "+ amnXn +bm ~ 0 

(4) 

(5) 

x j ~ 0,} = (i,n): (6) 

q..mfibt uwhUwfiwlllwl.J.mufitp]l hwuwqwpq]l WJfi nl rwgwuwqwfi 
tmb"mti(!, np(! l>mfiqg]lwJ]lfi hwugfi)l oUJ.m]luwl wpatpp: 

opt (5)-)1 nput wfihwqwuwpnLU qwpufibfip hwqwuwpntU, WUJ.W WJfi 
}:lptfi)lg qfibpl.J.wJwgfi)l h)lUJ.bphwppmpJmfi, np(! n -~Wtllwfip mwpw
b"mpJmfi(! l.J.pwawfi)l tpqm h]lUJ.bpl.J.)luwmwpwb"mpJmfifitpp: UJf) h}nqtp
l.J.)luwmwpwb"mpJmfifitp)lg ubq(! qhwfiq)luwfiw (5)-p Ut? UUifinq nput 
wfihwqwuwpuwfi tmb"mti(!: n -lwl}l.wfi)l mwpwb"mpJmfi ut~ qwnmgttntl 
(np(! u)lwjfi UJ.bUlp t UJ.WUlqbpwgfitfip) (5)-]1 PlllllP hpUJ.bp- q}lUWUlW
pwb"mp Jmfifibp(!, qqmfitfip fiwh fipwfig hwmnul(!: UJfi }lptfi)lg 
qfibpl.J.wJwgfi)l mnmg)lq h]lUJ.bppwquwfi)lum (tpt WJfi \flwq t): liJ
fimhtmL, qwnmgbtntl f = 0 h]lUJ.bphwppmpJntfi(!, qqmfitfip htOuwfi 

h)lUJ.bphwppmpJmfifibp(!, npnfip qhWUWUJ.WUlWUluWfitfi fiUJ.WUIWqWJpfi 
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l>mfiqg]lwJ]l OUJ.m)ltiwt wpdtpfitp]lfi : 

<!.)lzbfip, np n -l wl}l.wfi]l mwpwb"mpJmfi ut2 qbm(! x1 ,x2, · · · ,xn pqt-

p]l qwpqwqnpqw() Iumupfi t, llp(! qpqmu t x(xl' x2,.. ·,x J mtupnq: 

Uwhtfwunllf: X qbm(! l.J.nlqmu t n -lwl}l.wfi)l mwpwb"mpJmfi ut2 

M mnmg)lq pwquwfi)lum)l qwqwp, tpt WJfi UJ.Wmqwfimu t M m)l

pmJp]lfi, PWJ9 wutfi u)l hwmqwb", llp(! UJ.Wpmfiwqmu t X qbm(!, 
wupnq2nq]1fi (!fiqwb" lt M m)lpmJpmu: 
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q_tmlu 4. c:tnp:qwfijwfi wpmwpunuifihp 

§15. Umtnpwqwfi anJlllWUJWU wpmwpumufihp 

lJwpbUwm)1qwqw(i opwqpwtlnpuw(i tuuq)1pfitp)1 tmffilw(i utpnq
GbJ1]1 h)1upmu h)1ufiwi.J.wGmu [!Gqwo t dnpqmGJWG wpmwpumuGbJ1)1 ub
Pllill!, np)1 tmpJntU[! pwgwmpbtm hwuwp pGGwpqtGp qb"wJ)1G hwuwubn 
-1>mGI.J.g]1wGbJ1)1 (qb"wj)1G a L.bp)1) hbmL.JWL hwuwJ.twpq[!. 

Y1 = a11 x1 +al 2x2 +···+ a~., x. +···+alnxn, 

y2 = a21xl + a22x2 + ... + a2.,.x .. + ... + a2,xn' 

Y, = a,1x1 +a,2x2 +···+a,"x' +· ··+amxn , 
j 

npmbrt a iJ qnpowld1gGbp[! hwJmGll ptlbJl bG: 

(1) 

UJumbq Y;~ = l,m) tllntllntuwltwGGtpG wGtlwGtGp htGpmJ)1fi 

(pwq)1uwJI1Ci), lmi.J. Xj 0 = 1, n) tlmtlJ.ntuwi.J.wGGbp(i ' wqwm: crnpqwCijWU . 

aL.mtllntumpJmGGtp)1 )1uwum[! (I) hwuwJ.twpq)1g u]1 mp)1z)1li wug Gtum 
oppGwi.J.w~wtllntpJmG qmGttG t , tpp htGpmJ)1G tllntllntuwltwGGtppg ublt£! 
tllntumJ1pGtjmu t wqwm tlJ.mJmtuwJ.twGGbppg npL.t ubJ.tntl: 

UJrt GUJwmwltntl (l) hwuwJ.twpqp GJ.twmuwup I.J.ltwmwptup hbmL.JWL 
a L.wtlJ.ntump JlllU[!: 

'-ltpgGbG!J (1) hwuwJ.twpqp npL.t hwtlwuwpmu (npnzwltlmLpJmfi 
hwuwp r-bpnJUJ[!). 

Y, = a,1x1 + a,2x2 + · · · + arsxs + · · · + amxn 

lmobup WJG x.. tllntllniuwJ.twG]1 fiJ.twmuwup, npp hwuwp 
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ll!l llp Lu <.lhzm t, np X
5 

-)1 qnpb'w4.]1g[! hwtJ.wuwp apG]1 qpnjp ( a,s #: 0 ): 

I 111\lliOUIUp' 

N II: -
1
- (- a,IXI - a,1X2- ···Grs-IXs- 1 + Yr- Qrs+IX.HI- •••- arnxn) (2) 

a,,, 

.'bllWI}pbGp (2)-pg X
5
-p wpcJhp[! (1)-p oGwgwb' (m-1) hwtJ.w

lll llllluWbp]1 llb2: Shflwqpmtl[! qwmwpbGp upmJG up hwtJ.wuwpuwG 
nHIIIIlult i -M) hwuwp. 

Y; = ailxl + a12X2 + · · · + ais-lxs-1 + 

~~ [-~- (-a,lxl -a,2x2 -···-ars-lxs-J + Y, -ars+lxs+J -···-amx,)]+ 
a, .• 

ltqwmtlbtntl. tJ.lwi.J.wqobppg L. qwmwphtntl. GllwG wGqwuGhpp 
m ptut[ntmtllJ.tumwGwGp' 

IS r1 X + ... + a - IS rs-1 X + a ·a J ( a. ·a J 
2 ls-I s-1 

an an 

l· ~y ++(a. ~ at.J ·ar.<+JJx + .. ·+(a. -a;., ·amJx 
r u+l r+l 111 n 

~ . ~ ~ 

(3) 

(3) opztn t (1) hwuwqwpqp JntpwpwG~mp hwtl_wuwpuwG hwuwp, 
11 11 011 r-M hwtJ.wuwpmupg, nppg wJll}hG oqmtJ.bL hGp: liJl} UJ.wmownntJ. 

) ll ub2 i-p tlJ.ntJ.ln]:ullwG mppntJpG t i=1,2,-··,r-l,r+l,-··,m : (1) 

llllt1wi.J.wpqp pntnp hwtJ.wuwpntuGbpp ub2 x1 tJ.lntJ.ln]:uwqwGll 

lll[l tllui.J.pgGbpp umwgntU[! qwmwptJ.mu t GmJG oppGw~wl}lmpJwtlp, pG~ 
lll!llUgqbL t (3)-p tlb2: 

OqmtJ.btntl. l}flwGpg (3)-p Uh2 qw\n.wpbGp x1 tJ.lntJ.lnJ:uwqwGGhpp 

ljllp0wltl19Gbpp GzwGwqmllGhp hbmL.JWl i.nbupntl.' 

.. ais·a,1 bu =aiJ---~ 
ars 

(4) 
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(4)-g np.zm t pntnp l}lmlm}uwl.Jlllfifitpp qnpmuqpgfitpg npnzhtliU,! 
pwgp i = r 1.a. j = s, pwfip np i -.[lq hwtlwuwpnuipg tfip n]1112_bt j -M 

l}lnl}ln}uwqw fig: 
liJchl hwuw}uupbtml (2) ~ (3)-g ~ hwztlll wnfihtntl (4)-g, (l) 

hwuwqwpqg ql}ln}uwppfitfip $n]uwqwpowpwp hwuwpc:tbp hhmlt.Jmt 
hwuwqwpqml' 

ah b b Yt =buxt +b12X2 +· .. +bh-lx•-1 +-y, + h+tx<+t + .. ·+ t .. x,. 
a,. 

liJuutpuntl (I) hwuwqwpqpg wfigmu qmmwptg)lfip (5)-)lfi WJfiutbu, 

np y, hhfipwjpfi t}ml}ln]uwqwfig tfln]umJliJ.Iitlhg x. wqwm 

\flntfln}uwqwfintl, npntl tt tlhp2wfimu t &npqmfiJmfi WJlmmpumufihpfl 
uhl.J.pwJm: 

P.fi~utbu mhuwfip § lS-mu, OflJlllWiiJWU wpmwpumufihpp utq pWJI 
quimwpbtm hwtiwJl wfihpwdtzm t (1) hwuwqwpqp ow}u 1.a_ w2 uwup 
l}lnl}ln}uwqwfifihppg uttm $n}uwppfiht UjntUntl: <l>n}uW.[lpfihtlm umwlimu 
bfip (5) hwuwqwpqg, nJlp qnpbulqpgfibJlp hwztlwpqf! qwmwJlmti blip (4) 
pwfiwol.a_nt.J., pwgp r -1111 mruiPg l.t. s -Jlll UJntfi)lg: 

q_npMwl{wlimu l}lnl}ln}uwqwfifitpp lizlfwet l}ln}uwppfiuwfi 
qtuwmu l.J.WJlPP ~l{w (5)-)lfi wfiglit:q}lu qwmwpbt §15-nui Gzl{wet 

ol.a_unpn}untpjntfifihpg: lrwpht}l t WJJl dl.a_ml}ln}untpjntfifihpg l{WUlW.[lht 
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II IIIII •lnnJm}uwqwfifitp)l qnpbwlt}lgfibp}l fiqwmuwup fibpqwJWgfihtntl 
111 ll,lltiiiiUwqfihpJ:l up2ngnq hbm~JWL l{bput: (1) hwuwqwpqp hwtiwp 

I'"''''"''~ L!Up hhmla.Jwt wll)ntUWl.JJ! (wq.l), nppg htmn gfimpmti tfip, ph 
111 tlllltltn)utuqwfif! npnlf blip l}ln]ump}lfibtnt (bpt Y, -pli' x, -nlf, WUJ.W 

''·· "() ): 
Urynwwlj I. 

x, Xz x .-t x. x.+t x,. 
-

1', (l" atz ab-J ab ats+t at .. 

I' l (121 a22 a2s-1 a2s az .. +t az,. 

,,, 

I' I (l/1 a;z a;.,_; a;. a is+ I U;,. 

,. 
r n,, a,z a,.._I [;] a"'+I a,.. 

, II 

I' n,, a,z a_ am.J+I a,,. 
Ill a,._J 

11111 lllf\.tntuwl.tmti r -pq mnq{! wfilfmfintu blip q!luwlfnp mnq, }luq s-
1111 UJIIIIItt' 'lt)uwt.J.np UJmfi: "Vpwfig hwmuwfi mbqmu qmfit}nq mwppf!' 

t I,. II tii)IIIUlJnp mwpp: 

c lttllnlhtnt.J. (5)-}lg qwqumu tfip WilJmuwq 2-f!, fiqwmp mfitfiwtn't.J., np 

1', tl1111llltlmuqw0p l}ln]uwppfilfnui t X 8 -n't.J.: 

1 ,,1,umt.Op, np (I) hwuwqwpql!g (5)-}lfi wfigfitm hwuwpdtp t 
1111111111111111 I·JlU \Ufiguwfih W£UlllUWq 2-pli: 

11 ''"' utl•uObfip, ph J:lli~UJ.bu t umwglfmu WilJmuwq 2-n: UJil 
~"l""""''l"'l oqm~blip (4) lizwliwqntufibpl!g ~ mllJmuwq 2-mu r -pq 
Wllllll• '' ,\' •!Ill UJtUli mwppbp):l mbuppg: ~l:izm t mbufibL np wrumuwq 2-1! 
tjltllllllllllllt I, lllllJlll.UW~ 1-llg hbUl~JUll pWJtbpll oqfimpjwtip' 

•ul•lll'llllllnr• mwppg tfln}uwpl!lilfwb t pp hwqwqwpontl, 
I' I •IIJIIIIIIIIIfl UlllJlp ufiwgwb mwppbp[! pwdwfi't.J.wb hfi qlluwt.J..np 
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uuupp]l. tlrtw L. tlhllgtlwi:t t!i hwl.J.wnwl.J. u2wfinq, · ·~ 

q) culuwqnp UJWfi u!iwgwa mwpphp[! pwdw!iqwa t!i q!luwtln~ 
mwpp]1 tlrtw, 

q) wrumuwl.J. 2-]1 u!iwgwa mwpphp[! wwgqmu t!i oqml.J.htnl.J. (4 
fi2wfiwl.J.mu!itp]1g ( c:tnJUlW!iJw!i pw!iwaL.]l..g), npmt.q i =1= r , j =1= s : 

XI Xz ... xs- I Y , xs+1 

bll b12 bis- I 
a Is 

bi s+I YI ... 
a rs 

.. . . .. .. . ... .. -. . .. ... 

Y r- I br- I1 br- I2 br- Is-1 
ar- Is b . ... r- Is+1 
a,s 

- a,I - a,z - ars- I 1 - a rs+I 
xs -... 

a , •. a,s a ,s a rs a,s 

ar+Is 
Y r+l br+II br+I2 .. . br+Is-1 br+Is+I 

a,s 

.. . ... ... .. . .. . .. . . .. 

b mi b m2 b ms-1 
a ms 

b ms+l Ym ... 
a rs 

Op}lfiwl;: b!ipwllPhfip mpl.J.Ulb t html..JWL hwuwlJmpq[! 

{

YI = 2xi + 3x2 - 2x3 

y 2 : 4xi -5x2 +3x3 

Y3 - 2xi + x 3 

Urynruwq 4 
J 

. .. x , 

. .. bi, 

. .. . .. 

.. . br- In 

am 

... a ,s ·, 

I · 

... b r+l n 

. .. ... ~ . 
. ~: 

... bmn 

lllwhwfi2tlmti t tflnluht y 2 L. x3 tflmpntuwl.J.w!iutp]1 mtqhpl}: liJ 

liutwmwl.J.nl.J. qwquh!ip c:tnJUlWiiJw!i Wll.Jmuwq (wqJmuwq 3), npmt 
qtluwl.J.np mwpp[! [!liqqbl.J.wb t wqJmuwqmu: 
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Uiyntuwq 3. Urynwwq 4. 

XI Xz x 3 XI Xz Y z 

3 -2 Y 1 14/3 -113 -2/3 

-5 QJ x 3 -4/3 5/3 1/3 

0 1 Y 3 2/3 5/3 1/3 

I IIIIUIIIIJ1LGf1 d-npqw!ijw!i unl.J.npwl.J.w!i wpmwpumu!ihp]1 uhq {;!WJL 
ll l)flllll tlllt . ·I• G4wmuwup : lrumw!iUJCip wqJmuwq 4-[!, np[! hwuwpcJhp t 
tl llltllj 111 JilluUw4wpqllfi' 

{

YI = 14/3x1 -lf3 x2 - 2/3 y2 

x3 = -4/3xi + 5/3·x2 + 1/3 y 2 

y 3 = 2/3x1 + 5/3 x2 + 1/3 y 2 

§ 1 7. c:tnJUliDiiJw!i qhpwl!m]uqwa wpwwpunnHihp 

I •II qbu.•.1l1ti ~m!il.J.g]1w!itp]1 (1) hwuwqwpq[! !ibp.qWJWgfit!ip WJL 

""'''Ill· ''t (- a11 ) · (-xi) + (-ai2 )·(-x2 )+··· + (-aJ · (- xJ+ ·· ·+ (
1
) 

I n,,J (- x,), & = 1, m) 
111111 U'ltlllpJwfi hwuwp fi2wfiwqt!ip -aij =dij, i=I,2,-· ·,m ; 

lltu J)l•ummu §15-]1 (1) hwuwqwpql!, np[! hwuwpdtp t (1)-]l..!i, 
J li lt hLlllL.JWL mhup[!. 

I 1: d1I(- x1)+d12(- x2)+ .. ·+db(-xJ+···+di,(-x,) 

md (- x +d . (- x )+· ··+d. (- x )+ · .. +d. (- x ) I II 1. 12 2 u ' m n 

(2) 

lit• •·· ····· ·· ·· ···· ··· ··· ···· ······· ··· ···· ········ ······ ···· ········ ·· 
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liwqublip (2) hwuwqwpq]l hwuwp dnpqwlijwli w.rumuwq, lJ.bpg

libtnlJ. w.rumuwqp lJ.bpL.]l UlllllntU x j l]lmpnluwqwlilibpp pwgwuwqwli 

lizwlilibpnlJ., ]lli~UJ.bu np hwuwqwpqmu bli: 

flpnzbtnlJ. (7) hwuwqwpq]l r -pq qOwJ]lli O.L.]lg x. tfm'fm}uwqwlip, 

pli~UJ.bU liwlunpq UJ.Wpwqpw:t>mU L. UlbiJ.WqpbtnlJ. Uliwgw<) qbWjpfi dhbpp 
ub2' qumwliwlip u]l hwuwqwpq, mp :t>mliqg)lwllbp(! tn]lllbli 

y, ,y2,. · ·,yr_, ,xs ,yr+l' .. ·, y m, ]luq wpqmubllmlltpp' 

Uruntuwlj 5. 

-x, -Xz ... -xs .. . -x" 

y, dll d,2 ... d,s . .. d," 
... . .. ... ... ... . .. ... 
Y; dil di2 ... dis . .. din 
... ... . .. ... . .. ... .. . 
Yr dr! dr2 ... I drs I . .. dm 
... ... ... ... . .. . .. . .. 
Ym dm! dm2 ... dms ... d,." 

lijq hWUWqwpq)lli qhwUWUJ.WUlWU}uwli]l hbUlhJWJ WllJOLUWqp 
(w.rumuwq 6): (2) hwuwqwpq]lg wligmup UJmu]l qwmwplj_mu I. WJilUJ.bu, 
]lli~UJ.bu liwlunpq UJ.Wpwqpw:t>mu, npp L. Plllllimu blip plipLpgn.q)lll: 

U.rumuwq (5)-]1 drs-(! quuwtlnp mwppli t, npnlj_ wligllllll Ulllll(! L. 

uJmlip hwUwUJ.wmwuluwliwpwp qn~qmu bli q!luwlJ.np m1111 L. UJntll: Uq
Jmuwq 6-p umwgqmu t w.rumuwq 5-]lg hbmhJWLPWJtbp)l u)l~ngn~. 

w) quuwtlnp mwppp (uiiumuwq 1) l]lnluwp]llimu blip )lp hwqwqwp
O.nq L. qpntu w.rumuwq 4-]1 hwliwUJ.wmwuiuwli mb.qmu, 

p) quuwtlnp mn.q]l uliwgw<) mwppbpp pwdwlimu blip qLfuw~np mwp
p]l qpw L. qpntU hw2npq w.rumuwqp (w.rumuwq 4) hwUWUJ.Wmwu}uwli 
UlllllntU, 

q) quuwtlnp UJWli uliwgw<) mwppbpp pwawlimu blip qtJuw~np mwp
p]l qpw L. hwqwnwq lizwlinlj_ qpntU hW2fiPil Wij.JntUWqp hWUWUJ.WUlWU-
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luwli uJmlimu, 
q) Uliwgw<) mwppbpp tpwglimu blip oqmlJ.btnlJ. dnpqwlijwli (4) 

pwliwdL.]lg (§15): 
lhynwwlj 6. 

-x, -x2 .. . -xs-1 -Yr -x<+, . .. -Xn 

y, bll b,2 b!s-1 
- d,s 

b!s+! b!n ... 
drs 

. .. 

... ... . .. ... . .. ... . .. ... . .. . -

Yr-1 br-11 br-12 ... br-!s-1 dr-!s br-!s+! . .. br-!n 
drs 

dr! dr2 drs-! 1 drs+! dm 
xs -

drs drs 
... 

drs drs drs 
.. . 

drs 
-

Yr+! br+ll br+12 ... br+!s-1 dr+!s br+!s+! . .. br+ln 

drs 
. .. ... ... ... . .. .. . ... . .. . .. 

Ym bm! bm2 bms-1 
_ dms b . bmn ... 

drs 
ms+l . .. 

Opftfiwtr Splj_w<) t hbmL.JWL hwuwqwpqp: liwmwpbt d-npqwli]l 
lJ.bpwtltn}ulj_w<) O.L.wtltn}untpjntlilibp]l ubq PWJL: 

{

y, =3x1 -2x2 +x3 

Y2 : -2x1 + 5x2 +3x3 

y 3 - 3x2 +4x3 

Splj_w<) hwuwqwpq]l hwuwp qwqumu blip anpqwliJwli qbpw
tltnlulJ.wb wpmwpumulibp]l wnw2]1li w.rumuwqp (w.rumuwq 1): bpb WJil 

w.rumuwqmu gwliqwlimu blip tltnlubt y 2 L. x3 l]lntltnluwqwlilibp]l mb-

.qbpp, WUJ.W lipw bpqpnpq m1111li m bppnpq UJmlip qqn~tltli quuwlJ.np, ]luq 
lipwlig hwmuwli mb.qmu qmlitlllll mwppp - 3-p' qLfuwlJ.np: li]lpwnbtnlJ. 
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UlilJlllUUll} 1-p fiqlllUlOUltlp anpqlllUJUlU ohlllllm}u~w{) wpmwpumofitpp 
~npu plllJLhPJ!' qumwfiwfip wrumulllq 2-[!: 

l.hynwwlj 1. l.hymuwlj 2. 

-x. -Xz - x3 -x. :..x2 -y2 

Y. -11/3 ll/3 -1/3 

x3 -2/3 5/3 -1/3 
Yt -3 2 -1 

Yz 2 -5 ~ 
Y3 0 -3 -4 Y3 -8/3 11/3 -4/3 

Umwg~lllb- wrumulllqpg, tpt l{tpwqwfiqfitfip hwowqwpql], WUJm 

UlJU qmfitfilll htmhJllll mtup[!, npmtq y 2 h x3 ,Pn~m}uwqwfifibpl] ,Pn-

}utt tfi pptfig mtqhp[!: 

11 11 1 
Yt =3x• -3xz +3Yz 

2 5 1 
x3 =3x• -3xz +3Yz 

8 11 4 
Y3 = 3x, -3x2 +3 Yz 

§18 d"n!lllWfiJWU wpwwpunuifibpp q}J.pwnmpJmllObp[! 

"VUl}uplllU anpqlllUJWU lllpmlllpumofitpp qpplllnntpJmfillbpltO wfig
utll!, ptptfip qb-wJpfi hwfiplllhwzl{p.g hWJUIUp ptnpbU[! flp W~WQlllJQll~: 

Uwtuapgp pbnpblfp: bpt anpqlllUJlllfi lllilJmuwqnut, tpp m ~ n, 
mnqbp[! qbnptfi WUqlll}u tfi, UlUJW anpqWUJUlU UlJlUlWJ,lUDUHibpp m 

hw2npqU1l}lllfi plllJthPP. wPilJmfipmo qwptw t ,Pn}utt y,(i = J,m) ,Pn

,Pn}ullll}lllfifitpp. mtqhpJ! fimJUplllfi pl{ml x j ,Pn,Pn}uwqwfifibpmt: 

UUjwgntjg: "Vw}u fiqlllmhfip, np ,Pn,Pn}uwqwfifitplt umqtpp 
,Pn}uwppfimofi lllUhfiwp t WJfi qhUJPmO, tpp qlluw~np UlWJlJll] qpn t 
(qp.nJp l{pw w qwpttP. pwawfitl) : 
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liJaO tfipwqptfip, np anpqwfiJWU wpmwpumofitpp r pWJthpp 
wpllJmfipmo ( r < m) hwfiqhL tfip htmhJWL wrumulllqpfi (lllrumulllq 7): 

l.hynwwlj 7. 

y, Yz ... . Yr xr+l .. . xn 

x, bll b,2 
... blr blr+l . .. bin 

Xz b21 b22 ... b2r b2r+l . .. b2n 
... .. . . .. . .. ... .. . . .. . .. 
xr brl br2 ... brr brr+l . .. bm 

Yr+l cr+ll cr+l2 
... cr+lr 0 . .. 0 

Yr+2 cr+21 c r+ 22 
... cr+2r 0 . .. 0 

.. . ... . .. . .. ... ... . .. . .. 
Ym cml cm2 

.. . cmr 0 . .. 0 

opt htmlllqlll PWJtbpn~ y ~m~m}uwqwfifibp[! hfiwpwl{np ~t ,Pn}uw
ppfitt x-tpn~, WUJW fiZlllfilllqmo t, np wrumuwq 9-p fitpphp w2 
lllfil}Jmfimo [!fiqwb- mwppbpl] UJbmp t tP.fitfi UplllJU qp.nfitp: UwqWJfi 

qp.nfibpp wnqWJlllp Jntfig lt htmhntO t, np y r +l , .. . ,y m $n$n}uwqUlfifibp[! 

