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Q.lfl). 22. t61. t 

UnLJL 'lwuw'lf' IJP frLLbpnp'J <pwmutt•ut~nL{JJ nLL[! mwpphpqnu! t 

f.twfunp'J' 8-J' 'l <pwmwpw~mfJJnLflf9 ' ll.Ju <pwmwpw~nLfJJmflp tfrnqfrL 

t:ullfuttqwmwuljuwunLJ t .pmnt:<; LhpnLJ Jw[JbJwmfr~wJfr <wJwp Lwfuw~ 

whuqwd- 400-450 JwJqw d-pwqpfrL r 

?-wuW']{'.flnLJ Jmsqwd- t bp~nL Lnp q[nLfu ( XX b. XXI ): 

XX q[nLfuf! ( cd. wqwflw~wUnLfJJnLLLhpfr mhunLfJJwfl b. Jw[JbJwmfr-

~UI~wfl t[frC.w~w qpnLfJ JWL m wpphpp») pnq wfl'lw~nLJ t U U l.lf fllflf'-llf 

Jw[JbJwmfr~wJfr UfW('LnW']f{' d-pw•qpfr <wJw,LlfwmwufuwL pwd-Ln{ Lw

fuwmbu{wd- flJnLfJf! t 

XXI lflnLfuf! ( « lfwmpfrswLbpJJ, « fl.d-wJfrL 'lfrfPbphLofrwl <w{wuwpnLJ~ 
f.thpfr {wtfw~wp'fhpfr b. <w,Jw~wpq.hpfr [nLd-nLJLhpfr JwmpftSUIJpfl qpw~ 

ltnLJp») LnLJfluthu pnqw'ir'lw~nLJ t LlfW{'LntJ.J']f{' d-pwqpn{ Lwfuwmhuqwd

f.tJnLfJf! t flwJ9 , 'lf!WUf9 pw9p , WJU lflfunLtf JbJ- nL2LU'J{'nL/J.(nLfJ t 'JLU('d~ 
qwd- 'ld-wJfrL 'lfrfPbphLsfrwl <w{wuwpnLJLhpfr <wJw~wpqbpfr b. qd-wJfrL 

'lfr!/Jh ph'bofrw l < wqwuw pnLtFLhpfr { wJ w ~w pqh pfr l nLd-nLJb bpfr Jwurpfrsw

JfrL qpwn.Jw'bp: Oqmw']npd-{wd- t qrnt/tnfuw~wb qnpd-w~frsHpn{ qd-wJfrb 

qfr!phph'bsfrwl <wqwuwpnLJ'ilbpfr <wtFw~wpqhpfr {wp_np·'JW~wb Jnmw{np 

lnLd-nLJ'ilbpfr tFwmpfrowJfrb qpwnnLJp : U.Ju bJnLfJb wfl { pwJhzm t q_hm h ~ 

'lbl pmnL<-Lhpfr { wJwp 'lfrfPbphLofrwl b. fr'bmbqpw[ <wzfr{'bbpfr 'lwup'b~ 

PwonLJ UIJb pw'bfr <wtFwp , op Lbp~wJnLtiu tth4mpwmbfu'bfr4wJfr , wqmn 

tFwmfo4wJfr, n.w'lfrnmbfuLfr~wJfr 1_bpwphpJwl zwm q{'l!bpnLJ 'lfr.,hpb'bofrwl 

{ wqwuwpnLJ'ilbpfr < wJ w4w pqbpfr l nLd-nLJ'ilbpfr nLU nLJb wujrpm.[J JnLbf! 

J,.wmwpqnLJ t tFwurrtfrowLb[tp mbunLfJJwb wtqwpwmfr oqflnLfJ!wJp : 

Unp bfl qp{wd- XVI Cflfufr 26, 27 , 28 tqwpwqpw!pbhppt IJ.Jutnbtz .pp'b~ 

Lwp41_wJ t 'lfr!/Jbpb 'ilofrw l < w1_ wuwpnLJLhpfr lnLd-J wb { w p_np'Jw ~tufl J n

mbsnLJLhf'l!r tF.bfJn'Jp , WllfW9nLs{nLJ bfl '1-frfPbpbLsfrwL <w{wuwpJw'b 

tnttMw'b qnJnLPJwfl Jwufr'b flbnpbJp b. J.jrw~nLfJJwfl Jwujr'b fJbnpbJp : 

flLzw'JpnLfJJnLb t ']W['J.1_wJ 'JP!/Jhphbspw[ <wqwuwpn LJflbpp Jwupft wJ~ 
pntzy_ Cflfufr fuumututw <wfly_ zwput']pJwflp t 

uzwuw~wlfrnpb'b f!h'][WJb{wJ t XIII Cflfufr ( cc fl.wtzwif.wp {JWLifnLLn~ 
4Jr 4wJnLflnLfJJwfl mbunLfJJwfl JwujrLJJ) 31-p'l LlfW('Wlj('W!/Jf! t S{JwL {p~ 
['Wmwpw~nLfJJwb tFb y_ WJL ~n;_ {nLJ t WJULlfbu. cr fl.wtzwqrwp {JWilfnLbn-

4Jfr 4w JnLfJ nL{J JWfl tn bu nL{J JWfl tf wupfl t 'J.p!pbphftspw [ { wq wuw pJ utb { b

urwqJhpp {utppf! hq_w~.fr ~btnp Zf'P.W~WJ.f!nLtf:!t IJ.Jutnhtz 'JpfPhph'iJsfrwf 

~wqwuwptntFHpfr {wJw~wpq.bpfr LnLJnLJhbp.fr ~WJnLflnLfJJwb 'lfrmwp~ 
Jwflp q_nLqw { bn_ p'bflwp~qwJ t !pwq_wJfrL { wpflmfJJwfl qpw bq_w~jr ~b 
urp zp y_w~w.J.pnLJ <bmwq~fr {wf'.f!p t ?-w wL<pwJbzm tp wbbl wJb pwfljr 

'>wJwp , np ttb~mpwmbptflp~tu!fr , n.w'lfrnmbfu'bfr4wJfr, w{mnJwmfr4wJfr 
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'lwuf!b filwshh.pnLJ .t:wJ w UfWLNwufuw b .t; w 1'9lf'b nwnLJbwufrphtftu wft-<: [!

rwJhzm t tuq_wmnphb OlfUlqf,[ WJ'f gwrzwtf.wpbLpf:gr lfnJuflhpu fJt[bpfr 

ZWf'W'f(IUtuJp bnf1rfr9 gpqwJ hfl Jfr pwbfr UJW('Wlf('W•'/>flh[1 1 ~gwlfr l_WtPnl[ 

f!b'l[WJbqwJ t XI '1-Lfufr § 2-[! 1 npmhrz mpqwJ t wbf!b'l -<:wm !pnLh~ofrwJfr 

npn'l.Jwl frhmhqpw[fr q.nJnLfJJwb wt'iW91f'LJ9/!' /.pwgnLBfrl q.['qwJ t lflfufr 

( cc fr pw ~wb If ntf n frr w ~ wb fr ~ n J Uf l bpu .cpn Lfr4!J fr w Jfr fr b m b lff' n ,J f! 11) § 11 -I! 1 

CJ.pqw/,· bL XVI qlfuf• bup §24 L. §25-L', upnbf! hq}JIL[wJ hb qntfuuhl!u wfr

'lw:lhh['nq ZWf'J!bpfr'i.t L. ~mfui/Lpu tfrufrnfuw~wLfr wumfri:.wbwJfrL zwr

l!btrfrh: XVII '1-Lfu/• Lnp gpqwJ § 12-L' Lr[frpqwJ t ~nJuubpu mhu[!nq 

!hnLf'J[;fr zwpphfrfrbl Ct'llUJjbqwJ t !hntpjbft frYtutlqrwLfr JwufrL .t:wrsfr 

zwf'Wtjf'ntU[!I {nwutpwut/_w,} b'it .t;wmntq ¥frpwnw~wb qpw~wbnLfJJwb 

Ub't_ Ol(IIIWq.npJ1[nq J..,'wu~WBntfJjlltU'it/;f'f! ( Ullf/:;f[Lnf1 1 UU[b~Ulf'W[ !pnLb~-

sfrw): 

'unr; h'f, 'lt"Lw<) XVll l[Lfufr § 15-[!' cc!hntpjhft zwf'.pft f!UUT !pnLb~sfrur

Lhpfr Of'fJnqnbw.l t; wJw~w{'q./n> L. XVII CJlf/ufr § 16-r' ccCJ.wqwtfrwf' q.['

,}wJfr'it !pn:b~!J!frnbutl mwpwd-nt[iljruft tfwufrb : IJ.hw[nqfn.u .'f>ntb~sfrwJfr' 

!hn Lf' 1 h fr zw ppfr 4._ h(ll'" J n tfJ 1 w'it L. 4._ b ~ w n f''itbf' fr 4._ bp[ n LJm fJ 1 w b J fry_ U11 1 lJ, 1 u 

ftJnLfilf! zwpw'fpt/_wJ t wj'itU[hu, np11Jh"'lfr nwwhnrzbbp'b nL frYtdbLlphhpf! 

~wpnrtw'itwh -<:wu~wfrwl WjU Jw(ilbJwmfr~wlfwb wr'lwf'wurfr qpw <Hqnq 

tf,l,mnLfiiJw'it nLpfrz iljntrzbpfr bjnLfJL" XIX q.LfunLJ q.pt/_wJ t bntr § .~0-[!' 

(('/• /;['11 UJ !pn t'it q 9/1 W b U b pw IIJ w ut ~ [, ['[' JJ 1 

VIII qlfuntJ q_bmbrz1._wJ ~ § 19-L'' ,,,?JnthlfsfrwJfr umw!JnLJ[' :fnpd-

ft w ~w b tni[J w l 'it lp fr .t; fr J IU b t[{' w \ L' u Ul t/r n f!f'W '1'"·1 y, .pw nw ,, nw I• b b rfr J h

f1 n'ffr1> 1 ll1u UfW f''u qpw!pfr pnt/_w'it r; w ~ntfl JN<U [' ltwqJ nLJ t .t; wt/_ htt/_ wJ 

1-1!· If'['[! Lwfu~frbnLJ rzbmlirzr[wJ t[' UIJU ljWUlUCff' .f!fr wnw'tfr'it -<:wmnpfr 

4._hnfrh JwunLJI 

VII 'llfunLJ m{'qwJ hL § 10-r_•' ((Ujlftmnhf frhmhpUfnuwsfrnh pwhw

dU£1 11 L. § 11-L'' ccfJ·qwj,l,'it qfr!pl•phhsmJ1J: IJ.J" ll(W{'Wlff'tu!f>hbrfr pn,[w'it

qwlfnLfJJnt'it[! hwfrdtfr'itntJ q_bmhrzqwJ kf' -<:wtf_htt/_wJ II -nLJ: 

l!fr pw'itfr lf'w9n.J!Lbp b'it ~wmwpqwJ V, YII, IX, XII, XIII g[tlLfu

hbpntJ I 

XIII 'fl'"ful! (,,?-fr!phpb'itsfrwl .t;w4._wuwpntJbhp1>} wJpf!tzf_tuU(hu mi.-
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~ 1·~, 'l>tJrnt•?- ~ ru.su.ru., nt•fiJ'BtJ. t tJ.IJ.ll.J!lJ.tllJ. &l.' 

LfrLrfLpnf''l .t:pwmwrw~ntfJjwL Jhy_ lf'frq, wLtfntfnfu u1w.t:UfwLqwJ t 
l"f'f'"f''l .t:pwmwpw~nLfJJwL wJpnrzy_ mhf!UUTf!, pw19 WJ'l LJnLfJf! pwdwL

qwJ t hp~nt .t:wmnpfr ( 'lwuwgppfr WJU L. Lwfunr'l ~pwmwpw~ntf'IJntL
Hpfr ogmwgnpJJwL -<:wpJwpntfJJwfl -<:wJwp g[ntfuLhpf• -<:wJwpw~w[nL
JI! bntjLUfbu fJnrzLqwJ t wLtf,.tfnfu}l 

IJ.Jpn 'l't 'fWUtu.gppfr pnqwfl"f-w~ nLfJ jnLflf! n pnzq ntJ t pm n~c<:Lhpfr .t; w _ 

Jwp JwfJhJwmfr~wJfr 'fWUf!bfJwsfr' 300-450 dwJqw -<:wJwp hwfuwmhu-

4._wJ Jpwgpnqr ?-wuwgfrf'l!l! hwfuwmhuqntJ t frLlUfhu umwofrn~llup, w.('LJ

·Ufhu tL -<:bnw~w pmrn-<:LhpntJ Jw,fJhJwmfr~wlfr 'fWUf!bfJwo:fr nwnufLw-

ufrpJwL -<:wJwpr ?-w -<:wzt/_fr t wnLt/_ht LJntfJfr zwpw'lrJwh JwJwhw~, 
JwuLwt/_lf'pwUfhu, WJ'l LU(tutnw~nq 'lwuwgppntJ [!Lbwp~qwJ hL zwm 

opfrhw~bhp, npnbf! [lf'LUWpwYtnLJ Mt zwrw'lpqwJ mLuw~wb bjnt,IJ[! L. 

mwlfru hL fuL'lfrphhpfr [ntJJwh hJutzbh{'[!l 

fJ.nwy_frh -<:wmnpf! [!brpgp~ntJ t pmn G\ bhpfr wnwy_frY1 ~ntpufr Jpwg[!

pfrh -<:wJ WUfWUT wufu.wLnrz b J ntfJf!, pwg wnntfJJwJ p XII I qlfu fr ( cc?-fr!ph

(lhLsfrwL -<:wqwuwpntJhhp11 ), npf! 1 npufhu ~whnL , wftSbtnJ hh hp~pnp'l 
~nLp·untJI Pw19 [!w'&fr np J .fr .pwLfr pmn u.t: LhpntJ .t:wp_nf'''l 'lfrusfrUfllfrh

Lhpfr -<:wJwp wL<:pwdhzm 'lfr!f>hrbbsf•w[ -<:wqwu:upnLJHrfr JwufrL Lwfu

bw~wh mhrzh~nLfJJntbLhp mpqntJ hL wnwy_pt ~ntpunLJ, WUfW WJ'l 'llfufr 

LJntfJfr Jfr J:uul' (§ § 1-28} L.u tnhrzwt[np :[wJ t wnwp_frh -<:w:nnp 11 ,J1 

'LtzH.p , np fJt/nq 300 dwJqw -<:wJwp burfuwmhut[wJ pmnt<:Hpfr 

JpwgpntJ "fwpntb:w~t[nrz ftjnLfJf! -<:wJwpjw lf'frq ~w wnwp_frL .t:wmnpnul 

( PWJS Wjb pnqwblfw~nLJ t bwL. WJ'l Jpwgpfr zf12wbw~fr Jhy_ lJmLnq 
bjntfJ ): 

bp~pnp'l -<:wmnpf! (XIII '1-Lfufr qbpy_f!' § § 29-34 , XIV-XIX g[ntfu

L hrl!) UfW [' n Lb w ~ nur t p U1 n L..t:·h hpft hp ~ [' np '1 ~n L[' ufr Jpw·qpfrh -<; UJ J W'Uf w
Lnwufruubnrz bjn<fJf!l 

IJ.nw'tfr'i.t -<:wmnpfr wnwy_frb hp~rtL lfl'rLfuLhpf! (cdiofrt[l r/Jmftnfuw~wfl 1 
!JJnLb ~ 9/t•W 11 U (( [} w.t; J W b I !hrttft~ 9 ftw j fr tub f!b 'l .t; WUT ntfJ j n Lb f! 11) lff' q w,} [;fl 

-<:bwpwqnpfrfl l_tut/r .t;wJwnntnl lJnqnpwpwp Wj'f Cf[NLfubhpntJ zwpw'f/![1-

qnrz Jft pwhfr -<:wpshp, wnwb,IJ gnpJfrh qhwuh[nL, tnhqwtfnfut[wJ hh hp~
f'Nf''l L. J..,' wy_np'l g[ntfuhhp1 ?-w -<:LwpwqnpntfJJnLL t mqh[ wt/_htfr qwq 

wLsLhl 'lfr!phphLofrwL -<:wzt/_fr .t:frJLwftwh gwrzw'tfrwpfrh' wJwt91 wLfrb, np 

U(w.t:why_nuf bf, prtL-<:w~wh 'lw"l!hfJwsf• nLpfrz 'lfrusfrUf•LfrLLhr (LJnLflfr 

LJwh 'lwuwqnpnLfJJwb biiJWmwqw-<:wpJwpnt.fJJnLL[! -<:wumwmqrtLJ t 
U1zfuwmwbf!fr tfnpd.n4._}1 

.PmnL<:bhpft pwp•dpwgnLjb JwfJhJwmfr~w.lf' JpwgpntJ Wjb•Uffrufr 

'>wpshp Jmshbtnt ~wulw~sn•fJJwtfp, npnLI! wh-<:pwdhztn hh wl[mnJw

tnN wlfr L. .t; wzq nrzw ~wh m hfuLHw 1 fr t; hm ~wtl(q wJ pmnL-<: w~wf1 'lfru _ 
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9f 11(lfbbhppf.t JwflbJwurplfwJp '1UI11f!f.tfJwont/_ UIUfw{nt/_htnL {wJwp 1 

'1wuwqppnLJ Jwbpwtfwub 2Wf'UI'1f't/_Uia bb {wJwll[UILnUJ'ufuwb pwJpf.t

Lbp. «'1-fr!pbphltoftwl {wt/_wuwpnLJLbpft h. '1/rfPhphLgftwl {wt/_wuwpnLJ

f.thpft t:w,fwf[wpqbpft fJtf_wJftb ftLurhqpnLJ[!>>*, ((CJ.d-wJfrb '1ft!phphLvftwl {w

t/_ w u w (IIILJb h pft t; w J w I[ w p qh p fr ftltur h qpnLJ f! », << CJ.w'lw tf.w f' ~J w 11[ n11t rrt/Jt 

I[ UJ J nLb n LfJJw L ur hun LfJ J wb J wuftb », «1. w J fr [Ln nb ft OU[ hpw ur npf!», «::hnLp

Jhft frLurhqp•wLf!>> /..,_ WJLbt 

XVIII '1tfunLJ pf.tLwpf[t/_nLJ hb JwfJhJwmftf[urf[wf.t !pfrq_frlfwJft {pJ

Lwf[wL t:wqwuwpnLJLhp(!t flha nL2W'1f'nLfJJnLf.t t TfWf'J.t/_wd- UIJf.t !pftq/J· 

f[wf[wb hph.nLJfJLhpft pbnLJfJ/t Uf.Uif'I[_UipwLJwbf!, npnbp phpt/_nLJ hL urwp

l'hf' LnfUf.P t:wt/_wuwpnLJLhpft b. t:wJWI.LJWUfwufuwlt bqpwJfrb fuL'1ftf'Lh

f'f' flU nLlUI'1f'n<fJJnLb t '1wf'J.t/_wd- Jwubw·f[ft wawbOJW[fihpnt/_ '1ft!ph

ph1toftwl {wt/_wuwpnLJLhpft tnLd-JwL fJt/_wJftb JbfJn'1Lhf'ftL: 

XII 'flfunLJ 2wpwrlf't/_wd- bL OUfbpw9ftnL {wlt/_ft {/Jtlf.twf[wf.t 'fUII[UI• 

tf.wpHpL nL '1fr!phphLofr'wl t:wt/_wuwpnLJLhpft LnLd-Jwf.t OU[hpwgft~L Jb

fJn'l-f!' '1-w Uf.LU{wbp_t/_nLJ t t:wy_np'1n'l 2wur '1fU9PUflftHbpft b. Jwuf.twt/_n

f'Lilll[ bu tt bf[pwur bfult /tf[ w I[ w b Lb pft t; wJ w f' t 

t/,wpJnLfJJnLbLhpft t:wt!IUip '1wuwqf'[!/J Jbp_ Jur9t/_wd- hL Jhd- (lt/_nt/_ 

fuLrtfrpLhp h. opftLwf[Lhp, npnL9/r9 2w·mhpf! lnwwpwbnLJ hL JwpbJw. 

ur/tf[wJfr f[wulf! qfrurnLfJJwb nLpftl hJffLI[hpft t;bur: luL'Ifrf'Lhpf! b. opftLwf[

Lhpf! {wurnLf[ f!burpqwd- hL f!Uur '1Liluf!f.tfJw9ft JnLp•w.pwf.tunLf' pwJ1tft, npf! 

bU[LilUutnLJ t 2Lilf'L11'1f't/_n'l bJnLfJ/r JffL(ILI19Jw·bf!t lJ.Ju {wbqwtlwbpf! f.tnLJb· 

U[hu '1-ff'/!1! t:wpJwp t '1wf'J.bnLJ tlwfJbJ,wurftlfwJft '1wuf!LfJw9ft ftLI!bnL

pnLJb nwnLJbwu/JpnLfJJwt t:wJwp, Jw·ubwt/_rrpwU[hu t:bnwlfwJ"'l nLuw

bni[Lhpfr {wJwp: 

t/,hyhpnf''1 {pwurwpwf[nLfJJnLf.tf! t:ft1tqhpnf''1f9 urwpphpt/_nLJ t JftwJL 

bpwbnt/_, •f' wnwp_ftL {wurnpft t/_bpp_nLJ urpt/_wa t {wt/_htt/_wa, npurh'l lw

f'W'1f't/_wJ t ftltJbLhpbbpft t:wJwp f[wpb.np' «:hnLblf9/JwJfr umw9nulf! 

tf.npJ.Lwf[wf.t urt/_Jwlbhpfr {ftJwL qpw' f!ULn tf.nppwqnLJb pwnwf[RLu/Jf.thp/J 

Jbf1n'1fr» {wp9f!' 

8n/ifhrnf''1 {pwwwpwf[nLfJJnLbf! t/_h9hf'nf''1P8 urwpphpt/_nui t JftwJL 

bpwf.tnt/_, np wnwp_frL t:wurrrpft t/_hpynLJ urpt/_wJ t {wt/_htt/_wa (('bJnLurnff/J 

pf.tur hpU[ If lJ W 9pnb pwb wJ.fJ.f! t P. "-W Jpf.t '1fr!pbp hf.t9n LJ>J t 

• llnqnpwpwp zwpw'fpqnq w'ilwtft!r pqw1pL Jbfln'1Lhl'f! LntJLUJbu zwpwrfpqwt} t.L 
WJU 'fWUW'ff'J!nt.ft 
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XIII 'l- Ul fl lu 

§ t. lu\tqp~ qp!J.mb.J!J!: lf wpd\t~ 2mpddw\t hw!J.wuwpnuiJ!, hpJ! ti~~w!J.mJpfl 

q~dwqpnLJitJnLUJ! hwdhdwmw~w\t t wpwqmpJWUJ!: CqpmJmqb~ 
hw!J.wumpntdJ! 

'Jofr9nLp y=f(x) !pnLblf9frw1t wpmw9nlnLJ t npb.t hpb.nLJfJfr pwf.tw

f[w f[wL I[ ntz J f!: l,.wb.wfa ·'1/r m w pI[ hz nt/_ w !'1 hl"L.nLJfJI!, J H>p l hLp f[w rmtz w

f.tnLJ wLJfr!wUfhu {wuurwurht x-frs y-fr f[wfuJwL pbnLJfJf!, PL11J9 f[wpu

'lWfinLJ hLp {wuurwurht X b. y 'ifhd-nLf6JnLbbhpft b. f!UUI x-fr y', y", .. ,, 
y(n) wawb9JL11[Lhpfr Jfrp_h. htzwd- f[wfunLJf!, WJuftbpb' 'lf'bl '1 fr !ph ph f.t. 

9fUI[ t:wt/_UJULil('ffLJ: 

fTJwt:wflp_t/_nLJ t X·f 1 Y·f fJ. y-fr wqwb9JUI[Lbpp JfttlJ. UUIW9t/_wJ 

~UI fu t/_ wan LfJ J ffLb f 9 t; L11 u ur Ll1 tn ht Y- f wfiJ ftW lfwb f[w fun LJ f! X- p 9 1 w J u frlt-

1/f!b' qurLht Y=f(x) !pnLf.tf[yfrwL f[wtl, ftLIJ!U[hu wunLJ hb, ft f, m h .q f' h l 

'1- /r !ph{' h b 9 /r w l t; Ll1 t/_ w u w f' n L J I!' 

'fpurwp4hflp hp4n< t>ppLut4: 

0 l' p L w 4 1t flpb.~ pwptl.pntfJJntLp!J Lhurqwt} ~ m qwL'Iqw,J!J n<Lhgnq JwpJpLf!' 

IIJw.;wLt.f_nt.! ~ t:wuurwurbl, fJb pLl opbLpnq 4,Pn{uqp WJ'f Jwp.!Lp wL4JwL y "'l',.'lnL• 

f'JntL(!, bfJh Lpw qpw, f!W!Jp t}wLpntfJjwL nHJpg, wq'fnt.! ~ O'ff 'fpJw'fpntfJJwL wp'II.

£W4nq ntJf! , "l'l! t:wJbJwurw4w!J ~ wpwCfn<fJJWLf! (k t;wt!hJwurw4wLntfljwL 'fnp,Jw4sn4_), 

,.Jup!J11L' "'w t;wLt.f_nt.! ~ 'lurLhl V = f (t) !J>ntL4!JpwL : 

{ n 't} n < t! t f:uur 'LjnunnLp l.p4pnp'f ophLI!p 

dv 
m-=f, 

dt 

dv 
nprnl.'l dt -!. zwpdqnq JwpJLp Wf'WCfW!}ntJL ~ (wpwCfn<fljwL wr>wLgjw£11 f!UUI dw-

Jw!Jw4p), ru4 F-l' WjL ntJL t, "Pi! zwpdt!wL nuzqntfljw.lp wq'fnLJ ~ JwpJLp qpwt 

IJ.J'I ntJ'b wnwrwLntJ t mg ,JwLpntf/JwL ntdp b. -kv o'lp 'fpt!w'fpntf/JwL ntdp 'f"'Jwpps 

(hp4pnp'1 ntJ{! qhpsp.f_nt.! ~ JpLntu LzwLnq, pwLp np WJL ntqqqwt} ~ wpw'fntfJjwL 

nuzqntfljwLf! \ w4w'1Pl') I ll.jUUJpunq, 

dv 
m -=mg - kv. 

dt 
(I) 

7 



dv 
Uurwsw!tp V w!t\wJur !pnt!tftsftwh f.t hpw wJwh9J"'ll' ftw"ln'l wnhln'fJJnt!tp 1 Wj· 

dt 
uft!tph' \' wHwJur !pm!tftsftwJft hftwurJwJp '1/t!f>bpb!tsftwl t;wtf_wuwpntJ: ('fw Jft ptMhp 

urp"fp UfUif'WlJntur!tbpft zwpJJw!J t;wt/_WUW{'ntJ!t ~) 1 {ntJb/ '1/t!f>bf'b!t!JpW/ t;wt/_WUWf'nLJf' 

!ttw!twt,n,J ~ 'lurhbl WJ!t"'ftuft v=f (t) !pnthftsw, nre !tntj11Wf'Uif' pwqwpwrn,J t urr•LwJ 

'1/t!f>bpHsftwl t;wtf_wuwrJw!tp, flJ'1utftuft !pm!tftsftwbhp!t whflftq pw'lJmfJ!wdp b!J, 

Chflbpsn'll' t;bzum<fJJwJp ftuurm'lft, np 

(2) 

urbupft wJbf, Jft !pn,hftsftw pwt[w{'W{'ntJ ~ { 1) t:wqwuwpJwflp, fttJl"'Puftu ~~ 1/tfl/t 

C t;wuurwurnth flftqpt l>uft WJ'1 !pnt!tftsftw!tbpfts npfJ t urwlftu v-/t nrnhb1/t ftwfun,Jp 

t-/ts• 'fw 'lurhbtn' t;wJwl' o'lurw'lni'Jbflp wJ!t ll'w.'Jn'9Pl UfWJJwhe, "I' JwrJftLp hb

urbtftu flpwfJ urpqbl ~ Vo u~qpLwltwfl w{'w'ln'fJJn<L {nl'l'• JwufJwqn{'WUfbu ftwpn'l ~ 

t;wtf_wuwp L{<hbl 'lf'"JP ). HfJw'1f'"'J b!tp, np wJ'1 uftqp1,wftwh wpwlfn<fJJn<flp t;wJurLft ~~ 

PwJ9 WJ'1 '1bUfpntJ v=f(t) nrnhhtfo !pnt!tftsftwL U[burp t tftLft WJLU[puf•L, nr t=o 
'1b"'I!"'J {zwpJJwf, uftqpftL) urb'lft ntflbLw V=Vo U[WjtTwfl(lt {2) pwLwJ.l.tn,J urb'lw-

mg mg 
'1/'bln.f. t=O, V=Vo, ~'lur!tbLp. Vo=C+- I nrurb'lft9 C=vo-- : 

k k 
/J.JU"fpUnt[1 C t;wuurwurnt!t/! lfUifJt/_wJ ~~ l.buritwpwf', \'·p npn!tbtft ftwfumJp t-/ti 

WJUUfpUpLfJ ~· 

kt 

Ill 

+ mg, 
k (2') 

llju pwLwJ.l.tfts t;burl.tmJ ~~ "I' pw•[wftwLwlw<f JbJ t-brft t;wJwl' V W{'Wlfn<fJJn<fl(l 

t;wJWf'JW ftwfu•[wJ lP t/tfl/t Vo·/ts• 
uftwurh!Jp , np bfJb k= 0 ( WJuftLpL' o'1ft '1ftJw'1{'n<fJJn<L[' pwswftwJntJ ~ ftwJ 

'1W WjLpw!t <flnpp L Df' JbLp ltwl'n'l hLp w'!Jurbubl} 1 WU[IM JbLp uurw!tn,J b!tp !pftqft-

ftwJft9 t;wjur!tft 

(2) 

wi''1J"'!tl!l'•, U.J'1 !f>nt!tftsftw!t pwqwpwpntJ ~ (1) '1ft!f>bpb!tsftwl t;wtf_wuwpJwLl' It 

V=Vo, bf'f' t=o uftqpflwftw!t u/wJJwLft!t: 

0 {' /t L w ft 2t ziftn,!, t;wJwubn fJbll' ftwfuqwJ ~ brftm JwJI'bl'ft9 • 

'1-ur!tbl WJfJ ftnrft t;wtf_wuwrn<dp , puur npft '1wuw.f.npqntJ ~ flbt!t pf' ub<fwftw!t 

ftznft wq'1bsmfl1wJp (/t!tlU[bu ft'1wuwqnr1_b!t ftwfu•[wJ t':n"'w!thbf'l'• LWf'bl'l'• 

Z'lflwLbpe)• 
{ n 'J n 'J , '1-ftsn<p , i\l0 (0, b) - !t flbtft wJb!twswJp ftbur!t L ftuft M-(1' !tpw 

ftwJwJwftwL fthurp (!.ft . 250 )• '1-fturwp~b!t/! fJbLft · MoM Jwue • /J.J'1 Jwup 'lur!tt[n<J ~ 

t;w•[wuwrwlfznn<fJJwL Jbp t;burf.tJwl bpbp ntdbrft wq'1bsmfJJw!t Ulwft. 

8 

1} T .!'ln'Jf', np!t wq'1ntJ ~ ,".\ ftburn,J 

znzw<fn'lft n''l'ln'fJJwJp it Ox wnwhspft t;bur 

ftwqJntJ ~ cp whftJnt!t, 

2) H .!'lmJp M0 ftburn,J , nr t w'l'1n'J ~ 
t;npftqnhwftwh , 

3) flbtft ys ftzftnp, nr!t "''l'lqwJ t ""l'lw-

J.ft'l '1b"'ft hhl'l!t.., nrurb,1 s -p ,\'1.
0
M w'lb'Lft 

bpftwpn<fJJnthh ~~ y-h' flbtft 'IJwJft!t urb

uwftwf'Wf' ftzftnp: 

T .!'ln'Jl' qbpwJb1nq t;nf'ftqn!twftw!t [., 

nl'l'lw.!ft'l pw1lW'1f'Plhbpft , ftuurw!tw!tp t;wqw-

uwpwftznmfJJwh t:wt[wuwrn ,Jhbpp' 

Tc oscr= I-1, Ts in , = j s : 

bpftf'Df''1 t:wt[wuwrmfJJwh wh'1wJhbl'l' 

pwJw!tbtn•[ wnwpft!tft t;wJw"'wurwufuw!t 

wfJ'1wJhbpft t/_pw, ftuurwfJwfJp. 

'( 
tg<p=-s: 

H 

II r 

Tl 

0 

t~. :?50 

U.jJJ l!h'1n<'bbhp, np npn'ilbtft ftnpft t;un[wuwpmJp ftwpbtft ~ 'lf'bl y=f{x) urbupnqt 

U.juurb'l f{x)-!t w!t t;WJUI !pnt!tftsftw L "f'l' U[burp ~ 'lur!tbu uftwurb!tp, np 

l.burl.twpwp, 

' dy 
tg'f=f (x)=- : 

dx 

dy 
-=-s, 
dx a 

d2y =~~; 
dx 2 a dx 

PwJs, ft!tt"'bu t;wJur!tft ~ (urbu § 1 '11• VI), 

ds 

ds v/ (dy )2 -= I+- . 
d x dx • 

(4) 

(5) 

dt-/t wpJbpp urb'lw'1f'b1nq (5) t;wtf_wuwpntfJjwh Jbt
1 

ftuurw!tw'ilp npnflb[p 

~npft '1/tf/>bpHsftwL t;wtf_wuwpn,Jp. 

~_..!_ ... / l+(dy)2· 
dx2 - a V dx . (6) 

IJ.JL wpurw~wJurn,J ~ npn!tbtft y !pnt!tftsftwJft Mlnwp.ft'il it bl'ftf'"f''1 
l[wull'• 

liw1111 lwn!tblnq t;w•[wuwpmJfJbpft L"<JJwfJ JbfJn'1flbpft t/_pw
1 

hzbhp, np 



ll 

ril-l·u"lh lllA.r 
~ fmprlifl"J 'l'/J'I'U"uJmnmpm;, puJ'I'llmfG'lmfm 1~"''l""'l' J'tuGmef'lilnmb 'Jf•un 

•(ilrpuffl•orbmrl t/J'I'l"'1G~'l'"rl l1J•u '1"''1) 
'l"'t/G~'l'"T 1.\ z:X= Z ~ r•uJmJmpmrl J'l"'I'Jmnm]tm;, bfm Ju t)'llnuurn ~ urZ'I? 

f.(! X(} 
•ilr•uJmnm]tm:;-_£=-X '~m'ltJJo ·~ l"•tlmn 

Z(! 2(} 

~m]tm;, 1m16'l'IJ'It/;111 ]tuJ'I'llmfG'lmfm 1~m'ln"'l' pufm1Ghtutj; u.rm;,'lm ( J.. 'X) Z 

.f·f! .Xf! 
Z(! Z(! 

~·() ,iJ'l'uFeftu7'lum f"'L'I 7Jlt/ I' 4J'I'l1mfG'lmfm 1~m'lnmp IJ7fm '1 -

Z~() 

.t/-z '1 4J'I'l'l"'~mnju!fu'f Mm '1fmtJG~rpu1; lflfm;,'lm z fmpnjm~ GtJJ'I'l'l"'~n"tJ 

~u!fu'f ''"'A 'X 1'lmil 11' /'"'~ tu~J'I ~ l''up7u~ .Jlm.Jmnmpmg lm~li!J'P'I<f:.fi.. puo~q~lmf 
-li!Jm~m ~~nl!JDmJI'J'I'll''uJmnm]tm;, puJ'I'llmfG'l"'fm 1~"''1""'1' 'l"''l 'l'l J'•u"ftJ1nm'li"Un7u 

J'1U1uj1m'lm 'l"'~"'~1urml''lff"'l' m'l;, 1J'I'!J"uJmnm]tm;, 1m1G'l'IJ'11;11i 'Jm~mJu"ftun • 

•l'll' ljmpJmnmpm;, il'lfJbmL'Im i/J'I'j 
~m18~'l'"1; f"'fZ'l 'lei 'I 'lq]tburm;, ~ .,z,;, J"UIJmJu • J'•uillnqb IJmfeJ•uJm'lJ fmGmhmG 

4J'I'l'l'Dinmurnm;, 
0
:) 'I I) '19 'lJ'I'lJ''U(ItUI 'jmJ'Jmnm]tm;, fmpm ilJ'I'lmrJG~rpu1; 1dn'lur 

x so:>l.:)-j-x tqst:J=.\ 

J'"'~ XSOJ gJ =A 1

XU!Sl:)=J.. nqlnmJ'lm:,b'lil 'I i1J'I'l"'1G~'l"'1; XSO:>-XU!Sg=A 'XSO:l<;=!.. 'XU!S=J.. 

:o=£+~ Azp 

,ilr•uJmnm]tm;, lmF'I''"I:,O il'l'l'l'" ihuB1-t, 'l ~ m 'l 1 J 0 

'f11U1Jfdmb ~ IJ1Uifl1oqi1u'l 'lmJ'l 6'11' IJ.mpJmnmpm:, 
7JulqJbm1'1ur JJu 'mt/G'JtpurJ; (x}J=A '/p '1'1/'m ~ p1up?u'J lm.JnqmlJ~ 
pml] J11U\)lul IJmpJmnmpm:, lmt/G'J'IJ'l</;'/y_, 'C !' 1 u 'l m !':, m fl 

•1bJm~ bJuJ~J'I ,il,J'tuJmniJJpm;, 1~m'lrjJo uJuJ~J'I ~nt/ ·~ 
1J4Jm~ 'lt/lmum 'lJ'lUJmnm]tm;, fmMJmmrjli J'lU~"''J'{Jo 'l1·l 11;mJbmJmln liJunjmfl. 

IIJ]fm 'f ~ 1bJm~ UJuJ~J'f iJJ'tUJmnmpm:r 
Q=XU!S-Jq-,A}j-f-,A 

o=s+.A"xz-,l\ 
~~ tJbJnr~ 'l1lmum 'll''uJmnmpm;, 

'~m'l1Jo 'nflnnF'fl 

:JbJm~ JvJmJm'l'l!'m t/lmFG'J.mfrn Lu'Jmp 6'11' f!mpJmnmpm!r 

~ pwp?u~J D.Jm~ IJmpJmnmpm:, lmt/G'l'IJ9cf;t/'h ,
6 

!' 1 u '1m!' :r m n 
: ,,}uJlf'l!'1uJmn 

-mpm:, lmt/G'JqJ'lt/;t/1.. '1miJmJupun IJimt/p if'llf 1u7'1p1mJb f11unf1b lmfps 

:~m~mo.~o'Jtun ~ p1up?u'J Jp1uJmnmpm:, lm '/B'lgJ'lt/;t/b mlnm ·~ mt/G'JIJ1u1; 

tftJmiJmnfutjlutjl nfmiJ'1m 'J '1 !' 1Jmt/G'J'11u1; 'fl'l'luJu (x)J=·\ t'ff]Q 

01 

(
uXP llxp xp ) 

:o= AuP , •.. 'A~p '!..p'f.. 'x .:::1 

pm~ 

Q=((u)A ,. ··'"A ',A ·!.. •x)d 

•nqlnnim l9Jb ~ lJl'IJm'J pun ~·/luppqn Jp1uJmnmpm:, lmt/G'llfJ'lt/;h 

:JJq'llmFG'lmfm (u)A 
1
"'J ',A mJq 1f 'lmlJG'JIJ1Ut/; t/lqq 

-uJu (X)J=A •J'lm'Jmnfutjlutjl nfm~'lm X ~ p1ulnm~ JJu 
1
Jp1uJmnmpm!r 

'lfm ~ pwl,?ul] pmo.~mnm"\tmg 1m~S1Jqo.~q<l;4-t, 'I I' 1 u 'l m I':, m n 

1? 
:-q:H?=A 

X 

dqrunuqm)lqmn '6 § 

if'l111J ilr•uJmnmpm;, 1fhmrmeJLZ r•uiflnrrb MY/ ''lr/fiJ II Jmnmpm;, d'l'l'lGJ'/p 

il~nmiJ1bJo rjm9~ OW 'lfi'l 'l''"'l'uli'lil ~ ifnqur bJmln n'lln"''lf'l"'""' 'll''uJmnmpm:, ( !.) 

'~:::>+ (l+l) 

:e-q + (~ )q:>c=i 

•if'l'l l''u'lurb n'lln"''l"'~"''llJ'Ip •B-q=o:) GrjL'ImJ• 

G I _ =q il'l'l l''u'lmurn B1r•uJmnmpm;, (t) 0= :) 7J o=X pul'l'l'uli'l,) 
I! 

•Q=X riJ'I •q=!.. mlnm ·~ 'J•q ilmm'l1bJo rj'm•tF/ ow 'ldq 

'0 = l:) •Jmdm'l"''17 ,l:)qS=o il'l"''l"'"'"~ 'o = x pu17JumL7m L7mnf'f/ 

{=>+: )qs=,A 

•il'l'l J''UIJinb GrjJ'lUJmnmpm;, ( !.) 'r/'lmi'Fmln urnil •Mm 1BmtJ 
xp 

'0 = _ ,'Jif'lrjnFm '~ 'l"'~mqubrjJu;, i1Lu1rmZuZ J'lUUJ'f~ bfm mlnm 
AP 

rJifJrjli J(lmGm'l'll'"' ~ l''upmJb ilm9~ 1fbmTmefLZ J'luilln'lb O=X Ja t/'!m;t tilJ'I'l"'•'l 

-tJbJuu~ (q 'O) 1'l'u 'l"''l~ W JfmGm'l'll'"' 1Ju 'Jmrm:r tulm'jmUJn ilfrjbmFmtfbl IJfm 

,ilJ'I'l'l'uurmurnm;, z;J 'I IJ 1'/J"''lil ~ tJI'IJm~ nqln7'lr/ 'ie/ 'if'l'l'l"'dmbJmln J'Pf'f/ 

:o~q~nmfmdbZ 'l'l r•up7u~ ilJ'I'l~r/1;mJb 1J'I'l"'1G~'l'ut/; JuJu;/ (lmpGmurn punrjlnM'f/ 

IJ'1U•fJ£ § rjpJur/} Gf1UG 

m-t, tiJJ'f'JJilU(I1U/ JupmJm'J:;, Ju/u;} 'J"'J'Jm11mpm;, ( 9) 'J'/ J'1Upum/nn '( J'1UifmqU 1·0:) 

? 1·1:) J7JJmur) puJ'I'l"'1G~'l'u1; Mm Ju 'if'l'IZ'l 'l"'J'BluBmlnm G'lmum ''l"''f:,O'"'lFYl 

tpui,JbmLqUJ l'll' 'l"'I'Jmnmpm;, ( 9) iltltl'llmFG'lmfm liJuJ~J'I 'I 'lr/lmum rjFm1B~fJ'Ui; 

Mm 1'/"ftburm:;, rlrmFtJtuurZ'I;, ~ rji9Jm~ l''uJu 'il'lmi'Jmnm"ftm:r ( 9) ~ l''uJmJmpmrl 

ptulfln'lli 4J'I'lif9pJm fmGm~'lmG 1J'I'l'l'ummmnm;, (;J ? IJ mrjG~'l•u1; 11' '1'11'"' 1iln'l"' 

(L) tJ+(=>+: )q:> !!=A 



0 f' p L w /1 2 : 'rpznwp4hL[! <:bznb.!wl <:wqwuwpn<Jf!• 

y' x-x2-y=0: 

y= x2+Cx 

UJbu[!p pntnf' !pntL119PwLbpf!, r.pznb'l C- L 4wJw! w4wL <:wuznwznntL t: l'pn[! , '1fr!f>bpbL-

9btn</. y = x2+Cx ~n,LhfrwL, qzn!Jn,J hL[!• 

y· 2x+ C: 

y-p b. y' -p wpznw <:w ! znn•fJ!n'H bpf! znb'lw'lf'htn</. znp<[_wJ '1fr!f>bphLsfrwl <:w t[wuwpJwL 

J,J,t
1 

uznwLn . J hL[! Ln ttL n•fJJn<L' (Zx +C) x- x2-x2-Cx=O t 
1-pL b. 2 - p'l opfrLw4LhpnLJ 'lftznwplfqwJ JnL{'W[!wLuntp <:wqwuwpn•J n•Lp wL{Jpq 

pw'lJn•fJ! wJp tnLtln ,JLbp t 

§ 3. Unw2~\J ljwpq~ 'l~:j>hph\Jg~wl hw!J.wuwpnui\Jhp 

(1!\J'lhw\Jntp hwuljwgnt~Jntl.I\Jhp) 

1. Unwp_pfl lfwf''lP rlf.~bpbflsftwl .t;wt/_wuwpntJfl ntbp 

F(x, y, y')=O 
mbu.p[!t 
b(Jb WJ'I .t; wt/_wuwp n ~tl[! t;Lwpwqnp t LntJbl y'-/t L4wmJuJtfp , Wtl(W Wjb 

4wph[p t qph[ 

y'=f(X, y) 0') 

mbu.pnqt 
IJ.ju 'lbt1f.pntJ wuntJ H.p , np 'lfr!J>bpbLsftwl .t;wt/_wuwpntJ[! [ntJqwJ 

t wJwflsJwlft fl4wmJwJp t llJ'ltlfPuft .t;wt/_wuwpJwfl .t;wJwp ftpwt/_wsft t 
.t; bmUjW[ {JbnpbJf!, "f'l! L1nz.qntJ t n,p!phpbflsftwl <wqwuwpJw fJ [ntJJwfl 

qnjnL{Jjwfl U Jftw4nt{Jjwfl {JbnpbJt 

P'bnpbJ,bph 

y' =f(x, y) 

6wtLwuwrtfwf. tfhr f (x, y) ~ntf.~gpwft l... f.rw' rum 
df y-/t ~ uwuf.w~p 
dy 

w~wligJwtf. wf.pf.qfiwm hf. Oxy 6wrpntpJwt'. nrl...t D mprntJ?nttf, nrf. 

pf.qqr~nttf 1; (xo, yo) ~hmp, WUJ.W qnJntpJntf. mfip WJI} fitml_wuwrtfwf. 

y=tp(X) 

tfpw~ tnt~nttfp, nrp pwtl_wrwrnttf 1; y=)o• hrp X=Xo ulwJtfwf.pG.: 

U.ju (JbnpbJf! ~wtlfwsntst/_/t XVI 'ILfuft § 27-ntJt 

P'bnpbJft bp4pwz.wtftw4wu ftJwumu wJfl t, np lf"J"Lfljntfl ntLft u 

w1fl tL Jftw4 y=cp(x) !pntL4sftwfl, npft qpw!pft4u wflsflntJ t ( xo, yo) 

4bmnqt 

12 

l.bfls flnp wuqwJ fJ/wpbJfts .t;bmlwtJ t, np (1') .t;wt/_wuwpntJfl mLfr 

wflt/_bp! {Jt/_nt/_ mwppbp lnt6ntJLbp ( opftLw4, lnt6ntJ, npft 'tf'w!/>ft4L wlls

flntJ ,t (xo, yo) 4bmnt/_, ntppz lntJntJ, npft qpw!pft4fl wflsflntJ t (xo, y 1) 

4bmnt/_ u WJLb, b{Jh Jftw/b Wj'] t,t.mhpL rL4wJ bfl D mftpntj{JntJ): 

U.jL tlfwJJwLf!, np x=xo w ,ndL.pft 'lbtlf.pntJ y !pntfl4sftwfl Ufbm.p t 

.t;wt/_wuwpt/_ft mpt/_wJ yo {Jt/_ftL, ftnz_qnuF t u~qpf.w~wf. II{WjtfUtf.: U.jfl 

.t;w-&wfu qpt[ntJ t .t;bmUJWL mbu.pnt/_. 

U w .t; J w L n L J It IJ.,nw:Y_pfl 4wpqft 'lft!fbf'Mt'SPWL .t;wt/_wuw['·Jwfl 

pf.q6wf.ntr tnt~nttf 4nz.qntJ t 

(2) 

!pntfl4sftwL, "f'l! 4wfut/_w.t t Jb4 C 4wJwJw4wfl <wuutwmnt'ufos b. f!U1• 

t/_wpwpntJ t .t; bmUjW[ UfWJJwLftbpftfl. 

w) Wjb pwt/_wpwpntJ t 'lft!fbpbflsftwl .t;wt/_wuwpJwflr' C .t;wumw

mntflp swfl4wswJ 4nfl4pbm wpdb.pft 'lbtlf.pntJ, 

p) /tflz.tlfftuftfl tL [pflp y=yo, bpp X=Xo, Wjupfl.pfl'(y) x= x,=You4'll!P

flw4wL UfWJJwLl!, 4wpb[p t qmflbl wjfltl(puft C=Co wpdb.p, np 

y=qJ (x, Co) !pntL4sftwfl pwt/_wpwpft mpt/_wJ u4rzpLw4wfl U[WjJwflpflt 

Cum npntJ bL{Jw']pqntJ L np Xo u Yo wpdb.pflbpf! t'[wm4wflntJ bfl X u y 
t/t nt/tn fu w 4 wflfl hpft t/t ntft n fu J wfl w Jfl m ft pntj {J pfl, n p ntJ m brzft ntfl bfl 

l n tJJ tuft qn j n t{J j wfl u tF /t w 4n t{J j wb {Jbn p bJ /t "f w j J wflfl b f'l! t 

2. IJ.ft!pbpbLsftwl <wqwuwpJwfl f!fJ'l .t;wLntp lntJJwfl npnLJwfl rfl

fJws.pntJ .t;w-&wfu bL.p .t;wf1'ln.J y-ft fl4wmJwJp untJqwJ 

¢(x. y, C) ~-=0 (2') 

mbu.pp wnLz.nt{Jjwbt {ntJblnq WJU wnLz.nt{Jjntflfl y-p fl4wmJwJp, umw

UntJ bfl.p l!L'l .t;wftntp lntJntJf! ' U.jflntwJbflwjflpq nz. Jftzm t .t; flwpwt/_np 

(2') wnLz.ntfljntft /tS y -L wpmw.t;wjmbl mwppw4wfl !pntfl4sftwHpnt/_. 

uJwfJ t] btlf.php ff u! f!b'l -\wU ntp [ntJntJ{! {JnrzflqntJ t wupwsw .t;wjU7 mbu

.pnt/_t ¢ (x, y, C)=O mbu.pft <wqwuwpnt{Jjntfl[! 1 npfl wLpwsw<wjtn 

J.unt/_ mwlftu t f!L'l .t;wLntp [ntJtnJ[!, 4nz.qntJ t 'lft!fbpbflsftwl .t;wt/_wuwp

Jwfl p!iq6wf.ntr pftmhqrw1: 

u w .t; J w fJ n t J 2t lfwuf.wtlnr tnt~nttl 4nz.qntJ t swfl4wswJ 

Y=qJ (x, Co) !pntL4sftwfl, "f'l! umwst/_ntJ t y=qJ (x , C) rfl'l.t;wflntp 

tnt6ntJfts, bflb qbpp_pflpu Jbp_ C 4wJwJw4wfl .t;wumwmntbpfl mpt/Jr 

C=Co npnzw4ft wpdb.p t U.ju 'lbtlf.pntJ ci> (x, y, C0)=0 wnflz.nt{JjnLflf! 

~nz.t/_ntJ t <wqwuwpJwfl tfwu!iwtlnr pf.mhqrw1: 
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Sl 

ttnq!>' IJmifiwLL1u 1mlmb 

f'1UU'JU1'11J IJmnJnmmmlnmpm!>' ~ f'1UIJIJIJill'm!>' illJ1uFeJ1uLlnu 1JqiJLulj1mluZ 

GIJuJu •lqp IJ"'I'IJuJu 1JquuiJ 'Jim ~ f'1UIJmimiJ ilJ1biJnJ IJmpJblfmiJ1 IJmp 

-Jmnmpm!>' 1m1GIJqJq1;1b G1mq1Jmnqm IJmiJmlj1m7mJIJJ'1 •Jmdmrt'"'l( 

:mlmu ~J!:('J'Jlutdmhlnu 

~ f'1UpluJu mJp IJmfeJ1uefJm!>' AXQ 
1
1J'f f'1Unm nqln7IJ1 

1 
J'miJ IJlUieJwp 

-bmd 1J'IIJIJ1uie}wLL1u ~ n11mm ilp1uUmnmpm:;,-lm1GIJ'IJ'11;1b (z} 'pun 

-tflnbiYJ tilG11JmfUub IJ1imiJ1uiiJIJm 1Lulj1mlul 1duiJ IJ1imlmJbqmiJ1 UUIJ 

xp 
-Gqm pumqiJ Mm ,IJiiiJ1nim •ililqpJm 11miGIJmfm f:p ~ p1uluJu Jmpm!>' 

1mlfiJ W U1ui7qmilmJwF puJqlJ'""'IJ1bJuuiJ f.. 'X ilp1uJmnmpm!>' (,z} 

H?: 'h 
fl-=:) ~ •:J "1 '

J-;J,illtJ '"" • 

li 

tii1'Jmii1'Ji11J'IJuiJ 'J1FmlmJbqmlJ1 ~ p1uluJu 

mJp 'JmieJ1ueJJm!>' AXQ ilf'1Uf1U1 U1UIJm:.XbiJil MYJ ~~ 'Jf'1Uf1Ul U1UfJ"'!>' 

-bqil I:J,"'f'Jmnmpmj Mm q-(J 'X} cb=,\ Tf ilp1uJmnmpm:; 1m1G11,'1Jq1;1b 

(,l) 
xp 

o: 'X)J= f..p 

fmpf1Ul dpmptnmiJI:J, tflmFGI:J,mfm ~ fmpJm ff1uG1-& 

tiltpufeJwfl,mdmi:J,IJ'I!' 11,miJ 

-mlj1m7mJIJJ'I I:J,"'f'Jmnmpm:; lm1GI:J,'IJ'11;1b 1bJmlt q1lmum ffi:J,mS 'E 

'('JmiJ il1n11nbim 'lfi'l} 11,'/'l'II:J,I:J,"'!'imla lJm'JmiJdh'Jn fmpJm ~ p1uJ 

-mJmpmJ ilJu 'ilf'1Uf1U] Jupm'Jnmp 'Jim 11,mpJmnmpmj 1'ff1,1I1b (J 

tl 

pmiJ ( '!'17 fmpJm j]J'IIJIJ"'I'fmln IJmiJm'JrlbiJn u/q) 

il7mJbqmiJ1 U1U'!,m:,-biJil pmiJ ilpH1f1U7 U1UIJm!>'biJil mJIJ 1qiJml. ( m 

·~ pwiJmiJmZIJ •ilp1uJmnmpm:; 1m1G 

-IJ1fU1f<f;1b 7 9 J b qm 1J 1 'f'1JJnm IJ'l n}my.m:;r nqln7IJ1 
1 
pmiJ 19 f 1 u ~ 

t~7 mm!>'biJiliJm •Jmdm1fU1'1!>' '1f F fmpluJu ilnmp 6m IJ"'I'Jmnmpm!>-Q=X 

.JJq Ju 1IJmff '( l!]6 •IJIJ n'lm} 1IJ1U7 U'11Jf'1Uf1U7 LuiJGIJm pum'IIJ LuiJmiJ 
x xp 

-mmln IJ1ifGIJmllm .\Q ilpwJmnmpm!>' y--= Ap 'IJ "l u f eJ "luLu UJ 1 'iJ 

''! 1 n m I' IJ m I' f "l u 7 L u '! G '! m p u UJ q IJ 

(Of.. •Ox) 'IJmiJ1Jo 'iiiJqnunJIJ iiiJ'II' Jpmifi1u61JmlnmiJ MYJ tiluuiJ IJ1im7mJb 

-qmiJ1 IJmnJnmmmlnmpm!>' 7J1im 'IJm1GIJIJ1U1; (OJ 'X) cb=A LuJmJmpmd 

iliJmpJmnmpm!>' 1Jim11' 7u ffiJ'IIJmpiJmiJ I' 1 u f 1 u 7 '! m I' J m n m p m !>' 

ruimbmw'l:,-Jmpm!>-wl'IIJYJmb wumiJIJm 11qpm IJU'IIJIJ1uifi1ULumm-u 

IIJ1J'IIJ~'fpJm lim 

1J J-=:> '6=J 'J=:> 
1 
~=J 1JmlfpmJmln IJ'I f1UIJmnJnmmmln 
I 

-mpm!>' ffiJuJu •ilJlfuuiJ 1IJmil 11' 1ii1IJmmqil IJ'l fmpuqiJmmln f'1U-l!l6 ·IJIJ. 

tpumqiJ ( l '6} OW ~ f1UIJGqm IJUU 'puiJqf' G1JqiJludJqln1!>-bim ~ f'1UpuqiJ 

-mmln 'puJqiJIJ"'I'imln IJmiJmiJdbiJn fmpZIJ ~ p1upluJu ilJu •i17mJbqmiJ1 

11JmiJnmp 1Jn1 'puif1IJmlniJil 
X 

1J'IIJludJ'IIn1!>--=A ~ f'1upuq1Jmmln 
J 

'J'IJulj1m7mJIJJ'I il7mJb'lm'J1 Ulu'Jm!>'b'Jil f'1u1Jm'J1Jo IJ16J'f p 'n'flnniYl 

tpum'IIJ fmpdm ~1fUU 

'JmFeJ1UeJUm!>-~ f'1UIJGIJm fJUU 'J u IJ IJ 'II' 1il1fJmUlfJil bim ~ f'1U'JmnJ 

-nmmmlnmpm!>-'J17mJbqm'J1 JupmlJ""'Jl :JqJuq lJ~LmlmJhqm!Jl{ 'J"'I'Jmn 

-mpm:,-lm1GIJ'IJ'11;1b fmpJm 'J'I f1Up7uiJ ilJ'IJuiJ MY/ t(G1JmqpmJmln 

J IJqp ''J'I pwnm nqln7q1 'pmiJ} G1'Jwmmmnm!>' 'JmiJmimpmiJ J IJ'I!' ~ 

fmpnjmiJ ilJu ·~ ii1IJ m m 'J i1 1 J q J u IJ mJp lJmieJ1ue}Jm!>' TJ1imtnmTJ1b 

-JuuiJ il 7 m J b 'I tn 'J 1 J 1 u 'J m !>' b 'J i1 G1m'IIJmn'ltn lJmiJmlj1m7mJIJJq 

X 
~ = /i. <f'Jt/1~ ilp1uf1ul Ju]rmqnmp bu]r'luJu 'JmJm1fU"f( '6 = J pm~ 
6 

:qmtjG~'l1u<j 

z -=l lfqm'l 
::.> 

-mum~ '1qp <fnmqmd ...:_ =i:. ilJqqifqpJm Ofi. ,oll UFm ]rulqJumuqs ''l<f'lmpFmlrt qm~ 
J 

-m'ldu~n z=OX dJq 'J=Ofi. ~ f'1UJmJmpmd iJJu 1ilf'1Uf1U] JupmiJfllnJ' IJfm ii'Jf'l"''[, 

trlpmpJumLqut l1mJmnm:, 
X 

1qp 'lmpJmnmJtm:, lqb1uurn ~ tjlqJ111~ mil •ilil<f'lmuul,il <fJ'I'lm<f6~q'u1; _=f. 1/'!1/1~ 
J 

x xp 
f"•f1U] J1u'lm:r1J'Jj} Jmpm:, qmpJmnm]rm:, tjbJm~ 'J<flmum --=-I J ~ m 'J, J 0 

.( ,(p 



(1) '1-frfPhpbLsfrwl .t;wt/_wuwpJwf.t .t;wJwp WJb ~huthpfr hp~pwz_w,Pw

dv 
~wL wh'lf! , npnf.t9nLJ uth'lfr nLbfr ---"-=C=const wnLz.nLf/JnLLf! , l~nz.t/_nLJ 

dx 
t utqJWL '1-frfPhphLsfrwl .t;wt/_wuwpJwf.t ~qnlu~G.: 

C~fr utW('php wpJh.pLhpfr '1-hUfpnLJ uutwbnLJ hLp utwpphp fr'ln~LfrL~ 

Lbpt C wl' dbpfru ;;wJwutwutwufuwLn'l fr'ln~LfrLfr .t;wt/_wuwpnLJf! w~L J;w!~ 

utnphf.t ~LfrLfr f (x , y )=Ct l.twnnLshLnt/_ fr'ln~LfrLLhpfr f!LutwLfrn, ~wpht.fr 

t~. 252 

t Jnutwt/_npnLfJJwJp ~wnnL9hl 

{rf.tuthqpw[wJfrb ~nphpfr f!butw~ 

Lfr.pf!t U.unLJ hL, np frJwbw[nq 

fr'ln~lfrLLhpf!, ~wphLfr t npw~w~ 

u1hu npnz hl .t;wpflnLfJJwb t/_pw frL
uthqpw[wJfrb ~nphpfr pwzfunLJf!: 

0~. 252-nLJ UfWU1~hpt/_wq t 
d y y 
-=--
dx x 

'1-fr !ph phLs frw l .t; wt/_ w u w pnLJ nt/_ 

npnz t/_n'l nL'l'lnLfiJnLbbhpfr '1-wzutf!t 

StlJwl '1-fr!phphLsfrwL .t;wt/_wuwp

JwL fr'ln~lfrLLhp hL 

_ _r_=C ~wJ' y=-Cx 
X 

qh("f!t lJ.J'I nutfr·'lbhpjr f!butwbfr.p };t 'J.pwb.[! ~lilrtnLst/_·w·J- h•b b~. 252~nLJ: 
4. IJ.frutwp~hb.p WJUU[{rufr fuL'Ifrf'• 

'1-frsnLIJ utpt/_wtt t Jh~ C UfWpwJhutpfrs ~wfut/_wO. !pnLL~sfrwf.thpfr 
f!bU7wbfr.p ' 

y=<p(x, C), (2) 

f!UU1 npnLJ .t;wpf/nLfJJwb ~wJ .t;wpflnLf!Jwb nput ut{rpnLJ{Jfr JnLpw.pwLz.

JnLp ~hutnt/_ wf.tsLnLJ t WJ'ff!burwbfr~Jfr JfrwJb Jh~ ~np t 

fi'"p '1-frfPhphLsfrwl .t;wtf_wuwpJwf.t .t;wJwp t WJ'I !pnLb~sfrwhhpp f!b

utwLfr.pf! .t;wJ wpt/_ nLJ f!b'l ;; wbnLp {rf.tuth 'ff'W£1 

(2) wnbz_nLfJJwL hp~nL ~n'lJhpf! '1-frfPhphLshLnt/_ f!Uur x-f., ~qurf.thbl!• 

(3) 

.f!wf.t{r np .t;wpfJnLf/Jwb J"Lf'W[JWbl.JnLp ~butnt/_ wf.tsLnLJ t f!Lurwf.tp.pp 

JfrwJb JJ;~ ~np, WU[W X b. y [Jt/_hpfr JnL('W.[!Wbl.JnLp 'l"LJlffr .t;wJwp (2) 
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\ 

\ 
.t;wt/_wuwpnLJfr!J npnzt/_nLJ ~ C-fr Jfrw~ wpdh.pf! : C ~ fr WJ'I wpcfh.pf! utb'lw~ 

. d y 
'1-f'hlnt/_ (3) wnbz.n4fJwb Jhp_ , hmLhL.p --{! np U[ hu x-fr u y ~fr !pnLL~sfrw: 

\ dx 
'1-w tL J; hf.ts ~LfrLfr w)v '1-fr!phplrf.tsfrwl J; wt/_wuwpnLJf! , np{rf.t pwt/_wpwpnu! 

t (2) f!butwbfr.pfr wJhf.t il(r !pnLL~sfrw t 

d y 
l,hutuwpwp, X-fr, y~ fr U - ~fr Jfrp_u ~WI.![ .t;wuutwutb[nL, WJufrb.pb' 

dx 
UJ! b '1-fr!php hL sfr w l ;; w "-w u w pnLJ I! 'If' hl'' L ;; wJ wp J n pfr l! L 'I ;; wL nLp fr L U1 h

'lf'wll! npnz t/_nLJ t ( 2) pwLwdunt/_ , ut but.p ~ ( 2) u (3 ) wnLz_nLf/JnLLLhpfrs 

wputw.puhl C-L: 

0 {' f!. w IJ 2 , '1-UJ!.hl y = Cx2 u1wf'w pntflhf'fo f'!.UJw!.fop fo (!.q. 253) 'lffPhf'Hsfowt 

t:wtf.wuw{'nLJ{'t 

dy 
- = 2Cx: 
dx 

y 
('!.urw!.fol!fo t:wtf.wuw{'n<Jfos C=- w('dhpf' uthqw'lf'htntf. LUJUUJb v uutwfln <J b!J11 x2 

ut{'t/.wrJ f!!.UJw!.fol!fo 'lfofPhf'h!.9fowl t:wtf.wuUJ{'n'Ji!' 

~=2y; 
dx x 

ll1u 'lf!fhf'h!.sfowl t:wtf.wuw{'n<Jfl foJwuut n<flfo, h{'f' x::;60, LUJufo!Ji!!.' Oy wnw!.s[Jfo~ 

qhut l"/Uif'n<flwqnq swfl~wsw6 utfof'n<JPn<Jt . . 

- -:-; ·;~ .-i-.:·~. t: H 1 " f l :. .l~-o~ ;, , · 
;_ .J 11 f . .., ~a, ; j '.' O S ·. ·: · ; .• ' . 

, ~ ~ . .... )..I "'· . ~ , J J . ; : . .. 

17 



§ 4. ll\itwml{Wc) It WU~wml{nq lfintftnJuw~w\t\tlipnl{ h1114_WUUI(tnLtf\Jhp: 
lu\Jflftp nWIJftmtfJt ~WJ~IUJUW\t tfwuft• 

(1) 

.mbu.;/r 'lfofPbf'bt9fowL -\wqwuwrnulp, nrmL'l wp_ Jwup Jfowj'iJ ::.-,11 !pntL~

ofo UJ jf b. J" UJ J L y-" !pn Lb ~9" w J" UJ ('Ul UJ'l{' JW l ~I U.JL a b.w"' nJu hL [! 
-\bmbJwl ~b{'Uf ( bLfJw'1f'htn1_, n{' f2(y )=/=0 ). 