UlJlUllllbWJUI~mo tfi y 1 , y 2 , . •• , Yr ,Pn,Pn}uwqwfifitpnl{ htmhJWL qtpuj' 

puq uw qb-wJpG qw}umo t y-fitpp up2h, npJ! hwqwumo t ptnptop 
UJlllJOWfipfi : ~tmhwpwp pntnJl y-fihpJ! l}lllpttP. t ,Pn}ulllppfitt x-tpnl{, pfim 
UJlllhlllU2l{ntU tp lllUJWgmght: 

liJOO ptptfip anpqlllUJWU lllpmwpumofitpp · qppwrtmpJntfifitp[!' 
oppfiwq utpp mtupnl{: 

lll) lJwmppgp nwfiqp hlllzl{mOJ!: 
lJwmppgp nlllfiqJ! wnl{htwqmJfi fltln~ qb-nptu wfiqlll}u mnqtpp 
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(uJmUtpp) pwUwqG t: 
Opftuwlj 1: SpJ.lwb t htmhJWL uuimppg[!: lllwhwU~~mtl t hwz~bt Upw 

nwUq[!: 

-1 -2 6 8 

-3 4 -7 -1 
A= 

1 -2 4 2 

-1 0 1 3 
liwqutUp UllPJlWUJWG wrumuwq (wrumuwq 1): 

Uiynwwlj I. Uryotuwlj 2. 

x. x2 x3 x4 Y. x2 xl x4 

Y. Q] -2 6 8 x. -1 -2 6 8 

Y2 -3 4 -7 -1 Y2 3 10 -25 -25 

y3 1 .:2 4 2 y3 ~1 -4 10 10 

Y4 -1 0 1 3 y4 1 ITJ -5 -5 

'VqwmtUp Uwtu, np anpqwGjwU wnw2pfi wrumuwtWg npUitu 
qi}uwJ.lnp mwpp I.Jwpbtll t J.lbpgUbt qpnjpg mwppbp gwUqwgwb Pltll: liJI} 
UI.Jwmp wnUbtntl, npUibu qi}uwJ.lnp mwpp J.lbpgUtup wrumuwq 1-lt w
nw2pU mnrtll wnw2pU mwppf!: liwmwpbtntl unJ.lnpwqwG dnpqwUjwU 
wpmwpumuUbpp ubi.J pWJL wrumuwi.J 1-p UI.Jwmuwup, qumwGwUp 
wrumuwi.J 2-[!: Ujdu, npUitu qi}uwJ.lnp mwpp, 2-M wrumuwqmtl J.lbpg
UtUp ~nppnPJl mnrtll tpqpnpq UJWG mwppf! h qwmwptGp hu tltq pWJt= 
liumwUwUp wrumuwi.J 3-f!: 

UiymuwljJ 

Y. Y4 x3 x4 

x. 0 -l 1 3 

Y2 -2 5 0 0 

Y3 1 -2 0 0 

x2 -1/2 112 5/2 5/2 
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P.U~uJhu tphmu t wrumuwq 3-pg, htmwqw wpmwpumuUbpf! hUw
pwtjnp ~ta, pwUp np qilmmlnp mwppf! qpn w qwpnrt tllUbt (tpqpnpq h 
tppnpq mnrtbtl}l bppnpq m ~nppnpq UJmUtpmu qpnUtp tU): <!.tmhwpwp 
mpJ.lwb uwuippgf! mUp qbnptU wUqwtu upwJU bpqm mnrtbp: fltump Upw 
nwUq[! hwJ.lwuwp t tpqmup: l.Jwmppgp uUwgwb bpqm mnrtbPf! (tpq
pnpq h bppnpq) qwtuJ.lwb bU wnw2pupg m ~npnpJlpg hbmhJWL qwUintl' 

y2=-2y.+Sy4 

Y3 = Y1 -2y4 
Oppuwlj 2: Q.mUbt uwmppgp nwGq[!: 

1 2 

A= 
3 6 

-2 -4 

4 8 

liwqutup <:tnpqwUJwG uqqpUwqwU wrumuwi.J (wrumuwi.J 1) h qw
mwptup wpmwpumuutpp utq pwJ( [!UqmGbtntl npUitu qi}uwJ.lnp mwpp 
1-[!: 

Uiymuwlj I . Uiynwwlj 2. 

x. x2 Y. x2 

Y. ill 2 x. l -2 

Y2 3 6 Y2 3 0 

Y3 -2 -4 Y3 -2 0 

y4 4 8 Y4 4 0 

UmwgJ.lwb wrunmwi.Jmu (wll..2) hUwpwJ.lnp ~tu htmwqw wpmwp
umuUtp' qpnutpp wnqWJDLPJWU UIWm6wnnJ.l: <!.bmhwpwp, uwmppgp 
nwUq[! hwJ.lwuwp t ut4lt h WJU map utqwqw(i qbnptU wGqwtu Ulnrt m 

UJmG: lJUwgwb bptp mnrtbpf! qwtuJ.lwb ta wnw2pU (y.) tlmlflntuw

qwUpg: 

Y2 = 3y,y3 = -2y• ,y4 = 4y• : 
p) Q.bwJpG hwJ.lwuwpntuGtpp hwuwqwpqp tmbmuf!: 
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bapwl]llbap mpqw~ t q~Jpa hwqwuwpmuatpp hbmhJWL 
hwuwqwpqf!: 

a11 x1 +a12x2 +···+a1nxn =b1 

a2,x, +a22x2 + .. ·+a2nxn =b2 

am,xl + am2x2 + ... + amnxn = bm 

(1) 

.<.wJmap t, np lflnlflntuwqwaatpp wpotpatpp WJa hwuwqwpq(!, np(! 
pwqwpwpmu t hwuwqwpqp pntnp hwqwuwpntUUbppa, qn~qmu t apw 
tm~mu: bpt hwuwqwpqa map qnat utq tm~mu, WUJ.W wJa qn~qmu t 
hwuwmbqb!P, bpb ~map n~ up tm~mu, WUJ.W qqn~qp wahwuwmbqb!P: 

&npqwaJwa wpmwpumuatpp oqampJwup (1) hwuwqwpq(! qwpb!P 
t tm~bL mwppbp bqwawqatpnq: .Pbptap apwagpg up pwapuf!: 

Unwpftu lii}wuwf.J: vwtu qpmwpqtap lUJa qbUJ.n(!, bpp (1) 
hwuwqwpqntu lflnlflntuwqwaatpp h hwqwuwpntuatpp pwawqatp(! 
hwqwuwp ta ( m = n ): 

t:: : ::~:;:::·:·:: :~.:~~ :. (2) 

bapwl]lltap, np (2) hwuwqwpqp hwqwuwpntuatp(! q~npta wuqwtu 
ta: lnuqutap onpqwaJwa wqJmuwq (2) hwuwqwpqp mt!Jwtatpnq 
(wqJmuwq 8): .Qwap np hwuwqwpqp hwqwuwpntuabp(! q~npta waqwtu 
ta, wllj_w onpqwaJwa wpmi.upumuatpp n pWJLhpp qppwnmunq qwpb!P 

t lflntuhL wqwm waqwuatpp h x j 0 = 1, n) lflnlflntuwqwaatpp mbqbp(!: 

4:umwawap lUI}Jntuwq 9-1!: 

. lhzlnwwlj 8. lhynwwlj 9 . 

x, x2 xn b, b2 ... bn 

b, au a,2 a,n x, bu b,2 ... bin 

b2 a2, a 22 a2n x2 b21 b22 .. . b2n 
... .. . .. . .. . ... 

bn ani . an2 ann xn bnl bn2 .. . bnn 
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Urumuuiq 9-mu bj h bij pqbpf! hwumwmma hwJmap pqbp ta, hb

mhwpwp x j 0 = 1, n) lflnlflntu{uqlllaatpp wpotpabpf! qwpb!P t hwzqbt' 

x j =bjl ·b, +bj2 ·b2 +" · +bjn ·bn mbupnq: 

.Qwap np xj lflnlflntuwqwaatp(! npnzqw~ ta upwq 6hnq, mump 

hwuwqwpqa map upwq Lnt~mu: 
vqwmtap awh, np WqJmuwq 9-p mwppbppg qwquqw~ uwmppgf! 

hwaqpuwamu t lUfljntUWq 8-p hWUlUUJ.lUUlWUtuwa uwmppgp hwqw
IllUP6(!. 

(3) 

vqwmp matawtntl (3)-(!, qwpnq tap wuhL np WJq ubpnq(! 
hawpwqnpmpJma t mwwu qmatL uwmppgp hwlJ.wllwp6f! h, hbmhwpwp' 
awt.. q~Jpa hwqwuwpmuatpp hwuwlJ_wp.qp tm~muf! hwqwqwp6 
uwmppgp up2ngnq: . 

bpb atpqwjwgatap q~Jpa hwqwuwpntuatpp hwuwqwpq(! 
uwmppgp mbupnq' AX = B h pwquwUJ.wmlJ.btntl hwqwuwpuwa hpqm 

uwubpf! 6wtupg A uwmppgp hwlJ.wllwp6nq ( A-1 -nq), awt.. aqwmp 

matawtntl, np A-1 ·A hwqwuwp t upwqnp uwmppgpa, qumwawap· 

.Pbptap oppawqatp: 

A-1 ·A·X=A-1 ·B 

X=A -1 · B 

Opftuwf.J 4: lnt~bL hbmhJWL hwuwqwpqf!. 

{

x1 +3x2 -2x3 =-3 

2x1 + 7 x 2 - 5x3 = -7 

3x1 -4x2 +x3 = 10 

4:wqutap O_npqwajwa WqJntUWq h hW2DplllUpwp qwmwptap Onp
qwajwa unqnpwqwa wpmwpumuatp: 4:umwawp' 
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[iiynwwlj 1. lhymuwlj 2. 

XI Xz x3 -3 Xz x3 

-3 Lj 3 -2 XI 1 -3 2 
-7 2 7 -5 -7 2 [!] -1 
10 3 -4 1 10 3 -13 7 

{iiynwwlj 3. U1ynwwlj 4. 

-3 -7 x3 -3 -7 10 

XI 7 -3 -1 XI 13/6 -5/6 1/6 

Xz -2 1 1 Xz 17/6 -7/6 .-1/6 

10 29 -13 I -6 x3 29/6 -13/6 -116 

Lf_bp2!Ifi WllJllLUWl.J.!Ig UUllUUllLU b{ip hWUWl.j_Wpqp bqwl.J.P 
tmbmUJ!. 

13 5 1 
X1 = 6' (-3) -6· (-7) +6·10 = 1 

17 7 1 
X 2 =6·(-3)-

6 
·(-7)-6·10=-2 

29 13 1 
x3 =6·(-3) - 6 . (-7)-

6
·10 = -1 

Opftuwlj 5: lmabt hbmuJWL hwuwqwpqJ!. 

3x1 - 2x2 + 4x3 = 4 

-9x1 +5x2 - 7x3 =2 

-7x1 +3x2 -x3 =14 

- 2x1 + x 2 - x3 = 2 

lJ:wqub(ip GllfllllUUJWfi ul.j_qpfiwqw(i WllJlllUWl.j_ (WilJllLUWl.j_ 1 ): lJ:w
UlWJlbtnll_ hw2npqwqwfi wpmwpumufibp, l.J.umw!iw!ip WllJmuwl.J. 3-)!: 
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UIJJntuw/j 1. {iiynwwlj 2. 

XI Xz x3 XI Xz 14 

4 3 -2 4 4 -25 10 -4 
2 -9 5 -7 2 40 -16 7 

14 -7 3 I -1 x3 -7 3 -1 

2 -2 1 -1 2 W-2 1 

UIJJDIUW/j 3. 

2 Xz 14 

4 -5 0 1 
2 8 0 -1 

x3 -7/5 115 2/5 

XI 115 2/5 -115 

liJu WllJmuwl.J.mu hbmurqw O.uwtfl.n}umiJ.JnLiilibp w!ih!iwp t l.Jm
mwpbL pwfi!I np qL}uwll_np mwpp h!iwpwll_np ~t J!Umpbt (wllJmuwl.J.P 
hWUWUJ.WUlWU}uWfi mbqnnl qpnfibp bfi): bpb ll_bpbl.u!ib(ip ll_bp21Ifi 
WllJmuml.J.J!, qmbuubfip, np wqwm WUI}WU!ibp!I hwuwp qllJllLIJJmli mfi!I 
hwll_wuwplll(JJWfi UJ.WJUW!i)!' 

4 = -5 . 2 + 1 . 14 = 4 
2 = 8 . 2 + (-1) . 14 = 2 

tiu4 x3 u x1 tlJ.mlm}uwl.J.w!iubpli hwuwp mfibfip hbmuJWL hwll_w

uwpmufibp(l 

X1 = 1/5 · 2 + 2/5 X 2 - 1/5 '14 = -12/5 + 2/5 X2 

x3 =-715 ·2 + 1/5x2 +2/5 ·14 = 14/5 + 115x2 

Swtn4 x 2 tfl.ntfl.n}uwqwfi!IIi qwUWJWqw!i wpabp!ibp, x 1 u x 3 tfl.ntfl.n

}uwqwu!ibp!I hwuwp qumwfiwp npnzw41I wpabpfibp, npn!ip twwll_w
pwpb!i mpll_wa hwuwqwpq!Ifi : UJu I}bUJ.PmU wumu blip, np hwuwqwpqJ! 
hwuwmbqbtlJ. t u wfiiJli4 pwqumpJWUp tmamu!ibp mli!I, qwu tmamUJ! 
wfinpnz t: 
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Opftuwlj 6: lmatL hwqwuwpnuHitpp hwU:wl.J.wpq[!: 

{

x1 + 2x2 + 3x3 = 3 

3x1 +x2 +4x3 = 5 

4x1 + 3x2 + 7 x3 = 6 

4wqU:tL dnpqWfiJWfi ul.J.qpfiwl.J.wfi WIJ.JntUWl.J.f! h l.J.wmwpbLntl untln
pwl.J.wfi dnPIJIDfiJwfi wpmwpumufitpp hw2npqwqwfi {!WJLbp, lfumwfiwfip · 
wrumuwl.J. 3. 

Urynwwlj ! . lhymuwlj 2. 

xl Xz x3 3 x2 x3 

1 I 2 3 

5 3 1 4 

xl 1 -2 -3 

5 3 I -5 I -5 
6 4 3 7 6 4 -5 -5 

Urynwwlj 3. 

3 5 x3 

xl -115 2/5 -1 

Xz 3/5 -115 -1 

6 1 1 0 

<!,tmwqw O.hw$nlumpJmfi hfiwpwtlnp ~t, pwfip np ql}uwtlnp mwppf! 
l.J.tltfip qpn: bpt tlbP2Pfi wrumuwl.J.llg hwzqtfip wqwm wfiqwun, qmtu
fitfip, np WJfi ptpmu t hwl.J.wumpJwfi' 
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6;e1·3+1·5 

<!.tmhwpwp, mpqwa hwU:wl.J.wpqf! tmamu ~mfip (wfihwuwmbqbtlt t): 
Opftuwlj 7: lntabt hwqwuwpntU:fitpp hwU:ml.J.wpqn: 

{

x1 -x2 +3x3 = 10 

2x1 + 3x2 + 2x3 ~ 7 

- x1 + 5x2 + 6x3 - 4 

Uptnmqptfip hmU:wl.J.wpqf! httnhJUlL mtupntl' 

{

X1 -x2 +3xj -10 = 0 

~x1 +3x2 +2x3 -7 ~ 0 

x1 + 5x2 + 6x3 - 4 - 0 

4wqU:t!ip dnpqwliJW!i ul.J.qpfiwl.J.wfi wrumuwl.J. h qwmwptfip 
O.hw$n]:untpJntfifitp, fil.J.wmp mfitfituLntl, np up wruntuwl.J.llg U:Jmupfi 
wfigfitum ql}uwqnp UJntfil! pwg tfip Pilllfimu: 

Urymuwlj I. Urynwwlj 2. 

xl Xz x3 1 
Xz x3 1 

0 jJ -1 3 -10 Xl 1 -3 10 

0 2 3 2 -7 0 5 -4 13 
0 -1 5 6 -4" 0 4 I 9 -14 

Urynwwlj 3. Urynwwlj 4. 

x3 1 1 

xl -11/5 37/5 xl 3 

Xz 4/5 -13/5 Xz -1 

0 6115 -122/5 x3 2 

fllwmwuiuwfi ' x1 =3, x2 = -1, x
3 
=2: 
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q.lDl)u 5. Ulniuuhpu uhpnll 

V ~lllJUllip t, np qbtuJpli bpwqpwtl_npuwli JulillPJllibpJ:! \11WpmliwlJ.mu tli 
utb ll4n4 l}lnl}ln)uwqwlilitp L. uwhUwliwl}lwlJ.mulitp: PliwlJ.wli t, np WJll
\11PUP JulillPJllibpp tmbnu1J:! lJ.w)utl_wb t utb bwtl_wt.P hwztl_wplJ.Iitpp htm, 
npnlip qiDmiDptl_mu tli dwuwliwlJ.IDlJ.Pg wpwqwqnpb hwuwlJ.wpqpi_libpp 
llp2ngntl_: lijli WLqnJlp}}Uiibp[!, npnlip [!lilJ.wb tli utpbliWJWlJ.wli bpwqptpp 
hpupmu, lJ.wplll1 tli oqmwqlllp !.Plitt upwJii npnzwlJ.P mp\11p ]ulillPplibpp 
hllllilllp: UwlJ.wJii lJ.wu fiiDL. [!lil}hwump ub}}llllfitp, npnup huwpw
tl_npm}}Jntfi tu mwt.Pu tmbbtm gwulJ.wgwb qbtuJpfi bpwqpwtl_npuwli 
)ufillPp: li.Jll ut}}llllfibpp ll4Pii U1Wmqwlimu t WJUU1bu qnitl_wb upuuutpu 
utlllllll!: v' 

§19. Upuuubpu ubpn.qll tmpJDLiif!: 

I).pmlllplJ.blip qbtuJpfi bpwqpwtl_npuwli JulillhPJ:!, npmtq uwhuw¢w
lJ.mulitpp hwuwqiDpq[! mptl_wb t hwtl_wuwpmulitpp mtupntl_. 

! =ex +c x +···+c x ---+min I I 2 2 n n 

allxl + al2x2 + ... + alnxn = bl 

a21XI + a22 X2 + ''. + a2n Xn = b2 

x j ~ O,(j = 1,n) 

(1) 

(2) 

(3) 

UpUUJ.tbpu ub!lllllfl4 IDz)uwmbtllu wlihpwdtzm t, np (2) hwuwlJ.wpq[! 
pbp4P WJiiUJ.pup mbupp, mp pfi i_-np r ll4n4 l}lmlm)uwlJ.wliubp ( r:::;; m) 
wpmwhiDJm4wb t.Piitli UJmulibpn4 WJUUJ.bu, np wpmwhWJUlnL}}Jlllli
litpmu wqwm wfillwulibpf! t.Piitli llJlWlJ.wli : fipnzwlJ.pmpJwli hwuwp 
tupwllJlblip, np WJll l}lnl}ln)uwlJ.wlilibp[!, npnup wpmwhwjmtl_mu bfi 

UJmulibpntl_, ulJ.qpp' x"x2,· .. ,x , l}lnl}ln]uwlJ.wlilitpli tli : liwmwpbtn4 

uztl_wb &L.wl}ln)unt}}Jmfilibp[! lJ.umwfiwlip. 
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npmbq' 

XI = b; + a;,r+l xr+l + ... + a;nxn 

X2 =b~ +a~,r+IXr+l +···+a~nXn 
(3) 

(4) 

Umwgtl_wb (3) hwuwlJ.wpqp dw)u uwup l}lnl}ln)uwlJ.wlilibpf!' 

XpX2, ... ,X, 4_ni_tl_ntU bli hblipp (pwqll.UWjpli), pulJ. U!iwgwb l}lnl}ln)ulll

\J.wfilibpf!' wqwm: Stqwqpbtn4 htlipp .l}lmpn)uwlJ.wlilibpp wpdbplibp[! 
(1)-p ut2, liU1wmwlJ.wJpli -1>mlilJ.gpwli limJiiUJ.bu lJ.qpblip wpmwhwjmtl_wb 

wqwml}lnl}ln)uwlJ.w(iubpntl_' Xr+l ,Xr+2, ... ,Xn: 

(5) 

(3)-p L. (5)-p wqwm ¢n¢n)uwlJ.wlifitppfi mwtn4 qpn wpdtp 

(xr+l = ... = xn = 0)' lJ.umwuwfip hbfipp ¢n¢n)uwlJ.wfifitpp L. UUJ.WUlW

\J.Wjpli -1>mlilJ.gpWJp wpdtplibpf!. 

b
. . ' 

x1 = "x2 =b2,···,x, =b,,f=c0 
liJll tntbmul! lJ.ni_tl_mu t hbupwJpli L. hwuwnnm qptl_mu t' 

P(b;,b~,···,b~ ,o,o, ... ,o}tp = c0 

.mbupntl_: JliDiip np blipwqpbt blip (4) UJ.WJUWiip qnJnt}}JnLiif!, WUJ.W 
~Jij tmbmul! lJ.l.Pfip }}ntJLWmpbt.P: 

'Vq..bwJpfi bpwqpwtl_npuwli )ufil]Jlp tmbmUJ:! upUUJ.tbpu Ub}}nqntl_ 
lJ.wmwpbtllu hwliqmu blip npnzwlJ.P pwJtbpp hw2nPllwlJ.wfimpJwli, npnfig 
tm}}JnLiif! lJ.wJwlimu t lipwlimu, np up pwqlluwJpli tmbmupg wfigmu t 
lJ.wmwptl_mu ublJ. mpflzp: up pwqlluwJpli tmbmupg mppzp wfiglibt 
lizwuwlJ.mu t utlJ. lJ.wu up pwfip pwqlluwJpli ¢mpn)uwlJ.wfilitp ¢n)uw
pplibt fimjli pwliwlJ.mpJWUp wqwm ¢n¢n)uwlJ.wfifibpntl_: up pwqlluwjpfi 
tmbmupg UJmupli wugmul! lJ.wmwptl_mu t ¢1impbtn4 npnzwlJ.P liUJ.wmwlJ.: 

UpUUJ.Lbpu ubpnqp tJntpjntUf! \J.WJWfimu t lipwfimu, np up pwqll
UWJpfi tmbmupg (pwqpupg) wfigmu \J.WUlWJlbL Ub\J. mppzp WJiiUJ.bU, np 
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lhqwwwqw.rpfi :pm6qgpwJp wpdbp[! l}lnppwfiw, b'w.rpwhbq qtuwmu 
z_ubb'wfiw (bpb l}lfimpqmu t fiUJ.wmwqw.rpfi :pm!iqgpwJp min-[!). f p' ~ 

f P: Uqfihw.rm t, np up pwqpupg u.rmupfi wfigfibtlm (3) hwuwqwpq[! 

lt$n$n}uqp: 4wmwpbtn4 k pqnq pWJtbp qhwufibfip WJfi pwfipfi, np 
Jufiqpp[! tmb-mu mfip L. qumwfiwfip w.rq tmb'ntU[! qwu qhwunqqbfip, np 
Jufiqpp[! tmb'mu z_mfip: v 

Opftuwlj 1: bfipwl)Jlbfip mpllwb' t qb'wJpfi b'pwqpwqnpuwfi Juliqpp 
hbmLJwt mbupnq. 

f = 2x4 -3x5 ~min 

X 1 :8 ~ 2x4_+3x5 } 

x 2 - 6 x4 2x5 

x3 = 4+3x4 -x5 

xj:::: O,(j = 1,5) 

lufil)JlntU xl' X 2 , x 3 $ndn}uwqwfifibp(! qwqumu bfi hbfip: 

<_wUWUJ.WlDWU}uwfiwpwp pwqpUWJpfi tntb'ntU(! qtlJfip' (8,6,4,0,0), puq 

liUJ.wmwqw.rpfi :PmfiqgpWJP wpctbp(! lttlJfip hwqwuwp qpn.rp ( f = 0 ): 

U.rctU mbufibfip WJ'l tntb'ntU(! OUJ.tnpUWL t pb nz_: .Rwfip np x5 

$n$n}uwqwfi[! :pm!iqgpWJp Ub2 umfimu t pwgwuwqwfi qnpb'wqgnq, mu
mp fipw wpctbp(! qpnJpg uMJtUgtibtlJu :}>mfiqgpwJp wpdbp(! ql}lnppwfiw, 

pbwpqb UJ.WhWUJ.wfibtml x4 wpctbp[! qpn (hbmL.wpwp WJ'l tntbntU(! OUJ.-

mpUWL z_t): Uwqw.rfi x5 wpdbp[! ubb'wgfibtlJu wfihpwdbzm t hbmL.bt hw

uwqwpqp hwqwuwpmufitppfi WJUUJ.bU, np Xp x2 ,X3 l}lnl}ln):uwqwfi(ibp[! 

z_qwnfiwfi pwgwuwqw!i: 

"bqwmbfip, np X5 wpctbp[! Ubb'wgfibtlJu hwuwqwpqp WllW2pfi hw-

qwuwpntUpg qhbmL.p, np x 1 -p wpctbp[! fimJliUJ.bu qubb'wfiw L. hbmL.w

pwp qmwfiq z_qw, np x1 -(! qqwnfiw pwgwuwqwfi: bpqpnpq hwqwuw

pntU[! pntJL t mwtlJu x5 -pfi ubb'wfiWL upfiz_L. J, puq bppnpq(!' upfi1_L. 4: 
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liJUuWUntl, nplqbUqp hbfipp nz_ Up lltmJmtiJwqwfi ii}WllUW pwgw

uwqwfi, wfihpwctbzm t Xs -p wpdbp[! uMwgfibt upfi1_L. 3: 

.f!wfip np qw pntJl t mwum hwuwqwpqp bpqpnpq hw4wuwpntU(!, 

mump Xs wqwm lltmlm}uwqwfi(! wfihpwdbzw t pbpbt hbfip, WJfimbilitg 

wpmwpubtn4' X2 -(!: fiplqbuqp w4wpwbfip upUlqtbpu dL.wt~tnJ:ump

. jntlifibpp ubq PWJffi, wfihpwdbzw t hwuwqwpqp bpqpnpq hw4wuw

pmupg npnzbt Xs -[! L. WJU mhftwl}llbl Ufiwgwb' hw4wuwpmufibpp L. 

:PmfiqgpwJp ut2: 
4:wwwpbtn4 liz4wb' dL.wlltn):umpJmfifibp[!, mp4wb' }ufiqpp(! qpbp4P 

hbmL.JWl mbupp. 

f = -9+312x2 + 7 /2x4 ~min 

X1 = 17 - 3 I 2x 2' - 7 I 2x 4 } 

Xs =3-II2x1 -II2x4 , 

x3 =1+112x2 +712x4 

npp hbfipwJpfi tntb'ntU[! ltlltfip (17,0,1,0,3), puq f = -9: 
liJuu.Wum.J. htfipwJpfi up tntb-mupg wfigmu qwwwpbgpfip ubq mppz}l 

WJUlqbu, np filqwmwqwJpfi !pmfiqgpwJp wpdbp(! fi4wqbg: 

UJdU, pwfip np X 2 L. x4 lltnlltn}uwqwfifibp(! uwfimu bfi !pmfiqgpwJp 

ut2 l}llwqwfi qnpb'wqpgfibpnll, !pmfiqgpwJp wpdbp(! WJtL.u h6wpw4np z_t 
lltnppwg fibJ.., hbmL.wpwp uwwgllwb- tntb-ntU(! lttllfip O\llUlpUwt: . . 

/min = -9, bpp x1 = 17;x2 = O;x3 = l;x4 = O;xs = 3: 

Opftuwlj 2: 

xj , ~ O,(j = 1,4) 

liJumbq hbfipJ! qwqu4wb' t x 1 L. x 2 l}lnlltn}uwqwfifibppg: Pwqp

uw.rpfi tntb'nUi(! ltlltfip (2,3,0,0), puq f = 0: UJUU WJl pwqlluwJpfi 
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tntbUwfifi wfigfittm hwuwp filtwmtfip, np fiutwmwltwJpfi :tmtfiltgpwJp 

ut2 x 3 -p qnpinuqpg(! pwgwuwt.twu t, htmL.wpwp ltwptw t fipw wpdtp[! 

'1Jll1JP9 uMwgfittn4 :t>mfiltgpwJp wpittp[! tllnppwgfitt (x4 -p wpdtp[! 

utWhutwfittnlJ. cum): bpt x 3 -p wpdtp[! '1Jll1JP9 utinugutwu htmL.tfip 

hwuwltwpqpfi, WutW ltmtufitfip, np fipw wnw2pfi hwqwuwpntU[! }}DLJL t 

mwwu x 3 -pfi utinufiwtm gwfiltwgwb l_Wtllnq (pwfip np mfip .qpwltwfi 

qnpbwqpg), ~ult tpltPnJlll hwqwuwpntti[!' upfil_L. 3 (tpt qtpwqwfigp 3-[!, 

wutw x 2 -[! ltqwnfiw pwgwuwltwfi): 

liJdU upUuttbpu O.L.wtllo]untpJmfifitpp utlt pWJL[! wqwpmttm hwuwp, 

X 
hwuwltwpqp tpltPnJlll hwqwuwpmupg wfihpwdtzm t npnzbt 3 -[! L. fipw 

wpdtp[! mtqw.qpbt X1 -p L. :t>mfiltgpwJp ut2: l..rwmwpttn4 WJil 
O.L.wtlln]umpJmfifitp[!, ltumwfiwfip' 

f = -9 +3x2 -8x4 ~min 

X1 = 5- X2 + X4 } 

x3 = 3- x 2 + 2x4 

xj ?. 0,(} = 1,4) 

npp pWqpUWJpU tmbntU[! ltLPlip (5,0,3,0), j = -9 : 

Plil_uthu tpL.mu t liutwmwltwJpfi :t>mfiqgpwjpg, lipw ut2 umlinq X4 

tllntlln]uwi.Jmlip qnpinuqpg(! pwgwuwqwli t, htmL.wpwp lipw wpdtp[! 

qpnJpg utinugutwu :t>mliltgpwJp wpdhp[! lttllnppwliw: UwqwJli x4 -[! 

hwuwt.twpqp hwqwuwpntufitpp ut2 umlimu t .qpwltwli qnpbwqpgfibpnq, 

pult qw uzwliwqmu t, np X4 -p wpd.tp[! UtinuglitLPU qmwliq l_qW, np X J 

L. x3 tllntlln]uwqwlilibp[! qqwnliwli pwgwuwqwli: 

UJuutllunq, x4 -p wpdbp[! t.twptw t wliqtp2 l_WtPn4 utbwglitt, npnq 

:t>mliltgpwJp wpdhp[! wuqtp2 ltliqwqp (/ ~ -oo ): Umwgqmu t, np 

:t>mliltgpwfi uwMwliwtllwlt l.t litpphpg, pult qw lizwliwqmu t ]uli.qpp 
outmptiwt tmbmu qnJmpJmli l_mlip: 

:.u ... . 
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§20. Upuuutpu utpnq[! [!fiqhwfimp mtupnq 

liJdU [!fiqhwfimp mtupnq gmJg mwfip, pt pfil_utbu t up pwqpuwJpfi 
tmbmupg wfigmu ltwmwpqmu tiblt WJL LDLmlWU[!: 'Uzbup, np WJUUlhq 
uwfipwuwufi l_tfip ptpp WJU PDLDP O.hwtlln]ump JDLUUbp[!, npnlip 
ltwmwptgpfip fiw]unpq bpltm oppliwltlibp[! pliliwplttwu: Qliqhwlimp 
wnuwup, WJq O.L.mtJm]umpJDLlilibp[! ltwmwpqmu tfi UDLJUWUlPUl 
WllJmuwt.tutpp up2ngnq: UwltwJli, w~umtq gmjg mwlip pt pfil_ 
qwmnqmpJwli hpuwli qpw tli ltwmwpqmu WllJmuwt.twJpli 
O.hwtlln]umpJmfifitp[!: liJq liutwmwqnq tlipw.qptfip, np qbWJpfi 
bpwqpwqnpuwli ]ufiqp)l[! mpqwb t htmhJWL mtupnq. 

f =Yo- Yr+lxr+l- ... - YjXJ- ... - YnXn ~min 

XI =bl -alr+lxr+l - .. ·-alixj - .. ·-alnxn 

x 2 = b2 - a2 1x I - .. ·- a 2 ·X . - • · ·- a2 X r+r+. l) nn 

········· ·· ·· ·········· ······ ··· ··· ·· ······· ·· ····· 

xP ?.O,(p=l,n) 

(1) 

(2) 

npmtq b;?. O,(i = l,r) : lufi.qpmu XpX2 , .. ·,x, tllntlln]uwqwfifitp[! hw

uwpqmu tfi pWqpUWJ~fi, pult lipw(i hWUWutWtnwu)uwfi pwqpUWJpU 
tmbntU[! ltlllfip' 

f! (bpb2 ,. .. ,b,,o,o, ... ,o), f p=ro (3) 

lijdU, up pwqpupg Ujntupli wliglibtm hwuwp pliliwpqtlip tpltm 
qtutp: 

I qtutp: bfipw.qptlip liutwmwltwJpli :t>muqgpwJp ut2 

Yr +I'Yr+Z,. . ·,yn qnpbwqpglitp[! nl_ .qpwltwfi tli: liJU qhutPntU WJL ' 

pwqpuwJpli tmMwfi wliglihtm wlihpwdtzmmpJmli l_qw, pwlip np 
:t>mliqgpwJp wpdtp[! qutinufiw: Ppnp, tpt wfigmu ltwmwptlip WJL 

pwqpup, WutW Xr+l) ",Xn WqWUl tPDtPnJ:uwltwfi(ibppg npht Utq[! uthmp 

t ptptlip pwqpu, puq qw ltfizwliwqp, np WJU qumwliw qpnjpg uM 
wpdtp: Ujq tllntlln]uwqwlip qnpbwqpg(! pwlip np :t>mfiqgpwjp ut2 
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pwgwuwqwfi t, mum)l WJI} wpmwqpJwm qnu.iwpbtntl. Yo -]lfi' 

:}>mfiqg)lwJ)l wpubpn qubb"wfiw: <!,bmL.wpwp, WJU qbuwmu, :}>mfiqg)lwfi 

qumwfiw )lp u)lfi)lumu wpubpn, bpb xr+l = xr+2 = ... = xn = 0' npn 

qfizwfiw4]1, np (3) pwq]luwJ)lfi tmb"mun hwfiq]luwfimu t olljm]lt.iwt: 

lli]bUJP:bfipwqpbfip, y r+l' y ,+2 ,. • • ,y n qnpb"w4)1gfibp)1 ub2 qw qnfib 

ubql}, npn qpwqwfi t: fipnzw4)1ntpJwfi hwuwp gGqmfibGp y i > 0, npmbq 

j E [r + 1, n]: bpb qnpb"w4)1g Gbpl} ub4)1g wlfbL bfi, WlljW [!Gmpntu bfip 

fipwfig]lg wubfiwubb"l} L. hwuwpmu y i (WJG wl}bLJ1 wpwq ql}lnppwgfi)l 

:}>mGqg)lwJ)l wpubpn): liJUU, UJ.WhUJ.wfibtn4 wqwm l}lnl}lnfuwqwGGbp)l 

qpnJwqwfi wpubpfibp£!, pwg)l x 1 -)lg, l}lnppwgfibfip :}>mfiqg]lwJ]l wpubpn' 

xi -G ubb"wgfibtm u]12ngnq: UwqwJfi x1 -fi ubb"wgGbLJ1u Ujbmp t hbmL.bt 

(2) hwuwqwpq]lG WJfiUjbu, . np pwq)luwJ]lG l}lnl}lnfuwqwfifibp£! 
pwgwuwqwG ~qwnfiwfi: liJI} GUJ.wmwqnqpfifiwpqbfip bpqm qbuw. 

w) bfipwqpbfip (2) hwuwqwpq)l ub2 a1J,a2i,. · ··~rJ qnpb"w4)1gfibp£! 

pntnPn qpwqwG bG: liJu qbuwmu gwfiqwgwb" xi:::- 0 hwuwp 

qmfibfiwfip. 

x 1 "2:.b1,x2 "2:.b2,.··,x, "2:.b,, · 
np)lg hbmhmu t, np x1,x2 ,· · · , xr l}lnl}lnfuwqwfifibp[! ~bG qwpnq 

pwgwuwqwG qwnfiwt: fl.fit qbpwpbpntu t GUjwmwqwJ)lfi :}>mGqg)lwJ]lfi, 

WlljW Gpw wpubpn wfiqbp2 qfiqwq)l X j -fi wfiqbp2 ubb"wgGbLJ1u (pwG)l np 

y J > 0 ): liJU qbuwmu fiUJ.WUlWqwj)lfi :}>mfiqg)lwfi uwhuwfiw\}lwq t)1 

LJ1fi)1 fibppL.]lg L. hbmL.wpwp fipw OUjm)luwl wpubp£! qnJmpJmfi intG)l: 
fimm)l wumu bfip, np }uGI})lpn tmb"mu tmfi]l: 

p) bfipwqpbfip alJ,a21 , .. ·,arJ qnpb"w4)1gfibp)1 ub2' akf > 0, npmbq 

. k E [l,r] : Uju qbuwmu X rfi qwpbLJ1 t ubb"wgfibt n~ wqbLJ1 pwfi bk 
. akf 

~w\}lnq, hwqwnwq qtuwmu xk -fi qqwhfiw pwgwuwqwG: liJGmhbmL., 
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pntnp aki > 0 qnpb"wq)lgfibpp hwuwp qwqumu bfip hw-
akJ 

pwpbpntpjntfifitpn h nfimpmu fipwfig)lg l}lnppn: fipnzwqpntpjwfi hwuwp 
tfipWIJllhfip' 

min(!:.!_)= !l_ 
aki aiJ . 

pntnp WJfi k -bp)l hwuwp, npnfig qtUJ.pmu aki > 0: bpt WJI} upfipumu 

hwpwptpmpJmfin umwgl{mu t up pwfip k- tpp qtUJ.pmu, WUJ.W npUJ.tu i 
qwplliJ. bfip l}tpgfitt fipwfig)lg gwfiqwgwb"n: lipnwm qpttm hwuwp 

b. 
!izwfiwqtfip - 1 = p: UqfihwJut t, np p;::::: 0 t.. x1 -fi qwpbtJl t utb"wgfitt 

a iJ 

ulJ.fiih p: 

Qfirpufittntl' 

xr+l =O,···,XJ-1 =O,x1 =p,xi+l =O, ···, Xr =0, 

qumwfiwfip ufiwgwb" l}lnl}ln}uwqwfifitpp wpdtpfitpn. 

x1 =b1 -,a11 p 

x 1 = b1 - aiJ p = 0 

(4) 

(5) 

""Unp pwq)lun qwqul}wb" t x1, .. ·,x,._1,x1 ,xi+1, .. ·,xr l}lnl}ln}uw

qwfifitppg, puq pwqlluwJpfi tmb"mun' g ·-n qLJ1fip (4) h (5)-n: 
""UUJ.wmwqwJ]lfi :}>mfiqgpwJp wputpn WJI} pwqlluwJpfi tmb"Uwfi hwuwp 
4tllfi)1' 

(6) 

""Uqwmbfip, np tpt p = 0 , WUJ.W ifiWJWb" pwqllu[! l}ln}utJ.mu t, 

uwqwJfi pwqlluwJ)lfi tmb"mun h fiUJ.wmwqwJ]lfi :}>mfiqgpwJ]l wpdtpn 
ufimu bfi fimJfin: Il-w hwmmq qtUJ.p t h lfnitl.mu t qtpwutpqwb": 
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fip.UJ.bUq}l Ull[wp.mbfip utrUUJ.tbpu aL.wtflnfunt}}jntfifibp.p ubq (2WJ-

lf} , ufimu t (1) hw wqwp.qp i -p.q hwqwuwpmupg np.nzbt x j 

l}mtflnfuwqwfi(! L. fiJlW wp.abp(! UlbqWI)llbl Ufiwgwc} hwqwuwpntUfibp.p L. 
~mfiqgpwJp ut2: liJq qnp.c}nqnt}}Jntfifibp.J:! qwp.b1}l t qwmwpbt' btfibtnl.J. 
anp.qWfiJWfi aL.Wl}mfunt}}jntfifibp.pg: lJ.wmwp.btnl.J. fiz1.J.wc} aL.w$n

funtpjntfi.fibp.[!' (1)-(2) tufiqpp.J:! qpbp.qp WJL mbupp, np.mbq X; pwqpuwJpfi 

tflntflnfuwqwfil} tfln}uwp.pfiqwc} t x j wqwm tlJ.ntflnfuwqwfintl: Umwgqwc} 

fufil)llp fiqwmuwup fintJfiUJ.bu iqbmp t mumufiwupp.bt 1 L. II qbUJ.pbp.J:!: 

~b.wtflnfunt}}jntfifibJl}l WJl} zwp.p[! Wfihp.wabzm t qwmwpbt Wjfiptufi 
wfiqwu, pwfip qbn ~bfip hwfiqbt 1-p (np.p qbUJ.nmll qmfitlmu t OUJ.mpuwl 
tmc}muJ:!) qwu 11-p (w) qbUJ.pJ:lfi (tuuqpp.J:! tmc}mu ~mfi):l): 

§21. UJ:luUJ.thpu- UlQJmuwqlihp. 

q.np.c}uwqwfimu, uJ:luUJ.tbpu ubpnqnq fufiqpp.fibp. tmc}btJ:lu, wfihpwabz
mmpJntfi ~qw U):l pwq}l.UWJJ:lfi tmc}mupg wfigmu qwmwp.bt Ubq WJL pw
qpu):l WJfiUJ.bU, pU~l.lJ.bU fiqwp.wqp.qbg uwfunp.q UJ.Wp.tuqp.w~mu: ~L.W
l}lnfuntpjntfilibp.p WJl} zwp.p[! qwmwp.qmu t Ulll.JlltUWqlibpll Up2ngnq: 
Sp.qwc} (l)-(2) fulil)lll! (§20) ml.J.Jwtlibp.nq qwqumu blip u):luu.nbpu wnw2fili 

Wll.JntUWq: UjlinthbmL. up Wll.JntUw4.):1g UjntUpli wlig!ibtnt up2ngnq 
umwlimu blip fufiqJlp OUJ.UlJ:lUWL Lntc}mu(!: Dpli~L. WllW2Pii Wll.JntUW4.):1 
qwqubw' liwtu (1)-(2) fuliqpp.J:! (§20) qp.blip hbmL.JWL mbupnt\. 

(1) 

(2) 
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.Pwqp- Uqwm 
UWJpfi wfiqwu- XI ... X; . .. xr xr+l 

lhmtmlu. fib]! 

XI bl 1 ... 0 . .. 0 air+ I 
... .. . . .. . .. .. . ... ... . .. 
X; bi 0 .. . 1 . .. 0 air+ I 
... . .. ... ... . .. . .. . .. . .. 
xr b r. 0 .. . 0 . .. 1 arr+I 

f Yo 0 ... 0 . .. 0 Yr+I 

Unw2):lu Wll.Jmuw4.):1 pwqpuwJJ:lfi tmc}muJ:! ql}lfi):l' 

.P1( b1 ,/j2 , .. · ,b j , .. · ,br ,0,0, · · · ,0 ), 

fp= ro 

. .. x j . .. x, 

. .. al j . .. aln 

... . .. . .. . .. 

... aij . .. a in 

... . .. . .. . .. 

.. . a'i . .. arn 

... rj . .. 'Y_n 

UpUUJ.Lbpu dL.wl}ln}u.nt}}jntfilibJlfi ubq PWJL!! f!UUl (§20)-):1 ~IUUlWJlb1}lu 
(1 )-(2) fuliqpp.J:! qpbJll.J.P hbmL.JWL mbupp (np.mbq. 

pwqpuJ:! l}lnfuwJl):lliqmu t x 1, · · · ,X;-J ,x j ,xi+ I,··· ,xr pwq):lunll). 

f + Y~+fXr+l - ... - r> j - ... - r:xn = Y~ 

X1· + b · JX J + · · · + b ··X· + · · · + b · X = b'. Jr+ r+ Jl 1 Jn n 1 

(3}·(4) }u.lil)llfi m1.J.JwtlibJ101.J. qwqumu blip limJiiwm}ltl.l Ulll.JD\UWq: 

(3) 

(4) 
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.P 

xl 

xj 

X · r 

f 

Uqwm 
wliqwu- xt X; xr xr+l 

lihp 

b' 
1 1 bli 0 blr+l 

... 
b'. 

J 0 bji 0 bjr+l 

b' 
r 0 bri 1 brr~l 

. . 
Yo 0 Y; 0 Yr+l 

bplumpq wrumuwqp pwqpuwJ]lli tmb'mu[! tuplip' 

~2(b~ ,b; ,· · · ,0,· · · ,b~,O,O,· · · , b~ ,· · · ,0 ), 

!P2 - y' - 0 

UI[Jnruwlj 2. 

x j xn 

0 bln 

l' bjn 

0 bm 

0 Yn 

J "Vqwpwqphlip WJii WLqnp]lpU[!, npntl wz}uwmhwu WllW2Pfi wru'm
uwq]lg wfigmu qqwmwptl]l hp.qpnJl'lltli : liJ'l wligmu[! ppwqwfiwglihtm 
hwuwp liw}u liztlip wnw2pfi wrumuwqmu qtluwtl_np UlWJlJll! qmlihtm 
PWJ~p[!: . 

Unw2pli pwJr Unw2]1fi wrumuwqp liUiwmwqwJpli ~mliqgpwJp mn
.qmu $1impntu hlip qpwqwU ptl_tp]lg wuhliwutb'[! (pwgp wqwm wfiqw

upg): Cum §20-]1 qw r j -li t, np(! gntjg qmw qtluwtl_np Ujlllli(!: 

bpltJlnJl'l pwJr lrwqumu hlip wqwm wliqwulitpp L. quuwtl_np. uJwli 
qpwqwli wfiqwulitpp hwpwptpmpJntli[!: Climpmu tfip WJI} 

hwp.wptpntpjntlilitppg lflnpp[!: Cum §20-]1 qw ~ -li t, IlJll! gm]g t 
a!i 

mwwu qtluwl{np mnq[!: 
bpp.nJl'l pwJr "Vzmu tlip qtluwl{np. mnq]l L. uJwli hwmuwfi mt.qmu 

qmlil{n.q mwpp[! L. hwuwpmu lip.l..uli qtluwl{np: 
fitlitliwtntl qtluwtl_np. mwpp.[! wnw2pli uirumuwqmu, lizhlip WJii 

pWJLhP.[!, npnlig oqlimpJwup q]lp.wqwliwgtl]l wligmu hw2npq (tpqpnJll1) 
WIJ.JillUUl q]lli : 
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I. Q.tluwl{np mnq]l pntnp wliqwulihp[! pw<hulimu hlip qtluwtlnp 
mwpp]l tl_pw L. qpmu hw2npq wrumuwqp hwuwUiwmwu}uwli mnqmu: 

II. lpwglimu hlip pwqpuwJpli lflnlfln}uwqwlilihp]l UJntlihp[!: Stl.JwL 
pwqpuwJpli lflnlfln}uwqwlip UJntlimu pp qpuwg qptl_mu t 1, puq WJI} UJWii 
UfiWgWb' tl_wfiqwqfihpntu' qpnfihp. (pwfip np pwqpUWJpli \fln\fln}uwqwfi[! 
umfimu t upwJii up uwhUwliwlflwquwli uh2): 

III . lfliwgwb' wqwm l{wliqwqlihpf! tpwgfimu hlip <tnJll}wlip 
pwliwaL.nl{' 

apj · a;q 
bpq = apq _ _.:...:. _ _,__ 

au 
npmh.q b pq -li ppl{ 2-pq wrumuwqp p -pq m~ q -pq UJWii mwpp.li t] r Oppliwq 1: lmb't( qb'wjpli·b'pwqpwtl_npuwti hhtnL.JWL }uliqpp[! . 