1 
--dy=f1(X )dx: 
f2( y) 

(I') 

l.w ,J Ulf'b l n "- y -e X-" ;; UJ JU7b" !pn Lb ~9 fow J (I') :: UJ "-UJ UUJ rn t{J J ntL [' ~UJ {'b LP 

~ 'lfourbl nf'Ufhu hr~nL '1fo!f>brhL9fowLLbf'fo -':wqwuwrn'fJJnLL, foul/ LrwL!J 
wbnf'nz foLurbq.{'wlLir(lf! ftmwrph(lqbL -':wumwurntL q.nLJw{'blfonq: flwJu 

Jwul! foLurhqpb[nq f!ULn y-fo, fou~ UJ'l_ Jwup' euur x-fo, ~umwbwbp. 

(I'') 

l!bL.p umw9wL.p y tntctn,Jp, X wL~wJu ,Pn.fnJuw~wLI!, b. C ~wJwJw~wL 
-\ w UUIWUJ nLL I! ~w Uf n'l UJ nL ln Lp J tiLL J UJ J u /tb pL' UUJUJ 9wL.p (I) ;; 11/lf UJ u UJ {'

,J wL I!L'l.t; wL nt{' fo L m b l{-('UJ ll! 1 

I. {I') mpu[p 

.'Y1(x)dx+ N(y)dy=O (2) 

qp!pbphL9fowL -':wqwuwrnu!L wLqwLntJ hL wlifwmt{_wc) ~m~mJuwqwli

tihrmJ. -\wqwuwrnLJ: /!uur UJUfW9nL9wctfo Lrw f!L'l-\wLnL{' foLurbqpwlL ~. 
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y r~\ (x) dx+ JN(y)dy=C: 

x dx+y dy=O: 
f>fturbqpb[n{, ~uurwftwft[! (!ft'1 \ wftn<p pftur/,,. 

f'Wlf!' 

x2 y2 
2+2=C ,: 

.Pw!Jfr "f' </.brtfr'L ~w<[wuwpn<fJJwll J.wfu Jwul! 

"ZP"'swuwftwft t, "'"'"' "ZP"'swuwllw'L t 'Lwh 

"'! Jwuf!: 2C1-l! ltzwltwftbtn</. C 2- n</. : 

\ 

'1-w w1!, ,"wJwllhf.urpnh lf'tw'Lw'I<Jhpf l!!Jurw!Jfl!f ('Lft. 254} ~w</.wuwpn<J!J t ,. 
"rr fthllurr""i! ftnnr'1fl.wurHf.l, uftrl.p'Lwfthurll t, fuft l"'""'{frtzf! ~w</.wuwp t C-fr• 

2. N\ 1 (~).~ 1( y)dx+.vlix ) \f 2(y)dy=0 (3} 

urbu.pfo -':wqwuw('nLJ[! ~n1_qnul ~ wfofwuufnq t}mt~nJuwqwlif,hrnt{_: lJ.j'iJ 
~w{'n'l ~ phr1_hf* wLp_wurqwct t/111.fnfuw~w~tLbrn1_ -':wqwuwrJwL' L{'tn 

b(l~nt Jwub['[! N 1 (y )M2 {x) wrmw-':wJmnL{JJwL 1.f'w pwJwLhtn1_. 

M1(x)dx + ~-&! dy=O, 
,'1·\ 2(x) N1(y) 

WJufoL.pL' (2) urbu.pfo -':wqwuwrt!wL: 

dy dx 
-=--: 
y X 

Jd y =-J· dx_LC, 
y X I 

lnlyl=-lnlxl !-lniCI** ftwJ lniYI=lniC/xl : 
c 

U.Juurbrzfs uurw!JmJ b!Jp f!ll'1~"'""'f' l"'<JtnJl!' y =- t 
X 

0 {' /r ft w ft 3: Sp.[w<} t ~burlt.J"'l ~wqwuwpn<Jf!. 

(l+x) y dx -;- (1-y)x dy = O: 

U.fttwurbtn{ •/,tf.nfuwftwftftbpJ!1 'lurf:tmJ b'Lp. 

J_Lx 1-y ( 1 ) ( 1 ) ~dx+-y-dy=O, -;+I dK+ y-1 dy=O: 

• 1/.1'1 J.lt.wtf.nfun•PJnL'Lflbpft opf'Lwllw!J t ftwurwpbl JfwJL WJL urfpmJPn<J, npurb'Z 

"L N1 (y)-f!, "l M2 (X}•J! 'lf'" tbft '1wnLnLJt 

•• Uftwmp nLflhLwtn.f. ~burw9w J.ft.wtf.n{un<fljntLftbpf! 1 ftwJwJutftwft ~IUUuruturntL[! 

fltfitl,wftbgfltp In 1 C l·n</., ~wftJr np In I C 1-L (bpp C=f=O) ftwpnrz t f!L'fn<Lht -oo~frg 

Jfrfilt. + :xl s•flftwsw<} 'wprlblf!' 

n 



l nlxl+ x + Inly\-y = C ~uul ln! XYI--1-X-y=C: 

t/,hptftL wnLln<fJJn<Lf! mpqw.J 'lft!f>bphLsftwl -:wqwuwpJutb l!L'I \ wLntp {tLmbqpw[L ~ ~ 
0 (' /t L w ~ 4: Lwum w mt/_w t) 1;, np nw'lftmJ{t I!UIJfWJJwL wpwqn<{dJn<L[! n ulb'l 

~wJbJwmw~wL ~ J" <pwpwLlJ"'f' Ufw <ftL Lpw pwLwl{ntfJJWL[!t flpn z bl nw'lftn<J{t qwLq

t/_w.J{t tf.n•f•nfuJwL opbL/!L'' ~wfut/_w .J dwJwLw~ft9 , bfJb t=O "'w-:{tL nw'lftntJ{t 

qwLqqw .Jl! m0 ~f' ' 

.PwJI!WJJwL wpwqn <fJJn<Lf! npnz qn<J I; <hmkJwl IJhf'"' ' '1-ftsn<p t u1w<ftL ~wp m 
-qwLqt/_wt) , t+ ll t "'w \f.L ' m+ll m qwLqt/_w<ft t:. t dwJwLw~nu/ pwJI!wJqhl ~ ~m qwL'l

~m 
t/_w.Jt M <wpwphpn<fJJn LL[! ~Lf.L{t /!W JI! WJJwL Jh{tL wpwqntfJJn<L[! t U.J'I -:wpw-

pbpn<fJJwL uw \ JwLf! , bpp ,3t~O' 

lim ~m dm 
ll. t ... o - = -

:l t d t 
nw'lftn<J{r l!WJI!WJJwL wrwqntpJn ,&& t t "'w \f7L 1 

/!um fuL'If'P "'"'!JwL{t 

dm 
-=- k m 

dt • (4) 

nptnh'l k-L <wJbJwmwltwLn<fJJwL qnpJwltftsL 1; (k > o) : lf{tLnw LzwLl! 'ILntJ bLi! 

Lpw <wJw;• , np dwJwLw~ft f!LfJwapntJ nw'lftnulft qwLqt/_w.Jl! Lt/_wqn<J ~- k , \ bm!twpwp, 

dm 
- <:0 : 
dt 

( 4) <wt/_wuwpn<Jf! wLrwuu[n 'l 4•ntf•nfuwllwLLbpnq \ wl[_wuwpn<J ~: U.LzwmbLp 

4•ntf•nftrw ~wLLbpf!. 

d m 
- = - l< dt : 

Ill 

~n'H[nq \wqwuwpn<Jf!, ~umwLwL11 

I n m=-kt + lt :C, 

Ill 
ln -= k t c ' 

m = Cc-l<t: (5) 

l!wLft np t= O 'I""'I!"' J ltUI'ff•n tJ{t qwLqt/_w<fl! mo l;p, WU[UI C-L UfbU7i! ~ pw•[wpwpft 

wnLln<fJJWL[!t C-{t wpdbpf! mb'lw'fph[nq (5 ) \ wqwuwpJwL Jbf, qumwLwLp nw'lftntJ{t 

qwLq<[w J ft ~wfun <J l!' npUfbu Jw,rwLw~ft !pntL~s{'w (Ll; . 255). 

(6) 

k qnp .J'"'~P9l! npnz{n <J ~ 'lfrmn t JLbpfts \ bmkJwl ~bpuf : '1-ftsn<p t
0 

J wJwLw fJ wJfttnsn<J 

li"'JI!WJqntJ ~ nw'lftmJ{t u4'/.pLw'twL 'lwLqt[w<f{t a Ofo -[! • 
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Lbmltwpwp, mb'l~ mL{t 

( I-~) nl o"-= lll oe -k to 
100 . 

wnLln<fJJn<f-(' 1 npmb 'I. ft9 """ 

-l<t0=ln( 1- 1~0 ) 

k=-~1 n( 1 -1~0 > t~ . 2 5 5 

IJ,Ju l.bnt/_ npnztJ.bl t, np nw'lftn<J{t \ wJwp k = 0,000436 ( dwJwLwlJft l "'q"!wL J{tw-

1/_np£! ,..,wpftL ~) t k-·ft WJU wpd.hn! mb'[wf!,phtnt/_ ( 6) pwLwl.kft Jbt, ~utnwLwLp . 
-000~361 m = m0e , 

CJ.mLhLp WJL JwJwLw~wJfttn9l!• npft f!LfJwspntJ pwJI!WJqn<J I; nw'lftndft ult'lPLw-

mo 
~UJL qwLqt/_w.Jf• ~but!' t/,hptft L pwLwl.kntJ m - {t t{tnfuwpbL tnbtlw'fph[n t[ 2 wp J hp£! 1 

l(umwLwLp T ~{tuwi!WJI!WJJwL UfUI('(!hpn<fJJwfJ npnzJwL <wJwp \ btnltJwl pwLwl.lt[!' 

- O,C00435T 

npmb'lft9 -0,000436T = -ln2 l1wJ 

In2 
T= - ----

u,O L0 ~ 36 

U~wmbL.f! , np ( 4) mbullft \ wqwuwpJ•uL bL phpqmJ !foft 'l.ft~w!ft nt i!ftJ{twJft Lwk 
WJL fuL'fftpLhp t 

'} p m n 'l n , {J J n, u 1. 'tftgnLf! (1) J; wtj_wuwptFwu Jb?_ Jmun'l 

f2 ( y ) :f>nLulf9frwu nLUp y = b wpJwm , WJupU.f!u' f2 (b)= 0: U.Ju 'lbut

llnLJ , wf(u { wlm t , y=b :f>nLulf9frwu (1) {uJL[wuwp•Jwu lnu}nuf u L 
11f117LJ { b2utnLfJJwJp f(wpb[p t { wJnqqb£ wUJp?_wqwU utb'lUI1ff'I7LJnt/_L 

y= b lnu}nLJ[' (1 11
) pwuwd.I.J.fr9 f(wpn'l t Lt. ;_umw9t/_bl' U.J'1 '1-but/!P t[bp

£nu}nL{JJnLUf' J'bU.f! ;_bul! f(wmwpfr, pwJ9 lfu2bu.f!, np y=O n''l'lP t/_pw 

f(wpn 'l t juwfumq h£ Jpwf(nL{J J wU UfW J J wul" 

fihpbu.f! opf,uwf(: y'=2 vy J; wtj_wuwpnLJu nLUp y= ( x+cF l!u'1-

{ wunLp lnu}nLJf! Lt. y=O tnuh1LJf! , npu l!u'1J; wunLp tnLqnLJp9 lP umw9-

t/_17,J: y=0 nL'l'lP t/_pw juwfumt/_17LJ t Jpwf(17L{JJwU UfWJJWU[!L 

'}"In 17 'l n L {J J 17 L u 2: fTJwpqwq.nLJU wuy_wmt/_wq tfrnt{rnfuwf(w'iJubpnt/_ 

'1fr:f>bpbu9frwl { w1[ wuwpnLJ t 

dv = f(x) ~w,f dy= !(x)dx 
d x 

mbu[!p J; w:fwuwpnLJ[!t Vpw l!u'1 <; w'&nLp pftmbq.pw[U 

utbU[!f! • 

Y= fr(x) dx+C : 
U.J'1 mhu~p { wt/_wuwpJwu £11LqJwJp JbU[! qpw'lt/_bt bu.f! X q.Lfu17LJ t 
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§ 5. Unw2~b Jtwpq~ hwuwulm hwttwuwpntdbhp 

Uw t; Jw'ilnLJ 1: 

~w'il'ilhpfr 'il4wmdwJp 

'lbuu~ntJ frpwqwgfr t 

f (x, y ) !pnL'il4sfrwL 4nltJ.ntJ t X b. y ,Pm/wfuw

il-{''1 zwt~tJwG. !i'm&.~g~w, hflb gw'il4wow~ "J.,-fr 

f().x, Ay )=l,"f( X, y) 

0 I'~ L Ill% 1• f (XJ. = lf xJ+ y ~ 'n.J.~9~111r, wnwtfrL 1.w.f7JwL -':wJwubn !j>ntL~gfrw 

L 1wL{r np 

"L' 

f(Ax, Ay)=f'" (A_x )J+ (Ay)l=f,V x3 +y3 ),f(x, y ): 

0 p fr L w ~ 2 : f (x, y) = xy-y2 bp~f'"l''f z.wfJwL -':wJu.ubn !j>ntLitsfrw t, pwf,{r 

(h) (Ay)-(l.y)2= ).2(xy-y2): 

x!-y2 
0 (' fr L w l1 3 , f (x, y) = -- qpn z.w.ftJw!J -':wJwuhn !j>ntL~sfrw t, l!w!.fr np 

xy 

().x)2- n y)2 

( i.x) (Ay ) 

=)0 f(x, y) : 

f (),x, ),y) = f(x , y) ~wJ f(ix , /.y )= 

Uw t; Jw'ilnLJ 2: dy=f(x, y) 
dx 

( 1) 

wnwffr'il 4wplffr t;wqwuwpnull! 4nlt/_nLJ t x-fr b. y-fr 'h4wmJwJp tiwJw
ubn, h[Jb f (x, y) !pnL'il4gfrw'il x-fr b. y-/t L4wmJwJp 'lf'" lwlfrJw'il t;w

Jwubn !pnL'il4sfrw t: 
1. tu J w u II n t; w q w u w {' J w 'il l n L J n L J l!' f!um UJ.WJJw'ilfr 

f(l.x, Ay)=f(x, y ): U.Ju 'ilnLJ'ilnLfJJw'il Jbl mbrzw'lf'blntJ. ),=-
1
-, 4umw'ilw'il.p 

X 

f(x, y)=f( I, ~} 

UIJuft'il.p'il' 'lf'" lwlfrJw'il t;wJwubn !pnt'il~gftw'il ~wfuqtu~ t JptuJb liil'"" 
qntJ b'ilm'ilhpfr t;wpwphpmfJJnL'ilfrgt 

(1) -:wqtuuwpnLJ'il UIJU '1hUJ..pntJ ~l!fl'lnL'il/t t;bmb.JUIL mhu.p[!• 

v U=-·-, 
~ X 

22 

(1') t;wqwuwpJw'il fr'ilmbq.pUILf!l 

tip /r L UJ ~ 4t Spt/.wtt t t;b urb.Jwl -':wt[wuwpntJ(!• 

dy ..!l._. 
dx = x2-Y 2 . 

y=ux, 

du u 
u+ x-=-

1
- 3 • 

dx -u 

<Pnfnfuw~wLLbpfJ wfJ!wrnhtntf., llnt'hbfJwf.l! · 

(1-u2)d u_dx 

ul x 

UIJuurb 'lfr9' frlJurb qpblnt/. 'furlJntJ hLp . 

_ _!_ _ In jul '-' II:/xl··i- ln\CJ 
2u 2 

dy du 
-=utx -, 
dx dx 

du u3 

x-=--: 
· dx 1-u2 

y -, 
>.. 

1 ~ l -- =lll\U XG . : 
2u2 
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Y"l! npUfbu X·/r' tnwppw~w'& :f>nt'&~sfrw'&hpfr oq'fln<PJwrlp qrrtlwr} :f>nt'&~sfrw utnw· 

'&wll! tnt/_JW£ q.bU[j!ntrl wfi':Lwpfr'& b Uw~wjL, WJUU1b'£ q.Jt/_wr Lt x-L UI('UJWt:WJU1h£ y·fr 
rlfrtnsntf_. 

'J.p m n 'l n L {J! n t fi, A'(x, y)dx+N(x, y)dy=O 

mbupp .t:wt/_wuwpntJ'f! fttrLr .t:wJ'wubn wJL U. J'pwJL w!L IJhU[pntJ', hpp 

1V1 (x, y)-l! lL N (x, y )-[! J'plLLntJb lwlf7J'wL <:wJ'wubn !pntLftapwLhp bLt 

IJ.J'I p"'nui ~ LpwLp9, np bpqnt J'pU.LntJb lwlf7J'wL .t:wJ'wub 11 !pntfd(-

9fWLbpp <:wpwpbpnt{JJnLb[! qpn lwlf7J'wL <:wJ'wubn !pntLlf9/'w ~~ 

(2x + 3y)dx+ (x- 2y)dy = 0, 
(x~ - t- y~)dx-2xy dy=O 

§ 6. <wuwuhn~ phpt{nq hwt{wuwpmuuhp 

dy ax+by+c -=------
dx a1x--l-b 1y-tc1 

(l) 

mbupp ".'wqwuwpntJ'Lbp[!t b{Jb Ct=C=O, WU[W, wi(L<:wjLn 1; , np (1) 

<:wqwuwpnul[! .t;wJ'wubn tt 'J.pantp WJJ,j' c, lL c2 (ftwJ' LpwLara J'bftl!) 

qpnJP9 mwppbp tt 4wmwpbLp ,Pnif,n"'wqwLp ,Pn"'wppbntJ'. 

dy dyl . 
- -=-. (2) 

dv 
X -p, y-p U. - · - p wpmw<:w JUinL{JjntLLhpf! m b'lw'lf'bl nt/_ ( 2) .t:wt/_ wuw p-

dx 
J'wL J'bp_, qntLbLwLp 

dy1 ax1 + hy,+ah+bk+c 

dx 1 a1x1+b1y1+a1h+b 1k+c1 

h-[! lL k-L l!LwpbLp wJLU(bu, np mh'lr ntLbLwL 

!( 

ah+bk+c=O, } 
a1h+b 1k -t c1=0 

(3) 

(4) 

.t;wt/_wuwpntfJJntLLhp£! 1 WjupLpL' h-[! U. k-L npnzbLp npU[hu ( 4) .t;wtj_w

uLU pnulLh f'P \ wJ' w ftw {'Iff L n u) n tJ' t If. j u Uf w j,j' wL p 'lb u(pn LJ' ( 3} ;; w q w

uwpntJ'[! fJWithntJ' ~ <: wJ'wubn. 

dy 1 ax 1+by, . 
-=----. 
dx 1 a 1x 1+bsl 

{ntttbtn "- UJ JU ·.t:wt/_ WUUJ rn tJ' [! "1. (2) ipw¥JwJiUbrn t[ L n f'P9 w 'b y·LhL n "

x-pL U. y-pL, l1umwLwLp (1) <:wtj_wuwpJ'wL tnu}nuif'' 

( 4) <:w,Jwqwpq[! lntr,p lnt.tntJ', b{Jh 

la b 1_0 
a) b~~-' 

LUjupLpL' ab,=n.,bt PwJ9 UIJtA IJUUfpntJ' ~=lJ 1 :::= )., UIJU{IL.[!L' a, =)-a , 
a b 

b1 =).. b U., t:bmuwpw(' , (1) <:wtf.wuwpntJ'[! ftwpb[p ~ d.U.w,Pn"'bl 

dy 

dx 

(ax+ by)+c 

i.(ax+by)+c1 

( 5) 

Z=3X t by (6) 

mb'lw'lf'J'wL oqLnt{JjwJ'p <:wqwuwpntJ'[! pbpqntJ' t wLp_wmqn'l ,Pn,Pn

JuwqwLLhpnq <:wtj_wuwpJ'wLt 

Ppnp, 

dz dy 
-=a+b-, 
dx dx 

dy 1 dz a . -=----. 
dx b dx b 

(7) 

(6) U. (7) wpmw <:wJLnnt{JjntLLhp[! mb'lw'lf'blnq (5) <:wqwuwrJ'wL J'bp_, 

l(umwbwbp 

ldz a z+c 
----=--
bdx b /,z+c ~· 

/7Uq uw w'bp_wmq n'l ,Pm{w"' wqw LLhpnq .t; w q w uwpntJ' ~ ~ 

(1) <:wqwuwpJ'wL pLmbqpJ'wL LqwmJ'wJ'p qppw111[w.t l.rzwLwq{! 

oqmwqnp.tqntJ' ~ Lwlt 

dy -l( ax +by+c ) 
dx a1 x+b1y+ci 

<:wqwuwpJ'wL pLmhqpJ'wL LqwmJ'wJ'p (f-[! npb.~ wL[!L'I<:wm !pntLftapw 

~)t 
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dy X +y-3 
dx x-y-l 

-<:wqwuwpnu.fp: IJ.J'it -<:wJwubn -<:wqwuwpJw'it d.b.wt/JnfubtnL -<:wJw, 

~wmwph'it~ X=X1+h, Y=Yt+k ,Pnfuwpfr'itnu.fp: U.Ju 'lhufl!nLJ 

dy 1 = x1+y1+h+k-3_: 
dx 1 x1-y1+h-k-l 

bp~nL -<:wqwuwpnLJ'itLpfr -<:wJw~W{'lff!, qt.n'itnLU L'itp. 

h=2, k=l: 

dy1 x 1-f-y, 
dxl xl- Yt 

-<:wJwubn .t;.wqwuwpnLU, npp LnL~nLJ b'itp 

l.J_= ll 

b. umw'itnLJ h'itp w'itp_wmqn'l t/Jnt/Jnfuw~w'it'itbpnq 

du 1 + u~ 
XJ-=--

dX1 1-u 
-<:wqwuwpnLUf!t lJ.'itp_wmnLJ b'itp ,Pn,Pnfuw4w'it'itbpp. 

!-u du= dx 1 : 

1+u~ x1 

fl'itwbqpb[nq, qm'itnLU b'itp. 

28 

1 
arctg u--lnt 1+u2)= ln/x 11+lnjCi, 

2 

arctg u = ln/L x 1V l+u' l 

ex Vl+ ., orc tgu, 
J u·=e · 

.. ., 

1).! u m b 'l 'D_- fr f n /u w {' b'it /J1 b 'l w 'If' Is l n q U, 4u tn w 'itw 'itp. 
XJ 

t/, bpp_wUf bu, w'it 9'itbl nq X iJ. y t/Jnt/Jnfuw4w'it'itbpp¥1, q h{'f_fJw 4w'itw Uf bu 

tJmw'itnLU b'it1• 

Y- J 

C V (x -2)~+(y-l )"=earctg : _ z: 

0 {' fr 'it w 4 2 : l.bmb.Jwl -<:wqwuwpnufp' 

, 2x+y - 1 
y= 

4x+2y+5 

W(l']b'j, .t:'itwpwqnp L~ [nl ~b[ X=X1+h, )'=Y1+k Ulh'£W']('UWtfp, pwflp 

np WJU 'lbUflnLJ h - fr b. k-fr npnzJw'it -<:wJwp ~wnw!n'l -<:wqwuwpnLJ'itbpfr 

ufrumbJ'it w'ittnLHlfr { ( WJumb'l ,Pn,Pnfuw4w'it'itbpfr qnp~w4frs'itl.pfrs 

~wqJqwtJ- I! ~~ 'lbmbpJfr'itw'itmp -<:wqwuwp ~ 'lf'"JP ): 

IJ.!'I -<:wqwuwpnLUf! 4wpb[p ~ 

2x + y=z 

mb'lw'lpJwJp pbpb[ w'itp_wmqn'l ljtnt/Jnfuw~w'it'itbpnq -':wt[wuwpJw'it: U.J'l 

'lbUfpnLJ y' =z'-2 b. -<:wqwuwpnLUf! pbpqnLU ~ 

z-1 
z' - -2= - ~uol 

2z+5 

, 5z+9 
Z=--

2z+5 

2 7 
-z+ -ln j5z+91=x+C: 
5 25 

..P.w'itfr np z=2x+y, WUfW ~UIJ1W'itw'itp U1f'lf.W~ -<:ruqwuwpJwf.J qbf'f_fJW-

ltw'it [nL~nLJf! 

2 7 
-(2x +v) +-Inj10x+5y+91=x+C 
5 .I 25 

10y-5x + 7 In! lOx +5y + 9:=C1 

~bupnq, WJufr'itpf/ y-p' x-fr wLpwsw <wJt.n .'fmL'it~sfrwJf: mlsu.pnq: 
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§ 7. l1nw~~\t ~wpq~ qhwJ~U hwt{wuwpnu.f\tlip 

U w -; J w L n L J, U.nwr~li ~wrq~ q~w.l~li 6wttwuwrnuf 

I; Wjb -':wqwuwf'ntJp, nf'l' qJwjpL t wL .<; wjm !pntL~gpwjp 
wJwLgjUt[p L~wmJ wJ pt U.1t ntbp 

ct v 
~+P(x)y=Q(x) 
d x (I) 

mbu.pp, nf'mh'l P (x)-p b. Q (x)-p x-p m{'qwt} wLpL'f-<wm [/>ttLb~gpwLbf' 
(~wJ .<;wumwmntLLbf') bLr 

(1} q. d w j p L < w t/ w u w [' J w L l n L q n L J £11 (1) <wt[wuwf'Jwf1 

L n tJnLJ l' n [' dr l.L.p X- p bf' ~ nL !p nLb ~9pwLb f' fr w f'Ln w '1-f' j w lP m b u.pn 4_' 

y=u(x)v(x): (2) 

U. J'l- !pnLL ~ BP w H f'P 9 J b ~l' ~w f'b lP .t 4_ bf'9L bl ~w J w j w ~ wL, p u ~ Jj nwp 
~nf'nzt/j (1} <wqwuwf'JwL <pJwL q{'wt 

( 2) -\wq WUWf'nL{J jLUb bf'~nL J wu bf'£1 '1PfPbf'/.;L9bl nq , qm b ntd bb['• 

dy =Ud v +vdu 
dx dx dx 

d y d-; -p UUIW9LUq UI[!U1LU< W jUt nL{J jnLb£1 Ln b'lLU'lf'bl nt[ ( 1) < tuq LUUlUf'd w'iJ 

Jh'l_ , ~ntllbfiwL.p. 

dv du 
u-+ -- v+Pu v= Q 

dx dx 

(
dv '\ du 

u -- + P v + v--=Q: 
dx I dx 

V !pntL~spwL pbmf'bflp LUJbU[pupL, nf' 

dv +Pv=O: 
dx 

V-p L~wurJwJp WjU '1frfPbf'bLBfrwl <wqwuw['JwL Jb'l 

1/tnlftnpJw~wLLbf'p, qmbntJ hLp 

dv ---=- Pdx: 
v 

/>'bmbqf'htn4_, umwbntJ bt.p. 

-lniC1J+In/ vl=- JPdx 
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(3) 

(4) 

V=C 1e-f r ct x, 

.flwLp nf' Jbq_ pwqw~wL t ntHLwl (4) .<;wqwuwf''FwL q_['njp9 mwf'pbf' 

n{'LLt lnu}ntd, WU[W nf'ulbu V ( x ) !pntf,~spw qb['9LbLp 

v( x)=e-.( Pdx, (5) 

n{'mb'l f Pdx-p n{'LLt Lwfuftw~wL t r U.~Hwjm t, nf' \ ' ( x ) =;i= Or 

v (x}-p qmwq wf'Jbpp mb'lw'l-f'blnq (3} ::wtf_wuwf'JwL Jby_, ~umw-

dv 
LwL.p (.<;wz_4_p wn_Lbtn4_, nf' -+Pv=O). 

dx 

du 
v(x) dx =Q(x) 

u=-JQ ( x )dx+C: 
v(x) 

u-L b. v -L mb 'lw '1f'bl nq (2) pwflwJ.b.p Jb'l, 4_ bf' l_ bw~wbwU[ bu umwbntd 

b'bp . 

~wJ -

Y=V( x)l rQ(x) dx t c I: 
~ v( x) _ 

y=v( x)JQ( x) dx+Cv (x) : 
v(x) 

(6) 

'J. p m n 'l n L {J j n L L: U.~L<wjm t, nf' (6) W{'mw <wjurn t{JjnLb£1 lP 

1/tnfuqp, b{Jb (5) <wqwuwf'nt{Jjwdp n['nz_qn'l V ( x ) !pntblf9PWJP 1/tnfuw

f'bb qb['gHL.p nf'"-t VI (x)=Cv (x) !pn tL~sfrw: Pf'np , (6)-p Jb'l \" (x)-p 

1/tnfuwf'bb mb'lw'1f'btn4_ VI (x), ~umwflwflp. 

v=Cv(x)JS?_ (x) dx+CCv(x): 
- Cv(x) 

U.n_w'l_pb q.ntdw['b[pp Jb'l_ C-b['£1 ~f'-G.wmqnLd bL, bf'f[f'nf''l- qntdwf'blfrP 

Jb'l CC-L ~wrlwjw~wL <wumwmntb t, n{'p ~LzwLw~bLp Jb~ C mwn_nq, 

b. Lnf'P9 qw[pu bL.p ( 6) wf'mw < w j<n nt{J jWb p: b {Jb Lz_wbw~bflp 

JQ(X)d :<: =:r(x), WU[LU (6) Wf'UlLU <WjLnnt{JjnLb£1 ~£1b'1nLbp 
v(x) 
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(6') 

,j[Jbu/!{!r U.qL~wJut t, np 'JLU f!L'l~wflntp pflmbqpw£ t, j!WLp np C-L ftwpb[p 

·~ [!Lmpbl WJLU[bu, np mbrzp ntflbtw X =x0 • y=y0 uqqpfJw!1wfr u1w 1Jwtr 

C-p wpd-bn npnzt/_r"J ~ 

~w r[ wuw pntti P9' 

dy 2 
---y = (x+J)3: 
dx x+ I 

y=uv. 

dJ d v du 
-=u-+-v: 
dx dx dx 

dv du 2 
u-+- v-- uv= (x+I )l, 

dx dx x+I 

1 dv 2 ) du ul ---- v +v - = (x+ IV 
\ d x x + I . d x 

dv 2 
- - - v-0 
dx x-r- 1 - ' 

dv 2dx 

--;= X-1-l ' 

Injvl= \? lnjx -;- I J, 

V !/>n•LhfowJfo wpmw \ wJmnLf/JntL(! UJ brzw'lf' btn.f. 

·"pnzhtnt t;wJwp uUJwLntJ H11 

:so 

du 
- = (:"": +- ! ) 
dx 

(7) 

u-L 

(x-1- I )3 
U=-:l-+C: 

l,bu.l-<wpwp , mpt[wJ t:wt[wuwpJw!J f!L'I t:w!Jmp foLUJillf{'LIIlf! 4m!Jb!Jw t:bUJI..JWf 

UJbUj!(! • 

(x + J)4 
Y= --+ C(x-f- 1)3: 

2 

UUJws•lwJ [!LUJw!Jfol!l! f!L'I t:w!Jmp tndmJ!J t• fofiJ.''Ifoufo!J tt tfo!Jfo ( x0, y0) u4'f.p!Jw4wfs 

"'"'JJwflf!, npUJ''l x0 ::;i= -1 1 JfozUJ 4wpblfo t C-fl f!!JUJpb[ wJL"'bu, np t:wJwUJwUJwu

fuw!J JwuLwt[np tn<Jnd[! pwt[wpwpfo UJpt/_wJ u4'f.p!Jw~w!J UfLUJJw!Jfo!J• Opfoflw4 , y0=3, 

bpp Xo =O "fLUJJw!Jfo!J pwt[wpwpn'l Jwuflwt[np [nLJn<J(! lt'IUJLt/_fo t:bUJI..Jwl 4hf'UJ· 

(x + IJ4 5 
y=-- +- (x + ! )2: 

2 2 

Uw4wJL, hflb u4'f.p!Jw4wfl UfWJJwH [!LUJpt/_fo LUJfiU(hu, np x0=-1, WUJW Jbf,/! lbtp · 

'IUJLfo LIIJ'I ulwJJw!JfoL pwr[wpwpn'l Jwu!Jwt[•p tn<Jn<J(! t 'J.w pwswmpqn<J t flpwLnt[, 

2 
np hpp x0 = -1 P ( x)=-- :f>mLhfowl, fu'lt/.nrl t I. , t;bUJI..wpwp , tn<JJw!J 'fnJnL• 

x + l 
fltwL pbnpbJfo U[WJJwHbp[! "(LII t:"fwLt[wJ lb!J ' 

? p m n 'l n t {J J n L Lr '-lppwnnt{JjntfltbpnLJ t;wG.wfu bt U[LUU7w t;nuf 

t;wumwmntL qnptl-wftp!Jtbpnt/_ qtl-w Jpfl ~wt/_wuwpnttitbp. 

dy 
-+ay=b, 
dx 

npmbrz a -fl U b-fl ~LUUU7LUU1ntflflbp bflr 

(8} 

IJ.JL ftwpb[p t L"'.tbl (2) mbrzw'lpJwt oq.Lnt{JjwtFp ftwti lflnlflnfuw 

ftwLLbpp wfJF_wmJwfJ G.wflwU[wpt;nt/_. 

dy=(-ay+b)dx, _ _,dy:......
-ay + b 

lnl-ay+bl=-(ax + C "), 

+ ( ., 1 ( . c· · + b -ay b=e- nx+ c l , y=--e- nx .,- 1 -, 

a a 

b y= Ce-ax + -
a 
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§ 8. J!hn\mq~~ hmtjmumpmU[! 

dy 
- +P(x)y=Q(x)x" 
dx 

(!) 

lflhupfr J;wt/_WUW[III LJ(!*, ll('lf1h'£ P (X)-f! h_ Q ( x ) - f! X-p Wbf!b'1 t:wm !pntbfJ-

9frw'iJbp b'il (fJwJ t:wumwmn,'iltbp), frut1 n =#= O iL n=#=l (<wfJwnwfJ 

'1b''II!"'J fJumwst/_hp q.JwJfr'il t:wt/_wuwpntJ ) t U.1u t:wt/_wuwpntJ[! , "f'l! 

fJnl..tf_n , J ~ flhnfintJ.Pr fiwtJ.wuwrnu.f, phpt/_t~tJ ~ q.JwJfr'il t: bmiLJwl J.bw 

tfr n ju n t{J 1 ntbb bpfr J frfnsnt/_ 1 

2.wt/_wuwpJwt P"l"f' w'il'1wJtbp[! pwJw'ilbtnt/_ y 11 -fr t/_pw , fJumwbwhp. 

y-"::+Py-" +'=0: (2) 

,q,njuwpfr'lJIILJ[!t U.J'1 '1 b"fp nt J 

dz = (- n+l)y- A Y: 
dx dx 

U.1u wp.Jbpbhp[! mb'lw'1pbtnt/_ ( 2) t:wt/_wuW[JJw'il Jb?_ , fJnt'ilbltwltp 

dz 
-+( - n+ I }P t. =( - n+l)Q 
dx 

qJwjpb t:wt/_wuwpnttf[! t 

lJ.mbbl n t/_ b pw [!h '1 t;w b "' f' fr'il m b qpw ll! iL Z- fr 1/r n ju wp b'il m b'l w '1f'b l n t/_ 

y - n+l, IJumwbwbp Pbnbntt/rfr t:wt/_wuwpJw'il [!b'1t:w'bntp JtLmbqpwll! ' 

0 p fr b w fJt {n,,}bl t:bmb1wl -;wt/_wuwpntJ[!• 

(3) 

f = i.J\·+ i., \' 11 ' u.J'I 
d r , i. 1 /, 2 - -r- - v=--v 0 : 
dt 111 m 
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£ n L,} n L J 1 Pnl"f' wlt'1wJbhp[! pw.Jwbbtnt/_ y3-fr t/_pw, fJumwltw(;/!• 

y-3y+x y- 2=x3: ( 4) 
(f,,,}bt/1 z=y2 

Lnp !pntltfJsfrwL, WJ'1 '1b"''/!"LJ 

dz =-2y-·~dy: 
dx dx 

U.Ju wp.Jbpltbp[! mb'lw'1f'htnt/_ (4) <wt[wuwpJw'il Jb?_, fJumwLwltp 

dz 
---2XZ=-2X3 

dx 
q.Jw1frlt t:wt/_wuwpnttf[!t 9-mtbltp ltpw f!lt'1t:wltntp Jtltmbqpwlf!• 

ctz ctv ctu 
Z=UV , -=U-+-v: 

dx dx dx 

(5) 

dz 
dx -fr wpmw<wJmntPJntHbpf! mb'lw'1pbltp (5) t:wt[wuwpJwlt Jht• 

dv du 
u-+-v-2xuv=-2xa 

dx dx 

u(dv - 2xv)+vdu=--2x3 : 

dx dx 

tflwfJwq.Jbpn,J h'lw,} wpmw t:wJmntPJnLh[! t:wt/_wuwpbsbbltp lf.f'"JP• 

dv 
--2xv=O 
dx ' 

dv 
-=2xdx, 
v 

lnlvi=X 2
, v=eX2

: 

U-fr npnzJwlt t:wJwp umwltn,J bltp t:bmiLJWL <wt[wuwpnLJf!• 

du 
e•2-=-2x 3

: 

dx 
. IJ.lt?_wmbLp ,Pn,PnjuwfJwLLbp[!• 

du=-2e- •2x3dx, U=-2Je-•2 x3ctx+C: 

f!ltmbqphtnt/_ Jwubpnt/_, IJqmltbltp. 

U=X2 e-x2+e-x2+ C, Z=UV=X 2+1 + (ex2
; 

l.bmbwpwp, mt/_JWL t:wt/_wuwpJwlt [!1t'1<wfliiL[I frltmbqpw[lt f 
1 
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'J. Jr m n 'l n L f1 J n L fJt 1.wJwLJwL LpwL, frLl.U[bu WJ'I wptf.bl t q~wJJrfl 
-:wqwuwpnLJLbpfr t:wJwp, ~wph[p t 9"LJ9 mw[, np flbnLnL£PP t:wqw~ 
uwpJwL L"L~nLJf! ~wph[p t npnLbt bp~nL !pnLL~ofrwLbpfr wpmwq{'JWLP 

mbu11ntf.' 

y=u(x)v(x), 

npmb'l v (x)-l! nplLt !pnLL~sfrw t, "f'l! t:wt/_wuwp 1.t 'lf'"JP L. pwt/_wpw

pnLJ t v'+Pv=O t;wtf_wuwpJwLl!' 

§ 9. lpfnl qJt!JlliphbgJtwlbtpml hwl[wuwpnui 

M(x, y)dx+N( x, y)dy=O ( 1) 

~n1_t/_nLJ t trJltlqp!lihrh&gpwti.hrntl fiwtlwuwrnu.f, b[Jb M (x, y )-l! L. 

N (x, y )-l! wLf!L'It:wm, qfr!pbpbLobtfr !pnLL~ofrwLbp bL, npnLs t:wJwp 

mb'lfr nLLp 

aM aN (2) 
ay ax 

aM aN 
wnLl_nLfiJnLLf!, l!um npnLJ --e J. -[!- wL[!Lqt:wm bL Jfr npnz mp[fnLJ~ 

ay ax 

fltnJt 
{ f' Jr q 'I Jr :p b f' b L 9 Jr w l L b f' n q ;; w t/_w u w {' n L J L b {' Jr 

fr L m b q f' n L J f!l U.utwonLobL[!, np b[Jb (1) t:w.f_wuwpJwL J.wfu Jwul! 

lf'Ptf. qfr!pbpbLofrwl t, WU[UI mh'lfr nLLfr (2) UfUIJJwLf!, L. t;w~wrr.w+l' 
(2) U[WJJwLJrL pwt/_wpwpJwL qhU[j!nLJ (1) t;wt/_wuwpJwL J.wfu Jwul! 

npL.t u (x, y) !pnLL~sfrwJfr lf'Ptf. qfr!pbphLofrwl t, wJufrL[!L' (1) t:wt/_w~ 
uwpnLJL nLLp 

du(x, y)=O (3) 

mbuj!f! L., t;bmL.wpwp, Lpw l!L'It:wLnLf' JrLmbqpwlf! ~LfrLJr 1U (x, Y )=Ct 

uwfu bL(JwqpbL[!, np (1) t:wt/_wuwpJwb J.wfu Jwul! npL.t u (x, y) 

!pnLL~ofrwJfr lf'Ptf. qfr!pbpbLsfrwtL t, wJufrLI!L' 
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au au 
M(x, y)dx+N(x. y)dy=du= -- dx+::-dy; 

N=au: 
ay 

ax oy 

(4) 

U.nwt.frL wnLl_nLflJnLLf! qfr!pbpbLsbtnt/_ f!Um y-fr, fru~ bp~f'"f''ll!' f!Um 

x-fr, ~umwLwLil. 

dM a2u 
-=--, 
ay axay 

-=--
ax aydx 

bL [Jwqpb[ nt/_ bp~f'"f' 'I w~wLs JW[L b pfr wLl! Lqt; wm nL{J J" LL[!, ~ nLL bLwL[!• 

aM aN 

ay 

WJufrL[!L' (2) t:wqwuwpnLfJJnLLL w L;; f' w d-b z m U[UIJJwL t WJL 

pwLJr t:wJwp, np (1) t;wt/_wuwpJwL .lwfu Jwul! tfrLJr npL.t U (x, y) 

!pnLL~sfrwJfr Lf'Pt/. qfr!pbpbLsfrwu 8nLJ9 mwLil, np UIJIJ UfWJ.JwLf! L. 

pwqwpwp t, UIJufrLI!L, np (2) U[WJJwLf! mb'lfr nLLbLw[nL qhU[j!nLJ (1) 
-:uiqwuwpJwL .lwfu Jwul! npL.t U (x, y) !pnLL~sfrwJfr lf'Ptf. qfr!pbpbLofrwtL 

tt 

X 

u= (M(x. y)dx+'f(y), 
Xo 

n[fmb'l Xo-L £"L~JwL ~nJnLfJJwL mppnLJflfr owL~wsw~ ~bmfr wpuofruL t; 
f:um x-~ frLmbqph[pu Y-l! t:wJwpnLJ bL[! t:wumwmnLL, nLumfr frL~ 

mbqpJwL ~wJwJw~wL t:wumwmnLLf! ~wpn'l t ~wfut/_w~ tfrLbt y-Jrot 

cp (y) !pnLL~sfrwL f!LmpbLil WJLU[bu, np ( 4) wnLl_nLfiJnLLLhpfrs bp~f'"f''ll! 
urh'lfr nLLbLw: '1-pw t:wJwp qbpt_frL t:wt/_wuwpnLfJJwL hp~nL Jwul! qfr~ 

!fobpbLsbL[!* l!um y-fr L. t:wt/_wuwpbsLhL[! N (x, y )-Jr. 

X 

au JaM , . 
ay= aydx+'f (y)=N(x, y); 

Xo 

·r 
. • Yo M (x, Y) dx frturh'll'wll! ftwfuqw~ ~ y-frs• U.1u frtmlnu•wLI• ru~wLsJwlt f!U• 

Y-/r 'lurthln' -':wJwl' U[hurJ! ~ htfJwfrturh'll'wl"'lfrt ~n,tftsfrwt qfr~hl'htsbt f!UIII y-fr• 

X: X 

~r M.(x, Y) dx= !' oMdx: 'low pfun<J ~ nl'nlJWl frturb'll'"'lfr' f!UUI UfW('WJburl'~ '1~~'· 
oy •• xo oy 
I'UsJwt Jwufrt £wu, tfrsfr flhnl'hJfrs (urhu XI 'ltfufr § 10)• 
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X 

Jaa~ ctx+tp'(y)=N, N(x, Y)\:.+cp'(y)=N(x, y), 

Xo 

1.hUJb.wpwp 
N(x, y)-N(x0, y) + tp'(y)=N(x, y): 

!fl'(y)=N(x0 , y) , 

~ 

<p (y)= J N(x 0• y) dy+C1: 

y, 

X y 

U= J M(x, y )ctx+ J N(x 0, y)dy + C1: 

Xo Y9 

U.JuU1h'l P (xo, Yo)-11 ~hUJ t , npfr zl'1w~wJPntJ q.nJn<f1Jnt11 ntflfr (1) 

'lfr!phphflsfrwl -<:wqwuwpJw11 tnt~}ntJf!' 

IJ.J'I wpU1w-<:wJU1ntJ1Jntflf! -<:wqwuwphsflhtnq C ~wJw1w~w11 -<:wuUJUJw 

U1nt11fr11, ~UU1W11UJ11j! (1) -<:wqwuwpJw11 f!fl'/-<:w11ntp fr11U7bq.pwlf!• 

... y 

J M(x, y)ctx+j N(x0 , y ) dy _ C1 
>< o Yo 

0 {'f. 'b w It• Sp.f.w6 t <hurLJwl <w.[wuwpn<J[!• 

2x y2-3x2 

-dx+ dy=O: 
y3 y4 

Uurm9h'b,,. lllf''ll"' WJ'b Ll'f..f. 'lf.!f.hph'bgf.wl'bhpn.f. <w.[wuwpmJ .zJ• 
uzw'bw'th'bl! 

2x 
M= - , 

yJ 

aM 6x aN 6x 
a;=-y;· ~=-0" : 

(5) 

Y=/=0 'lh"'[!"'J (2) "'"'JJw'b[! urhrzf. m'bf.• fltphJ'b, ur.f.JwL· <w.f_wuwpJwli d.wfu Jwue 

"l'J.f U (x, y) w'b<w1ur !pn<'bltgf.wJf. Ll'f."- 'lf.!f.hpll'bgf.wl'b t• 9-urUL, •J'I !p"L'b'tgf.w'bt 

3& 

au 2x 
IJw'/,f. •(' -=-, WU(W 

iJx yJ 

31 3 y2- 3xa 
--+ cp'( y )=--' 

y4 y4 

I I 
'f '( yf = 2 · tf( y)=--+ C,, 

y y 

X~ 1 
u(x , y)= ---;-- + C,: 

y y 

1/.jUUff.u,.f_, urp.f.w6 <w.[wuwpJw'b l!'b'l<w'bn tp f.'burh9f'wl'b f 

x 2 l ----C· yJ y - . 

§ t 0. N.1mliqpnq J!Wqtfwutwmft~! 

M(x, y)dx + N(x, y)dy=O (l) 

-<:wqwuwpJw11 A.wfu Jwue ll' fr q '1 fr !ph ph 119 fr .UJ l 1. .~ 1 bppbJ11 -<:w

r_n'lqntJ t f!1IU1ph[ WJ11UJfrufr ~t (x, y) !pnt11~sfrw , npnq -<:wqwuwpJwfJ 

pn[np wfl'1wJ11hpf! pw'[JWUJWU1~htn'9 -<:bUJn -<:wqwuwpJwfl A.wfu Jwue 

'lwnflntJ ~ [pfrq 'lfr!phphflsfrwl' IJ.J'IUJfrunq uUJwsqw~ -<:wqwuwpJw11 

f!1l'1-<:w11ntp tnt~ntJf! -<: wJefl~flntJ ~ u~'lp11w~w11 -<:wqwuwpJw11 1!11'1-<:w

flntp tn,Uwfl -<:bUJ. ~ ( x , y) !pntfl~sfrw11 ~nt.qntJ t (1) -<:wqwuwpJwfl 

~r.mbqrn'l pwqdwu1wm~~r 

~ J.'i!UJb.q.pn•'f_ pw.'lJwUJWU1~fr·1 1! qm11htnt -<:wJwr qwf'qntJ h11.p 
-<:bU7b.Jwl ~hl'UJ • U1pqw~ -<:wqwuwpJw11 hp~nt Jwul! pw'[JWUJWU7~b11.p 

•UIIlWJJJ wflt;WJU1 .~ friJUJbqpn'[ pw'[JWUJUIU1~frt.n1_. 

p.Mdx+p.Ndy=O: 

flpUJhu'lfr qhpp_frfl -<:wqwuwpntJf! tfr11fr Ll'fr"- '1fr!phpb11sfrwl11hpnq -<:wqw.-. 

uwpnLJ, w·fl-<:pwJhzUJ t b. pwqwp.wp, np UJb'lfr nt11hflw t;bU7b.Jwl wnfi.; 

l_ntfJ Jn'111!• 

p.aM + Map.=/N + N ai.L , 
oy ay ax ax 
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M ~: - Ni!=~(aa~ -a~} 
tf,bNfrt t;u11/_wuwpJwf.t bp~nL Jwubpf! ~t-/r t/_pw pwJwf.tbtnLS t;bmn 

~umwf.twf.tp. 

M olnp. _ . olnp. oN a;\\ 
a y · ax-= ax - ay : (2) 

U.fJHwJm t, np wJM.1 Jfr 11 (x, y) !pntf.t~sfrw, npf! pwt/_wpwpntJ t 
cf.bNfrt t;wt/_wuwpJwte, t;wtlJ-puwf.tntJ t (1) t;wt/_wuwpJwt frtmb'lpnq 

pw'l.Jwll(wm~frl.• (2) -':wt/_wuwpntJ[! X l.t y bp~nL tflntflnfuw~wttbpfr f1 
wHw!m !pntt~sfrw!fr t~wmJwJp tlwutw~wt wttwtsJwltbf'nt/_ t;wt/_w

uwpntJ t• 4wpb£fr t WUfWSntsbL, np npnzw~fr UfWJJwttbpntJ WJ.b ntbp 

w1t[Jfrt/_ pw'l.JnLPJwJp lnt<tnttltbp l.t, t;bml.twpwp~ (1) t;wt/_WIIUJf'nLJt 

nLf.tp frtmb'lpnq pwq.JwUfwm~frl.• PwJ9 l!t'lt;wf.tntp lJ-bUfpnLJ (2) t;w

qwuwpnttlfrs f1 (x, y )-fr 'lmtblt wt/_btfr lJ-Jt/_wp t, pwt (1} t;wt/_wuwpJwf.t 

fr1tmb'lf'Jwf.t u~qpf.tw~wt JufllJ-pf'f!' l!frwJb Jfr pwtfr Jwutwt/_np '1buub

pnLJ t t;wyn'lt/_nLJ q.mtbl f1 (x, y) !pnt1t~sfrw1t: 

'l·frsnLI!, opfrtw~, (1) t;wt/_wuwpntJf! fJnLJl t mwlfru tl~WJ& y-~g 

~wfuqw~ fr1tmb'lf'n'l pwqtlwUfwm~frl.• /J.JlJ- '1bUfpnLJ 

olnp. = 0, 
ox 

L. fl·fr npntJwt t;wJwp umwbnLJ btp t;bml.tJWL un~nrw~w& '1/r!/Jbpbt

SPWL ;;wt/_wuwpnLJf! 

oN oM. ---
dlnp. __ ox dy 
dy M 

npfrs l'(f'nzt/_tlLJ t ( Jb~ ~t/_w'fpwmntpwJnt/_) In,..t-t 
J:IAII f!Jwl''l. t, np WJ'1Ufbu 4wpb[p t t/_wpt/_bt tlfrwJb 

<]N oM 

aN atv\ 

l.t , t;bml.twpwp, bUilt 

WJb '1bUfpntJ , bpp 

'tJwt J.l.tnt/_, bpp .!::__.!1_ -[! ft-wfuqwtt 1.t y-frs, WJL ~wfut/_wtt t Jfr-
N 

UI'Jfl X-p9, WUfW t;bzm t 'lmtbt tl~WJ& X-~g ~w}u~W~ pflmb'fpnq pwqJw-

Uf UJ U1 ~" l.l! t 
·3$ 

0 {' Jo L w ~~ !nt~hl ~blltbJ"'l ~w.f.wuPJIP'tJI!• 

(y+xy2)dx-xdy=0: 

oM 
oy = I t2xy. 

oN 
-=-1. ox 

o.\1 oN 
--4:-: 
oy ox 

l.hu.bwpwf', ~w.f.wuwrJwL J.wfu Jwul! tf'Jo4. 'lfo!f>l .. f_rbLofowt lt• SbuLhLp, "'f''IJnll zf 
utllws.f.ntJ "'J'I ~w.f.wuwpmJJos JfowJL y·Jos ~wfu.f.w~ JoLmhqpntz pwqJw"'wm~Jol.• 

'IJqwtnh[n.f., np 

oN oM 
ox oy 

.M 

-l-t-2xy 

y+xya 

2 

y 

h'lf'wftwsLntJ hLp, nr ~w.f.wuwrmJfos umws.f.ntJ t JfowJL y-/'0 f.;wfu<{w~ JoLUihq{'n'l 

pwqJw"'wmftfol' '1-mLn,J bL11 WJL· 

dlllfi 2 

dy y 

l nfJ-=-21ny, .u;ufo'bi!'b' p. = l , y•: 

Sp.f.w~ 'Jau<[wuwrJwL pn[n{' wLtl'uJLb{'l! qmw~ J.l JoLu.hqrn'l F"''lJwurwuf'ltfoln 1l pwq-

. I I ' X 

Jw"'wmfthlm-9 ~btnn umwLn,J bL;1 ! --1-x)dx--dy=O 
\ y y• 

oM oN I 
lt'Jo4. 'lfo!f.brhLsfowLLbf'n<[ ~w<[wuwrn<J[! ( -:-=- = - -)• {matn</. WJU <w.f.w· -

dy ox y 2 

uwrn<Jf! ft'!mLbLp Lpw l!t,'l ~wLn<(l JoLtnb'll'"'ll!' 

~wJ 

2x 
y=-x!+2C: 

§ t t. ltnptp~ l!bmwb~~~ tqWJlDLJl~m 

<l>{x, y. C)=O, ( 1) 

npmb'l X-[! /.,_ Y·f! t/rnt/rnfuwqwt '1b~wpmJwb ~nnp'fpf.twmtbpf.t ht, fru~ 
--C-t UfW{'UJJbmp t, npf! ~wpn'l t l!f.t'lnLflht mwppbp !pfrpuwtJ- wpJbptbpt 

C UfWpwJbmpfr JntpwpwtunLft mpt/_wtt wpJhpfr '1bUfpntJ (1} ;;w
'l.wuwpn1Jl! Oxy ;;wpfJntfJJwt t/_pw npnzntJ t . Jfr npnz ~npt C-frt mw-
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Ln&£ pn[np ~Lwpwqnp wpJhpLhf'f!• umwLnLJ hLp Jh/1 UfW{'wJbmpftg 

~wfuqwd- ~ n {' h {' /t [! L m w L /t p ~wJ , ftLz.ut hu ~wC.wfu bL wunLJ, 

~nphpft JpwUfW{'wJbUJ{' [!LmwLftp t ll.JuUfftunq, (1) ~wqwuwpnLJ[! 

0 

~ n {' h {' /t J /t w Uf w {' w J h m {' I! L~ 

tV m w L fr p fr ~wqwuwpnLJ t ( pwLfr 

np WJL UfW('nLLw~mJ t JfrwJL Jb~ 

~wJwJW~wL ~wumwmnLL}t 

t~. 258 t~. 251 

Uw ~ J w L n L J, L qfrd-f! ~n1_qnLJ t qd-hpfr JfrwUfwpwJhmp [!Lmw~ 

Lfrpft ll}Wrmrh, bpb WJL Pf' JI1Lf'WpwLunLf' ~hmnLJ 2n2wqtnLJ t [!L~ 
mwLfrpfr WJU ~wJ WJL qd-frL, f!UUJ npnLJ L qd-fr mwpphp ~hmhpnLJ LpwL 

ln..;_wqtnLJ bL mqJwlf!LmwLfrpp mwpphp ~npbp (L~. 256)t 

t~pudul. R.~l' <wuurwurntfl t, C-fl' "{W('WJburp r 

?-w R. zwnw-l_fr'l. 4 Ox wnwfls11fr -l_pw ~bflurpnfl ntflh9"'l. 2f'twflw'lrfbpfr l'flurw'bfrf! t r 
U.~'b<wJur t, "{' WJ'I l'flurwflfrllfr "{Wf'"'f'frlflbp£' ~Lfr1Jh1J y = R, y = -R "''l.fr'l.'bbpl' 

(Ji~. Z5'l)t 

S {' &/. .w d- I! L m w L fr p fr Uf w p n L f' fr' 1. L h f' fr ~ w· 1_ w u wi p~ 

J w f, q m L h Ll! 1 'J.ftgnLp mpqwd- t C UfW{'wJhmpfrg ~wfuqwd- ~npbpfr 

<t>(x, y, C)=O (I) 
[!fhnwLfttl!' 

bLpw'fphLp, np WJ'1 [!LmwLfrpL nLLfr UfW('I1L('/tz., npft ~wqwu.wpmJI! 

~wphtft t qphl y=cp (x) mhupnq, npmh'l cp (x)~f! x~fr wLI!L'l~wm L. 
'1/r!f>hphLshtfr !j>nLL~gfrw b 'J.frmwp~hLp UfW('nLp/tz_frL Ufwm~.wLn'l nput 

M (x, y) ~bmt ll.J'1 ~hmL I!L~wd- t LwL. (1) [!LmwLftpfr nput ~npfr qpwt 

U.J'l ~npftL ~wJwUfwmwufuwLnLJ t C UfWpuiJhmpfr npn2w~fr wpdhpf!, 

npf! mpqwd- (x,y) '1hUfl!nLJ llf'nt.l/."ul t(1)~wqwuwpnLJft,s'C=C(x , y)t 
1./iurh.wpwp, UfW('I1Lf'frz.fr pn[np ~hmhpft ~wJ.wp pw&[wpwpqnLJ t 

<t>(x, y, C(x, y))z=O (2) 
40 

{wqwuwpnL{JJnLL[!t bLfJw'lf'hLp , np C (x, y )~I! '1fr!php hLghlft !pnLL~sfrw 

t, np[! <:wumwmnLL z.t X , y '1frmwp~qn'l wpJhpLbpft nz. Jfr Jh_w~WJI!nLJt 

flJwpnLp/tz.fr (2} <:wqwuwpnLJLhpfrg ltqmLhLp uJwpnLpfrLfr M (x , y) ~h~ 

· wnLJ lnlwAftn'lft wL~JnLLwJfrL qnpd-w~ft91!' (2) ~wqwuwpnL{JJnLL[! '1/r~ 
!pbphLghLp f!UU1 X~p, ~wJwphtn.f_; np y ~[! X- fr !pnLL~s/tw t. 

ocp + o<t> uc +(o<t> +a~ ~~) , =O 
o x iJ C iJx iJy iJC oy y 

<t> ' -1- cp· ·'+<t>' ( oc+q~ ·)=o· X }J C .:l y • 
ux oy . 

( 3) 

U.JLnL~hwu, M ( x , y ) ~hmnLJ (1) [!LmwLfrpfr ~npfr 2n2wl/tn'lfr wL

~JmLwJfrL qnpd-w~ftSI! 'qmLnLJ hLp 

(4) 

{wqwuwpnLfJJnLLfrg (C-L mpqwd- ~npft qpw ~wumwmnLL t) • 
bLfl.w'lf'nLJ hLp, np ¢~=#= 0, ~w~wnw~ '1hUfpnLJ ~I!L'lnLLhfrLp X·[! 

npUfhu !pnLL~sfrw, fru~ y ~[! wpq.nLJhLm t l!wLfr np UfW{'nLpfrz.fr k wL-

. ~JnLLwJfrL q.npd-w~fr91! ~wqwuwp t [!LmwLfrpfr ~npfr k wL~JnLLwJfrL 
qnpd-.w~sfrL, WUfW (3) - frg U. (4)-frs umwLnLJ hLp. 

<t> ' ( iJC+iJC ')=O: 
c iJ x al 

flwJs pwLft np UfwpnLpfrz.fr qpw C ( x , y) =F const , wu1w 

uc ac . 
·- +- y =f-=0 , 
iJx oy 

L. Lpw ~hmhpft ~wJwp frpwqwgft t 

<P'c(x, y, C)=O (5) 

t;wqwuwpnL{JJnLL[! t U.Juutfrunq, UfW{'I1Lf'frz.Lhpfr npn2JwL ~wJwp d-wnw

JI1LJ hL <: bmUJWL hp~nL <:wqwuwpnLJLhpf!• 

<t> (x, y, C)=O, } 
<t>~ (x, y, C)=O: 

(6) 

l.w~wnw~l!• h{Jh WJ'1 l;wqwuwpnLJLhpfrs C-L wpmwpuhtn.f_ umwLnLJ hLp 

Y=cp (x) ~wqwuwpnLJf!, npmh'l q; ( x )-1! '1fr!f>hphLshtfr !pnLL~sfrw t, 
f!uur npnLJ wJ'1 ~npfr qpw C =Fconst, WUfw y = cp (x)-1! u1wpnLppLfr 
<;Ill qwuw {' n LJL t 1 . 
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Cl' 

6r<: ·h 

~ -l)U!Sl0A=A 
~l.O 

'l) SOJ l0A=X 

4"f~uJu? ildJ4b W 4?Jm 'l4:,mln J J7uF7'lmdmJ7uf 4?m'lmpmp 4"""U 

8!:?: ·h 

11Ji1Jq'j 41nyb p1u?'lm JpmftJ 

-1uGqbbm 4p1u 'jmfd1uJ'lmf 1J l''"pJmZ t/rm7mJmnm"fm:. Jpmfd1ubmJm OA JpmfeJ1uLL~ 
1 

4Lut/r 4du'lmJ:, ,4J9'lf'1upJm~ 1u?Jq ~ l''uG?m'lnmp ?m'lmpmpm4r ii?Jm ?m'lmfrmp 

41174u<fJ ''l1uf?'Jm "'J ~ f'1upbm? utq:, 'lmfff1uLlnu 'lm?mJb 4iiG'lmum XQ iiLut/r 1B"'I_:.:_-.:· 

-mJ:, JJq 'f'luilln'lb fjFm 'lf'1UJmnmpm:, 4fbmut'l:, 4?Jm il'l'l'lutb nfmiJ. 'I' 1 u f 111) . ~ 

•(f'1U'j1Jm d'l'17 1fZm:, il'l'uFeJ1uJbmpt{ll 

,bo) mJp 'lmFff7uffJm:, AXQ 'l'l l''"f'lutb iiJ'Ifbmutq:, 47Jm ?n4 'f'11lut'l?m'lJb?n 4Jy;, 

-utm'l{bJuu7 ~ l''"f'lutb ilffu'lmJ:, Ju 'il'l'l'l'"b'li17 l''uJu utn(J •~mut 4J'I'l'l'"'7'lm IJmfiJ 

~1uil'ld J7JJmut 4Lut/r 4£1u'lmJ:, Jpmputm?'J 4'lub4Ju:. ,Jr.mFfflubmJm OA G4tfu'lmb'lfl 

'J'I fmf?myJm il'luJu •i174J,uJmln 4Jqfbmut'l:,, 4J17Jm 'jfm 1'1'lut'{, 1 f' 7 m 'l 4 J 0. 

•(8!:~ ·?'l} ('J'I'l'"7 Jqut'17 4?mLq iiJqfb L41nu Ju 4'lmil 'Lqut 'lm?moJt_m1 

-mJ?Jq 4Jqutq? tJ?mL'I qff 7u 1Fm) j 'l7'iJ,uJmln 4il4'lmut'lil 'lFY/ •j f1bm.'lmlJZ mn 
, ... 1'-• 

:,d=,lfz" 
•il'lm'lmutn? 'pulyJmp1ub pmb'lm um 

pmb'lm 'I 4n1u?mumil pu1qfJGmJyJmJ iiJq'jpmb'lm 4J'l'lf''UJmnmpm:, 1u7Jq 'l4lJ'I}t 

:ntqsd-=l 

•il'lnutb? 'lqp 'jmfd1uJmnmpm:, (q) J:u1qJbmLqut il'l1ufd1uurfm:,murJm nf71 

:l) SOJ d=x 

•il'lm'l9'l'"? p;ui/ln'lb bfm •ilhJuJ?Jf 

iiiJ'I'lm:, · G4'l4lmum 1J pu-"'JU!S .J'l4bJuJ7Jq 'pu-"'Jso:> il'l'17utmlnmpbmJ iiJ'I'll'mhiJm 

'i'J4lmum Jmpm:, 1ulqnilmutJm 'lJutqpmJmln "'J G4JqrJJnuJmnmJ:m:, (q) ·'I (e) 

(q) :o=D soJ K+n u!s x-

-1117 '4-"'J utnil pu1qG'jqJ?rj;1h ilp1uJmnmpm:, fmJ:Jut 

•'J 'lJutqpmJmln 'j-"'J Z 

(R) o=d-m 

•ll'lm'J'I'I 

4il4'lmut'l:J 'I' 1 u f 1 u ) 

'-In 4il4'lmur'lil 4J'I'JL4L111 

··'q 

t:t 

•('J'I'l•u7 Jqut'l7 47mbq iiJ9fbmfjmlJ~ Lu'Jurf 

l'll' 4il4'lmut'lil Ju 4'lmd 'L'Iut 'lm?mt/rm7mJ?J'I 4J'fut'l? 4?mb'l 'IB 7u 'I} ~ 74J,uJm/rr 

ilbf1u'h fmDmutn 4J'IJu7 Ju '~ bJmln G4J'I'J'l'"'fi'uutmbmu~? 'lm?m1:m7mJ?Jq 

:ilp1uJmnmpm~ 

<J+=.\ rm~ o=z"H-z•i: 

il'lm'lmutn? ''l-J pu1qni!murJm G4J'l'li''"Jmnmpm:, 1u7Jq nf'(/ 

•o=(J-X)(. 