Uqwm 
~ 

Wli.llWU . 

xl 4 
~ 

Xz 6 

x3 8 

f 90 ~ 

f :::::;_ 90 t 2x4 - 3x5 ~ min 

{

x1 = 4- 3x4 + 2xs 

x2 = 6 + 4x4 - x5 

· x3 = 8+2x4 - 2x5 

xj ~ O,(.i = 1,5) 

.. 
xt x2 x3 

1 0 0 

0 1 0 

0 0 1 

0 0 0 
-Ufumuwq 1 p pwqpuwJpli tmb'muli t. 

~ 1 (4,6,8,0,0), f = 90· PI . 

fhunzuwlj 1. 

x4 Xs 

3 -2 \,. 

-4 1 

-2 2 

2 3 ... 
~wuwawJii li~wpwqptl_wb' WLqnpppup f -p mnqmu wqwm wliqwupg 

(90) pwgp, \flfimpntu hlip qpwqwli pl{tp]lg wutliwuhb'[! (3-[!), llJl[! 9lllJ9 t 
mwwu qtluwl{np UJntfi(! (xs -p UJntli[!): liJiimhtmL. x5 -p UJntlimu 
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qtp.gfimu tfip qp.wi.J.wfi pqtp.[! h I.J.wqumu hwp.wptp.mpJntfi fip.wfig 
hwuwUJ.wmwu}uwfi wqwm wfiqwufitp.p (6 h 8) h WJil pqtp.p u)).2h (6/1 h 
8/2): Qfimp.mu tfip WJil hwp.wptp.mpJmfifitp.pg $npp.[!' 8/2: liJfi 9lllJ9 t 
mwwu cn}uwqnp. UUlll[!: Utwpfitp.nq wrumuwi.J.mu 6zqwb" tfi qL}uwqnp. 
UJntfi[! h mrum, np.nfig hwmuwfi mt11mu qmfiqmu t qL}uwqnp. mwpp.[!: 
Cl-L}uwqnp. mwp.p.[! gntjg t lnUltPU, np. pwqpupg UJ.bmp t qntp.U Uqqp X3 -[! 

h fip.Ul $n}uwp.tfi pwqpu Umfip X5 -[!:"'Gnp pU1qpU[!, UJ.Wp.q t, I.J.wquqwiY t 

x 1, x 2 , x 5 $mlm}uwi.J.wfifitp.pg: 

liJchl I.J.wqumu tfip wrumuwi.J. 2-[!, np.[! · wwgfimu tfip qtp.[! Uzqwb" 
mtqnpppup tp.tp pmJtbp.nq: 

g Uqwm 
XI x2 x3 

wfinwu. 

xl 12 1 0 1 

x2 2 0 1 -l/2 

Xs 4 0 0 1/2 

f 78 0 0 -3/2 

Urumuwi.J. 2-p pwqpuwJpfi tntiYmufi t. 
g2(12,2,0,0,4), /p

2 
= 78: 

lhunwwlj 2. 

x4 Xs 
I -. 

0 . 1 I 

-3 0 

-1 1 

5 ~ 0 

• 
liJfimhtmh I.J.pi.J.fimu tfip pntnp. WJfi qwmnqmpJmfifitp[!, np.nfip 

I.J.wmwp.qtgpfi WilJmuwi.J. 1-pg 2-pfi wfigfitwu: Cl-L}uwqnp mwpp[! l.Jlltfip 1-

[!, np[! xrltfi ptp.ntu t pw~u· xrP. $n}uwp.tfi: 4:wmwpttntl 

cihwtltn}umpjntfifitpp hu uti.J. PUlJJ., I.J.umwfiwfip UliiJlllUUli.J. 3-[!: . 

lhynwwlj 3. 

g Uqwm 
XI x2 x3 x4 Xs wfiqwu 

x4 12 1 0 1 1 0 

x2 38 . 3 1 5/2 0 0 

Xs 16 1 0 3/2 0 1 

f 18 -5 0 -13/2 0 0 
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.Qwfip np. f -P. mnqmu wqwm wfiq.wupg pwgp qp.wi.J.wfi wfiqmu zl.Jw, 

mump Ulqjntuwi.J. 3-p pwqpuwjpfi tntb"ntU[! OUJ.lnpUWL t: fmin = 18, np.[! 

umwgqmutwJfiqbUJ.pmu,tpp x1=0, x2 =38, x3 =0, x4 = 12, x5 = 16: 

--J 
Oppfiwi.J. 2: Cl-b"wJpfi b"pwqpwl{npuwfi }ufiqpp.[! mp.qwb" t htmhJWL 

mtupnq. 

x j ·~ O,(j = 1,4) 

4:wqutfip up11UJ.tbpu WilJmuwi.J.. 

g Uqwm 
XI x2 wfiqwu. 

XI 2 I 0 

x2 3 0 1 

f 0 0 0 

lhynwwlj 1. 

x3 x4 

-1 1 

1 -2 

3 2 .. 
Urumuwi.J. 1-p hwUWUjwmwutuwfi pwqpuw)~mb"mufi t. 

g1(2,3,0,0), /p
1 

= 0: 

• 

f -p UlllfllllU I]llUli.J.Ulfi pqtppg wutfiwtitb"[! 3-fi t, htmhwpwp. x3 -p 

UJDLfi[! I.J.lltfip qL}uwqnp: liJI} UJUlfi utlwi.J. qp.wi.J.wfi PMI! 1-fi t, np.nq 
wfigfinq mnq(! I.J.lltfip qL}uwqnp, pul.J pfip[!' l.Jlltfip qL}uwqnp mwpp.: <!.w2np.q 
pwqpu[! I.J.wquqwb" I.J.lltfip x1 h x3 lJlntltn}uwi.J.wfifitp.pg: Lpwgfitfip 

WilJmuwi.J.. 2-[!, oqmlJ.ttntl hwuwUJ.wmwu}uwfi mtqnpppupg: 
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g Uqwm . 
XI Xz wunwu. 

XI 5 1 l 

x3 3 0 1 

f -9 0 -3 

UrumuwlJ. 2-p pwqpuwJpu tmb'muu t' 
g2(5,0,3,0), /p = -9: 

2 

UIJJDlUW/j 2. 

x3 x4 

0 -2 

1 -2 

0 8 

• 
f -p mllllmu upwlJ. l}llWt}wu mwpp[! 8-fi t, npp up2ngml. qmut~mu t 

qJluwtlnp UJntG[!: UwlJ.wJG WJfl UJmGmu l}llWt}wu mwpp ~lJ.w, htmLmpwr 
uzwfiwt}mu t, np GU}wmwlJ.wJpu ~mfilJ.gpwu uwhUwfiw$wlJ. ~t utpphpg 

(!min ~ - oo ): UJu qtU}pmu wumu tfip, np juul}llp OU}mpliwt tmb'ni.u 

qnJntpJmu ~mup (lufiqpp[! tmb'mu ~mfip): 
l).pmnqmpJmu: bpt qb'wJpfi b'pwqpwtlnptiwa }ufil}llmli U}Whwu2timu 

t qmGbt UU}WmwlJ.wJpG ~mulJ.gpwJp uwpupumu wpdbpJ!, WU}W uw}upwfi 
upuuutpu WllW2Pfi WI]JllLUWt}J! tpwgubLJ!, }uuqllp[! pbpmu bfip upfipUntU[! 
qmfil:itmu, put} WJGmhl:imh tmb'mli[! mwfimu fimJfi wtqnpppunt~: · 

OppuwlJ.: bpl:i f = 5x1 - 4x2 ~max, WUJW - f = -5x1 + 4x2 ~ 

~min: 

§22. UlJ.qpfiwlJ.wfi hbfipp (pwq}lup) qmfibm 

U}lu~h WJOU, qb'wjpG opwqpwqnp.uwfi }ufiqppul:ip[! upUU}Ll:ipu ul:ipn
qnq tmb'l:i!lm, l:iupwqpl:it tup, np uwhuwfiw$wlJ.muutpp hwuwlJ.wpq[! 
mptiwo t npht hl:iupp filJ.wmuwup np.nztlwb' mbupntl: q.c'lwJpfi opwqpw
qnpuwu npnz }uuqppul:ipntu ulJ.qpfiwlJ.wfi hbGp[! npnzt~mu t wfiup-
2wlJ.wunptu, uwlJ.wJG [!fil}hwump ql:iUJI2mli wuhp.wobzm t WJfi $fimptr 

4:w}utiwo uwhUwfiw$wlJ.muutpp hwuwlJ.wp.qpg, ulJ.qpfiwlJ.wG hbupp 
npnzmli[! lJ.wp.bJll t qmGI:it mwp.pbp. bqwfiwlJ.Gbpntl: .!!Gfiwp.lJ.bup l}llWfip 
wnwuapfi- wnwuapu: 

l. bupwl}lltfip, qb'wJpG opwqpwqnp.uwfi tuGflPlltU uwhuwuw
.P,wlJ.muul:ip.p hwuwlJ.wp.q[! mp.qwo t upwjfi ( ~) wuhwqwuwp.muutp.p 
86 

mtupntl' 
auxi + al 2x 2 + ... + alnxn ~ bl 

a 21X1 + a 22 X2 + ... + d 2nXn ~ b 2 

········· ·· ···· ·············· ··· ·· .. 

x j ~ 0,(} = l,n) 

(I 

(2) 
(3) 

UJu qtU}pmu Gtpumomu tup lPwgmgp~ .P,mtmtuwlJ.wGGbp 

xn+l , xn+l , .. · ,xn+m, npnfip qmuwpbtntl (1) hwuwt}wpqp hwUWU}W· 

mwutuwu wuhwt~wuwp.muutpp aw}u uwutp.pfi' umwumu tup hbmh.Jwt 

tuullllpJ!. 
auXJ +al2X2 + .. ·+alnXn +Xn+l =bl 

a 21 x 1 +a22 x 2 + ·: ·+a211 X11 +x,z+2 =b2 

········ ······· ··· ··· ··················· ·· 

x j ~O,(j = l , m+n) 

J=c 1x 1 +c2x 2 +· · · + C11 Xn ~max 

(4) 

(5) 

(6) 

Lmob1_11tl (4) hwuwt}wp.q[! lPwgmgp~ $n.PntuwlJ.wGGI:ipp 

GlJ.wmuwuwp, lJ.umwuwup' 

xn+l ;;_ bl -(all XI + al 2x 2 + ... + alnxJ 

Xn+2 = b2 - (a ztXI + Ozz Xz + ... + OznXJ 
........................................ ...... 

x j ~ 0,(} = l,m+ n) 

7) 

8 

7 



liJUlllpunti, (1)-(3) lufillPPl! pbpqbg (7)-(9) lufiqpp, npf! tm~qw~ t 
hbupwJpG tjml!J.ntuwl.J.wfifibpp fiqwmuwup: <!.tfipwJpfi l!J.nl!J.niuwl.J.wfifibpC 

x x ···x xx···x b(i n+l ' n+Z' ' n+m ' puq wqwm $n$nluwl.J.wfifibpf!' 1 ' 2 ' ' 11 
: 

liJfimhbmh (7)-(9) J:ufiqpp hwuwp wfihpwabzm t qwqubt upUllltbpt 
wrumuwl} h up wrumuwqpg UJmupfi wfigfibtm up2ngnt1 qmfibt lufiqpl• 
OllltnpUWLLlll~ntU(!: 

Oppuwq: Spttw~ t q~wJpG apwqpwtlnpuwfi lufillPp: Cl-tnfibt uqqpfiw
qwt:i hbfip{!: 
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{

2x1 +3x2 ~ 8 

x1 +4x2 ~ 6 

5x1 +2x2 ~ 9 

x1.:2: O,.xz;;::: 0 

f = 8x1 +3x2 ~max 

'U-bpum~btntiLJlwgmgpi $n$n):uUJqwGfibp, qumwfiwfip' 

{

2x1 +3x2 +x3 .=8 

x1 +4x2 +x4 = 6 

5x1 + 2x2 + x5 = 9 

xj;;::: O,(j = 1,5) 

f=8x1 +3x2 ~max 

fipnzbtntl x3 ,x4 x5 $n$niuwl.J.wGfibp[! hwuwqwpqpg, qumwfiwfip' 

{

x3 =8-(2x1 +3x2 ) 

x4 =6-(x1 +4x2 ) 

x5 = 9- (5x1 + 2x2 ) 

xj;;::: O,(j = 1,5) 

f=8x1 +3x2 ~max 

liJutnbq hbGpwJpu . ljJ.nl!J.nJ:uwl}wGGbpfi bu x 3 , x4 x 5 -(!, Jlllll wqtuut 

l!J.nl!J.nJ:uwqwGGbpi!' x1 'x2x3 -(!: liJfimhbmh IuGqpp tm~mU[! mwpt~mu I. 
utn~llltbpu ubpnqntl (§21) : 

2. bfipwqpbfip qawJpG ~wqpwttnpuUJG lufiqpmu uwhuwfitu
l!J.wqmufitpp hwuUJqwpq[! mpttw~ t upwJG hwt~UJuwpmuGbpp mbupml' 

a 11 x1 + a12x2 + · ·· + a1,x, = b1 

Gz!Xl + GzzXz + ... + Gz,Xn = b2 

x j :2: O,(j = l,n) 

(10) 

(11) 

(12) 
liju qblllPntU Gbpum~mu blip oawfiqUJq l!J.nl!J.nluUJqmGfibp' 

Y 1 ,y2 , · · • ,ym h (10)-(12) lufirWPI! pbpmu hbtnhJWL tnbupp' 

Y1 =b1 -(a11 x1 +a12x2 +···+a1,x,) 

Yz =bz -(az,xt +azzXz +···+az,x, ) 

xj :2: O,(j = 1,n), y1 :2: O,(i = 1,n) 

(13) 

(14) 

(15) 

(13)-(15) lufiqpmu hbfipwJpfi l!J.nl!J.niuwqUJfifibpu bG YPYz, .. . ,ym' 
X X ···X 

puq wqUJtn $n$nJ:uwqwGGbp[!' t ' z' ' n : 

Pfiilllbu hwJmfi)l t, upulllttnu utplll}Iltl wztuwmbtlJ.U, wfigmu t 
qwmwpttmu up htfipUJJpfi tm~mupg utq mppzpu, np~ · hwuuap 
wfihpwabzm t mGbfiUJt UUJ.WtnUJqWJpG :pmuqgpw qUJlutlw~ Gnp tlmtllll· 
J:uwqUJfiubppg qwlutiUJ~: liJq GUJ.wmwqntl fitpum~tfip odwOI}lliiJ 
filllWtnWqWJpU :pmliqgpw hbtnhJWL tnbupnq' 
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(16) 

Stqw.qpbtnl.J. (13)-pg yl'y2 , ... ,ym tllntllnluwqwfifitpp wpdtpfibp[! 

F -p ut2, u qwmwpbtnl.J. fiuwfi wfiqwufitpp upwgmu, umwfimu tfip F 
:}>mfiqgpWJp mtupf!' wpmwhwJmlJ.wa wqwm tllntllnluwqwfifitpnl.J.: 

F=(b1 +b2 +···+bm)-((all +a21 + .. ·+aml)xl + 
+(a12 +a22 + .. ·+am2 )x2 +· .. +(a1n +a2n + .. ·+amJxn) -Hnin (17) 

liJdU, oqml.J.btnl.J. (13)-(17)-pg qwqumu tfip upUUJ.tbpu WllJmuwl.JI!, mp 
ummquwfi mnq[! u UJntfi[! wwgfimu tfip oqml.J.btnl.J. (16)-pg: liJfimhtmL. 

uplitqtbpu uL.wtllnltJmpJmfifitpp oqfintpJWUp y;(i = l ,m) 

tllntllnluwqwfifibpf! qmpu tfi pbpl.J.mu htfippg u umwfimu qpn wpdtp: 

.Qwfip np y 1,y2 , ... ,yml}lntllnluwqwfifitpp wpdtpfibpf!, f!UUl tmpJwfi, 

hwtJ.wuwp tfi qpnjp (nptqbu hwtJ.wuwp utampJmfifitpp 
mwpp.tpmpJmfifitp), mump F :}>mfiqgpwJp min wpdbpf! fimJfitqbu tqbmp 
t hwtJ.wuwptJ.P qpnjp: 

.Qwfip np F?::. 0, puq min F ?::. 0, mump hfiwpwl.J.np t tpljm 

mwpptpwlj. 
w) minF > 0: Uw uzwfiwqmu t, np (13) hwuwqwpqf! ~mfip n~ up n~ 

pwgwuwqwfi tmamu, npp hwuwp y 1 = O,y2 = O, ... ,ym = 0 (hwljwnwq 

qbtqpmu min F?::. 0 ): Uqqpfi·wqwfi (10) hwuwqwpqf! fimJfitqbu ~mfip n~ 
up n~ pwgwuwl.jwfi tmamu: Ujumtqpg htmL.mu t, np gwfiqwgwa 
qawJpfi apwqpwtJ.npuwfi lufiqpp (10) uwhUwfiwtllwqmufitpntJ. tmamu 
~mfip: 

p) minF = 0: liJu qbtqpmu (10) uwhUwfiwtllwqmufitpnlJ. qawJpfi 

apwqpwl.J.npuwfi ltJfiqppfi mfip tmamu, npf! qmfibtm hwuwp, fiwlu tqbmp 
t tllfimpbt uqqpfiwqwfi htfipf!, wpmwhwJmlJ.wa hpufiwl.jmfi 
tllntllnluwqwfifibpntJ.: 

bpt lufi.qpp uqqpfiwqwfi htfipwJpfi tmamlif! l}lfimptwu hwfiqtl tfip 
(p) mwpptpwqpfi, WUJ.W zwpmfiwqmu · tfip lufi.qpp tmamui!' npnfibtnl.J. 

f fitqwmwljwjpfi :}>mfiqgpwJp max wpdbpf!: liJI} fitqwmwqnl.J. 1.J.bP2Pfi 

upUUJ.tbpu WI1Jmuwqpg pwg tfip pnqfimu F -p hwuwtqwmwultJwfi mnq[! 
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u Y1,y2,··· , ym l}lmlmluwljwfifitpp UJmfibpf!: Umwfimu tfip up 

WllJmuwq, npmtq htfipwJpfi tllmlmluwl.Jwfifibpf! lufi.qpp hpufiwqwfi tlln
tllnluwqwfifitpfi · tfi, npf! u hwuwtqwmwultJwfimu t uqqpfiwqwfi 
htfipwjpfi LntOUWfi[!: 

1.Tzbfip, np WJI} WllJmuwljmu ummquwfi mnql! 1t uJmfil! wwgt)ntu tfi 
f :}>mfiqgpwJp tllntllnluwqwfifitpp qnpawqpgfitpmJ.: 

Oppfiwq: SptJ.wa t qawJpfi apwqpwtJ.npuwfi htmuJWL lufiqppf!' 

7 
x1 +x2 +7x3 +2x4 =-

2 
. 3 

2x1 -x2 +3x3 +3x4 =-
2 

2x1 +2x2 +8x3 +x4 =4 

xj?::. o,0 = 1,4) 

f = -5x1 +10x2 -7x3 +3x4 ~max 

1Jtpumabtn1.J. odwfiqwi.J l}lntllnluwqwfifitp u upwdwuwfiwq max- p 
lufiqppf! ptpbtnl.J. min-p l.J.wpnq tfip qptl. 

7 . 
Y1 =--(x1 +x2 +7x3 +2x4 ) 
. 2 

3 
Y2 =--(2x1 -x2 +3x3 +3x

4
) 

2 

y 3 =4-(2x1 +2x2 +8x
3 

+x4 ) 

xj ?::.O,V=1,4}y; ?::.0,~=1,3) 
- f = (-5x1 + 10x2 -7x3 +3x4 ) ~min 

Odwfiqwl.J. fitqwmwl.J.wJpfi :}>mfil.J.gpwfi qmfitfiw htmuJWL mtupf!' 

F = Yt + Yz+ Y3 -Hnin 

Stqw.qpbtnl.J. WJumtq Yt ,y2 ,y3 -p wpdtpfibpf! qumwfiwfip' 

F = 9-(5x1 +2x2 +18x3 +6x4 )-+ min 

OqmtJ.btntJ. lufi.qpp uuwl}lnlutJ.wa mtullpg' l.J.wqutfip upUtqtbJ2U l Wll-
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Jmuwq{!, mp ummqthufi mnrm h UJmfig wwgtjmu t J:!Um F :PmfiqgpwJ]l 
l.jlmpntuwqwfifitpp 'lllPawqpgfitpp: 

lhunwwlj 1. 

Uqwm 
Ummquwfi 

0 0 0 0 1 
wfiqwu-

fib]l y 3 

4:wmwpttnlJ upuuut~u ohwl}lnltJntpjntfifibpJ:!, qumwfiwfip html.JWL 
wrumuwqfibpJ:!' 

UIIJlllUW/j 2. 

Ummqlilllfi 
0 0 0 0 

Ummquwfi 

UiijlllUW/j 3. 

<tfipll Uqlllm 0 0 0 0 1 
l.jlnl.jlnltJlli-wfiqwu-~~~--~--+--+--+----+---1----r-~ 

qwfifibJl fihJl 
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UiijlllUW/j 4. 

<tfi~]l Uqwm 
Ummquwfi 

0 0 0 0 
l.jlnl.jlntuw- wfiqwu-

Ummquwfi qllififitp fitp xl Xz x3 x4 Yt Y z YJ u 

Xz 0 0 0 0 -15/10 10/ 18 -6/ 18 11/18 

x3 l/2 0 0 0 5/10 6/ 18 0 -3/ 18 

0 0 0 0 0 14/ 18 6/18 10/ 18 

.Qwfip nJl wrumuwq 4-mu odwfiqwq tjml.jln}uwqwfifihJlJ:! ' y 1 , y
2

, y
3 

htfi~pg pwgwlJwJmU tfi (l}nLJlU tfi h\J.ht hbfipl1g), puq odwfiqwq 
:PmfilJg]lwfi ( F) hwubt t llJl min wpat~pfi (min F =0), lizwfiwlJmu t, nJl 
uqqpfiwljwfi htfipwJJ:l.fi tmamul! qmfiljwa t: 

liJdU wrumuwq 4-pg pwg tfip Pilllfimu F-p UlllilJ:! L. y 1 , y
2
,y

3 

odwfiiiwq l.jlnl}lnltJwqwfifibJll1 UJmfihp[!' umwfimu tfip llii]Jmuwq 5-J:!, 
nJlmhq ummquwfi mm1l! L. UJI1lfiJ:! wwgfimu tfi~ oqmlJbtn4 f 
:PmfilJgllWJp htmhJWL mtu~llg . 

- f .= - (- 5x1 + 10x 2 - 7x3 + 3x
4

) ~min 

lhunwwlj 5. 

<tfi~p Uqwm Ummquwfi 
5 -10 7 -3' 

tlml}lntuw- wfiqwu- U!Qil 

qwfifitp fibJl Ummquwfi 
x l Xz x3 x4 

UJntfi 

Xz 0 -10 0 1 0 -15/10 

x3 l/2 7 0 0 1 I ~/101 
xt 0 5 I 0 0 0 
-j 7/2 - 0 0 0 215/10 

• CfimJlhtn4 wrumuwq 5-mu qtluwqnJl IDWJlJl h ljwmwpttntJ wtignu) 
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hw20J.lll WllJmUw\lll, ljumwuwup' 

lhynwwlj 6 

~tu 12p. Uqwm 5 -10 7 -3 
1.}111\}lD J:u w- WUJlWU-
qwuuhp utp Xz x3 x4 

Xz 3/2 -10 0 1 3 0 

x4 1 -3 0 0 2 1 

XI 0 5 0 0 0 

- ! -18 0 0 0 

luuJlPp tmomuu wtl_wpun{mu t · WllJmuwl[ 6-ntl_, pwuJ;t np 
· UU}WtnwlJ.wJpu :J,>mulJ.gpwJp tnilllmu pntnJ.l . ul.wppbp[! n~ llJ.lWlJ.Uiu tu 
(oUitnpU:wtmpJwu UIWJUWU[! pwtl_wpwptl_mu t): OU}tnpU:wttmomU:[! l[J]lup' 

x1 = O,x2 = 3 I 2,xJ. = O,x4 = 1, pul[ max/ = 18 

3. bupwllJ.lbup, qbwJpu opwqpwtl_npuwu }uuqpmu uwMwuw
lflwlJ.mU:ubpp h~U:wl[wpq[! mp4_wo t U:pwJu (~) mbupntl_: liJu JlhU}PmU:, · 
ubpumobtn4 tpwgmgp~ lflnlfln}uwl[wuutp, uwMwuwlflwl[mU:utpp 
hwU:wl[wpq[! ptpmu tup hwtl_wuwpmuutpp mtupp, pwJg p 
mwppbpntpJmu wnw2pu Jlhll}Pp, LJ.lWf_Jntgp~ lflnlfln}uwl[wuuhp[! WJU 
qtU}PmU: ~bup lJ.wPilll hwU:wphL htupwJpu, pwup np m4JwL htupwJpu 
tntomul! lJ.!Pup n~ pmJtwmptw: liJll U}Wtnllwnn4 uwMwuwlflwl[mU:utpp 
hwuwl[wpq[! hwtl_wuwpmuutpp mtupp pbpbtmg hbmn, }uullJ.lp tmomU:[! 
mwptl_mU: t WJUU}hU, pu~U}hU ul[wpwqptl_bg bplJ.pnpq qhU}PntU: 

UJUU}hu, tupwllJ.lbup qbwJpu apwqpwtl_npuwu }uuqpp[! mptl_wo t 
hbtnhJWL mbupntl_. 
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{

3x1 +5x 2 +2x3 ~8 

x1 +2x2 +4x3 ~ 12 

2x1 +x2 +x3 ~ 6 

X j ~ 0,( j = 1,3) 

f=4x 1 +7x2 -3x3 -+max: 

vhpU:mobup tpwgmgp~ lflnlfln}uwl[wuubp 

{

3x1 + 5x 2• + 2x3- x4_= 8 

X1 + 2X2 +4X3 - X5 - 12 

2x1 + x2 + x3 - x6 = 6 

X. ~ 0, (j = 1,6) 
) 

f = 4x1 + 7 x 2 - 3x3 ~max : 
bpb hwU:wl[wpq[! tmohup tpwgmgp~ l}mlfln}uwl[wuutpp ul[wmuwup, 

,lJ.umwuwup' 

{

x
4 ·= - 8 +3x1 + 5x2 + 2x3 

x5 =-12 +x1 +2x 2 +4x3 

x6 = - 6 + 2x1 +x2 +x3 

·x. ~ O,(j = 1,6) 
J 

f = 4x1 + 7 x 2 - 3x3 ~max : 
UJu qhll}Pmu tpwgmgp~ lflnlfln}uwl[wuuhp[! htupwJpuhwuwptutup 

lJ.WJ.lill1, pw(ip np (ipwug wpabpuhp[! lJ.tP(ib(i pwgwuwqw(i 

( xt = Xz = x3 = 0, x4 = - 8, Xs = - 12, x6 = - 6 ), np[! n~ pmJtWtnpbtJl 

tmomu t : 
UJq U}wmnwnn4 uwhuwuwl}lwl[muubpll hwuwl[wpq[! hwqw-

uwpmuutpp mtupp ptphtmg hbmn ulJ.qpuwlJ.tuu htupp npnzmul! lJ1bmp t 
~wpntuwlJ.hL WJUlJ1hU, pU~UibU ul[wpwqptl_bt t bplJ.pnpq JlhU}PntU: 

{

y
1 

= 8 - (3x1 + 5x2 + 2x3 - x4) 

y
2 

= 12 - (x1 + 2x 2 + 4x3 - x5 ) 

y3 = 6 - (2x1 +x2 + x3 - x6) 

x j ~ O,(j = 1,6), y ; ~ 0 , ~ = 1,3) 

- f = - (4x1 +7x2 .,- 3x3 ) ~min 

F = y, + Yz + Y3 ~min : 
4. bupwllJ.lhUp qbwjpU opwqpwl.Jnpuw(i }uUllJ.lllLU 

qmuutpp hwuwl[wpq[! mptl_wo t tuwnJ! mbupm{: 

uwMwuwlflw
liJU qhUII!ntU 
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Jmpwpwui.Jmp uwhllwuwt}lwl.p1wu hwuwp 4.wpqmu bup WJUU{bu, 
]1u~U{bU ul.pupwqpt}bg uw):unpq bpbp qbU{pbpmu: bpb qOl.uJpU 
bpwqpwtlnpuw(i J:uuqp]1 hwuwlJ.wpqmu lJ.w qnub ublJ. uwhllwuwt}lwlJ.mu 
hwtlwuwpuw(i (=) lJ.wu uta m hwtlwuwp ( ~) mbupnt}, lllUJlll 

ulJ.qpuwlJ.wu htup]1 tjlumptm hwuqntu t tplJ.pnpq qbUJPpu : 

96 

Op]1uwlJ. 1. 

{

XI+ 4x2 ~ 30 

2x1 -3x2 $ 6 

- xi+3x2 $ 10 
{

x1 + 4x2 -x3 = 30 

~ 2x1 -3x2 +x4 =6 

- x 1 +3x2 +x5 = 10 

XI ~ O x2 ~ 0 xs ~· o. v=1,s) 
f = 5x1 +4x2 ~max 

{

y 1.= 30-(x1 +4x2 - x 3 ) 

x4 = 6 - (2x1 -3x2 ) 

x5 = 10 - (-x1 +3x 2 ) 

x5 ~ 0, V = 1,5), y 1 ~0 
f = 5x1 + 4x 2 ~max 

F=yi ~min 

lJ.wu F = 30-(x1 +4x2 -x3)~ min 

Op]1fiwlJ. 2: 

{

3x1 +x2 -x3 ::; 12 

2x1 +2x2 +x3 ~9 

4xi +2x2 +3x3 = 10 

x1 ~ O,(j = 1,3) 

{

3x1 + x 2 -x3 +'i 4 = 12 

~ 2xi+2x2 +x3 --x5 =9 ~ 

4x1 +2x 2 .+3x3 = 10 

x1 ~ O,(j = 1,5) 

f = 5xi- 3x2 ~min f = 5x1 - 3x2 -+min 

{

x4 = 12-(3xi +x2 - x3 ) 

~ y 1 = 9-(2x1 +2x 2 +x3 -x5 ) 

Y2 = 10-(4xi +2x 2 +3x3 ) 

f = 5xi - 3x2 ~min 

F = y 1 + y 2 ~ min 

qwu . -F = 19 i.. (6xj '+ 4x2 + 4x3 - x5 ) ~min 
Op}lfimq 3: . 

·'- ·{2x1 ~3x2 + 2x3 = 7 ·{2x1 -f.3x2 + 2x3 = 7 
3x1 -2x2 +3x3 ';?.8=> 3x1 -2x2 +3x3-x4 =8 => 

x1 +5x2 +2x~9 x1 +5x2 +2x3 -x5 =9 

·xi ';?. O,(j = 1,3) xi ~ 0,( j = 1,5) 

f=4x1 +7x2 -+max · f=4x1 +7x2 ~max. 

· {y1 = 7 -(2x1 +3x2 .+2x3) · 

=> ·. y 2 =8~(3x1 -2x2 +3x3 -x4 ) 

y3 = 9-(x1 +5x2 +2x3 -x5 ) . 

x1 ';?.0,(f=1,5),y; ~O;(i=1,3) 
- f =-(4x1 +7x2 )-+ min 

F = Y1 + Y2 + Y3 -+min 

qwu F=24-J6x1 +6x2 +7x3 -x4 -x5 )-+min 

fJ.]lliJmfmpJlizO: UJ.i1lll!tbpu wrumuwqGbpf! (§21) qlllqubt:Pu ummqulJ.lfi 
mrum . h . UJDlfil! pwg bOp JHlqbt, WJG tbwfipuipbnGbtnt GU{wmwqmJ.: 
UwqwJG §22-p op}lG~qmu GpwGp ~bpwqwGqGbt bGp: UJq op}lGwqp 6i'Jlll 
wruntuwqp up2rignq. ' gmjg mwGp GpwGg oqmwqii.pbllwG &hbpf!: 
'UquuilbGp, np GpwGg u}l2ngn\{ umrttqmu hOp GUiwtnuiqwJpG. ~l>n.tGqgpwJp 

. Ullirlmu 1)\lhii!Inzuw"PJmaf!: . . . · 
· . VUIW~wq~JJ.10 ~mGqgpwJp tnllllntU wqwm w(iqwuf! umwgqmu t 

• uumtquwa uJwG : h hwuwUiwtnwu):uwG wqwm wGqwuGbp}l wpmw
IlPJllltGbp}l hwGpwhwz\{wqwG qmuwp}lg: 

I \f~' ' -18 = -10 ' !_ - 3 •1 + 5 ' 0 . 2 
'vutwmwlJ.wJ]1G :t>mGlJ.gpwJ}l tnllfl11 gwGqwgwci wGqwu (pwg}l wqwm 

wGqwupg) ulhwg\{mu t utnmquwG h hWUWUIWUlWU}:uwfi UJWfi wfiqwu
Gbp]1 wptnWI}:IlJWtfibpp hwfipwhwzqwqwfi qmuwp]1g hwGwb ummquwa 

lhilllP bWUuill!WUlWU}:uwfi Wlil}WU(!: 

Oppfiwq: -43 = -10 · 3-3 · 2 + 5 · 0-7: 
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bU})W.IlPh!ip mUhUp qbiDJpU b'p.wqpwqnpuwU }uUqllp [!UqhwUmp 
mhupnq. 

f=c1x1 +c2x2 +···+cnxn ~max 

a11x1 +a12x2 +···+a1,:,xn S:.b1 

a21x1 +a22 x2 +···+a2nxn 5.b2 

arJXJ +ar2X2 +···+arnxn S:.br 

ar+JJXJ + ar+J2X2 + ' .. + ar+lnX~ S:, br+l 

ak1x1 +ak2x2 +···+aknxn S:.bk 

ak+Jlxl +ak+12x2 +·:·+ak+JnXn =.bk+l 

(1) 

(2) 

(3) . 

Lpwgmgp! ll! pwgwuwl.JwU Xn+l, Xn+2, · · ·, fn+k l}lnl{mluwl.JwUUhp 

Uhp:umb-htntl, (2) hwuwl.Jwpqn phph!ip hwqwuwpmj.i.Uhpp mhupp: Umwg
qwb- }uli.llPP huiuwp l.Jwqumu hUp c:htJlllwUp ~hpwl}ln}uqwb- wrumuwl.J 
(§ 17)' hwml.JwgU.htntl UUJ.wmwl.JwJpU :t>mUl.JgpwJpU wnwUCI\pu tnllil.: 
liJOmhhmL. hw2nJlllwl.JwU wrumuwl.JU~pp up2ngnq umwUnt.u hUp }uUI)llp 
tmb-mun: Lmb-UwU hw2nJlllwl.Jwfint})JntU(! Uhpl.JwJwgUhUp hhmhJWt 
PWJlhpnq: 

linU12Pii pWJt: b})h }uUI)lllltU l.JwU wqwm UzwUp l}lnl}ln}uwl.JwUUhp, 
WUJ.W UpwUp wpinwpumu hUp up wrumuwl.JPg UJntupU wUgUlitm 
up2ngnq: 

bpltpnJlll pwJt: b})h qpnJwl.JwU __ tnDll.hpnui 1.I111U pwgwuwqwU UzwUp 
wqium wGqwuUhp, W\l!W · (-1)-ntl pwquunllwtnl.Jhtntl lJphphUp n! 
pwgwuu.iqwUp: liJumhhmL. c:htJlllwUp qhpwl}ln}uqwb- <.\hwl}ln}um
})JntGUhpft up2ngn~ wpmwpumu hUp qpnUhp[!: 

bppnJlll pWJt: b})h nph.t tnllil.l! UJ.Wpnt!ii,Uqm~ t pwgwuwl.JwU UzwUp 
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wqwm wUqwu, qtluwqnp mwpp(! [!Umphtml WJil mlll1Pg, <iL.wl}ln}unui tUp 
WJU D! pwgwuwqwfip: 

~nppnJlll pwJL: Cwpmfiwqmu tfip up wrumuwqpg UJmupfi wfigutm' 
qiluwqnp mwpp(! (!fi\llphtntl upuuutpu utpnqll WLqnJlppunq upfi!L. 
OlqtnpUUlllllPJUlU hWJUlWCipzp mh11P mfitfiwm: 

BmJg mwfip tmb-Uwfi WLqnpppU(! oppfiwqp up2ngnq: 
Op.pfiwq: Lmb-hL qb-wJpfi ~wqp.wll.npuwfi htmL.JWL }uUqpp(!. 

f = 5x1 +3x2 -x3 +4x4 -6 ~max 

2x1 +x2 +3x3 -x4 = 3 

3x1 -x2 +x3 +2x4 = 16 

4x1 -x2 +2x3 +6x4 ~ 25 

x 1 +4x3 +5x4 ~ 23 

X . > 0 (J' = 1 " ) J- , . 

~wuwqwpqp. umw2pli tp.qm hwll.wuwpmufiLpp qp.tfig qp.nJwi.J.wli 
mtupnq, . puq hpp.nJlll m !llJlpnp.q wlihwqwuwpmufihp.p hwuwp. 
Citp.umb-hfip wwgmgp! l}lnl}ln}uwqwfilitp: lJwput1umup }u(iqpp.{! ptp.hlip 
upfipumup L. wp.mwqp.tfip WJU htmL.JWL mtupnq. 

- f = 6 - 5x1 + 3x2 + x3 - 4x4 ~min 

0=3-2x1 - x 2 - 3x3 +x4 

0=16 - 3x1 +x2 - x3 - 2x4 

x5 = -25+4x1 - x2 +2x3 +6x4 

x 6 = 23 - x1 - -4x3 - 5x4 

--. > 0 (J' = 1 6) j - I I 
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lhynwwlj 1. 

PwqJm Uqwm 
_XJ _x2 x3 _x4 (htu12) mullmliubp -

0 3 2 1 3 -1 
0 16 3 -1 1 2 

Xs -25 -4 1 -2 -6 

x6 23 1 0 4 5 

-f 6 5 -3 -1 4 

Unw2pfi mlliJ.P htfippg mpmmputup qpnu, npp hwuwp qLJ:uwqnp 
mmpp [!Gmptup IDJll mlliJ.Pg 1-[! L. wugutup hw2npq wrumuwqpu' 
qwmwpttntl d-npqwup qbpwqm]uqm<) aL.mt}ln]umpjmfiutp: 

trumwuwup' 

lhymuwlj 2. 

~mqpu Uqwm 
_XJ x3 _x4 (htuJD mfulmuutn -

Xz 3 2 3 -1 
~ 0 19 5 4 1 

Xs -28 -6 -5 -5 

x6 23 1 4 5 

-f 15 11 8 1 ... 
liJu mrumumqmu qLJ:uwqnp. mwpp[! qmfimu tfip 11-p m ·(J 19-28 23) 3 

mzn - ,-,--,- =- -p up2ngnt1 L. wfigumu hm2npq wrumuwqp: 
2 5 -6 1 2 
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UizJmuwlj 3. 

PmqJm Uqmm 
- Xz x3 _x4 

(htu12) wuqwuutp -

XI 3/2 112 3/2 -1/2 

0 23/2 -512 -7/2 7/2 

Xs -19 3 4 -8 

x6 43/2 -112 5/2 1112 

-f -3/2 -1112 -17/2 13/2 

... 
Qfimpttntl qLJ:uwqnp mwp.p.[! UmJfi uqqpm.Upm.J., UlJU pwJLmU wqmm

qmu tup pwgwuwqwfi mqwm mfiqwupg: 
Urymuwlj 4. 

~mqpu Uqwm 
_Xz x3 Xs 

(htup) wu11wuu~ - -

XI 43/16 5116 20/16 -1/16 

0 51116 -19/16 -28/16 7/16 

x4 19/8 -3/8 -4/8 -1/8 

x6 135/16 25/16 84116 11/16 

-f -271116 -49116 -84/16 13116 .. 
Qfimpttml qLJ:uwlJ.np. mwpp.[! 7/16, mqwmqmu tfip bpl.J.Jlnpq 

qpnJwqwu mlliJ.Pg: 
UizJmuwlj 5 . 

~mqpu Uqwm 
_Xz x3 

(htliQ) wuqwu(itp -

XI 2217 117 1 

Xs 5117 -1917 -4 

x4 23/7 -517 -1 

x6 2417 2417 8 

-f -16017 -617 -2 
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.P-wu}l np 5-llll w.rumutul]ntU UU)tumtul.J.tuj}lu :pmuqg}ltuj}l m11IJ.}l pntnp 
Ulwpphp[! (wqunn wuqwul! !hun hwztJmu) n! qpwqwu tu. mum}l 
umwglJ.hL t Iuuqp}l otqm}ltituttmb-mu[!: 

160 22 23 
!max=-, bpp X 1 =-,x2 = O,x3 = O,x4 =-: 

7 7 7• 
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q.pu)U 6. q.bluJltfi bpw'lllti11J.npuwfi hpl{wl@mpJwfi 
mhuntpJndi 

U\uf)bUwm]lqwJ]l mwppbp pwd)lGGhpntu hwGq!lU)ntU hG, WJUU)bu 
l.tn!lJ.wb- hpqwlt)lntf)JWU f)hnpbUGhp, npnGg)lg Jntpwpwuv_mp{! f)ntJLW
mpntu t' {!Ulh mplj_wb" mhuntf)JWG, npnzwlt)l hwumwmlj_wb" ophGpGbpnlj_, 
qwnmghL utq WJl U)fiqmu WJfiU)tu, np wriw2]1fi)1 )lpwlj_wg)lmf)Jmfi]lg 
wGu)12WU)bu ptumu t hpqpnpq]l ]lpwlj_wg)lmf)Jntfi{!: 

q.b-UJJ]lfi ()-pwqpwlj_npuwG ut2 fimJGU)bu hwGq]lU)ntU tG hpqw
lt)lntf)JWG ptnptUGhp]l h]lwGwt.P op)lGwqfihp: QGwjwb" WJfi pwG)lfi, np 
{!Utn WJq J)bnptUGhp)l lufiq)lpGhp)ltmb"ntuGtp{! qwmwplj_mu tG qpqGwlt)l, 
WJUntwutliwJGplj_ fipwGp mUtG uqqpmGpwJ]lG qwpLnp htmL.wGpGtp: 

.. _j 13 'f . . [ § 24 . . q.~ tlmlulllllwpd bpqwlt]1 }u£iilltpGbp]1 dL.wqbpU)ntU{! - V 

bGJ)wllPhGp, mplj_wb" t q.u npL.t tuuq]lp: UGlj_wGbGp WJG uqqpuw
qwfi (GwtuGwqwG): 

f=;::.c1x1 +c2x2 + ... +cnxn ~max (1) 

a1lx1 + a12x2 + ... + a1nxn s b1 

a21X1 + a22X2 + ... + a2nxn S h2 

amlxl + am2x2 + ... + amnxn s bm 

x J ~ 0, 0 = 1, n) 
'UntjG mtl.JwtGhpnlj_ mplj_wb" t q.u utli WJlluGq]lp . . 

ffJ = h1Yt +h2Yz + ... +hmYm ~min 

allyl +aztYz + ... +amtYm ~ C1 

a12Y1 + azzYz + .. · + amzY m ~ Cz 

(2) 

(3) 

(4) 

(:5) 
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. .Y1 ~ 0, ~ = l,m_ (6) 

~wubuwmhtmt (1)- (3) L (4):. (6) J:ufiqppfibpn, quqwmhup hl:imLJWl 
oppfiw~wt.PmpJntfifibp[!. 

1. (5) uwhtiwfiwt.Pwqmufibpp hwuwqwpqp t.Pnt.PnJ:uwqwGfibpp qrip:. 
bwqpgfibppg qwqdtJ.w~ uw\nppgn hwfiqpuwfimu t (2) hwuuiqwpqji 
hwUWUJ.WmwuJ:uwfi uwmppgp mpwfiuutnGwgtJ.wiYJ! (lilllilhPI! t.PnJ:uw
ppGtJ.w~ UJntfibpm.{): 

au a2t ... aml 

A'= at2 a22' .. am2 
----~--

A= 

2. (5) uwhUwGwt.}lwqmufibpp hwuwqwpqn qwqutJ.w~ t m l}lmJm
J:uwqwfiGbppg L n ptJ.ntJ. uwhllwfiwt.Pwqmufibp}lg, }luq (2) hwuwqwpqn' n 
t.Pnt.PnJ:uwqwfifibppg m m uwhuwfiwt.Pw~nulfibp}lg: · 

3. 3mpwpwuvmp J:uGilPfiui uwhuwfiwt.Pwqmufibp}l hwuwqwpq}l . 
wqwm wfillwufitpn UJmu J:ufiqpp fiUJ.wmwqwJpfi !}>mG\igpwJp t.Pmpn-
J:uwqwfifibpp qnp~qpgGbpfi bfi: . · 

4. (1)- (3) JUGilPfitU uwhllwfiwt.Pw4mufibp}l hwuwtiwpqn mptJ.wb t 
;:5; tnbupntJ., puq fiUJ.Wil_lWqWjpfi !}>ntfiqgpWjpg UJ.\UhWfi2tJ.ntU t qtnfibt UWp
upUntU mpatnnJ4) - (6) J:uGilPfitti uwhuwfiwt.Pwqmufibpp hwuwqwpqn
mptJ.w~ t ~ mhupntJ., }luq fiUJ.wmwqwJ}lfi !}>ntOI.J.g}lwJ}lg' upfipumu wp-
atpn: · 

't(bpn GztJ.w~ tiipu UJ.WJ'liwfifihp.p wnqwJmpJwfi qbUJ.PmU qwuhfip, 
np q_t) WJll J:ufiqppfibp[! qi.Pfib(i tltnJ:uwqwp6 bpqwqp: U~b npUJ.bU 
GwJ:ufiwqwfi J:ufirl}lp nfiqmfibfip hP.liPnMn. WUJ.W WllW2PUI! 4.tllG}l upw 
bpqwqpG: q..w hbztn t mbufibt.. hpb fiqwm}l mfibfiwfip hbtnL.JWl UJ.Wpq 
6 L.w'l!lnJ:ump JntUfihpn. 

pwqUWUJ.Wtn\tbtntJ. (5) hwlxwqwpq}l bp.qnt Uwubpt! -1-ml, WJfi qpbp
$ (2)-}1 mhup~fi L. hwqwnwqn' hpb (2)-p bpqm uwubpn pwquw
UIWtn4bup -1-ntJ., WUJ.W WJG qpbp4P (5)-}1 mbuppG: 'VlllwmwqwJpG 
!}>mGqgpwfibpG tt qwpbl.P t pbpbt uhlJ.I! UJntUpG, bpb <j)min-t! 6L.wt.PnJ:ubGp 
-<j)max tnbupp: 

UJuU.J.PuntJ. GzwfiwqmpJmfi ).ntGp, ph WJil bpqm ]uuqppubppg npn 
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hwuwpbGp uqqpGwqwG: vzbGp, np uiJil mbupntJ. fibpqwJwgtJ.w~ q.t) 

J:ufiqppfitpn 'lJ.n)_tJ.ntu bfi upubmppq bpqwqp lufiflllpubp: 

ufipwqpbGp q_t) J:uGI}}lpn mptJ.wb t qwtiwJwqwfi mbupntJ.: 

f=c1x1 +c2x2 + ... +cnxn ~max (1) 

allxl +a12x2 + ... +atnxn (~,=.~)bt 
a2t XI + a22 ;2 + ... + a2nxn (~. =, ~ )b2 

amlxl +am2x2 + ... +amnxn (~.=.~)bm 
n}1tnb.q' Xt(:;;, ~) 0, ... , X0 (;:5;, ~) 0, 

qwu fipwug 4p.w nGIJ:hwGpwlllbU tqWJUWfiGbp qptJ.w~ !bG: 
't(tpgatap umJfi m4Jui1atpntJ., utlt WJL q.cr J:ufirl}lp. 

ffJ = htYt + b2Yi + ... + bmy m ---1- min 

auYt +a21Y2 + ... +amtYm(~,=.~)ct 
a12Y1 +a22Y2 + ... +am2Ym(~,=.~)c2 

atnYt +a2nY2 + ... +amnYm(~,=,~)cn 

(2) 

(3), 

(4) 

(5) 

Yt(~, ;:5;) 0, ... , Ym(~, ~) 0, (6) 
l.J.wu fipwfig 4p.w nGIJ:hwGpwUJ.bU UlWJUWfiubp qptJ.w~ ).bfi: 

P.filutbu tnbuwfip (§24), u}lubmppq bpl.J.wqp lufirl}lppg ubqp up2ngn4 
qwpbi}l t qwqtibt fipw bpqwqpG btfibtn4lnpu opbfipfibp}lg: ' . 