•d'l'l l''"'lmutn '4-'J utnil pu1qG'jqJq1;:Jb ilp,uJmnmpm:, 4il4'lmut'j1} 'I' 1 u f 111) 

:ii74J,uJmln 4il4'lmur'lil 4Jqfbm'lmlJl 

Q=?~-zA+z(J-X) 

fmpnfm7 G4JutqpmJmln 'J 7'11' 1q'jut'(, ·~ ? m 'l 4 J 0 

:Lqur 

qmiJmpm7mJryJq 1JqmqiJ 11Jmbq pmiJ 71J,uJmln 'Jim ~ J''U1Jmn1v'lm:, 

•1qJ1nmiJJ11Un1U 71G1uGmJ7 ~ mZqpmJ:,'lm 'ilJury LuJmJm]rmd 'l1JqfJ 

-p1uJmnm]rm:, (9) ]ru1m1Jmmn ']run11nnF'fl •iliJ1uFe}1UIJJub1ub 1muFp Tf 

41J'IJ' pmiJ •Lqm 'lmiJmpm7mJryJq 1JqmqiJ 11Jmbq 1ii11Jmm1Jil 1JqJuiJ ( t) 
l'~miJ •71J,uJmln pmiJ '!'I p1uZuJu ilJqiJJ''UJmnm]rm:, {9) 'nqlnnFm ]rq 

''!1J'I'll''uJmnm]rm:, ( 9) 'l'l p1uJmJm]rm'J 

ilJq'lmm'l11JJuuiJ 1JqmqiJ 11Jmbq Ju 'ii'!1GqG1uGmlnm if'l'll' ]ru'lmJn 

fJm'l 11J1U 1Lqm 
A x 

o=. <t> 'o=.<P 

J 
1iJIJ1Ufe}1uJmnm]rm:, o=,ct> 

Jmpm:, G'!mJ'l •Jmdm7Jmq:, 'ilJq'!IJ'Uifl1uJmnm]rm:, 

11J111 1Lqm Jmpm:, 1JqmqiJ fmGmiJIJmG Ju 1'!mif 

, -" +JPft. -t JPx 0-,<t> -rlp ,<P '(P ,<P 

:if'!m'lmmniJ '1-J mnil ]ru1qGIJqJqcf;1h iliJ1uFfi'u'lF'u'l nF11 

:o=(J '(J)TI '(Jh)<P 

'IJ1ufeJ1uiJF'u'! dpmpmmiJ'! 1-J if'lm'!mmniJ mlnm '~I/1' 

'JmpJmnm]rm:, ( l) ifiJqJhmLqm iJJ'I'l'!'uFfl1umFm:,mmJm Vim qfiq 

( .L) , :(J)Tl=A. '(Jh=x 

,]ruGul1Jf 1JmqpmJmln J LuiJUlJ' lqp IJmpJmnm]rm:, 

( l) 1qmfm:,mmJm ~ 17qJmry i1Jq'lmm'!111tluu1J 1JqmqiJ 11Jmbq 'ifuJq 

:iliJmpJmnm]rm:, (9) 'l'l p1uJmJm]rmd nqln'lf'u'l ilJq'lmm'l1vJull~ 
4JqmqiJ Mm mlnm 'O=~<P '0= ~<P LqmJu '1JqmqiJ IJfm ,1JiiiJ1nfm 
'-1 p1uJmnm]rm:, 1Lqm 'lmiJmpm7mJryJq 1JqmqiJ 11Jmbq 'lm1GIJIJ1lltf 

(x)d:>=A ~TJJu Jmpm:, 1"1'!mm'lil (l) 'lf}Q 'l IJ1uTfi,uLum1<(_, 



Ill' 

:iJJ'I'lf"U{'1U1 1u?J'1 Lu'I.mnJnmmmb; 

~mpm~ G'I.mJ'I. .'fJII'I.nJ 'I iJJ'I'I.II'IpJm Ju]tmJm'l~ 1u?J'1 t/-'J i/'1.'1 f1U'Jmurn B4L'furnfm 

'Q=[ ~ -('J-X) }:<'J-X) 

£ 
Q=c('J-X) ---t~-X) 

0 

pm? 

•il'lm'lmurn? 'lqp 'JmpJmnm]tm~ 4114'1.mur'I.i1 

]tu1'1JhmL'Iur i1'11uffl1uurfm~murJm ~('J-X) '== ']·-,\ ziJJur'fpmJmln 'J il'l'l"llmurJ,. 

GqptuJmnm]tm~ 4114'1.mur'Ji1 (or) 'I Gt/'1.1uftJ1uJmnm]tm~ (H) {'m]t6murn ppfYJ 

(II) .:o=t<J-x)-'J-f.. 

pm? 

8 
o=t< 'J-x)~::-+< 'J-f..)c;-

c, ' 

·il'l'l'l 

•uri1h? '4-'J urniJ ]tu1'1G'l'IJ'1t/;t/h iJJ'Inmp 1u?J'1 'lmffi1uJmnm]tm~ (or) 'I' 1 • {' 1 u) 

ziJL7ur 'lm?m,Pm1mJ?J'I qJ'Iur'l? 4?mb'l 'I i114JtuJmln t/1141jmllrlji1 

<or) 

xo lLuJpm '1.'1 p1u'I.Gl iJJ'Iur'l? 

iJJu? J1un'1,mllmJtuf 4il't/'1.mur'li1 

19?: 'h 

f: 
O=t('J-X) --t('J-A) 

0 

1'1'1.ur-b '9 ? m 'l t/ J 0 
ziJIIG'lmum 

t/?mb9 nt/1'1]tnJu,Pu,P urm~h'I.iJ'I.m 'I.Jur'lpmJmln 'J 
•ur'l? t/?mb'l t/'l"' mJp 411Bfjmum XQ 

1mf]tur ']tunqlnnfm ·o=f. ':J=X ,i1J'I'lurm'lt/bJuu? 

t/ur'l? t/?mb'l ll'l'l'lurh? 'i1J'I'lf1uJmnm]tm~ 

ii'IJ'I IIJunJm'I. ]tu1'f{'1u1 L'lurmpm7 

'L~m 'lm~m~m1mtl~Jq ll\uqU1Q~ t;~mn~-
x-. 1 ,, 'a! • • 

:o=t!..f:=.<,.::J 

~o=('J-x)c,-=x.d 

.. mJ?J'I "qJ'I"''I? 

fi 

'q?mlt'l LuGmn4b'lm~ 

I •\'· 

;;'l'l 
p1u'I.urh 't/-f. urniJ 'I t/-X urniJ ]tul'IG'lqJ'I'I 

-4-1., zp1ullln'lb t/ll'lpJm {'mnil4t/; t/·'J ,i1J'flll 

'1? t/?mb'l qJu? o=d'J-X) -Ef. lf'I.'I'lurll 

•iluJof 1 ( r9?: ·?'J) ~ L7ur 'lm?m.fm'l 

J'lur'l? t/fdmh qu9n 'l4lmum i1i1Gfjmum XQ 

:o=£ 

•il'lm'lmurn? ''1.-'J ]tu1'1nllmurJm GqJ'I'lf1UJmnm]tm~ 1u?Jq 

:o=('J-X)('; 

•4Jur9pmJmln 'J urniJ il'l'IG'I.'IJ'If:t/b i1p1uJmnm]tm~ 4ilt/'lmur'li1 {'m]tJs 'I' 1 u {' 1 u) 

. ~ 

tt 

ziJltjJtuJmln qllqq 

•mur'JiJ qJ'1'11uJmJm/n bJmqmJunjmnt/? Q=dJ-X) -E,.{ 1'f'JIIr-b '!: ? m IJ t/ J 0 

09;; ·?'! 

:r: 

/i 

•Jmpm~ t/?Jm {'m]t?mvJm Jl'mfd1ubmJm 'I.m?m'lJb?n Ofi {'m]tJur itJdu'lmJ~ 

1mf]tur ~7 'q7'1'l"'""'~ 1119? t/1' 7u Lu]t'I.urh nJ1uh Bt/J'I'l'I."'I'~mn mJ'l Ju t/'lmll •1 u J"' J m ~ 
~ m T1J1 u II '1. m ur ]t 'l tr1 ~ f'1Up1u? 'JfYJ •? '1,7qJ•uJmln t/llt/'lmur'I.il qJ'I{'bntUI'f~ i11uJmJmlif. 

lit 
eXli--=A 

l 

'n'llnnfm ]tq •(t/'l•u7 J'lur'l? t/?mb'l i17uJmJmln (8} Ju t/'Jmll} ~7 
'L'Iur '1.m?m.,m1mJ?J'1 t/J'Iur'l? t/?mb'l 'I.fYJ tur'l~ 'qiiG'lmum AQ ? f1U'J?'Iilpm~ i111B'lmum 

qJu '? Jf1UJ'!'nm]tm~ qluJmJmln t/nt/ln'lfm LuG'I'J1U fimbmb f'1Uur,'l? (~ '0) "'fl 
l , 

{6) 

lit 
:;;Xli--=A 

l 

·II'I.m'Jmurn~ 'q-}j ]tu17nllmurJm GqJ'f'll''uJmnm]tm~ 7 6} ' 7r/j 

:o=,x}je(;-X 

---

•rl'lm'lmurn? 't/-}j urniJ ]tu1'1G'l'IJ'I</;t/b iJJ'Inml' 1u?J'1 'l"'I'Jmnm]tm:, ( 8) 
•i11'1uJmnm]tm~ 41t/JtuJmln 411t/'lmur'li1 hfm qJ'I'lluJmJmln 11'1'1'1"''1> 

' , ( 09?: ·?'J) 
'1'1 J'f{'bmur'l:, ifJ'I.?Jm {'m]t?mvJm Jf'mTfitubmJm 'lm?m'IJb?n OA {'m]tJur 'I · ?mur 

"qJ'I'l'l1uf?'lm 'X:l JqJJmut il'luJu ''1'1 J'l'lf''UJmnm]tm~ t/llt/'lmurlji1 'lm?mJut'ff'"'Jmlnm-:jl' 

',jJ'1'11uJmJmln qnt/ln'I.fm iJJ'I'l/''UJmnm]tm~ (8} •JmJm'l".n'17 'J'I{'bmmq:, J'IJJn11n il'lm'l 

~murn? Jml'm~ t/J'I'lllqpJm J7Jtl_mur 4-}j z1uJmJmln {'m]tLLtu 'IIIJ'l'l ]tuJ'{L1ufy Lu'IG'lm 

]tuur'l?m'IJb?n qJ'I'lurm'lt/hJuu? 'I ]tuiiGIJmum {'",fbmLL1u ~ p1uZuJu ~l''uJmnm]tm~ n1f1 

(g) :(t>!+t }eXli-X}j=A 

OA('; 
·ll'lm'lmutn? •iJJ'I'lf'1u?m'lmZ'l ll=-r. _ '}j =Xl1il ]tu17Jmmm? 'nqlnmlJ'{]t 'puiln'l"' 

2 

D,SOJ2A(; 

t xJ3 
D 2l x=.( 

•lf'lm'lmurn? i11'1uJmnm]tm~ 'q{'bmut'l~ ''l·l ]tu1'1nllmutJYJ •(il?m'J"'I'"'P l ~ 
'JJUT'ff'mJmJn) ? 'Jf'1UJmnmpm~ 'Jm?mJUI'ff'mJm/n t/{'llmur'f~ m fl tpUJ'I'Jf'1uJmnmpm~ 



nwurfr ( 11} ~w.[wuwpntJ/'9 'I"'LntJ htp. 

Y- x- (x -x)a = o 
~wJ 

y= x: 

11p~f'"f''1 tnuJntJ. 

C:o~ x- ~ 
3 

tt . 263 

:J f 2. Unw!f!b ~wpqfl qlt~liplibgltmt hwl{wuwpuwb liqwftlt tnLbnufblipf! 

F( x, y, ~~)=0 (l) 

'1fr!pbpbflsfrwl t;wqwuwpnLJfl nLfl/r 

¢(J\, y, C}=O (2) 
~f., '1t; wflnLp frlim bq.pw ll! t 

bflfhu'fpbli.p 1 np (2) t;wqwuwpJwfll! t;wJwtqwmwufuwflnq /rflmbqpw~ 

lwJfrfl ftnpbpfr [!flmwlifr.pfl nLlifr U[Uif'"Lf'Pl ' lll1(w9nL9hfl.p 1 np UJJ'f UfwpnL~ 

pfr;.fl tL (1) 'lfr!f>bpblisfr.wl -:wqwuwpJwfl fr'fimbq.pw[wJfrli ftnpL tt 

Ppn.p 1 pf' J"Lf'UI.pwfllJnLf' qbmnLJ U[Uif'nLf'Plf! znzwlfnLJ t [!bmwfJp.pp 

npiJ.t qnppfl 1 UIJupfl.pfl' flpw t;bm nLfJp f!L'f t;wfJnLf' znzwlfntzt l.bmiJ.wpwp 1 

J"Lf'w.pwliunLp l!f.,'lt;wflnLp ftbmnLJ U(Uif'"Lf'Pll! b. l!flmwLfr.pfr ftnpfl nLLhfl 

X, y 1 y' JbJnLPJnLliLhpfr Jfrb.flnLJfl wpJh.pLbp[!t PwJ9 [!hmwflfr.pfrL U[Uim~ 

~wflnq ftnpfr t;wJwp X1 Y1 y' fJqbpf! pwqwpwpnLJ bL (1 ) t;wqwuwpJwfl[!t 

l.bmb.wpwp 1 UIJ'f flnLJfl -:wqwuwpJwfll! pwqwpwpnLJ bfl ii[wpnLpfrlfr 

I"Lf'wpwflunLf' ftbmfr wpusfrul! 1 op'ffrflwml! b. wliftJnLhwJfrL qnpJwftfrsl!: 

flwJ9 uw tL LzwflUif[nLJ t, np U[Uif'"Lf'Pll! frLmbqpw[wJfrL ftnp L fruft 

ft_pw -:wqwuwpnLJf! mqJwl 'lfr!f>bpbLsfrwl -:wqwuwpJwL lnLJntJ t1 
/JwLfr np 1 l!L'It;wLpwU[bu wuwJ- 1 U(Uif'"Lf'Pll! frLmbq.pw[UIJfrL ftnp 

zJ, WU(UI Lpw -:wqwuwpnLJf! lfr ftwpnq umwsqh[ (2) f!L'I t;wLnLp frL~ 

mbq.pwtfrs' C-fr n;. Jfr JwuLwqnp wpJh.pfr 'lbUf.pnLJt '1-fr!pbpbLsfrwl -:w-

1/_wuwpJwfl WJL tnLJnLJf!, "1'1! C-fr n;. Jfr wpJb.pfr 'lhU[.pRLJ t;Lwpwqnp 

zJ umwLwl f!fJIJ t;wflnLp frLmbqpwlfr9 b. npfr q.pw!pfrftl! f!L'I t;wLnLp tnuMwL 

Jbp_ JmLnq frLmbqpw[UIJfrL ftnpbpfr l!Lu7wLfr.pfr U[Uif'nLpfr;.L L ftn;.qnLJ t 
?fr!f>bphtsfrwl -:wqwuwpJ~L hqw~p tnu~nuf: 

'1-frsnt.p ~wJmflfr t 
4>(x, y,C)=O 

fL'l t; wf..ntp /r flm b q.pw Ll!. w JU t: UJ q w uwpnLJ fr 9 b. ¢' c( X, y , C )=0 t; wq w

. 'uwpnLJfrs wpmw.pubtnq C-L 1 ftumwLwL.p •?(X, y)=0 t;wqwuwpnLJ[!t 

) Ph UIJU !pnLflftsfrwfl pwqwpwpnLJ t 'lfr!f>bpbLsfrwl -:wqwuwpJwLf! (b. 

_zlr U[wmftwLnLJ ( 2) [!LmwLf.pfrL)~ UJU(UJ WJU tL t;b ts hqw~p pl;mhqrmtli 
t• 

.· 'bzbtp , np bqwftfr tnuJnLJ U[wmftbpnq ftnpfr J"Lf'w.pwLunLp ftbmnq 

· ?~LsflnLJ bL wnLqwqL bpftnL frLmbqpwlwJfrli ftnp·hp 1 UIJufrL.pfJ' h<t_w~p 
l n L J J w 11 J n L I' w .p w fl l J n L I' ft b m n L J l n L ,} J UJ 11 · J fr w ft n L

-,PJnLflf! fuwfumqnLJ t1 
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't4111mhfl[!, np IIIJfJ 4hm(!, npmh'l fu111fum1_nLJ { '1P!f>hphflgp111£ ~1114_111-. 

u111pJ111fJ lnutJ111fJ Jfow4nLfJJnLflf!, IIIJupflj!fJ' IIIJfl 4hmf! 1 npnq 111figfJnLJ 

hfJ lllnfJ1_wq_fJ hp4nL pflmhqp111£111Jpfl 4nphp, 4nl1_nLJ { bqw~~ ~bm*: 

ll.JUUfpunq, hq1114p l"LJnLJf! p111tz41119111,) { hq_1114p 4hmhppgt 

(uu/_wuwpJwL h'lw~fr lntt)mJl!' 

{ n l J n l J, 'hnLhLI! ' w.[_wuwpJwL [!L'l'wLmp frLmhqpwll!' {ntt)hLI! 'w.[_wuwpntJ[! 

y'-fr L~111mJwJp. 

dy / Rl- a --+-~ y 
dx- y 

±1/R•-y 2 

ydy 
dx: 

U.Jumluzlro, frLmhqphtn./_, qmLmJ hL[! I!L'l'wLmp frLmhqpww. 

lhzm t mhuLht, np frLmbqpwlwJfrL qJbpfr (!LmwLfrf!l! wpuofruLhpfr wnwLol!fr ./_pw l!h 

~ .. ~ ~hLmpnLLhpn.[_ znwLwqJhpfr I!LmwLfrl! t• 4nphpfr (!Lmw!Jfrl!fr UfWpntpfrl ~tfrLfr 

y=.± R nuzlr'l!Jhpfr 'ln<J'il!' y = ± R !f>mLbfrw!Jhp(! pw.[_wpwpn<J hL (*) 'lfr!f>hphL .. 

gfr"'L 'wJ/_wuwpJwL(!t l.hmlt.wpwp '1'" h'ltu~fr frLmhqpwl {• 

§ t 3. llthpnJ(l hwl[wuwpnuiJ! 

y=xdy +~(dy): 
dx dx 

( 1) 

ll.Jfl pflmbqp1_nd' (' oJwfJ'1w4 Uflllf'IIIJhmp JmJhlnL oqflnLfJJwJpt lJ.Jfl (', 

pfl'1trtflbfJ[! dy =P· liiJ'1 '1hUf[!"LJ (1) ~wqwuwpmJI! 4l!fl'1nLflp 
dx . 

Y=xP+HP) (1') 

• {n<JJwL qnJn<fJJw!J mfrpmJfJfr hqpwJJ.II ~hmhp(! ""'JIIUJhu wL./_wLn,J hL bqw~~: 
SppmJfJP '"JIIufpup Lhpl!f.L ~hm[!, npn.[_ wLoLmJ { 'lf.!f>hphLof.wl 'w.[_wuwpJwL Jpw~ 

~Lmhqf''"l'"JPL ~np[! 1 ~nl.[_mJ { untJ.nrw~w&. ~bm: 
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t/,hp1pfJ ~wq111uwpJ111fJ P"L"f' ~fJ'1111JfJbpf! 'IP!f>hphfJghfJI! f!"m x-p, 

dy 
114111mp nLflhfJ111lnq, np P=- X-p !pnLfl4gp111 {. 

dx 

p=x?E + p + f(p)dp 
dx dx 

[x+f(p)Jdp-=0: 
dx 

p111q_J IIIII[ III m·4·P<l ..t;,lll q 11111 lll[f>hg.fl h l""-

dp=O 
dx 

x+f(p)=O: 

(2) 

(3) 

1) Pflmhqph[nq (2) ~1111_111UIII[ItrLfJJnLflf!, um111flnLJ hflj! p=C 
(C=const)• p-p IIIJu 111pJhn mh'llll'lf'hll""- (1') ~~~~q111u111pJ111fJ Jh.1, 
qqmflhflj! flp111 l!fJ'I~IIIfinLp pflmhqp111Lf!' 

y=xC+9(C), (4) 

"PI! hp4f'llll111tfr1114111fJ mhuw4hmpg flhp4111JWOfinLJ { nL'lP'l qJhpp (!fi-

Lnlll fJ "" t 
2) UfJb (3) ~111"-IIIUIII[ItrLJpg qmfJhfJj! p-fJ trpU[hU X-p !pmfl4gpw 

b. IIIJfl mhtz111'1f'hflj! (1') ~1114_111u111pJ111fJ Jhr_, 11111[111 4um111fJ111fJ[! 

y=xp(x)+~J~Ip(x)] (1") 

!ptrLfl4gp111fJ, "PI!• pfllUfhu ~hzm { 9"LJ9 Lnlll£ 1 (1) ~1114_wu111pJ111fJ lnL-
,},LJfJ { t 

Ppnj!, (!ULn (3) ~wqwuwpnLfJJIIIfJ qmflnLJ bflj!• 

dy =P+[x + f(p))dp' "'J"PiiJ!il' dy =p: 
dx dx dx 

flwmp, (1") !pnLfl4gpwfJ mhtzw'lf'hlnq (1) ~wqwuwpJwfJ Jh1, umwfJmJ 

£'h,JI 

''lintj'btrLp J" Lfif! 1 

( 1") [trLJnLJ (! lP umwg1_nLJ ( 4) l!fJ'I~lllflnLp pflmhqpw[pg C-p b. 

"l Jft wp·J~p '1h·ur/!nLJt lJ.Ju h rz w 4 p l ·" L J n L J !{. umwg1_nLJ { 

y=xp+IJI(p), } 
x+f(p )=0 
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{ull/_wuwpnLJ'iibpfrg p-h wpm.UI\publnt[_, 'twJ rrp Jfr'iinLJbb ,J;, 

y=xC+Y(C), 

x+fc(C)=O 

~wt[_wuwprrLJ'iibpfrg C-'ii wpmwpuhtrrt/_t 

t[_wuwp.Jw'iJ b'lw~fr l"u)nLil[! 

l.bm.kwpwp, '-1 t b f' rr 1 Jr t; w

rrpnzrrLJ 1; (4) l!'iJ'1t;w

"' L"[PI'l. ,'iJ h fT' ·P l! 'iJ m w .'iJ PJ/! fr f, n L f' fr 'iJ m .b q. p w L rr t[_ ,m p t/_ .UJ' ~ 

~ w p n lJ' fr :1.1!' ' 

. aC 
y=xC+ fi+C2 

b '1. w 4 ./r tn",!n<jf! umwLwtnt .;wJwp 4_bnJrL 'wr[wuwpn<Jf! 'l~~bphLs·hLi eum C-j., , 
0: 

b'l.wd1/r tntJntJ{! ( U(W{'ntpJ.l/r .;wr[_wuwpntJ) 

umwsr/_ntJ t UfW{'WJbmpw4w!J tnbupnr/_ 

(nptnbq U(wpwJbmp t C-L). 

f X=-(1+~3)3/; 

t y=(1:~2)3f 2: 
Upmwpuhtnr/_ C U(WpwJbtnp[!, 4wpnq hLp 

umwLwL X·/r It y-/r wLJfr!w4wL 4wfunt• 

Je: 8ntpwpwLlJ"'f' .;wr[_wuwpJwL hp4nt 

t~. 264 2 
Jwue pwptlpwsllhtnr/. - wumjrSwL 4 w!JqwJ 

3 
wn wLIJwJ 'lntJwphtnr/_ umwsr/_wJ -<wr/_wuwpntJLbp[!1 4qmLbLp b'l.w4/r tntJntJ{! -<b~ltJWL 
mbupnr/_. 

x2i3+y 2/J = a2i3 

lJw wum.p.nfr'l< t• Pw19 eLmwLfrpfr UfwpntpfrtL (-<bmltw•pwp, Lwlt bqwllfr tn<JntJ) t "l [db wJ• 

JM'Lt wumpnfr.'l<l!• WJ£ JfrwJ.L Lpw A.wfu 4·hu(! ( iwLJr np U(W{'ntpfrl.fr U(WpWJbmpw4wL 'wr[w

uwpntJLhpfrs hp/tn,J L np x:::;;;O) (L4. 264)• 
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§ t 4. lwqpwbd~ hwt{wuwpnufl! 

Lwqrwl'.dp fiuul.wuwrnul ~nzqnul ~ 

y=xcp(y')+'f(y ' ) (1) 
. ' dy 
mhupfr ->wt[_wuwprrLJf!, rrpmhq q;-'iJ k ~-'iJ - · -fr t;wJm'iifr !pm'iiftgfrw'iihp h'iit 

dx 
lJ.JU t;wt/_wuwpnLJ[! y-p ft. X-p bqwmJwJp Cf~WJpb tt bwfunplf U[UI

f'Uilff'W!pnLJ .p'iJ'iJwpftt/_wb '-lthf'"JP ->wt[_wuwprrLJ[! {wq.pw'ilclfr t;wt[_wuwpJw& 

Jwu'iiwt[_np IJhU[.pb t, hpp qJ (y')=y'• {wq.pw'iiclfr ->wt[_wuwpJw'iJ fr'iimh

q;rnLJf! ftwmwpt[_nul t p ocfw'iJIJwft U[WpwJhmp Jms'iihtnL oq.bnLfJJwJpt 

f:'iJIJnL'iihb.p y'=p. WJU IJhU[.pnLJ uft'lp'iiwftw'ii t;wt[_wuwpnLJf! ftq.pt[_fr 

->hmkJWL mhu.pnt[_. 

Y=X<f(P)+~(p): 

?fr!php~'iishtnt/_ f!UU1 x-fr, ftumw'iiw'iJ.p. 

p=cp(p)-1 [x\f'(p) + f(p) ]dp 
dx 

p-'f(P )=[ X<f' (p )+•f'<p) l<:i_E, 
dx 

(1') 

( 1") 

U.Ju ->wt[_wuwpnLJfrg ftwphtfr t Jfrw'iiq.wJfrg q.m'iibt Jfr .pw'iifr tnLbnLJ

'iihp. WJb IJwnbnLJ t bnLJbnLfJJnLb p0-cp (po)=O U[WJJw'iifr'iJ pwt[_wpw

f'"'l gw'iiftwgwb p=po t;wumwmnLb wpcfh.pfr IJhU[.pnLJt />pn.p, p-·/r t;.wu-

UJWUinLb wpcfb.pfr t;wJwp · dp=O, k (1") t;wt[_wuwpJw'iJ bpftnL Jwuhp~ 
dx 

'lwnbnLJ h'iJ 'lf'"' 

!Jmpwpw.bJ.J"Lf' p=po, WJufr'ii.p'iJ' dy=po wpcfh.pfr'ii t;wJwU[wmwu-
dx 

- dy 
. fuw'iinq £nLbnLJ[! x-fr q.bwJfr'ii !pnL'iiftgfrw t ( .pw'iifr np - wbwbgJWL(! 

dx 
->wumwmnLb t JfrwJ'ii q.~wJfr'ii !pnL'iiftgfrw'iihpfr t;wJwp )• IJ.Ju !pnL'iiftgpwfJ 

lf.UibbtnL ->wJwp pwt[_wftw'iJ t (1 1
) ->wt[_wuwpJw'iJ Jhf mhqwiJph£ p=pn 

111pcfhp[!· 

Y = xq;(po) +'((Po): 
bJlb UfWP'lt/_nLJ t, np ftwJwJwftwfJ ->wumwmnL'iifr "1. Jfr wpcfh.pfr 1JhU[.pnLJ 

WJ'f £nLhnLJf! 1./r umwgt/_nLJ f!'iJIJt;UibnLf'f9 1 WU[W WJb ft£pbp b'lwftp £nL
f}nLJt 

U.1cfJ q.m'iih'ii.p [! 'iJ IJ-" w 'iJ n L(l l n L ~ n L J I!' ?p~ t;wJwp (1"} 

-" wt[_ wuwp nLJ l! 'If' h'iip 
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dx 1f'(p) --x---
dp p-<p(p) 

UJbU[lnl/. L. X·f! 'lfU1Wf1~bt[l npUfbu p-p !fmLL~qpw: UJu 'lbUf[l"LJ UU1WQ-

4_wd- -'>wif_wuwpnull! ~£pLp p-p X !f>ntL~qpwJp L~wU1JwJp. qd-wJpL 'lP

!phpbLqpw£ -'>wif_wuwpnLJt 

{ntd-b[nif_ WJL, ~qU1Lbt[l• 

x=oo(p, C): (2) 
(1 1) !J. (2) -'>wif_wuwpntJflbppQ Wf1U1W[lUb£nif_ p UfWf1LUJbU1(1f! 1 ~UU1W

f.rwf.J[l (1) -'>wif_wuwpJwL f!L'l-)wLntp pLU1hqpwlf! -'>hU1L.Jwl U1hu[lnif_ 

<l'(x , y, C)=O: ' 
0 p /r !J w ~~ Spqwtt ( -:hu.ILJWL -:wqwuwpntJ(!. 

y=xy'2+y '2: 

?fr~hph!Jshtn.f. f!""' x-fr, ~uurw!Jw!Jp 

(1) 

( l') 

dp 
P= P2+[2xp+2p]-: (l") 

dx 
'1-ur!Jh!Jp h q w ~ fr l n 1. .t n 1. J !J ·h p f!' .Uw!Jfr np p=p2, hp·p Po=O ft. p1 = 1, w"'w 

lnuhrtJ!Jbpf! ~tfr!Jh!J { urhu (1 1)} 

qttw1fr!J ~nt!J~sfrw!Jhpf!• 

y=x • 02 +0\ "'Juf>'il.c'il' y=O 
L. y=x+ 1 

0.1'1 ~n<!J~sfr·w!Jirpf! ~llfr!Jh"!J wprlJnl! Jw.u!Jwqnp ~wJ hqw~fr lnu)nuJ!J,hp, Jh!Jp ~urhu
!Jh!Jp f!!J'l-:w!Jntp fr!Jurhqpw£1! qur!Jhtn<s -:burn: U.1!J npnlhtn< -:wJwp (1 11

) -:wqwuwp11<J(! 

'II'""' 
dx 2 2 
--x--==-
dp 1-p 1-p 

~~tlrupnq 1. X•(! 'l~urwpt~h!Jp np"/h'u p w!J~wfu lfrnlfrrrfuw~w!J} !pnt!J· ~9P"" II!Jurhqph • 

tn.f. uurwgqwJ qJwlfr!J (x-fr !J~wurJwrlp} >;wqwuwpntJf!, qur!JntJ h!Jp. 

cz 
X=-1 + I • (II) 

(p-1 )2 
p-!J wpurwpuhtn.f. (I) ft. (II) -:wqwuwpntJ!Jhpfrs, ~uurw!Jw!Jp f! !J '1-: w !J n 1 p 

ft !J ur h 'll' w L f!· 

SpqwJ -:wqwuwpJw!J h 'I_ w ~ /r /r fr ur h q {' w L f! ~tfr!Jfr 

y=O, 

pwfrft np WJ.U tnulntJ(! lP uurws.f.mJ f!fr'l-:wfrmpfrs' C-/r nl J} wpdhpfr 'lh"'l!ntJr 

y=x+t !pnt!J~sfrw!J tL nl ph hqw~fr, WJL Jwu!Jwqnp tntJntJ (. WJ!J umws.f.mJ t 
f!!J'l-:w!Jn<p Ln,JntJfrs 1 hpp C=O: 
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§ 1 5. Oppnqnbwt ll ~qnqnbwt hbmwqblip 

IJ.pqnL{l nLLhL[l Jpw·UfWpwJbU11' '~npbpp 

<P(x, y, C)=O 
f!LU1wL.fll' 

(1) 

UJL qd-bpf!, npnL[l U1pt/_wd- (1) f!LU1wLp[lp P"l"f1 ~npbpf! -'>wU1ntJ bb 

<wuU1WU1ntL wL~JwL U1w~, ~nlif_ntJ hf.J ~qnqnliwt lihmwq~hr: bpb UIJ'l 

mL~JntLL nuzprz t, WUfW -'>hU1wqd-hpf! ~nl_if_ntJ bf.J orpnqnliwt 6hm~~hr: 
0 (1 {J n 'I n L w l -'> h U1 w 'I J- h p : CJ.U1LbL[l opfJnqnf.Jwl -'>hU1wqd-hpp 

<,wl[_wuwpnulf!: UpU1W[lUb£nl[_ C UfWpwJbU1(1f! 

<P(x, y, C)=O 

a<t> +~ dy=O 
ax dy dx 

<wif_wuwpnuiLbppq, qU1Lbf.J[l U1VUI£ ~npbpp f!LU1wLpflp 'lP!f>bpbLqpwl 

<wif_wuwpntJf!: 

IJ.pqnt[l WJ'l 'lP$bpbLqpw£ -'>wt/_wuwpmJfJ t 

(1') 

V.JUU1bq dy -I! M (x, y) ~bU1nLJ f!LU1wLp[lp ~npp znzwt/rnqp wL~JnLLw
dx 

J.JrL ~epn·pJ-w~pqL 1t: .PwLp np M (x, y) ~,bU1nif_ wLsLrrrz op.fJnqni'ilwl -'>hU1w .. 

' '1-fd-1! ntqqw-'>UIJWQ t f!LU1wLpflp ~nppL' WUfW &pw znzwt/rnrzp dyr wL
dx 

(2) 

wnLl_ntfJJwJp (L~. 265 ): 
UJu 'wpU1w-'>wJU1ntfJJnLLf! U1hrzw'lph£nif_ (1') -'>wif_wuwpJwf.J Jhp_ L. pwq 

PnrzLbLnif_ T pL'lblluf!, ~uU1wf.Jwf.J[l ~wJwJw~wf.J (x, y) ~bU1p ~nnp'fpLwU1-
libpp L. WJ'l ~bU1ntJ op{JnqnLwl -'>hU1wqd-p wL~JnLLtuJpL qnpd-w~qp Jpp_L. 

hqwJ- wnLl_nt{JJnLLf!, WJupL[lL' o p fJ n 'In L w l -'> b U1 w 'I J- b p p 

If p !/> h (1 h L 9 p w l -'> w if_ w u w p n L J /!• .. t y,- ~~~ )~= (3) 
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!:S 

•{t,9g •'Jil} ili1'1'lmur'li/ 1Jqfjnln11~ ZuJu 11' puJq'llfG'lmumn11J J'!} :)=q 

':::>: = e 'l'l'l177 Jqfbmurq:-1m'lubuf!1Jo 1r1'1'lmur'li/ 1Jq'l1urlmJmln fmpJur 'Jmrlm'l"''ll 

:t:::>=~+_! ;h eX 

·~ fj1mJbqur'l1 J,u'lm:tb'li/ mJ'I. 

. G ·-xpx-=.\p,{ rmiJ 
X ,,(,{ 

z 
•ilp1uJmnmpm:; 1m1G'l'IJ'I</;1il · ·: 

f. 
1r1'1'Jm1IIfjil 1J'Ifbmurq:, 1m'lubufiJo il''lm'lmurn/1 'pu---pu1'1'l1Jmnju'f i/-J• Lqurnfyt . 

. I 
X ,{ 

·z---:1 
•il''lm'lmurn/1 ''l-:::> pu1qnlfmurJyt 

:x:::>z=,.{ 
i1p1uJmnmpm:, 1m1G'l'IJ'I</;1b 11f1'lmur'li/ ll'l'IJ'b 'I' 1 u f 1 u ~ 

,iJJqfbmurq:, 1m'lubuf!1Jo 1111'lmur'li/ 1Jqfj1udmJmlr. 

~Y::)=A 
1'1'l"''b 'l IJ m 'l 1 J 0 

IUU'lfb 

-mp1u 1mlmb bfm p1ulmllmf 'I'I U9fbmmq:, 1m'l,ubufiJo 1d1qmwqil 1J'Ifb 

1 mifFi'J'I U1 u ln•if]r'r'fl• p1uil>lnqb; 1 mlmb qm'r m n 1'Jhm !' !' m? 'Jm?mJ m'r'119 

'IJ'IImqubufiJo vJmbmnJuJ/1 i/Jqfb 1dnu:, 1f ilJ'Ifb 1m1Gqqmuln 

-if}l7~ Ju ;} J11U1fL11'1j 1~ B1LqmnFYI ''iiJmlq mnil ~ J1bm?m:, 1f qmFfiluf 

-qp mnil ~ yJmbm?m:, q1G?mfJub q1Fmq1uF?qm lJLuJjlmlul 1fh 1ilnu!-

ilG1'rmfUub q1Fmf1,1uf?qm 1Lulj1mlul' 'ifb 1m1BIJ'1LIIulnif}l7~ 'pun11nnf11 

(L) 

A(}_ 
_np xp 
X(?-= Ap 

np 

xp A£.1 xp 
·o---+ -Ap np . np 

G1L'Imull 

•pu1qGqqJ'Ir/i1b 1-x wnil IJIJ'ulfi1u7qum (g) 
d'qmqmmn? ilB17mfJub q1Fmq1uf'rqm 1Lulj1mlul 1fb 1m1BIJ'IU1uln1f7~ 

(9) 

xp 

(A 'x)np =<h~l 
A(} 

(A 'X)np 

•ilD17mfJub 'J'if 
•mq1uf?qm 1fb 1ilnu:, il'l,'l J''UIJLIID G1Lqwnlm 

A(} X(} 
•<hu!siAI (A 'x)n£.1 ·~SO) IAI-(A 'x)np 

mup qmJ'1:, qmFf!i,u7qum ( t) J11uillnqb 

niY/'LII'fj 1ilGqmum XQ ~ IJIJ1uFJrqm fmJ'bmJr 
1JuwJrqp qmFfi1U-bmJm A q-dl ;huG¥-& 

1( 996 ''r'J) IJ'I fi,U'Ifbmwq:, 1m 'I, 
•ubuf!iJo 1il1qmw'l,il 1J'lf-b 1m1Gqqwuln'if?~ 

" 99?: "h 

~ ~ 

~----1 ~----~ I 

r;pr·.t G'l,'lj ilJq~b 1ilnu:, Ju 'il'l,mLII Gfw[j IUU9f-bmw'l:, 'lllqwq? LuppJmZ 

'I 'I n11mm 1f J'lfb 1ilnu:, '1,'1 J11Up7u7 'mq:, qmfel,uLLw 1Juwhr (A 'X) A 

IJ'I J11U'J?'Jilpm:, ilJ'I'I,LuJ/lmlul J'1UU'IL11'17 Ju1ud GquJu •i!Jqf-b qfYI 

-mpm:, ,'l,dq1nfm) Jq~b lmrfG'Jqmulnrf}tq~ IJ'I 
'(J'lfb 11m1GIJ'/LIIUin Jmn 

J11U f7 u 7 il J 'lfD 1il 1 'I m m 'I iJ 
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:~d!J'lJ'lUdmnm]tmq ~bdmlt q~6mum 'l!J Jllultd!Jil itqutlu 

'dqln~m ~qmit ~Jl ~d!J'lJ'ludmnm]tmq 1m~6q!Jd!Jcf:qb ~bdmlt bdudftd!l ·g J § 

f3£ 
'-~ -=-=J=X.{~~4 

cld 
•Jif(Jmp7:J lj (>mlr'l f''uJFm~ 1 zf'lmf'l;, ~ p1upZuJu 6zfnm•!mrl ( t:) 

1
n'{lnmJupm'lnmJI 

(£) ·(· £-,Xj )f:;}(; =fi. 
eX d 

"· 0 

--Xj 1-=-=xp(x-i) --=.A (
/ (, \ f3 s f3 
,x J d d 

" •if'l'f'lUlb7 •Jp1uJmnmpm;, pu1'1Jb'lur'ltf 

•O=o·~x,A. 'O=o=x f.. ,'llt'lzfnFm ''l'lifG'lmum XQ ~ l''u'l7'lJI'm;, JlruljrmZuZ z{i!O'lmum (Jmp 

-uJ(' 4'1m('lf;, '1 ¥FuJb ~ Jmnmpm;, Jitfmf7:J A Q=X JJ'I "'l'l 'lJ'I'l'lmrFmln 'Jm/lm'lrllr7n. 

(x-j)E_=,A 
d 

:ifn'fUl 

if't!1ub'lJI1 Jl"uJmnompm;, 1mzf6'jqJ'{<j;z{il Lz) 
:d(X-i)=(x)w 

zf'l·z/77• Jmnmpm;, JUl'l'fJ'Uf' lruu~ 

rlpmpurm7~'l 4tJTluurm;, N ptuifln'lb 1mf1rs rJdf,uUlm:, J'1UUl'f7 (x) N if'l'I7JmU1z{-IJ 

rif'l'l l''u~Jmpm;,Jm 'luzfZJr zf'lm¥''1( •( OlZ •7'!) J'lmFtJ111'6qbbm z{plU hzf'fmlrlr•u fmpGm'l 

~-uJur'l'l7 d ('mpumJzf/1 'lzfJFmf 1 zf'lmf'l;, lru7r'!U1b mJp 'lmfdlUJupmuq:, j Gzflr'IU1 'lml' 

~GmJpm ~ plupJrJmd'l'l '1 p1uJFm~ Q ~ fmpGmJpm pJmZ'lm 'l'lmf'17 •t: 7 m 'l •/ J 0 

·~ l''uJmnmpm;, 4itnqm ( l} JJu •Jifmillf 

f3 
Cz> -< ->-=,f. X W 

if'llub'lJ7 Jp,uJmnmpm;, lmzfG'l'IJ'I</;zfb zf'lm(''f~ (Jmpu(> f'luiflnqb niYJ,_ 

:.Jr=H 
]'l'l'ub'lJ '1 1'1;,-Jmrm~Jm• if'l'l lruJm7 J'llufdtll(>'ff' 

Jifuljr 7,;A mlnm ''l'uF7'lm Jifuljr '1'1 p1upbm7 Ul'{;, 4i1G'l'mum XQ JJ'I'llruljrmZuZ 4i1G'lmum 

4'lm(J'I:,-7m'lmpmp 'lmJ•Uf Ju '1 'l'l Jifu•fr JJ'I'lmzfBmpJu<f;qb Ju 'il'lqJmpm:, 'ld[) 

((;) 

JinF'Tin'l;, 4'l'ii · 'll';uJmnmpm;, 

.. fd •;,(z,kf-I) 

. (x)w = -.-,!i.-

·Jiln'l"' 

lmzfG'lqJq</;z{b z{ifB'lmum fmpuf zf'lmfq;, ']runzflnnFYI 

L.!.l 
' H . •;,(.,A+I) 



dy 
fi"'J9 P"'IJ~ np p = dx' w"'w qbpt~IJ wn!Jl"'PJn<IJIJ ~pb!J~9 !Jbp4wJ"'!IIJ'"J t y npn!Jqn'l 

!f.mflh~wJ~ !J4wmJwJp 'l~~bpb!Jg~wl t:UJ4_WU"'f'"LJt />flml.lfpbtn4_ WJfl, 4umwflwflp 

l'lPWJW'I,}~ t:wqwuUJpnLJ{! (mi.u § 1), 

y=a ch(xa +C 1)+C2 : 

'1-mflb!Jp WJfl Jwuflwqnp L"L,}ntJf!, "l'l! pwqwpwpn<J t 

YK= O=a, Y'x ~ o=O 
uh_p!Jw4w!J "'"'JJwfJ!Jbp~IJt 

bp4f'"P'I "i"'JJwfl~g umUJ!JnLJ I.!Jp c l = 0, Ulrttut~li~o' C2 =0t 
</,bptliw4wliwutbu umwlJntJ b!JI!• 

X 
y=ach-: 

a 'J." UJ n 'l n L {J J n L fir uJwfl J.ILnq ~wpbtp t pfiurbq-pbL 

y<n)=f(x, y<n-1)) 
mbu.pp J;wqwuwpntJf!l 

{!fl'lntfibtnq y (n- I) = p, ~uurwfiwfl.p p-p npnzJwfl J;wJwp .wnwf_pfi 

~wpqp J;wif._wuwpntJ. 

dp=f(x, p): 
dx 

lJ.Juurb'lfts pJwflwtnq p-fl Nf'll[bU X·p [/>ntfl~spw 1 y(n-l) =p wnfil_trL• 

PJntfips qqurfibfl.p Y·f! (urbu § 17). 

II. (2) d~y =l(Y· dy) 
dx~ dx, 

mbupp J; wqwuwpntJf! pwsw J; wJur ~bpU[nq 

f' tr L fl w ~ n L J X w fl ~ w fu tft n tft n fu w ~ w fl (!I 

U.Jfl LntHtnt {wJwp flnpps l!fl'lnLfihfi.p 

dy 
-=p, 
dx 

(3) 

[!WJS UIJJJ p- fJ ~ J; w J w (' b fl [! y-p [/> n L fl ~ 9 p Ul (fL trl_ pb X-p, 

Jrfll.U[bu wnwy.) r lJ.J'I 'lbUfpntJ 

d~y =PP dp dy dp 
-=-·-=-p: 

dx 2 dx dy dx dy 

dy d 2y 
( 2) ,J;wqwuwptfw,fl Jbl mb'l"''lf'blnq --p lL - -nl wpurwJ;wJurnL-

dx dx~ 

JIJnififrbp·f!• ~uurwfiwiU'f! p oJwfi'lw~ •f/>ntfi,q,gpwJ/• fl~wurJw,J,p wnwy.pfl 

~Wf''fP J; tuqwuwpntJ. 
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pdp=/(y, p): (4) 
dy 

{].Jfl pflurbq-('blnq ~qurflbflp p-fl N('U[bU y-p b_ ~wJWJW~wfl C1 J;wuurw

urntflp [/>ntfl~spw. 

p=p(y, Cl): 

U.ju wpJbpf! urb'lw'lf'blnq (3) wnfltntfJJwfl Jbr. X-p y [/>nLfi~SPWJP J;wJwp 

~uurwflwfip wnwy_pfl ~wpq-p 'IPffbpbfispwl J;wqwuwpntJ. 

dy' 
-=p(y, C1)t 
dx 

Ufty_wurbtnq pnt"nfuw~wLftbpf! 1 q-urflntJ bfi.p. 

dy 
dx: , 

p(y, Ci) 

Jlfiurbq-pbtnif._ WJU J;wif._wuwpnuff!, ~uurwflwfl.p urpqw~ {wt[wuwpJwft 

<f>(x, y, C1 , C2)=0 

~ 

0 l' ~ lJ w 4 2t '1-mflbt 3y11 =Y -:J t:wqwuwpJUJIJ I!IJ'I t;wflntp ~flmh'll'"'ll!' 

dy 
{ n <,} n < J , f:!J'I"'!Jb!Jp -= p, 'l~"'htn4_ p-t "l'"ibu y-~ !f.n<fl4g~wt U.a 'lb"fpii<J 

dx 
dp 

y" = p- k umwflntJ blip p o<lw!J'Iw4 !f.mli4g~wl~ t;"'Jwp wnwt~fl 4"'1''1~ '"'qwuw• 
dy 

/>!Jmh'lpb[nq WJU t;UJ4_UJuiupn<Jf!, 'lmlJntJ b!Jp. 

p2=C~-y- 21 J ftwJ p=:±:fc~-y-2 ' 3: 

dy 
-+- dx 4wJ V Cl-Y - 213 

dJt 

<:wqUJuwpntJf! 1 npmb'l~9 

S 
y' l3dy 

x+C~=+ f : - C1y
21J-l 

1/,bpt~IJ ~!Jmb'll'"'ll! '"'zqbln< t;w,fwp 4wmwpbflp t;bmkJWl Ulb'l"''lf'"<PJnLfiJ! 

C 1y
21J-l=t 2 : 

65 



1.9 

I <> ' : -soJ Joz-= :::> os 

I 
•t:::>t-soJ I~z=o os 

UtJL'IurJ., 

•iJ.IJ 1ui'IZuJu ntjlmur '( ljtuTtJ•uJupmJm'l:, m'b 

os~s~ os-sllP :o= d= 5p 

•1TuJ"b '( Jmnmpm:, illjtuTfilubmJm t/ut'l7 •Os=S JJq ti/ur'l; 

W '( I''"PL'IZ ]tuJu 'il'l'"'fi'uJm7J'I f'll'm'l'll'm 1L'ILm IJTm pu~Os i!'l'J7m'lmZ'I. 

1l(: '7'1. 

:t :::> + ..!..soJ l~l=td s 

'sp.!..u,sl'l-=dpd 
s 

.!_UIS ~-= sp d 
s . dp 

B1L'I"'J"' 

rm'l 

\i'i •JmJm'l"''l'l 

:d..:_p =ziP 
dp s,p 

·d=~ 
sp 

'f"'l'l' 'Jmn/nmutmlrrmpm:, ljfm i!'l'IJb'l"''!.</ 

• ( il'lm7mn/urfrurfr n/m7'!.m 

l flu7m'ltuJmlrr tjl ]tulrrJ'I7 urFm:,mGmJ '!.Tm J11 

rJIJmil) '( ptuJmnm]tm:, 1mtJG'l'IJ'I1;1b 1ln1ut II mn 

rilp1urlmnm ]tm:,. 

·~=dl 
s 

I .IP 
-U!S2-=
S s~ p 

il'l'l J"Uijmutn mlrrm 

Jmpm:, 1fbm1jmlJZ Ju 1'Jmif rililn'(UI 

c!, UIS ~W-=~~~W . sl p 

rf'!.'" 'll''uJmnm]tm:, ljmppJmZ 'puntjlnnTYJ 

tilfmlrbljmb lli '( J''"f 

-pJmZ l•uJu •Jpmpltbm7m:, 1Ju7 ljfm '( ptu]tGml'llu 

i/ltJuJ7J'I 'p•upJmZ '( I''"'!.Gmlmum '1-dlu!silw-~ 
Jmnm]tm:, iiJu 'ii<JrJlmuYJ •rJJ'I'llrJJltmlrmJ lmpJu'l '1 

lmtJG'l'lb'Jmut iiiJ'I(,>mrlq]t ilp•u 1Jmf£1•url1jmv l'lw 
r61~ 

-m'JmJ'mp j ilp•u,fm7 1-s Jr(bJmln J '!.J11t'ln/ J'l!l 
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•0 n/mv GtJ-o ii-W '111'1 'o>s ·'(lm GtJ-o 

.ii-W '111'1 'O<S) "ftu'!.ml'!. '!.mn/nmUJmmmrm:, il'!.'l I''"'!.GJ'I"ft il'!.nfl1,uJm7J'I nTm ftuJu 

h'!,il '(ilfmpbljmb W '( fmpJu]tmL'Iur 1''""''17 W) il'!,tuTfituJm7J'I tjL'ILm fm7'!.il UUJ'(lf 

'JM7mn/urfrurfr W '17'!.11' B1Jb7" 0 ,pu•S 
1
iiL1"ftmuml 'ifbm'!.mlJl pu•[ il'!.'l7m'!.mZII, 

•( lUJ "7'!.) ]tuLutJtmZuZ t/('llm'!.mlJl ii'!.'ILL'u ljifGijmum JCQ 
1 
1''""''17 J('mGm'l'll'm 1fllm'lmlJl ~'l'IJu]tmL'Iur ilur'l7m'lJb7n 1J'I'l"'m'!.11tJuulj 

rilrtuJmnm]tm:, '!.mrpJmZ 1"''17 

4'1'11J"'b7 '('l1Tm '1 ilp1u '!,mFfi,_uJltmr1h 11to •ilptu '!,mftftl ,'lil'l1nFm) i/J'IP'" 'jmTfituJu 

-mptju ]tul'l'!.uml tjplm( •pufbmljmlJl 1 '( ftuppJmZ 'I l'lf '!,mTI1tutJJm:, btJ'I'mLLtu ~ 

l""f'l"'* 7mur 'lmTtJtuG'Iltbm 1P'" 1jmF11,uJ'!,m(' ilut'l7 'lm7mtJtuT'!. LuG'I'!.'" '!.('mpllljmb lli 

4tu61'b t1 m T J 'I J m J 'I p 1 7 m '!. m :1' u :1' '!. m 7 m 7 1 ur m I' 'I tJ m I' J 1 It '!.II{ 

''l'uurmutnm:, '( l''"'ll' i/Jmptub 

4J'I'lm1bJ'I'l'i 1m16'!.'1"'""' '1 7tJur'l'l17 f>uiiGmfi'lil lLurlpm '!,mJ'PJml Ju ''( 1''"'1"''1> 

B11J'UTtJtuJmnmpm:, fmpGmurn ''!.m11tJ'I'!.'i 1mtJS'!.'I"'""' ,illtJuJ7J'I ''lm1bJ'I'!.'i 71"''1'!.17 
'iut'17 LuppJmZ '( I''"IJGmFm7ri'IIJ 'l11'1Jmptub '!.1lmum '!,mftJtuJmnmpm:, '!.1lJ'I'f. 

:jSUO)=~AlU G-=[xp(x)d7-] + (~)w~ 1 x ~ xp l 

'ox 
rm~ 

j• 0 Z (lP) Z xp(X)d =,IIW---W-
l r. xp l 

X 

•i!'!.m'lmurn7 'I''"J'I'!.'!.mJ':,mn l 'll'lt/1' 

''1-o "ft•1'1JIJ'Iur'!.lf lP '1 pu-j p _ pu1'17urmlrrmrbmrl ilnmr tu7J'I IJmrJmnmpm( 
xp 

·0 _lp . A--rOx=JC l''uilln'llt O=l iltu61'b 
Xp 

tl p 
:(x).:I=-w 

XtP 

'1'!.117 ilptuJmnmpm:, 1m1G'!.'IJ'It/;11t '!,mppJm2 •JrmTfi•uG'Iltbm 1ptu fmpn/m~ 

B1i1J11t 1"''17 '!.Tm11' ,]tuiiG'!.mum XQ '( ,l"u]tpJmZ i1ut'l7 iltu61'b 'I! 7 m 'l 1 J 0 

~J 
:(<:;-j--ti,A

1 
:::>)I -t/,A

1 
J j.-+=':::>t X 

I 
•il'!.'l l''"'lmutn n'llnm'!.m7m'!.lJ'I'f. 

:(z;+r;,A1:J)(-tt,A:':->} ~:::>= 
I 

( £) t:::> l f i:::> 
= 1+-;i T=lP (I+,l)l£ -~· 

't 'J 
:Jp-t-'/,( I+tl)l£=.(p 

l 

,'!/:::>"/,(I +,l)=tf,A 
l 

--

I-tt,A:
1
:J.fJ A:ptf,A 

tJmJm'l"''l'l 
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(OI) 
,1 ,!p 

'->J-=-
w J~ p 

~-I dP 
-->J-=-·lll 
UJ • W JzP 

pm~ 

1'111~ 
ilp1uJmnm]tm:;, 1m1G'!'IJ'It/;1h 'JmppJmZ 1'!rJmr LuGq'!1u '!l'm]tb'!mb UJ j>mpZIJ. 

,iJ'!1UUJmUJnm:;, '!u1Gmm1]tmJb ,'!-)j ·~ '!'!1uFf11uJu]tmuq:;, 

f_mLq 'll1r 1'luJur'!'l~ '!mfd1uJ'!ml' 1'!rJmp l'mflll'l'! '1 1'!uJur'l'l~ 1J~Jq ii-J LqurJu 
1. 

,_l_}j=J 
LU•W 

'1'111? 'mJ]t 1'lrJmp W ~ p1uhbm '!Ju 
1
ilp1u J '!mFf11uLub'f 

'lfm'fmpm~ 1il'l'1Jo '!mFfl1u'!m'fmLub'i' 1'JUUI1uf'l. •]ru-w '1 ]tu-w Jmrlm'!mnfnmmmlnmp 

•m:;, il'!'l?m'!mZ'! il('m]tb'!m'b 1'lrJmr ('m]'"}'l'! '1 ill'm]rb'!mb 1J'fJq •r 1 u (' 1 u ~ 

ti1'!1uFfl1uJhmp1h 1ho 1qnqm'!'fl tm'!umhmJ'I]r7 J1'fJq '!Fm 1bnqlnJu •J7]t 11n'lh 

111'i'm'bL1u i1'!1rJmp 1qm'l'l ~ ilm'll" ]tuJu 'i1'!1uff11ubmJm Jilu'fm'!'lrm '!Fm 1qZuJfl 

t1mFJqrlmJ'{]t '!mFf11ubmJm '!m'fmJqbq1ur hJuJ'fJq J1h'!ll[ 't 'f m '! 1 J 0 

tGtjlnuu11j~lnpm '!.ml''!.mmmm ~7 fm~ 

-ttJm'T il'!.7uFeJ7UdqJJmln UF'fl ,J!J.'!.I'7u'!.mmmm 'Tm'!.lmudq'!. rlpmFeJ7utlqrltlmln 

13;t I __ l.l:0=l ~ p7utlmmm'T ( JFmf t/'Tm'!.my.uy. nqlntlu lg'Ttlmmtju 

~ tjlqtlm'T ,]Ju) ilmq'T W du 'ntjlmm ~ GFMG il'!.7uFeJ7utlmnmpm!r ( 6} 
tpup7utlmn 

-mpmj dupmmup (,9) if'!.!J lq'!,tjtlmttju,P ilp7utlmnmpmj ( 9) Ju t/'!.mif '~ 

'!.!'7Uf7Ul dupmmup '!,mptlmnmpmj (g) ilp7Uf7Ul ( 6) Ju 'if'!.!J'!.Gqlt/7 

~~ "rJ!'7UfWl '!.mptlmnmpmj (9) p7ui!lnqu tjifqptlm fmBmhmG t/-l 
'!.mt/G'T'!.7Ur/i ( 6) Ju 'ff'!.!J pwpbupm!r rlpmptlumLqm '!.m'Tm~t/!''!.m BFm1:1 

tOS::f=S Ju 'il'!.tJGqtlbmef'!.!J p7ui!GmeJ'!.il '!.ml'f7U~ ''!. 7 u F e/7 u L u m tj of., 

(6) 

(.g) 

:1...!_ A uts 0s=s ii j L . 

, I ;t 
0
s l"]' =-UJS:J12 

-s 

(1 

1_!_ A ?.s--
0
s} f ~ ;t= --~r. .. 

-sp ~ 

G1LqmJu 

rm? 

•il'lm'!mur 

.. il'f 1ilp1uJmnm]tm:;, 'l1lJq]t ]tu1qJbqm'!<[ •O= l r!Jq '0= S Ju 'il'!'l 1u1q'!1uL'li1 B1Ju'l. 

'1 A rS-~S} 
CLl :jp 1! j L 
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tiltJmZ'l n1u'!1 r ~ p1u]tGJq]t 

r!Jq •Jmpm:;, 'lmp~Jm'!'!il 1illnqh 'lfm mF '!1uf f1•umZqpmJHm Ju ·~ f1U1f111'{:;. G1'!1uftJ 

~1uLum1h l'mJm p1ulJq]t 1Jh'lll[ til'!mZ'! n1uflln il'l'l f1u'!GJq]t lmum G1mmpJ'fl • 

(. !-J) 

· (Os ::f= s Ju 'il'l'l p1uJLmf1'!'1 ppfmum) il'lm'!mmn~ •i1J'I'l'!m~mnJu1ru'f ]tu1qmml'!YI 

I A lP 'r.s-2s} ~ j L = sp 

_10 ___ 10_ A :;! _ ~ P 
s-os os+s j tL} 0--sp 

rm~ 

r]tuJ'I'!'!1ufhm il'l'l'l1JmnJu.Jt rlpmFf11uJu]tmt8 

I 
~ur i1J'I'!n1u'!1n 1J'I'!'l1uF'f'lm l'lf '!mpJmnm]tm:;, ( 9) ''!1--1G'lmbmJqb '!'17 iiJq'l 

os 

•'J1Uf~'!m ~ '1 ~ ''!'1 Jilu.Jt i1J'1'!'!1UF'f'lm _!_ '1 _!_ Ju 'il'l'l 1U1'{Jhmf1'!!J 
s-0s 0s+s s 

0
s 

trlpmFf11uJu]tmurur · il'l'I~Jm'l'lil i1J1h'lnJ fmpJ'iJ ''!m1G~'l1ut/; s 1~1 'lm'! p1u]tmfm:;.m"' 

•Jm 17 ]tuJ'I'!m1G~'!1ut/; 'lm'fmJJms r]tuJ'I'!m1Gh1ut/; 'lm~mJJmur J'1U]tmfm:;,murJm f 
il1mJb'fUJ'l1 'lmfpLu~mnJmr; t01-l ilp1unJm~ 1•S ~ n11mur G'l'l:;. 1~ 'l'l111Ff11uJmnm]tm:;, nf1J 

• 
._K__UIS_E__UIS;t 

0 

'l ~ ~0_s-0S Os+s ' r sp • s 
(g) 

·if~ 'I 

f1U'Jmllln 01'!1uftJ1uJmnm]tm:;, ( ,t) mlnm 'O=l JJq '0= S Ju 'il'l'1'!1uh'!i1 'IDQ t81fuJb 

~ JqriJmm iiJmJmmfm:;, 1'fmJumu~ p1uillnqh nfm ,Os::f=s Ju 'il'!'l 1u1qJhmf1'l'l ppfmv1J 

(L) 

JLu1sJLu1s A 
:
1 

p _@_}0
_s-o5 os+s . j L 

sp 

•il'!m'lmutn'f 

•iiJq'!'!m~mnfutftutft ]tu1'1mml'!'fl t~ J'1UJmnm]tm:;, ]tuJ'I'l'!m~mnJu1ru.Jt Lu]turml'!m "'ff 

(g) ,_E_UIS_K_U!S A 1:;! _} 0 =~ 
s-

0
s os+s J L -sp 

.I'"'~ 

(g) __ u,s ---I!Js 1llv = - , 10 16 (lP) s-os 0s+s z sp 

•il'l'i'm'l"'rl 

'lmFf11uJqJJmur 1Jq'!n1u'l1nu'f ]tu1qumJ1'f rlpmpmm'f'l '!mFtJ1uurfm:;,murJm 'l1lJq]t 'f"'~ 

·( I I ) ( lP) -SO:J--SO:J tilz= -=zd 0s s z sp 

1ut"11J 



Ufrfmtu 'bzw'bf! qhpsphsfrllp "'Jb pw'bfr <wJwp, np fub'lpntJ "'l'"''l"'9',.,rl! pwgw~ 

uw~wb t• (1 0) 'lfr!J.hphbsfrwt <wqwuwpn<J [! (2) mhupfr <wqwuwpntJ t• /J.1b ~tnta'bll. 

<hmlt.J"'L u~qp'bw~w'b "'"'J.!w!,llhpfr 'lh"{j!n<J. 

dr 
r=R, - = v0 , ht'P 1=0: 

dt 

u.,umh'l R-1! bp~pfr zwnwqfr'lb t. Vo-'b LbmJw'b "'l'"''fn<PJn<'ber uzw'bw~h'bp 

dr d 2r dv dv dr dv 
- =v, - =-=- - =v-
dt dt 2 dt dr dt dr ' 

nptnh'l v-b zwpJJw'b W('W'fniPJnt'b'b t· Sh'l"''ll'htnq (10) <wqwuwpJw'b Jht, ~UtnW• 

'bwbp. 

dv M 
v-=-k- : 
dr r 2 

U.lltwurhtn'i. .frn.frnfuw~w'b'bhpf!• utnw'btrt.! h'b[!. 

dr 
vdv=-kM-: 

r• 
/>flurh'll'htn'{ WJU <wqwuwpntJ{!• 'fUJ'blftU h'b[!• 

yl 1 
-=kM-+C 1: 
2 _ r 

U.s'b "'"'J.!w'bfrl• np bp~pfr Jwfthplt.n<Jflfr </.pw (hpp r=R) V=Vo, •pnzh'bp C1-L'• 

y2 1 
~=kM-+C 2 R I 

<wqwuwpJw'b Jht· 

v2 1 kM vJ 
-=kM---+=-
2 r R 2 

(II) 

(12) 

t:uur U(WJUW'bfr JwpJfr'bl! "'h"'P t zwpcl"-fr WJ'b"'hu, np tu('W'fn<PJ"'"l! .!frzur tfr11fr 'f('W-

yl kM 
~"'"J <hmlt.tupwp, - >0 I /!IJI~/r "l' -- - JhdntPJnt'b[! r-[! w'buw<Jw'bw.frtu~ Jhrtw'lttutn• 

2 r 
y2 

'lbUfpntJ 'lwn'bntJ t sw'b~w9111d tw.frnq .frnf!{'• "'"{"' 2 >0 U[WJUW'b[! ~frpw~w'bws"-fr 

swll~wswJ r-/r <wJwp Jfrwsb 
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/.hiRit.wpwp, wJh'bw.frnf!p tuf'"''I"'PJnt11[! ~npnzqfr 

Vo=V2~M ( 14) 

u.£3 
1\=6,66. 10-8 ' 

q. ~1'4' 
R=63 • 107 uJ: 

bp~pfr .rw~hplt.n,1pfr <lf'w, hpp r = R rtwbpn•fl1wb mclfr "'l'"''I"'S"'.rl! <wqwuwp t 

g (g=981 ~)• ?pw <fr.tw'b </.pw (10) <wqwuwpn;pJnt'b/rs utnwbntJ hbp. 

~1'~2 

gR2 
M--· - k . 

J - u.C I,J 
v 0=r :2gR=f2 · 981 · 6J · 107 ~11 ,2 · 10~--= 11,2 - : 

~"~ ~r·4 

-§ 19. tplnmpq IJwpqfi qfi~liplibgfimt hwl{wuwpdwb fibmliqpdwb 
qpw~fiiJwiJwb d~pnqf! 

fllwpq_wpwH'hp bp~f'"P'l ~wpqfr 'lfrffbpb'hgfrwl ~wqwuwpJw'is bp~pw

z.wtfrw~w'h frJwume• '1-frgn<p n,'hb'hp ~bmUJWl ~wqwuwpn<J[!• 

y"=i(x, y, y'): 

llzw'fsw~b'fsp q>-n.J_ WJ'fs w'fs~Jn<'fs(!, Nf'[! f[npp znzwtfrn'lf! f[wq_Jn,J 

IJinw'hg(J/r 'lf'W~w'h "''l'l"'fJJ~'h ~bm. Wj'l 'lbUf(J"'J 

dy=tg ~: 
dx 

(1) 

t Ox 

(2) 

bp~f'"f''l wttw'hgJwlfr bp~f'Wl._wt/rw~w'is frJwume UfWf''lbln' ~tuJwp 
<frzb'hp mpqwtt ~bmntJ f[npfr ~npn<fJJw'h zwnwqfr'll! npnzn'l 

R= ( l+y'2)3t. 
y" 

.... • UfrLtlt. WJciJ ~npntPJw'b zwnw"-fr'll! <wJwpht hLp 'I(' lU ~ w 'b pfrq, UIJ'bntw.!b-

'""JL/rq tuJU "{W('W'f['tu!f.ntJ ~npn<f/Jwft zwnw"-fr'l'b [!'b'lnt'bhtnt h'bp WJ'II"'frufr f/frq, npf! 