UJO'U fiqwpwqpbfip WJfi ophfipfitpn, bpp q.cr tuOllltpfibpn mptJ.w~ bfi 
qwUWJWqwfi tnbupbpntJ.: 

1. (5) hwuwqwpqmu J-Pll wfihwtJ.wuwpntpJwfi Gzwun utbtnp t 
hwunfiqpfip (3)-}1 xi t.PmpnJ:uwlJ.wfi}l tfilw qptJ.w~ wGhwtJ.wuwpmpJWG 
GzwGp hbtn, qwu tJ.bpgtJ.nul t tlp.zm hi.utJ.wuwpntpJmfi, bpb xi-P 4p.w 
uwhtiwGwt.Pwqmu w qptJ.w~: 

2. up4wqp J:uGqp}l (6) UIWJUWGfibpntti Yi t.Pnt.PnJ:uwqwGp 4p.w 
qptJ.wb uwhtiwGwt.PwquwG wfihwtJ.wuwpmpJwfi GzwGn tJ.bpgtJ.mu t (2) 
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hwuwqwpqp. i-pq uwhUwuwl}lwquwh uzwup.u hwqwnwq: bpt (2) hlll
uwqwpqp. i-Jlll uwhUwfiwl}lwqmU[! a.A-qwb" t hw-qwuwpmpJWU mbuJ.2m{, 
WUJW Yi l}lmtmiuwqwfiJlllJ.lw uwhUw(fu;l}lwqmu ill qp.-qmu: · 

P fi!UJbu mtuumu bfiJ.2, (3)-P. ~ (5)-P. llJ.lw qp.-qwb" uwMwfiw
l}lwqmufibpJl uzwfifibp[! hWU[!fiqfim~ bfi, p.uq (6) h (2) uwhUwfiw
l}lwqmufitpp. wfihw-qwuwpntpjntfifib~Jl uzwfifihll[! WJL p.uwump. tfi: 
<.tmhwpwp tpqwi.J.lllufillllpl.J.wquhtm ltwfinfifibp[! up.utmpp.q ~bfi L. qw):u
ll.wb" tfi WJfi pwfiJlg, pt nll1.lullufillJlp~ uwJ.2uJlumup., pt up.fip.umup. UJW-
hwu2nll t: I 

~tpbfiJ.2 oppfiwqfit11, npnug u)l2ngp-q [!fiphll9Ilill! 4.WJ.lllil t w-qtJll LWll 
JntllwgfihL tpqwi.J.lllufillJlp qwquhLnt q~finfifihll[!: 
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Opftfiwq 1: '-lwqutl IDilll.wb" ):ufiqp.b- tp:qwi.J.p.!i : 

f = 4x1 + 5x2 ~ 8X:l ~max, 

3x1 + 2x2 - x3 1

1

:::; 4}, 

x1 + 3x2 + 2x3 F 6 

x1 ~ 0, x2 ~ 0, lx3 ~ 0 
I 

blllJ.W4.P lufillPill! qJllfip' I 
<p=4y1 +6,r2 ~nun 

3yl + Yz ~ 4 } 
2yl .+3y2 ~ ~~ 
- YJ +2yz 1 8 

Y1 ~ 0, .Y2 ~ 10 : 

l· 
Opftfiwq 2: S111lwb" t Q.-lJlu-1! htmh~WL mtu1.2nll.. 

f = 4x1 - 3x2 + 5x4 ~ trulf• 
· } I Y1 ~o 3x1 - 5x2 + 2x4 :::; 6 

1 y 2 qwuwjwqwfi t 
x1 - 2x2 + x3 - 2x4 = 5 , I 

Y3 ::;o 
2x2 - 3x3 + 5x4 ~ 0 I 

x1~o, xz::;OI X4~ : 

<p=6y1 +5y2 +0·y3 ~min, 

3y, + Y2 ~ 4 

-5y,-2Yz +2y3 :::;-3 

Y2 -3y3· = 0 

2y1 -2y2 +5y3 ~5 

y
1 
~ 0, y 2 qwuwjwqwfi t, y 3 :::; 0 

Op/Jfiw[J J:lllwquJ:it m111lwb" J:ufiqp)l hlllJ.wltJ!fi: _ 
f = 2x1 + 8x2 - 3x3 + x4 ~ min 

:x1 +2x2 -x3 = 3 } 
~x1 -5x2 -2x3 +.x4 ~ 7 , 

- 5x1 + 3x2 + 3x4 ~ 5 

Yt qtuUWJtulttufi t 

Yz :::; 0 

Y3 ~0 
x1::; 0, xz ~o. X4 ~0: 

bp4_w4.lllu01lPPI! 4.tltfiJl. 
I rp=3y1 +7y2 +5y3 ~max, 

3yt +2Yz -SYJ ~2 

2yt-5Y2 +3y3 :::;8 

-y,-2y2 =-3 ' 

Yz +3y3 ::;I 

y
1 
qwuwjwqwfi t, y 2 ~ 0, YJ ~ 0: 

§ 26 (l}.fitpmifi~Il q.cr $n:tuwqw11<1ll!llt~\Ul :tufitill!lfih!lll fiqwmuwup 

iO"bnpbuw: -~ph q.lJ uqqpfiwqwG J:ufiqlt.p[! mfip tmbmu, Wl4W Gptu 
Gqwmuwup hll4.t¥4.ll J:uGilltllt! GmJGUihu mGp tmbmu h WJil tmbmufibJt t:! 

ppwp hwtJ.wuwp hG: . 
I fmax=(\lmin (I ) 

b pb t11qw~ luGqpmu (§ 24, (4) - (6)) UU!WUlWqWJpG 1>mGl{gp~~ 

I 



I 

uwMwfiwt}lwq ~t fitpph}lg Qufiq}lph tmbmu ~mfi}l), WUJUl uqqpfiwqwfi 
}ufiJlP}l (§ 24, (1) - (3)) uwhUwfiwt}ltJ.!qmufitpp hwuwqwJlql! ~mfi}l n~ up 
n~ pwgwuwqwfi tmb-mu Qulii}]lJll! tm~mu ~mfip): 

11tl:inJ1tllp wtqwgmJgfi {!fiptpgn.qJlfi qfitpl}tujwgfih(il! § 28-mu: 
P.pwqwfimu tp.qmq}l }ufil}}lp.fitp.~ qmtql! mlltw }unpfi t, 12wfi wulll:it t 

phnpbumu: lfmuuwllnpwtqbu wJfi utJlmwhwJmllmu t fipwumu, np bpb 
upuuut11u Ul:ipmm qppwnll}l U}l lu~qpJl tmWwfi hwuwp, tutqw UIJU 
upwuzwliwq qmw fimL_ bJlqwqp luU~}1 tntb-ntU{!: 

""~Jqwmtfip, np (1) hwp.wpl:iJlwq~mpjmfi tqwpqwqntJfi hbmL.wfi{:! t 
f:s;cp wfihwqwuWJlilLPJlllfi{!, np{! qultqmu t f L. cp fitqwmwqwJpfi 
.{lmuqg}1wfibJllt wpdb(2fibJlt!' (1) L. (5)1 hwuwqmJlqbp.}1 (§ 24) gwfiqwgwb
n~ pwgwuwqwfi tmb-mufibp.p hwuJ11: liJU Utqwmwqnq pp.w~wgp t 
hbmL.Jwl ttllU{!: I 

Llnflf: bpt (x~ ,xg, ... ,x~) ~tqm+I! (2) .hwuwlJ.wJlqp (§ 24) lil1 np.L.t 

pntJLWlilJlbtP tmb-mu t, }1uq {y~, yg , ... ~ y~) qbqmnJll! (5) hwuwqwJlqP u}1 

nphl pmJtWmphtll tmb-mu, wtqw WJI1 tmb-mufibpp hwUWJl mbq]l mfi}1 . 
fo:s;cpo wfihwllWUUlJllllpjntU{!: I 

UUjwgmjg: (2) hwuwqwJlqp ub2 (§ 24) x~, X2,···· Xn tlmt}ln)uwqwfi-

(ibpp $n]:uwphfi mhrlwqphfip (x~, xg ,l ... ,x~) qtqmnp.}1 qnnJll)}lliwmfihp.J!, 

WJfimhhmL. pwquunqwmqbul! fimJU lhwuwqwpq)l wnUJ2)1fi UJUhwqUJ

UWJlUWU tpqm uwuhp{! y 1° -nq, bp4.Jlll~!!' yg -nq L. WJtfi. m-pqu' y~ -nq, 

llJ1}1g htmn qmUWJlhtnll umwgqwb- w hwqwuwJlllLPJntUUbp}1 a. w)u L. w2 
uwubJl!! wnwfi0.}1fi-wnUJfio)lfi (}1 fiqw p muhfilllfip, np. UJfihw~wuUJpntp
Jmfifitp{! pwqUwtqUJmqmu tal! n~ pwg I uwqw(i pqhJlllq) qumUJ uwfip' 

0 0 0 0 0 0 1 b 0 b 0 b 0 
allyl X1 + a12yt X2 + ··· + amnY mxn ::,; tYt + zY2 + ··· + mYm 

I 
(2) 

"'limJfi ql:ipUI qwJlqhfip (5) hu1uwl}WJl'lP fiqwmuwup (§ 24): 

(y1 , Y2 , ••• ,y J tlm$n]uu.(qwfifihpp $n~wJlbU mtqwllJlhUp {>,1° }'~ , ... ,y~) 
tJ..bqmnp)l qnnp.q}lfiwmlibJll!: ~wqUwUJ.wmqblip WJI) hwuwlp.upqp 
JlllJlillpWUDlllJl w(ihwtJ..wuwJllllPJWU I hpqm UUJUhJll! hwUUJUIUJ-

mwu}uwfiwpwJl (x? ,xg, ... ,x~) qhqmApp. qnnpq}lfiwmutpntJ.. L. qntUw-
1 

pbtnl\ }1pwJl qummfiwlip' 1 
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o o I o o o o > xo + c xo + + c xo (3) allyl X1 +laztYzXl + ··· + amnYmXn - cl 1 2 2 ··· n " 

I 
<!,bzm t m~uUhL np. (2) L. (3) UJfihwqwuw;~pjntlifitp.)l ow}u. ~wutp{! 

fimJU ubb-mpJmputpfi tfi: "'IJpUJU(2 nditu aux; y i mtup[! pntnJl z - 1, m L. 

j = ~ hwuwJ: "'lizwCiUJ4btnll (2) L. (3) wuhwllwuwlmLpJmfifitp.)l O.wtu 

UUJubp{! A-nq L. l)l Uqlllmp mubuwtnq, np (2)-p W2 UUlU!! Cjlo-U t, )luq (3)-11 . 

W2 UWU{!' fo~fi \.J~mw Uw U{:! ' 
l f0:s;A:s;cp o l}lliU fo:s;cpo 

Ltuua wut~gmgqwo t: 
fJ.jlwJll]mpJmfi: Lttlu}lg hhmL.mu t, np. bpt fo=cpo, wtqlll fo=maxf, 

cpo=mincp, lliJUP~I!fi fo L. cp0 UJp.dl:iJ2Ul:ip{! hwuwtqwmUJu}uwumu ta otq

m)luwl tmWwuil: 
I 

§ 27 q.~Jf.J.U, hwuwuhn hwqwuwpntufihJlf.J. $n}uwqwp<iwpwp 
I tpqwqp hwuwqwp.(\tp. 
I 

bfipwqptfif mp.llwb- bfi qb"UIJ)lfi , hUJUwutn hUJt\wuwpmufibp}l tp
qm hwuwqwJlq):ip, nJlnUp tmotlwo bG }1G~ np hLGp]1 (ptuqpu}1) fiqwm
uwup: Ufiqw!ibpp ow]u uwubp}1 tJ.mtJ.m}uwi.JtuGGLtlllG hbfip}l, )luq W2 

uwutppfi' wqunp,: 

xk =F ak e Xe + ak e xe + ··· + ake Xe 
I I' I I I> 2 2 I n n 

I 
xk T-ak e Xe +ak e Xe + ... +ak e Xe 

2 2> I I 2 • 2 2 2 n n 

-- t --------- - ------ (1) 

1 

xk = ak e x . + ak e Xe + ··· + ak e Xe 
m I "'' I f J "' ' 2 2 m n n 

Y I = b y + b y + ... + bp q Yq P11 P1q1 ql P1q2 q2 I m m 

Y I = b y + b y + ... + bp q Yq 
P~ P2q1 ql P 2q2 q2 2 m m 

_j ________________ _ (2) 

I 
Y I 

= b y + b y + ... + bP q Yq Pn Pnql ql Pnq2 q2 n m m 

UJu h.wuw~W.JlC);bJl!! qn~qmu tu ttrn]uwqwpo tpqwqp, tpb fipwfip 

I to9 
I 
I 

I 



pwtJ.wpwpmu bG bpqwlj}mtpJWU hbtnL.JWL uiWJUwGGbppG. 
1. bpqm hwuwqwpqbpG tt UJbmp t tm~wb" lltGbG hbGpp lllnllln

JuwqwGGbpp Gqwmuwup, f!Ull npmu up hwuwqwpqp hbGpp lllnlllnfuw
qwGGbpp pwGwq{! hwtJ.wuwp t UJmup wqwm l}lnlllnfuwqwGGbpp pw
GwqpG: UqGhwJm t, np (1) hwuwqwpqp hbfipp l}ln$nfuwqwfiubpp pw
Gwq{! m t, wqwm lllnlllnfuwqwfifibp£!' n, puq (2) hwuwqwpqmu 
hwl.J.wnwl.J.G t: 

2. (1) L. (2) hwuwl.J.wpqbp)l. I u)12L. U}btnp t mbr}ll iuGbGw llln
lllnJuwl.J.wGGbp)l. hwuwU}wmwuJuwfimpJWU UJWJUWU£!. f!U'l npmu u)l. 
hwuwl.J.wpqp hbfip)l. lllnlllnfuwqwGGbppfi UJbmp t hwuwUJ.wmwu}uwG)l. 
UJmu hwuwl.J.wpqp wqwm tllnlllnJuwl.J.wUUbp£! L. hwl.J.wnwl.J.f!: 

UJu UJWJUWG£! Gbpl.J.wJwgJ.l.mu t hbmL.JWL mbupntJ.. 

xk, xkl ... xk,. 

I I I 
Yq1 Yq1 ._ .. yqm Yp, Yp1 ... yP. 

3. (1) L. (2) hwuwqwpqbpp qupb"wqpgGbp)l. u)12L. UJhmp t mb11lt 
m(ib(iw hbtnL.JWL U}WJUW!i£!. 

Op]lDwlj: ak 1 = -bP q 
,, 6 6 ' 

~wuwubn hwuwl.J.wpqbpp Gl.J.wuiuwup ppwtJ.wg)l. t hbtnL.JWLLUUUf!: 
Lblfu: bpb (1) L. (2) tllnfuwqwp6 bpqwqp hwuwqwpqbppg npL.t 

ubl.J.mu w!igmu l.J.wmwpb!ip Gnp hb!ip)l., pul.J. UJntU hwuwl.J.wpqmu' 
hwuwUJ.wmwufuwG hb!ipp, WUJW umwgtJ.wb" Unp hwuwl.J.wpqbp)l. 
lllnfuwqwp6 bpqwlj}mtp]nt!i{! l.J.UJWhUJ.wGtJ.P: 

uwfu Gl.J.wmbfip, np bpb (1) hwuwqwpqmu qwmwpmu bfip hbfipp 
Ubl.J. ¢n¢nfuwqw(ip l}lnfuwpp!intU Ubq wqWtn ¢n¢nfuwqWfintJ., WUJW 
hwUWUJWtnwufuwG qnpb"wqpg£! U}btnp t lltUP. qpnjpg mwppbp: 

Op]lDwlj: bpb xk, -I! ¢nfuwp)1Gmu bfip Xe
1 

-ntJ., WUJW wfihpwdbzm 

t, np ak,t
1 

=~; 0: 

bpb qwmwpmu bGp bpqm llln¢nfuwqw1Hibpp lllnfuwp.)l.fimu, WUJW 
hwuwUJwmwufuwG bp.lip.np.q l.J.wpq)l. qbmbp.upGwGm£! UJ.btnp t lltG)l. 
qpnJpg mwppbp: 
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OpjJDwlj: bpb xk
1 
-g L. xk

2 
tP.nlllnJuwqwuubp.£! lllnJ:uwp.llGnu) Lup x, 1 

m x -n'l wmw wfihp.wctbzm t, np hbmLJwt bpqpnpq l.J.wpqjl 
(2 '1> "'1. 

qtmbpuj:luwfimJ! \lJ.G)l. qpnJJ:l9 mwpptp' 

L1 = ak1,t, ak1.£2 * 0 

ak2,t, ak2,t2 

5mJg mwup, np. bpb (1) hwuwl.J.wpqntu xk
1 

L. Xk
2 
lllntP.n]uwqwfiubpp 

lllnJ:uwppumU[! Xe, m Xe
2 

-ntl pntJLWtnph\ll t (t.:;z:O), wtqw (2) 

hwuwqwpqmu hwuwtqwmwuJuwfi lllwP.nJuwl.J.wufitpp lllnJ:uwp)l.umug 
fintjGtqbu pntJLWtnpb\ll t: 

ILp.np, pwu)l. np (2)-)1 ut2 ·Y P
1 

L. y Pl hbupj:l tP.ntP.nfuwl.J.wuubpJ! 

tP.nfuwpj:lutJ.mu tu y q
1 

L. y q
2 

-ntJ., wtqw upwug hwuwtqwmwufuwG qb

mbpupfiwfim£! l.J.\lJ.G)l.. 

' 
np)l. qpnj)l.g mwppbp lltGhl[! qpJup bpl.J.wl.J.pntpjlliU bppnpqtqWJUWii)l.g' 

UJctU wligfitfip ttllull wtqwgmJgpli: 
UtqwgntJ9l! qwmwptfip uwptuwmj:lqwqwu )l.liqntqgpwJP. ubpnqntJ.: 

Ul.J.qpmu bfipwqptlip, np hbfipp upwJfi ubl.J. 41-ntP.n]uwqwfili t 41-nJuw
ppfitJ.mu wqwm tP.m)1nJ:uwl.J.wuntJ.: llpnzwlj}mtpJwli hwuwp J!fiqntfibfip, 

Xk
1 

-I! llmJuwpplitJ.mu t Xg 1 -ntJ.: liJu qtuwmu wfihpwctbzm t, np 

a 1:- 0: <!,wuwtqwmwufuwli tP.ntP.nfuwqwliutpp lllnfuwpplintul! (2) 
kl,£1 

hwuwqwpqmu qlltlip Y q
1 

-P. L. Y p
1 

-)1 up2L., · npp hliwpwtJ.npmp.JlllUfl 

Ph'"tll t b = -akl -:f:. 0 tqWJUWfij:lg: 1...... P1q1 1 1 
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Op\llhuqp umwfiwfip (1) hwuwqwpq{! Gnp hhfipp fiqwmuwup, wfi

hpwoh2tn t fipw wnw2pfi huniwuwpmupg npn2bt Xe 1 -l! L. mbztw.qpbt 

fipw wpobpl! ufiwgwb" hwtlwuwpntuGbpp ub2 (llfi!UJ.bu qw qwmwptlht t 
<tnpqwGp oL.wlltn]untpJmfifibpmu .(§ 15), PDilfimu blip [!fipbpgDil.Pfi): 
Untjfi oL.ntl (2) hwuwqwpqmu qwmwpqmu bG hWUUlUJ.UlU1WUjuwfi 
6 L.wl}m]:ump Jmfifibp: 

Umwgtlwb" Gnp hwuwqwpqhp[! hwuht.iwmhtntl L. ummqhtntl hpqw
qpntpJwfi bpbp UlWJuwGGbp qhwunqtlhfip, np Gpwfip l}m]:uwqwpo 
bpqwqp bfi: Upwfintl wtlwptntlntU t tht.iUp W\llUlQnLJ9l! ubq l}lnl}m
J:uwqwfip l}ln]:uwppfitiwfi qhlllPP hwuwp: 

bfipw.qpbfip, , np thUUfi Ul\llWgmgtlwb" t WJfi qb\llPntU, hpp 
qwmwptlht r -1 ptlml hbGpp l}lnl}ln]:uwqwGGbpp l}ln]:uwppGmu: btGbtntl 
WJil hGpwqpntpJmfipg, W\llwgmgbfip, np tbUilG ppwtlwgp t GwL., bpp 
hhGpmu qwmwp~m~ t r ptlntl l}ml}ln]:uwqwGfibpp l}ln]:uwppfinui: Opn-

2W4flntpJWfi hwuwp bfipwqpbGp, np Xk
1 
,Xk

2 
, ••• xk,. hhGpp l}lnl}ln-

J:uwqwGGbp£! l}ln]:uwppfitlmu bfi Xt
1 
,Xt

2 
, ••• xt, wqwm l}lnl}ln]:uwqwG

Gbpntl, }mq qpw hwuwp wfihpwob2m t. 

Pwjg qpwfipg qhbmL.p, np (r-1}-pq qwpqp upGnpGbpj1g 411UU UULJ.[! 

qpnJpg mwppbp t (hwqwnwq qbuwmu qbmbpupfiwfimp wpobp£! 4\llfip 
qpn): (J)wpqmpJwG hwuwp bfipwqpbfip, np qpnJpg mwppbp upGnp£! 
qtnGtlmu t tlbppG owtu wGl.umGmu, WJUpfipfi' 

Uw qfi2wfiwqp, np (1) hwuwqwpqmu pmJtrnmptli.J:l t (r-1) ptlntl 
hbGpll $nl}ln]uwqwfifibpl1 l}ln]uwppGmu: bpb qwmwpbfip L.u ubq hbfipp 
$nlltn]uwqwfip lltn]uwppGmu, npp W\llW9DlJ9I! qwmwptlmll t, W\llW 
qumwfiwfip r ptlntl lltnl}m]uwqwfifibpp $n]uwpl1GuwG hwuwp tbuup 
WUJ.WQlllJQ{!: 

11 2 

§28 bp.qwl.uunpJwfi pbnpbu}l W\llWQntJ91! 