+wpn'l t l!'~~'lnt'bht fr'bl"'hu 'll'"'~w'b, WJ'b"'hu tt pwowuw~w'b wpclhpUp. hfll. ~npft 
••-•flit~ t (y" <0), Jh'bf! ~npn<f/Jwb zwnwqfr'll! <-wJwpntJ hLp pwswuwlfw'b 

(R<O), hph ~"PI! """"'"-"l' t (y">O)' 'll'"'~"'L (R>OJ• 
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Ill. 

-m:, qnmp 6m 6~mum I'm? u'l_nmpmg '!.4Fmfb 1' ['1up1.u? 1f ili!mqur 

((;) Q=A
0
B+·. ·+<1-uJArB+(uJA 

J/I'JlU 

'!!'1uJmnmpm:, mlnm 'O=(x) J qflq 'Tn<J 'l''uJmnmpm:, punmp ~m J'm, 

uqnmpmg'.lm '!.4Fmfb ~ !'wflu? ill'wJmnmpm:, mlnm 'O=¢=(X) J qfiq · 

:nlllp 6m 'JffiJl.Imnmpmg ~ 
J'1Up1u? '!.m4B?'!.w1; (x) J 4nml' lm '!.mi'Jmnmpm( •( mJp mJ'!. lq'!,mpm-d 

ilJ'I'!.!'mu'!.m Ju1u-d '!.m!'Jmnmpm:, if'!.'l LuJm? '4-l F Jmnmpm:, IJfm· 

qflq) [=OR J'7UJu u'!.iJ ''!.'/ mm:,u'!.il'!.m J'1uif/nqu 4Jq'!,ifqpJm Ju]u-d 1-X 
i1Jq'!.m4B'T'!.'u1; (x) J 1f ug •··· <Ig •Or. Ju 'if'!.'l 1ulqJhmf1'!.'1 l''ufmbmmqz 

1i1J'1uJmnmpm:, ( l) if'!.'l J'1u?Jmm4h LqmJu •Jm!'m:;t 4Jq'!.if'/pJm Julu-J 

Lu'!m'Tmmln '!.1fiiwJ1m '!.fm 1-0=f=O-e !'1uJu u'!.il ''!.'1 J'l'!.'!.'ummmnm:, 

I'm? Jq'!.m4B?'!.w</; fmpJm 1-x il-(x) J 1f ug '"•'l:g tlg Ou LqmJu •ili!nqur 

(I) (x)J=I."r.+· · • + <r-uJA
1
B-hu>A

0
B 

1'!.1U ,'!.il'!.4nfm '-dl'ml'mm'T'!. 1JqiJ1mfG'!.mfm (n)A 'r r-u)A '• • • ',1. mJ'!. 1f 

4fm4B?'!.1u1; Lu"f'!.uJu A ~ 4'!.my4mnm '!.4lmum '!.fm qflq ''Jqlm~h ~ J''Uf 

-1u? ill'wJmnmpm:, 1m4B'!.qJq1;1h 4-bJm? uJ-u : l I' 1 u '!. m I':, m fl 

ti!Jf\f\lulehul}mmq thuqmqbqill] ti!Jf\JllUf\f!!Jlqmn 
:ti!Jf\Jllutlmnm}lmq U!JnmJlmq f\~lmqu ·o<; § 

:ilJq'!.LqLm ••• •l:wtw <~wow '!.'1'!.17 Jiluifl 

'!mi!Ju ''!.4Ju? '!.4fm1mJbqm'!.4 4'!.41? UlUJ' '!.mi!'!.Fm ilf4b fmp81uum? Ju 

'~ mfm:;t'!.'T'fl t~ '!.f4b '!.4fm1mJbqm'!.4 Lu'!.G'!.m pumq'T OW nqlnmJupmmu!' 

ilJu? Mm Ju '~ bJmln B4hJu'4mfJ. tU['1uGmmn 4Juml1 f'l!' ljrm1m'!.m'T 

-mpm-d 4Ju? fmpJ'bm? B4Jq'!,LqLm 1Jf1fbm'!.mlJZ 1f1'!.4!' 'il1'1uGwum? 

il'!.q?m'!.wJml fUTff '!.f'u'!. 1f ilmq? (l:f:. •l:x) <:W Lu"f'!.mb mul' '!.1mq? tw 
iiiJq'!.GJqp mJp 4LqLm Mm 1fwq:,'u'!.f'fl ,iJLqLm ~WtW "fuL"fmumZ l(l 

(\ 

il'!.qfb '4'!.uJm'!.q? nqlnJu •G4mq? TJ 1f ilfmpmm:, TJTW Bmfm:,mLL1u 

'!4-".LlW' 1f Jmnmpm:, '!.4-l(l if'!.q'!.mS tilifqpJm 1(1•=(1 Lu'!.mt4nmmmlnm[' 

-m:, '!.1mq? rw ifiJq'!.mb? B4J'1UJmnmpm:, ( fr) ~~ 1JB1?mfJub '!.1fm1J1Uf 

-?'!.m 4buljrmlul l.LtW l''umq'T lW 1fl'm'!.mlJl fmltJmm ,il-lffi1Jl ?n1 

''!.'1 '!.Jq'!.mm'!.4hJuu? 4mq? lW Luf'!.u:b mul' ljrm1m'!.m?m"fm-d '!.4mq? OW 
1f Lu"f'!.mb mJ]t 4LqLm fmGwum? il-l/\ 1f il-lX 'Tfmq:,w'!.Fm 'if,uB4'b 

:(il?mmmLum 41~ 

bJ-u n·qm•) 1filJq'!. -dl'mfiJU?4B7Unu• ,!''uiflnqu O<o(l ?n4 'TfJqp -dl'mfeJ 

-1u?¥Bwu1u 4'!.41 fmpLL1u ilLqLm 4fbm'!.mlJl Ju 'il!'Lu? '!.fm lqLLw j 

6l. 

:~ m~G'J'l•urJ; mm~b'lil'lm 'lmfd•udm'JJq {uqLm S ilfjluf'J'lm 'lmfd•uilqd ~Lufmlul 
Mm p•uJu b'lil 1Lufmlul ~'l'u p•uJqurq'J Ju1uJ ~Fm 'ld'f '~o~,wbu ~ p•u]r1u'J ilJuq • 

ifm•qln ilfmpwm:, OJoW mlnm '0>0(1 
qflq 1Ju 'if'!.qmm'T'!. ruJu u'!.~ :ilLqLm 

'WuW f9!' 7u il'!.llfb '1'!.uJm'!.q'T TfJ-.14 
(\ 

'84mq? OJ 1f ilfmpmm:, OJOW Jm·nmpm:, 

'!.4-0(1 ifiJqmml'!.m mJp 4B.mfm:,mL 

-L1u '!.'!.mFfiwLLw o.Lo\\T :il'!.'uFfi'ufqJ' 

0~ =(I if'!.q'!.mb'T B41'wJmnmpm:, ( t) 
:(u,g ·?'!.) ilfiimbmumy o.LoW LuBqiJ'u 

B4'TmfJub '!.4fm1J1Uf'T'!.m O,\=Offi1Jl= 

;;~;: 'h 
... 

=/ if'!.q'!.mm pumq? (OJ. •Ox) OW 
''!.4J!J'!.'!.ml'fmln '!.m'Tm'!.Jb?n 

0 J.=ox-x A <0/,=ox~x;:. 
' ' 

~ J'1uJmJmpmJ iJJu 'UJ'1Uf 

-1ul '!.fm '!.mJ'Jmnmpm:, ( l) hr'f"/1b' ~ J'1Ufl'!.m:,mln ''Tm'!.4Jo •ihw84''b 

:il?m'!.mLq '!.m!'G1uum? Jupmmu!' 4Ju? '!.4fm1mJbqm'!.4 J!'mf'pj1u'!.bo 4Ju, 

.?JuLu fm"f!'bm? B1Jq'!.LqLm 1fbm'!.mlJZ ~ J'1U1fW'I!t B4hJu'4mfJ. 
t iJ 1J1U f fi 

-1uLL1u 4LuljrmZuZ l''umq? Ufm 1f iJJq'!.mm'!.4hJuu? 4mq'T '!.'1 fmpJm 

q'pjq 'U'!.1uifl1uf'll' 4L"fmumZ '!.mf'pj1uJu? 4fb '!.4fm7mJbqm'!.4 ~ l''uZuJu 

il!'wJmnmpm:, 1m4B'!.'IJ'I1;4h 4bJm? UJuJ?Jq Ju '~ J''UTfJ'I B4Lqmnf'[J 

(t) 
( <h 1ll 'I. 'x )J • l<hcso::>l 

-(I 
1 

( <h 1!1 'A 'X )J 
jd\so::>l(l 

1 

I'm? 

fmBmmn Jm!'m:;t 4-111. 1f 

•i11Jm'!.'l'!.'u'T 'iltlq'!.'!.'uf fiwmfm :,mmJm 

4-1. "fulqJumLqm 6'11' '!.mi'Jmnmpm:, ( l) l'ff'[J 

(£) 

lcf>csoJI 
'---

1 

lcf>cso::>/(:1 
-----;:. 1 " _, 

qmn1u 

ld>c::>asl=•~t(•,"-+1) 'cf>"JJs=d'z.1ll+i=e}+l 'cf>lll=,l. 

I (I 

'ick·.\ + l} 
,,1. 

Gfm;J 



t/_wuwpn,J ( WJU t;wqwuwpJwL d.wfu Jiuuf! y, y', y" 1 ... , y(n} -p fl~wm
JwJp wn.w1pL wumpG.wLp l;wJwuhn. !pntfl~9pw t)t 

/.wumwmbflp q.JwjpL t;wJwubn. t;wt/_wuwpntJHpp Jp pwflp t;pJflw-

~wL t;wm~nt{JjntfiLhpf!• uwt;JwLw,Pwqt/_htn4_ bp~pnf''1 ~wpqp t;wqwuw

pntJLbpp t;wJwp WU[W9nt9ntJLbpnt/_l 

flo h n ph J !1 bph Y1·f! b. Y2·f! 

(3) 

br~rnrq ~wrqp q~wjp&. fiwdwuhn fiwqwuwrdw&. hr~nt dwu&.wqor tnt-

~ntd&.hr&. hi'., wtqw y1+y2 &.mj&.tqhu WJI} fiwqwuwrdw&. tm~md l;: . 
U ll{ w 9 n t 9 n t J1 .fiwflp np y1-(! b. Y2-f! t;wqwuwpJwfl tntJntJflhp 

bfl, UJll{UJ 

y'i+a1yl+a2yJ=0 } (4) 
y':.\+ a1y2+ a2y2=0: 

y
1
+y

2 
q.ntJwpf! mbqw'1ph£nq (3) t;wqwuwpJwL Jh1 b. ntzw'1pntfJJntfl 

1fWf'd.flh£nt/. ( 4) flntJLnt{J Jwfl t/_pw, ~ntflhLwflp. 

(y
1
+Y2)"+a]( y 1+YS +a2(Y1+Y2)= . 

-( y'; +a
1
y;+a2y 1 )+( y2+a 1y ~+a2y 2)=0+0=0, 

wjupLpfl' y1+y2 J;wqwuwpJwfl LntJntJ tz 
flo h n p h J 21 bpb y

1
-f! (3) lit,aqwuwruw&. tnt~mu l; 1.. C-1'. fiwu-

mwmnt&. l,;, wtqw Cy
1
-f! !'.ntJ&.tqhu (3) fi~qwuwrdwl'qot~md t: 

U Uf w 9 ~ L 9 n t J, Cy
1 

·wpmwt;wJmnt{Jjnt1lf! mhqw'fph[nt/. (3) t;w-

-t/_wuwpJwfl Jh1, ~umwLwfl.p. 

(Cy
1
)"+a

1
(Cy1)'+at(C y1)=C(y';+a1yi+a2y1)=C · 0=0; 

upwflnt/_ ftu~ {JhnpbJfJ WU[W9m9qwJ t1 
U w t; J w f., rr t: J 2

1 
(3) l;wqwuwpJwt Yl b. Y2 hp~nt Lntt)ntJflhpf! 

~nl_t/_ntJ bL q~nrhl'.t wftl1w}u [a, b} fiwmqw~md, bflh. WJ'1 t;wmt/_wt)mJ 

flpwL
9 

t;wpwphpnt{Jjntflf! t;wumwmntL tJ• WJupLpfl, bpb 

~=f=const: 
Y~ 

l.w~wn.w~ '1hUf.pntJ tntJntJLhpf! ~nlqntJ bfl q~nrh&. ~w}uqw~: fltppz 

funu.phpnt/_, y
1 

b. y
2 
bp~nt LntJntJflhp ~nJ.4..ntJ hL q~nrh&. ~w}uqw~ {a , b} 

t;wmqwJntJ, h{Jh q.nJnLfJJnLfl nt11p WJLll(pup A t; w u m UJ m rr L fl {Jpq, np 

~= ~. hpp a ~x~bt UJu '1hUfpntJ Y1 =i. Y2' 
Y2 
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0 I' fr f,'" 4 1 1 '1-frsn'-1! ,.!,ht;p y" - y= O ~wt/_wuwpn•Jl'' l.bzur ~ uurnt<tbl , " I' 

ex, e-x, Je.<, 5e- x !/Jm!,4sfrwUpf' '"J'1 .t:wt/_w uwpJw!, L"tdrr.JJ,hp!, b£1 f!J,'1 n pnul 

ex £._ e-x !/Jn•!,4sfrwUp(' 'l~"l'bfj w!,4wfu bf, 9w!,4w9w~ .t:wmt/_w~n•J, pw!,fr n p ee:.x 

~!Mf'wpbpn•PJm!,l' X·/r .fn.fnfuJw!,- 'lb"'P"' J .t:wumwmrr•!, lP J!,n 1J 1 "u'· ex b 3e' 'I ~n•!,4-. 

3e' 
gfrwUpf' 'lr}"l'bf, 4wfut/_wr} b f,, pw!,fr np - , = 3= const: 

e· 

U w t; J w 1l n t J 31 b[Jb Y1 ·f! b. Y2·[! x -p !pntfl~9pwflhp hfl, WUfW 

w ( ) I y 1 y 21 I . · Yv Yz =1 , , =Y1Y2-y!y ~ 
Y1 Y2 

'lhmhpJpflwLmf! ~nlt/_ntJ t WJ'1 !pnt11~9pwHpp tl,rn &.u~m qhmhrdp&.wtim 
~wJ qrn&.u~pw&.: · 

. flo h n f' h J 31 bph Y1 1.. Y2 ~nt&.~gpw&.hr(l q~nrb&. ~w}uqw~ bti 
[a, b] fiwmqw~ntU, WtqW WJI} fiwmqw~nnf tl,rnbu~nt qhmbrupbwbm . 

G.ntj&.wpwr fiwqwuwr 1; qrnjp: p 

f!pnp, bpb Y2 = t, Y1 • npmhq l. = const, wu1w y'2 = J.. Y'i b. 

Wly1 . yJ=I~~ Y:·l= / Y~ ),y ~ j= i. jY: y11= o: · 
)1 Y2, y, ),y t J' t y~ 

. flo h n f' h J 4 t bph (3) q~wjp&. fiwdwubn. fi wtlwuwrdw&. y 1.. y 
tnt~n,ulibrp fiwdwr •·wqd·• ~ W ( ) ,1 P ), 

1 2 

. '1 'lw Yl • Y2 -.,rnuu 'tm qhmhrdp&.wtimp 
[a ; b} fiwmqm~p nrl..l; X=Xo wrdhfp fiwdwr fiwqwuwr (\; qrnJP• p&.q 

orntd [a, bJ-ntd fiwqwuwrdw!'. qnr~w~pg&.hr&. w&.pf1qfiwm h&., wtqw 

111Jb [a, b] fiwmqw~p nt. dp X wrdbfp fiwdwr qrnjp (}t fiwqwuwrqmd: 

U ll{ w 9 n t 9 n t J 1 .fiwflp np Yl -f! b. Y2·[! (3) t;wqwuwpJwfl hp~ nt 

tn.,.t)ntJflhpL hfl, WUfW . 

Y"+ '+ 0 II ' 2 a1y 2 a~Y2= , Yt + a1y,+a2y1=-0: 
· . . . PwqJwll{wm~htn t/_ wn.w1pfl t;wqwuw{mtfJJwfl w11'1wJHp[! y1-nq , 

J,p~pnf''1 t;wqwuwpntfJJwL wL'lwJLhpf!' y2-nq b. w n.w1p11Hpp9 t;wflhtn 4_ . 

Ap~pn'111hpf! 1 ~umwLwLp. · 

(yl y2- y'i Y2) + a1(y ~r2 ·- yly 2)==0: (5) 

. bp~pnp'l ,Pw~wqt)bpntJ qmflqnq mwpphpnt{Jjntfl(! W (y1, y2) r/,pnfJu 

~nL 'lhmhpJ.pflwflmfl t, Wj11 /;' W (YI • Y2)=y 1y'2- y'1y2: Un.w1pfl ,Pw

lt-wqt)hpp flhpup mwpphpnt{JjntLfl tL r/,p nflu~nt '1hmhpJpflwflmp wJwfls

IWLfi t. 
W~(y l, Y2)=(yly2-yiy2)' = Y1Y2-y'{y2: 

l.bUJb.wpwp, · (5) t;wqwuwpntfJJntflfl pfl'fntflntJ t t;bmb.JWL mhupp. 

W'+a 1W=0: (6) 
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?- 111 flbfl[! 1_hpfpfl -<:wqwuwpJwfl WJfl lnu)ntU[! 1 np[! pwqwpwpntJ t 

wL=xo= W
0 

-<:wqwuwpJwt uf(q_ptwf(wfr UfwJJw~{ltr uwfu gmt btl! (6) 

l!fJ'I.t;wflntp lnu)nt.!fl WJfi bflfJw'l('nt{JJwJp, np W=/=0·, (6) -\wq~uwpJw'b 
dw 

Jhr wflrwmbtn1. tflnt/tnfuwqwflthp[!, utnwflmJ ht[! w·=-aldx: 

/>Lmbqph[nq, qmflntJ ht[!• 
X 

In W=-J a1dx+lnC 
Xo 

X 

In~ =-J a1dX, 
xo 

' - J a1 dx 

W=Ce 'o (7) 
'iJqwmhb[!, np qwphtfr tp qph£ (7) !pntfllf9frw~ L. wuhl, np WJ'I 

!pntflqgfrwb pwqwpwpntJ t (6) -<:w1_wuwpJwb[! 1 npntJ -<:hzm t -<:wJnq_

~hl (o) .t;w1_wuwpJwt Jhf WJ'I !pntblf9f1wJp wbtiprwlfwb mbtzw'lpJwJpr 

W=/=0 btfJw'lpn~ofJJntbf! l.P utw-<:wtrqnt.!t 

. (7) pwtwAL.[! qnz.qntJ t L~nt.J.~tlt pwliwab.: 

C-t npnzhb[! WJbU(hu, np pwqwpwpqp uf(q_pflwf(wb UfWJUWb[!t (7) 

-\wqwuwpntfJJwb J.wfu L. Wf JwuhpntJ mhtzw'lph[nq X=Xo, umwbntJ 

hb[! 

W0=C: 

X 

-Ja1dx 

\V=Woe xo (7') 

~utn UfWJUwbp Wo=/=Or P.WJ9 WJU 'lh''ll!"LJ (7') -<: wqwuwpntfJJnLhf9 

;;bmL.ntJ t , np W=!=O x-p nz. Jp wprlb[!p 'lhUff!"Lti, [!Wbp np 9"L9z.w

Jfrb ~ntblf9f1wt wpqnttfhbmp "1. Jfr wprlh[!p 'lhUf[!"tti q_pn l.P 'lwnbnttft 

i!'bnpbJb WU(W9nt9qwJ tr 
ljo fr m n 'l n tfJ J rr t t 1 t b[Jh npltt x=xo wp,rfbp.fr qhU(f!"LJ t/.pnb,u~m 

'lhmhpJfrbwbtn[! -<:wqwuwp t q_pnJfr, WU(W WJb -<:wqwuwp ~ 1£f'"JP bwlt 

'lfLnUI('qqntz -\wmqwJp9 qhf19f'w,) X-p uwflqw9wJ wprfh[!p 'lbU([!CILUt 'J.w 

wtJfrwUfb'u -<:bmL.ntJ ~ (7) pwtwA·L.p,9· .b{Jh W=O, hl'·F x=xo, -lllU(W 

(W)x-x,=C=O; 
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-\hmltwpwp, W=O, pflz_U(pupb ~l tfrflp (7) pwflwtlL.ntJ X qhppfl uw-<:

Jw'bp wpJh[!f!' 

11' b n p b J 5, bpb (3) liwqwuwrtlwli y1 b. y2 tnt~ntdlibrp 'l~nrbli 

wli~wfu bli [a, b] fiwmqw~mtl, wtqw WJI} tm~ntdlibr~ liwtlwr ~wqti

qw~ ll,rnliu~m qbmbrti~Iiwlimp lizqw~ fiwmqw~~ b. n~ tl~ ~bmmtl qrn 
W qwnlimtl: 

JJ. U( w 9 n L 9 n Lilt uwljuopn[! frzbt[! ,-<:btnf.tJWlf/!1 y=O !pntfllf9f1w'b 

[a, b1 -\wmqwJntJ (3) -\wqwuwpJwfl [ntJntJfl t, "f'l! pwqwpwpntJ t 

Yx<<o=O, Y'x ~ x 0=0 
uf(q_pflwqwfl UfWJtfwflflbppfl, nptnbtz Xo-b [a, b 1 -\wmqwJp 9wflqw9wJ 

qhmt b 9-nJnLfJJwfl L. Jpwf(ntfJJwfl {Jhnpbtip9 (mhu § 16), "f'l! qppwnhtf1 

t (3) -<:wqwuwpJwb flqwmJwJp, ;;btnf.tntJ t, np qnJnt{JJntb z.ntbp (3) 

-<:wqwuwpJwt WJL tntJntJ, npf! pwqwpwpfr 

Yx- x0=0, y' x=xo=O 
uqq_pbwf(wb U(WJUwbthppbt 

UJ'I fJbnphJf19 -<:bmL.ntJ t twlt, np b[Jb (3) -<:wqwuwpJwb tntJntU[! 

npL.t [a, b 1 -<:wmqwJntti qwJ 'lf'w'b U(wmf(wbntz npL.t (a,~) JfrrwlfwJ

.pntJ bntJbwpwp -<:wqwuwp t 'lf'"Jf 1 WU(W WJ'I tntJntJ[! bntJbwpwp 

-<:wqwuwp t 'lf'"JP wJpntzf [a, b1 -<:wmif.wJnt.!t />pn[!, X=~ qhmmJ 

(L. X=a qhmntJ) lntJnuF[! pwqwpwpntJ t 
Yx=~ · 0, y'x=~=O 

uqq_pbwf(wt U(WJUwbbhppbt l.bmltwpwp, [!ULn Jfrwf(ntfJJwb {JhnpbJp 

iu1t -<:wqwuwp t 'lf'"JP npltt ~-d<x<~+d JprwlfwJf!"LJ, npmhtz d-t· 
npnzqntJ t (3) -<:wqwuwpJwt qnpJwlff19tbpfr JbJntfltw.!pt u,uU(punq, 

wJht wbqwJ Jfrrwf(WJ[!b f!b'1£WJbh[nq d JhJntfJJwJp, nptnhtz y=O, 
Jbtl! f(wU(w9nt9hb[! 1 np y ===O wJpntzf [a, b1-<:wmqwJnt.!t 

. U1JJ .wtstht.p (5) [Jhnpbtip wU(w9nt9Jwtl!' btfJw'lphtl! [a, b 1 

-\wmqwJp npb.t qhmntJ W (Yt• Y2J=Or UJ'I 'lhUfl!",LJ [!ULn 3-[1'1 fJhn-

.. phJfr W (y 1, Y2J t/,pnbuf(nt 'lhtnhpJfrbwbtn[! ;;wqwuwp lf£pbfr 'lf'"JP 

[a, b1 -<:wmqwJp F"l"f' qhmhpntJ. 

W=O ~wJ' y 1 y~-y~y 2=0: 
Ct'lntflhtl! , np Yt=I=O [a, b1 ~wmqwJnt.!t UJu 'lhU([!ntU qhpfpb 

-<:wqwuwpnt{JJwb -\frJwb •I..J'w f(wph£fr t qph£• 

yly2 --.yi y2 =0 . qwJ' ( \'~ Y=O; 
yr Yl· 

n f'Ln htzlt 9 .<; hlfl L.mJ t 

~=).=const, 
Y1 
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WJufrltpf.t' y1 b. y2 tnLhnulf.tbpf! qhnpbf.t lfwfrll/.Wh bf.t, "PI! <wlfwunLJ t 
~wf.t9 q.hnpbf.t wltlfwfu tfrltbtnL bf.tfJw'lpnL{J JWf.t[! t 

UJf.tnL<hmb. l!f.t'lnLf.thf.tp, np Y1=0 [a, bj <wmqwttfrlt 

Xt x2, .•. , XK lfbmbpnLJt IJ.frmwplfbltp ( a, Xt ) Jfr-£ wlfwJP[!' 

.ft~Jpnd y =i=·O, }.b,mftwpw,p 1 f!U·Ln t; bf.t9 •f.t•np w Uf.w9m9wdJp 

np ( a, Xi ) Jfry_wlfwJpnLJ 

h=A=Const lfwJ Y2=t,y1: 

YJ 

Uf.wmlfwltn'l 

UJu JfrP.w
t; b ur.b.n·LJ t , 

'J.frmwplfbltp y= y2- J..y 1 !pnL1tlf9frw1t : .Pwltfr np Yz b. Y 1 (3) <wqwuwpJwf.t 

lnLhnLJf.tbpf.t bf.t , WU[W y = y2 - 'Ay 1 f.tnLJf.tU[ bu WJ'l t;w qw uwpJ wf.t tnLbnLJf.t 

t b. y==O (a, x 1) Jfry_wlfwJpnLJt 1.bmb.wpwp 1 WU[W9nL9Jwf.t ulfqpnLJ 

lf1J1LnU1(1qwh 'lfrmn'l_nLfJJwf.t <frJwf.t J/_pw t; bmb.nLJ t, np y= yz- AYl ==0 
[a, b} t;wmqwbnLJ LfwJ 

y2 = 1, 
yl 

{a, b} <wmqwbnLJ, WJufrltpf.t' Yz-[! b. Yi - l! q.hnpbf.t lfLUifuJwl. Jb1. bl.t 

PwJ9 uUJ <wlfwunLJ t y2 b. y1 tnLhnLJHpfr q.hnpbf.t wltlfwfunL-

PJwf.t Jwufrl. bf.tfJw'lpnLfJJwf.tl!' UJuUf.frunq, Jbf.tp WU[W9"L9h9fr1tp , np 

{a, b} t;wmqwhfr b. nz. Jfr LfbmnLJ t/,pnl.ulfnL 'lbmbpJfrltwf.tm[! qpn z./r 
qwnf.tnLJ t 

f.1' b, p b J 6: bph y 1-p h y2-p (3) liunlmuwrJwli hrqm q~ nr);;li 

uJii~w)u tnt~ntdlihrli hli, wtqw 

y=C1Y1 + C2Y2· l8} 
ormhq cl-r h Cz-e ~wJWJW~wr._ liwumwmntlilihr hli, WJI} Jiwtf_wuwrdw& 

f.qlhulimr tnt~mJii t: 
f U. Uf. w 9 n L 9 n L J, 1-frlt b. 2-{''1 pbnpbJ1tbpfr9 t; bmb.nLJ t, np 

C,yl + C2Y2 
LfwJwJwlfwlt wpd-bpltbpfr 'lhUf.pnLJ (3) <wqw-

(9) 

t~pmh'l_ f.tl wf.twlfqw~ t 
(y 1 ) 1 ~ x 0 . Y10• (y2)x-x0={'20• (yi)x-:xo=Yio, (yz)x=xo=Y;o: 

78 

(9) <wJw·lfwpq.fr9 lfwpbtfr t npnlbt C1-l! b. C2-l!• pwltfr np WJ'l 

~ iUJ wlf w p•q.fr 'Ibm hpJ frltwf.t m,l! 

I

Yw Y2o l . , , 
, , I=YJoY •• - Y,oY2o 

y IO y 2 0 

t/,pnf.t.u.frnL ·'JbU1'bp;Jfrt1twf.t.m .t, bpp x= xo b. , t;bmb.wpwp, <wqwuwp zJ 
'l.P"JP ( yi b. y2 tnLhnLJltbpfr 'JhwJfrf.t wltlfwfunLPJwf.t lf.tnp<fr"-)• C1-fr b.. C2-fr 
q.mwb wpd-bpf.tbpfr 'lbUf.pnLJ (8) i!f.tmw1tfrpfr9 npn2qn'l Jwuf.twqnp tnLhnL

Jl! pwqw•pwpnLJ t mpqwh ulfqp1twlfw1t Uf.WJJwf.tltbpfrlt: UJuUf.frunq, pbn

pbJf.t WU[W9NL9qwh tz 

l l 
Opfr!Jw~ 2, y"+-y'--y=O<\w:[wuwpn<Jf!, npfr a1= - t. a2=--x

2 
'fl'f'• 

X ~ X 
hw~frqt.hp!J wfl(!fl'l<\wm h!J X=O ~htn(! l"'wpn tflw~n'l pwfl~wqwtJ. <\wm:[wtJ.ntJ, pnLJl t 
llfWJpU 

y 1=x, y 2= l /x 
Jwuflw:[np tnt<tntJt.hpf!1 ('lw <\hzm t umntq.hl <\w:[wuwpJwfl Jhr tnh'l_W'f{'Jwfl , Jfrlnqn:[) : 

/.hmh.wpwp 1 flpw l!f,'l<\wflntp tnLtJ.nLJfl ntfl/r 

'1- fr m n 'l n L {J J n L f.t 2: 1/Jn,Pnfuwlfwl. q.nphwlffr91t.bpnq q.hwJfrf.t <w

t/_wuwpnLJf.tbpfr l!f.t'l':wf.tnLp tnLhnLJf! qbpy_ltwlfwl. mbupnq q.mf.thtnL <wJwp 

f!l.'l t;wl.n.Lp JbfJn'll.bP q.nJnL{JJnLf.t z.nLf.tbf.tt UJf.tnLwJbf.twJ1tfrq <wumwmnLf.t 

'I"Phwlffr91tbpnq <urqwuwpnLJHpfr <wJwp WJ'JUffrufr Jbfiln'l q.nJnLfJJnLf.t 

mltfr : UJL lflwpw'Jpqfr t;wy_np'l Uf.wpwq.pw!pnLJt Pulf ,Pn,Pnfuwlfwlt q.np- -

bwlffr9l.bpnJ/_ <wqwuwpnLJLhpfr 'lbUf.pfr <wJwp XVI q.tfunLJ' <r twpphp» 

lfl.lqbl. Jfr pwltfr b'lwltwlfltbp , npnf.tp t;f.twpwqnpnLfJJnLl. bf.t mwtfru q.mf.tht 

npnlwlffr ulfqp1twlfw1t U[WJJwl.l.bpfrlt pwqwpwpn'l Jnmwqnp tnLbnLJl.bp: 

IJ.Jumb'l lfwutw9"L9hl.p Jfr {JbnpbJ, "PI! {JnLJL t mwtfru q.mf.tbt ,Pn-

' ,Pnfrtwlfwl. q.n[1hwlffr91tbpnq bplfpnp'l lfwpq.fr 'lfr!pbpb1t9frwt <wqwuwpJwf.t 

f!lt'l t;wf.tinp tnLhnLJf!, b{Jb <wJmltfr t f.tpw Jblf Jwuf.twqnp tnLhttLJ[! t .Pwltfr 

np hppbJf.t t;f.twpwqnp t tfr~tnLJ wltJfry_wU[bu q.mf.tbt lfwJ lfnw<bt Jblf 

tfwuf.twqnp tnLbnLJf!, UIU[UI UIJ'l {JhnpbJl! lUJLn 'lhU[pbpnLJ lfwpn'l t 
·. 0 Cfln U/" U/ p tfr f.tb L' 

fJ' b n p b J 7: b p h fiwJmlip ~ hr~rnr'l ~wrqJt q~ wJpli fiwdwuhn 
6wtf_muwrJwft Jhq UWuG.wtf.nr pn~mup, WutW fiwti_WUlUI'UWf. pf.~wf.utl' 

· pit~t!wf, nrnf,ntdp phrtf.mu t ~mli~gpwlihrp plimhqruw&: 

U Uf. w 9 n L9 n L J, 'l-fr9nLp Yi-l! y"+a1y'+a2y=O <wqwuwpJwf.t 

~WJmltfr Jwuf.twqnp tnLhnLJl. t• 9-mf.tbf.tp mpqwh <wqwuwpJwf.t Jfr WJL 

"'JltUf.frufr Jwuf.tuiqnp l""}nLJ, np Yi -l! b. Yz-1! tfr1tb1t q.hnpbf.t wf.tlfwfu: 

i!l 



18 
tl'l'l7•1Zm:, 1mtlb'lut'l1 '1 1m16'l'lt1'11;1'll-s 

trp/l"Imvm IJillnrrL J1uF1'lmilmJ1UF ;f'l'I~Jm'l'lr'f_ 

t(~>J='>J) 'llf J9pe/ Jmnmpm:, IJm~mJtj il-Z>J 1J il-I>J 'III 

''l'l J'fpfi nil!fllnru~ il-Z>J 1f il-l>J 'II 
'(~>J=;61>J) 'llf Jlfpfl J9JJmm GtjJmJtj 1f IJm~mJtj il-Z>J 1f il-I>J 'I 

•ilJ7illnlfL lmF1fm7:, 'llf JupmJm'l( 

:b-~ .11-~-=">t --";;_· / d 
'b-_!_ A+-(; -=I>f 

,d I· d 
-- r1uJu L'lu tpu-">J 1f pu-I>J il'l7~m'lmZ'l~ il'lmJ'(; tmmrJm1u~Jr 

t/IJ1U 'lJu '~ J11UJmnmpm:, tjn1u~mvmil UJ11UJmnmpm:, 7tjJbmfllUIJtJ 

:pm.nnnm]tmg ~~.rhmehu~d Jrmrmm~'l 'lmrJmnmp 

-m:, ( 1) ~ J11Uf7u~ ilrwJmnmpm:, (G) 'J11Uf1117 IJmrJmnmpm:, ( 1) t/IJt/1~ 
il-x,.a mlnm 'il'lmrJmnmpm:, (G) tjJm_JmpmJ IJ->J 7d7 'JmJm1JLn'f( 

(£) :o=b+>fd + ?.>i 

'~ J11U~m'lmZ'l 'mlnm 'O=F:x,.;:} Ju t/'lmif 

':o=( b+>td +?.>t)x>r;:} 

•il'llf J11UIJmb '6'11' 'lmrJmnmpm:, ( 1) 
pul'IJLmL'Im ilJlf'l'l1ufeJ1umfm:,mmJm fmpGmmn tjJlf'llmFG'lmfYl 

:q~?.>f="li. 'x>ra>f=,li. 
J11uilln7L nfm 

(c;) 'lSUO:l=>j Z.'IUJJu 'f.uitn'lm Xl(;:}=/i. 

il'l'l'luJu~ iJJlf'JJ'1Uflu1 Jufo/'lnm.fl 

1Jlf'JJ11Uf1U] 
Jupm'Jnmr n/m~'lm 'llfJufb 1U~J7 11f'lmb <i)Jlfp G'fpG1UGmlnm Lim n'lln7'lt/ 

'~ 'lm~mpmJ Jmrm:, wl'l'lmb illmJb7m'lt/ J1u'lm:,L'lil 'lmrJmnmpm:, 

nFYl ''l'l J9pef 'lm~mJtj IJlUmmmnm:, IJ-b 1f IJ-d L7mJu 'ilr1uJmnmpm:, 

(I) O==li.b+,Ad+",\ 

v9nmrm:, 'lt/Fmfb tjbJm~ LJuJ~J7 il'llf'l1U 

II!JI\JilUtlmnm]lmq 
U!JJIIDJimq qbllmft ttllutlftti!J ]lullqq6qftmqllub q1ummmnm> • J6 § 

·( ·I x-r~ 7.) · I-. x+I U[x-
1 

~:.:>+xt:.:>=li. 

•ililn7m lmF1Jm7:, t/IJ1u' IJJ11Uf1u] J>uiJm:,L'lil •Jmdm1JU1'f( 

08 

[I 
x-11 0 X ] ('(x+l)6 (x-1)0 ~X )J' : -+ UJ-+-+ X=Xp + +-+ X= 
xI I I-I I I 

lilx-l!?oxSx==xp 
. xp 

~X zX 

f
x==-XP J x=.t\ 1.x-11ur-;3 · .x+rJ;:} 

xp Xl 

•il'l'IJilUIJmmn mt/]1, 
X-( 

'lmrt/:, t/1JVm'lmJ ( 01) ,?. X(j-= lg J11uilln7L Ju Ju 'pu17mm~IJ. 

tn/m~'lm 'l'IJufb 'llf'lt/1 il-'G/i. 1f il-lfi. Ju 'n7ln'lfm IJJ11Uf1JI1 Ju]r 

-m'lnmr liJuJ~J7 ~li. il'l'l'lm'b IJ11Uf1u1 JupmiJnmr X= 1/i. t/'J1u 'JJ'1uJmnm]r 

-m·:, nfm Ju 'ff'l'l J11upburm:, Jrmrb1umn IJm~mlt/!''lYl t!' 1 u f 1 u ~ 

IUJ11Uf1U] J1UIJ"'!Y 

-L'lil 'lmrJmnmpm:, o=!i.?:+,!i.x?;-Nii.(6x-I) l7'lm'b 'G ~ m 'l t/ J 0 

(II) 
lfi. J . :xp " '!i.•:.:>+tfi.I:.:>=Ii. 

xp'ef-;3 

•ililn7ur 7m1 

~1fm7:, t/'l;u IJJ11Uf1Ul J1u'lm:,L'lil 'lmrJmnmpm:, fmpJm 'puntjlnnfn 

Ifi. 
=lsuo:>=f=zx 

Ju t/'lmil ''l'l Jlf'JJ'1Uf1u] n/m~'lm 'llfJufb il-Zfi. 1J il-1/i. Ju '~ urFm:,'l~'fl 

(O I) !A f :xp z 'li.=eA 
xp'ef-;:} 

il'llf JllUIJmmn '1 =:> 
'0=,:.:> pu1'1IJ1ULIJil 'mlnm 'J11Uf1Ul Jupm'lnmr il'l'l J11UIJuJu J.u t/'l"'il 

lfi. 
=,:.:>txp " J 'li. 

xp'~f-;:}J =~ 
GtjL7mJu 

IA ( 
1
/i.)xp Tfi. 1/i. 

' ;3::)-·-= -.---J'm~ a:.:>~= I"T!:-IA7./i. 
xpreJ-I fi. P xprr.J-1 ,A -, 

•mJp 1u-lz/ iliJ'I'lmpmJ ilJ'I'l!'mLIJm JuluiJ 

tlnJ'I~ 7mF1Jm'l:, il'l'IJb7m'lt/ 'lFYl IJ11UJmnmpm:, 'lt/Fmfb tjbJm~ 'lt/lmum 

iliJ'I J11UIJmmn Jmrm:, 11119luJu il-"A 'puntjlnnFYl : xp'"J_a:.:>=',/i.Z/i.-1/i.&,fi. 

l9Jb ~ 419Jm~ (ilrwG1uGmlnm t/-t nJu7ef n9m) mJp 'lmrt/:, t/7JVm'lmJ 

( l.) ''l'l J'l'llJ1UU1mmnm:, 'lm~mFmrm~ il-~J 1J il-l:.:> L9mJu 'pu1JY"''l 
-mJ 't1\~:.:>+ 1/i.l:.:> =A tjpmFm:,mmJm~ UJ11Uf1U1 J1u'lm:,L'lil J'1uilln'lb. b!Yl 



], FflnLpwqpfrz. <wqwuwpJwfl wpJwurfllif'l! frpw-

1[ w fJ b fJ b. ur w p p b p' k1 ::Fk2 t - U.Ju '1bufpnw Jwuflwqnp tnLd-nLJflbp 

lttf.Hfl 

.:pnLfl~sJrwflbpf!t U.1u !pnLfl~sf.wHpf! qd-npbfl wfl~wfu bfl, pwf~Jr f'P 

v ek•x ::..!.=-=e<".-k,)x + const : 
y 

1 
ek, • 

l,hurb.wpwp, [!fln,-<wflnLp Jrflurbqpw[fi nLfiJr .<burb.JWL urbupf!• 

, y==C1ekt•+C2ek2x, 

y"+y'-2y=O 

. -<w4_wuwrtnJ(!t flftntpwqrh -\w4_wuwrn<J[! ~~~ft~ 
k2+k-2=0, 

'1-Uift&ftp pftnt{IUI'lf'~l -\w4_wuwrJwft wrJwUiftb['(!• 

k =-_!__+ 1 I 1 +2 k 1=t , k 2=-~: 
1•2 2-v 4 . . 

II. F fJ n L {J w Cf p f. l < w q w u w p J .w fl w p J w ur fl b PI! 

If n J Uf L b j! u b fit .f'wf~Jr np ~n J Uf l b I! u wpJwurflbpf! ,'l_nLJCf wn qnLJCf 

<wJwtnLd- bfl, WUfW flzwflw~bflj! 

kl=c.+i~, k2=a:-i~, 
npurbrz. 

p j-p7. 
cx=-2-, ~=Jt q-4· 

lfwuflwqnp LnLd-ntJLhpf! ~wpb[p t Cfl'bl WJUUfbu. .. 
yl=e< • +l ~ )•, y~=e<•-i~ )• : (4) 

lJpwflp frpw~wfl wpqnLJHurf. ~nJutlbi!u !pnLfl~sf.wHp bfl, nf"fll! pwqw'

pwpnLJ bfl (1) <wqwuwpJwfle ( urbu VII CfLfufr § 4-1!) 1 

lJ.~flt;w 1 ur t, np b{Jb Jrpw~~fl wpqnLJHurfr pfll-np 

y=-=u(x)+.iv(x) (5) 

!pnLfl~sf.w pwqwpwpnLJ t (1) t;wqwuwpJwflf!, wUfw WJ'1 <w~wuwpJwflf! 
pwqwpwpnLJ bfl u (x) b. V (x) !pnLfl~sfrwHpf!t . . 

flpnj!, (5) wpurw<wiurnL{JJnLflf! urb'lw'1pb[nq (1) <wqwuwpJwL Jbp_, 

~ n Lflh fl w fl j!. · 

[ u(x )+iv( x) ]" +Pl u(x)+iv(x) ]' +q[ u( x )+lv(x)\-0 

8,2 

~wJ 

(u" +pu' + qu)+i(v'' +pv' +qv)==O: 

Fw·Js .~mlull'bj!'U !/wLfl,~sfrw~ 'IP"Jtr t:wl[w•ll'WpqmJ I; WJfl .. b. JJrwJfl wlf, 

'1bUfpnul, bpp frpw~wfl Jwue b. ~b'ld- Jwue <wqwuwp bfl 'lP"JP• WJuJrflpfl' 

u" +pu' +ciu=O, 
v" +pv' +qv=O: 

lJ.UfWSnLshspflp, np U(X)-f! b. V(X)-·f! <wqwuwpJwfl [nLd-nLJfihp bflt 

( 4) ~nJUf[bpu LnLd-nLJHpf! qpbflp frpw~wfl b. ~b'ld- Jwubpfr qnLJwpp 

urbupnq. 

y 1=e•x( cos~x + ie•" stn~x, 
Y2=e~• cos ~x-ie•• sin ~x: 

f!uur WUfWSnLswd-fr (1) t:wqwuwpJwfl Jwuflwqnp lnLd-nLJflbp ' ~LfrHJ, 

y 1=e•r.cos ~x, 

y 2=e••sin~x 

y eax CO S ~X .:1-= . · =ctg ~x=/=const: 
Y2 ea < Sin ~X 

(6'} 

J6"} 

l.burb.wpwp 1 (1) <wqwuwpJwfl l!fl'1t;wflnLp LnLd-nLJf! pflnL{Jwqpfrl t:wqw

uwpJwfl ~nJUf[hj!u wpJwurHpfr '1bUfj!nLJ nLfl/r 

~wJ 

(7) 

UlbUj!f!, npurb'l c,-1! b. C2-l! ~wJwJW~wfl <wuurwurnLHhp btt 

· (7) lnLd-Jwfl ~wpb.np Jwufnzlqnp '1bUfj! t WJfl, bpp pflnL{Jwqpfrz. 

, <wqwuwpJwfl wpJwurLbpf! ![Dtm ~bl\.~ b&: , 
'/ow urh'lfr nLfiJr WJfl '1bUfj!nLJ 1 bpp (1) t;wqwuwpJwfl Jbp_ p=O, b. 

. IUJfl nLflfo 

ilfbUj!f!l 

· (3) pLnLpw qpfrz. <wqwuwpmJfl l!fl'1nLLnLJ t t;burb.JWL urhuj!f!• 

k~+q=O, q>O: 

FflnLpwqpfrl _<wqwuwpJwfl wpJ wurL bpf! ~LfrLH 

k 1 2=±iJiq'!'=±i~. a=O: 
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(7) lnLJnLJ'iJ f!b'l-ntbnLJ t t:;btnlt.JWL tnbU[!f!• 

y=C1 cos ~x+C2 sin ~x : 

t;Uil[_wuwpntJ[!t 9-ur!Jbl f!!Jq<w!Jntp fr'hurb'lf'Wl(! It WJ!J Jwu!Jwr/_np l"'~ntJ[!1 npf! pwqw• 

pwpn.J t. 

Yx=-0=0, y; = 0= I 
uqqp!Jwqw!J UfWJJw!J!Jbpfr!Jt 'lwnntgbl qpwf/>pq(!• 

t~. 273 

{ n t /; n t J, 1) '1-pb!Jp p'hnt{Jw• 

'fi'Pl. t;wt/_wuwpntJ[!' 

k2+2k + 5=0 
/_ r:;y1!JbLp Lpw wpJwur!Jbpf!· 

k ,=---= ·- J+2i, 
k = -l-2i: 

Llsmb.wpwp, [!Lqt;w'hntp f.Lurb

qpwlf! qlfrtfr 

y=e -,(C 1 cos 2x+C 2 sin2 x ): 

2) fJ.ur'IJb'IJp urpr/_w/t uqqp!Jw~ 

~wJ, UjWJJwHbpfrL pwqwpwpn'l 

rlwuLw<[np 1nulmJe b npn2bLp 

G1•fr {, C2•J. ~wJwlljwurwujuwL 

wpclbp!Jhpf!• U.nwyfrL UfWJJw'IJfr <fr• 
J wfJ l[_pw qurftntJ bL11 

0=e-O(C 1 cos 2 · O+C 2 sin 2 · 0), "l""lr ,;{•.'l CJ=O: 

np y'=e-x2C 2cos 2x--,.e-xC 2slu2x• bpqpnp'l UfWJJw!Jfrg 

I 

uurwLntJ b!Jp 

1= 2C 2, .wJu[r'b~'b' C2=z-: 
U.J""'f.unt/_1 npn!J•[n'l Jwu!Jwt/_np L"'~ntJ(! lfLfr!Jfr 

I 
y--e-x sin 2x· -2 . 

'bpw qpw!ftpqf! "'wurlfbpt[w~ t !J/1. 273-mJt 

0 p fr !J w q 3t Spt/_w~ t 

t:wqwuwpnulf!t 9-urLhl f!L'l<wLntp frLmhqpwll! {, WJL Jwu!Jwt/_np Lnt~ntJ[!, •PI! pw• 

qwpwpntJ t 

uf[qp!JwqwL lljWJJwHhpfr!J• 

{ n L ~ n t J, '1-pb!Jp p!JnLfJW'lf'frl. t;wtj_wuwpntJ(!. 

k2t 9=0, 
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y=C 1 cos 3x+C 2 sin3x: 
9-ur!Jb!Jp Jwu!Jwl[_np l"'~nLJ[!t uwfuw"'bu qqur!Jb!Jp 

y'=-3C 1 sin 3x+3C2 cos 3x. 
C1 t. C2 t:wuurwurn.!J!Jbpf! npnzl[_ntJ b!J uqqp!Jwqw!J UfWJJw!J!Jbpfrg. 

O=C I cos O+C~ Sill 0, 
3=-3C 1 sin O-j--3C2 cos 0: 

Upw!Jp t:wqwuwp b!J' 

y=sln 3x• 

II I. PL n L fJ liJ q p p l ,;; lu q w 1J w l' J w'iJ U: l' J w tn 'iJ b l' 'iJ p l' w.._ 

~ W b b b lt. .; W t/. U./ U W (II 

ll.Ju '1-hU[[!ntJ k1 = k2• 
y,=ektX Jb4 Jwu'iJwqnp lnLJntJb UtnWst/.ntJ t bwfun£''1- '1-Wtnn'lnL~ 

PJnt'h'hbpp .;pJw'iJ t/.pwr fTJbtn[! t qtn'hbL wnwt.fo'hp t:;bm qJnpb'iJ w'h~wfu. 

hp4pnf''l- Jwu'hwqnp lnLJnLJf! (eK2 ' !pnL'h4sfow'iJ hnLJhwpwp .;wqwuwp. 

~ e KtX -p 1 nwtnp WJb zP 4wf'n'l t:;w'iJ'l-bu lflUl npUfbU bp4f'nf''l- Jw·uflw~ 

qnp LnLJnLJ )• 

bp4pnp'l- Jwu'hwqnp lnLJnLJf! 4npn'ilb'h[! 

Y2=u(x)ek,x 

tnbul!ntf., npmb'l u (x)-1! wL.;wJLn !pnt'h4sfow• t, npf! b'hfJw4w t npnzJw'ht 

'l-fo!pbpb'hgbtnt/. qtn'hnd b'h.[! . 

y2"""u' ek''+k 1ue~•x=ek,x( u'+k 1u), 

y2=u"ek,x+2k 1u'e~<,x+k iue k• '=ek 1 ' ( u" +2k1u' +kru): 

Sb'lw'l-l'blntf. wJw'hsJwl'hh(lp wprfbp'hhpf! (1) t:;wqwuwpJw'iJ Jbf., umw

bnLJ b'hp. 

ek''[ u"+(2k 1 + p)u' +(kr+pk1+ q)u]-:-0: 
.f!w'hfo np k1-l! pbntfJwqpfol t:;w•qwuwpJw'iJ pwq_JwU[wtnfo4 wpJwtn t, 
WU[LU 

ki+pk1+q=0: 

Pwgp WJ'l-• k,=k2=-L'-I(wJ 2k1=-p, 2k 1+p=0: . 2 
2.btnlt.wpw{', U (x)-l! qtnbh[nt t:;wJwp U[htnp t tntJbl ektx u"=Q 

~wJ u"=O t:;wqwuwpntJf!' fl'hmbqphtntf., utnw'hntJ b'h.[! U=Ax+B: 
lfwu'hwqnpwpwp 4wph[p t f!b'l-nL'hhl A= 1, B=O· WJ'l- '1-hUfpnd U=Xt 

U.JUU[punq, npU[hu ·bp4pnf''l- Jwu'hwqnp ln,JnLJ 4wphtfo t qhpg'hbl 

Y2=xek•x: 
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IJ.Ju ln u}nuft wnw2.frtfr t;bm q.J.npbt wflf[wfu L .pwflfr np 

y 2 =x==:o'=const: 
Y1 

flwmfr l!t'lt;wflntp frtmbq.pwlf! ftlfrtfr 

y= C1ek,•+C2 xe ' '' = ek,x(C 1+C, x) 

~w.j_wuwpntJ[!t 'J.phLp k2-4k+4 =() pLntfiU19f'Pl ~UII/_UIIIUJ(InLJ[! t <J.;;i;;;;.J hLp Lpw 

wpJwmLhp[!' k1 = k2 = 2t f!t,'l.;wLntp pLmhqpwlf! ftLf.Lp 

§ 22. n-pq ~wpq~ hwumwmntb qnp()m~~gblipn!J. qbwJ~b hwuwulin 
hw!J.wuwpntubtp 

'Jofrmwpqbf.tp ll-f''l qwpq.fr q..twJfrfl t;unfwubn t;ull/._wuwpnLJ[!' 

y<n>+ aJ y<n -lJ -+ ... +a , y= O: (1) 

bfi{JWI]{'b[nL b'£p , np a,, a2, . .,, an .t:wut:1WLnnt'£'£bp b'£t Uwfupwfl (I) 

t;wqwuwpJw'£ Lnt.tJwt JbfJn'lfr 'Lzblf!, mwflp .t:bmwq.wJfr t; l.uJwp wfl
t;pwdbzm Jfr uw{ Jw'Lnttft 

u ·lfl' t; J w t n L J I t b[Jb [a, b] t;wmqw.tfr P"L"P x-bpfr ::wJwp mb

'lfr ntfl fr 
rpn (x )=A 1tp 1 {x)+A~tp.( X)+· · .+An-1\f'n-t( ~: ) 

~w·tf.wuwl"n•'f1Jn ufl·[!, np1mb'l A 1, Az, ... , An -<:w.umwm>nt'L {Jqbf' bf, 

b. nz. pnlnf't bf.t ~wqwuwp qpnJfr, WU[W wuntJ bt, np IPn (x}-1! q..tnpb& 

wrmw6.mJmtl.ntd t cp1(x), cpz(x) ... , ~n- , (x) ~nt&.~g~w&.hr~ d~fngntl_: 

u W t; J W '£ n L J 2: tp1(X), tp2{X), ... 1 Cf n-!(X), ~n(X) n t;WIUI !pnuflift-

9/rwflhpf! ~nt.tl_ntd h&. q~nrh&. w&.~w}u, bflb WJI] !pnt'Lftsfrwtbpfrs U. nz. Jbftl! 

q..tnpbt lF wpmw~wJmtf.mJ tfJ trtuflbpfr Jfrtnsnt/.t 

'Jo fr m n 'l n L {J J n L t I t Uw,t;JwflntJtbpfrs t; bmb.nLJ t, np tipb. 

tp1(X), tp, (x ), ... , qJ 11 (X) !pnt'Lfts,frwHp[! q~nrh&. ~w}utl_w~ b&., wUfw ftq.mtqbf, 

nz. P"l"Pl! 'l.PnJfr t;wqwuwp c,, c2 ... , Cn t;wumwmntflflbp[!, WJtUffrufrp, "l' 

{a, b} ~wmqw.tfr P"L"P x-bpfr t;wJw·p mb'lfr ftnttbflw 

flntJfl nt{J J ntfl[! t 
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0 l' p L w ft 1, y 1= eX, y 2= e2X, y 3=3ex !f>n,LftspwLhpf! q6nphL ftwfou[w6 hL, 

1 
~wLp np C1= l, C2=0, C3 =:...-3 wpJhpLhl'f. '1hUfpn<J mh'lf. mLp 

C1e'+C 2e 2•+JC:3ex:=O 
11n<JLn<P JnLL(!t 

0 l' p L w ft z, y1 = l, y2= x, Ya =X2 !fm•!.ftuf.wLhp(! q6nphL wLftwfu hb, pwL~ 

"'l' C 1, C2, C3 "l Jp wpclhl!Lhf'p '1h"'l!mJ, npnLp JpwJwJwLwft 'll'" lhL, 

C1 .1 +C2x+C3x2 
""'l'"'"' ' "'J"'"'fJJn<Lf! LntJLwpwp 'lf'" lP tf.Lp: 

0 l' p L w ft 3, y 1= ek, x y 2= ek2x, .. . , y n=eknx !f>n•LftupwLhp(!, npmh'l k1, k2, ... , kn•··• 
mwpphp fl.f.hp hL, qJnphb wbftwfu hLt (U.Ju Ufb'ln'Jl! phpntJ hLp wnwLu UJU(WQn•uJwL)t 

IJ.JiJ .wtstbtp (I} t;wqwuwpJwt lnL.tJwfl[! t IJ.J'I t;wqwuwpJwt 

-\wJwp frpwtf.wsfr t -<: bmU.:twl [JbnpbJ[!t 

fil' b n p b J, bph y 1, y2, ... , Yn ~nt&.~g~w&.hr~ (1) 6.wtl_wuwrdw&. 
"l~nrh&. w&.~w}u tnt~nu:f&.hr&. h&., WUJW WJI} 6.wtl_wuwrdw&. ~&.qfiw&.nt~ 

tnt~nuf&. t 
y=C,y,+C2Y2+ .. ·+CnYn• (2) 

npmb'l C1, ... , Cn ~wtlWJwqw&. 6.wumwmm&.&.hr b&.: 
bflb (I) t;wqwuwpJwt q.np.twftfrstbp[! t;wumwmntfl bt, WU[W [!11'1-

t;wflntp l"L.tnttf[! q.mf.tnttf bt wJfiU[bu, frtz.Ufhu bpftpnpl] ftwpq.fr t;wqw-

41LU{'Jwfl 'lb~pntJ t 
I} liw'l.JntJ btp pflnt{Jwq.pfrz. t;wqwuwpnLJ[!' 

k"+a 1kn-I+a 2k
11

-
2+ ... +an=0: 

2} 9-mtn,J btp pflntfJwq.pfrz. t;wqwuwpJwt wpJwmtbp[!• 

k1 , k2 , ••• 1 kn t 
3} f!um w·ptfwmflbpfr pflntJ{Jfr q.pntJ btp q..tnpbt wtftwfu Jwuflwqnp 

lnt.tnultbp[!, 'lbftwqwptf.blntf. WJfl pwtnq, np. 

w} J11tpwpwfluntp k frpwftwt JfrwUfwmfrft wpJwmfrt t;wJw·Ufwmwu-· 

JuwflntJ t ekx Jwutwqnp lnt.tntJ, 

p} k(l ~ =a+i~ U. k (!J=a-i~ ftnJUflbpu t;wJ·wLnt.t JfrwUfwmfrft 

.wpJwmflbpfr JflL('W[lWfll.JnL(! 'l"'J'ffrb t;wtfWU[WUIWufuwflntJ b'i.t e ox CQS~X 

h e•x sin~x brftnt Jwu'iwqnp tnt•.t,nLti'Lbp·, 

'f) JI1L{'W[lWfll.JnLf' [ pw'l.JWUfWU1frftntfJJwtfp k frpwf[wfl wptfwmfrfl 

{wtfWU[WUIWU/uwflniJ bfJ [ q..tnpb'£ wflf[wfu Jwu-fuuqnp lnL.tnttf'£bp' 

ekx
1 

xekx, ... , xr- l ek•, 

'f) X (IJ=ct..J...i~ I. k1 2 )=c;t --j~ ~t pw'l.JWU(WLnfrf[nL{JJwtfp ftnJuubpu 

: -\wJwlnL.t wpJwmflbpfr Jntpwpwtuntp 'l"'J'ffr'£ -<:wJwU[wmw:ufuw'Lnutf .b.t 

2J.L tf·w·utwqnp Lnt.tnttfflbp 

e" cos ~ x I xe>X cus ~x , •• I 

ex Sin ~X, xex sin ~X, ... , 

x:J.- tex cos ~x , 

x:J. - 1e" ' sin ~ x : 
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U.J'1Uff1Up tluwLw4_np tnu}n,JLbp[! ~LfoLbL -&frzm WJLpwL, frbLUffrupb 

phnL{Jwqpftl. .t:w4_wuwptlwb wump-&wbb t { WJupb.pL WjL.pwb, frbl.ulfrufrb 

mqJWL qawJftb 'IP!f.hpbb9frwl .t:w4_wuwptlwf, IJwpqL t): 4wpblf' t wutw-

9"'9bl, np WJ'J L"'Jn,JLbpf! qanpbf.J wh~wfu hf.J: 

4) CJ.mhhtn4_ Yl• Y2• ... , Yn n .t:wm qanpbb wb~wfa tnLanuFf.Jbp[!. ~w-

nnL9nLU bL.p mqJW'L qawJfrL 'lfrfPbpbLgftwL .t:w4_wuwptlwf.J [!b'l.t:wbnLp 

tntanLU[!• 

y=Clyl+C2y2+ ... +CnYn• 
npmb'l CI, c2, ... , Cn ~WUWJW~Wb {wuml1lLnnLLbbp bL i 

0 l' fr L w ~ 4: '1-urLbt 

<uu[wuwptl wL 1!!.'1-';w!.ntp [ntdnulf!t 

( n L d n L tlr 4wqtfb!,p p!.mpwqpfrl ;';wqwuwpn<tlf! 

k~-1=0: 

'1-urLnw hLp pLn,fJwqpfll ;';wqwuwptlwL wptlwur!.hpf!• 

kl=l, k1=-1 , kJ=i , k4=-i: 
'1-pmtl hLp f!Lq<wLn<p fr!.urbqpwlf!• 

y=C 1ex+C2e-x+ C3 cos x+C 4 s in x, 

npurb'l cl' c2' Ca, c4 ~wt!WJW~wL <wuurwurntLLbp bLt 

'J. p ~ n 'l n L fJ J n L L: 0wpw'fp4_waft9 {bmb.n,J t, np {wumwmnLh 

qnpaw~fr9Lbpn4_ qawJph { wtlw•ubn '1fr!f>bpbb9frwl {w4_wuwpn,Jf.Jbpfr [nta

tlwf.J wtlpn'll 'lrf4_wpnLfJJnLL[! pbnLfJwqpfrL {w4_wuwptlw'i. l"'atfwb Jbl t: 

§ 23. tiplJpnpq (Jwpq~ w\thwtfwutn qbwj~\t hwl{wuwpnttf\ttp 

'J.fr9m.p nLbhbp 

y"+a1y'+a2y=f(x) (1) 
bpJipnpq ~wpq.fr q.awJfrb wf.J .t:urtlwubn .t:w4_wuwpnLU[!t 

U.J'1Uffrufr {1) {w4_wuwptlwL (!hq.t:whnLp L"'atlwb ~wnnL94_wan 

npnzlj_nLJ t {buriLJWL fJbnpbtln4_. 

fP b rr I' b J 1: (1) w&fiwtfwuhn 6wqwuwrtfw& p&qfiw&ntr tnt~mtfp 

libr4wJwgtf.nttf t nrUJ.hu WJI} liwqwuwruw& nrht y* tfwu&wqnr tntchfw& · 

b. 

(2) 
6wdwutwmwufuw& 6wtfwuhn 6wqwuwruwf. y e&qliw&ntr tnuhfwli 

qntuwr: 

lJ. Uf w 9 n L 9 n L tl: fTJbmp t WUfW9"'9bl, np 

y=y+y* 
qnLUUlpf! (1) .t:w4_wuwptlwb [! b '1 { w b n L I' L n La n L J b t• 
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{1) .t;w4_wuwptlwb tlbl y-fr tfonfuwpbb mb'lw'fphtn4_ y+y* qnLUWp[!, 

~nLhhbwh.p. 

rY+y'')" + a1 (y+y*)' + a2(y+y*)=f {x) 

(y" + a1? + a2y) + (y*" + a1y·''+a2 y* )'=f (x): (4) 
.f!wbfr np y-[! (2) .t:w4_wuwptlwb tnu}nttlb t, WUfW w•nwlfrb tfow~w

qabpnuf qmb4_n'l wpmw{WJUinLfJJnLh[! hnLJhwpwp {w4_wuwp t 'lP"JP' 

l'wbfr np y*-[! (1) {w4_wuwptlwf.J L"Lanufb t, WUfW bp~pnp'f tfow·~wqah
l'"uf qmb4_n'l wpmw{wJmnLfJJnLb[! {ur4_wuwp t f {x)-fr: l,bmb.wpwp, {4) 
{w4_wuwJ'nLfJJnLh[! bnLJhnLfJJnLb t: U.JuUffrun4_, fJhnpbJfr wnwlfrb tlwub 

wUfw9m9qwa t• ( 

U.Jrftl WUfW9nL9hb.p, np {3) .wpmw{WJLnnLflJnLh[! {1) .t:w4_wuwptfwb 

f!b'l{,uf.Jn,p LnLanLUb L WJufrb.pb' 9"'J9 mwh.p, np bpw Jbl tlmbn'l ~w

JwJw~wb {wumwmnLhhbp[! ~wpblfr t [!hmph[ WJhll(hu, np frbLUffrufrb tL 

tfrbhb Xo, Yo b. y'o fJ4_bpf! (wJh.pwb np x0-f.J qbp9qwa tfrbfr 'W'Jh mfrpnLJfJP9• 

;,pmb'£ 3j, 32 [,_ f (x)-f! Wh(!b'fJ;Wm bf.J) pw·4_wpwp4_bf.J 

(5) 

u~qpbw~wb UfW JU wbb bp[!t 

't~wmh£nq, np y-[! ~wphtfr t bbp~LUJW9bbl 
y CIYI+C2y2 

mbu.pn4_, npmb'l y 1-[! b. Y2-[! (2) .t:wl[wuwptlwf.J qanpbb wb~wfu Lntanttl

Hpf.J bf.J, fru~ C1-l! b. C 2-[! ~WUWJW~wb .t:wumwurmbbbp bf.J, ~w·pn'l hbp 

(3) .t:w!/_wuwpnLfJJnLh[! qph£ 

y=C1Y1+C2y2+Y* (3') 
urbu.pn4_: U.J'I 'lbUf.pnLU (5) UfWJUWhbbpfr .t:frtlwb 4_pw ~ntbhbwf.Jp* 

Cly 1u+C2y 2o+Y6= Yo. 
C ,y' o +- C2y1o+Y~ =Y~· : 

-ll.Ju .t:w4_wuwpn,Jf.Jbpfr {wtfw~wpqfr9 Ufhm.p t npnzbl C1-[! b. C2·[!t l.w

Jw~wpq[! qph£nq 

(6) 

I 

mbu.pn4_, b~wmnLU bf.J.p, np WJU {wtlw~wpqfr qbmbptlfrbwbm[! X=Xo 

~bmnLU y1 b. Y2 !pnLh~9frwbbpfr., {wtlwp r/,pnbu~nL 'lbmbptlfrbwburb t: l'wbfr 

np [!ULn UfWJtfwbfr WJU !pmf.J~9fowbhp[! qanpbb wb~wfu bf.J, WUfW r/,pnbu-

• U.1uurb'l Y10• Y2o• ·y*o• Y'w• Y120' y*'o Lzw!.w~n<tl bL Y1• Y2• y*, Y
1

I' Y
1
2' y*' 

!f.n<L~yfrwLbpfr wpJbpLbpf! X= x0 ~burn<tlr 
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16 

riJJ'lUflUJ.,, 
Jupm'lnmr 'l"'rJmnmpm:. ( 1) <l'lm'lmr.nn~ mln.m '0 =~~=I~ <l'l'l'l'ub'lil 'ltfq • 

·ilr1Uf1u7 J,u'lm:,b'lil 'lmrJmnmpm:, v'lnml" 

~"'!-'!"' <l'l'l !''u'lmurn 'l'lr </'TY"''lmJ '{,J+'{,x':J=A pu7'1JbmL'Im iiJv'lm</Git'l'ut/; fmm-6 

9 (; 
:~:J+--='J '':::>+-='J 

-tX -X 

if'l'l J'1U'jmmn pu7'1Jb'lr.n'l</ 1G</b'lurJ• 

'gxr;/t==~J ti:.~\=~~J 

•if'l'l'lr.nb'J •i!bdm'Jmrm:. nFm pu1'1f'U} 

:J'I'lm</B?'l•urf; </-X n'llnJu if'l'IZuJu il-0:) 1f ii-':J B</bJm~mrm:r. 

x=o. ~:J+x):::n 'oo=(. :::>-: ,x~J 
~ ilm'lln 'J'>Uf1U7 'lmrJmnmpm:, fmpJm </'!.</1 il'l'uFfi,ur.nFm,~mr.nJm 'l</lJ'If </brr'llnJy 

:":J+:X'J=.\ 

'n'llrrnFm 'I 

~XJ=,A ~:J :q+x tq=.A Uf 1n 1nnr 
X ,A 

"A 
Ju </'lmif tilp 

X 
•'Uf1u1 J'u'lm!-b'lil 'lmrJmnmpm:, v'lnmrm:, o="'J.-,,< 11'l'l'l"''6 •r, u r, u 1 

ll 
:ilr•uf'u7 J>u'lm:,b'lil 'lmrJmnmpm:, X=--,) 7'1'lm'(, ·~ m 'l 4 J (} 

,II. 