"Uwlu wfi\).dt~q(ip (l) - (3) tuliq}lp'[! I. pu.\l ~4)-(6) lUfuW.Pl!' II (§24): 
ubpllntb"btmt wwgmgp~ lltn$n]uwqwfifibp I. u II ]ufillllpfibpp uwh
uwliwl):lwq~Obp:lJ..,h\Auwqwp<};l! pbpbfip hwqutuwpntufibp}l m~upp: ~
wduluwliqU ]ufitl:PPI! uplipumupg pbpbfip uwllupUn.tup mtupn ~'-
cpmin U112ngntl: 

:·~·~::·~X~~~= :·.x~: ~· ~ r 
xn+m = -amlxl- ••• - alllllxll + b,.J 
x 

1 
~ 0, (j == 1, n' -t: m) 

I' 

f mu = C I X I + C 2 X 2 + ••• + C" X" 

Ym+l =allyl + ••• +am!Ym -cl l 
~ ~~: :,~;.: ~.: ~~"~'~ ~ ;,1 II' 

y
1 
~O·,~=l,m+n) 

<1>,.,... = -b1y1 -b1Y2 - ••• -bmYm 

~p2tap, np pbnpbu}1 qtJuwtinp UJ.GqmuG WJG t, bph I tuG¥~1! 
tntb"mu mfip, UlUJ.W II ]uGI}l!PI! GmJGUJ.bU mGp tmb"mu h np' fmax=qmun 

qwu 
fmax= <l>max 

Swfip - I' u. II' }ufillllpfihppG qb"wJpG, hwuwubn hwtlwuwpnuifibpp 
hwuwqwpqp mbup: UJq GUJ.wmwqntl GUlwmwqwJ!lG :t>mfiqg!lwfibp~ 
oL.wl}ln}ubfip hwtlwuwpnulGbpp L. fibpwnhtntl Gnp l}mlltn]uwqwGGbp 

t==l, S=l mhupntl, {!fiqqpqbfip hwllwqwpqp ut2: 
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---------------------

Xn+m =-am!X! -am2X2 - ••• -amnXn +bmt 

f = C1X1 +c2x2 + ... +c x +O·t . n n 

----------------

Ym+n = a1nY1 +a2nYz + ••• +amnYm -ens 

<l> = -biyi -b2y2 - ••• -bmYn -O·s 

I" 

II" 

~t2m t gmJg mwr., np I" L. II" hwuwljwpqbpf!, npnGp hwuwpdbp tG 
I L. II }uG11PpGbppG, tlln}uwqwpo bpljw4P bG: L}.w bpL.nuJ t hi14w4PmpJwG 
bpbp UJ.WJUwGGbpp ummqntupg, npnGgpg hp4PnPI1I!' tllntlln}uwljwGGbpp 
hWUWUJ.Ulll1WUfuWGntpjWG UJ.WJUWU{! ljqp@ hbmL.JWl mbupnl{' 

x1 x2 xn t xn+1 xn+m f 

I I I I I I 
m+ 1 ym+2 ... ym+n </J y1 ym S 

lJjntu hpljm UJ.WJUWGGbp{! wljGhwjm bpL.ntU bG hwubuwmbtnl{ I' L 

II" hwuwljwpqhpp hwuwUJ.wmwu}uwG qnpaw4PgGhpf! L. tllntlln}uw
ljwGGbpp pwGwljGhp{!: 

.RwGp np I' L. II" hwuwljwpqbpg tllnluwqwpo bpljw4P tG, mump 
GpwGp bplJw4P ljuGwG up pwqllupg ublj WJlP wugGbtllu (f!UUl thuup): 

P.G~UJ.bU hwjmGp tIL. II luG11PpGbpg tntal{mu b(i UPUUJ.thpu ubpnl!lll{, 
~PP tmpJntGG t wGgmu hw2nPI}wpwp mwppbp hbGpbpp, upG~L. umwgw
ap oUJ.mpuwt tmamug: OUJ.mpuwt tmauwGn hwU'wUJ.wmwu}uwGnq 
.'pmGljgpwJp wpdbpg hwl{wuwpl{mu t pp wqwm wGqwupG: .RwGp np 
wqwm wGqwup qhpf! mwGmu tG .t-p L. s-p qnpaw4PgGhpf!, pulj WJI} 
qnpaw4PgGbpg, hwuwawJG thuup (§27), ppwp hwl{wuwp tG hwljwnwlj 
G2wGGbpnl{, mump' 

fmax = -{/Jmax 4wu frnax=<pmin 
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UpwGm{ WUJ.Wgmgl{mu t pl:mphUp hpuGwljwG UJ.Grpuul!: 
fO-bnphUp bpljpnp11 Uwup . WUJ.WQlltJQI! ljwmwpbGp hwljwunq 

I!Ul!lltGbtntpjwG bqwGwljnl{: bGpwllPbGp, np II luGl!PlltU GUJ.wmwljwjpG 

.'pmGljgpwG uwhuwGwtllw4 ~t GbppL.pg' <pmin=-oo: Uw G2wGwljmu t, np 

<p-G ljwpnq t umwGwt gwGljwgwa A pwgwuwljwG p@g tllnpp wpdbp: 

5mJg mwGp, np WJU llhUJ.PntU I luGllPP wMwGwtllwljmuGbpp 
hwuwljwpqf! ~mGp n~ up n~ pwgwuwljwG tntamu: 

bGpwllPbGp, np wJGmwubGwJGpl{ WJllUW.up tmamu qnJmpJmG mGp' 

X1 =X~, X2 =X~, ... , Xn =x~: liju IJ:UUJ.PntU, f!UU1 tbuup (§26), 

GUJ.wmwljwjpG .'pmGljgpwGbpp wpdbpGbpp up2L. qnjntpjntG mGp fD$<p0 

ljWUJ.I!: Umwgl{mu t, np c 1x7 + c2x~ + ... + CfiX~ ppl{f! UJ.bmp t tllGp n~ 
uta, pwG gwGljwgwa pwgwuwljwG ppl{, npf! wljGhwJm wGhGwp t: 
bljwGp hwljwumpJwG, nppg tt hbmL.mu t, np I }uGllPP uwhuw
GwtllwljmuGbpp hwuwljwpqf! n~ pwgwuwljwG tmamuGbp ~mGp: 

P.G~UJ.bu hwjmGp t, q_t) }uGqppGbpG mGbG npn2w4P mGmbuwqp
mwljwG puwum, ljwu WJI} }uG11PflGbpp oLwl{npl{mu b(i' htGhtnl{ mGmb
uwqpmwljwG pG~-np hwpgbp 1..4W[lqwpwGhtm puwumpg: SGmbuw
qpmwljwG pwgwmpmpJntG (uh4GwpwGmui!) mGbG GwL. q_t) bpljw4P 
}uG11PpGhp{!: 

~bphGp q.t) }uGql1pGbpJ1 hpl1w4)1G 4wquhtnt L. GpwGg mGmbuw
qpmwljwG puwumn uh4GwpwGhtm opJ1Gw4Ghp: 

linwpftO op}lOwl[. liwquht C}.t) nhumpuGbpp }uGllPP (§ 1 0) hp4m4PG L. 
mrut Gpw mGmbuwqpmw4wG utlj_GwpwGmun: 

~P2liGp, np nhunt[luGhpp OUJ.UlJluwt oqmwqnpauwG }uGqpntu, mGmb
umpJntGf! mGp nhumpuGbp L. gwGlJ.wGmu t lJ.wquwljbpUJ.bt wpmw
l!Pllt}}JntG: luGllPP uwpbuwmplJ.w4wG qpwnmul! mGp hhmL.JWl mbup{!. 

(1) 
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all xi + alzXz + ... + alnxm s h, 

0 z1X1 + OzzXz + ··· + aznxn ~ bz 

··············································! ~ 

am! XI + amzXz + ... + amnXn S bm 

xj20, (j= 1, I, n }, npmhq 
Pi - j-Jlll lllfltnllll)Jllllfipp tiplllt{npp lllpdhpp t (Y.lllJlllll t l.JlGht. WJL 

gmglllGJ:lz), 
b; -i-Jlll nhumpup lllnl.j_lll mut1_wtG t, 

(2) 

a;j- mh)uGntnqpllll.j_lllfi qnpb"Ul4J:lg t, npl! gmJg t mwllm j-pq wpmlll-
l)Jlllltnhulll4}1 tibl.J. tlplllt{npp tlJlw l.J.Ultnlllpt{nq i-pll nbumpup owpw· 

Xr j-JllltU{lUlllil)JlWUlhuwl.J.P WJltnWI],plltpjwG Glllllwt.G t: 
UJu GmJG tntlJllltfihpnt{oL.wlJ.hplllhGp bplJ.wY.J:l )uG@pJ!: 
UU}'}llll)JlhGp, npL.t ohnGUlplJ.mpjmG, WJ1U1WI],pnlpjndi qwqUlll-

4hpUibtm Glllwmwqml., npnzmu t qGht pntnp wJG nbumpuGhpn, npnGp 
UIWtn4lllfimu bG mGmbumpJlllfil!: UJu qtuwmu, wGhpwctbzm t , nb
umpuGbpJ:l qGuwG hlllUlllp uwhUlllGht OUitn}1tilllt qGhp: 

'UzlllGllllJ.bGp i-Jlll nbumpup ti}1.Ultj_np}1 qfitiwG qpfii! u;-ntj_: Q.GtiUlG 
qGbpp uwhUwGmUJ! Uihmp t npnzt\.P hhmLJw\. ti}mJtiwGfitp}lg. 

1. Q.Gnq ohnGUlplJ.mpJmGn gwG{j_lllGmu t, np nhumpuGbpp qGtiwG 
t!GI],hwGmp wpcttpn oqmp Gt1_wqlllqntJG}1: 

2. ~w6wnniJ. mGmbumpJntGI! Uihmp · t umwGw JntpwpwGlJmp 
mhuw4}1. nhumpup hwuwp ntUiwlJ.wu, pwG WJG qmuwpl}, DJ1I! qumwfiwp, 
hph pGpl! WJG t{hpwohp .l.qwmplllutnp wptnwl)Jlwfip}l: ~wqwnwq qhUJ.
pmu mGmhumpJlliU!! fiUiwtnwl[whwpuwp tt ntuiupufitpp t{lll6.wnpi!: 

'Uqwmhp, np tlhPI! Ciztlwo bplJ.m lllWJUwGGbpG wpmwhwJmmu bG 
qGnq L t{w6wnllll mGmhumpJmGGhp}l Zlllhtpn: 

fi.humpuGhpp t!GI],hwGmp qpGJ:! L[npnzt\.P nbumpuGhp}llllwzwrl! (b;) 
plllqtiwUiwmlfhtntl hwliWU}lllmwu}uwG qGlilllG qGntl_: Umwgttwa qmuwp[! 
LtGbpl[wJwgG}l bpqwl.J.P }ufil)Jl}l GUiwmwl[wJ}lG ~mGL[g}lwG: 1 

rp=blu1+b2u2+ ... + bmUm ~min (3) 
htfihtntl bJlltPnM ll.}WJuwG}1.g, qwquhfip uwhUlllGwtJlwl[muGhp}l 

hlllUwl[wpqJ!, hhmLJWl I],llltnlllllllPJWUp: Uhl[ upwtj_np}l WDW2Pfi W{lU1Ul
l)JlWU1buw4.}1 tlflw wnw2}1G mhuw4}1. ntumpujl blUJuul! I.J.wqt.Imt.I t a

11 
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Uplllt{np, Dfll! qGt{mu t Ut qGnt{, bp\ulllpll nbumpup om)uul!' ~I upwt\_np u2 
qGnt{ L. lllJtG, m-pll nbumpup olll)uUl! · Brnt Uplllt{np Urn qGnt1_: fi.bumpuGtpp 
lllJG plllGllllfl!, llfll! blU)uut{mu t ubq Uplllt{np llllllll2J:lG lllfltnlll
l)JlWUlbulll4J:l lllflUlllll)JllltpJlllG t{plll, UlGhplllcthzm t, np mGmhumpJntG!! 
t{w6umj1 a 11 u1+a2JUJ+ .. . +amJUm qGntl, npJ! Uihtnp t J.l1Gj1 nt lllllllflllu, plUG 
Uljl], UlflUlllll)JllllU1hUW4}1 uhq upwt{npp wpctbpl!' Pt: Umlllgt{mu t UlllW2J:lG 
uwhtilllGllll{llllqntul!: 

8J1UJ+a21u2+ ... +amJUm c PI (4) 
'UmJG qwmnqmpJwUp, qwqubtntl hlllpwpbplllqgmpjntG UJntU 

wpmwl)JllllGpGhpp t{hpwphpJWJ.., qumwGwGp UlllhUUlGllll{lllllmttiGbnp 
hhml..JWL hw!.lwqwpq{!. 

a!Iit! + OziU2 + ... + amlum ;;::: PJ 

a,2u! + az2u2 + ... + am2um ;;::: P2 

(5) 

u1c0, u?-0, ... , u 11,;?0, (6) 
UJuU!Puml_ trLtwY.J:l )uG@pl! umwgwGp (3), (5), (6) mbu12ntl: 
CGphpgnq£! lJ.wpnq t hlllunqtlht (I) - (2) lt (3), (5), ( 6) )uGIJ.}lpGbpp 

l{ln)ullll}wpa bpl[wlt}l ij1Gbpn ut2, bpb uutmq}l hJll[w4}1mpJwG UJ.UlJUWG
Gtpn: 

apllfl/1]11) opjlUWlj: 4wqlibt UlJ1LUGUlllllflU1WJpG )uGI}Pp bpl[UlY.J:lG L. 
mwt Gpw mGmbuwqt1u1w4wG libi.JGwpwGmul!: 

t;Gpwl)JlbGp · ll!W(1WplmuGJntf3 uwmwl.{wpnq npLt L[lllqliwl[bp
Ll!lllPJmfi mu}l bpb12 wnwpnq lt ~npu qJmiJ.wg}lwl[wu hlllUlllJUpGbp, mp 
Uihtnp t l.{llltnlllp}l t{w6lllnp: 4wquwl.{hpUintPJlllfil! hllljtnu}l t Ll!lliPlllP
tnWGJmp}lpwfiwlJ.I! f!UUl wnwpnq lJ.bmbp}1. L UUiwnnqGbp}l Gt{lllqwqntJU 
UilllhwG2p, }lfitUibU UlllL. UblJ. U!lllPlt UIWfllll{ltnlllGJmpp tnbiJ.wtJ.m)ulilllG 
blU)uun' JmpwpwGljntjl LUllllltlllll l.{bm}lg u}lGt L gwul.{lllgwo Ullllllllllll{!: 
Ivuqp}l mtbwtGbpf! pbpbGp wllJmuwlt}l mbupml_: 
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Urymuwljl 

q_ mnwgpwljwG hwtiw1dnuhp Unwpnq 

.Unwplir]_ I qhmhpntti 

qhmhp'[! I II III I . IV UlWpwpmw-

I GJnt~hpp 
I nwGwljp 

u Ctt 2 c12 5 Cl3--l II Ct4--3 1700 
f! C21 6 Cn 4 C23 3 II C2r2 1100 
q_ C31 3 c~2--2 C33 5 C3r4 1400 

UU!Ulllnqp I 
UfWhWG2'[! 800 1000 1500 I 900 4200 

(UlUlJ1lj) 

I 
tllwhwG2l{mti t qwqtiwlJhpUlht UlWPtpPtnWGJmpp mhqwtJ.m]unul'[! 

UlJUUJ.bu, np mhrl.wt{1nJumtiuhpp hwtiwp Y.~mwpt\_nq {!Ul}hwGinp b-wluun 
wup ul{wqwqntjG{!: I 

Dtll.J:l.ll. IuGllPJ:l. tiwphtiwmJ:l.qwqwG qp.wnmun Y.!PGp. 
I 

f=!2Xtt +5 X12 +x13 +3 X1 4 -f6x21 -+4 xn +3 xd3 +2x24 +3 x31 +2x32 , 

+Sx33 -+4k34 --)-min (7) · 
I 

X11 + X12 + X13 + X14 ~~} 700 

Xzl +Xzz +.xz3 +x24 ~ 11100 
I 

x31 + x32 + x33 + x34 ~ 11400 

x 11 + x21 + x 31 ~ 800 
I (8) 

x 12 + x 22 + x 32 ~1 1 000 

x13 + x 23 + x33 ~1 1500 
I 

X14 + Xz4 + x34 ~ 900 

. xij 20, V=1,3; i:=1,.4), (9) 

npmhrl. x;rG 1-Pl} wnwpnq \Jbmpg j-pl} qJntrJ_wgpwqwG· hwuwJGpn mhqw
t!J.ntutl.llll. UllllpwpmwGJmpp pwGwqG t Uililpqhpn4_: 

lijdU ohwqbpUJ.bGp hpqwqp luGI1Ppi!:IbGpwllPhGp, UfWpwpmwGJntp 
wnwpnq qwqtiwqhpUJ.ntpJmGn, mbqwt!J.npluwG qnpO'[! UIWJUwuwt{npl{mu 
118 I . 

I 

I 
t hwG6Gwpwpht u~q WJL mpwGull}npmwJJ:lG 6hnGwpympJwG, lllWJ-
uwGm{, np mhqwt{m]umuG J:lpwywGwgGhtm hwuwp UJ.whwG24.Illl. bu.lfu
uhp{!, J:lG~-np puwutJ!lnl{, tJ:lGhG uqqpGwlJwG qwqtiwqhplllnt~JIDU hwtiwp 
{!GrpnGhtJ:l: UJ:lG~l}hn,l mpwGuUJ.npmwJJ:lG 6hnGwpym~JntG{!, bu.lGn~wGw
tntl. \llWU14.]:lpwmmli UJ.WhwG2GhppG, .WllW2lllPqntti t l{wpowmptiwG 
hhmhJWl qwpq{!: Cl-fihtlilnwpuwG qhmhpm\l h11.wb' U}wpwpmwGJntPI!' 
4_w6wnuwG yhmhprhu WJG 4_hpwtlw6wnhtm UJ.WJUW6.nl\, WJGUibu np 
4_w6wnpp h qGuwGI qGtpp mwpphpnt~JmGpg umwg~wb-. qnuiWPl! hw
uwptl.J:l mpwGull}npthwjpG b'wnwJm~wG 4_wp6: 

UJU UJ.UlJUUlGGtlpntl. wnw2wGmu t hhmla.JWLJ:uGI1J:lpi!: 
P.G~UJ.J:lup"' qGutbG ·h 4_w6wnpp I!UrpitGhtJ:l qGbp uwMwGht, np w

nwpqnt}}JntU ~tJ:lGJ:l il.J.qpGw\JwG qwquwqbpUintJ3JWU ynqupg h, np tl.hpw
l{w6wnpp m qGu~G qGhpJ:l mwppbpm~J~tGpg umwgt\_wb' '[!Gl}hwGmp 
mpwGulllnpmwJJ:lG 

1

ttwp6'[! lJ:lGJ:l wnwt\.htwqmJGI!' l{bpwl{w6umnq mGmh-
umpJWU hwtiwp: · . , 

bpqwl.J.J:l tuG~ tiwphuwmpqwywG qpwnmt1'[! (tinl}hll!) qw.mwphtm 
hwuwp GzwGwqh~p i-JUl wnwpuwG qbmmu Ub.q Uf:WP.lt. ~wpwp
mwGJmpJ:l qGtiwG lqJ:lGI! u;-nt\. (i=l,2,3), j-p11 G=l,2,3,4} qw6wnuwG 
qbmmu' vi_ nl{, J:l.uq l{hpw4m6wnuwG L qGuwu qGhpp uuuppbpmpJndipg 

I 

umwgl{nq hpwztuulll{npl{wb' l{wp61}' q>-nl{: 4:umwGwGp. 
tp=800v1+ 100Qv2+ 1500 v 3+900 v 4-!700u1-1100ll2-1400u3--Hnax (10) 
"UlJwmhGp Gwh, np npUfhuqJ:l qGuwG h 4_hpwl{w6wnpp uwhtiwGI{wb' 

qGbp{! tJ:luhG {!UI}htGhlJ:l, pGwywG t UfWhwG2bt, np j-p11 qhmmti 
4_hpw4_w6wnpl1 ~i -G i-pq wnwpuwG qhmmu u; qGuwG qGhpJ:l 
mwpphpntpJntG'[! rqbpwqwGgp i-pl} wnwpuwG yhmpg j-Pll l{w6wnuwG 
qhm{! uh\J UfWPh UfUlpwpmwG.}nt}} mhqun{mtuhtnt Cjj mwpJ:l.l>wJpG 

mpwGuUfnpmwJp~ b'w]uu'[!: · 
4:umlnrimfln htmhJWL hwtiwqwpq{!' · 

vj-u;~cij,V=l,3;J=l,4) (11) 

bph Gqwm~ mGhGwGp, np mpwGuUfnpuiwJpG 6hnGwpqmpJwG 
hwtiwp qGtiwG ~GI! lJwphtJ:l t tihqGwpwGht Gwh npUJ.bu 4_w6wnpp qJ:lG' 
l{hpgpwo pwgwrtwqwG GzuiGntl, wlllw (11)-I! qwphtJ:l t GhpqwJwgGht 

vi+z;~ c;i mhupn4./ npmhq zi=-u;: ~wztl.J:l wnGhtntl. WJI} 6hwt{mlum~JntU'[!, 
hpqwl.J.J:l luGllP~ uwhtiwGwt{1wqmtiGhpp hwtiwqwpq'[! qphGp, htGhtntl 

luGllPJ:l. mtl.JwtGh~J:l.g. 
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v1 + z1 ~ 2 v3 + z1 ~ 1 

v1 +z2 ~ 6 v3 +z2 ~3 

v1 + z3 ~ 3 v3 + z3 ~ 5 

v2 +z1 ~5 v4 +z1 ~3 (12) 

v2 +z2 ~ 4 v4 +z2 ~2 
v2 + z3 ~ 2 v4 +z3 ~4 

Cfipbpgllil}lfi pnqfibfip hwunq4_htr 
lufiqppfihpf! tlJ.niuwqwpo bpqw!W bfi: 

l (7)-(9) L. (10), (12), (13) 
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Cl.tm}:u 7. SpwfiuU}npmwjpfi }:ufi:qp}l tmbnuit! 

§30. SpwfiuUJnpmwJpfi iufiilJlJ:ltmmiwfi Wtqnp}:lpUJ! 

SpwfiulllllJlU1Wjpfi IufillPPI! (mbu §10), pfi~lllhU fiwL. qawjpfi apwq
pw4_npuwfi WJL ]ufit]J:lpubpf!, qwpblll t tm~bt u}:ltiUJtbpu tibP.nJW.lJ.: Uw-f qwJfi, ltwtutlwc· mpwfiuUJnpmwJ}:lu .tuulJll}:l ~ll.lhuwuw\flwLJ.n~ufih}lp hw~ 
Uw\twpq)) hJ.UUUlt,q qwnmg4_wb}1jlg, UPllUll4PU, ubprum fiUlW\llW.l.}W4'lUP
uwp ~1: lt}:lpwnht WJfi mbu1mtl. }:lu~Ulbu filJ.4lP~~tlht t §20-mu: Ub~p 
ltJ!bpbfip hWjtnfip Uhq WJL hqwfiwq, Opf! u],iutqb}PU Ub_{)llilP pfi~-np ~y..UJi:-

1 rphpwqfi t' hill\flfllq hwpuwpbg4_wc hbfig Uljl]; fU(hytpfi': . :' ' ' 1 
I >- . 

'bqwpwqphfip WJil ubpnqJ!' hhmuJWt Ul;tq.npppun4_. 
Unw2]1[i pwJz: <+mfibt uqqpfiwqwfi npL.t pmJtrnmpbW, tmanur hJm

upu-wpuUI.llJWfi qwu wubfiwpp~ ~}uuntufihpp tibpili}Il4_. 

upljjmpiJ pw1z: ummqht WJil tmo-u~fi, owm!I~JllmWJ·~~~~: .~J?lfl~g~ 
g:ftwtfibp}:lqwti pwlluwlJ.wfi tibpllJ}ll4_. · ·· · · 1 

uppnpl) jJWJZ: bpb m4.Jmttnt0nlllf! 0UlU1PllWL ~t, WlllW wfigfiht ubq 
WJUntOUUlfi' 2Il.}}Ul (gpqt) qwqilbtm ubpnJ}ll4_ t• · 11 . · . :, li),•;..Jll \~-l- ,; ~ 

0npJllll)fJWJ[:U6gfihl. hP.lwB'M pmJW.fi: · '' · ·": · ·• ............ · "' · ' 

SprufiulllnpmwJpfi Iufi1111l1 tmo-llwfi I!fipwgpmu qwpL.np Uzwfiw
n 

1
:fisrpJmfi ntfi}l hbfipmu t}mt}mJ:uwqwfifibpp pwfiwlW uwhuwfintUJ!: 

t~ . .J-:· lilllwgmgbfip, np mpwfiulllnpmwJpfi J:uGlJllntU hhfipp t!J.mpn]:uwqwfi
fibpp pwfiwq{! m+n-1 t, npmhq m-J! L. n-1! hwUWU),Wmwu]:uwfiwpwp w
nwpllll. L. UUJWililll. qbmbpp pwfiwqfi t: li111wgmguwfi hwtiwp oqm'-l.hfip 
mpwfiuU),llptnwJ}:lfi Iufii1Jlp uwhuwfiwt!J.wqmufibpp hwuwqwpqpg. 

'· 
• • ''" ~r ~~ ·"'~ -.. :-•<~-• ., - -. ~y. .. ... , ... ' r'. _ ~ ,II ' , , ~ 

... . ·'. . . . t.t· . 
· X11 + X12 + ···· + xln = al 

. . ~,.,..,. · .. ...... ·--·•.1.~~~~-

(1) 

X ml + Xm2 + .. . + X nm = am 
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XJJ +x2J + ... +xml =b• 

xJ2 + x22 + ... + xm2 = b2 
(2) 

X 1 n + X 2n + · · · + X mn = b n 

5mJg mwup, np (1) h (2) hwuwl.J.wpqbp'[! l.J.wpbLJ:l t tmabt Gpw m+n-1 
t}lmJmjuwl.J.wGGbpp Gl}wmuwup, np'[! \,Ihwuwpl{P GwL t.l.hPI! lllUlJ:Utuu w
UlW9ntJ9I!: liJlJ: Utlltumwqnl{ (1) hwuwqwpqpg, pwg}:l wnw2pu htut.l.w-

uwpmupg, npnzbup xi, (i = 2, m) t}lmJmjuwl}wuubp'(!: Y:umwuwup m-1 

hwt.l.wuwpnu.Wbppg l}wqut.l.wa hbmLJWL hwuwl}wpq'[!. 