I ,.ilJ'1Uf1U1 

J1uqm :rb'Jil IJ>mJ'J mnm fn1 !r ll!f n m J'n1 !r'Jnl \ IJff'J 1 n r m I ill mJb 'I lniJ 1 fm f "'m7 

B1J'I'J'J'uwmwnm:r IJmiJmFml'miJ <,~ 1f '.;;? ifiJq'JwbiJ 
1
b!JJ' 'Jmfe]1uJmnmpm~ 

( 1,) ilJqiJIJ1Ufd1UmTm:rmwJm fmpGmwn 1-'{,J 1f 1-') l•ulqJbmLqs 

''J'I J'I'J'J'utnmmnm:r qmJ'JbqwiJ1 il-0) 1f il-l,;;_> LqwJu 

'
11
)+xp( x)&:±J=~) "~+ xp(x)1<h J =r) 

if 'Jm 'J m tn n" 
1
p u 7 'I Jb 'I tn '11 

:(x)'<h=;) '(x)
1
d:=J) 

•Jq'Jm1GIJ'J'ur/; 11JmZuJu 1-x nqlnJu il-",) 1f il-l,:) 

ifqqijwbiJ 
1 
ilbJmiJm I'm!>-pulqflu] 

1 
JmJm1ftnq !r •1FuJb ~7 Jmnmpm !r IJfm 

mlnm 
1
~ 1Jln'Jm'J1J'Jqwqb 1u'Jn'JuJ'p JmJ'm!r 1J'I'JJ''»f1u] njm'Jqm 'J'IJufb 

?;f.. 1f !f.. 'Jmi'Jmnmpm:r (~) ilw'Jm'J•fJ'Jqwqb 1bJm'Jmrm:r nfm Ju 1'Jmit 

:(x)J=~f..:) 1-~A!) 'o="!..D+r!..:) 
qefq 

1
1Jif'J1nFm ''J1JqbJm'Jml'm:r 1J'IIJJ'1UJmnmpm:r (6) 1f (8) 

IJ'I J'lUJmJmpmrl ilJq'Jm1G'Jtpur/; '{,J 1f lJ qefq 
1
p1Ui!lnqb IJfm t}1J111J J''U{' 

-1ul IJmi'Jmnmpm:r vqnmJ'mj'Jm (I) qmifGIJ'J'ur/; ( 1,) 1pttntjlrrnfy} 

(6) (X )J=~,\~)+! ,( !) 
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1 ilifnqur 

~ J'lutpub'Jil 'J'J1ufd1uJmnmpm:r IJ1lJqp 
1
Jmrlm1ftn'l7 

''J'I 'JJ'I'JJ''Uflul 'Jm'I'Jmnmpm:r vqnml'm:r il-'l./ .. 1f il-lf.. Ju 11Jmif 'uJb 'J'I 

J'lUIJVmb ilJqiJIJ1UFti1umFm:rmwJm fmLg J'luJqf~m'Jmt/r lu'JJ'I IJ1lmvYl 

:( x)J=';i.:~)+!.'·!)+ (".Fe -1 ~,\
1
e+~.\)?.)+(r!.."e+!!..re+>< )r) 

l'm'J 

( x )J=(?.f..")+r J..l))3e+(~A')+ Jf..l) )re+~,\~)+ J·\!)+ £f..&J+ J,!..r) 

. ffiJ.IniJ.mmniJ 'b'IJ' qmJ'Jmnmpm:r (I) pulgJbmLqw il-11!.. 1f il-,J.. 'il-f. 

:of..~"+'!..'"+"!..~"+ tf..'":..:: !.. I '"' I ,..., II J II J II 

i/-11!.. ifiJ'I'JwbiJ 
1
iliJ1ufeJ,uurFm.:rmwJm 1J1U'Ir pu1qGIJqJq1;1b I'PFYI rili!n'lm 

~k)+ !·\'J=).: 

11Jlub'Jil1J illmFG'Jmfm IJ1lmvm J.. 
m-lnm 

1
il'Jmi'Fmln 71G1UGmJ1 nFm if'J'I'Jvm ljfZm:r 'lflQ :iliJ1ufd1uJmnmpm~ 

(g) 0::: e !..~)+t !..~) 

1111J'IIJ'U 1Lqw Ju 
1
n'flntJFm> ifiJqJw'Jil IJJqqm1GIJIJ1Ur/; '{,J 1f IJ Lup'JuJy 

:<,\~)+[!..~) +~!../.)+ ~J..!)=,!.. 

·il'J1UF fl'uJmnm'fm:r ( L,) ifiJqGIJ'IJ'Ir/;1-f.J 

• tJq'J.m1G 

-IJqwr/; wFm:r'Jm J'pFmvm 1-x nqlnJu f.ulq'J'•ub'Jil il-0) 1f il-l) 'puifnqur 

( 1,) ifqqquJu ilJ'1Uf1U1 Jupm'Jnml' IJmi'Jmnmpm:r vqnml'm!r'Jm (I) 

(L) :?.f..6J+!J..!)=.\ 

•ilJ''Uflul J1u1Jm:rb'Jil qmJ'Jmnmpm:r vqnml'm!r (~) if'J'IJ'b :il u u d lf I' 

.tJFm1GmtjJmp 1J'I'J'J'uwmwnm:r 'JmiJmoFml'mt, 

:iluutiqJ' J1u'Jm:rb'Jil 'Jmi''J.uJu 

4J'I'JJ''Uflu1 Jupm'Jnml' IJmi'Jmnmpm:r vqnml'm:r'Jm if'Jmw GF1U[J 

rlqr 1uJq'Jmb ilJ'1Uf1U] Jupm'JnmJ' .J.. ~1fJu mJ'J ~ J'lUIJmfmq ilJ1lJ'Jn/ 

qm~m'JJ'1!r 'JmJ'Jbqm'J1 IJmJ'Jmnmpm:r vqnmJ'm:r'Jm (f) m/nm 
1
ilJ'1UflJJJ 

.J1u'Jm:rbqil ~ 'Jmi'Jmnmpm:r vqnmol'm:r (~) ~ 1'JwFm:r 'lfl'l 
1
pun11nnf'/1 

~~ fmpG1UGmlnm r1J1 ilJ'gJu'lofJ 

.:ilJ'1Uf1Ul 'Jnl'J'Jmnmrm:r ( r) LuJmJmpmrl 'J1J'I'J'Jmi'Fmln qmiJm'JJbqn 

-fmpJw ~ J'lUZuJu il1ffm"JmJ ( 11) Jml'm!r GIJuJu 'JqiJifqpJm 1n11n'JFm 

ZJ 1f IJ 'J'IIJ1U IJlufdl»Fub ,1Jii'J1nfm 
1
J'1Uf1U1 '{,J 1f IJ 11JmZuJu 11J1U 

"JbJm"ml'm!r (9) 
1
Jmrlm1fW!f!r 

1
1FJJJb F Jmnmpm:r ilu_''Jm'J1J'J'Iw'lb 1u'J 



- - x3 x3 
Y=C 1x2+ C2+ 2-6 

- x3 - -
qwJ y=C1x2+C 2+3 1 npmh'l C 1-L' It C2~L' qwJwJwlfwll {wumwmntLLhp h!.t 

Uwullwqnp tnu)mJ!JhpL' npnllhtfru oqmwqwp t oqmqhl {bmhJwl pbnphJfr wpriJn<Lp• 

Lhpfrs• 

fi'hnphJ 2: y"+a,y'+ a1y=f 1(x) ; f 2(x) (10) 
liwqwuwruwl; y• lut~ntu[' , nrmhq Wf Jwul' f 1 (x) 1.. f2 (x) hr~nt ~mG~g~wGhr~ qnt

'll•r& ~. ~wrbt~ ~ lihr~wJwsGhl y*=y*1+y*2 qntuwr~ mhufmJ., nrmhq y*1-L' I. y•2-p, 

liwdwlljwmwuJuwGwpwr, 

y~ " -t- a lY~, -+- a2y* l= f 1( x)' 

y~ "+a 1v; ' +a,y~=f2( x) 

liwlJ.wuwrntdGbr~ tnt~ntdGhrG hG: 

(II) 

( 12) 

{}, Uf lU 9 ' n L 9 n L Ut CJ.nLUlUf'b£ntf. (11) b_ (12) {UJt/_lUUUJ{'nLUflbflp 

wy_ b. Jwfu Jwubpf!, ~umwLwL[!• 

(yi + y ~ )" +a 1(yf+Y:D' +a., (y1+y~)=f1(X )+fJx ): ( 13) 

tJ.bf'lfrL {wt/_wuwpntfJJntLfr9 {bmb.nttl ~' np 

yi + y2=y·:·:· 

qnttlwp[! (10} {wt/_w·uwptlwL [nttlntJL t: 

0 p/r II w q: '1-mHL 

y"-4y=x+3e' 
,{wqwuwpJw!J y• Jwuflwqnp [nt&ntJ{!: 

~ n, in t J: Yi"-f-4Yr=x {wqwuwpJw!J Jwu!.wqnp ln,&ntJ[! qLfrLfr 

1 
y*--x· 1-4' 

y:j"-f-4~=3eX { wqwuwp:fwL Jwu!Jwqnp ln,JmJr lafr!Jfr 

3 
y*= -e'· 

~ 5 . 

Spo[wJ {wqwuwpJw!J y• Jwullwqnp tnt&ntJ[! lflfr!Jfr 

1 3 
v*~·=-x+-ex: 
- 4 :) 

§ 24. tJpJtpnp'l Jtmpq~ hmumwmmb qnpbmlt~g'ulipml w'uhwuwulin 
qbWJ~b hml[IHUUlpDLlfbfip 

'1-fr9n'i! ntthLf! 

y"+py'+qy=f (x) (I) 

• U.qHwJLn t, np {wJWU(UitnLUufuw!J pbnphJ[! J!JntJ ~ frpwl[wsfr LUf Jwufr awL• 

qwsw~ flqnq qntJwpblfr'bhpfr 'lh"'l!n'J' 
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{ull/_wuwpnttlf!, npmh'L p-L b. q-L {rpw~wL fJ,I_hp hLt 

owfunp'l- UflUf'lUlff'w!fntJ 9"'!9 mpt/_h9 wL{wJwuhn {wt/_wuwpJwfl 

l"'J.JwL npnLJwL l!L'l-{wflntp JhfJn'l-l!' l.wumwmntL qnptlw~fr9Lhpnt/_ 

{wqw•uwpJwL '1-hUf[JnLJ {wC.wfu {flwpwt/_np ~ LfrLnLJ JwuLwqnp lnu}nL

Uf! qmthl wtf.hL/r {bzm; 1..'1-frJhlnt/. frLmhqpJwLt IJ.frmwp~hLp (1} {wt/_w

uwpJ.wL {wJwp J{r [!wL{r lUJ'l-Uffrufr {flwpwt/_npnLfJJnLLLhpt 

I, bt fJw''l-f' hL[J ( 1} {w t/_w u w pJ wL wy_ J w Uf! pwq_J wL '1-wJ /r b. 9"'9-

;_wJfrL !pntL~9frwJfr wputw'l-f'JwlL t, WJufrLpt' mLfr 

(2) 

mhupf!, npmb'l Pn (x}-l! n-{''1 wumfr-&.wLfr pw'LJwL'l-wJ ~~ U.Ju '1-bU[[JnLJ 

{Lwpwt/_np hL {bmb.JWL JwuLwt/_np '1-hUf[!hf'f!• 

w) a fJ fr tf.l! 

p'bntfJlUCff'Pi.. {wt/_wuwpJwf., wptlwml! tJt 

U.Ju '1-hUf[!nLJ JwuLwt/_np lnL<JnLU[! U[hut[! ~ npnth£ {hmb.Jwl mbupm[ 

(3) 

/>flnp , y* -[! mb'lw'l-f'blntf. (1} {wt/_wuwptlwL Jhy_ b. pntn·p wL'l-wJLbpf! 

pwJwthlntf. e ox pwq_Jwulwm~fr;_fr t/_pw·, ~nLLhflwL[! 

Qn(x}-l! n wumfr-&.wLfr pwq_JwL'l-wJ ~' Q'n(x}-l! (n-1} wumfr-&.wLfr, 

Q" n (x}-l!' n-2 wumfr-&.wL{rt U.JuUffrunt/_ , {wt/_wuwpnLfJJwL wy_ b. l.wfu 

~n'lJbpmJ mLbtp n UJumifoC.w,Lfr I(!UJqtlwL'l-wJLib{'t 1.wt/_wuwpbs.L.bl,n1. 

x-fr Jfrb.Ln,JL wumfr-&.iuLfr qnp<Jw~{r9Lhpf! ( UIL{w!m qnptlw~fr9thf'l! n+1 

{wm bL ) , ~umwLwLp A0 , A1, A2, ... , An wL{wJ"' qnptlw~fr9Lhf'l! npn-

2.b£nt {wJwp n+1 {wm {wt/_wuw·pnttlthpfr {wJw~wpqt 

p} a fJfrt/.l! pLmflwlfph {wt/_wuwpJ wL ''I w p q_ ( J /r w Uf w m /r ¥} 
UJ f' U ,UJ Ul f., ~I 

bfJh ·UlJU '1-hU[[!nttl Jbh[J u~uhfrL[! JwuLwt/_np [nttlntU[! npnthl (3} 
mbu[Jnt/_, UlUflU (4) {wt/_wuwpntf/Jwfl Jby_ l.wfu ~n'lJnLJ ~umw9t/_bp n-1 

wullll{rC.wL:f pwq_JwL.'l-w.J, pwL{r np Qn (x}-/r qnptlw~fr9l!• WJufrLi!fl' 

a 2+pa+q-L {wt/_wuwp ~ q_pnJfr, fru~ Q'n(x) b. Q"n(x) pwq_JwL'l-wJ

Lhpf! n-fr9 9Ul.tp wumfo-&.wLfr bLt l.hmb.wpwp, n;_ J{r Ao, AI, ... , An '1-bU[

~n,J ( 4} {wt/_wuwpnLfJJntL[! LmJLnLfJJnLL ;_/r LfrL{rt flLumfr '1-frmwp~tf.n'l 

'1-hUf[!ntJ Jwuflwt/_np lnLtlnLU[! U[hmp ~ t/_hp9thl n+1 wumfr-bwfl{r pwq_-
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Jw!t'lwJfr mbupm/_, pwJ9 wnw·bs wqwm wb'lwJfr (pwb.fr nf' 'lfr!f>bf'bflsb

Lfru WJ'f pwqJwfl'lwJfr ~qwm wb'lwJI! tf.bf'wbnLJ t)l. 
y·x· . xQn (x) e"x: 

q.) a Pfrtlp pbnt{Jwgf'frl. t:wt/_wuwf'Jwfl ftf'qbWU[WU7M UJf'Jwurb t• 
U.Ju 'lb'lf.[!NLJ Q n( x)e"x !f>n,b.ftsfrwb 'lfr!f>bf'bb.sfrw l t; w t/_wuwf'Jwfl J bt. 

mbrzw'lf'blfru pwqJwfl'lwJfr wumfrSwbb frt.b.n,J t bf'ftnL Jfrwtf.nf'ntf.r ,.f'np, 

bfJb a - fl pbnL{Jw•q.ppz. t:wt/_wuwf'Jwb Wf'Jwmb t, WU[W ::t2 -T- p:x +q=-0. 
pwgfr WJ'f • .[!wbfr nf' a-b ftf'ftbwU[wmfrft wf'Jwm L WUfW 2a= -p 
(-llwb.fr nf' f!UU1 UJWf'f'wftwb t:wbf'w t:wzt/_ft t:wJmbfr fJbnf'bJfr' pbf'tf.wJ mbu

.pfr [!W·nwftnwfr t;.wtl_wuwf'Jwfl Wf'Jwmbbf'fr q.n,Jwf'l! t:wt/_wuwf' t wb

t:wlmfr wnwt.frb. wumfr-bwb.fr q.n[l6wftsfrb.' tf.bf'9f'wr) t:wftw'lfrf' b.z'wb.nt/.)r btl_ 

IJIJUU[bu, 2:x + p.= 0: 
l. bmk.wpwf', (4) { wt/_wLtwf'Jwb 4wfu JwunLJ Jfln,J t Q"n(x) , 

IJijUpb.[!b' n-2 WUU1p~wbfr pw'l_JUJb'fWJr fif'U[bUI£/r U7h'l_W'ff'nLJfrs t:bmn 

UUJWSt/.ft n WUU7pbwbfr pwqJWb'fwJ , U[hU7p t Jwub.wtf.nf' [NLJnLJf! n('N

fibt .eOX. -/r U. n+2 wumfr -bwb.fr pwqJwfl'lwJfr W{'UJW'ff'JWL/r mbul!ntf.r {!b.'1 

nf'nLJ WJ'I pwqJwli'lwJfr wqwm wb'fwJI! U. wnwt.frb. wumfr'bwb U[Wf'nL

Lwftn'l wb'lwJe 'lfrffbf'bflsJwfl dwJwb.wft wflt:bmwbnLJ bb. nwmfr bf'wfls 

l[wf'bLfr t Jwub.wtf.nf' ln,JJwfJ Jb1. z.Jmsflbu 

lJ. J Uti( frun q, b('p a - fJ t; wb 'IP uwb nLJ t pbn L{Jw q.f'fr l. t; w 1/_ uruw f'J w b 

'tf'ltbwU[wU1frft wf'Jw.me , Jwubwtf.nf' lnLJn,JI! ftwf'blfr t tf.bf'sflbl 

y*=x~Q0 (X ) e'" 

0 p /r!. w y 11 'J.ur!Jbl y "+4y' + 0 y = X ':wqwuwpJw!J [!11'1':w!JnL(I tnt~ntJ[!I 

( n L ~ n ·• J, l.wrlw"'wurwufuw!. -':wJwubn <w •[wuwprlw!J l!!J'I':w!Jmp tnt~ntJ!J {. 

> .= C1e-x :· C2e-3x: 

-#!w ~fr np mpqw~ w!J-':wJwubn <wqwuwprfw!J "'t Jwu!J tiL!Jp XC Ox urhul/l! ( UIJufr!.I/!J' 

PI ( x)eox urhulll!)• f!UUt npntJ 0-!J k'+ 41<+3=<> p!Jnt{Jwqpfrl ':wqwuwpJw!J wrJUIUJ(! 

tt , "'UfUI Jwubw~fr l"L~ntrl[! lfnpnbbbl/ y*=Q 1 (x) e0
' mhu11nq, WJufr!JII!J' lti!!J'Intllb!JI/ 

y*= A0x+A 1• 

lJ.1u wpurw -':wJurntfJJntllf! urb'lw'lrhtn r[ mpqw ~ ':wqwuwprlw!J Jht, qnt!Jb!Jw!JI/ • 

4A0+ 3 (A0x+ A1) =X• 

l.w1.wuwphg!.bt">/. X-/r tFfrhllmJII wuurfr llw"i.!Jhpfr 'l"l'~wyfrg!Jbpf! , yuurw!Jw!JI/ • 

3A0=t, 4A0+3A1 =0, 

l oywurb!.,, np qhp4ntJ phpqw~ P"l"l' lUf''IJ"L" .v"hrl! J!JnLJ h!J nulf! Jht h. "'I" 
.,,Uff! nLrl, bpp Ct. f, Y"riUftb i' u filM t ('1"' t;b~linLJ t e rn< !j>ntllqgfrwJfr (m-[! gwllywgw~ 
y•J"'lhl/u fJM { ) 'lfr!/>bpL!Jgrlwb ywlln!J!Jbpfrg· mhu VII 'ftfufr , § 4) t 
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npurh'lfr9 

l.bu.luupwp , 

I 4 
y*=-x--: 

3 9 . 

1 4 
v= C e-x+C e-3x+ -x- - · 
• I 2 3 9 ' 

0 I' /r "Ul It .2. 9-urllbt y 1/ +9y=l x2+ I )el X <wqwuwpJw!J l!!J'I<wllntp tnu}nLJf!' 

( n 1 ~ n ~ J r l.wJwuhn <wqwuwpJw!J l!!J'I<w!Jntp t"•~mJl! hrh!J11 <hzur 

Spqw~ <wqwuwpJwf, (x 2+ lj e 3x wt Jwu!J nt!Jfr P2(x)e3x. urbulll!' l!w!Jfr np wu

urfrbw!Jfr gn•sfrtn•J h'lw~ 3 qnp~wyfrg[!' p!.nt{Jwqpfrl <w>/.wuwpJw!J wpJwurl! tt, WUfUI 

Jwu!Jwq,;(l t"•~nLJf! ynpn!Jh!J11 

y*=Q2ix)e3x ~wJ y*=(A x2+~x-tC )e3x 

urhuj/nqr (/,JU UI('UfUit;UIJIIfnL{JJnL!Jf! UJh'[W'f(lhtnq 'fp:f>brb!JgpUI/ <wqwuwpJw!J Jhf, qnL .. 

!Jh!Jw!JI/ 

[9(Ax2+Bx+ C) + 6( 2Ax+BH 2A +9(Ax2 + Bx +C) jeJx=(x2 + 1 )e3x: 

lipbWUJhtnq e ' X - nq h. 

yuurw!Jw!J11 

!8A=I , 12At-1 8B=0, 2A+ 6B+ i8C=l, 

y*= - x2--x-r- e3x ( 
1 I 5 ) 

IH 27 81 ' 
fruit f!ll'l t;w!..ntp t"•~n<J[!' 

' 1 1 5 ) 
y=C 1 cos.3x+ C3 sin 3x+ ( lsx 2

-
27 

x+ Bl e3x, 

0 I' fr !J wIt 3 r (nt~bl y" - 'ly' +6y = (x-2 )ex <wqwuwpn.Jl!' 

( n 1 ~ n L J , l/.1uurh'l Wf Jwu!J ntllfr P1 (x)e l .x mhul/l!• 1!!,'1 npntJ wuurfrbw!J[t 

gntgfrtfr 1 qnp~wyfrgf! p!Jnt{Jwqrfrt pwqJw!J'IwJfr wpJwur!J {• l.hurhwpwp, Jwu!Jwqnp 

tntin.Jl! npn!JntJ h!J11 y*=xQ1 (x ) e x ywJ 

y*= x(Ax+B )ex 

((Ax2+Bx) f-(4.<\x+2B) +2A-7(Ax2..,.- Bxt-7(2Ax-tl3) + 
+ 6(Ax2+ Bx)]ex=(x -2)ex. 

(-10Ax- 5B +2A )ex= (x-2)eX: 

·J.wqwuwpbgJ,/;lnq X-p Jfr4!J.nLJ!J UIUIDpbw!J!Jhpp qnp~wqpg!Jbpf!, quurw!JIU!Jj/ . 

-10A=l, -5~+2A= - 2, 



J1'J7u/lm:, lmJb'f"''l1 TJ lm1G'I'IJ'I't4-~J-l 

L6 
g g 

:x U!Sl+x SO::>z +(X(; U!S 
3
:}-t-X(; SOJ 

1
:_))x-d==A 

,'lif'l1nfm '.A+A=:_A Jlr'uf1u7 

g 
lhuiJm:rh'liJ 'lmrJmnm]rm:, fm]rJs •-=a 

I 
•2. =V G{b'{tnJu •i}J'f'II'"'Jmnm]rm:, 1u?J'f 

& 

o=ag+vl-a-'&=v£>+a0+v-
Jmrm:, 

111l'l'l"'h '1•8 '1 'I·V il'lm'lmtnn? •iJJ'f'IG1?mfJuh 1-XU!S '1 1-XSO'J pul9'1G9Jmupm( 

:x SO'J (,=(X U!S a+x SO'J y)gt(x SO'J g-t-x li!S V-)&+XU!S a -X SO'J V

il'lm'l'f'l'"" 'llfl' 'lmrJmnm]rm:, fmpJtn ]rulgJbmL'I"' il-0
,\ 

''l•rluJII '1'1 m?md'l'f l'luJ11 ''1'1 J'I'IG1?mfJu6 'l'lltnmtnnm:, '1·8 TJ 'I"V L9tnJu 'p11nifq~n 

X ll!S g+x SO'J y= .f• 
I'I'I'I"Ju? i1J''"f'"7 Ju]rmljnmr 'lmrJmnm]rm:, u'lnmrm:r'l'(l 

:(x& li!S ~J+X& so:>
1 
J)x-d=.~ 

1111? illmJb'ltn 

•'l'i J'"'l"':rh'liJ 'lmrJmnm]lm:, u9nmrm:, 'lmnJnmtnml-nmrm:, 1'""'U •ilJ'I'I"'mi'Jm !C!'
-~-=~)j !!z+I-= l)j 1'1'" ljJ'lUJmnm'Jim:, 11Jbmd1Uijd 0= S+:lii!'+t;}j 'I' 1 u f 1 u ~ 

<illmJb'l'"'l1 J1u'lm.~b'lil 

'lmrJmnm]lm:, u9n•rm:r'l"' '11fmfh X SO:> z = t:s+ ,t:e-+ 11}; 1'1'1"'-6 't ? m _'11 J 0 

1'!,9 '!.J9i!ln91J Jupm'!,nml' JjJ9'!,mJjG 

-~'!,1Ucfj ( 6) TJ (g) iJJ9'!.mlJGlfrpucf; C6) TJ Cg) ·( o=v' N=( x)<)' w= ( X)d 
~ '!.illn9ll JupmlJnml' JjFmAJG'r'!.lucf; (t) IJmlJG'r'!.1ucf; Ct) Ju 'illJ9ZfJ. 

C6) t(xg U!S g+xg SO:> vJ X=.,A . 
puiln9m 1mFTJmq:, 191JuJu ~ ifm9/n iiJ'lUflu1 

Ju~m'Jnml' mlnm ·~ 'JUlmJIJm 'Jmi'Jmnmpm:, 1JjJbmtflulJd '!,-!g 'lt/q (d 
_ ;puifnqm 

C8) xg U!S a+xfJ SO:> v=.A 
1q'!,uJu ~ ifm9/n Uf1Uflu1 JupmlJ 

-nml' mlnm 
1
~1 ilmmrum '!.ml'Jmnmpm:, 1JjJbmfi,~'!.J '!,-!g 1fiq ( m 

l'!,l:f Jqpd '!.1um.mmnm:, il-N TJ iJ-·vv LqmJu •ili!n9m 

CL) xg U!S N+xfJ SO:> w=(X)J 
J/'!.1U '!."ml' 6m '!,m.rJmnmpm:, '!.J/Fm~b JjbJm'r IJJuJ'rJ7 

ii'!.9JIJmd'!.q tifln91J Ju]'m'!,nmr JuTJJm'r ifiJq'rJm'!,'!,if '1Jw9:,1~'!,F'[J-
tili!nqm 

X~ UJS na(x)(') . J'nl'r X~ SO::> x"<l(X'd 

J/iJ1U '!."ml' 6m JJ9 ,'!,if'!,J/nFm 

•JjFuJb ~ Jmnmpm:, Jmdm'!.F,u'!. il'r71' GAJJ9'!.1'mlJ'!.ml'bmd (x)() 1J (x)d 

J'1Unml' 6m '!.ml'Jmnm71m:, (I} dJq 'J'1uiflnqlJ '!,Fm TJ '!.9 J'1Up1J,mln:-,mln '~ 

mFm~'!.'rm •ilJqifnqm (6) 7J (g) fmpl'!, Jjuq'!,J'1Uf1ul Jupm'!,nml' Ju '17ZIJ 

~ ifmy_ln Jn1J'm~ 1ulq'ftmmunj GJjJq'!,lmnjn Ju]'mJm'!,~ J'1uJu L'!,,) 

96 

(6) ' :[x~ UJS ,~a(x)A +xg so:J ,~atx)n]x= ... A 
•puifn9m lmF7Jm9:, i/'!,9 J'1UIJ,UUU Uf1Uf1u1 Jupm'!, 

-nml' mlnm ·~ IJU1mJ'Jm '!.mi'Jmnmpm:, 1JjJbmeJ1u'!,d '!,-9!+'X) qeJ·q (d 
'iJJ/uyJmd 

-mtJ!fl'm GJjJq'!,'!,my.Jjwnm JjJ9'!.1'mlJ'!.ml'bmd (x)() 1J (x)d ~ Jmnmpm:, 

illJmy.Jjwnm G'!,uuu ''!.9 Jq'!,J'mlJ'!,m.i'bmd il-(x)A TJ il-(x)n L9muu 'puilnqm 

(8) x~ U!S x"a( x)A+xg so::> n<l(X)fl=,J 
l9'!,uJu ~ ilw9/n Uf1Uf1U1 Jupm'J,nml' '!,mi'Jm,mpm:, 

(I) mlnm ·~1 ilmmi'Jm '!,IDJ'Jmnmpm:, 1Jjubm£l1u'!,d f!!+'X) u/q ( m 
•n9/nnFm ~ 1'1upZuJu ililnqm IJ,IDJ'f1U1 JupmiJ 

-nml' mlnm ''!,q Jq'!,J'mlJ'!,ml'bmd Jj-x il-(x)() 1J il-(X)d LqmJu •ili!nqur 

(L) xg UJS n<l(x)o 1· xe SO;) XL<l( x)d= (X)! 

41J1U '!."ml' 6nt '!.mrJmnmpm:, (I) qf/9 'nqlnnFm rq 
tJ9'!.f1Uf1u1 Jupm'!,nml' Lu'rm'!.1UJmln1 Jql•fl nilqllnru'r l9'!,mb 

~ Jjl9Jm'r Ju '( Jju9d i!'!,q1 il'!,'ll' ill'1uG1uGmlnm) ~ l''u.pG,uGmln'fl 
:nml' 6m Jjifn9m fmp' 

-'rJmlJIJif J'1uifln91J I if'!,mGmmn ']tunJjlnnF'fl i'!,JjJyJmdm'!.9l'm GJjJq'!,'!,my. 

-Jjmnm JjJ9'!.l'mlJ'!,m['bmd (x) 0 1J (x) d '!.'1 Jmnmpm:, tluq'!,'!,my 

-Jjmnm G'!,uJu 'IJ9 J9'!.l'mlJ'!.ml'bmd J'1UJ!jfbm~f11,P Jjmu'rmumil LqmnF'fl 

[ 
!6 ('; 1 

1
-!6 6 -

1 (9) :X(f:!-ll)d (X) 0 ~---(X )d!l t X(f:l+")d (X) 01 + (X) d l. =(X)! 

l'm'r 

!(. (, 
~La (x) o+ + x~<:l(X)d=(X)!_ 

xcl!_a-x~1a ,.81-a ·~:1a 
•il'!,m'!,mmn'r '( 5: § •Jjnjlb IIA n9m) puuq'!,mJ/G'r'!.,uc/; '!,J/Fm1G,uG 

pu19'!.J/Jmnjuif' il-x~U!S 1J il-xg_SO;:J JjJ9TJfmlJmd Jj~J9J.F~ m<n~ ;JjJq'!,'!,;jJm1 

-G.1uG if'IJ9'IG'!.m GJjJ;91JmlJG'r'!.,ucf; '!.m'rmlflm1·m'!,1UF'r'!.muqJ qrl!fq· 'pu'Tm'!.mLq 

fm]'umJJj'r J'luifln9ll IJJunfmlJ 197t'rJmlJ'!.il ~ LuJm'r ililm91J nF'fl 

,'!.'1 J91JI'mlJ'!.ml'bmd il-(x)() 1J il-(X)d L9mJu •ili!nqm 

(g) X~ UJS xo<l(X )Q+x~ SO::>,,.a( X )d :=.: (X)! 
J/'!._lu IJ"ml' 6m if,uGAJ-u 'II 

. I £'0 , 0 I ) -t ~ + 1 f. .,;:> -IX--X ·x;) J >9;) J= 
\ 6 I 

1'14111 ilr1uv1ul J1u'lm:rb'I:J 

, ( £0 Ol ) ·xd fi+xl-x=*f. 

4'141? iJJ'111f1u1 Ju]rm'lnmr •JmdmTJIIlq( : c;z =£1 
. 6 

·~-=v G4L'Iu"J" 
1 

-I 



0 I' ft L w ~ 5r {ntt)hl y"+4y=cos 2x ~wtf.wuwpmJer 

! n t.) n t Jr PLntPUJ'If'Pz ~wtf.wuwpntJL nt!Jp k1 =2i, k2=-2i wpJwm!Jhl'l!· ntumfr 

<wJwuhn ~wt/.wuwpJw!J eLq~w!Jntp Lntt)n<JL ntLp 

y=C1 cos 2x+C 2 sin 2x 

urhUj!f!l (}.!J~wJwuhn ~wtf.wuwpJw!J Jwu!Jwtf.np Lntt)ntJf! npn!JhLj! 

y* =X( A cos 2x+B sin 2x) 

urbul!nt/.r (].1'1 qbU[j!ntJ 

y*' =2x (-A sin 2x +B cos 2x)+(A cos 2x+B sin 2x), 

y*" = -4x (-A cos 2x-B sin 2x)+4 (-A sin 2x+B. cos 2x)• 

(J.<twLgJwl!Jhpft WJU wpmw~WJUJn<PJntLLhpf! mh'lwqph1nt/. mp.f_wt) ~wt/.wuwpJw!J 

Jht b. ~wtf.wuwpho!Jh1n{ cos2x -ft b. sin2x-ft lfnpt)w~fto!Jhf'l!• umw!JmJ hfJI! ~wt/.wuw~ 
pntJLhpfr <wJw~wpq' A-L b. B·fJ npnzhLnt ~wJwp. 48=1, -4A=0, npsnh'I.P!I A=O, 

I 
B =-' (J.Ju"fftunt/., mp.f_wt) ~w.f_wuwpJw!J eLq~w!Jmp ftLmbqpwll! ~Lft!Jft 

4 

I 
y= C cos 2x+ C2sin 2x+ 4 x sin 2x : 

0 I' ft 1J w ~ 6, {ntt)h1 y" - y= 3e2Xcos x ~wtf.wuwpn<Jf! ' 

{ n t <tnt J t l.w.f_wuwpJw!J wt JwuL ntLp 

f(x) =' eZX(J'v\ cos x+ N si n .x ) 
1/lbUj!f!• efJq npntJ M=3, N =Ot k2-1=0 pLmpwqpftz ~wt/.wuwpntJL ntL[r 

k1 = 1 1 k2 = -1 wpJwm!Jbpf!t l.wJwubn ~wt/.wuwpJw!J [!Lq~w!Jntp Lntt)mJI! ~Lft!Jfr 

y Clex+Cze- x: 

l'w!Jfr np a+ip = 2+1. j pLmpwqpftl ~wt/.wuwpJ""!J wpJwme lL WUftu Jwu!Jw.f_np 

1n,t)n,Je npn!JntJ h!JI! 

y*=e2X(A cos x+ B sin x) 

1/lhul!nt/.t Sh'lW'ff'hlnt/. LUJU wpmw~wJmn<PJntL[! ~wtf.wuwpJw!J Jht b. Jpwg!Jb1nt/. f.Jwf. 

.,LqwJLbpf! 1 ~umw!Jw!JI!• 

('lA+qB)e2x cos x+(-4A+2B)e2x s in X=3e~x cos x: 

l.wt/.wuwphoLhLnt/. cosx-fr b. sinx-fr lfnpt)w~ftoLhpf!, lfumw!Jw!JI!· 

2A+4B=3, -4A +2B=O• 

3 3 . 
1/.Jumh'lfr!l A=- B=-• l.bmb.wpwp 1 JwuLwt/.np lntt)n,J!J ~ 

10, 5 

tu't e!Jq~wLntp Lntt)n,Je' 

' ( 3 3 ) y=C1eX+ C2e-x+ e2x 
10 

cosx+ 5 s inx : 

?- fr m n 'l n 'fl J n ,11, 'bzbL.p, np WJU Ufwpwq.p·w!/Jfr P"l"f' 'lwrnn'lnL

PJntl!tbpL frpwqwefr H liwb. wnwf.pL ~wpq.fr q.ttwJfrli ~wqwuwpJwfr 

~wJwpt Ptliwp~bL.p, opfrLw~, 
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dy 
-+ay=b 
dx 

(10) 

~wumwmntl! q.npttw~frelihpnq wnwf.frli ~wpq.fr ~wqwuwpntJ{!, npmbq 

a-t b. b-11 ~WUUJWUJntl!tbp H (wJU ~wqwuwptiLJ[! ~wSwfu ~ ~wli'1frUfnLJ 
mbfulifr~wftwli ~frpwnntfJJnttlibpntJ) t CJ.mlibt.p 

dy+ay=O 
dx 

~wJwubn ~wqwuwp.Jwli [!11'1~wl!ntp [nLttntJ{!t 

lJwqJn,J H.p plintfJwq.pfrJ.. ~wqwuwpntJ[!• 

k+a=O, k=-a: 

LwJwubn ~wqwuw·p.Jwli [!11'1~wlintp l"'ttntJ[! ~Lfrlifr 

y=Ce-ax: 

IJ.li~w.Jwubn ~wqwuwpJwli y* Jwuliwqnp l"',tn,Jl! npnlibL.p y*=B 
mbu.pnqt Sb'lw'1ph[nq (10) ~w.,tf.wuwpJwfJ Jht, urnwflnul .hfi.p 

aB=b, B=..£. : 
a 

* b y =-
a 

(10) ~wqwuwp.Jwli [!11'1~wlintp tntttntJ[! ~Lfrlifr. 

Y=Y i-Y ·:+ ftw.J y==Ce-ax+b!a: ( 11) 

§ 25. l!wp!p ~wpq~ qbwJ~b wbhwtfwulm hwlfwuwpnttfblip 

?-frmwp~bli.p 

y<n>+ aly<n-IJ + ... +any=f(x) (I) 

{wt/_wuwpnt.J[!, nprnbq a1, a2, ... , an, f (X)·f! X•p wli[!li'l~wtn !/Jntl!~
Bfrwitb.p •bli {t frmJ ~wumunnnuli fJlfbp)t ?-.Jrent.p Jbq >.t;wtrnLJt ~ 

y<n; taly<n - l>+a2ycn-- 2> +··· + any=O (2) 
{ w.Jw wb n ~ w4_ IJJiU W(TJ W:li [!11 rr;.wftln Lf' [ nt,l,ntJ [! \ 

y=C•Y•+C2Y2+· .. +CnYn' (3) 
l>lit.Ufhu b. hp~f'"f''l ~wpq.fr ~wqwuwpJwL 'lhUf.pntJ, (~) ~wqwuwp

.JwL ~wJwp frpwtf.wefr ~ ~brnb.Jwl UfL'In'Jl!' 

P. b n p b J, bph y-p (2) 6wtlwuhn 6wt}_wuwrtfw&. p&.qliw&ntr tnt
~nttf& t, ~u~ y *-p' ( 1) w&fiwtfwuhn fiwt}_wuwrtfw&. tfwu&.wt}_nr LDt~nttf& 
);, WillfW 

Y=y+y* 
w&fiwtfwuhn liwtLumwrdw& p&.qfiw&.nLr lnL~mtf&. ~: 
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U! UUJ fru n q, ( 1) -\w qw u UJ pJ w'b fr 'bUJ hqpJ w'b fu'b 'IPf'l!, fr 'b l_Uf hu iL b piJ

f'"f''l ftwpq.fr -\wqwuwpJw'b qhUJpntJ, · -\w'bq.ntJ ~ w'b-\wJ·wubn .t;wqw,. 

uwpJw'b Jwu'bwqnp lnu}ntJ{! qUJ'bbLnt'bt 

fr'bz_U[hu iL hpftpnpq ftwpq.fr -\wq~uwpJw'b qhUJpn~J, (1) .t:wqwuUJji

Jw'b Jwu'bwqnp lnu}ntJp ftwph[p ~ qUJ'bbl ftwJw!wftw'b -\.UJuUJUJUJnt'b

'bbpfr qwpfrwsfrwJfr bqw'bwftnq, (3) UI('UlUI.t;WJUlntfJJw'b Jb2_ CI, c2, ... , 
Cn-l! -\wJwph£nq x-fr !pnt'bftsfrw'bbpt 

lJw qJ bU-p -\ b UJ'b JW l -\wq w'uUJ pn ,J'bbrfr .t;wJ w ftw f'"N! (-\ J J. § 23). 

Ciyl+C;y2 t ... +C;,yn=O, 

Cly( +C2y2+ .. · + C~yri=O, 

C'v<n ·-~) +C2'v(n-~)+ +C'v(n--2)=0 
J J 1 J 'J ··-· 11 .,~ ll ' 

C'y<n-1) + C~y<n--Il--t- +C 'y{n'-l),=f(x). 
I 1 - 2 , "' n. n ' • J 

(4) 

C'1, C'2, ... , C'n w'b-\wJUl !pnt'bftsfrw'bbpnq WJU .t:wqwuwpntJ'bbpfr .t:w

Jwftwpq.'b nt'bfr Jfrw'bq.wJw!'b npnzwftfr tntJ-ntJt (C'1, C'2, ... , C'n 
q.npJ-wftfrsHpfrs ftwqJqwJ- qbUJbpJfr'bw'bUJ'b frpb'bfrs 'bbpftwJws'bntJ ~ 

-\wJwubn -\wqwuwpJw'b y1, y2, ... , Yn Jwu'bwqnp tntJ-ntJ'bbpfr .t:w·Jwp 

ftwrzJqwJ- t/,Jin'bu·qnt ''fhUJbpJ,fr'bw'bUJ, fru,ft >/!w'b1fr np, [!U•UJ U[WJJw'b:jt, WJ'f 

Jwu'bwqnp lmJ-ntJ'bbp[! q.J-npb'b w'bftwfu b'b, UIUJW t/,pn'buftnt qbUJbpJfr

'bw'bUJ[! 'lf'"JPB UJwppbp ~)t 
U!uUJbu, ntpbJ'b (4) ufruUJbJ[! ft-wpnq ~ tntJ-qbl C'1, C'2,· ... , C'n 

!pnt'bftsfrw'bbpfr 'bftwUJJwJpt 9-UJ'bb[nq qpw'bp iL fr'bUJbq.phtn1_, ftuUJw'bw'bp 

C1= fCI dx +C1 , C~= fC2dx+C,, ... , Cn= j C{,dx+C". 
I 

-npUJbtz cl. c2, ... , Cn fr'bUJbq.pJw'b -\wuUJWUlnt'b'bbp b'bt 

UUJwsn!sb'bp, np 'bJw'b qhUJpntJ 

y*=C1Y1 +C2Y2+ ... +CnYn (5) 
UJ{'UJUJ-\UJJUlntfJJnt'b[! (1) w'b-\wJwubn -\wqwuwpJw'b [!'bq-\w'bmp tntJ-mJh 

~~ . 
(5) W('UJW-\WJUlntfJJnt'iJ{! 'fp!f>bpb'iJsb'iJp n w'iJq.wJ, ntzwqpnt{Jjntfl 

wn'bbtn1_ ( 4) -\wqwuwpnt{Jjnt'b'bbp[!• WJ'f qhUJpntJ qnt'bb'bw'bp. 

y* = C1Yt + C2Y2 + ... + CnYn• 

y'*' = C1y'1 + C2y'2 + ... + CnY'n, 
. ,. . . . . . . . . . . . . . . . . . 
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Unw2_fr'b, bpftpnpq ... IL, qbp2_WUfbu, qhp2_p'b .t:wqwuwpJw'b w'bqwJ

'bbp[! pwqJUJU{UJUJqh£nq .t;wJUIUJWUlUJujuw'iJwpwp, 3n-n1_, 3 n-1-nq, "'' 
a,-nq iL 1-nq iL q.ntJwph[nq, ftuUJw'bw'bp. 

y*fn>+a1y*<n-l >+ ... +any ·x·=f( X), 

pw'bfr np Y1• Y2• ... , Yn-{! .t:wJwubn .t:wqwuwpJw'b Jwu'bwqnp tnutntJ

'bbp'b b'b iL nwUJfr (!UUJ ntqqwt!frq. UJnt'bbpfr q.ntJwph£"'9 uUJwsqwJ- w'b

qwJ'bbpfr q.ntJwp'bbp[! .t:wqwuwp b'b 'lP"!P' 

.Z.bUJILwpwp, y* = C1y1 + ... +CnYn !pnt'bftsfrw'b ( npUJbtz C1, ... ; 

Cn-l! (4) .t:wqwuwpntJ'bbpfrs npnzqwJ- x-fr !pn,'bftsfrw'bbp b'b) (1) w'b.t:w

Jwubn .t:wqwuwpJw'b L"'J-mJ'b t1 U1u L"'J-ntJf! ftwfuqwJ- t n .t:w.n 

ftwJw!wftw'b .t:wuUJWUJnt'b'bbpfrBt fr'bz_UJbu iL bpftpnpq ftwpq.fr .t;w.J_wuwp

Jw'b qhUJpntJ, WUJW9"'9qntJ !;>, np qw [!'bq .t;w'bntp tntJ-ntJ'b ~~ 

U!uUJfrunq, UJ'bqntJ'b WUJWB"'BqwJ- tt 

f1wpt!p ftwpq.fr .t:wuUJWUJnt'b q.npJ-wftfrs'bbpnq w'b.t:wJwubn .t:wqw-

uwpJw'b qhUJpntJ (.t;JJ, § 24) Jwu'bwqnp LntJ-ntJ'bbp[! bpphJ'b q.UJ'bntJ 

b'b w.f_btfr .t;bzUJ, WJ'b L 
I. ?ofrsntp .t:wqwuwpJw'b w2_ Jwufr !pnt'bftsfrw'b f f(x)=P(x)ea x, 

npUJbq P(x)-l! x-fr pwqJw'bqwJ t. •WJU qbUJpntJ UJbUlj! t UlW('pbph£ 

hpftnL qhUJj!• 

W) hflb a,-'iJ p'iJnt{JWq('pl_ .t:wqwuwpJw'iJ W('JWUl[! z_t, WUJW Jwu'bw

qnp lnu}nd[! ftwpblfr ~ npn'bbt 

y*=Q( x)eax 

UJbupnq, npUJb'l Q{x)-l! 'bntJ'b wuUJfr-Aw'bfr pwqJw'bqwJ L fr'bz_ np P(x)-l!, 

Jfrwt'b' w'bnpnz q.npJ-wftfrs'bbpnqt 

p) b(Jb a,-'iJ p'bnt{Jwqpfrz_ .t;wqwuwpJw'iJ f..l- pwqJWUJWUlfrqntfJJWJp 

wpJwm'b ~' WU[W w'b.t:wJwubn w.t:wqwuwpJw'b Jwu'bwqnp lntJ-ntJ{! 

ftwph[p ~ npn'bbl 

y ·'-=x~'-Q(x)eax 

u.bupnq, npUJb'l Q(x)-l! 'bntJ'b wuUJfr-Aw'bfr pwrzJw'bqwJ t, fr'bz_ np P(x)-{!t 

II. ?ofrsnt[! .t:wqwuwpJw'b w2_ Jwu'b nt'bfr 

f(x)=M cos ~x+Nsin ~x 

UJbup[! 1 npUJhtz M-{! iL N-{! .t:wuUJWUJnt'b flqbp b'bt Uju qbll{pntJ Jwu

'bwqnp lntJ-Jw'b UJhup[! npnzqntJ ~ .t;bUJhJWL ftbpUJ• 

w) h{Jb ~i {Jpq[! p'bntfJwq.pfrz_ .t:wqwuwpJw'b wpJwUJ{! z.t, WUJW 

Jwu'bwqnp lntJ-ntJ'b nt'bp 

y*=A cos ~x+B sin ~x 

urhup[!, npUJbtz A-'b iL B-'b w'bnpnz .t:wuUJUJUJnt'b q.npJ-wftfrs'bbp b'b, 
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p) bfJb ~i fJ"4_p pflntfJwq.p"z. <w4_wuwpJwt ~l pw'lJwu[wmfrJ,nt
li-JwJp wpJwmfl L UJU[UJ 

y·:" = x!'·( A cos~x+B sin~ x ) : 

III. 1Jo"9"lll 

f(x)=P(x)e~xcos~x+Q(x)ex s in~x, 

ttpmb'l P(x)-p b. Q(x)-p x-" pw'lJwt'lwJ'bbf' bt : l1.1u 'lbuf[l"tJ 

.wJ bfJb a+Pi fl""-P ptntfJwqp"z. pw'lJwt'lwJ" wf'Jwmp z.t, UJU[UJ 
Jwufiwqnp tnu}ntJp nf'nflntJ hfljl 

y*=-=U(x)ex cos(h + V(x)eax sin px 

mhu11n4_, nf'mb'l U(x)-p b. V(x)-1! pw'lJwfl'lwJtbf' bt , nf'nts wum"

Swtp <w4_wuwf' t P(x) b. Q(x ) pw'lJwfl'lwJflbf'" wum"C.wflflh[7"9 wJh

flwpw[7Ap"fl , 

p) bfJb a+pi flp.f_e pflntfJwqp"z. pw'lJwt'lwJ" 1-.t pw'lJwulwm"J,nt

fJJwJp wpJwmfJ t, WU[UJ Jwuflwqn{' tndntJp nf'nflntJ hfljl 

y*= x!' [U( x )e"xcos ~ x+V( x ) e• x sin ~x ] 

mhupn4_, nf'mb'l U(x)-p b. V(x)-p nttbfl flntJfl "Jwump , "tz. "f' w) 

'lhU[jlntJt 

f! fJ 'I .-; w t n l f' 'I" m n 'l n l fJ J n l t I b. II 'I b U[ p b f'" 4_ b f' w

P b f' J ;UJ l' lJntjfl"uJ, WJfl 'lbU[jlntJ , h[7p <wqwuwf'Jwfl wp_ JwuntJ 

q.mflqntJ t J"wJfl CQS~X J,wJ J"wJfl SiO~X U[Ul('ntfiUJJ,nl[_ UJ('lnUJ.-;UJJLnnt

fJJntfl , Jbf,jl U[h'"ll t lnu}ntJp nf'nflhflj! w1fl mhuj!nq , "flz.u1bu SNLJS m[74_hs, 

WJU"fillt' u"flnwtb{'nq b. J,nu"flnwflh[7nqt ll.JL funujlb{'nq, WJfi pwfi"S• 

"f' UJ1_ Jwup t.fr U[W('ntfiUJJ,ntJ CQSPX J,wJ Sinpx 1 '/bfLb_U t.fr <bm,b.nt 1 np 

<w4_wuwpJwt Jwuflwqn{' tnu}ntJfl WJ'I !pntfiJ,s"wtbf'p t.fr U[W{'ntflwJ,ntJt 

fJ.pw fmul ,Fbfljl '*wpnl[_ t"t'j! <wtlnqif_>b:[ , pflflwp.~bln4_ flwJunf'''l lLJW{'UJq-{"w!p" 

4 , 5, 6 op"flwf(tbf'l!• "flt.U[hu flwb. op"flwf( 2-f! , npp pbp4_w~ t WJU 

U[W{'Wqpw!pntJ 1 

<wi/.wuwpJwfl (!fl'1<wlln tp tnttJmJI! : 

(nt cJ ntJ, k4- 1=0 pflntflwqpfrt <w.[wuwpntJII mllfr 

kl=l , k ~=~l, kl=i, k4=- i 

wpJwurllbp{' : 'f,!JntJ blip <wJwubn <w.[wuwpJw!J [!ll'l <wllmp t n<tJn<Jf! ( UJbu opfrllw~ 

4 , § 22) . 

IJ.L<wJwubn <w.f_wuwpJ:.u!J Jwullw{np t n<rJntJ{! npnlln.J bflp 

y• = A0x3+A 1x2+A2x+A3 
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y*-1! l"l'" wllqwJ '1frfi>bphllsbt"t/. I. umws .f_wr) wpmw<wJ"'"'fiJn t iiLbl't! mhrzw'IJ'btnt/. 

urp.f_wr) <w.f_wuwpJwll Jbt 1 ~umwllwllp. 

~A0x3-A1 x2--A2x-A3=x 3+1· 

lw.f_wuwpbsllhtn •l x-fr Jfrb.llntJII wuUJfr -bw!JIIbpfr qnprtw~Jrsilbl'f! • ~n,llbllwflp 

- A 0=1, - A 1= 0, - A ,= O, -AJ=l : 
].b,l.wpwp 1 

1/.HwJwubn <w.f_wuwpJw!J [!11'1<w ll ntp Jrflmbqpwlf! 'l"'lln tJ blip f!ULn y = y+ y" p wflw• 

Al.fr, WJUp!Jp!J' 

y=C 1ex+ c,e-•+C3 cos x+C 4 s in x-x3-l : 

0 {' Jr II w ~ 2 , ~nu) bl y! V -y= S COS X <w .[wuwpntJ[!: 

( n L r) n t J: k• - 1= 0 pil('<flwqpfrt <w.[wuwpntJII n t fl/r k 1=1 , k2=- I , k3 =I 
k4 = -i wpJwmflbf'l! ' lbml..wpwp 1 <wJw"'wmwufuw!J <wJwub n <w.[wuwpJwfJ (!fl'l<wflntp 

LnttJntJII { 

1/.jllnt<bml.., U7p.f_wtJ wll<wJwubn <w.[wuwpJwll wt Jwufl ntfl/r 

f (x) =M cos x+ N sin x 
· urhupf!• npmbrz M=5, N=O, 

.f!wllfr np i - Ii pfln tflwqpfrt <w.f_wuwpJwf, "'Wf''{ wpJwurfJ {, w"'w Jwu!:w.f_np 

tntintJ e npnflntJ bflp 

y*= x (A cos x+B sin x) 

urbupn.f_, ll.ju wpurw<wJ"'"'fiJn<flf! _,hrzw'lf'btn.f_ <w.f_wuwpJwll Jht, ~qmflhLp 

4A s in x- 48 cos x=5cos x, 

4A = 0, - 1P=5, 

A= O, 
5 . ~ 

B= -- ' l.burl..wpwp, 'lfrf/>bpblls frwl <w.[wuwpJwf, Jwuflw1_np tnu)ntJII ~ 
4 . 

- 5 
v•= - - xs in x, 
• 4 

/tu~ f!ll'l<wllmp l" ' tJntJ[!' 
. .5 

y~C 1ex+C 2c -•+C 3cos x+C 4 sin x-- xsi n x: 
4 

§ 26. lJlifuwb~IJwlJwb mwmwbnufulip~ q~.)liplibg~wl hwl[wuwpnull! 

ll.Ju b. <wpnf''l U[UJ{'Wlff'W!pfibpntJ lf'l"lnW[7J,bflp ""pwnwf(wfl Jbfuw

lt"lfwJ" J" fut'l"l'' WJfi <hinw'lnmbln4_ b. LnttHtn4_ q.~wJ"t 'l"!pbpbfis"wl 
· .;w4_wuw{'ntJflh[7" oqflntfJJwJpt 

?"sntp Q 'lwflq4_w.tt nttbsn'l pbtLf! q.mflqntJ t wn.wAq.wJ,wt 'luu[w-

1," 4_pw (tJ,. 2'14 ): PhiL" zh'lntJf! <w4_wuwpwf,wzn.ntfJJwt '1"1'1!"9 tzw

f.twJ,bfll! y-nqt Gbl[_ntJp 'lbu[" tb[7pb. J, <wJw[7bflp 'll'wlfwfl , 'lbU[" 4_bpb.' 

pwswuwJ,wflt .Z~4_wuwpwlfztLntfJJwfl 'l"f'j!"tJ J,zn" ntJf! <w4_wuwpw-

1!:3 



t~ . 2 7 4 

~znqntJ ~ q_uU[w~ft wnwJ.qw~wLnt

.fJJwJp t bLfJw'fp bL.p , np WJL ntJf!, "f'l! 

dqmntJ ~ pbne qbpw'fwpdLh[ .;wqw

uwpw~znntfJJwL '1/tf'PftL (wJuU[bu 

~nl.f.wrl- qbpw~wLqLnq ntJ) .;wJ/iJw

mw~wL ~ zbqJwLe , UIJuftLpL' .;wqw

UU/f' ~ -ky, npmbq k-L mtLJI1ll quu{UJ~/t 
.;wJwp npb.~ .;wumwmntL Jbr}nLfJJnLL 

~ (wJuU[ bu ~nlqwr} «quU[w~ft ~nzmnL

{J JnLLf!>> )* 1 

bLfJw'fpbLp, np Q pbnft zwpJJwLe · 

Ju n li!L '1" m ntJ ~ 'IP J w 'If'" t{J JWL nLJf! , 

trpfl lftl[l[qwr} ~ zwpJJwfJ ntqqnt{JJwfl/! ,;w~w'lftf', b. .;wJbJwmw

~wfl ~ t{_UU[W~/t umnflftL ~bmft L~wmJwJp pbnft zwpiJwL Ulf'Uil[-trLfJJwfle , 

WJuftlJ.pL' - AV=-A dy, npmbq /,=const >0 ( JbqJftl)' 9-pbL.p quU[w~ft 
dt . 

1/pw pbnft zwpJJwfJ '1ftfll bpbLsftwl ,;wqwuwpntJf!' f!um bJntmnLft bp~

l'"f''1 opbL.pft 

d2y ' dy Q-=- ky - A-
dt~ dt 

(1) 

(wJumbq k-L b. f,-L 'lf'w~wfl {Jqbp bL) t l!bL.p umUIBWL.p .;wumwmntL 

qnpc),w·~ftsLbpnq bp~f'"f''l ~wpq.ft q.hwJftL .;wJwubn .;wqwuwpntJJ 

npmbq LzwLw~qwr} ~ 

p=).JQ, q=k\Q: 
U.JLnt.;bmb., bLfJw'lf'bLp q_eu- t 

U[UI~/t umnpftL ~bme Z= cp (t) 
op"bflpnq ~wmwpntJ ~ ntqqwJ.ftq t~. 275 

z.wpJntJLbp t '1-w , opftLw~ , mbqft 
~ntflbflw, bflb q_uU[w~ft umnpftL r}wjpL wJpwsqwr} ~ {Jwqw[nt~ftL , "f'l! 

tf"'Ufw1frjr b. pbn,ft .t;,b,m zwpJqntJ ~ wL.;wi['{JntfJJwJp (L~. 275 )t 

I /J.Jf. 'l"''/w~!.b('(! J npnfl9 .[_IJpw~wfl'lf.n'l nLCJf! <wJIJJwutW~UI~~ t zh'lJwf.f!, 

~nL.[_ntJ H «q6wJfrll pfln<PW'lf'frLn.[» 'l""lw~flhpt 
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ll.J'I 'lbUfpntJ qbpw~wLqLn'l nLJf! .;wqwump ~tftL/t "l {Jb - ky, WJL 

-k { y+ cp (t) ], 'lftJw'lf'"LfJJwL nLJf! ~tftLft - 'A {y'+ cp' (t)} b. (1) 

.;wqwuwpJwL tf.nfuwpbfl ~umwflwflp . 

Q~~ t ), dt +ky= -- k<p(t ) )tp '(t) (2) 

d ~y dy 
-- + 1)- + qy=l(t) 
dF dt ' 

(2') 

npmbq LzwLw~qwr} ~· 

f(t) = - k<p (t)+l.<p' (t): 

Q 
l!bflp umwsu,flp bp~f'"f''l ~wpqft wHwJwubn 'lft!flbp hLsftwl .;w ., 

qwuwpntJt 

(1') .;wqwuwpntJL wLqwLntJ bL wqwm mwmwLntJLhpft .;wqw

uwpntJ, ftu~ (2') .;wqwuwpntJf!' fiwrlJWI}rw~utl'.. mwmwLntJLbpft .;w ., 

qwuwpqtJt 

§ 27. llqwm mwmw\muiuhp: <wpdnuJtlj mwmwumduhpJt l[hljmnpwljwb 
h ljndunh~u UJWmljhpmdl! 

'uwJu .pLLwp~hL.p wq_wm mwmwLntJLbpft 

y"+ py'+qy=O (p>O, q>O, mbu § 26) ( 1) 
.;wqwuwpntJf!t 9-pbL.p .;wJwU[wmwuJuwL pflnt{Jwqpftl .;wqwuwpntJf!' 

k2+pk+q=0 
h qmLbL.p Lpw wpJwmLhpf!• 

ll.Ju pwLwJ.b.fts .;bmb.ntJ ~ , np swfl~wswr} uqqpLw~wL UfWJJwL

Lbpft 'lbUf.pntJ y zbqntJL wuftJ,lfmnmnpbL J.qmntJ ~ 'lf'"JP• b{Jb t-oo: 
S'iJwL 'lbUf.pntJ Lf1wmwLntJLbp lbL tftLft, .pwLft np quU[w~ft k ~nzmnt
flJwL qnpr}w~s/t .;wJbJwmntfJJwJp 'lftJw'lf'"LfJJwL ntJbpf! JM bflt 
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(3) 

IJ.JuUI'b'l hnLJ'UUfbU zbtznuF[! J.qmnLJ t qp•nJfr J bpip t-+oo J ptuJ9 nz_ WJU

Ufbu wpwq, fruz.UfbU uwfunf''l '1-bUfl!"'J (zunp<frt/_ C,+Czt Wf'UilU'ff'ftlfr. 

wnftwJnL{J JWU )1 
3) 'Jofrsn'l! p=O, wJufrul!u' pwswftwJnLJ t '1-frJw'lf'"'fJJwU nLJf!_l 

(1) t;wt/_wuwpnLJ[! ftf!ill]nLUf 

y" +qy=O (4) 

UJbU[l[!l Pun~fJwqph_ t;wt/_wuwpnLJU nLUp k2+q=0 mbU[l[!l fruf[ upw 

wpJwmUbpu bu k1 = ~i, k2= -~i, npurb'l. ~ = Vq1 Cu'l·<wflnLf' l '"''J.ndu t 
y=C 1 cos {3t+C2 sin {3tz (5) 

· t/,bpf.ftil pwuwJ.lwLJ C1 lL C2 f[wJw.!wf[wu t;w,uurwmnLUUibp:[! t/"nfuw-

pfrubul! "'f'Pzubpnt/_1 U.Ju f JnLJbul! A lL cpa <wuurwmmuubp[!. npnul! 

C1 h C2 t;wuUJtuUinLfJfJbpp t;bm qtull(t/_wJ bfJ ~ 

C1 =A sin q;o, C2=A cos <po 

wnfJz_nLfJJnLfJfJbpnt/_1 A-t "- Cflo-t c,-fr . lL C2-P JftY.nsnt/_ npnzt/_nLJ bfJ 

cl. 
A=Vq-t q, 'fo=arctgc

2 
• 

C,-fr £L C2-fr wpJbl!tbf'[! mbtzw'l-f'blnt/_ (5) pwfJwJ.lt.fr Jbf., ftnLubfJwfJl! 

y=A sin q;0 cos{3t+A cos cpa sin{3t 

y=A sin ({3t+cpa)~ ( 6) 
IJ.JU ']bll([lnLJ UIUJUJUnLJfJbpf! ftnz_t/_nLJ bfJ fiwrtfnG.~~ I PfJmblff'W£ 

ftnpbp bu ufr1inwnft'11Jbp[!1 ll.Jfl T JwJwfJwftwJfrl"91!• npfr l!fJflwg[lnLJ 

ufr1inwfr· wpqn,Jbtm[! pnfut/_nLJ t 21'1.-nt/_, ftnz_t/_nLJ t mwurwfJJwu UIWr
phrntpJntG.. mt/_JW£ 'lb"ll!"'J 

t~. 276 
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T= 2Jt 1 SwurwfJ,JwfJ Jiw6w-
{3 . 

lumpJntb t ftntt/_nLJ 2rt Jw- · 

JwfJw.ftn~J ftwmw,rrt/_n'l mw-. 

urwfm,Jlib{'lp flfrtlf!· 

mt/_Jwl 'fbUf,pn,J <wC.wfunufJJ'nLU[! <wt/_w.uwp t ~~ A-u' -":wtt/_wuwJ'wftznnL

f1Jwu '1-Pf'PPS wJbuwJbJ zbtzJwu JbJnLfJJnLU[! f[nz_t/_nLJ t UIWUituUJwf, 

wdun~mnul· <p0 -u f[nz_t/_nLJ t 
. u~qpG.w~w& tf.mt: (6) :pn,uf[sfrw- ® 

JP qpw!pfrf[l! Ufwmf[bpt/_wJ t uf[. 
276-nLJI 

/;[bqmpwmbfuufrf[wJnLJ Lt. "'f'fl 

1[-fU9PUflfruUbpnLJ £WJUinpbu 01[-

mwqnpJt/_nLJ bu <wpJnufrf[ mw-

mwun,JUbpfr f[nJuabpu Lt. t/_bf[mn

{'Wq WU UflU Ul" bpnLJU h(lf! I 

x0y qnJUflbl!u <wp{JnL{JJtuU 

Jb2 '1-frmwpf[bup , A=A (t) 

zwnwt/_frtz-t/_bqmnp[! 1 , npu nLUf 

IAI =A=const1 <wumwmnLU 

bpf[wp nL{J J nLfJ 1 

'i+ 277 

t U(Wf'wJbmpf! pntfwfut/_btfru ( mtlJw£ '1-bUfpnLJ t-u JwJwLwftu t) 
A t/_bftmnpfr JwJf'l! qJn,J t ftnnpl[-pfJwmubpfr uftqpuwftbmno! __ f[bumpnu 

nLfJbsntz A zwnwt/_tznt/_ lf'f.WUtuqfrJ (tft. 277 )I 'JofrsnL/J A t/_bf[mnpnt/_ 

ll Ox wnwusl!nt/_ f[wqJt/_wJ 1jJ wuf[JnLUU W-('UIW<WJUit/_nLJ t WJUU(bu. 

'\J= {3t+q;ol ~ JbJnL{JJnLfJf! ftnz_t/_nLJ t A t/_bf[mnpfr U(UimJwu wflqJnLfJw

JPfl wpwqnL{JJnLfJI Oy Lt. Ox wnwusl!Ubf'fr t/_pw A t/_bqmnpfr Uff'"Jbftsfr·Ui

f.tb {'I! "LP fJ b fJ 

y -:-.=A sin (~t+'foL } 

x=A cos (~t+'f0 ): 

.. (7) wpmwt;wJmnLfJ Jnl.fJfJbp[! ( 4) <wt/_wuwpJwu L"'Jn,JubpfJ bfJ1 

"'" m w rlt bull 

z=x+!y=A cos ({3t+cpa)+i A sin ({3t+cpa) 
ftwJ 

z=A [cos ({3t+cpa)+i sin ({3t+cpo)] 
' 

ftnJUflbl!u JbJnLfJJnLfJ(!I 

(7) 

(8) 

Puz.Ufbu 1iz4_bs VII lflfuft § 1-nLJ, (B) f[nJUflbl!u JbJnL{JJnLfJ[! U(tuur

"bpt/_nLJ t A t/_bftmnpnt/_1 

U.JuUf/IUnt/_, (4) <wpJn1ifrft mwmwfJnLJubpfr <wt/_wuwpJwu l"'JnLJ

Lhpf! ftwpbtfr t '1-frmb£ npUfbu cp0 u~qp&w~w& tf.mt~ qhUJfmd -~ w&~Jm&w
_t}tG. wrwqmpJwdp lllmml\_nrt A 1\_h~mnr~ lllrnJh~g~wG.hr Oy h Ox 
wnw&gfG.hr~ 1\_rw: 
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Oqmt/_btnt/_ tubpfo pwLwtl.!tfos ( mbu VII '1Lfufr § 5 ( 4 )-l!) (8) wpmw

t;w1mmfJJnLL[! ~wpblfr t qpb[ WJUUfbu. 

(9) 

(9) wpmwt;wJmnLfJJwL ppw~wL It ~b'la Jwubp[! (4) t;wt/_wuwpJwL 

· L"<antJLbpL bLt (9) wpmwt;wJmn~fJJnLLf! ~nt.t/_n<J t (4) t;wt/_wuwpJwL 

~nJuabpu LnLanLJt U.J'l wpmwt;wJmn<fJJn<L[! qpbLp WJUUfbu 

{ 10) 

Aei 'fo wpmwt;wJmnLfJJn<Lf! ~nt_t/_nLJ t ~ntlunhfu wtlUJ.tJtmnll}: U.Jfi 

fi2.wLw~bLp A* -nt/_t U.J'l 'lbUfpnLJ (10) ~nJU[[hpu tnLan<Jf! ~qpt/_/t WJu-

.Ufbu. 
z=A*eiilt: 

4) 1-frgnLp p:;tO It ~<G' 
4 

Y=Ae~t sln{et+f'J 

0 

tft. 2'18 

lJ.ju 'lbUfpnLJ pLntfJwqpfrl. t;wt/_wuwpJwL wpJwmLbp[! 

P4. bp bL 

npmbq I 
p /--p2 

a=--<O, ~=v q--· 
2 4' 

)08 

( 11) 

{12) 

(13) 

U.Jumb'l npU[bu wJUflfrmnL'l Ufbmp t 'lfomwp~bLp JwJwLw~fo9 

~w:faJI/_UJq Aeat J .blanLfJJnLL[!t .PwLfr '"f' a<O, UJUfUI WJL• tl.qmntJ t 'lf'"'Jfr· 
hpp t-oo, WJufoLpL' WJumbq qnpa ntLbLp tlwrn'l mwmwtinttl&hr~ 
.'lbmt lfwpnq mwmwLnLJLbpfo qpw!pfo~l! UfUIUl~bpt/_wa t L~. 278-mJt 

§ 28. <.wpltwqpwltwb mwmwbnulbhp 

y" +py' +qy= f(t) (p>O, q>O, mbu § 26)t (1) 
1-fomwp~bLp qnpaLw~wLnLJ ~wpftnp WJL 'lbUfl!l!• bpp qpqn.n'l 

wpmwpfoL nLJ[! UfWf'pbpw~wL t It ifrnifrnfut/_mJ t 
f (t)=a sin rot 

opbLpnt/_t U.J'l 'lbUfpntJ (1) t;wt/_wuwpt(LJL l!L'lnLLnLJ t t;bm.hJWL mbupf! 

y"+py'+qy=a sinrob {1') 
p2 

1} 'uwfu bLfJw'lpbLp, np p:;tO It -<q, WJufoLpL pLnLfJwqpfot 
4 

'lwt/_wuwpn.LJL ntLfo a±i~ ~nJUflb[!u wpJwmLbp[!t U.J'l 'lbUfpn<J ( mbu 

§ 27-fo (12) It (13) pwLwtl.ltbpf!) 'lwJwubn. t;wt/_wuwpJwL l!L'lt;wLn<p 

tn<anLJL ntL/t 

(2) 

y*=M cos wt + N si nwt 
mbupnt/_t 

y* -/t WJU wpmwt;wJUln<fJJn<L[! mbqw'lf'btnt/_ mpt/_wa 

'lwt/_wuwpJwL Jbp_, qmLntJ bfip M-/t It N-/t wpJbpLbp[! 

-pwa (q-w2)a M= N=-...:....:.-.....:.... __ 
(q-m~)~-p~w~ (q-w2 ) ~+p~w~ 

'twfupwL M-/t It N -/t qmwa wpJbpLbp[! (3) t;wt/_wuwpn<fJJwL Jbp_ mb

'l.W'lf'blf!• JnLabLp A* It <p* Lnp t;wumwmnLLLbp[!, f!L'lnLLbtnt/_ 

M=A*sin<p*, N=A*cos<p*, 
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. ,.m7.d+,(?.m-b ),A 
v (m)a 

·iJL1uUJtJ11npm tJJqiJpluiJmmmm 

IJmlfmJLmlfJm~ ]ru-((l})Q iiiJqiJmiJml'J Jmpm~ mJo(, :GtJIJ1uTfl1unfmy.m~ 
(l} ilp7unfm1J tJL1umtJ1lnpm tJJq1Jp1uiJml.l7mm IJmlfmJLmlfJm~ p7uillng-L 

t/JqiJilqpJm JqriJmm tJ-d iiiJqJtJnm1Jp1umu IJnmpmJ'Jmr t/lq]rYI 

ltJt/-b 
~ mup tJ-(l} IJmiiJu 1J tJ-d ~ Jilup IJmiiJu 'IJmiiiJfm ~ f!f.f' ilL1umtJ11npm 

4J!fiJ.f11UIJmmmm tJmlfmJLmiJJm~ ·il'Jmff}lunfmy.m~ t/plu IJtJilmmJm (+} J 
~ Jmnm]rm~ iliJ1uFfl<1Unfmy.m~ (l} tJJq1Jp7u'Jmmmm MY/ tilpmL'Jm LJuJ 

-IJJq huluJu JqiJ.f17UIJml.l7mm tJmlfmJLmiJJm~ m'J!fiJ7uiJ IJ1uTfl7uiJm'Jml'!. 

'!.mlfm'Jr·l~ umn GtJGu6tJrmlfm'Jmpmp luJu <Jmrlm1JI.I7!f~ 1J ~~ .f11Ubm]r'J 

IJfm ntJimiJmfqr 'J-l •Jq1Jp7u1Jmmmm LuJmr ~ pluiJGmfmiJJqiJ (ilp7uf 

-1ul 'JmpJmnm]rm~ vqnmpm~) ilpmLIJm 1Jt/6mum tJJmp1ub tJnmp 6YI 

,.m.d+?.(,m-b) ;1 
:(*d-l+to>) UJS . '· . ~ ' +(0d-l+lg) U!S l~av= f.. 

,IJiiiJ'in 
-Tm ' .. !..+:\=!.. ~ Jmnm]rm~ illmJbqm'Jt/ J1u1Jm~L'Jil IJmpJmnm]rm:r ( 1) 

:(*d-l + l'.o) U!S 7-m?.d+.:Cm-b) ;f 
v *'\ 

'nqlnm'JmiJmiJ6J'J]r 'rmiJ ]ruiln7m 

: ( *d-l+lm) l'!S * \f==lm UlS *d-l SOJ * V++m SOJ *d-l U!S * V=,.f.. 



..;wJ wp f!b'fnLfll/_wt) ~ a= I' ~I= I): lJ.J'I ~nphpf! ,,n;_qntJ hb nhqn-" 
G.w&.u~ ~nrhr: 

(5) pwflw<lb.fro t:: budw,J ~' np 1/rn.pp v-Lbpfr 'lbUf.pntJ wJuflfrmn<'ffr 

Jw.puf.Jwl wpdb.pf! ..;wubn<J ~ 'A-fr WJb wpd-h.pflhpfr ..;wJwp, npnb.p Jnw 

bfl Jb~f.b, WJufrb.pb' hpp wpmw.pfrfl n<d-fr ..;w S. wfun ~;fJJn<bf! Jnm ~ w'lwm 

urwmwbn<Jflbpfr ..;w-b.wfun<fJJwbf! t b{Jb v=O ( ..;hmb.wpwp, p=O), 
UIJufrb.pb' hpp zwpJ-Jwfl b~wmJwJp f[pJw'fpn<fdJntbf! pwow~wJnLJ t, 
t:wp~w'lpw~wb mwurwbntJLhpfr wJ UflfrmnL'ff! wbuw ..;J wflwtfrw ~nphfl 

w-AnLJ ~' hpp 'A-+1, WJufrL.pfl' hpp ru-+~=VQ: 

limD().. )-oo; 
) ..... ! 

( 1 ~ 0) 

ffi2=q qhll(.pn<J mh'lfr ntbp nh'lnbwbufr hpb.nLJ{Jt 

2) UJd-J hbfJw'fphb.p, np p=O, WJufrL.pL' .pbbwp~hb.p wnwb9 '1/r-
Jw'fpn<fJJwb wnw<lqw~wf, mwmwbnLJbhpfr ..;wqwuwpn<Jfi wpmw·.pfrb 

UfW(Iphpw~wfl n<d-fr wnftwJn<fJJwb 'lhUf.pn<J. 

y"+qy=asinffit: (6) 
1.wJwuhn_ ..;wqwuwpJwfl (!fl'l_.;wflntp lnL<fnLJfl ~· 

y C1 cos~t+C2 sin Pt (P 2==q): 

b{Jb ~::;i=(!) , WJufrb.pb' hpp wpmw.pfrL ntd-fr_ ..;w-Awfun<f/Jn<bf! ..;wqw

u.wp }_~ ubtfrw~wb mwmwbntJthpfr ..;w-Awfun<fJJWbf!, Wll(W wfl -':wJwulrn 

..;wqwuwpJwL Jwuflwqnp lnLJn,Jfl n<bp 

/ 

/ 
/ 

/ 

y·*=Mcos mt + N sin rut 

mbu.pf!t UJu wpmw..;WJmnLfJJnLbf! mb

'lw'fph£nq mpqwJ ..;wqwuwpJwb Jby_, 

qqmbbb.p 

M==O N=-a_. 
' 2' q-m 

[!fl'l_.;wfln<p lnL<fnLJfl ~ 

_..~-+---1--+-1--t-~t y=A sin (Pt+c.po)+-a- sin rut: 
q-ru2 
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' ' ' ' ' 
t~ . . 280 

lJ.JuUffrunq, zwpJ-nLJ(! umwoqn.J ~ ~ 
..;w-Awfun<fJJwJp ubtfrw~wfl mwmwfi.Jwfl 

b. (!) ..;w-Awfun<f/JwJp t:wp~w'fpw~wfl 

mwmwfiJwb qbpw'fpJwb Wf''fJN<b.pn<Jt 

b,fJb (!)= p, iuJufrL.pfl' uhtfrw~wfl 

muJm w bnLJthpfr t; w-Aw fu nf.-{J J nLbf! 

~wJf!b~bnLJ ~ wpmw.pfrb. n<d-fr ..;w-Awfun<fJJWbf!, WUfW (3) !pn<L~ofrwfl 

(6) ..;wqwuwpJwfl lnttfn<Jf! ;_~: UJ'I 'lhUf.pntJ, ..;wJw<lwJb § 24-fr wp'f

JnLb.pbbpfr, Jwuflwqnp ln<JnLJf! Ufbm.p ~ npnbbl 

y* =t (1\\cos~t+Nsin~t) (7) 
mhu.pnqt Sb'lW'ff'hlnq WJU wpmw_.;WJmn<fJJn<bf! ..;wqwuwpJwfl Jhy_, 

ftqmthfl.p M-1! b. N -I!· 

l.bmb.wpiup, 

a 
lv\= - - N=O: 

2p' 

y*=-!:.t cos pt: 
2~ 

/.!L'I..;wflntp LnttfntJf! ~ntbhbw ..;bmb.Jwl mbu.pf! 
\ 

y=.:.A sin (Pt+c.p0)- _::_t cos Pt: 
2p 

ll.y_ Jwufr bp~f'"f''l wb'fWJf! 9"'19 ~ utwLfru, np WJ'f 'lbUf.pn<J mw

mwfiJwf, wJUflfrmn<'ff! wbuw..;JwLwtfrw~nphfl w-AntJ f t d-wJwflw~fr 

wfluw..;Jwhwtfrw~nphb w-b.Jwfl 'lbUfp.ntJ: UJu bpb.ntJfdl!, npf! mh'lfr ~ 

ntthbntJ, bpp ..;wJw~wpqfr ubtfrw~wfl mwmwbntJflhpfr ..;w-Awfun<fdJnLbf! 

{wJf!b~bntJ ~ wpmw.pfrb ntd-fr ..;w-AwfunL{JJwbf!, ~n;_qntJ ~ nhqn&.w&.u: 

y* !pntfl~ofrwJfr qpw!pfr~l! UfWm~bpqw·J ~ b~. 280-ntJ: 

§ 29. Um{npwlJ.wb qft~hphbgftwt hwl{wuwpnu.f\thpft hwuwlJ.wpqhp 

&wm fuL'ffrpLbp lnttfbtfru UfW_.;wfly_qntJ ~ .qmthl Y1 = yJ(x), Y2= 
=Y2(x), ... , Yn=Yn(X) !pntfl~ofrwthpf!, npnb.p pwqwpwpn<J hfl X wp

qntJhbmf!, npnfll/_n'l y1, y2, ... ,- Yn !pntfl~ofrwbhpf! b. upwflo wJwfloJwL

Lbpf! UfW{'ntflw4n'l 'lfr!pbpbLofrwl ..;wqwuwpntJthpfr ..;wJw~wpqfrL: 

1]. frm w ('~ b,fl~ w nW't -frL ftw pq,fr _.; w q w uw pn vJ.th f"P _.; bmb.J WL ..; w J w ~w f'lfl!• 

dy1 =fl(x, Yl' Y2' ... , Yn) 
dx 

dyz =f2(x, yl, y ,, ... , Yn), 
dx 

~Yn =fn(X, Y1• Y2, ... , Yn), 
dx 

npmhrz y 1, y2, ... , Yn npnflqnrz !pntL~ofrwLbpL bfl, X-[!' wpqn.Jhbmf!t 

(1) 
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lJ.JUUf~U~ t;wJw~~P'l-f!• hpp t;wqwuwpnLJ'b.bp~ J.wfu JwunLJ J~w1L 
wn.wp}'b ~wpq~ wr)-w'bgJWLLbp b'b, fru~ wp_ Jwubp'b wr)-w'bgJW['bbp t_b'b 

Uf.Wf'nL'bwftnLJ, ~nt_qnLJ ~ linrdwt: 
ft'burbqpb£ t;wJw~wpqp' 'blw'bwftnLJ ~ npn2bl Yr• Y2• ... , Yn f/lnL'b~

.O~UI'bbp[!, npn'b[! pwqwpwpnLJ b'b (1) t;wqwuwpnLJ'bbp~ t;wJw~wpq~'b 

b. urpqwr)-
(2) (y1 ), =xo=Yl0' (y2)x-x 0=Y20' ···• (Yn)x=xo=Yno 

~~'lp'bwf;w'b UfWJJw'b'bbp~'bt 
. (1) ',.,bill!~ t;wlf_wuwpnLJ'bbp~ t;wJw~wpq~ ~'burbqpnLJ[! ~wurwpqnLJ 

J; t;burb.JWL ~bpU(t 
(1) t;wlf_wuwpnd'bbp~g wn.wp_~'b[! 'l~fPbpb'bgb'b[! puur x~~. 

d2y1 =of1 + of1 dy1 + ... + 0f1 dYn, 
dx 2 dx oy1 dx oyn dx 

dyl, dy2, •.• , dyn wr)-w'bgJW£'bbp[! tfrnfuwp~'bb[nq "{1) t;wqwuwpnul'.-

dx dx dx 
11br~B 'bpw'bg f1, f2 , ••• , fn wpurwt;wJurnL{JJnL'b'bbpnq, ~nL'bb'bwf.tl! 

d ~yl 
--=F2(x, Y1 • •••• Yn) 
dx~ 

~wqwuwpnLJf!t 

'1-~!pbpb'bobtnlf_ umwglf_wr)- t;wlf_wuwpnLJ[! b. qwpqbtn.f. 'bwfunp'f~'b 

LJw'b J.b.nq, ¥'1-mLb'b[! 

~w.qwuwprrulf!t 
li.JuU[h•u, nLpbJ'b, um;w'brnJ b'b[! t;burb.JWL t;w.Jrw~wpq[!• 

(3) 

.......... 
d"y 
--

1 =Fn(x, Y1• .. . , Yn)' 
dx" 
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p~ Jfrtngn·q • 

y2=<p,(X, YI• y!. ... , y\ n- 1) ), 

t y3=<pJ(x, ' y<
1
n- 1) ), yl' y,, ... , 

. . . . [ .. 

Yn=<fin( X, yl. y;, . .. , yf" - 1)): 

(4) 

li.Ju wpurwt;wJmn"L/(f.JnL'b'bbpp mbrzw'lf'hln·q (3) t;wqwuwpnu.f.'bb.pjrg 

- q_bf11.~'j,~ Jb'p_, YJ~~ npn2rJw,'j, t;w·J.Wp ~UUliWf.tW'j,j! fl~p'f ~Wf'C[-~ t;wqw·uw

.- pn~J' 

(5) 

(6) 

r.f,b£'2,/Jf.t W('LnWt;lUJLnNL{JJnl!f.tf! 'f~fPbpb'bgb[nq fl- J w·'bqwJ, qqm'bb'j,j! 

dy] d2y] ct~-ly] 
-, -, ... , --- wr)-wf.tgJWt'bbpf! npUfbU x-~. Ct-~· C2-~· ... , Cn-fr 
dx dx 2 dxn - J 

. !pnL'btk19~w'bbp: 
li.Ju !pnL'b~g~w'bbpp mbrzw'lf'btnq (4) t;wqwuwpJw'b Jbp_, ,;pn2nuf 

. h'b[! Y2• Y3• ;:·., -Yrr f/lnLf.t~g~w'bbpf!· 

Y2=?~( x, Cl. C2' · ., Cn)• l (?} 

;" . ·~·n(~. ·C~ . ·c:. : .. : ~n)·, -

flpUfbuq_~ um•Uiol[wr)- L"Lr)-ni!Jp pwqwpwJT~ mpqwr)- (2) uqqp'bw.~w'b UfWJ

Jw'b'bbr~'b, J~nLJ ~ (6) b. (7) t;.wq_w•uw•pndilbJTofro qmrfrbl Ct. c2,;-.. , Cn 
t;w u m w m rrLf.t-frhr,fr t; w rJ.w>Uf w UliWU {um'b wpdb[!'b b,rr[! ('bJ·w'b 'b pw·'b, ~'b l.Uf bu 

IIIJ'f wp·b.o~. f.t,l! J b~ '!lfo!pbpb'bgfr.wil t;wqwuwpJw'b 'fbUf[!trlJ ): 

'1- ~ m n 'l n L fJ J n L 'b 1: b{Jb (1) t;wJw~wpq[! npnf.tqn'l !pnL&~g~w

]Lb.p.~ r'b·~wmJwJp qr)-wJ~'b L WU(W b. (5) t;wqw>u•wpndp ~l~f.t.~ qr)-wJ~fa 

0 I' p ~ w ~ 1: Munbqpb[ 

dy dz 
dx = Y t z+ x. dx =-4y --3z+ 2x 

(y)x ,"o=l , (z)x=:J=O 

: i.~'{pLw~wL Uf"'~JwLLbpp qhU[(InLJt 

(w) 

( l') 

lt5. 



d
2
y =-3y-2z+3x+ 1: 

dJk2 

2) (w} ~wJwf(wpqfr wnwtfrL ~wqwuwpn•Jfrg 11mLn.J bL,p 

dy 
z=--y-x 

dx 

t. mh1£W'lf'"LJ ~hLg Lnp umwgwtt ~wqwuwpJwfJ Jbt, umwLn<J b!Jp 

-=-3y-2 - -y-x +3x+l dly (dy ) 
dx2 dx 

d 2y dy 
-+2-+y=Sx+l : 
dx 2 dx 

<J,bptfrL ~wqwuwpJwL [!L'l~wLnLp Ln•ttnLJfJ t 
· y. (C

1
t C2x)e-x+5x-9 

It~( '1} -fr ~frJwfJ qpw 

az -fr 
dx 

(lr) 

(t) 

fr C 10 C '6 /J.jUU[pun·', mp•lwt} (p} uf(qpLwf(wfJ U[WJJwfJIJbpfr!J pwqw• 
npmb'l_ 9 I=;, . ' 2= t '1. '1. 

pwpn'l_ [OLttn.JL n•Lfr ~bmb.JWl mbupf! 

y=(10t6x) e- x+Sx-9, z=(-14-12x)e-X- 6x+l4: 

fJ. fr U1 n 'l n L fJ J n L fJ 2: Phpt/_wJ 'fWLnn'lnLfJJnLllllbpnLJ Jbll.p bli{Jw

'lf'hsfrll.p , np (3) t:wJw~wpqfr wnwp_frll n-1 t:wLn t:wt/_wuwpnuftbpfrs ~w
pb.t,/r t ·n,pnzbl Y2• Y3• ·· ·· Yn !fmLh~!Jfrwth.f'[!t 4wpn'l t urwww·t: bl, np 

Y2• ... , Yn pnpnfuw~wlltbpt wpww.put[nuf bll "l. fJb n, WJl wt/_blfr .pfol. 

pt[nt/_ t;wt/_wuwpnuFllbpfrS • U.J'I 'lhLLf.pn'LU y-fr npn'l_Jw,fl t;w,Jwp quwwllwll.p 

n ~frs swttp qwpqfr t;wt/_wuwpmJ: 
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0 p fr fJ w I( :z, />Lmbqpbl ~bmi.JWL ~wJwf(wp'lf!• 

dx 
-=y+ z, 
dt 

... 

/J.nwrfrL ~wqwuwpn•Jl! '1frlf>bpbLgbtn4_ f!ULn Lfr, 11mLnLJ hLp 

d 1x dy dz 
dt'i=dt+dt=(x +z)t(x + y), 

d 2x 
-=2x -+- y+ z: 
dt 2 ' 

U.pmwpublnq y b. Z tf.mfrnfuwf(wLLbp[! 

dx d2x 
dt=y + z, d(3=2x+y+z 

lJ.Jumb'lfrg 11mfJnLJ hLp 

d X ' 
-=-C e-1 + 2C e2t 
d t I 2 

(a) 

X•p /,_ y-fr ~wJwp iiLnW(} wpcJbpfJbf'{! mh'I_W'lf'b/nq mpqw(} ~wqwuwpnLJIJbpfrg bppnp'fp 

.Jbt , Z-(! npnzhLnL ~wJwp f(umwLwfJp 

dz . 
- + z= 3C e21 
dt 2 

;,;wqwuwpnLJ(!t />Lmbqpblnq WJU ~wqwuwpmJl!, f(qm!JbfJp 

z= C3e-t+ C2e21: 
flwJg WJ'l '1bu[pn•J (~} ~wqwuwpn.J!Jbpfr ~frJwfJ l[pw umwfJnLJ b!Jp 

Y= -(C t + CJ)e-t+C 2e2t: ( 11 ) 

'J..fr!pbpbllgfrwl t:w·t/_wuwp·ni.!J,tbpfr t:wJtw~wpq ~Wf'n'l bll Jwtbl p•wpJ.f" 

lfwpqfr wJw119fW'[tbp: (}.J''f 'fbU[.pnLJ uwwst/_nLU t puqrJ.p ~wpq.,fr '(Jp!pb

f' htsfr w ( t;,w t/_ w;u,wp n ~;J,t,b,p.fr t; w J w:~ w 1'''1' 

ll.JUU[bU , opfr!Jwf( , F tnrlfr W'L'fhsmPJLUL mwf( flJnLpwf(wfJ f(bmfr zwpriJwfJ Jwufrft 

'. ' fuL'1frf'l! pbpqn1J t bpf(pnp'f f(wpqfr bpbp '1fr!pbpbLgfrwl ~wqwuwpn.JfJbpfr ~wJwf(wpilfr• 
fl.pgn•p fx · f!, fy·f! 1 F z"l! f nL rlfr Uff'nJhlfgfrwLhpL hL f(nnp'ffr!JwmwtfrL wnwfJgpLbpfr qpw i 

<fwJwfJwllfr gwflf(wgwtt t Ufw~frL f(hmfr '1Pf'l!l! npnzqn.J t Lpw X1 y, z f(nnp'ffr!Jwm!Jhpnqt 

l.hmkwpwp , X-[! 1 Y ·f!1 Z· [! t -fr lf>n•flf(gfrwLbp hLt 4hmfr wpwqn•PJwfJ qhf(mnpfr Uff'"Jhf(~ 

ofrwLhpf! f(nnp'ffr!JwmwJfrL wnw!Jgp. !J bpfr qpw lfLfr!JhfJ 

dx dy dz. 
d t, dt' dt . 

bfJpw'fpbLp 1 np F nLrl[! J., ~hmkwpwp1 !Jpw FX' Fy ' Fz U[{rnJhlfgfrw!Jbpf! f(wfuqwtt 

bL t rlwJwfJwf(frg, x, y, z f(bmfr '1Pf'I!P9 k f(hmfr zwpcfJwfJ wpwqn•PJnL'ftfrg, LUJUfr!J,pfJ' 

dx dy dz 
\ di' d!' d!""9' 
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U.Ju fuh'fpn•J npnh•[nrz !j>nth~ofrwhbph M'& 

X= X(t) , y=y( t), z=z(t) 

hphp !j>nth~ofrwhhpf! , npnhp npnzqmJ bh 'lfrhwJfr~wJfr ~wqwuwpmJhbpfro ' {b .tnunnh/t 

opbhpf!)· 

m ~=F,(t , :< , y, z, dx' dy, ~ \)' l 
dt 2 dt at d t 

d ay ( dx dv d z ) 
flld'"(: = f y t, X, J, Z, dt' d"t , dt J 

d
2
z ( d ~ dy ddz

1
• ) ·· m- = Fz t , x, y, z, - , , 

d t 2 dt dt 

(8) 

UUiwowhp hp~P"P'I ~wpqfr hphf! 'lfr!f>bpbhofrwl ~wqwuwpmJhbpfr ~wJw~wpq • Lwpfl 

z_wpJJwf. 'fbutpntJ1 WJUpf.pf. WJf."fpup z wpc/Jwf., hpp ~b~nwqpJf! ~wpf/ ~np t, npf! lfUif.f!

qntJ t, opfrhw~ , Oxy ~wp{Jn<f/Jwh qpw, uUiwhntJ bhp x(t) k y( t ) !j>nth~ofrwhbpfr npnz~ 

Jwh ~wJwp 

m- =f t d2x ( 
d (2 X ' 

X, 
dx dy ) 

y, ctt' dt ' (9 ) 

d ~y / d x dy) m--=F/ t, X, y, d(· dt (10) 
dt ' \ 

hp~nt ~wqwuwpmJ!.bpfr ~wJw~wpq[!l 

Pwp.ip ~wpqfr 'lfr!f>hpbhsfrwl ~wqwuwpntJhbpfr ~wJw~wpq[! ~wphlfr t L"'Hl qbp

tfrhu wn.;,tfr!. ~wpqfr ~wqwuwpn,Jhbpfr pbpbfnt tlwhw"fwp~nq: ( 9) k { 10) ~wqwuw

pmJ!.bpfr opfrhw~fr qpw S"'JS Ulwhp , fib frh t "'bu t WJ'f ~wUiwpqntJ : lfntHhf! ~hUikJWt 

hzwhw~ntJhbpf!• 

dx 
-=u 
dt ' 

dY - - v· 
dt- ' 

( 9 ), ( 10) x(t) k y(t) npnhqn'l !j>nth~ofrwhhpnq bp~P"P? ~wpqfr hp~nt ~wqwuwpntJt.h

pfr ~wJw~wpq[! ifrnfuwpfrhqnu! t x, y, u, V L"P" npn!.qn'l !j>mh~ofrwhhpnq wnwtfrh 

~wpqfr L"P" ~wqwuwpntJhbpfr ~wJw~wpqn.f_. 

dx 
-=u 
dt ' 

du 

d y 
-=v 
dt ' 

m -=F~(t, x, y, u, v), 
dt ' 

dv 
m-=fy(t, x, y, u, v) 

dt 

b'lpwifrw~btn.f_, !.~wUiht.f!, np ~wJw~wpqfr l"'JJwh Jbp ~n'lJfro f!hhwp~qwJ f!h'l~whntp 

h'lwhw~l! Jfr f!wl.fr ~nh~phtn~ 'fb"'f!bpntJ ~wpblfr t ifrnfuiJipfrhhl h"'wtnw~frh wqblfr wpwq 

pbpn'l WJU ~wJ WJh wp~butnw~wh btzwhw~nq : 
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qfr!j>bpbhsfrwl ~wqwuwpntJhbpfr ~wJw~wpqfr f!h'l~whntp l"")ntJf!' 

{ "' J "' J, U.nwtfrh ~wqwuwpJwh bp~nt Jwubpf! bp~nt whqwJ 'lfr!f>bpbhsbhp I!""' 
x-fr 

PIIIJS 

Jrf.Uihqpblnq WJU ~iuqwuwpntJf!, ~uUiwhwhp hpw [!h'l~whntp l"'JntJ[! ( Ulhu § 22, opfr• 

ftw~ 4) 

y=C 1ex+ C2e-x+C3 cos x+C4 sin x: 

d2y 
__ -h k Ulb'lw'fpbfnq wnwtfrh ~wqwuwpJwJ, Jht , ~qurhhflp Z-(!· 

dx2 

z=C1ex+C2e-x-C3 cos x-C4 sin x: 

§ 30. <wumwmntb qnpbw~~gblipn!J. 'lbWJ~b ~~~~liplibg~wl 

. hw!J.wuwpnufblip~ hwtiw~wp'lfip 

lJ.fr9""1! nLfiMJ~ '1fr!f>hl'MJ9PW[. ~.w.tf.UIIU!UIJfnuliLbl'.fr ~hurUJW[ ~wJw

. lfwfTtff!• 

(l) . . . . . . . . . . . . . . 

. npurb'l. ali qnp.twqpQ'bhpf! ~wuurwurnLbLhp bflt IJ.J',..Uih'l. t-f.. wpwqnLfJJwfl 

'~ JnJhLurL L Xt(t), x2(t) • .. , Xn(t)-L' n['fr'Litf:."'l !f>n•LftsfowtLhJfl!' (1) ,:;,wJur-. 
Jrwpq[! qn1._qnuJ ·~ ~ w u ur w m n< L q n p .} w ft p 9 L b p n t/. 

· ; .} ,w J Jr _ ·b ~ w J w u h n '1 p !p b p b L 9 ,fr w l ~ w t/. ur-

.'.: ' u IW I' "• J L b I' fr ~ w J ,UJ' It w J1' f1 1 

·. · Pb)_Ufbu wp'lhL Lltf.bl ~ ·'irwfu•n£1'1 UfW{'·w·qpw!pnLJ, WJU ~w•Jwftwpq[! 

:. ~wpb[p ~ [ri<.tht tf.bp£fo'iru Jbft n-(1'1 ftwpqfr ~wqwuwpJwL phpb[nL G.wLw-

:/O:~wp':nq, "l'l! mtf.Jwl 'lhUfjlnLJ fttfo·'up qt}.wJpb ( 'fw 9"Lf9 ~ url'tf.bt ,f..w-
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funpf] 'lfwpwqpw!p.fr 1-frJJ '1</rtnn'ln'<fiJn<bntJ), Pw!9 ~·wphtfr t (1) t;w_ 
Jwl[wpq[! l""}bl hwf.t WJL Jhfln'ln./_, wnwb9 11-(''1 ~wpqfo t;wt/_wuwpJw& 

pbphtnu IJ.j,u Jbfln'll! t;hwpw·t/_npmJJJn<b t urwt/tu l"'r}Jw,fl pbn<Jflb .wt/_h

lP wl[bwnn< t/_hp[n<r}htnu 

l.wJ.w~wpqfo Jwubwt/_np tn<r}nufl' l[npnbhbp t;burl.t!wl urbu.pnt/_. 

... , (2) 

fTJ .UI ~UJbft/_nLJ t a1' a2' ••• a~ f., k t;WUUIWinNLb•bhp(! npnzbt WJbUJbU 1 Nf' 

alekt, a2ek 1
, ... , anet !pn tblf9fowtbn, pwt/_wpwplib (1) t;.w·t/_wuwprrtJbhpjt 

t;,wJwl[wpq,fobl '1-pwL.p urb'l_W'ff'htrnt/_ (1) t;,w,Jw·l[wpq.fr Jbt,, l[uurw.fl .wh.p. 

ka 1ek 1=(a11a 1 -t a1 2a"+ ... +a 111a 11 )ek 1
, 

k kt_( + ) kt a.e -a,1a 1 ta" _a 2+ .. . a2 11a 11 e, 

kanek1=( anll1+an a 2+··· + a00a 0 )ekt, 

'-~rr-Awurbbp eKt _"'"-' Prrtnrr w:b'lwJhbl['f! urh'l_wpnfubtnt/_ Jfo lfn'LJ " t;w.l_w

pb[11'q a 1-f 1 a2-f' • • • 1 all"" qnp r}w qp9bb(l £! 1 ~UUI•LU'b!Wbp t; b U1 hJW [ t; W t/_ W U W

pntJflbpp t;wJwl[wpq[!• 

(a11-k)a1+ 
a~Ial+ 

a1 ,a2+ ... + 
(a22 - k)a2+ ... + · 

alnan=~ . 

a ~nan=O, . . . . . (3) 

ai-l!' a2.-(! ... , a 0•(! h k-fl pburpn<J bflp W.ffi<qbu, np (3) t;wJwqwpq[! pw

t/_utpwp.f}pl IJ.J'I ,:;wJ,wl[·wp•q[! a 1-f, a 2-ft, ... , a 0-/t hl[wm.JwJp qtt.wJ'ftb t;wt-' 

pw<wzqw l[w fJ ~ wt/_w u.w ,p nvJ,flbpft t; w J wq•W'f''Cf t 1 IJ,w q_J hb.p ( 3) ,:; w·J w I[ w pqf. 

'lh.111 bpJj, b wb urp. 

a11-k an ... a]n 

L\(k)=-
a 1 a22-k ..• a2n 

(4) . . . . . . I 
ani a02 ... (ann-k) \ 

I; fib k -L w Jb UfP u fth t, np !l 'lb ur hp1J fr:hw,fl urp 'lf' ".!P9 ur•wrrph p L 
WtllfUJ (3) ~wJw·qwpqb ntbf• JftwJb a 1=a2= ... =an=0 'lf'"JW•qw,fl l"'''" 
r)ntJHpp b., ~bml.twpwp, (2) .pwbwJ.b.bpp mwtftu H JfrwJb urpftt/_fowl 

lnu)nLJbbp' 

120 

: IJ.JUUJpunt/_, (2) "l urpfot/_fowl tn<r}n,Jtbpp l[uurwbwbp JfowJb W.fb<qpufo 

k-hpfo l]h<q.pn,J, npnb9 t;wJ.wrr ( 4) 'lbnnbpJfrbwburp 'lwnbntJ t q_prr1 
k-fo npnzJwh t; wJwp t; whqn<J bhp 

(5) 

0-{''f Wuur;pC.wbip t;.w•t/_Wuwp•JwtJI IJ.JU t;wt/_WU•W'{''nLJ(! qn:_:t/_nt,;J t (1) t;w_ 

Jw'qwpq;fr P b "' fJ w q {' /r ( t; w t/_ w u ·w (' trL J. upw wpJwur

bbpp lfnt t/_nLJ bb (! b nL p W lf f' /r l t; LU t/_ LU U W f' J W b W' J" -

J w Ul t b f'l 

p ,fifl ,wp•l[h•h.p Jfr .pwhfr 'lb<qphp1 

I • P b "', fJ w q f'' Jr l t; ,w t/_ w u w p J w Jr w I' J w• ur t h-
I' l! ft I" w I[ w t hf1 b. ur w I' p b p1 k1, k2, ... , k0 -nt/_ hzwhw ,.. 

lfhL.p p.bntfJwwrh_ t;w1_wuwl'Jwh wpJ,wmbh;pp: Bn<p·W•pwhun<p k1 wpJwmfo 

~iWIJwp qphbp (3) t;wJw.l[<wpq(! h nrrnzbbp 

aCiJ a(t ) 
I ' 2 • ' ' • ' 

a<il 
n 

q.npr}w•q,fo!Jbbppt '-l.wpbl<fr t 9"~.!'9 ur.wf, np 'fpwh-9ft9 Jbl[p l[wttfwJwlfwh 
t. WJb l[wphtfr t f!b'lnLbht t;wt/_wuwp Jbl[p1 IJ.JuUfftun./_, umwLnLJ bt.p. 

k1 wpJwurfr t;wJwp (1) t;wJ.w,l[.w·rrqft L"L~nLJp. 

. . . . . . . . . . . . . . 
k2 wp.J•wmfr t;wJwp (1) t;wJwqw["qfr l"'~r}nvJp 

x<2l=amek2t x t2 J=a <2Jek 2t x <2 l=a<2J ek 2t. 
I I ' 2 · '1 • ... • n n • 

krr wpJwurfr t;wJwp (1) t;wJwl[wpqfo L"'r}n,Jp 

x(n)=a(n)eknt x(n)_,..(n)eknt. 
l 2 • ... ' n -v.n · 

l.wt/_wuwJ'Jwh Jbt, whJfrtwl[wh urh'l_•W'ff'JwJp l[wphtft t t;wJn'lt/.h[, np . 

(6) 

. :;n,hlf9fowhbpft t;wJwl[wpqp, npurb'l C1, C2, ... ,C0 l(wJwJwlfw·L t;wu

, urwurn·tbbbp bt, b~L.fb<qbu ( 1) 'lfo!f>bpbh9frwl t;wt/_wuwpntJtbrrfr t;.wJw·-

121 



~wpqfr L"L~ttLJ tt 11.!'1 (1) <wJw~wpqfr l!L'1<wLntp L"L~rrtJL t1 l.bzm f 
9"'!9 tnw[, tt'f' ~wphiJ.fr t qmLh:[ <•w•umwtnntLflhpfr •WJhUffoiup tu{"dh.pLbp, 

npnfl9 '1hUf.prrtJ l"~JntJp "pw'l_wpwptfo tnp'fwJ u"qpL.wo"wL Uf.WJJw:fi

HpftLt 

0 p fr L w q 1• '1-urLbt 

dx 1 . 
-=lx1 +2x2, 
dt 

~w{wuwpntJLbpfr ~wJwqwpqfr l'L'1~wLntp tnt~ntJ{'t 

{ n< ~ nt J, IJw'I.JntJ bLp pLntflwqpfrl ~wt{w/JwpntJf!' 

I

. 2 _ k 2 

1

==() 

1 3-k 

qwJ k2-5+4=0• 9-mLntJ hLp Lpw wpJwmLbpf! 

k. = l, k2=4: 
1.wJwqwpqfr lnt~ntJ {' npnLmJ hLp· 

x~1 l=a</>et, x ~ 1 l= a~ 1 let 
A 

mbu,.t{t IJwqJntJ hLp (3) ~u,Jwqwpq{' k1 =1 wpJwurfr ~wJwp k npnznul blip 

a\ 1>-e £. a~1 l-L', 
(2-l)a~ll +2a~t> =O, } 

la\ 1 l t (3-l)a~I l:--0 

a~ 1 > +2a; 1 >=o , 
a~ 1 > + 2a~ 1 l= O, 

l . I 
nptnbq_/;'g a(I) __ -a(I), /!L'En,Lbtn{ a

1
(1)=1• qumwLwLp a('l=_- 1 IJ.JuUffrunt{, 

" - 2 2 • 2 

•mmgwLp ~wJwqwpq{r tn<~nLJ{'• 

x~ll=e t, 

U.JnL~fiLnft qw'I.JntJ hLp {3} ~wJwqwpq(', k2 = 4 

aF>-e "- aF>-e. 

a <<>_a<l>-o 
1 2 -' 

npnzn:.i 

npurb'lfr9 af2>=aF>" aF>=L a~2 1 = l· Umwfln,J b!Jp ~wJwqwpqfr bpqpnp'f rnt~nLJf! 

x f2>=e41, xF>=e4t; 

1.wJwqwpqf l'f,'1~wLn<p tnulntJ[! 4tfrfl{r ( Lnhu {6}} 

x1=Clet+C 2e4t, 
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1 
x2=-- C1e1+C 2e41 : 

2 

II. P L n L fJ w 'If' fo z. -\ w '/_ •W u w I' 1J w· L 

L b .{' I! tn w {' p h r b ,fl, p w .J 9 u " ·W 

~ w L " n J Uf { h .p u fi h pt 'lofo9nt.p pLntfJwqpfoz. 
wp·J ·wmLhp•fo9 hf"""wl! "tiiJUf[hpu -\wJow[ntJ bL 

k 1=a+ i~, k 2=a-i~: 
ll.tu •WptTw·tnL h pfr.fr ".<; w•J w Uf w tn w uju wL hL 

X( I) :::a(! le (a+ 1,1)1 
J J (j=l, 2, n), 

x(2l=a•2>e<a- i ,> )t 
J J (J=l, 2, ... , n) 

w l" J w tn

L 9 J b f. 
-\w'l_wuwpJwL 

(7) 

(8) 

zrnJntJLbppt afl I.' af2l qnpJw",fo9Lh.pp rrptrz'/_rrLJ bL (3) -\,w'l_wuow
J1ittJflhpp 'iw·Jw"wpqft,9 , 

lJ.JhUfhu, frLz.Ufhu k § 21-ntJ, "wph[fr t 9"LJ9 tnw[, np ""JUf[h.pu {trL.}

JwL ppw"wL rrt "h'lJ Jw1uhpp LrrtfL:UfhiU {ntJn·tJ·L·hp bflt lJ.J'UUf{run'l_, utnw
Lnr.J hL.p hp"nL Jw•u:Lw'l_np tntJn~J. 

xT>=ea1('-j'>cos ~x+)f> sin ~ x ), } 

x\ 2 > =eat(~J'> sin ~x+~F> cos ~x), 
(9) 

npmh'l 1,\1
>, ).\ >, ~]'>, f.J Ll _l.' al_1l_Jr 1.. aJ2>.fr Jfrt."9rr'l_ rrp~tz'ln'l fopwftw;fr 

p,[bf' bL, 

(9) f/.>ntL"9fowLhpfr 'iwJwu(wtnwujuwL "nJpfoLw9frwLbpf! f[JmflhfJ 
">wJwf[:.up'fofo l!'L'1·-\wLrrtp [trLJJwL Jhf.t 

<w,fw~:upq{r l'L'1~wLm.p lntdntJ{' , 

{ "' ~ nt J, IJw'I.JntJ hLp pLnt/}wqpfrl ~w{wuwpntJ[! 

1
-7 - k 1 I 

-- 2 -5-k =O 

' 'twJ k2 tJ2k+37=0 It qmLntJ hLp Lpw wpJwmLhf'l'· 

" k.=-6 i-1, kJ=-6-t: 
;: (3} ~wJwqwpqfr Jbt mb'l'"'1f'bln{ k

1 
=-6ti, qmflntJ hLp 

~· a l1l= l, a~ 1 l=l+i: 
k "J.pntJ hLp (7) tnt~n'Jl' 

x\ 1l=Je( - ti+ilt, x~ 1 l=(lti)e(-6ti) t: 
~{3) ~wJwqwpqn<J mb'l"''lf'bl"t/. k2 = -6- j, qtnflnw bflp 

(7') 

aF>=I , a\ 2>=1-i : 
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x! 1l=e -6t (cos t f-i si n t) ,· x\'l=(l+i)c-6t(cos t t i si n t) 

x\'l = e-6tcos t t -ie-6tsin t, 

x\'l=e 6t(cos t-sln t)tie-6t(cos t+sin 1): 

x\2l=e -6tcos t-ie-6tsin I, 

x\2l=e - 6t(cos t-s in t)-ie-6t(cos tfs in t) : 

/>ppk Jw u!.w.[_np lntJntJLbpfr <wJw~wpq ~wph1fr ~ .[_bp9Lb1 WILw!..lfr!. frpw~wfl Jwubpf! 

1... wnw!..lfr!. ~b'LJ Jwubp(!· 

:X,<' l=e-6tcos t, 

x~ 2 l=e-otsin t, 

1.wJw~wpqfr eL'1•:,JJLn<p Ln,Jnufe ~Lfrhfr 

x; 'l=e-6t(cos t-stn 1) , } 

xPl=e- ti. '(cos t+stn t): 

x,=C 1e --titcos t+ C2c- 6ts in I, 

x2=C 1e-6t(cos I- s in t) +C 2e- 6t( cos t+sin t) ; 

uJwt Jh.fJn''1""- ~wpblfr ~ qm•tbif pwptlp ~wpq;p J;wumwmtttt qrrpJ-m

'rJrstb,ptrq qJ-w•J•ftt 'ffr!pbpbtafo·wl <•wt[w,uwputJtbpfo <w,Jw~.wp•qp l"'d-"dl't 

lfb{u;wtp~wJnLJ b. /;;[_b.~UI['W~UIIfl z'LflwLhp[r_ UJbum.JIJtr'JJtm•J , opptw~, 

trtutruJt,wu.ppl[trtJ ~ 

d~x 
--=a x+a y d t 2 ]] l 2 ' 

(10) 

b.p~f'"'£'·'1 ~wpq.p '1P!f>bpbt.sfowl <wquru.wpm:.Jtbpfo J;.w•Jw,~wp· qfo l"'J-trLJ£1' 

unf'llts l"'c}u,Jl' upntuLJ btl! 

UJb.u{!nq: IJ.Ju wp•mw•<wJmtrtfJJntttbpl' Ulb'f.w'1p)i[nq (10) <wJw~w.p•qnul 

b. ~l'·'bwmbl"t/. e"t-nq, umw•tn,J btl! a-t, ~-t b. k-t npnzbl"' J;.wJwp 

<bmUJW;[ <wqwuwpntJtbpp <.wJ;w•~Uif'Cfl' 

124 

( a11 - k 2)cx+a 12~==0, 
aarx+(a 2~- k2)~=0; } . (II) 

!l,pnJ.fos mwp•pbp a-t b. ~-t nprrztf.nml bt Jjrw·Jt WJt '1bUf.[!"''J, bpP 

<wtlw•~'wpqp '1bmb.pJfrtw.tml! <wlj:wuwp fptp q_ptrJfo' 

( 12} 

Uw (1} <wJw~wpqfr J;wJwp ptu'<[lwqpp)_ <wlj:wuwptrtJ ~· .W•Jt k-.fo t~·Wm

J ,wJ,p 4-p'1 urumJr'bwufr <wt[wu.wptrLJ ~~ IJ.fo:S"L[! kt-l'• k2-L', ka-l', 
k4-£7 tpw wpJwmtbp;t bt ( btjJw '1l'"'J bt[!, up wpJ w ;mtbp£1 mwppbp bt ): 

8ntpW[!Wt}_Jtrtp k1 wpJwmp <wJwp (11) J;wJw~wp•qfo.9 qmhvJ bt[! a-fr 

b. ~-p w pclb[!tbf'l' t ( 6 )-p t <w J w•t ,J w.t, l't '1J; w tn,p l"'c}" vJ l' ~ ,,tbt w J; b

mb.Jwl mbu[!l'• 

x=C a<' lek, t+C a<2Jek 2t 1- C a(3Jek3t+C a<4Jek•t 
1 '! 3 4 . ' 

y=C1~<' lektt+C~W2lek2 t+Ca~(3Jek 3t+C4~< • lek•t: 

··-
bflb rr,r:uz ·wp~Jwmtbp ~"JUf/lbl!u bt, ·WU[w ~rrJU[.[h[!IU wpJ,wmtbpfr 

JII~{'W[!Wt}_Jtrl[' l£"'Jtpfo:ft £'t''1J;wttrl,f' ' l"'J-Jwt Jby_ ~J;wJWU[WU7Wu{u;wflbfl 

(9) mh•u[!p wpmw;J;wJ•mlllfJJmttbpt 

'1/rfPbpbflsfrwl <w.[_wuwpnd!.bpfr <wJw~wpqfr f!L'1<wflntp LntJnd(!t 

l nt Jnt J, '1-pn<J bL11 {12} pfln t{Jwqpfrz <w.[_wuwpntJ[! 1... qmflnd flpw wpJwmflh{'(!• 

ll-k2 .-41 
-1 1-k2 =O, 

kl=i, k2= -i , k3={3,'" k=-{3: 

lnu}ntJ[! ~npnflb!.l! <bmbJwl mhul!n.f. 

x(l l=a(l )e it, 

x<2l=a( 2)e-it, 
-,!31, x(3l = a( .1 )e 

· -vat, 
x(4l=a(4le 

a<'l = l, 

a< 2 l = l , 

a (3l= l, 

y(ll=~ (l)eit, 

y<2 l=p(2 le-it, 
.r -~ 

y ( 3) o-o ~(3 l e r a ' 
- v a-t : 

y(4l=~(4)e 

~(1)=1/2, 

~( 2) =1 / 2, 

~(3l= - 1 ; 2, 

~ (4)=-1 ; 2: 
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x(IJ=eit=cos I f-1 sin I, y(IJ=0,5(cos l + i sin I} , 

x(-' J=e-It=, cos t-1 sin t , y!2J = 0.5(cos 1- I s in t) : 

~nu)nul ~1/>LbL wnwLtl.pL ppw~wf• b. ~b'lJ Jwubf'l'· 

x(ll=cos I, y(IJ = 0,5 cos I, 

y<2k 0,5s ln 1: 

?- .fo Ul n 'l IJL p J IJL fJ, ll.Ju UfWputqptw .~nol uLLwf"fth!Jfo•fJ•p p•L11'L-

pwq1•h ~wtfwuwpJ.wfJ putlf.'JWUf•WIInpq w.pJwmLhpjt 'lhUf/!1!' IJ.Ju ~w.f'91! 
J ,wfJpwJwu,f, lwf'w'lptf:w·,J t, Of'lp·fJwi[, fo. 9-. fTJbmpm/_·uoqnt «JieKLI.lHf ITO 

reOf HH o·6biKHOBeHHbiX .J,Hq>q>epeu.HaJihHhiX ypaBHeHHH » lff'P"'t:!t . 

§ 3L <\-wqwlflwp LJWUfOLbml~ ~WJntbntfJJWb tnliUDLfJJWb tlwu~b: 

'l~~lipli\Jg~utt hwqwuwpuw\J hlimwqb~ qWJl.Pl! liqw~~ ~~~m~ 2f1S!W~WJ.pnttl 
( 

.PwfJfo np 'lft!f>hphLsfowl ~wtf.wuwpntJHpfo b. t:wtf.wuwpntJHpfo ~w

Jwftwpqh:pfo Jb,JwJ.wufJntfJJW•fJ [NLJI1'LJ~bpf! J.hb WftU1W'~UIJU7t/.11'tJ U7Wf1{'W

qw•fJ !pntf!.qsfowbhpntf. ft.wJ qtf.w'lf'WmntpwJn't/., WU[W' wJ'I 'lhutph,pntJ 

qnb•qp hm 'l.fo!f>bphlisfowl t:w·tfwuwpnt:!bbp tnuJhtfou ft.fopwntf.n iJJ b,f, frlimh

q!':!wL if.f!.U1Wt/_np JbfJn'ILbf't IJ.J'I Jbfln'lbhl'fo JwupfJ qw'[wtpwpf! mptf.ht 

t § 3-ntJ. pw!Jp WJ'I• LJw,fJ Jbfln'IHf'fo9 Jfo pwLfrul! qpLLwpJrL/_bL 

§ § 3.2-34- tnJ, foLlUfbu Lwb. XVI 'ltfzttrcJ' t 

U.J'I Jbfln'IHrrl• fJbpntfJJntLI! ftwJutbtiLJ t LpwLntJ, n{' LpwLp mw1fru 

/,b JfrwJL Jbq JwuLwtf.np [nLJntJ. "'f'Pl JwufJwt/_np [ntJntJLhp umwLw

[NL ~wJwp u1hmp t P"L"f' ~wltf.ntJLbpf! ftwmwpht Lnpfos t foJwLwtntf. 

Jbq Jwubw1/_np tntJntJL'• lP qwphtfo h'lpwqwgntfJJntL wLht WJL tntJntJ

tbf'fopLntJfJfr JwufoLt 

If h fu w L frlt-w Jfr b. m b fwL p•q.w J fr l 'w m fu b 'lfr,f' Lb f' n ,J q ut f' b. n f' t tfr fJ 11'tJ 

frJwLwl "l flb tnulJwL ftnLqpbm wp•dh.pLbpf! Wf''I"'JbLinfo mpqw,J qnLq

phm wprlhpfr 'lhUfpntJ, WJL l"'JJwL tf.wppfr pbntJfJL' wpqntJbLmfo tftn

t/tnfuJwL rlwJwbwq b. , JwuLwtf.npwuJbu, W{'qntJblimfr wLuw~

JwLwtfrwft wt1JwfJ 'lbUfpnLUt OpfrLwq, qwpb.np t tfoLntJ frJwLwt' WJ'I 

[nLJntJbhpb Wf''f!"/! pwtf.wpwpntJ bfJ mptf:wJ ulf'lpLw_qwfJ UfWJJ.wLLhpfoL , 

UfWppLpwqwL bL , wufrJnlmnmnpbL JnmbbntJ bj, n,pb.t ~w·JmLfo !pmLq-
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w L-<: wtf. w u,w l' n·tfJ J n Lb L hpjrb t 

IX( t)-x( t)l <E, ) 
ly(t)-y(t)l <E (2) 

(3) 

fiJw{'lf.Wpw·fJhb(! 'WJU u·w~JwfJJwL frJ . { 
· pm.JilJntLLb.p.frs ~hmb.n~ t t . wuml!' 2) b. (3) .w ,L->wtf:w·uw-

1 "f' -fr P"L"f' 'lf'W•qwL wprlbpfJhp'fr 'lhtl(pnuf 
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uftq_pLwftwL UfWJJwLLhp[! tfrnpp tfrn

t/r n fu nt{J /riLLL hp ftph LP u .t; w J w U{ wm w u

[uwL Lnu}ntJLhpL tL JfrJJwLofrs i!h 
· hL m.w f'P h f' t[mJ 1 b {J h '1P !ph{' hL 9 /r iu L 

.t; wqw uwpn tJLbpfr .t; wJwftuJrqf! Lftw

t ('Wlff'NLJ t npi.J.t l_WpJntJ, WUfW [NLct

.....J~--------..... ~ JwL ftwJnLhnLfJJwL '1hUfpntJ l_wpJntJ-

Lbpfr pLntJfJf! i!h t t/rnfut/_nLJ, h{Jb 

uftqpLwftwL mtf.JwlLhf'f! f!Pl bL t/rnfu

qntJ t 

'1-w UjW{''lwpwf.bf.p wnwpfr!, ~wpqfr Jfr ~w{wuwpJwf. opfr!.wV {purr 

'1-frsncp urp{wtt ~ 

dy 
-=-y + 1 
dt 

'lfr!frbrrb!.sfrwl ~w{wuwpn<JJ!' 'upw J!f.'l~wLntp tntttn,J!. { 

y= Ce-t+I 

!pnt!.~s/rwf. 1 9-urf.b!.p WJ!, Jwu!.w{np tn d ntJJ!, npJ! pw{wpwpntJ ~ 

Yt=o= 1 

u~qpf1 wlrw!. Uf"'JJw!.fr!. • /1.~!, -; wJLn L y = I 'tntttn<JJ! ~uurws•[fr , bpp C={) (!.~. 
{).

1
!,n ,.;burb. 4qmf.b!.p WJ!. Jwu!.w{np ln,t}n,JJ!, npJ! pw{wpwpntJ { 

-
Yt=O= Yo 

u~qp!.w~w!. Uf"'Jtfw!.fr!. • 

( p) ~w{wuwpntt!frs ~qurLbf.p C-/r wprJbpJ!· 

y'"' C+ 1, 
npinb'lfr9 

C Ya-1: 
Sb'lw'fpbtn{ C-fr WJU wpdbp[! (p) ' w{wuwpn<f/J,;!, Jbv uurw!.nttf b!.p. 

y= (Jo-1)e-t + 1: 

lJ.~!, .; wJur t. y= I tntttnt.tfJ! ~WJnt!. ~ ~ flpnp , 

y- y={(y~ -1)e-t -t -1)-1 = (y0 --1)e-t ....,. Q 

( ... ) 

(p) 

,hpp t--+oo r 
l,bmb.wpwp, ~wtfwJw~w!, E-/r 'lbufpntJ · ~pw{wpwp{fr (3) wHw{wuwpntfiJnLf.J! , bflb 

pw{wpwp{fr 

,.,!, .; w{ wuwpn<fJ JnL!.J!I 

bjJb (1) ~wtf:wuwpn·tJLhpf! ·L.ft•wpwqpntJ hi.fl zw'l'JntJf!, npmh'l. t wp

qn,JhL.mr JwJ.wLwftL t, b. f!um npn cJ ~wtf:w·uwpn~JLhpf! pwow~wJmn

pb'b t 1_hL Uf1UflnJ'hwftnLJ1 WJ·ufrL'l!L' nL'hhL 
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dx 
-=f1(x, y) , 
dt 
dy 
-=f~(x, y) 
dt 

mhu[!, wu[W WJ'1 -\wJwftwpq(! ftnJ.tf.rrtJ t wtJ.um&.nJ: 
U. Jfl nt~ h m L. 'FP m w pft h~p qctw·J/rL '1-fr!pb rrhfl,eJrw L ~ w t/. wu w pmJ.Hpfr ~ b-

mL.1wJ -\wJ.wftwplff!• , 

dx 
dt=cx + gy , 

dy 
-=ax+by: 
dt 

(4) 

bflfJ.w'1.f'bl"L b,'iJf!, np a, b, c, g qn.pctw·lrJroflhrrf! ~wumUJ\InntL~brr · bL, f!L'1 

npntJ wft~~w!m t, np x=O, y=O (4) ~wJwft.wp• q.fr Ln~ctntJfl t, npnLJ ~w.; 

if trtz t/_ nLJ bfJ[! w~J pp_w1ft wifl m b 'l.W ll[rJ,w•Jp 1 fl LU ntJhW'u.p.(Thflp LUJ,fl ~ W f'9f! 1 

fJb· frL'l II(WfJw&.'bbpfr urh·mp t pwtf..wpwf"hL ~·wJwftwplj1p q.rr.rrctwftfro&li-

1'1! 1 n.{"U[buqfr X= 01 y = 0 LntctntJ £! LfrL.fr Jrw!nuLz ll.J'1 nu:mJ'irwuJrf'nL

PJntfl(! ftwmmptftrul t WJU'fll .ihll 

?-fr!pbphLoh·L[! w·nwp_fr'b ~w:[wuwrrntJ(! b. ~wJwftwpq.fr ~·tuqwu•wrrmJ

dy 
· Lhpfr -\,frJwfJ qpw W("~·wpubf~[! Y-f! t. dt-t. 

-=c-+g-=c-+g (ax + by)=c-+ g ax+ b --ex d2x dx dv dx dx (dx ) 
dt~ dt dt dt dt dt 

~wJ ~ 
d2 X · dx 
--(b+c)--(ag-bc)x=Ot 
dt2 dt 

(5) 

?-fr!pb,f'b;flgfr.wl ~w·t[uruw,pJwL p~nt/IW'q[ifit. "<w'l.utiiwp•t'llfi ntfl}i 

A2
- (b-f-c) l--(ag-bc)=O (6) 

mbU[!f! t lJ.Jou ~w•tf.wuwf"nLJf! f!L'Intfllt/_wct t q.phl '1bmbp,Jjrflwflmjr m&upntf., 

lc~'- b~'- j-o (7) 

(mbu § 30, ~wtf.w•uwpntJ. (4)): 
(7) Pflntpwqpfrl ~w,.[wuwpJwL W{'IJwm·&hpf! ft,lwflwf[bflp "At-n;"tf. "b. 

'A2-nq: ,.,'ir.J:.U[bu ·ft:mh1uiHLp umni"L., (4) ~wJwftwp~fo {trtctnliJ~bl"fr lJwfont

LntPJIILhf! ftwJ "1. ftwJntflntPJnLhf! npnl_t/.ntJ t 'At b. "A2 wpJwmflbpfr pflnLJ.i 

font/.: 

.PLLw:pfthlfr.p P"'L"l' ~flw:rrw·:[trp 'I&Ufph,f'f!' 

l2D 



I. P fJ n L fl w '1-l' /r l. ..; w q w u w pJ w 11 

" w L b L' p w 9 w u ·W " w L It UJ w I' p b p' 

(5) ..;w.f_wuwpnLJ/rs lfmLn•LJ bfl~. 

w I' J w m L b p fJ fr I' w~ 

'-~<O, '-2<0, "-~+"~' 

x =C1e" ,t+C2e' •1
• 

,Jw,flwtn1_ X-p, (4)-jr wnwtfrfl ..;wqw•uwpnLJ,fr.S qm.fl·nLJ bfl.p y-[!1 

{].J'UUfojrun•q, (4) ..;wJw•qwpqjr [IILhm:J ,fJ nLflp ..;bmkJUI[ mb.Uj!f!• 

X=Cle",t+ C2e'o t, l 
y=[ Ct(J,t- c )e' ' t+C~(J-g-c)e'•t]+' (8) 

'1-frmn'lnL{JJ~L ih bfJL g=O It a=;l=O, WUfW (5) ..;w·qwuUI-

('ntJp ftw'l.JnLt! ibflp y :pnLuftofrwJfr ..;wJwpr 9-mLblnq y-p, (4) ..;wJ,w~ 
ftwpqfr bpftpn'f"'1 ..;wt[w•uwpnt!Jfrs qmLntJ bLp X-[!t (8) l"_LhnJJJ.flbpfr ftw

nnLs.f_whpp U('W'..;UfWLqnLJ t• " ·uft hf/b g=O, a=O, WUfUI ..;w•qw·uwpnLJ

Hrfr ..;wJw·ftwpqJr L"LhnLJfl pLf1nLLntJ t 
bt (8') x=C1ec1

, y=C2e 

mbuppt U.1u '1hutpnLJ [nthntJLbpfr pLnLJfJ/r qbp[nLhntfJJnLL[! ftwtnUJ('

.[nuf t w ·1_htfr ..;bzmr Ct-[! C2-[! pLmphLp WJLUfbu, np (8) ln~ohnuJLbp[! 

pwqwpw•pbL 

X!t~o=Xo•' Y i t-o=~Yo 
ul[qp.Lw:ftwL Uf•WJtfw;fiLbp.frLr Uft'lpbwftwL UfWJ,JwLLhp•frL pwqw,pwpn'LL"L-

c} n uf [! ft tfr,L /r. 

x cxo+gYo-xo'-2 e' ,t+ xo'-J-cxo-gYo e""'• 
'-1-"-2 ~-~--'-2 

y=_!_ r cxo+gYo,-x).2(1.17""c )e), , t+ XoAl ~ c~~- gyo(l-2- c )e'• t ]I 
g 1.