(3) 

UJctu (2) hwuwqwpqpg, pwgp wnw2pG hwt.l.wuwpmupg, npnzhup xlj 

(i = 2, n) tllmpn)uwlJwuubp'[!: "4umwuwup hbmLJWL hwuwl}wpq'[! l.J.wqu

t.l.wa n-1 hwl{wuwpnulGbppg. 

x. =b. -x . -···-x .· 
IJ 1 21 mJ • (4) 

(1), (2) hwuwl}wpqbpp wnw2pG hwt.l.wuwpmuutp}:lg npnzbup xwl! 
L. g m fi np ufi uubpG bG: 

) 

(6) 

SbqwlJ:PhGp (4)-pg XIj-P wpcttpubp[! (5)-p ut2, pulJ (3)-pg xw}1 wp
cttpuhp'[! (6)-p ut2: Xwp hwuwp qumwgl{bG hbmLJWL wpmwhwjmnt
pjntGGbp[!' 

xll =a, - (b2 - Xn - ... - xm2)- ... - (bn - x2n - ... - x'"") =a, - b2 - .. . -

j=2 i=2 

n m 

-···-a - "" x .. m L.JL.J y: 
)=2 i=2 

'-lhp2pfi bplJm wpmwhwJmmpJmuGbpp w2 uwubpp hwt.l.wuwpntp
JntU'[! pjumu t Gpwug wqwm wG1J:wuubpp GmJG[! !PGhtmg L umwgl{mu t 
mpwumqnptnwJpu JuGlJ:Pp t}lwlJ!P!ihtm tllWJUwupg: 
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UJullllluml., (1) h (2) hwuw4wpqbp}1 wnw2}1u hwl{wuwpmuubp}:lg 
npnzt{wa wpmwhwJmntpJmGGhill! hwu'[!Gl}Gmu bu, hbmLwpwp IJllwGgpg 
ubl}'[! Ujntu}:l hbmhw(ip(i t.: Uu1wgt.1.nn~ t., np (1) L (2) hwuwl.!wpqbp'[! 
4wpb1P t tmD-bt (m- I )+(n- I) t-1 =m+n- 1 t.jmt.jmjuwl.J.wuubp}:l GLJ.wmuwup, 
npnt.l. Wlllwgmgt.l.mu t. ullq('lilllllwli Lqlir1lllU[!: 

§ 32 UlJqpfiwlJwfi hhfipp qmfihll! 

PGil4hu Gzt.l.ht t. juliiJllp tmMwu tutqnppf)UntU, ul}qpGwqw(i pntJttum
pbJP tmanul[! LJ.wpbJll t qmGht hJmupu-wpLumJtuG wu4JwG lJwu wutGw
PPi awjuumuGtp}l ubpnqnl{: 

'Ul.J.wpwqpbup hjmupu-wpLUmjwG wfi4JwG UhpnlJ:[!: bGpwiJllbGp, 
mpt.l.wa bG bpbp wnwpnq L inpu Utlltunnq qbmbp: Unwpnq' Ar, A2, A3 

l}bmtpmu mbqwl{npl{wa bu a1,a2 ,a3 pbnGbp, puq ulllwnnq' B,, B2, B3, 

B4 qbmbpmu tlltuhwG2t.l.ntu t ' br, b2, b3, b4: Spl{tua t GwL JuGIJ11}1 tllwq 

JPGbtnt ll!WJUWG[!' a1 + a2 + a3 = b1 + b2 + b3 + b4 : SbqwiJllbup htujmGJ:l 

tpJntufibJl _Jm. l.:llJ. ~ .u 

t( 
Urumuwbl 

I~ Unwptfwfi 

B• B2 BJ B4 ljlimlipmtf 
UJW2Wfl[! 

. 

A, bl a 1 -b1 0 0 a, 

A2 . 0 
b2 +b1 -a, 

a 2 + a 1 - b2 - b1 0 a2 

A3 0 0 
b3 + b2 + b1 - a 2 - fr. 

b4 a3 

u lll Ulllllil-

atpJ.l b, b2 bJ b4 
U1WhWU9Jl 
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UJumuwtW wnw2]1G tJ.wGqwtm (hJmupu-wpL.U"tnJwG wG4.JwG uhpn
qml.) tpwgGbtm hwuwp J:!Gtnpmu hGp a

1 
L. b

1 
ptl_hp]1g tJ!npr-- ' 

X 11 == min(a1 ,b1) 

bpb X 11 = a1, WUJW WJll tl_wuqwl}mu qpnu.l hGp a
1

, ]1ulJ. WJil tJ.wG11w-
4ntl. wGgGnq tnnq]1 uGwgwa tJ.wGilwqGhpmu' qpnGhp: 

oph XI 1 ::::: bl, WUIW WJ!l tl_wUI!WlJ.mu qpmu b(ip b,, ]1u4 WJil tl_w(illlU

qntl_ wGgGnq UJWG uGwgwa tJ.wGilwlJ.Ghpmu' qpnGhp: Opnzw4JmtPJWU 

hwuwp tG~wil!lbGp min (apbJ == b1 : Uw GzwGwlJ.mu t, np x
11 

== b
1

, 

x2J =0,x31 =0: . 

XJ2-]1 wpahp[! qtnGhtm hwuwp nGtnpntu hGI? br]1 L. al - bl ptJ.bp]1g 
tJ!nppn: Opnzw4JmtpJwG hwuwp hG~wil!lbGp 

min(b2, a1 - b1 }= a1 - b1 : Uw 4GzwGwtW, np x 12= a
1 

- b
1

, x
13

=0, 
X14=0: 

lijGmhhtnL., tJ.wptJ.htntl. GntjG al.illtJ., tpwgGmu bGI? WllJlllUWlUJ. 
uGwgwa tJ.wGqw4Ghpn, pwg]1 tJ.hp2p(i]1g, G4wmp mGhGwtntl. hbtnL.Jrul[!' 

X 22 =min(b2 -(a1 -b1},a2 )=b2 +b
1 
-a

1
; x

32 
=0 

x23 =min(b3; a2 -(b2 +b1 -a1))=a2 +a1 -b
2 
-b

1
; x

24 
= 0 

X 33 = min(b3 - (a2 + a1 - b2 - b1}, aJ = b3 + b
2 

+ b1 - a
2 

- a
1 
: 

uwJupwG tlhP2Jl.G XJ4 tJ!mJrnJuw4wGpG hwuwt.qwtnwuGnq tlwGqwlJ.n 
tpwgGhl[!, GqwtnbGp, np A3 wnwpnq 4hmmu phnp I?WGrul}J:! uGwgbL t 
a3 - (b3 + b2 + b1 - a2 - a1 ), Jm4 B4 ut.qwnnqn wnwJau n~]1G~ w 
umwgtr 5mJg tnwGp, np A3 qhmmu uGwgwa pbn]1 pwGw4t:! hwtJ.wuwp t 
B4- .PUiwhwG~}lG: 

b4 =a3 -(b3 +b2 +b1 -a2 -a
1
): 

<.hztn t GljwmhL np qw pJumu t JuGil!l]1 tJ!w4 Ll1Ghtm lliWJUwG}lg ' 
al + a2 + a3 == h1 + b2 + b3 + b4 : <.tmL.wpwp tl.hP2PG tlwGqwl}mu 4wph

LP t qpbt b4 (x34=b4): liJull!Punti' umwgY.mu t pmJtwtnpbJ.ll hhGpruJ}lG 
(pwqpuwJpG) tmamun, npmbiJ. xll, xl2, x22, x33 L. x34 t}lntJ!n
Juw4wGGbpJ:! 4nztlmu bG hbGpp, }lu4 uuwgwan' xl3= x14= x21= x24= 
x31 = x32= 0 l}nztlmu b.G' wqwm: u4wmbGp, np hb.Gpp tlJ.ntJ!nJuwqwGGbpp 
pwGw4n pwl{wpwpntu t ni+n-1 UJ.WJUwGpG (3+4-1)=6: 
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OppGwtr bGpwqphGp wnwpljnll. LJ.titnhpmu ml::ul.wtl.npl{wa pbnGhpG 
hG a 1 = 30, a 2 = 40, a 3 = 20, UU}WnnqGhpp t.qwhwG2G t hwuwt.qUltnwu-

JuwGUlpillp' b1 = 10, b2 = 35, b3 = 15, b4 = 30: 

tJtGbtntl WJU tntlJWtGbppg, 4wquh(il2 W11JntUw4: 
Urz;nwwlj 2 

UU}wnnqGhp 
UnwpuwG 

B, B2 B3 B4 
4btnhpmu 
phnGhpp 

Unwpn11.Gbp U}W2WJli! 

At 10 20 0 0 30 
A2 0 15 15 10 40 
A3 0 0 0 20 20 

Ut.qwnnqGhp]1 
10 35 15 30 90 

\llllihwG9p 

liqjmuw4t! LJ1WgGmu bGp l::itGbtntl hhtnL.JWL qwtnniJ.nt~jmGGhppg. 
xu =min(10;30)=10; x 21 =0;x31 =0 

x 12 =min(35;20)=20; x 13 =0;x14 =0 

x 11 = min(15;40) = 15; x32 = 0 

x 13 =min(15;25)=15; x 33 =0 

x 14 =min(30;10) = 10 

x 34 = 20: 

liiJ.jmuwlUJ.g hpL.mu t , np hhG.pp t}lnt{1nJ:uw4wUGhpG hG x11,xt2, x22, 
x23 ,x24 L. x34, pu4 wqwm tJ!ntlJ.nJ:uw4wGGhp.J:!' x13= X14= X21=x31= 
=x32=x34=0: 

UuhGwi?Pi O"Ul}:uumuGhpp ubpnlllltl .J:uGilJlp uqqpGwqwG tmamun 
qmGhllm qwpl{mu hGp UmJG 6L.n4_, ]1CizU}hu GztJ.hg qhp{!, upwJG ph u4qppg 
tpwgGmu hGp wJG qwGqwtw, nptnbiJ. aw.J:uun wubGwppzG t: 
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ShqwtJ.mJunuHihpp uwmppgp tlh2 zrww l.]N_4_mu t WJG phlt.Jwm, npp 
qwqw~Ghp.G nGl.J.wa hG Gpw mwppbpp 4_pw, pul.J. l.J.nqtihpl}, npnGp l.J.nz_4_mt1 
hG oqwl.J.Ghp, nGl.J.wa hG uwmppgp mnqhpmtil.J.wti UjntGhpmu: UY.GhWJUl 
t, np hpl.J.m hwpl.twG oqwl.J.Gbp]:! tJ.mJumqqwhwjwg hG, hhml.twpwp tip 
oqwl.J.Pg hwpl.twG oqwl.J.PG wGgGhijm l.J.wmwp4_mt1 t lllUlnlJtn m4.Jwl qw-

tc 1C 
qw~p zmP21! -l.J.wu -- wGlt.JmGn4_, l.J.wju4_wa WJG pwGpg llltnmJmn 

2 2 
awtiutWP_P mqqm~JWUp t ~h' hwl.J.wnwl.J.: 

Uwht.fwOnuf 1: ShqwtJ.mjumtiGhpp tiwmppgp tih2 zrwwG l.J.nz_4_mu t 
hwz4_wpl.J.wjpG, h~b WJG 1.]1wl.J. t, l.t qwqw~Ghppg tihl.J.n nGl.J.wa t wqwm, 
pul.J. tiGwgwb"]:!' hhGpp 1.]1nt]1nJuwl.J.wGGhpp 4_pw (wll.Jmuwl.J.P 4_wGilwl.J.
Ghpmt1): 

Uwht.fw{imt.f 2: 3mpwpwG2_Jmp wqwm 1.]1nt]1nJuwl.J.wGp hwuwp qn
Jnl~JmG mGp hwz4_wpl.J.wjpG zrww, WJU tt upwlm: 

<!.lllz4_wpY.wJpG zrwwGbpJ:! mGhGmu hG hptiGwl.J.wGmu hhtnhJWl 
bpl.J.pwz_lllt]1wl.J.wG Ulllitnl.J.bpGbpp mbuphp]:!' 

DDD9=J9fl 
CrwwGbpp qwqw~GbpJ:! nGilqb-4_wa hG: 
Uwht.fw{imt.f 3: .c!,wz4_wpl.J.wjpG zrwwJp Jmpwpwul_Jmp qwqw~pg 

I}ntpu t qwwu hpl.J.m oqwl.J.: 
f(}-bnpbt.f 1 : .c!,wz4_wpl.J.wJpG zrwwJp qwqw~Ghpp pwGwl.J.l! qmJq t: 
UUJwgmJg: uwJu Gl.J.wmhGp, np hwz4_wpl.J.wJpG zrwwG 2P2WUghlllu, 

1C 
JmpwpwGl_Jmp qwqw~p zmP2l! l.J.wmwp4_mt1 t llltnmJm - wUlt.JmGn4_: 
. 2 
CGI1fltGhGp awuwgmjgp UlWPP lllll.Il.nl~JWtlp qwqw)'}p 2nlP21} l.J.wmwpwa 

UlUllllJU1l! - 1C, pul.J. hwl.J.wnwl.J. ntil.ll.nl~JWtlp' 1C wGlt.JmG: 
2 2 

126 

D E 

b~h .?llfltuG 7112wllghGp ABCDEFGH ntil.Il.nt~Jwtlp , Wllllli A,B,C, 
F,G,H qwq.wpGbpl1 tinm ZP2wGgmun l.J.wmwp4_mt1 t awtiutwpp, pul.J. D h 

E l.J.hmhpmti' hwY.wnwl.J. ntll.I]nt)'}JWtlp: 
uzwGwY.hGp m-n4. ZIWWJP WJG qwqw@Ghpp pwGwl.J.n, mp 

Ulll1ntJU1l! l.J.wmwp4_mt1 t IlPwl.J.wG wGlt.Jm.Gn4_, pul.J. n-_n4.' pwgwuwl.J.wG: 
<flwpq t, np. zrwwJp pntnP. qwqw)=)Gbpp )'}P4.l! l.J.lllUP. m+n: 5m.Jg mwUp, np 

m+n-1! qmJq t: 
J!wUp np hwz4_wpl.J.wJpG zrwwU 1.]1wl.J. t, pul.J. 2P2Wfigmti]:! 

l.J.wmwp4_mt1 t pntnP. qwqw~Ubpn4_, mump wUlt.JmGUhpp ]:!U$wUm~ 
qnttiwpn l.J.lllUP. 2n -p lllwmpl.J.' 2nk (k>O l.t wtipni1.2 ~P.4. t): lTJmu l.J.nqtipg 

IlPwl.J.wU wUlt.JmUUbp.p. qnttiwp]:! l.J.lllUP. ~ m, pul.J. pwgwuwl.J.wUUhppU]:!' 

_ ; n: liJGlllhu np' ~ m - ; n =2tck: qhp.2P.Gn lllWP.qhgGbtmg hhmn 

l.J.umwGwGp' m-n=2k: 
Uw GzwGwl.J.mti t, np (m-n)-1! qmJq t: b~b (m-n)-PG qnttiwpbGp 2n 

qmJq )'}P4.J:!, WlllW WJU l.J.tiGw qmJq. 

m-n+2n=m+n 

liJuU1Pun4_' (m+n}n qmJq t: 
f(}-bnpbt.f 2. .c!,wz4_wpl.J.wJpG zrwwJp tnnil.hpn4. l.J.wti UJmGbpn4. 

mhil.w4.np4_wa qwqw~Ubpp pwUwl.J.J:! qmJq t: (lilllW9ntJ9l! W php4_mt1): 
fltUbUwtn4. zrwwJp qwqwt]1wpJ:! pbpbGp mpwGulllnpml.llJpG JuUilPP 

tmWwG OllltnptlWllll)'}JWG ummqtiwG PU12JuU1l.J.U1G uh~lllll!: 
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§ 34 i!wzJ:uwqwu Ubfllil 

Uju uhpnqp tmpjmGG WJG t, np JmpwpwGi]mp wqwm tllmlmJuw-
4wG]1 hwuwp 4wquqmu t hwzt.l.wp4wJpG zllfw: CllfWJP qwqwpGhpmu 
Ulhqwqpqmu hG ow):uuhpp UWU1ppgp Ullllpphpl!: <!-wqwpGhppG t.l.hpw
qpqmu hG GzwGGhp: UJG qwqwpl!, npl! hwuwl.llwUlwu):uwGmu t wqwlll 
tPI1tPI1J:uw4wGpG' hwuwpqmu t qpw4wG, uGwgwo qwqwpGhpp GzwG
Ghpl! tPI1J:ut.l.mu hG ZP2wGghtl14. ZllfWJP pntnp qwqwpGhpl!: <!-wqwpGhpp 
GzwGGhpl! t.l.hpwqpqmu hG ow):uuhpp uwlllppgp UlwpphppG L. hwzt.l.wp4-
t.l.mu GpwGg hwGpwhwzt.l.w4wG qmuwpl!: UJI} qmuwpl! 4112.t.1.mu t ZllfWJP 
qGwhwll1w4wG: 

bph Plll11P hwzqwp4wJpG ZllfWGhpp qGwhwll1w4wGGbpl! 112_ pwgw
uw4wG hG, WU}W Ult.I.JWl tmomul! OU}Ulpuwt t: 01.4U1PuwtmrJwG WJU 
hWJUlWGPzl! map uh2 t hph tmOt.l.mu t upGpumup J:uGqpp: lfwpupumup 
JuGqpp tmoh\.llu Ol.lllllPUWl tmomu 4ull1wgt.I.P, bpb p11111P hwzt.l.wp4wJ}1G 
ZllfWGhpp qGwhwll1w4wGGhpl! n2_ qpw4wG hG: 

Opftuwq: bGpwqphGp U1pwGuU}11pU1WJPG J:uGqpp Ult.I.JUJtGbpG hG' 

b 1=10 
b2=30 
b3=70 
b4=20 

[
7-3 6 2] 

cij= 2 S 4 1 

3 2 6-3 

luGqpp mt.I.JwtGhpl! tpwgGhGp WIJ.Jmuw4mu L. hJmupu-wpL.umJwG 
wG4JwG hqwGw4114. umwGwGp npL.t pmJtWmph\.lltmbmu: UJG 4mGbGw 
hlllhJWl UlhUf2l!· 

flrumuwljJ 

I~ B1 B2 B3 B4 Unwplj_ IliJ. 
phnGh}ll! 

Il 

A, 7 3 6 2 20 
10 " 10--- ---4- - 10 

A2 2 1 5 4 1 1 60 
0 2o--- ---.w :o 

A3 3 2 I 6 : 3 50 
0 0 3Q __ __ ..20 

UU}wnnqGhpp 
UJWhWU9rl 10 30 70 20 130 
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UJU wrumuwqpG hWUUll.llUlUlWUJuwGnq tmbmuG t x,,=lO, Xl2=10, 
X22=20, X23=40, X33=30, X 4=20, npnGp hhGpp tllm.PnJuw4wGGhpG bG, 
pu4' X 13= X 14= X21= X24- X~ 1= X:~2=0' wqwm: CGqhwGmp owJuul! 4\.llGp 

600: 
Uju tmWwG OUttnj1UllllrHPJI11 Gu pwJJuw4wG uhpnqm{ ummqbtm 

hwuwp 4wquhGp wqwUl tjmljmJuw4wGGhpp hwzt.l.wp4wJpG ZllfWGhpl! L. 
hwzt.l.hGp GpwGg qGwhtutnwlJwGGbJ1[!: 

X13-p hwuwp' 30+ 6 

5 + - 4 

6-4+5-3=4>0, 

X~4-p ZllfWG, 11}11! gmjg t UlptJ:wo WIJJlllUWq 3-mu qbp4Ghpnt.l. 4\.llGp' 
3~2 2-3+6-4+5-3=3>0, 

5 -
6 - 3 

x21~l!, 70+ 3 2-7+3-5=-7<0, 
(\ (\£\ 

2 + - 5 

X24-l!, 1 - 3 + 6- 4 = o_ 40+1 
6 - 3 

3 

x 3,-l!, 7~4 
3 -7+ 3-5 +4-6=- 8 <O, 

31----J6 

X32_l!, so+ 4 

2 + - 6 

2-5+4-6=-5<0: 

~wGp np 9P4thpntu 4wG pwgwuw4wG qGwhwll1w4wGGhp, mulllp 

Ult.I.JWttmomul! Ol.llll1Puuit2.t: 





lijau U}WpqhGIJ, ph pfi(tqhu t wGgnu.i qwmwpl{mu up pwqlluwjpfi 
tntann.ipg ubl.J. WJttntaliwG: J2wGp np tip tntanttipg tihl.J WJl pwqlluwjpG 
tmauwa wfigfibpu hwuwp wqwm wGhwJmfibp}lg lihlm t.4hmp t l[ln)uw
ppGbt hbfipp wGhwJmn4_, ntUmp wnw2pfi hbpppfi wGhpwdbzm t UJ.Wpqht, 
ph np wGhWJUll! UJ.btnp t pbpht hbGp: UJq GUJ.wmwl!ntl, hpb WJ}uwmntu 
hGp U}nmbGgpwtfibpp ubpnrp14_, nGmpntu hfip pwgwuw4wG mwppbpntp
JntGGbppg wuhGwtlJnppn: Cum Gwlunpq UJ.wpwqpw{>p qw -8-G t: lljfi 
hwuwl4wmwu}uwfintu t X 31 wqwm wfihwJm}lG, npn L UJ.hmp t pbpbt 
hhfi}2: 

hpb wzluwmmti h(ip pwz}uwquui(i tibpnrpul, WUJ.W wqwm wGhWJUll! 
I!fimpntu bGp zrwwfibpp pwgwuwqwG qfiwhwmw4wGfibppg wubGw
l}lnppn: 

Optqbuqp U}Wpqbfip, ph X 31.p tP.nJuwpbfi hbfip}lg np wGhWJUli! 
qrnpu qtiqtl.P, mbqwtP.nlunttWbpp. uwmppgpg oqmtl_btn4_qwquntli hGp X31 

wqwm t}lntlJntuw4wG}l hwzqwpl.}wj}lG zqpwG: Cum §34-}1 WilJlllUWlt 2-}.1 
X31-P hwzqwpltwJpfi zrwwfi lj_wquntu t XJ,, X,il X12, Xzz, X23 L. X33 
tP.ntP.n}uwlJwGfibppg, npg qmfihGw hbmLJWt bpltpw~wl}lwl}wti qowl4wtn
lJbpp mbupn: 

_o 20 
XJJ X12l {0 101+ 

4wu ptl_bpml' -10 50 
x22 

X23 20 40 + 

XJJ X33 +0 30 -
10 20 

CrwwJp qwqwpGbppfi l{bpwqpntu bGp GzwGGbp [!um §34: CGmpmu 
bGp pwgwuwqwG qwqwpfibpntu qmfi4_nq ptlbp}lg l}lnppt!' 
min(l 0,20,30)=1 0: 1 O-n hwuwUJ.wmwu}uwGnu.i t X11 WJU hbU12}1 tlJnl}ln
luwlJ.wfipG, npn UJ.hmiJ t I}lltpu qw hhfiiLP9 L, hhmLwpwp, umwfiw qp.n 
wpdbp: CJ.WwJp ufiwgwa qwqwpGhpmu qmfi4_nq ~tlhp£! wfihpwabzm t 
t}lmpnJubt WJGUJ.hU, np Upw mnqhpntl qwu UJntGbpm{ zwpdtl_bllm «hpG» 
(qowqpnur ubpu}:l) L «Gnp» :f3tlbpp qmliWp[! UJWhUJWUtlil : htGbtntl WJI} 
llllli.JUwGpg, ZflPWJntti ptl_hpl! lJ.ohwt}lnJutlbG hbmLJWl 4_bpll}. pwgwuw-
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~ lf) B, 

AI 
0 

A2 
0 

A3 
10 

Utllwnnquhpp 
lO UJwhwa911 

'flllJUJlj 3 

82 B3 linw,ptlnq -
B4 

7 3 6 
phnuhp 

2 -
20 0 0 20 

2 5 4 I 
10 50 0 60 

3 2 6 3 
0 20 20 50 

30 70 20 130 
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