1
-A2 A1 A3 

(9) 

t/.bnJrfl ,;w:[wluwpn·tfJJmLflb.JI·/ro ..;bm-hm.J t, ;,!, sw~ftwswh e>O ..;wJwr 

lxol-11 h IYol·:fJ ftwpbtfr t l!Lmpbt WJL.pwL tfrnn, · np pninp t>O <wJwp 

tfoL!Jr I x(tJ\<E, \y(t)I<E, .[!w11p nr e' ' 1< 1, e' 21<1· 
'bzbLp, np m•.f.Jwl '1h'Ufj!nLJ 

Jimx(t)=O, t 
\·,~·y(t)=O' f 
t .... + .. 

(10) 

'1-frmw.JI•ftbLp xOy .t:wpfiln.PJ"'tLpr ( 4) '1fr:f>bphLsfrwL .t:wqwuwpntJLbpp 

..;w:J=ftwp•qp It (5) tp}r:f>bph•'11ofrW1J ,;.w·1_LU>IJIWf1JwL· ,;w·Jwr W'J'1 ..;wppnLflJm-
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flp qnl_qnLJ t .'i'wqwJ~G. liwrpmpJnLG.: (4) ..;wJwftw·pqfr (8) h. (9) l"(~m]J_ 
flbp[! ft'1frmbLp npUfbu x0y :f>wqwJpfl ,.;wpfJnL{JJwofJ qpw npl4 ftn,pfr UfW

pw t! b m pw ftwL ..;w·q w •uw I' nLJh bp. 

x=<ft t, C1, C2}, l 
y=~(t. cl' c2). J 

x=~(t, x0 , Y0) , } 

Y=--=~(t, Xo, Yo)• 

dy ax+by _____ _..:,_ 

dx rx-rgy 

( 1 1) 

( 1 2) 

( 13) 

?fo:f>.bphoLufowl ..;w,1_w.uwrJwt ~G.mbqrwtWJ~& ~nrbr ~wd &bmwqHr b&. 

U11f.Jw [ 'ffr:f>bpb~sfrw l ..;wqwuw:pn~J f! UUJWSt[ ntJ t ( 4) ~wJW\ftW•f"'1fr9' •Wf 
h. Jwfu Jwubp·p ,Jfr.JJwLs qpw pwJwLbtnL '&.wLWUfW'["..;,.q_, 

0(0, 0) """l''Pfr'bwm:flh;f"fr uft'lpLI.Ufftbmp (13) '1fr:f>bpbhsfrw1 ..;w·qw

uwpJwL '.'w,J .wp bqw~~ qbm t, pwLfr "'I' WJ'1 ftbmp [NLhJw.L qnjntfJJwfl 

h. JfrwftntfJJwL .m•frpnLJfil'fr.L lP UfW'm,ftwLn~Jlt 

( 9) Ln.,<) lt'uJ1fl bpfr It I! L '1..; w L I' W'Uf bu ( 4) ,,; w J w "wrq.fr ·L n Lh n LJb b rfr 
pflnLJfJf! wqflwnnt qbp'Uf".f_ ln~uwpw·L•qlt'tJ t 

F(x , y, C)=O 

Jr.Lmhqpw'l ftnpbp:fr '1wuw•qnpn.J1Jw'Jp, .. ,.pnLp ftwq_J,.LJ bL (13) '1fr:f>bphb-

9PWL ..;wqwuw;f"JwL l!fr'l,.;w,flntp frhmbqpwtl!• C ..;.wutnwmnL&f! npnzqn~;J t 
Yx- x0 = Yo uft:q,pLwftmL UfWJJwL:Jrsr C .t:w,umw.LftlnLb.fr .wpJb/!11! tn'b''lur,q,[1'htn'L9 

-:bm ~ umw·LncJ b'irp pLmw•&.frpfr ..;w'fw•uwp.n~:J I!' 

F(~, Y, X0 , Yo) (14) 
u.b.upnqr (9) tmJ- . .,ttfubpfr '1bilfpn·LJ b'l.tuftifr .ft·b.tnp • ft•nJ:qn~J .t qwJnt& liwli ... 
ipllJ9: lJ.unLJ hL, np ~b,m!/!> zw'l"Jtfbtn•q .t:ibmwqhrnq, w1J,uwi..;Jwflwpw.q.npbfl 

J.n,mb.LnLJ t bqwfrfr .ftbmjrL, b,pp t-+oor 

U.qL..;wJm t, np (14) w .ntlnLfJJrrLL[! ftwl"n'l t u:tn•wsqbl (12) ,;wJw. 

l[wpi[Jfo9 t UfWpwJbmpfr w ,pmw•puJwL G.wiLw•UfWi(T..;,.,q_, l.bmwqwJnLJ 

1ft•w m w ph l n•q ph n tfJw''lf"frl. ..; w4_ w u w pJw.L wpJ w mtbp fr P"l n I' '1bUfphpfr 

-:w·Jwp :f>w'l.wJfrL .t:w!"fJnt/i}JwL qpw bqwftfr ftbin,fr zpfwfrw!I!"'"J .frhtnhwrwl 

l(npbl"'P 'lwuw•qnp.!'fL,IiJJwL p•finLJfJ/r .t'l'frq qbp.[nLhnLfJJnLL[!, uw·.t:.JwLwJ/tm.fr-. 

4_hLp Jbhw·hwqwl ..;wz.qndtbl' lUfw.t:w.Ll'-'1''l UfW["qw·qntjL o~frLowlfrLhpjr 
4_pw '1f'W tnuuowpw~Jw.Jp: 'ufrw·mb.frp, "'!' (t.'J) .O::wqw•uw'[IJwL ,;b.mw

qhb.rrfo qwppfr pLnLJfll! frnnr'1frLourmLb~fr tr.'t"l.pLwftbmofr Jn.mw•frwJ.pnLJ frw.

JwJwfrwL ..;w.umw·mnLLbbpJr '1b·UfpntJ npw.fturUfbu LnLJLift t, JrLl.UffrufrJI 

l[,[!L'i:wpftqfr opfr~•wftLhpn~Jt . 
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C&l' 

IP 
1..<;-=~f..p 

IP 
'x=-

ti1'l1uFtJ1u'l1uFm7 t/l.dm7mpm:-

xp 

lqmubmmq( 'f: 7 m 'l t/ J 0 

:dpmtl j J11u]r7u'r Jwq'r •Hmbq mJ7r 

tJmFfl1ueJJm!t 'Jt/Fmbmq; tj 'JlUlffi~'Jffi 'J.f11Uf1U7 :::c+~l JJ'I 'co.-j(l)Aj 

'oo+-l(l)xj mlnm 'O=i=x0x;-0A:ll+0x::> uh 'Jmr.m!t Jj:-JoA:I?J 1-loxl 
Jil'u·'f 'fm7m'Jm'rm]rmd Ju 't J1riU1JU7'f!t Glj,Ji![1Jf.m~md (6) 'O>~"C 'O<l"C 
'Jr m 'J Jj J o 'J 'I 'J 'J m 7: 'J J '1 d J m< Ul 'J '1 'J 1u 1J 'J '1 'J m 'r m J tJ 
JJq'JwmrJm r~mrJmnm7,m'!t 7t/Jbmfl<1UIJtJ '[/[ 

f'i(; '71 

................ 

&8;; ·h 

/II\\\ 
~)) i\\\ ·. X~ •0~~ ·~ '~ .. -- ~~-~-

,~lh'T 
\1\ilf/' 
''!1 ·~ StlUb'Jm!J 'J'ulmq'Jm Jurqlf t/7mb'l (O '0)0 •(e8?: "7'l) 

:.!.= (~) A. e x 

•if'l'l l''"'lmmn 

rq•J ru7'1rrilmmJ'fl •c:c+ <-l JJq 'CO~I(l)£1 'oo~f(l)Xj J11 t/'lmif '~ 'l'uFm7'lm 'll''"f'"} 

\!a0f:=f.. 'j:JOX=X 

"t/'lt/17 Jl''"f'"7 
:z=zx 't=ly 

'J'l 'JJ'/'JJ'1Uf1U1 mJn 

·o= ly-z o l 0 v:-t 
t/'lt/17 Jf''IJJmnmpm:, 7tjJbmiJ1U'j;j 'I' 1u flU 7 

'J'l'"' B'"'l'"' m7 t/hJm7mrm~ 

A.z:=~ 'x=l.P 
A.p xp 

7'11J7ubmut'l( '?: 7 m 'l t/ J 0, 

61H 

tj J11U'Ijmuq!t G-/,wg'r· ifJmiJmiJ O=A 
'O=X Jwg'r mt!f lJfbmwq!t oo+ +-l •Mq ·j Sr,uh·'.}mg '.}turm~'.lm ilwqlf 

'i'rmbq mJlr 'Jmlf11PefJm!t 'Jifimb.mq; :co++-l rJJq '00+-1•x<1-., oo+-1txa 

J,~ .J~mit 'oo++-l JJ'I 'OO+-I(l)AI 'oo-\(l)xj Jmpm':J fDA:/ 'I /oxj 
Jilu'f .p.m7.m'Jm'r.m-,.md J'1uillnqu lmFpw Glm;J t"/ru•Jqnmtt.md ( 6) 'Jmdm'J 

·mn/n.mUimln.mr.m!t '7! ( 8) 7Jm'J 'Jq J'1upwim!tm'wJm 'JJ'lJ'JJ''1Uf1.u1 r1ui/ln.qiJ 

nFYI,eX=f=ry_ 'O<~'{ 'O<Tv.·'Jq JqdJmw •1:'1 IJm'rmJIJ '1'1 IJm'rmJ" 

ii(Jq'JwifnrJm IJ.mrJmnmrm!t 7ifJb.miJ1u'J;J 'II 

~~ S1lnh'Jm!J 'Jlutmq Jurq7 

.J7mb'l (O 'O}O till''"f'") (J} if'l'T I''"'Jmmrr •lqf' .J-(b} pu1'1Jbm1qm ilifqpJm fmmb .J-'J 
0)( 

1 ~,(='J ·Gt/fl,mpfm1n ,o;..·=o•=Xf.. if'l'IZuJu 'l-'J 

(1.) ·~X'J=A 

'I'JIUJ+IxluJ<,=If..lut 
if'l'l l''"'lmmn 'pui'IJb'Tut'lo[ 

x xp 
'-=- ,\(; tip 

?:8;'; ·~r~ 

t/'lt/77 Jml'm~ 
t/7m'lt/Jo lmFpm ilrwdmnmpm:, t/dn'lm ( f:I} 

•(?:g?: '7'l) ~ 
ift/'Jmut'JJ t/Jq'j)uoJmJm/n mn liJJ'1UJmnmpm:, 

Of. (Ox) (J) -= -
f. ~ X 

t/ifn'l"' ( n) if'jq l''"'lmurn •JJur'lrmJmln 

l pul'lnifmmJm Gt/J'I'li''"Jmrrmpm:, ( m} 1J'lmfg1ue}Jm~ 'lt/Fmbmrf; if'lm'lumbmJb'lm l'fFY/ 

·~ 'j1Ufm7 i1p1Uf1ul O=A 'Q=X •CO-i-+-1 JJq '0,._ (J)f.. 'I Q<--(J)X Ju '~ urFm~'l7'fl 

(m) :n_:Jof..=f.. 'l_:JolC=X 

'J'/'Jt/17 JJ'f'jf'lUflU) ( 6) . 

:n-d"'J=A 'j-Gl'J=X 

'l'l'lt/17 l''uillnqb lmFpur JJ'I'll''"f'UI (,8) 
1(;-=~y 't-=ly 

'l'l 'lJ'I'l"'mrJm 'lmrJmnmpm:, 7tjJbmn'"'l;J 

l
v: --<;-o I ·o= 0 '(-I-

t/'lt/17 i11'1uJmnmpm~ lt/Jbme}lU'j;j 'I''" f 1u 7 
,j}'l'"'a'"'l'uFm7 'lmf'flul o=i\ ·o=x t/hdm7mrm:r t/J'I'li''"Jmrrmpm~ 

lP 
1..<;-=-

Ap 
IP 

'x-=-xp 

1'/Jt/nm'li''""'U 11 '7 m 'l t/ J 0 

• 



1
1-A 0 I 

0 -2-A-
= 0, 

.t:burkwpwp, A1= 1, A2=-2• {m&ntJp ~tfo'bfo. 

X=Xoe+l, Y=Yoe-21, 

~nul-nul£ w£~WJIIL'b t• lJ.putwlubtnt/_ t UfwpwJhutpp, uutw'bntJ b'b1 ~wqwjp'b <;wpfln<~ 

fJJw£ tfpw 

yxz=yoxo2 

~nphpfo t11uuuLfo111!' 0(0, 0) hqw~fo ~hutp pwJp t (11~. 284)t 

IV. p L ,., f1 UJ If I''" l I{ Ul 4.. UJ IU UJ I" ,J UJ L w [' ,J UJ tn L .1; [' ·I! 

~ .nJU[[hpu bL, npn .Lp nL'bbfJ pwaw ,uw·,~wfl Jrpw ~ UJ fl 

J w u. ), 1=a-f-i~, ),~=a-i~ (a<O)• (4) ~wJw~wpq,ft l"'~"'JI! ·~tftLJr. 

x=e"1[C1cos ~t+C~sin ~q, l 
y- ~ e" 1[(aC1 +~C2-cC1)cos~t+(aC2 -~C1 -cC2 )sin~tl: 05) 

bpb ~UJ mwph'bj! 

w"''" (15) ~w.q~uwpnuf'b.b,l''l! ~wl'h'l'ft t q.p.b[• 

x =Ce'sin(~t+o), l 
y= Ce .. t [(a-c) sin (~t+-a)+~ cos(~t+o) 1 

g ' 

(16) 

mbupnq, npurbq c,-1! b. C2-[! ~·w·JwJw·~wL · ~UJUUJUJtnn•LL'bbp bL, "l'nflp 

np.nz4_nLJ ·bL x=x0 , y=yo, fpp t=O u~qp'bw~wifr UfWJJw,fJLbp,P,s, [!L'l 

npnul 

Xo=Csinll, Yo=~[(a-c) sin ot~coso], 
g 

( 1 7) 

'i'"l'P9 f.t~w·mb'bp, "l' bflb g=O, w :Ufw l"'MwL ",..b,uJ!l! ~lftLJr .tf.npp 

Jr L 1. w ll, p w J 9 1_ b ['!['" L~ n rjJ J wfr p L n L !fill!' zit p rrfon/Jn 
U.~L;;w1ur t, np 9w:f.t~w9 wJ- e>O ~w·Jwp pwqw:~wLwtwtf. pnpp 

jxoi-Jr b. IYol -t/t ''1b·UfpnLJ .urb'lft ~n,L,bflw.fl 

jx(t)l< e, IY(t)I<E 

x(t)-0 £. y(t)---+0 

w·Luw·~w·Jwflulllpw~ .fh/_n1_ wflq.wJ pnfuht.n1_ Lzut.LHpf!t :bwrz.wJpfl ~111(1• 

flnLflJwL qpw bqw~Jt ~bml! ~nz:.J/.nLJ t ~WJntli ~n~ntu: 

0 p p 'b w ~ 4 : 1./unwqnmht 

dx 
dt=-x+y, 

'dy 

i;wJw·~wp'lp [nt&Jw11 ~wjnt11ntf/Jntflp: 

-=-x-v 
dt -

( nt J Ill J: l!wqJnLJ b1l1 p11ntfJw'IPPl <;wt[_wuwpntJp . b. q.m'bntJ 'bpw wpJwut£fipt 

1

-1-A 1 I -0 
-1 -1-J.. ' 

~. 1,2=-1±1i, U=-1, P=1: 

(1 'l) pw11wl.b.bpnt/_ 'lut11ntJ b1l1 C1- p b. C2-p• C 1 =xo, C2=y0• Sb'l"''1Pbtnt/_ (15 )-fo Jbt, 

umw£nul b1l1• 

x=e-t(x0 cos t+ Yo sin t), l 
y=e-tty0 cos t-x0 sin t): ( 

l/.~11-wjut L np t-p sw11~wsw& IPpJb,Lhpfo ,..,Jwp 

/X/ <S IXoi+IYol• IYI<S\Xoi+ IYol: 
X(t)-+0, y(t).-.0, bp[' t-++ (XJ > {nLJntJp ~1UjnL11 t> 

(A) 

ITJwpqh1l1 WJU '1bUfpntJ !f.wqwjp11 <;wpflntfljw11 t/_pw ~npbpp 'fWUwt/_npntfJJw11 p£n<Jflt• 

!lb.wzfrnfub111 (A) "'P"'"''"'JUin<fiJnt1111hpp • '1-fosn<i . 

x0 Mcoso, y0 = M sino, 

x=Me-tcos ( . t-o), } 

y=Me..: t.s in ( ~ I-t); 
(B) 

·, 3.wqwJfo11 <;wpf/n<f/Jw'b tfpw wLsH1I1 p k 8 pkbnwjp'b ~nnp1fp1lwmLhppL k <;wuutwlilh1il 

p=f(8} ~wfuntJp: (B) <;wt{_wuwpntJ11hpp ~l'11'1nt11b11 

p cos fi = Me-tcos (~t-o), } 

p sin 6=Me-lsin (~ t-o) 

•h"i' U.t b. Awfu J .w·ubpp pwpApwsbbtnt/_ 1wnw~ntup b. 'lnLJwpbtnt/_, ~umw1lwL1 

p=Me-t: 

(C) 

(D) 
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1.wuurwurb'lll! t-fr 4wfundf! 8 -frs• (C) t;wt{_wuwpntf1JntL!Jbpfrg hp4pnp'1fr w!.'1wJ!.bpf! 

pwJw!.bltrt/. wnwtfr!. t;wJw"fwurwufuw!. w!.'1wJ!.hpfr t{_pw, 4uurw!.w!.11• 

npurh'lfr9 

~wJ 

tg6=tg(~t- o) , 

O+o 
!--- · - . 

a a ----

(E) 

Uur tn'l,l'frf1Jw4w!. .uuiJrl'"'l!J.bpfr [!Ltnw!.frp { t U.Ju '1/uqpn,J, hpp t-+oo , ~butt! t;h. 

UtW'f~fr t{pwJnt/. Jnurh!.nuf { 4nnl''1frLwur!.hpfr u~qpLw4hmfr!. t 0(0, 0} hq_w4fr 4burf! t;w!.

'lfruw!.ntJ t IJwJDlb !j>nljnm: 

f, P ft ttL p W If f' f l_ ~ W "- W U W f' J oW .ft W f'' J W Ul 1b h [' f! 

q n J Uf. l h p u h ft, n l' n ft 9 /r (' w · q w ft J w ·u. I! '1 p w · ft w · ft. ~. 

k1=a+i~ . k 2=a-i~ (a > O): U.1u 'lhUJ.pnLJ ~l L"L.tn~.Jft wpurw~wJml[_nuJ 

. ~ (15) pwftwtl.lthpnl[_, ·npurhq a>O: Bwi&q•wsw.t Xo b. Yo (Vx~+Y~=f=O) 
u,l(qpftw•qwft UJ.LUJJwftfthpp 'l b:UJ.pntJ u hpp t-+oo I x(t) l -~ u I y(t) I-t. 
•Jrwpnq IJift. f!b'lrrthh,L swft·qwsw.t t_wiftn.l[_ J ,b,) wpdhpfth,p: ~nu.tn~.Jft wli.~w.;_ 

JDtli. ~~ :hwrzwJph ~wtrfJntfJJwift l[_pw bqwl/rfo qhmf! qn1_'i_nu1' ~ wli.~wp~tli. 
~nqnm: l.Jh:ml! ~hmwq.},fo qpwJn"/_ w&uw~JwLw·pwqnp•hft ~hn.wflmJ ~ 

q "'"T''IP ft w mft h l"P :u.q•qpft w q:h,m)jng t 

0 f' fr !. w 4 5t 1.burwqnurhl 

dx 

dt 

dy 
-=-x+ y 
dt 

-<wt{w•uwpmJLbpfr t;wJw~"'f''lfr [nt~JwL 4wJntf.ntfJ Jntf.(!• 

( nt ~ nt J, -qwqJb!.p p.Lntflw'lf'frl t;wt{_wuwpnuf(! 

1

1- f.. 1 I 
-1 1- f.., 

=0, 
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1.wzt{fr wn!.blnt/. (17 }-(!1 tnt{J"'l '1bUfpnuf (15} 

lnu)nt Jf! 4Lfr!.fr 

X= el(x0cos t + Yo sin!), 

y = et( y0 cos t-x0 sin t)• 

$wq_wJfr!. "'wp{JntfJJw!. t{pw 4uurw!.wf.11 ft nf'{'' 

plr.bnwtfr!. 4nnp'lfr!.wtn!.bpnt{_. 

- :;-:-\ eel~· P- " I . 

bq_w4fr ftbtn(! wGIJwJDlb !j>nljnm t (!.It· 285) t 

VI. PftnLfJwqpp]_ ~wl[_w-

uwpJwft W{'J ,w ·urhh·p(! q_ •ntur 

,~bq.t hft. A. 1 =i~, A.2 =-i~: (15) 

L"t.tn t.J,ftbpft WJU 7hUJ./!" LJ q·f!b'lntftb·ft 

x=C1 cos~t+C2 s in~t. l 
y=_!_ [ (~C2 -cC1) cos Bt + ( -~C1-cC2) sin ~t] 

g . 

(18) 

(19) 

U.qHwJUI L "rl' swftl[w.sw.t e>O ~wJw'{l L. P"l"'l' pwl[_wqwhUJl_WP P"Pl' 

lxol-fo L. IYo l-fo ~w.JW[I !x(t)l <c:, !y(t)l<c s·whqwgw,} t-p 'lbUJ.pn rJJ: 

~nt.tn~Jl! ~WJDtli. ~~ U.!umhtz X-[! L. y-.f! t-}t UJ.Wf'phpwqwft !pnvft:'£<sfowhhp 

. 
:hwrzwJfoh ~wpfJntfJJwh 4Jrw fo1tmhq.,pw•l qn:phrf'p .[hnnt.tntfJJnthf! •qw

urwpb.[_.nt ~.wJwp hUJ.wurw·qw~wpJwp ~ (18) ~wl[_wuwpnuli&hrl'Jr9 wn.w

t.foftl! q.,ph[ ~bmUJWL mhupnt/_ (mb u (16) ). 

x=C sin ( ~t+o ) , l 
y= c~ cos(~t+ a)-Cc sin(~t+ a ) , f 

g g 

( 20) 

tt['mhq C-ft , tL,ft qwJwJwqwft ~w·umwmntftftbr bft: (20) wpmw~wJmnt

fJJntlftfthp,fos ~hm•UntJ L np X-[! L. Y-1! t-jr UJ.Wf"phpw'qw·h !pntftqsfowhhp 

hft: (20) ~.wl[_wuwpntJfthl'JrO wp·mwpuh.ftp t UJ.W('WJJ.ur,l'l! 

c~ / --x2 c y=-v 1----x: 
g C' g 
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t• z; 

( c )2 ( c~ )2( x2) y-gx = g 1-C2 : (21) 

Uw tlb~ C ~WUWJW~wfl -\wuurwurnLflpg · 

.L[wjut/_w~ ·brrllf""£"'1 •lfwpq.fo ~npbpfo pfl

iLnw1J.fo•p t ( ftnpb['fl fopw~wfl bfl )• 

'1-,puifr!Jf:B Jmp w.pwflunLf'f! wfluw-\tlw

flwqrw~ ~bnnL ~butbl' tn·Lflpt l,.bLnb·

t/_wpwp, 'fW ~~"l''lfoLwLnflhpp uh_pflw-

t~. 286 ~burl! U'f.WJ1fWLn;n'l ittfr•Ufuflbp.fo 

l!fl·urwfl:p>.fl t (bpp c=O ~LPUf'up .wnwfi<!Jpflbpf! qnLq.w~b.n bfl ~n'"l'''ffo.LwLn
JJ.bf'lit wn.wL.9.ptb.plpfl) 1 bqw~Jr ~bLn,f! ~rnz1!nLtl t .frbLurpnL (fl;~ . 286 )• 

0 {' /r L w 4 61 l.burwqnurD/ 

dx 
--y 
dl-' 

dy 
-=---4X 
dt 

<wt{_wuwrntJLhrfr <wJw4wr'lf' L"'.tJwL 4wJnLLn•f1J"'Lf!l 
~ nt ,tnt J 

1 
'-lwqJntJ bfJp pLntfJW'lf'h <wt/_wuwpntJf! 1.. 'lurLntJ bLp Lpw wpJwurLbpf! 

x= C si n (2t+oJ, 

y-2C cos (2t+o): 

(21} <wt{_wuwpn~JLbn 4n,LbLwft <buri..Jwl urbupf! 

( x2) y l x1 
Yz=4cz 1- - -+-=1: 

( 2 ' 4C2 C2 

S.wqwJfrL <wrf1n•f1swL t/_pw n<IJ,Lp ~Lfr"luLbpfr <wJw4wl''l' bqw4fr 4btnf! ~h&mrn& t• 

VII. 'J." 9 n L .p ),1=0, ),2<0· -(8) L"Lr)hLU!fJ WJU 'lbUfpniJU eL'InLflnul t 

x=CI+C~e'2t , l 
v=_!_[ -C1c+C2(A~-c)e '2 1 ] 
- g -

(22) 

urbU[!f!t U.~fi-~WJLn t , np swfl~w9w:~ e>O t:wtlw(' u pw•tf_w·~wflw·tw•tfo P"Pf' 

Jxol-fo u IYol-fo t;wtlUJ[' \X(t)j<c:, !y(t)\< c:, hpp t>O• l.h1111Lw·pwp, 

t"L~n~U[! ltWJnt& );: 

0 l' fr L w 4 '11 1.burwqnur6[ 

dx 
- = 0 
dt ' 

<wJur~wl''lfr 1n,JJwL 4wsmllmf1sn<Lf!t 
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dy 
-=-Y 
dt 

(a) 

ll.juurluz g=Ot {nt<tn,JLbpf! qurLnd hLp wLJfr2wu1bu, l"'HLn.J. <wJw4wpq[!, loqurt/_btn.J. 

(22} pwLwAkbpfrq 

( ~ ) 

X=Xo, Y= Yo , bpp t=O u4rl_pLw4wL 

'lwJJwLLbpfrL pwt{_wpwpn'l [n<.tn<Jf! 4LfrL/, 

IJ.4HwJur ~ . np l"' .tn<Jf! ~Wjmr, ~ · 

!bwqwJfrL <wpf1n•f1JwL t{_pw '1/r!f>bpbLsfrwl 

dx -
~ull/_wuwpn<Jf! 4LfrLfr -=0, Cft 'f \ UJLn<p 

dy 

!J 

D 

j 

JrLUJb'lf'III[L f x= Ct l burw.,Hpf! Oy 
UlllwLgpfrft 'l"''lw<brt "''lfr'LLbl' bL 1! 'l.4• 287 

(y} <wt{_wuwpnwLbrfro <burl..n~J '· L np 4burbpf! <burw'l.tfr t/.pwJnt/. JntnbLn<J b1, y=Q 

n<'L'LfrL (L4. 287 }t , ;;; ;};-,i~ 

VIII. 'J. fo 9 nL .p ), 1= 0, ).2>0: (22) .~wtl (8') pwflwJ.b.bp·fo.9 -\b•utunLtl 

t. np l'"L~nLtlfJ wfl~wJrrLfJ t, pwflp .np lx(tJI+Iy(t)l---+oo, hpp t~+oo, 

I X . '1- .fo 9 m .p A1= }.2 < 0• {nu)nLtlf! lufoLfo 

x=(C1 + C~t) e' ' 1 , . l 
y=~e" ' 1 [C 1 (A 1 -c)+ L 2( l + A1t ct) ]: -

(2 3) 

/Jw-L:fo np e' ' 1--0" tei' 11 --0, brp t-- + oo. WU[W 9-wfl~w9w~e>O -\wtlwp 

~wph~fo t f!~Lnph[ wJ"bUf.foujr Ct u c2 (xo-fo u Yo-fo eLLnpnLfJJ·Wfl -Awflw·Ufwp

o{n-t/_), np !x(t)l<c:, !y(t)l<e wHw•t/_wuwpnLfJJmL~hl'l! Lnhf£p nLflbflwfJ 

}Jwfl,~w.swr) t>O 'lbUf.pnLUt l.butuwpwp, L~L~n~tlf! ~WJDt& b f!t'f npnLJ 

. ~(t) -- 0 k y(t) ... 0, hrp t --+oo: 

dx 
- = - X 
dt ' 

~IUJw4wp'lfr l"'~JwL 4wsn<Ln<f1Jn<Lf!' 

dy 
dt=-Y 

~ nt J nt Jr '1-mLn.J hLp_ pLn<fJw'lf'frl <wt[uruwpJwft wpJwmLbpf! 

\
-1 -1- 0 1--0, 

0 - 1-1. 
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efl'f npn<J )(--+0, y--+0 , /;('{' t -+ + ':0 1 {n<bn<Je ~WJN<fl ~~ 3Jw'/.wJfrfl t;wp[Jn<fJJwfl .fpw 

lfnpbpfr efllllwlifrn ~lfrlifr 

Y cl -=- =k, wJufr'h~'b' y=kx: 
x C1 

Ow ~nnpqfrliwlllflbpfr II~ 'I.Pflw~blllnol. wflgfln'l n<'Lfr'llibpfr efllllwlifrll ~ · L b~t~Wlfbbpfr .f.pwJn.f. 

1fb111 bpe Jn~t~Hn<J bf, ~nnpqfrliwtnflbpfr uhpflw~blllfrli• 0 (0 , 0) b'l.wV ~b111e t:wfllfn<J!J 

J 

~ ( fl~ . 288) I 

'bl[w•ttrh'hp , np A1= A2>0 'lhUfi!" ~J 

(22) -\wt/_wuwpJm'h J.bp U[W -\U[w'h

t/_nLJ ~ ~ pWJS bpp !--.+oo 
l x (t) l~ oo J. IY(t) l--oo• 

{nL.J ntJ,fJ Wb~WJntb 1;: 

X. '1-frsn'l! 1.1 = A.2= 01 U.Ju 'lbUfi!"'J 

' 1 . (24) 
X=Cl+C2t, ) 

y=g[ - cC1+C2-cC2t]. 

U.juttr h'lfrS bpkntJ t, np x -+00 J. y-+00 1 hpp t-+oo l {n,.JntJ'h wfi· 

f{wJntb t : 

() (' fr f1 w ~ 9 : Lb~t~ w'l.n"'bl 

dx 
--y 
dt- ' 

t:wt{_wuwpnwflbpfr t;wJw~l6f''ffr cn<bJwf, ~WJN<fln<• 

PJn<fle • 
( n< cl nt J, 9-~t~fln<J bf,[! pfln<f/W'ff'frl t:wt{_wuwp• 

Jwf, wpJw111flbpe 

1
- A 1 I 
. 0 - /.. =0, 

'1-~t~fln(J Hp 

y=C2, x=C 2t + C1 
t~ . 289 

lntbn<Jflhpe• U.~HwJIII t, np X -+C0 1 hl'p !-+ +co• (ntbmJfl wG~WJDtG t: :bw'lwJfrli t:wpflnta 

iJJwf• t/.pw t:w.f_wuwpnwe ~cfrlifr dy =0• y=C t: b~t~wlfHpe Ox wttwflsl!frf, 'l.nL'fwt: btt n<'lfr'l· 
dx 

flbp bf, ( fl~ . 289), f;'l.w~fr ~b111e ~nl.f.n<J ~ twtJmjUtJ.w~ pwdp : 

( 4) -\wJwqwpq.fr Lnt.tJwf.t qwJnLf.tntfJJwf.tp p'ilrt--\wf.ttrL{' l[ppmhpfrw mw-

1_ nL -\w,Jwp t/_wpt/_bf.tj! -\ bttrb.JWL qbpll(l 
- ALntfJwq.pfrl -\wt/_wuwf"Jwf.t wpJwmf.tbpp q.pbf.tp qnJU[[hpu [Jt/_hpfi 

ttrbupn 1· 
}, 1=l-1+1Af* , A"=).~ + i A~* 

( frrwqwf.t ·w pJwmLhpp 'lbUfj!"LJ A ~ * =0, l.i*=O ): 
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t/, b psH 'hi! A *A** 4 trlll'U[ l biP'u if nif.inJu w qw'h fr -\ w £ffl n,tfJ J nt'h[! k 

p'i.J.n tfJ UNIJ'"' 1_ £; UJI'[UJ'U UJ f'',J UJ''i.J UJ'f'J UJ·ttriflhp•p ll( UJ ttrq bp b'i.Jp UJ J 'f -\ Ulf' pn~p JUI'i.J 

qbttrhpnt/_r U.J'I 'fbU[j!trtJ p'h'hw['qt/_w,} 'lhU[j!hpfr J;frJw'h t/_pw ( 4) -\.wJw 

l[w pqp l n t.J n~J'h hp fr I[ w Jn i 'il n tfJ JW 'h U[ w J,J w'il p l[w f' bLfr t db.wq b l''Uf bl 

UIJ-U ll( h•u I 
bpb (6) p&mpwqr~z fiwl}_wuwrdw& /,1 , A2 wrdwm&br~g nz db~p 

p&~wb zt ~bqb wnw&gf~g Wf, p&q nrntd wrdwm&br~g qn&b db~p mwr
pbr t qrnJ ~g, WUJW Lntbntdp ~WJntb t, ~uq bpb wrdwmfabr~g qn&b 
db~p pfa~w~ t qbq~ wnw&gf~g Wf, qwd 
hrqnt wrdw.m&br& tL fiwl}_wuwr b& 
qrnJ~• WUJW Lnt~ntd& w&~wJ ntb t (ftlj. 
290) : 

U.JJ ,J 'ffrmw:r l[tb'h'l! wt/_htfr p'ilt'l -\w'hntp 
-: w t/_ w uw p.n ,J,'irb,pfr £; wJ UJ q w f' q. 

dx ~ -=cx + gy+ P(x, y), 
dt 

dy=ax+by+ Q{x, y): J 
dt 

(25) 

flwsw~frl[ '1bUfl!hl'ft9 pwsft , WJuUfpujt 
~wJ wl[wptq.jr l nL.tnLJ p ttr wppw q w 'h 

!pn L'htq.gjru/.flb:p nt/_ U q·t/_ Ul'ff'UI ttr n L{'UJ J nt/_ l_ f Ul['ttr w £; UIJ ttr t[nLJ 1 

U.1u -\w·Jw,qwpq.fr :l·ntt}.J,wf.t lfwJtrLf.tntfJJnLf.tp qw,,J wf.tqw•JtriJf.tnLf!Jntf.t.[! 

U[Uif''l.blnt -\w·Jw'!' uw -\w.JbJwmn~J bf.t q:ttluJ'Pf.t -\w.Jw:qwpqfr LntttJwf.t 

-\bm1 b'ir./Jlwrt-f'bf.tl! , "I' hpp x---+'J lL y-O P(x, y) b. Q(x, y) !pn'LL.q

oftwf.th'f"p f.ttntJ,f.turbu &qmn ~J ·hf.t 'l£f"JP • l!f.tt'l .nrntJ wtfcbd,. wrwq., i!wf.t p -~, 

npmb'l . p= ~/ x~+y:, WJL qbp:Uf w•uw.J' . 

limP(x, y) 0, . lim Q(x, y)=O: 
a ~ o p a~o p 

ll.Ju 'lhU[j!ntJ qwpblfr t WUfWSntshL, np, pwsfr pwswnpq 'lhU[phpfts, (25) 
-:wJwl[wpq.p r:n•t.JntJp lf·tfrLfr ,q,w f ntf.t w~ 'lhU[.pntJ , hpp qw.rntf.t ~ 

dx 
-=cx+gy, 
dt 

dy -:-ax+ by 
dt 

(4) 

-\wJw,q Ulf"lJP l nt.Jn J,Jl p, b. wib qw J ntf.t t, bfJ b ( 4) -\ w.J w qw f' q.fr l ntJ-ntJ.f.t w f.t_ 

l[w J ntf.t t 1 Pw gw n•n·t{J J nuf.t t qw q ,J nLJ w Jf.t, 'lb'Ufl!l! 1 hpp pf.tnLfJw 'lf"'PL -\ w.t/_ w-

141 



uwpJwfl bp~nt wpJurtnflbpifl efl,~wt} bfl ~b'lt} UJ,nwflsl!/t L/_pw, UIJU f1hU(.pn,J 

(25) 4 w•J w ~·Uif"lffr frw J"'fl ntfJ J'UI.fi ~ w,] wfl ~ w J" tflntfl JUIIfJ Jw u,fr& 4 w f'SE 

l ntM_ nw t fl'l.wifiw,~UI tJtn I' hfl Ul "-htfr (!Uif' '1" •P JUI J .p I 

U. If . {JUI:UfnLfintfJ!* nuuni!.Fhwufrp:b~ t 4wL/_wuwpnt.Fflhpjr 4w.Fw~wp

qhp{r tmtJ.n u.Ftbplj1 ·~UIJntflntfJJwlh .Jwufr11 4wf'•9E' UIJ'1 4w•L/_w·uwpnt.Fflhp{r 

mbupfr fl~wm.F.w·Jp pwqw~w&frt [!11:'F4wflntp bfifJwwn4JJn~fJH'l'fr '1b:Uf.pn~.r, 

Swmwflnt.FHpfr mhuntfJJw& Jb?_ 4wC.wfu ;pHwf'~nt.F bfl 

d
2

x=f(x, dx) 
dt~ dt 

d.x 
-==v: 
dt 

d x 
-=V, 
dt 

dv=fix v) . ( 
dt ' • 

I 

(26) 

(27) 

(28) 

UJu 4w.Fwfrwp•qfr ~w.Fwp !pwqwJfr.fl 4wp,/JntflJn llfl fr'lfrLf (x, V) 4wp.; 

pmflJn<h£!1 :hwqwJitfl 4wpflntfJJwh qpw 4hmwqtl'hpe •tnUI'LPu ht X frnnf'?/r:-

1flut111fo9 ntfi.hswtJ. v UJ{"wqn<flJwfl frwfu.Fwfl bf'frpw.l.wtflw~w~ U(Uimfrhpwsn•

.Lfrl! b wfrflwnnt ,/jb{'•U(nq pflntfJw'f!'.nLJ b3, X-lfr b V-f tflntflrr,fu.n•flJniJfiEt bflb 

x=O, v=O ljbm!J! bqwlfrfr frbm t, UIU(UI UIJh npnzntJ t. 4w.L/_w:uU1pwfrzn.nt

PJUih '1-frrlf!l!' 

lJ. J"Uf b,u, opjrflw.fr, b flb 4 w'q w .uwp nt.Fflb plfr 4 wJ wfrw f''lffr bqwfr fr fr.b,me 

~b'hmpnfl t, UIJufrfl.pfl' !pwqwJfrh 4wf'fJntfJJwh t/pw· 4bmwqHi['[! ,Pw~ qHp 

b.b, npnfl.p lf'fUIU[Wtnnt.F b.& frnnpq,}Lwmflbpf u,frlfll!flw•frhme, WUfW (26) 

~wl[wuwp•n•LJL•hpnq 11frwpwqf'.fn'l zwf'IJn~,;,J.flbpf! J_Jwpn''l mw.mwlfm'lw4wfl 

zwl'•JnLJfi,bp bflt b,flb !pwqwJJ/.·fl 4wpP,n<flJ'wfl ..fpw· ib·qwJ,fr frbme !pmfr,nw I; 

( {!flq n.,pn<J I X I ~0, 1hpp IV 1~0 ), WUfUI (26) 4w,q_w.uwp1nt.Fflhpro1_ ·hifr•w-

["Uilff'4"'l ZWf"JntJtfl•h'f'f! ,,}UJ[Tln'l IUTUI,tnUJ;fi"'IJ,}flhp •bfl1 bpb hqUil~ljt frbtnf! 

-\.w&qn<J9 .~wJ flw.Jp t (b ''fW Jfrw~ hqwJf.Jt ~bmfl · t), UJIU(W 

x- ± 00 ·hpp t~oo. Ufu •'lbUf.pniJJ zwprf.L/_n'l .LJntfJUI~LUih ',lfbme 4hnwflnu! 

* A. M. Jlllnyuoa, · 06w.an 3a.na11 a o6 ycroii'IHBOCTH ABH}KeHHH, 

OHTH, 1935. 

14~ 

M.-JL, 

dx 
- = v, 
dt 

dv 
-;.=ax+bvz 
dt 

UJ.u 4wJw~Uif''lfl! (4) mhu.pfr tz x=O, V=O ~b.url! bqw~fr l('b·m t._ "'f"l! 

"f'nznt.F t 4wL/_wuwf'w~znntfJJwh '1frN£!' 'tzbL.p, "f' x ,Pm/mfuw~w&L wfi

UfUIJJwfl ~h·urf ,Jbfuw.11tfr·frw•frwfl •mb'l:wt/r111fun•tflfnLfi[! JJ.b lJ.JL frwf''"'l t ntflb

hUJI[ mwN'hrz !p;JrqfrJJ wfr w1h fr,,J w .ulm, op·frLwJt, tfrL.b,l ttfhfrmpwfrwL murmw

finL,Jfibf' pL!ntfJwwn'l Jlh•t}n<flJn~Lt 

§ 32. Unwj!~\J ~W(lq~ IJ.~~Ii(lli\Jg~wl hwl{wuw(lnuf\Jii(l~ tfmnwl{n(l (Dtbnufl! 
tnt11~ utpniJ.DJ{ 

.P.flfl,wpfr.h'f'n< bt:p w•nw?_ph .frwpqf 'Ffr!f>.hrbLsfrwL 4w.L/_w.uw{'JwJJ flL/_w

JfrL tntt}.FW.fl hpfr.nt J<hfln'1t Ufu U(UI['Uit[["W!pnt.F .fr.pflflwp.frb,fl.p t J l b {' {r 
J b f1 n '1 E' 9-urflb,fl.p · 

dy = f(x, y) 
dx 

(1) 

·- .t:wL/_UIIuwpJw.fl J.nmwL/_nf' lnut}n·IJJE [xo,b] 4wmL/_wt}nt.F, "f'£! pwL/_w['W{'nt.F 

f X=Xo, y=yo .u~qp,flw~wfl UfWJJwfl!j.flt [Xo , b] f.wuJIJ.wd[! Xo Xl' ... , 
Xu=b llth.mbrn:q_ 1nf''n4h.fl.p n 4w1_wuwp Jwubpfr ( WJUtnh'l Xo<XJ < x2< 

< ... <xn)• 'tzwLwlfhtp X1-X0=x 2-x 1= .. . =b-Xn-l=t.X=h, t.burb

'iwpwr, 
b - x0' h=--· 

n 
?-p.9 nl.f! y=cp(x) !pntL~s.ftw1 (1) 4wL/_wuwrJwL npibt Jn,mw:q_,., L"•

.d-ndfl .t /J. 

t.yo=Yl- Yo· .~y 1 = Y2-Y1• ... , t.yn-1= Yn-Yn-t: 

(1) ~wL/_wuwf'Jwfl .Fht x0, x1, ... , Xn .qbmhfTI!rs Jfii,['W.[!wflun•ptncJ wJwfls-

. l""lif! ,P.nfuwf'•pflhfl.p tfhp·1_WL/_np wC.hrfr 4wf'wphpnrfJJwJ.p. 

t.v - ·· =f(x, y), 
t.x 

(2) 

t.y=-f(x, y)t.x, (2') 
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IJ,f'l(! X=Xo ~nL'if,b'iJ.w'bp 

t.yo =f(x0 , Y0), t.yo=f(xo, Yo)t.x 
t.x 

Y Y -f(x v 0 ')h·. 1- o- o• J 

IJ.ju J;wz[wuwpntfJJw'b Jb'l Xo-'b, Yo·f.t, h-L! J;wJtnf.tp bf.t, J;burb.wpwp, llf!ur:.: 

fpn Lll M.1 /!. 

lJpp X=XJ (2'} ~wqwuUI[Jn'LJf.t 'f!f.trpntf.tntJ t 

t.yl =f(xl, YI)h 

Y2-yl=f(xl, Yl)h, Y2=yl-t f(xl, YJ)h 

111 bupt U. J u urb'l x1 ·[!, y 1 ·f!, h ·[! J; w JitniUp b'b, ift 1u ·~ Yz-1! np "'~4_nLJ t t 
t J UJ\h J.lmz[ !. ljtn·f.t'n ~.r ib f.t·p ·. 

YJ=Y2+f(x2, Y2)h. 

• li.Ufw9n•sn•J!! mhu, or~Lw~, fl. f. fleTpOBCKHif, «JleKUHH no TeOpUH 06b!K

JIOBeHHbiX AH¢¢epeRUHanbHbiX ypaBReHHl\:t 'lN"W' 
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0 f' ~ f, w ~ 1 'f.mf,/,1 y' =y+x ;;w.f_wuwrJwf, .wJf, Jnmw.f_nf' tnL~nLJf!, nf'f! pw.f_wrw~ 
rn•J t~ Yo= L brp xo=O uh_rLw~wL UfWJJwfl~f,, . 

{ nL ~ nL J, Xo=O; 0,1; 0,2; ... ; LO ~bmhrn.f. [0, .I J ;:wm.f.w~l! mrn;;br,p 10 Jwu~t 
l6mlt.wpwr , h = O, I• y I' y2 , ••• , Yn wrJbpLhrl! ~nrnHLp (2') pwLwrllt.hrn.f. 

Y1=1t(l j-0) · 0, 1= 1+ 0, 1=1,1 , 

Y2= 1,1+(1 ,1+0,1) · 0,1=1,22, 

............... 

Xk I YK I Yk+xk 

x0 =0 1,000 1,000 
x 1 =0,1 I, 100 1,200 
x2 = 0,2 I ,220 1,420 
x3 = 0,3 1,362 1,620 
x4 = 0,4 1,524 1,92+ 
x5 =0,5 1, 7164 2,2154 
x6 =0,6 1 ,!JJ80 2,5380 
x7 =0, 7 2,1918 2,8918 
x8 =0,8 2,4810 3, 2810 
Xg =0,9 2,8091 3,7091 
x10=1,0 3,1800 

I 

jayk=(y 1<+ xk)h 

0,100 

0,120 

0,142 

0,162 

0,1924 

0,2216 

0,2538 

0,2892 

0,3281 

0,3709 

lfhLp 'lmwLp Ylx=I=3,J800 Jnmw.f.nr wrJhpf!• Sr.f.w~ ;:w.f_wuwrJwf, WJL -&Z'lf'"14 

tnt~nwf!, nrl! pw.f.wrwrn•J t Lz.f.w~ u~qpLw~wL UfWJJwLUr~L, ~Iff,~ 

Y=2eX-x-1• 

Y/x= 1 =2(e--1)=3,4366, 

D , ~ • h I. , fu , 0,2566 rwswrrlw~ ufuwtfl t O,-o566, ;:Wf'LUP f'W'tLUU u Wlf! --=0 075::::::8%' 
3,4366 , 
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§ 33. 'l-~!l»liplibg~mt hwtlwuwpnutblip~ umqwtlnp tnu~uwb mwpplqlwlfwb 
ulipnql!, DPI! h~dbtlwb 1: fi}'tnnp~ pwbw!h~ tlPW: Uqwuu~ ulipnql! 

y'=f(x, y) ( 1) 

<:unf.w.uw,p,Jw.1J f"'LUn·LUf! [xo, b] ~wmt/_wJ-nLJ, "f'l! pwt/_wpwpnLJ t Y=Yo• 
bpp X=Xo .uft'l.p1Jwqw:fl Uf.WfJwLfoL: lf.nutbL[! ~bmwq.wJp o.\wJwp wfl{puJ

rlbzm LzwLwqnLJLbpt x0, ·x1, x2 , ••• , Xn qbitnh{"nLJ tnLJ-Jwfl Jnmwt/_np 

wprlbr.pLhpf! lufoLbL y0 , Y1• Y2, ... , Yn' 
V.nwy.fo.L .wwp;phpnLfJJinfl.fl,hp.f! qwJ wnwp_pfl qwp•q.p mwp'Phif'nLfJJmLflhpf!• 

~Yo=Y1-Yo• 6yl=y2-yl, ···• ilYn-l=Yn-Yn-II 

bp•qpnp'l mwpphpinLf/.f'nljflfJ.hp£! .fJwJ hpqf""l'''l qwpq.p ·urwp·phpnLfJJnLflfr.hpf!• 

6. 2Ya=6. Y ~- 6. Yo=Y 2-2y 1+Yo, 

t.2YI=6.y2-6.yi=Ya-2Y~+yl, 
. . . . . . . . . . . . . 

6.2Yn-2=6. Y n-1-6-Yn -2=Yn-2Yn-l +Yn-2t 

bpqpn,[''ltnwpphpmfJ JnLfJ..fl,hif'fr mwppihpnLfJJnLLLb{'f! qn,;:t/_•nLJ M1 h.pf'"l'''l qwp- . 

q.fi urwppbpnlfJJnLLLhp b. WJ[Lt 'bzwLwqbL[! y'o, Y1', ... ,yn'-,,t/. wJ-wL.gJwL

Lh,pp Jnmw.t/_np wp,J.Itpfl /h.plf!,Yo", y{', ... , Yn"-trt/_' h.pft.r11'f"lf w~wflgJwL.fl ·bp.fo 
Jnmwt/_np wprlhpL.hpf! Lt. .wJLLt 'bJwL J.lt.n•t/_ uw~JwrLI{nLU :h.fl w~w'LSJWtLrhpp 

wnwy_foL itnWpFh'l'"':fJ!n~LLhplf!• 

wJ-w,LgJwlflhJ'Ip hpfrpn,p'l urwpfhp,nLfJJn~fJ..hpf! 

. t:,?y~=6.y; -6.y~, t:, 2y;=::,y;- t:,y ;, ... , t.~y~_2 = 6y~-~- 6-y~-2 
h. WJLLt 

U.J.Ln~~btmlt., ~.wtf_w.uwpmJI! x=xo .fJ.b•mfr ·lP'lw:fJ•wJ.ptruftnL~·h,LITL {wJwp 

lfpbL[! fl'hunpp pwflwtllt.f! (I ~wm., IV lfh § 6, pwLwtllt. (6) ). 

+x-x0 ' + (x-x0)2 "+ + (X-X0)in y<m)t_R Y=Yo --Yo yo . . . . ' 0 I m' 
1 L·2 1·2· ... ·m 

(2) 

U.Ju pwLwtllt.nLJ y0 -L ~WJm1Jp {, puq y0', Yo", ... wJ-wLgJwtflhpip wpclh•[!

Lbpf! q.mLnLU hL (1) ~wz/.wuw·pnlJpg ~htnlt.Jwl qbpll(• mhqw'lpbtnt/. (1) 

<wt/_wuwpJwL w'l JwunLJ Xo Lt. y0 ufJ'lpLwqwL wpclb[!Lhpf!, qq.mLhL[! 

y' o-1! 
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(4) 

Y --y + 2hy'+(2h)2 •fi+(2h)3 ,, 
2 ·- o o ---Yo --y0 ' 

1 I ·2 3! (4') 

. 
Yo=f(Xo, Yo), Yi=f(x1 , Y1),y;=f(x

2
, y~)t 

J.f7 



u (11) 

(12) 

Uw tL t:bfls, WJUUfbu qnJ.tlw.} , U.qtutfu~ pUIG.Uiah.t'. f ;_npu wbt'lwJ.flb~ 
pnif_: (12) pwflwt!ILf! t:flwpwif_npntfJJnLb t mwlfou, pJwbw[nq Yk -11 , Yn-1·[! 1 

Yk-2 · [!, ·n;pnzbi Yk+l-l'' U.JuUfpu•nif_, pJw,bw[n•l Yo·b, Yt· f! u Y2-l!• qwpn'l 

bb.p q.mflbl y3-l! h wJflnt<:bmlt y4-f!, y5 , •• • t 

· 'J. Jr .m n 'l nt .fl J •nL L· 1 : U.nwfls w.U(wgn·ty·Jw.b .flzbfl.p, .np ,b,p.b 

[xo, b) <:wut~if_w.}ntJ ''I"J'ntflJ•nLb ntflp (1) t:w4_wu•wf'Jwfl J,fiw.q L"'t.}ntJp, 

·"1"1! .pwt/_wpwf!nLJ t uf(-q_pflw.qwfl UfWJJwflbbl"fr.L, w:UfW (12) pw·flwtlub.pn.z[ 

·"l"lizif_n·'l J .nmwif_np •wpcf.bpfi.bpp •uifuwll! pwsw,ptlwtq JUn~PJw,Jp l.P qbp·w

q_llltb,sntJ Mh'.;p.b, '"'JI"utb'l M-1! <:wumwmntb t ,· "f'l! qwfut/_w.} t Jpy_w

lfwJ'I!'fo .b.pqwpntfJJntbps L.. f(x, y ) !pntbq!]Jriii'J.P ,urbu.pps lt •qwfut/_w.} {.t h-p 
J.MntfJJntbf.y: 

'J. f Ul n 'l n ttfJ J n L b 2t b[Jb swflqwbntJ bbp UUIWbW[ t:111zif_Jwb Jb~ 

-bzutntfJJNLb, 11111.(111' Ufbut.p t if_bpsflbfl.p wt/_b[p zwtn Wb'fwJbbp, .pwb if_bps

f"bl bfl..p (5) t/_bf'l'nL.}ntflJwb Jb·y_ , f.t_ (12) p111flwtlL..l! <:w.Jw·r'[Wut·w•ufu11111n

pb;fl •lft/tntfu:t[p t U..ru:Ufb u, bfJ.b (5) pwbwd4p tfrnfuwp.bfl t£bpsflb.fl.p wy_p9 5 
wb,'lwJ U[Wf''mbwlfn'l pw.bwdlt, w!upfl-p,fl' Lf'W!Jflbflp h'- p lfurr••q,p wb'lwJ,nif_, 

111 11.(111 {12) pu/IJw·tlL..p tfrnfu w,pbfl <:wJ wbJ wb G.wbwurwp':nt/_ qumwbwb[! 

+ h , + h A , + 5 h 2 + 3h AJ Yk+I=Yk - Vk -'-'Yk - 1 -6. yi, - 2 - Ll Yk-3 
l • 2 12 8 

pwbwtlhf!t U.Jumb'l Yk+l-{! npnzif_ntJ t y..,, YtH • Y~>-2 u Y~t-3 wpdb.p~·btp.fo 
J foi.ns n;t/_ I /J, Jitl Uf pu n•if_, Ill J'll p111bwtlUn!t/_ <'; LU zif_ntJ,fth,pt[! •uq U b [ NL <'; UJ Jw f' ' U(Ji'Lnj! 

t jrJwflwl L"'tttJ111b wn111y_p& J_np.u wp•db.pflhp·f!' Yo• Yt• Y2• Y3' U.Ju W[I

Jb.pflbpf! (4) mpUfp pwflwJ.ubpnt/_ t:wzt[b[pu Ufbw.p t t/_bpsbbl if_bp[nt.}nt-

flJw,f, -\j.flq. 111ifl·?w.J: 

0 {' /r 'iJ w ~ 11 '1-ur'bb[ y1 = y +X ~wqwuwpJw'IJ WJ'b lntUw'IJ Jnurw</_np wpJb/!'bbf'f!• np[_r 

pwqwpwpn<J t Yo= L bpp Xo=O u~'l,p'bw~w'IJ "'wJJw!Jfr!" flpnzb( [n<t}Jw'IJ wpJb/1-

'bbpf!, bpp x=0,1; 0,.2; 0,3; 0.4• 
{n L r} n <Jt 'bwfu (4) b. (4') pw'IJwAb.bpnq qur'bb'IJ/! y1-{! b. Y2"l!' 1.w</_wuwpn<Jfrs lo 

u~'lp'IJw~w'IJ "'wJJw'IJ'bbpfrs uurw'bnul b'IJ/! 

Y ~=(y+ x)x-o=Yo+x 0=i+0= 1 • 
'1-fr!j>bpb'IJsbtnt/_ mp</_wt} ~w<[_wuwpmJ {!t ~ullfw'bw'bp. 

Y"=Y'+I• 

y"' =Y"• 
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/.hurb.wpwp, 

Yr=Y~=2 
(4) <w.[wuwpJw'IJ Jht urb'lw'fph[nq y0, y0' , y0" iupJbp'bbpf! b. h=O,l, ~umiii'Lw'Lp. 

0,1 (0, 1)2 (0, 1)3 
Y1=1+- • 1+ -- · 2 + -- • 2=1,1103· 

1 1·2 1-2·3 
Ww'IJ Ab.n.[_, bpp h = 0,2, ~uurw'bw'bp. 

0,2 (0,2;2 ' (0,2)3 - < 

y~=1+- ·I+--· 2+ - - · 2=L2i21· 
1 1-2 1·2·3 

foJw'bwlnq y
0

-'IJ, y1- (! , y2-[!, <w.[wuwpJw'IJ <frJw'iJ .fpw lfllf'bn<J bflp. 

Y~=Yo+xo=L 
y:=y 1+x1=1, 1103+0,1 = 1,2103, 

Y2=Y2+x2=1,2427+0,2=1,4427, 

t.y0=0 ,2103, 

ay~=0,2324, 

t.%=0,0221. 

O"'ws</_wt} Wf'IJJnL'IJp'bbpf! 'lf'b'IJp ~bmb.Jwl W'lJn<uw~ntJ. 

X I y I y' I 
x 0=0 I y0= 1,0000 I y~=1 I 

I I I 
Xl=O,l I y 1=1, 1103 I Yi=l,2103 I 

I l I 
X 2=0,2 I Y~=l ,2427 I Y2=1,4427 I 

I I I 
x3=0 ,3 I y3= 1,3995 I Y3=1,6995 I 
X4=0,4 I Y 4= I ,5333 I l 
(12) pwf.twAb.n.q qur'bntJ bf.t11 )'3- l! • 

I 

t.y' I t.2y• 

I 
11yc)=0 ,2103 I 

I t. 2yc)=0,0221 

t.yi=0,23 24 I 
I 11 2y{=0,0244 

t.y; =0 ' 2568 l 
I 
\ 

0,1 0,1 5-(0,1) 
Y3 = 1,2421+- · 1,4427 -:-- · 0 2324+----. 0 0221=1 3995, -} . 2 , 12 ' ' 
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Uw tt .t;bfls, wjuUJbu lfnt{w~, U.I):wtfu~ pwowO.hli f l"l'u wfl1'1wJ.tb~ 
pn{z (12) pwflwdU.[! .t;flwpw{npnLfJJnLL t mwtfo"• foJwflwtntJ.. )'k~t , YI;-l~f!• 
Yk-2~1!, .n;p•nzbi Yk+l-l.'' U.juUJfou•n{, foJw,Lwtnzl y o ~L, Yl~l! U. Y2-l!• qwpn'l. 

hL.p qmflbt y3 ~f! U. WJI,,,.t;bmu y4-[!, y5, ... z 

· 'J. Jr .m n ,_ , ., p J ,,, L lz U.nwt9 w,UJwff"''9Jw.fl Lzbt.p, np ,bfM 

[x
0

, b] .t;wm{w~n,J ''f"J'"'fl'J•nbfl ,,I,fo (1) .t;w.~wu.wpJwfl J,fow•q L"'L~ntJ{!, 
"1''1! pwt/_wpwpnLJl t u4'q_pflwf[wL UJWJJwflflb.r"fr'L, wUJW (12) pw·flwd.hb.pm/_ 

·"I''Iiztfnq J ,nm'w{np .wpdib.pfi.bpfo •u!Juwll! pwswrJ.w,_f[ Jb.}tnrlflJw•Jp tfo qbpw·

q_w,fl:OnuJ Mh'-1fo.t, •n;p•mbq M-1! .t;wumwmnLb L "f'l! f[wjut/_w~ t Jfop_w

qwJ'.f!'ft .b.pqwp•nLflJ"'Lfos U. f(x, 'Y) !pn,flqyftw·Jft ,mbll.pfog U. •qwfu{w~ t.t h-/r 

J,MnL/JjnLL/zsz 
'J. fo U1 n ,_ n , ,p J n L L 2: bflb swflf[wflnLJ bfl.p umwflwt .t;wz{Jwfl JbJ. 

G.zmnLfJJnLfl, wUJW UJbmp t {bpsthL.p w{btfo lwm wfl'1wJtbp, .pwfl t/_bps

f'bl bfli[! (5) .L[bpfnL~nLfJJwfl J.bp_, U. (12) pwllwJ..U.i! .t;w,JwUJwm.wujuwfln

pb,L •lf.fr·nJju:t/.fo• U.fu:Ufb u, b[J.b (5) pwLwJ.b,fo .pnfuwpbfl <J:bpstb.fl.p wp_fog 5 
wfl'1wJ UJ",ul''"'flwqnq pw.flw.1U., w!ufofl·p.fl' Lf'·wgllhfl.p h

4
-fo f[wp•q,fo wfl'1w.J,n{, 

WUJW (12) pw•flw·J..U.fo .frnJuwpbf, .t;wJw.flJwll iiwLwu(wl't:n{ qumwLwfl.p 

+ 
h '+ h A , + 5h 2 , +3h AJ , • 

Yk+l=Yk - y k -uyk - I -6. Yk- 2 - u Yk-3 
1 2 12 8 

pwflw.lh[!z U.J111mbq Yk+l-l' npnz{nLJ t y1" y,;-1• YI>-2 U. Y~<-3 wpJb.p~·b·p.fo 
Jfop_ngn;t/_, U.j,uUJfoun•{, WfU pwflwJ..un1t/_ .t;wz.t/_nvfftb,f''l! •uqubtnL .t;wJwp• Uf'bm.p 

t foJwLwl L"L~Jwfl wnwp_fofl l"l"u wp·Jb.pth:["['' Yo• Yl • Y2• )'3' U.Ju wp·

Jb.pLbp[! (4) mfoUJfo pwLw.1Ubpnt/_ .t;wzt/_btfou ufhm.p t t/_bpgLh[ tJ.bf'l"'~nL-
flJwlz {jrf.zq Ul~'fW•JI 

0 {' ~ & W ~ 1t 'fm&ht y' = y +X <:wo[wuwprlw& wjfl t"<r)rfwfl rlnmwo{np wpJhpflhpf!, "PC! 

pwo{wpwpntrl t y
0

= 1, hpp Xo=O u~'lp&w~wt. "'"'JJwfl~&, flpn.zht tn<Jrlw& wpJhp-

Lhpf!• hpp X =0, 1; 0,2; 0,3; 0.4• 
{n L c) n trlt 'bwfu (4) I. (4') pwflwd.Up~.[_ qm&hfll yl~l! I. Y2"/!' l.wl[wuwpntrl~q t. 

u~'lf'&w~wt. "'"'Jrlw&&hp~q uUtwflntrl h&p 

y(,=(y+ x)x-o=Yo-1- Xo=I+O= 1· 

'1-~!f>hph&qhtno/. mpqwJ <:w.J.wuwpntrlf!, ~umwt.wt.p. 
y"=y'+ 1· 

y"'=Y" • 
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Yr=Y~=2 
Tl ' "1. Yo• Yo , Yo wpJhp&hpf! r. h=O,l, ~umlll&w&p. (4} <:w{wuwprlw& rlht mh'lwnnhtn·' ' " 

Yl=1+ 01,1 ·1+(0,I)l . 2+ (O,I)3 • 2-1 1I03 
I·2 1·2·3 -. , 

tufw& Ahno[, hpp h = 0,2, ~umw&w&p. 

-I ~ (0,2 j2 ' (0,2)3 . 
Y2- + 

1 
· 1+ -- · 2+ - · . 2=1 2' ') 1 

I · 2 I · 2. 3 ' ~~ ' 

j.Jw&wtno/. Yo·&, Y!·"/!• Y2·1!• <:wo[wuwprlw& <~rlw& .fpw qm&ntrl h&p. 

Y~=Yo+x0=L 
y;=Y1+x1=1, Il03+0,I = I,2103, 
Y2=Y2+x2=1,2427+0 ,2=1,442'i", 

llYo=O ,2103, 
lly;=0,2324, 

Ll 2Y~=0,0221' 

Ourwslf.wJ Ulf''fJ"<flp&hpf! qph&p <hmf.Jwl Ul'lJn<uw~ntrl • 

X I y I 
.. 

I y' lly' 

x 0~0 
\ 

Yo=1,0000 I y.J =1 I 
I I I lly<i=0,2I03 

x1=0,1 I Y1=1,1103 I Yi=1,2103 I 
l I I llyi=0,2324 

,.2_0,2 ! Y2= 1 ,2427 I Y2=1,4427 I 
I I I Ll y~ = 0, 2568 

XJ=0,3 I Y3= 1 ,3995 I Y3=1,6995 I 
X4 = 0,4 I Y4= 1,5333 l I 

' 
12 wflwd.hn ( ) P I[ qm&ntrl bt.p ')3·/!· 

I 

I ll2y' 

I 
I 
I A·Yo=o.o22I 

I 
I ll 2y{=0,0244 

l 
I 
I 

Y J= I,2421+~. 1 4427 ~-~. 0 2324 I 5. (0, I) l ' ' 2 ' T 12 • 0,022I=L3995: 

-
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{),J!Jm >"hm4 qm'bntJ h'bp y' 3, (j.y' 2 62y' 1 wp dhp'bhp[!• 'bnpfos (12 ) pw'bwAb.nq qm'bnLJ hflp 

Y4"1! · 

y4=1,3995+ 
0

;
1 

. 1,6995 r 
0~ 1 

. 0, 2568+ ~2 . 0,1 · o,o244=1, 5833, 

NJW[ <wqwuwpJw'b tn d Jw'b G.l'IPfom wpmw <WJLnn<{J Jnr.'bL { 

y=2e' - x-L 
1.htnb"'P"'P• Yx. - 0.4 = 2e0,4_0,4-1 = 1 ,58364r PwswpJ.w~ ufuw(u { 0,0003, <wpwph• 

'II fu ' 0,0003-0 0002=0 02"' r (~JLbpfo J bfJn'lnq <wlqw~ )'4- fo wp d bpfo 
('LU~r* u W[f! 1 5836- 1 ' i<l 

pwstlf'Aw~ ufuwt'ii 't 0,06, <wpwphpw~w'b ujuwll!' 0,038 = 3,8%)• 
0 {' fo 'II w ~ 2r 'hn'bht y' = y2+x2 <w.j_wuwpJw't "'J'ii tnul Jw'b Jnmwqnp wp dhp'bbpf! 1 

npf! pwqwpwpn<J ~ Yo=O, hpp Xo=O u~'lp'bwltw'b "I"'JJw'bfo'br flpn zht tn,~Jw'b wp

JhpL~PI! • hpp X=0,1; 0,2; 0,3; 0,4 r 
l n< ~ nt J, '1-m'bn,J h'bp . 

y.;=02--f-02=0, 

Y~=0=(2yy'+2x h=o= 0, 
y~':. 0 = (2y' 2+ 2yy" + 2)x ~ o=2 r 

(4) b. (4 1} pw'bwAb.hpnq utnw'bntJ h'bp. 

(0, 1) 3 
• 

y 1= -
3

-
1
-. , =0,0003 , 

1.w ~llJuwpn<Jfos q<n'bn,J h'bp . 

y~= O, y; =O,OIOO, y; = 0, 0400, 
{),JU tnqJW['blzpfo <foJw'iJ qpw ~w'/JnLJ lz'/,p WtzJNLUW~" WllWf fo'iJ tnnrzbf'(' > fou~ WJ!Jnt• 

-\h111k y3- l! b. Y4 ' 1! npnzn•J h'bp (1 2) pw'bwAb.htrn.j_ . 

X I y I y' I fl y ' I fl 'y' 

I Yo= o I I 
I fly~=O,OJOO I 

I y;=O.O!OO 

I Y2 = 0, 0400 

I ~ Y2=0,0501 I 
I Y3 =0,0901 I I 

I I 
l;i2 

0, I 0,1 5 
y3=0, 0027+I · 0,0400 f-2 · 0, 0300+ 12 · 0 , 1 · 0 ,0200=0,0090, 

0,1 0 , 1 5 
y4=0,0090+l · 0,0901+2 · 0,0 50 1 +:

12 
· 0,1 · 0,0201 = 0,02 ' 4· 

ul h'b/1, np Y4-fo .Jht wnwtfo'b lnpu UUinLJ'f 'bfozhpf! WJUUffoufop b'b' Y4=0,0213r ('1-w 

ftwphtfo t utnw'bwl n<pfoz, wqhtfo G.z qpfom JbfJn'l'bhpnq, ufuwtfo q'bw<wmntJnq)r 

§ 34. Unw~~b ~wpq~ IJ.~:t>liplibg~wl hwl{wuwpnuiblip~ hwtfw~wpq~ ~b~ 
mliq.ptfwb tfnmwl{np tflipnq. 

§ § 32 b. 33-ntJ .p1t1twp*1_w~ 'lffl>hph1tgfrwl ~w1_wuwpntJ1tbpfo JntnUI .;, 

lf.nr fo1tmh.lfpJw1t Jhfon'l1tbl'l! *Jri"wnbl'fr b1t 1twb. wnwp_fo1t *wl''lf-f q,fr!ph

["H91fWL t:w 1_wuwpntJ.1tbp.fr ~wJ w*wpq.hf"fo t"t~J w1t ~ wJ wpt U.J'U'tnh•q .pf!1t-• 

~Uif'*·h1t.P t:w.1_wuwp•nLJfi,[;'l'Vr ~wJ.w.*wpq.fr l'"L~JLUfr .tnW;[11phpw*w,1t JhjJ-n·'f;f!t 

tnnUJ'fW·tntJ6fJJnLHhpp qwmwph'L"L ·hL-.p hr*'"'L ·~w1_w,uwpnLJ1thr.fr ~wJwqwp~ 
· qfr t:wJwp•, np,n1tb;tn·1_ h,[llqnt f/>nL1tqsfr-wHp t 

fflwt:w1tp_1_nLJ t Cftn1t.bl 

dv - · =f1(x, y, z), 
dx 

(1) 

dz 
-=f2( x, y, z) 
dx 

(2) 

t:w1_wuwpnLJ1thpfo t:wJwqwplffr WJ1t tnu}nLJf!, "f'l! p1111_wpwpnLJ t y=y0, 

z=zo, hl[ll[! x-Xo U~q_p1ftu. ~tu1t U[WJJwfJ1f,bpp1ft 

y "- z f/>rrk1tqsfow1thf'lfo wpdh[!Hf'l! .~n;f"nzh11tif! w.f''lf"LJbfl.mp x0, X1, 

X2, ... , XK , XK+ i' ... , Xn wpdh[! fihpp 'l:bUfpndt 'J.pgntp ~npfrg 

xk+ 1- xk=t.x=h (k=O, L 2, . . , n-1 ): 

3Jm1t•~sfowbrhf'IP Jnmw1_np wpcfh.p1thpf! bzw1twqhfrif! 

Yo · Y1• .. . , Yk• Yk+l''"' Yn 
h., t; lU J lU UJ WU1lUU fu w1t lU ptu f 1 

Zo, z], ... , ZK, Zk +]• ... , Zn' 

(3) 

(4) 
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+ h . + h • . + 5 h' 2 . Zk+l=Zk -Zk -'-'Zk-1 - uZk -2' 
1 2 12 

(5) 

l.utz.[ntJLhpfl WJU pwflw.!.f.tbpn.[ uftubtnt .O:wJwp U(btnp t wi.fw~ Yo 
f.t zo wrJbpfl·bp,fr.o pwofo fo.Jwflwl flwf.t y,,y2; z,, Z2 wpJ.b~pfl·b·p[!, npnfl;p 

q.mflnd bfl[! § 32-fo (4) f.t (4') wfoutfo pwflwJ.f.tbpn.f_. 

h , I h2 "+h3 "' 
v =y +-yo ·r· - yo -yo , 
• I ') 1 2 3! 

+~h '+(2h)2 "+(2h)3 
"' y .. =v0 -yo --vo --Yo • 

" " . I 2 - 31 

+
2h '+(2h)l!- "+ (2h)

1 
'" z =Zo -zo --zo -- Zo ' 2 1 2 - 3! 

IJ.1u pwflwJ..Ir.bpll oq.mwq.np.MILnt •-\wJwp U(b•tn[! t fr.JwLwi Yo'• Yo''~ 
y~", z~, z~', z ~", npnfls npnzJwllf! ftwllsllH[! w1JJ: (1) l.t (2) .O:w-

.f_wuwpntJflbpfos q.wflntJ hll[! • 

yo= f1(Xo, Yo zo.)• 

zb=f2(x0 , y0, z0 ): 

'1-fo!pbl"bllsbtn·.f_ (1) f.t (2) .O:w.f_w•uw{'ntJfl•b.p.f! f.t ur.bqw'fphtn•.f_ Xo, Yo• zo~ 

y'0 f.t z'o wpJbi!Hl'f!• ftq.wLbfl[!. 

,. ( ") -(of 1+ot) ,+of] ·) yo= y x= ·;.- - -y -z ' 
' ,OX oy oz X= Xo 

"--( ") . =(of~+- of2 .+of2z') , · Z ll-- Z x-x 0 ;;} ;;} Y ;;} 
uX uy uz x=xo ·· 

'1-fo!pbpbLgh--tn·.[ Jb.ft wllq.wJ h.u, ft·q.wflbfl.p Yo'"·.[! f.t Zo -[!t I>JwLwtm.f. 

Yl"/!• Y 2"/!• Zi·f!• Z2·1!• mp . .f_w~ (1) f.t (2) .-\w.f_w•uw.pmJllibp!}o qmflntJ bfl..p 

n.f"'rs -\b-mn -ftwpnq .b~[! ll'w9tbl -\bwf.tJwl wqj.ntuwftfo wnwtfoL .O:,follq mm

'lbP'l!• 

l:i4 

X ,. y I y' I !:J.y' I tJ2y' .I z I z' I 6z' I tJ2z' 

Xo I Yo I Yo I I I Zo I z~ ! I 
I 

I 

I I I I I l I !:J.y ~ t:J.zo 

I I I I I 
' 

l I XI Y! Yi tJ2yij zl I z. !:J.Zz,; . l 

I I. I 6y; I I I l t!.z; I I 

x2 I Y2 I y ~ I I 6~y; I z2 I z~ I I ~ t!.2z; 

l I l 6y~ I I I I t:J.z; I 
xJ I Ya I YS I -I I ZJ I z3 I I 

( 4) 1.t (5) pwllw.J.tr.b'l'm.f ~q.uii&bll 11 y3-f! ,f.t z3-e, fr.~-~ ·ft (1) u. (2) .O:w.f_w

uwpntJllbpfoo ftqutthfl[! y'3 -[! f.t z'3 -[! t l.wz.fhtn.f t1y'2-[!, t1'o/' 1-[!, 

!1z,2, t12z'1-[!, llnpfoo (4) f.t (5) pwflwJ.f.tbpn.f_ ftqwLbll[! y4-[! k 

7!.4•(! f.t WJ'lfll 

0 f' /t ft w ~ 1 ' 9-uoftbl ·y' = z, z' =y ~wJw~wplfp wJft lnuJn,Jfthpp Jnuou11/_np wpJbp· 

'Lbl'l!• npnft11 pwt/_wpwpntJ bft y0 =0, z0 = (, bpp X=O u~t(_pftw~wft "fWJJwftftbppftt 

J.,,tJmJftbpft wpJbi!fthl'l! ~wz•l"l• bpp X = 0, 1; 0,.2; 0,3 ; 0.4• 

~ nt cl nt J , Spt/_wtf ~w•/_wuwpn.Jftbpft9 1ftnftn.J bft11. 

Y :·=(y" Jx=o=(z' h =o= O, 

z0=(z" )x= 0 =(y ' )x=O=I, 

Y ~ ' = (y"')x=O=(z" )x=O=I, 

z~' = (z"')x= O=(Y"h-o= O• 

( 4) it. (S) tnp t'{p pwftwt!kbpnt[ lfutftn,J bftp. 

0,1 (0.1) 2 (0,1)3 -
)'1=0 +-. 1-t-- ·0+--·- ·1 = 0 1002 

l I · .2 3! ' ' 

155 



0,2 (0,2)2 (0,2)3 
Y2=<l+- ·I+--· 0+ -- · 1= 6,2013, 

1 1 . 2 3! 

0,1 (0, 1)2 (0,1)3 
z,=l+-. O+-- • 1 +--. 0=1,0050, 

1 1 . 2 3! 

0,2 (0,2)2 (0,2)3 
Z2=1-i-- · 0+-- · 1-l--- • 0=1.0200, 

I 2! ' 31 

y;=1,0050, 

Y~=1,0200, 

~Ya=O,OO.JO, 

t.y{=0,0150, 

zJ. = 0 ,1002, 

Z2=0,20J3, 

~z~=O, 1002, 

~z 1 =0,1011, 

~ 2 z ;=0,0009 

L. Lf'WSflntJ hfJ/! W'lJnww~fo wnw2fo!J t;foiJq uon'lbl'l! (uobu tt 157}t 

ll.Jflntt;bmlt, (4} It (5} pwf,wJ.Itbpnif. quofJmJ Hj!. 

0,1 0,1 5 
y3=0,2013+- ·1,0200-f--- · 0,0150+- · 0,1 · 0,0100=0,3045, 

1 2 12 

0,1 0,1 5 
z3= I,o2oo+ -

1
- . o,2o13 +2 . o. 1011 + n. o, 1 . o,ooo9=1,M.J2 

0, I 0, I 5 
y4=0,3045+ - . 1,0452 + - · 0,0252 +- · 0,1 · 0,0102=0,4107 

I 2 12 ' 

0, I 0, I 5 ' 
Z4=1,0452+-. 0, 30~5 +-. 0, 1032 + -. 0, I. 0,0021=1 , 0809. 

1 2 12 

IJ.~fJt;wJ"' t, n(' "'f'if.wJ t;wif_wuw('ntJIJbpfo t;wJw~wpqfo UljiJ [ntJntJIJhp[! 1 npnflj! pw• 

if.wpwpntJ hfJ uopif_urJ U~'/_pfJw~wfJ UfWJJwfJHf'foiJ, ~lfoiJbfJ 

y=shx, z-chx. 

y4= sh 0,4=0,41075, z4=ch 0 ,4=1 ,08107. 

.,N 

<I 

--

•N 

<I 

•N 

--

N 

~;>, 
<I 

--
;>, 
<I 

;>, 

;>, 

--

>< 

0> 
0 
0 
0 
0~ 

II 
•e 
N 

1--
~ 

C'l 
0 
0 ..-
0 

II 
·::> 
N 

<I 

N 
0 
0 

0 ..-

II 0 
•O II N 

-~ 
N 

-----
0 
ll) ..- 0 

II 0 
0 

N 

IL 
N 

0 
0 -0 
0~ 

II 
•0 

.. » 
<1 --

0 
ll) 
0 
0 

0 
\! 
•o 
;>, 
<I 

0 
ll) 
0 

ii 0 
~ 

..-
·o II ;>, 

-~ 
;>, 

N 
0 

0 0 
II -0 0 ;>, :i 

;>, 

---- -0 

II 0 
0 IL >< >< 

c:::; 
0 
0 
~~ 

II 
-~ 

~ 
__ <I_ 

"<!' N 

0 M 
0 ..- ..-

0 0 
II II 
-~ - ~ 
N N 

<I <I 

M 
ll) 

0 "<!' 
N 0 
0~ "" II 0~ 

JL ' "' N 
N 

0 
0 N 0> 
N ll) 0 
0 "<!' 00 . 0 0 - . ~ 

11, ..- ..-
II II N "' .... 
N N 

--N 
0 ..-
0 

0 
II 

- ~ 
;>, 

~ --
0 C'l 
ll) 

~ 
0 0 
0 

~ 

0 

.IL ,, 
,; 

' "' ;>, ;>, 
<I 

~- --
0 N 
0 ll) 

N "<!' 
0 0 

..- li II .,. •'"' ;>, ;>, -- --
M lo':> "-

""' 0 
0 0 ~ C'l "" o" 0 0 

II II II .. .., ... 
;>, ;>, ;>, 

--- - -- - --
C'l M '<l'. 

0 0 0 
!I II II .. .., .... 
>< >< >< 

15G 157 



'J. fo m '" 'l n 'P J n L•b 1 .f!wb,fo '"l' pwp1d.p frwpqfo ':w1_wuwpntJbb'I'V! u 
pw,f'd.p ftwpqfo ':w1_wuw.pntJbhpjr -\wJw.ftw f'lqh.pf! zwm tfhUf'l!bt'""J plhp~ 
1_ntJ bb wnwrfofl ftwpqfo ':w1_wuwpn t!Jbhpfo -\wJw,ftwl"lfP• WU[UI ZWf'W'fl![1-

4_wrt tfbfJno?bhpf! frjrpwnblfo b.b WJ'I Ju.bitfpph)h'l''Jl L"LrtJwfi Lft,wmJwJp1 

8n<J9 mw[, "f' ~wJw1w~wL, -\w.umunn,ntf.f.bpps. ~wfuo[ui.,J, ut4,,npb. phpl[wiJ !1-w<f.~spw• 
f.bpf! pwo/_wrwrn<J hf. -\wJw"'wmwufuw!, 'IP!f.hrh!.sf.wt -\wt[wUJUpntJf.bppf.. 

( . y=sin x- 1-j-Ce-s lnx 1 

(
dy )2 dy 

y - + 2x-- - y = 0· 
dx d x 

dly ' d y 
- - ·2k-+k2y= ex l 
dx 1 dx 

d 2V dy 
( l -x 2)~ -x-- a ~y=(). 

dx2 d x 

d1y 2 dy . 

d x·+~ d~=O~ 

9 . yd x--xdy=O• '~ """' Y= Cx, 10. (lt u)vdu + (l -v)udv=O· "'·um. lnuv+ 

+ u- v= C. II . ( I +- y)d x-(1 - x)d y= O• 4llwon , (l + y)(l -x)=;o C. 12. (1'-
dx 1--j-x x 

-- x1
2

) Jl+x2+ tx 2=0, ·~ .... n . t;c- + Int = C. 13. (y-a)dxtx 2d y=O~ ~u .. n . (y-

1 . 1-a d x I+x 2 
, .<' ltJ. ~ dt-(t 2-a 3,d z =O~ ·~ u .. n , zh =C-. Ia. -=--· 

-a) ~- Ce · t+ a dy I+ y2 
y+ C ,r - , _ 

~wm . x=--.-, 16. i1 + s 2)dl-r lds=O• .qu11n, 2 JI t-arctgs=C ~ 1'7. dpt 1-Cy . 

+ pl gOdb=<J, "'wm. p=CcosO, IS. s in OcOS'f d fl -co50 Sill'f d'f=DI ~wm, COS'f'= 

= Ccos u, 19. sec 261g'fd O+sec2'fl gUd'f = 0• lllwm . lge lg 'f = C1 20. sec261g'f'd'f'+ 

+ sec ;'f lg 6 d 0=01 ~•um. sin 2 6+3 in ~ 'f'= = · 21. (1 + x2)d y-{1-y' dx=O 
158 

lllwa~. arcs in y-arctg x=C ~ 22· yl-x2 d y-y1-y~ dx=01 Cllw m. y{ l-x2 -

-x{1-y2=C~ 23 3e' lg y dx -+ (1-eX)secl y dy=O• Cllwm. tg y= C(1-eX)3• 

2<1· (x ·- y 2x)dx+ ( y-x2y)dy= O~ lllw•n• x2 +Y2 = x2y2+ C· 

/u !, '1 p (' !, h (' '1 p !p b (' h f. 9 p w l -\ w o[ w u w (' nt J f. h (' ~ w 'l J h 1 n < 

o/_hrwphrJwl 

25. U."'wgn<sht, np wJf. ~"f'l! • npJ. gwf.~wswr} ~bmntJ znzw,Pn'lp wf.~Jntflw[pfl qnp -· 

Jw~PSI! -\wJbJwmw~wf. ~ znzw,PJwfl ~hmp wpuspuf.L , "/Wf'"'P"l ~ ~ ~w ... y=ax2+C ~ 

26. '1-mf.ht ,.,1t, ftnl'l!• npfl wf.sf.mJ ~ (0, -2) ~hmno/_ b. "f'P swL~wswJ ~hmnur 

znzw.Pn'lp wf.~Jn<flwJpf. qnpbw~/o!l(! -\wo/_wUW(' ~ WJ'f ~b1np Op'fpf.wmpf. ' wo/_ht"''9f'LUJ lf 

Jpwo/_npno/_1 flwm . Y=e'-3• 
27. '1-mflhl wJf. ~"f'l! • nrfl wflsflntJ ~ (1. 1) ~""'""- b. npp swf.~wswJ ~bUintJ zn

zw.Pn'lp wfi~JIILflwJpfl qnpbw~psf! -\wJJ.JwUIUI~Uif. ~ WJ'f ~hUip Of''fpflwmp j!WRUI~II LUntflt 

lllwm. k( x-- 1)y-y+1=0 ~ 

28. '1-mf.bl WJL ~"1'1! • """ -\wJwp swfl~wswJ ~hmn tJ l" l "'"'"'lP wf.~Jn<flwJpfl qnp
Jw~PSI! n wf.qwJ JbJ t wJfl n<'lf.'LP wfi~Jn<flwJpf. qnphw~9P9 • nrfJ "'J'I ~hme Jpwsf.nur 

t ~'"'1''1Pflwmf.hrp uh_pflw~bmpflt Ill won. Y= CX0
1 

29. (2 , 1) ~bmno/_ mwflht UIJL"'pup ~,,. , "I'P swf.~wswJ ~hmmJ znzwt/"''ll! -\wJe!.ft

f.ntJ ~ ~""1''1Pf.wmflhrp u~'Lpflw~hmfl WJ'I ~kmp -\bm Jpwsf.n'l zwnwo[P'! "-"~"'""" "''l~ 

I 
'l"'f/Jwfl -\hml cq\U.,I Y=2XI 

30. Pb.hnw j pL ftnnp'fpflwmflhpno/_ qph[ WJf. ~npp -\wo[wuwrn<Jf! , "f'P JnL('Wj!UILlJn<p 

fthmntJ z wnwo/.P'l-o/.h~"'"f'P b. znzw,Pn'lf. ~w'lJwJ wfi~Jwfl mwflqhflue -\wo/_wuwp ~ zw

nw{p'[·o/.h~mnpp -\w~w'lwpJ. JbJn<fiJwflt!' o/_hpspwb -\w~wnw~ Lzwl.no/_1 fllwm . r (O+ C)= 1 
31 . Pb.bnwJpf. ~""f''fpf.w~nf.bpno/_ qpht WJL ~"f'P -\wo/_wuwpn<Jf!, npp J" ' l'"'l!wflun<p 

fthmmJ z wrtwo/.P'l- o/.h~"'"f'P t.. znzwt/' "'lP ~w'lJwJ wLft1wf. ~nwf.qhf.ue -\wo/_wuwr ~ zw

nw"-P'l-olhftmnpp pwnw~ntuntfl l fllwm . r ~=(S+ C)21 
32. U."'wsn<sht , np WJL ~"1'1! • "f'P P"l"l' LnpJwt flhpf. wf.sf.mJ hfl -\wumw~nmfl ~h

mno/_, l l'twflwqpJ ~ ~ 

33. '1-mf.ht wJf. ~"1'1! • "f'P J"'f'Wpwflump ~hmmJ hl.flwznzwtj•n'lp hp~w('lnf/Jntfl(! 
-\wl[wuwr - ~ WJ'I fthmp wpugpup ~p~Lw"'wmp~pf.t fllwm, y = C{X, 

34. '1-mf.ht WJf. ~"1'1!• "f'P z wnwqp'[·qh~m.npf! -\wo[utuwp ~ znzwt/•n'lf. WJL ""'"'"-"'~ 
hp~wpn<f/Jwfle , npfl f!lt~wb ~ X wnwflspp b. znzw,PJwfJ ~h~np JJ.tb.1 

{ lfL,) lfL J l f:um Jufl'lf'P "'WJJwLLbpp I ~- \ ( 1+ y '2=i x2+y2, """'"'LPS 
Jy 
-=+ y -

dx C 
+-I />Lmhqrhtno/.1 umwf.ntJ hflj! hp~nL ~nphrp eflmwflpj!' Y=Cx b. y = -- I 
-x x 

35, f:um 'bJn<mnLJ. orhflpp o'1n<J npb.~ JwpJLp uwnhsJwf. "'f'"''l"'f/Jntl.f! -\wJhJw

,w~wf. ~ WJ'I JwrJf.p b. •'IP thrJwump'Awf.Hrp mwrphrn<fiJwLf!l bflh •'IP thpJwu

mp'Awfle ->wl[wuwp t 20° C t.. JwpJf.Le :to l'""'hmJ uwnmJ ~ 100°-J.s Jf.!.lt.. 600C, 

"'"'w "1'1!"'~!, JwJwflw~pg -\hmn f.pw thpJwump&wf.(! ~f.tflp JpLzb. 30°CI 

dT 
f. n .. ,} " • J 1 /6'1.'11'/t '1/•:f>hl'b'l.aJ.wL ~wo/uwwi'"'-J'l. I;' -= k(T - 20) 1 fo'l.ml

dt 
'll'hL"1• 'l.,-,. .... J "~' I! T-20= C~k t ; T= lOO , brr 1= 0, T= 50 , krr 1=20; u•uonft 
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C=80, 43=Ce'O'<, ek=( +) ~o, ~buoLwpuop, T=20+so( +~ ,to, f:'io'lnL'iobL"1 

. T=30, hm'iob'iol! 1=60 f'""l/;' 
36. flf'll!w"fl T JwJwflwqUIJforngntJ t"'f'l! ftflwofot/_jr 10 uu pwpl.pn<fJJn<fl l.t qwqwflp 

d=60o w!JftJntfl ntflhgn'l ftn!Jwftwfl l.wqwpp <wmwftp 0,5 uu2 lwopup wfi91!P!I' 

{ nt ~ n L J 1 t l.t t+~t Ufw<bpp Jfot"- I!!Jftw~ JwJw!JwftwJf.tngntJ flwofoof.n'l !PP ~w

of.wl£' <wzof.h'i.ol! hpftnt h'lwflwftno/.• V <wumwtnntfl wpwqn<f/Jw'i.o 'lhllfi!"'J 1 of.pft-ntJ wflgl!nof. 

{Jwofoof.nuf t f"'f'f! ('f£Wflp /.fl. (!'j,'JnLflw~) 0,5 UU2 <pJ/!nof. f.t V pwp/.pn<f/JwJp, puft ~t Jw~ 

Jw'i.owftwJfor ngnul fJw~~of.ntJ t dV ~wof.wLnof. l"'f'• "f'l''-dv=-0,5vdt=-0,3y2ghdt*• 
Ill"'" ftn'lJfog, zflnp<[oof. tf'P <nul!fo tf'P ' pwpl.pnt{JJ"'"l' umw'i.ontJ t dh pwgwuwftwL 

<fWS» 1 b. fJw•pof.w~ lf'P ~wof.wlf 'lfo!fobphflgpwl£' <w•lwuwp t 
1t 

-dV=m2dh= J(h f- 0, 7)2dh, 

1t ;--(h+ O, 7)2dh=-0,3• 2ghdt, 
3 

1= 0,0315(10.·/2-h'lz )+0,0732( 10'/,- h3/•)+0 ,078( { 10-yii), 

f!!Jqntflblnof. h =0, umwfln,J bflp Ufw<wfltof.ir'l JwJw!JwftwJfotngl'' T= 12 ,5 tl_r~: 
:!7. l.h'lntilfo ofbj> Uf'"'"o/."'l uftwof.wttwftp o[pw zofontJl' qwflqw'lbgfln'l 'l"f'~"'l"'fiJ"'"l' 

t:wJbJwmwftw!o { u1 Uf'"'"Jw!o w!o~Jnt!owJpfl wpwqn<f/Jwfll'' '1-m!.bl WJ'l wflftJntflwJpfl 

L I'" • UJUit 
wpwqn<PJwfl ftwfuntJl' Jwofw!owftt•9• bflb ~WJtnflp t, np uftublnof. UfU1Lnof.bL 100--

pn"l 

u• = lOO(~)t~. 
5 f'""l 

38. C!oqnt!obfll!, np "''l'lwAfoq O'fWJpfl UJwfl Jbt -&flzn'Jl' J"'f'wl!wflun;p Jwftwpqwftfo 

rf.rw UfWJJw"!owof.npof.w~ t wof.blfo of.bpl.t l!flltw~ zbpmbpfo t>flzJwJpo '1-m!.bl SflzJwf, ftw~ 

funtJ[' puopJ.pntfiJntfl{rg
1 

bflb t:wJtnflp t , np ~nof.fo Jwftwpqwftp!J WJ'f {;flzntJ[' 1 UU2 of.f'w 

1 ~q t . fwft 500 J pwpApnt{JJw'i.o 1 uu2 of.puo' 0 ,92 ~q: 
8 n, 9 n, J : Oqmof.bl flnJLfo-l!wppntnp ophfii!P9• l'"'" npp qw'lfo fumntfiJntflf! t;wJbJw. 

urwftw!o t S fl z .!w!ol'' lv!oqt•P qp!fobph!ogfowl <wof.wuwpntJfl f dp=-kpdho "l'"'b'lfo9 p= -=e- 0.000l 7h, «!won. p=e-0.00017h, 

flfltnh'lf'hl t: bml.t1w1 t:wJwubn qfo[/>bp b flgfowl t:wof.wuwpntJflbf'l' · 

:J!). (y- x) dx J-(y + x)dy=O• '1loum. y2+ 2xy -x2=C:• 40. (x-l-y)dx:-j-xdy=O• 
"'tuon. x2+ 2xy = C• 41. (x-i-y)dx+(y-x)dy = O: 41wm• ln(x 2+ y2}' /2 -

v 
-arctg-'-=C · 

. X 
42. X dy-y dX = V' X 2-j-y" dX• «!won, 

43. (8y- f-10x) dx+(5yf7x) dy= Or fllmmt 

• /J.'lwon Jwftbpl.tntJfJPS h 'bttwr£npntf/Jwfl of.pw qmflof.n'l wfi91!P9 !f'P <nul!fo V wpw• 

qn<PJn t!ol' mpof.ntJ t v= 0,6{2gh pw!owJ.l.tnq, npmb'l g-!o ~w!opntfljwfl ntJp wpw-

'lwsnufh t • 
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«!won. teVS/t =C ftwJ s=t ln 2~. 45. (t -s) dt+ 
t 

47. 

c 
s=tln-· 

t 
46. 

x cosl.. (y dx+x dy)=Y si n.]_ (x dy-ydx)' 
X X 

y 
'!tum • xy cos-=C • 

X 

flflmbqph£ <bmb.Jwl <wJwuhnp pbpof.n'l qfo[/>bpbflgpw£ <wof.wuwpntJflbp['• 

48. (3y-7x+7) dx-(3x~7y-3J dy=O, «lwm. (x+y-1) 5 (x-y-1)'=C• 
49. (x-t2y+1) dx-(2x+ 4y+J) dv=O, «lwm. In (4x+Sy+5) +8y-4x=C• 

4y+ 5 
(x+2y i-1) dx-(2x-3) dy=O• tllwm. ln(2x-3)-

2
x_

3
=C• 50. 

51. flpnzhl WJfl ftnp[', npp b'i.oflw!JnpJwll' wpuf!pup l.t opqfo'i.owmp Jf.tp!J flof.wpw• 

'i.owftw!Jfl t• lllwm. (x-y) 1(x+ 2y) =C • 
52. '1-mflhl WJfl ftnp[', npp znzwofon'lfo' Oy wnwflsi!P9 ftmpw~ <wmof.w~p <wpwpbpn•~ 

fiJ"'"l' zwnwof.fo'l of.bftmnppfl <wutnwtnntfl Jb~n<{JJ"'" t• 
dy 

y-x
dx 

{ "'~ "' J' f!utn fu!Jqpp UfWJJwflp ---- =m, nrurh'lfoU 
yx2+y2 

53. flpnzbl w1fl ftnl'l'• npp LnpJw1fo' Ox wttw!osi!P9 ftmpw~ <wonof.w~p <wpwpbpnL• 

PI"'"/! zwttwt/..Jr'l-of.bftmnpp!o t:wof.wuwp t <wutnwonntfl Jb~ntfiJw!oo 

dy 
x+ y

dx 
{ nt ~ nt J o {!um fu!Jqpp UfWJJwflp ----

y x2+y2 
m, 

54. flpnzhl WJfl "'"f'l'• npp znzwofon'lfo ftmpw~ <wmof.w~l' Oy wn.wflgi!P9 <wof.wuwp 

t asece, nptnh'l e -fl zmttwof.fo'l of.bftmnpfo b. X wttw!osi!P ftw'lJw~ w!oftJnt!ofl t• 
y dy 

{ "' ~ "' J r llwfl[o np tgO=- b. l'"'" fu!Jqpp UfWJJwfl[o y-x-=a sec 0, w"'.w 
x dx 

"""~ nt.J h'iol!• 

dy y--x2 +y2 
y-x -=a--_:;.-

dx x ' 

55. flpnzb£ WJfl ftnf'l' • npp gwflfttugw~ ftbtnntJ LnW('W~ !onpJw£p fttn('W~ <wtnof.W~f! Of'~ 

qpflwmflbpfo wn.wfi91!PS <wof.wuwp t WJ'f ftbmp b. ftnnpqpflwmflbpp uit'lpflwftbtnp t;biUII• 

of.npntp JW!ol': 

nLuur/!, 

X --
Y+ y.=J' x2+ y2

, "l'"'b'lfoo x2= C(2y + C)• 

56 . '1-mflbl WJ!o t:wJhl~' ""'-1!• "f'l! J[oHn<JL 0 fthmpg qntpu bftn'l P"l"l' "Swn.wqwJP~ 
l.bpf! ftwflqpwqwpA!Jbp mof.Jwl " ' 'l'l"'f/Jwfll' 'l"''lwt:btt: 
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( ~' .. nt J 1 flpU(hu X w11wLg~ [!L'In<Lh!.p ut~/.Jwl ""l'l."'fJJif<L[!, 0 -L [!L'I"'!.hLp ~""('• 
'lf!.w"'Lhpf uh_p!.w~b"'' '1-fglf<p OM-(! [!!.~!."'1. G.wnW'fWJfJL t , MP-L' wL'If'W'IW('Aqu"~l! • 
MQ-!.' "f'"Lb[p ~npf LnpJwll! . 

a=~ , OM=OQ, NM= Y, 
.r- dy 

NQ= NO+OQ=- x+ r x2+ Y2 =Y ctg ~=Y dx, 

"f'"' b'lfS ydy= ( - x+V x2 t y2)d X• l>!.~t~b'lrblnq , ~, ,!. b!.w!.p y ~= C2t 2Cx. 
/>f..utb'fpbl <burf.t.JWL , .. wJf!. 'lf!f>bph!.gfwl <wqwuwpltlJ!.bp[!• 

y x+l 
~ 8 57, y' - -- = (x+ I)3• G!uom. 2y=(x + l)•t C(x+ l) 2

• 5 • 
· x+ I 

tlwm• 
X I 

y=Cxa+---- , 
I-a a 

59. 

y'-a --,-=--· 
X X 

y=ax-r Cx-{ l- x2• 
ds 

60• - cos t+ s sin t= l• 
dt 

ll!lllm-. s= Sill t+ Ccos I• 

ds I 61 . - + s cos t= - sin 21. llloum. s= sin t-I + Cc- sint, 
dt 2 

n 
62. y'- - y=exxn, 

X 

n a 
63. y'-f-- y--• 41"''"' x"y = ax+ C• 64. y' + y=e-x • 

x x" 

. C 65 '+1 - 2x Y 1=0 CIJwon Y "'"-~x 2(1 -t ( el ' ~ )• 41Jwon. eX-y=x 1 ' • Y --2- - - ' • 

ll6. 

72. 

X 

/>L"'b'll'bl AbnL.nttff <wqwuwplttJLhp[!• 

sin x+C 

/>Lm lt 'lrbl <bmiLJWL tpfq 'lf!f>bpbLgpw[Lbpnq -\wqwu•upn,JLbp[! · 

x3 
(x2+ y).d x t(x-2y)d y==<l• lllo.um. 3 + yx- y2= C• 

-(4y-x) dy==<l• lllourn· 2y 2-xy+x3=C • 74. (y3 - x)y'=Y• 

7 5. 

76. 

77. 

[ _L_ _ _!_]dx+ [_!_-~ ld y=O• 
(x-y)z x y (x-y)2 CIJwm· 

2(3xy2 + 2x3) dx+ 3(2x2yty2) dy==<l. llllwon . 

2y dy 

X 
in(x + y)- - - =C · 78. 

xt y 
x2 dy-y 2 dx (\' 

=-=---· 79. =v 
(x- y)2 xJ 

80. x dx ty dy 
y dx-xdy 

....::..---~, CIJ•um. 
x'+Y' 

73 . (y - 3x2)dx-

lllwon . y4 = 4xy+C < 

y xy • 
In - --- =C 

x x-y 
x4+3x2y 2+ yJ=C• 

( 
1 3y2) - +- dx = xa x4 

lllwm. _!l_= C• 
x- y 

81. flpn 2h1 ~"f'l! • npL oJmqwJ t WJL <u.tm~n <PJ wJp, np Lpw gwL~wgw6 ~bmf I.e 

~nnp'ff!Jw-mLbpf uh_p!Jw~b"'f <bnwqnpn•fJJwL ~wnwftntunt b. WJ'I ~bllfntJ mwrw6 Jllfp -
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Jwlf' X wnw!.gpfg ~llfpw6 <w~t~•[w6f Wf'"' '"'lf'JWl[! <wqwuwr t WJ'I ~bllff wpugfuf fun

('w!.wp'lfL : 41lwm. y 2( 2x~+y 2)=C • 

82. '1- ~t~ L bt <b111iLJwl ~n p b pfr l!L"' w LfpLhp fr "JWf' " ' f'fll!' a) y = C: xt c~ . tllwm. x2 + 
X X J 

+ 4y==<l . b) Y=-c t c• . qlwm . 27x2= 4y 3 • Cl c ·- ( 3= 2· tllwm. 27y=x3 • 

d) Ctx+ Cy-1= 0• tllwm . y• + 4x=0• c ) (x-C)3 t (y- C)2=( 2, tllwm • x=O~ 

y=O• i) (x- C)2-tf'=4C. tll u""· y~=4x+ 4 • g ) x-C: ) ~-f- ( y-C ) ' --:-4• 
41 ru•'!· (x-y)3= 8• h) Cx•+C~y=l• tllwm. x4+ 4y=O. 

83. n ,'lf'll! lllb'lwzwpclq"'J t WJLU(bu , "f' ~""f''lfLwlllwJfL WllwLgp!.brfs Lpw ~III('W .. 

<wmqw6!.bpf 'fntt!wp[! "{W<"{wLiflJ t a <wullfwllfntL Jb61flfJJntfl(! t 'J."'Lbt "''lf'lf P"l"f' 

'ffrpphpf "{wpntf'fl!Jbpf <•wqwuwrn<J[!' lflwut. x' iz+ y' fz=a' iz ("f.wpwpnt)• 

84 . 'l·~t~!.bl WJL "''lfr'lLbrf [!L"'wLfpf "(Wf'"'f'fll!• ~tpnLgfg ~""f''lfLwllfwJfL wllwLgp

t.bp[! ~lll('ntJ bL a <wuurwllflftf. br~wpltlfJJwJp <wlllqw61 41lwm. x2iJ + y'h=a 2ilt 

85. '1-IIILbl WJL Zf'!WLw,Hrf [!LllfwLfpf "{Wf'"'Phl!• nrnLg III(IWJut'IJbrl! y2= 2px 

"/wpwp n/f op'/p!J w"'Lbpf ~p ~Lw"{w111Hf.bp!J b!J , 41lwm . }' 2= 2p( x+ ~ } 

86. 'J.llfLbt WJL Zf'!WLw,Hpfr [!LllfwLfpf "{W('Iflf'fll!• nrnLg ~bLIII(IIfLLbrL [!L~wJ 

bL y2 = 2px "{wpwpntf qpw , [!L'I nplftJ [!L~t~w'bf.pJr P"l"f' zf'!wf..w'IJbpL wLgLntJ 

J.L WJ'I "{wpwpntf 'IW'lwflnq t 41lwm . x3t y2(x+p)=0 (gfruunf'l)• 

87. "'"'"bl WJL Zf'!WLw'lHrf [!LurwLfpf "(Wf'"'Pfll!· npnLg mrwJw'IHf'f! 

b 2x2+ a2y2=a2b2 (Lf"'ufr w1L lwrbpL hL , "f'"Lll "''l'l.w<wJws hL x wllwLqpfL• 

xz y' 
11!uun. --+ --=!' 

a2t l.J2 b2 
88. 'J.IIILbl x2b2+a2y2=a2b2 t tf"fup tqnunun[!, np"{bu Lpw LnrJwtLbrf "{Wf'ltlf'fl' 

-«<wm. ( ax ) ~ ' J -f-(by)'2_=(a2- b2) 2: l 

/>L"'b'lf'bl <b"'b.J w-1 <wqwuwpntJLhrl! {(w'lpwLclf <wqwuwpntJLhrl!), 

-4toum . Y=( { xtl t C)2, 

'tlwon . x= Ce - P- 2p-l-2, 
'4!wm . 4Cx=4C2- y2, 
11!won . · (x-C)2+y2= a2, 

2C-p3 
y=--· 

3p 
90. 

l;'lw~p t"L_.n..J t' y=O, - 91. y=x(l+y ')t (y')2 1 

y= C(p t 1)e-P-p2+ 2· 92. Y=YY' 2+2 xy', 
93 . 'J.m'i.b/ w1'i. ~"f'l!• irp'i. nL'i.p Ji wumwmnL'i. 'i.npJwft 

l;'lwftp l"L,.nLJ k Y=±a• 
fo''l,.,b'lf'bl "'f•1.w .. 94. Y=XY '+y'-y'2, 

1llwon. y=:":x+C- (2, l;'lw~fr 1,L,.,L,f t' 4y=(x f-l)2, 
~...... Y= Cx+ y' 1-- ( 21 l;'lw~f l"LJrtLJ t' y2-x2=l, 

95 . y=xy'+Vl-y'2, 
lf6. y= xy '+Y' • 

1 1 
~oam. y=Cx+ C• 97. y=xy ' +-' 41wm. y=Cx + - • b'lw~f ["L,.nL.t k' 

y ' c 
1 I 27 

Y3=4x, !18 , _y=xy'---• llllwm. y= Cx--, l;'lw~J. lnLJ,,J t' y~=--x2, 
y'2 c2 4 

99 . flpnLblf ~npf z~tzw tfrn'l.nq b. ~""f''lfLwurwJfL wllwLgpLhpnq uw<JwLwtfrwHwj 

J, • ..,f,~JwL Jw~brbul! <wu"'w"'"'L JUn<fiJn<L t• _ 'J.mLht ~"f'l!' illl•m. 4xy=±a3 

~111'iwuwpw~n'l <f"'bPP"Ll! .' Pwgf WJ'I • y=Cx±ayC [!LmwLf~fr gwL~wgwJ ~"f'' 
113 



100o '1-urfJb/ UIJfH'fpufr l[np , npfr znzwz/!n'l_p Wj11 ~wur>[wqf!1 np11 f!1.~wq ~ ~nnp,fr1lwur~ 

Hpfr wnw1lgj! 11 bpfr· Jfrtlt , rn11/r a ~wuurwurnt11 bpl[w pn<fJJn<11• tlmm o Y= CX± .,1 aC 1 

I+Ca 
bqwl[fr /NLqntJ ~\ x2 fJ+ y' /J = a 2 fJ I 

101. '1-urHI UIJ11"1frufr l[np, npfr znzwzf.n'lflbf'l! wnw11gpHpfr qpw IJ/Il.IJi f UJ911n t J b11 

b'lw~fr I 'ILJn t J I;' (y-x-2a)2=8ax ~ 

2aC 
y= C:x- --- , 

1- C 

1020 '1-ur!.bl WJ11 ~nphpl'• npn!.g ~wJwp gwL~wgwJ znzwz/!n'lfr ~bnwqnpn<fJJnL11f! 
urpqw J bpl[nt ~burbpfrg ~wuurwurnt11 ~~ lllwmo tLfrUfu1lbp lt ~fr"fbppn! flhf' { op{Jnqn11wl lt 

frqnqn!.wl ~burwqHp ) 1 

1030 'l-ur11bt y = axn l[npbpfr p11urwLfrl!fr op{Jnqn11w1 ~hurwqHpp • Cllu.tmo x2+ny2 = C• 
1040 'i-urflbl y 2 = ~p(X- a) "fwpwp ntflhpp p1lurw11frp fr op{J nqn1lwl ~burwqHpf! 

( a-11 l!funwflp j!p "(Wf'UJUburp11 ~) I !llwm o Y= Ce -! / <;> 

105. '1-urflbl x2 - y2 =1l ( a-11 UL Wf'IJIUburp u 4npbpfr pLurwLfrl! fr op{JnqnLwl ~b

urwqJ bf'l" Cllwmo y=C/ XI 

106. '1-urf..bt x2+ y2 = 2ax l f'tw11wqJbpfr f!1lurw11frpfr op{Jnqn1lwl ~burwqJbpp 1 ClJwmo 

Cp2w1lwqJbp' Y= C(x2+y2) 1 

107 o <J.urLbl W]11 ~w•lwuwp UfwpwpntHpfr op{lnqn11wl ~ hurwqJbpp 1 npn11p qwqw

{JntJ znzwzf.nw b11 urpqwJ "''lP'll! ' !llwm o bfJb 2p- L "fwpwpn1Hpfr "fwpwJburp11 ~ k 

urpqwq "''lP'l11 p11'1nt11qwJ t np"(hu Oy wnw11gj! , UJ"{IJI ~burwqJbpfr ~wqwuwpntJp lttfr11fr 

2 .- 2 3 

y+C=3V P X21 

=C(Y2+ 2x2) 1 

109o '/>m'blrl (x2+y2) 2=; (x2-y2) 3 2 

tlwm . (x2 +y2 )2=Cxy ~ 

1100 <J.urU1 x2=2a (y-x.,f3) 

( a- 11 z/1nz/1nfuw~w11 "(UipwJburp u' bfJ ir 

(J) = i{)QO ~ wuurwurntf.. w1l~jnt111 

ltnpbpfr f!1lurw1lfrl!fr /rqnqn11wl ~burwqJbpf! 

~ burwqJbpp f!1lurw11fr l! /r qJbpfr ~bur ~wqJntJ bb 

Y'=
2y-f3 

X 

y'-tg w 
lt y'-1! z/1nfuwpfr11ntJ b111! Q=-= l + y' tg W wpurw~UJjurnt{JjwUpl b[Jb W=600, 

v·-f3 y'-f3 2y - -
LUI'l"' q-· --:=-- t. uiiiw'bnLJ lz'bi! ---==--y ;j 'lfrtfbpb'bufrwL r.w.Jw-I+f ay · ' I + Y' lr 3 x 

uwprnJ/!.1 y2=C(x- y{ 3} f!.'b'l r. w'bnLp fr'bmb'ff'LU/f!. ~urw npn'b.fn'l r.bmw'l~lzp} 

e'burw'bfri!f!.l 

1110 '1-urHL y2 = 4C X "fwpwpn[Hpfr e1lurw1lfrl!fr frqnqn11wl ~burwqHf'l!• bpp 

6 2y - x 
v-a rctg~ 

w=450, 4Tiwm. y2- xy + 2X2= Ce 7 xV7 1 

1114 

., 
112. 'l-ur11bt y =Cx nuzfr'l11bpfr f!1lurw11frl!fr fr'lnqnLwl ~burwqHpL UIJL 'lb"'I!P ~wJwp, bpp 

'w = 300, 450 , !1\wmo {nqwpfr[JJw~wL uulfrf'wl!.bf' 

I 2 v3a rctgz. 
x2+ y2=e x ; 

I v 

I 2arctg -'-
x2+.Y ~=e x 1 

1130 y=C1ex-;- c 2c- xl U.purwl!ubl C1-p Lt C 2- p • !llwmo y"- y =O: 

1140 '1-urflht wj11 P"l"f' Zf'!UJLwq J hpfr 'lfr !p bpb!.gf•wl ~wqwuwpntJp , npnL I! pL~wq bb 

JfrltLnt j 1l ~wp{JmfiiJwL Jb~: Cllwm . (l +y'2 )Y ' " - 3y 'y "2=0o 

115o '1-pbl bp~pnpq ~wpqfr wjL P"l"f' ~h!.urpnLw~wL ~npbpfr qfo.'pb pb!.gfwl o;wqwuw~ 

pndp, npn11g 'llfuwqnp wn.w1lgj! Lhpp ~ wJpL~LntJ bL Ox, Oy w nwLgj! Lbpfr ~bur t 4Tiwm. 

.x(yy"+y'2)-y'y=O ~ 
1160 Spqw J b11 y " '- 2y" - y' + 2y=0 '1/rff. bpb!.gfrwl ~wqwuwpmJp lt Lpw 

y= C 1eX + C2e- x+C3e2' [!.'b'l ·'w'i,Ll' l'"JnLtff!.l 

11/w ~wLrqntJ f 1) uurmqbl, np ~npbpfr urqJWL pLurwLfrp11 frpnp 

f!11'1~w11ntp tn<Jn,Jo 2 ) qur!.bl Jwu11wqnp t••Jn,Jp, bpp x =O, 

y'=O, y" =-1 • 

117 . SpqwJ h11 

f!11'1~w1lntp tn<JntJp • 

~wL'Ifruwf..ntJ t 

ntLhLI! y = I, 

11/w ~wLrqntJ f 1) uurntqbL 1 np ~npbpfr urqJwl pLmwLfri!L frpnf! ~w11'1fruwf.n,J t 

p11'1~ UJ11ntp tn «l ntU I 2 ) qur!.bl WJ11 fr11urbqpwl ~"f'l' • np11 w11gf.ntJ t {1 1 2 ) ~burnq , b{Jb 

WJ'I ~burnt.! znzwzf.n'll' Ox wnw11gj!p ~bur ~IJI'lUn LJ ~ 54° w11~j nt11 t 4Tiwmo Y= 

~ - 4 
=- ,fxJ+-~ 

3 3 
f>1lurbqpbl bp~f'"f''l ~ wpqfr Jfr l!w11fr "(Uif''lw'lnLj11 urfrulfr '1fr!f>bp h11gfrwl ~wqwuwpntJ11bp , 

npn111! pbpqntJ H wnwt fr11 ~IJif''fP ~wqwu wpJw1l 1 

11 8. xy "'=3~ lll•um. y= x2Jn x-- C1x2+ C2x-t ( 3 • wnw'ba~~w o'l'l.bL x= l, y = l, 
Y'=l, y"= 3 u~qp~uu~w'b "LWJJu,'b'bbpf•'b pwqwpwf"''l Jwu'bwqnp LnLlinLJf!.• 

m!x m+n 
0 

+ C1xn- LJ-... + Cn- lx+ Cn• · 
(m ,. n)! 

120. y"= a2y 1 llltum . ax = ln (ay+ { a2y2.r C 1)-i-C2 ~ · .r y=C 1eax+ C2e- ax, 

a 
121. y"-- lllllim. (C1x+ C2)2= C1y2-al 

~ -yJ. 

122-125 opfr11w~UpmJ wnw11l.LwgLbl X=IJ, y=- 1 7 y ' =O uhp'bw~w'b "f"'J-

Jwi'bbpfr'b pw•fwpwpn'l lftuu~ltuqnp l"LJn• JP., 122. xy"- y'=x2eX llluom . Y= 

= eX(x-I)+ClxLJ- c 21 Uwu'bw.fnp L"L~IILJ~I t y= e' (x-1)• 123. yy"- (y ' )2+ 

+(:¥')3=0 1 lllwm. y + C 1 lny= x+C2 , Uwu'bw.J"P L"'~"LJ~1 t y=-1~ 124o y"+ 

+ . I 
Y' tgx=sin2x 1 lllwm . y=C2+ C1s inx-x--s in2x • Uwu'bw.fnp l"'Jnuf'b t. y= 

2 
=2 sinx-sinx cos x-x-J, t 2j. ( y" )2+(y ' ) 2=a~ ~ lllwm. y=C2-a cos(x + C1)1 

lJ'ouu.,wlfn/'f"L~utJ'b t .J=<J-1 - aCOSX, y=aCOSX-(a+ J)I (8 n L fJ n L ,f, '9wpwJ/rur-

J8i 



1 2 
l'"'~"'-;, urb-ul?~' I; y" = acost, y'=asint)• 126. y" = 2-• fll,., ... Y=±-

3 
(x + 

• y 
+C 1) 3 /2+C ~ · 127. y"'=y"2, ~~"''"· Y=(C 1-x( [In (C 1 -x)-1J + C2 x+c3• 

128. y'y'"-3y"2=(), fllwm. X=C 1y2+ C2y+C3 t 

/lf,urluurbl ' b"'b.Jwl 'wumwmntfl 'l"l't)w~frgHpnt{_ 'll}wJfrfl 'lfrfPbphLofr•uL 'wt{_wuw

pmJUI'l!• 129. y"-9y. flloum. y=C 1e3'+C 2e-3<, 1:!0, y"-~-y=(), fllmm. y= 

=A cos x+B sin X• 131. y"-y'=:dJ, fllwm. y=C 1+C 2ex, 132. y"+ 12y=7Y'• 
~"""' y=C 1e3X+ C2e4x, 133. y"-4y'+4y=0• fllwm. Y= (C 1+C 2x)e2', 134. y"+ 
+2y' +10y=O, fllwm. y=;-x(A cos 3x+B sin 3x)• 135. y" +3y'-2y=0• 

-3 n'"i7 -3 vi7 
--~~-x x 

lllwm. y=C 1e 2 +C 2e 2 136. 4y"-12y'+9y=0 fllwm. y= 

=(C 1+C 2x)e 3/2x , 

I [ , ; :-
--;-- x A cos .!Jx \ 

fllmm• Y=e 2 ( 2 ;+ 
+B sin( ~3x)], 

131!. bp~m· Jfrwtnbuw~ pbtt ~Wplt/_Uit) bfl ll_UUfW!,w~fr .J.wJppgt '1-tnf.b/ WJfl zwpcfntJ(!, 

"l'l! Hwmwpfr f!bnHpfrg Jb~l!• bflb JJ"<Uf! "!"~"-"' «twm. X=acos ( V g t \ 
a I• 

npurb'l a - fl O:wt[_wuwpwhnn<fiJwf, 'IPI'I!n<J Jb~ mclfr wq_f1bgn<f1Jwfl mw~ qu"fwflw~fr bp

fJwpwgJwfl 1w.ftfl t• 
139. tn qwfllft/_lut) trtflbgn'l_ fiJn<flw~wfl ~btn(! bp~n< ~bflmpnflflbpfrg Jlr<['Wj!WfllJntpp 

~n'lJfrg A'lt/..n<J t WJL"'fru{t ntcfnt{_, "l'l! O:wJ.bJwmw~wb t 'bnwt{_npn<f/Jwfll!' l.wJbJw

urlll~wf.ntfiJwfl pwq_Jw·UfWtn.~frll! O:w<{_wuwp t k-fr• IJ.bflur.pnfJHpfr ' bnw••[npnrJIJn<L[! <:w

t/_wuwp t 2c-fr• Uhf!flw~wf, "'wO:frf, ~b"'l! 'lurflt{_ntJ tp ~bflurpnHbp[! J{rwgfln'l 'l.tfr t{_pw' 

flpw Jfrtflw~bmfrg ntflbf,wln.f. a O:bnwt/_npn<f/Jn<fl(!t U~qpflw~wfl Wf'Wlftr<fiJn<fl(! O:wt{_wuwp 

I; 'll'"JP' '1-urUl ~bmfr zwpJJwfJ opbfll!l! ' «twm, X= acos(V !xt} 

HO. yiV-5y"+4y=O. lllwm. y=C 1ex+C 2e-:r+C3e2x+c 4e-2x, 
141. y'"-2y"-y'+2y=0, tlluun. y=C 1e2x+C2e'+C3e-x, 142. y'" -ciay"+ 
+3a 2y'-a3y=0• tllwm. y=(C 1+C2x+ C3x2)eax, 143. yv-4y'"=:(), · 

~ouua. y=C 1+C2x+C3x2 +C4e2·+C5e- 2x, 144. y!V+2y "+9Y=o• 

411wm. Y=(C 1 cos f2X+C 2 sin y2x)e-X+(C3 cos -{ 2x+C4 sln y:f'x)ex, 
14.5. yiV-8y"+ J6y-O, fllwm. y=C 1e2x + C2e-"X-f-C 3xe='+C4xe-2x, 
146. yiV+y=O• 

X X 

41 wm. y=evz( C 1cos{
2 

+C 2stn{2 )+-~;~ -y--z ( C3cos f"2+C~sin{2} 
147. yiV-a4y=0, '1-mflbl (!fl'l<:wfln<p tn<JntJ[! b. wnw!.d.Lwgflbl WJfl Jwuflwt{_np l"<-

~ntJ(!, "l'l! [!wt{_wpwpntJ t y=L y'=O, y"=-a2, y"'=O, bpp x0 =0 

uhpflw~wli "'"'JJwf1Upfr1J, "lwon. f:J,'I O:wfln<p L"<t}ntJfl f y=C 1 eax+Ca e- ax + 
+C3cos ax--j-C~sin ax. ll"Uiu'bu,.fnr I"L~nLII'h ~· y0=cos ax. 

/lf,.,J,'Il'bl O:burkJwl wHwJwubtt 'l.twJ/rfl 'lfr!f>bpb!.gfrwl ~wt/_wuwpntJHp[! { 'l"'f,hl 

12x+7 
l!f,'lt:"'L"<f' lntJntJf!)· 148. y"-7y'+J2y=X• ~wm. J=C 1e3X+C,e4X+ -- 1 

- 14 4 
166 

' t+ l 
1(9. s"-a2s=t+1• 4lmm. s=C 1eat+C 2e-at---• 150. y"+y'-2y=8 sin2x• 

a2 
1 

~wm• y=C 1eX+C 2e-2x--(6 sin 2x+2 cos 3x)• 151. y"-y=5x+2• lllwm. y= 
5 

=C
1
eX+Ce-x-5x-2• 152. s"-2as'fa2s=et (a=f:1)• lllwon. s=C 1eat+C2teat+ 
et . 1 

+--, 153. y" +6y' t-5y = e2x, lllwon. y=C 1e-x+C 2e-5x+ -e2x, 
(a-1)2 21 

1 
154. y"+9y=6e3x, Cllwon. y=C 1 cos 3x+C2 sin 3x+-eJx, 15[). y"-3.y'=2-6X• 

3 
~won. y=C 1+C 2eJx+x2, 156. y"-2y '+ 3y=e-xcos X• fllwm. y= 

- - e-x 
=eX(C 1cos y2 x+C 2sin f2 x)+--(5cqs x-4 sin x)• 1S7. y" j 4y=2 sin 2x• 

41 
X 

tlwm. y=C 1 sin 2x+C 2 cos 2x- -cos 2x• 
2 

y=(C 1+C 2x)ex+c3e2x_x-4. 

~wm. 

!58. 

159. y1V-a4y=5a4eax sin ;lX• 

160. y!V +2aly"+ 

161. '1-mflht y"+k2y=0 O:wt{_wuwpJwfl "'lf, {rflurb'lf'WL ~"l'l!• npfl wflgfln<J t 

M(Xo· Yo) ~btnnt{_ It UIJU ~bmntJ znzw.pn;J t y= ax nt'l_fr'll!• fllwm. Y=YoCOSk(X-Xo)+ 

a 
+kslnk(x-x0)• 

162. 9-mUl y" +2hy+n2y=O O:wt{_wuwpJwfJ WJfl tn<t)n<Jf!, "l'l! pwt/_wpwpntJ t 
y=a, y' =C. bpp X=O uhpflw~wfl "'"'IJwflfJbp{rfJ, «twm. bpp h<n 

y=e-hx a cos v n2- h2x+-= sin r ~~2-J:2 x , bpf! h= n ( 1 -- C+ah .r-- ) 
\ ,I nL h2 

C +a(h +Y~) -(h - Vil '- n'J~ 
y=e-hx[(C + ah)x+aJ, bpp h>n - e 

2{h2 .. 11 2 

C+a(h-{~) -(h+Vh' - n' )x 
e 

2{h2-n2 

163. '1-mHL y"+n2y=hsinpx {p +- n) O:wt/_wuwpJwf, WJf, ln<Jn,J[!, "l'l! pw.f.w· 

pwpntJ t y=a, y' =C• bpp X=O uhpflw~wfl "fWJJwfJHpfrflt tllwm. y=cos nx+ 
C(n 2 -p2) -hp h 

+ sin nx+- -sin px. 
n(n2-p2) n2 -p2 

16(. 4 ltq ~znn'l [!btt{! ~wfut{_wJ t q_u"fwflwVg It flpw bp~wpn<f/Jmflfl wt/_btwgflmJ t 
1 ud-nt{_t '1-urUL WJ'I pbnfr zwpJJwfJ opbfln. hflfJw'll'blnt/_, "I' 'I_UUfwflw~fr t{_bpfrfl t)"'Jl'l! 

Y=sin y'" 100gt opbfJ11nt/.. ~wurwpn<J t 'wpJnfiH mwmwflntJ, npmb'l y-l! lw.ftt/_n<J t 

~ n < <} n < J' x-nt/_ · flzwflw~bf,l! phnfr n<rl'lwd.fr'l ~nnp'lfrflwml!' 'wzt{_wJ 'lw'fwpfr t/Jr· 
&w~{rg, ~ntflbflwfll! 

4 d 2x 
- -=-k(x-y-1) q d (2 , 

167 



npmb'l l-p Wl[Uiut 1JtG.w~ntJ l[UU(wf.w~fr bp~wpn<f/Jn<LL ~ b. k=400, frLLU(bu t; bzm ~ 

d2x -- · 
UlbULb[ uhpf.w~wf. U(UIJJwf.f.bpfrs• U.Juutb'lfr9 -+ 100gx=100g s in {IOOgl+ 100 lg' 

dt 2 

U.Ju t;wt{_wuwpJwf. Jwuf.wt{_np frLmb'ff'WL£1 U(bltlp ~ n.pnf.bf.p 

I(C 1 cos {100gt+C2sltl {100 g t) + L 
'utbupnt{_, pwLfr np t:wt{_wuwpJwf. wl Jwufr wnwrfrL wL'fwJp JmLntJ ~ t:wJwubn <: utt{_w

uwpJwf. l"'t}Jwf. Jbpr 

165. luL'1frf' 139-fr U(WJJwf.LbpntJ uhpf.w~wf. wpw'fn<f/Jn<L[! <:wqwuwp ~ v0-fr iL 

.n''l'lw<:wJWO ~ ~bf.mpnf.Lbpp Jfrwsf.n'l nL'lf'lfrL r '1-mf.bt t:bmwlfJbf'l'' 

{" L <In L J 1 bflb ~nnp'ffrLwmLhpfr uhpf.w~bmp t{_bpsLbf.p ~bf.utpnf.Lbpfr Jfrtb. b'lwt} 

t:bn.wt/_npntf/Jwf. Jfrtf.w~butn<J, WU[W zwpJJwft 'ffr:f.bpbLsfrwL t:wt{_wuwpntJLbpp ~ntf.bf.wf. 

d2x d2x 
t:hutiLJWL tnbupp. m-- = k(C-x)- k(C + x)=-2kx' m-=-2ky I Uht·'hw~w'b 

d 12 . d t2 

U(WJJwf.f.bpp, bpp t=O' 

Pf.tnblfpb[nt{_, rpnf.ntJ b'Up• 

x=a, 
dx 
- =0 y-0, 
dt 

dy 
- =v , 
dl 0 

x= a cos ( V!kt). Y=Vovm si n (V2
kt)· 

2k m 
x2 y22k 

U.Juutb'lfrs -+--==1 
a2 mv ~ 

166. l.npfr'lnf.w~wL fun'lnt{_w~p W <:wumwmntL wf.~Jn<f.wJfrL wpw'lmfiJwJp U(uttnt{_ntJ t 
nL'l'lwd.frlf wnwf.opfr zntpf['• /un'ln.J.w~fr f.bpuntJ utb'lwt/_npt{_wt} 'fntf.'fp wnwf.9 z.ftJwf. un• 

'l"uf t fun'lnt/.w~nt{_t '1-utLbt 'IL'1fr zwpJJwL opbLn, bflb uhpf.WU(UI'"" WJL lfutLt{_nul ~I' 

U(ututJwf. wn.wf.opfr t{_pw b. ntLbp v0 wpw'fn<f/Jmf. (/un'lnt/.w~fr bp~wJf.pnt/_)• 

Vo =-(e"'t-e--wt), 
2w · 

IJ[rpwn.btn.J. ~wJwJw~wL <:wumwutntf.Lbpfr t{_wpfrwsfrwJfr Jbfln'fp1 frLmb'lf'bl <:blllb.Jwl 

'lfrf>bpbLsfrwl <:wqwuwpntJLbpp· 

· 5 slnx+7cos x 
167. y"-7y'+6y=sin X• Clwm. y=C 1e'+C 2e6x+ · 

74 
• 

168. y"+y= sec X• 

I 
169. y" +Y I 

cos 2x {cos 2x 
frLmb'l:f'bl t:bmkJwl mwprbp utfr"'fr <:wqwuwpntJLbpp. 

170. yy"=y '2+J, 41lwm. Y=2~1 [e CJ(x-C2l+e-C,(x-C2)), 17). 

+cos x In cos X• 174. (l + x2)y'-xy-a=0• llwm. y=ax+C{l +x2
• 

y 
y dy y sln--

115. x cos- -=y cos---x• tq,uuo. xe x = C• 176. y"-4y=e2Xsin 2x• 
X dx X 

e2x 
41J..,m. y=C 1e-2x+C2e2x-2o(sin 2x+2 cos 2x)• 

41Jwm· (In x+ l+Cx)y=l• 178 . 
Clwm• 2x + y-31n (x+y + l)=C• 179. 
Clo.um· tg y=C(I-ex)J, 

177. 

(2x+ 2y-l)dx+(x+y-2)dy=o• 
3e' tg y dx f (1-e' )sec2 y dy=O, 

ftfunb'fpb[ t;btniLJW[ t;wt{_wuwpnufllbpfr t;wJw~W(I'fh(l(!• 

dx dy 
180. -=y+ l, -=x+I, 

dt dt 
"'"'JJwf.'HpfrL pwt{_wpwpn'l Jwuf.wt{_np [nL.tntJLbp£!1 41lwm. Y=C ]e1+ C2e- 1-1' x= 
= C1ei-C 2e- t-I. Uwu'buufnp LnLt}nLJ'b t• x"'=-e- t-1, y"'=e-1-1, 

dx dy 
181. dt=x- 2y, dt= x-y' f}.nw'bJ.'bw9'bb 1 X= I, y=L bpi' t-0 uhl''bw~..,'i, 

"l"'l'l"''b'bbpfr'b pw1wpwpn'l ,fwu'bw1np LnLt}nLJ'hbpe• 41Jurm. Y=C 1cos I+C 2sin t, 
x=(Crl--C 2)cos I+ (C 2-C 1)sin t• Uwu'hw1nl' 1nLJn•J'b t• x*=cos t-sin t, 
y•=cos t• 

182. ( dx dy 4---+3x=s in t, 
dt dt 

dx 
-+y=cos t• 
dt 

41lwm. x=C 1e-t+C2e-31 • 
y=C

1
e-t+3C 2e-3t+cos I• 

183. ;•d 2y =X 
dl 2 ' 

Clwm. x=C 1ei+C 2e-t+Cacosi+C 4slnt, 
y=C 1ei+C2e-t-C3cos I-C4sin I• 

\::: =Y• 

184. fd2x dy 1 . 
- + - + x=e, 
dt 2 dt 

\ d~ d2y ,.- ..... 
-+-=1· ~ 
d I d 12 ' 

185. fdy=z-y, 
dx 

) dz 
\ dx =-y- 3z• 

186. ( dy -+z=<l, 
dx 

dz 
-+4y=0• 
dx 

1 
41lwm. x=Cd=C 21fCJI2-6t3+ e1

, 

y=C4 - (C1+2C 3)1-
1 . 1 1 

--(C -1 )12-- C313+- t•-et, 
2 2 3 24 

Clw ... y=(C 1+ C2x)e- 2x, 
z=(C3 -C ~-C2x)e-2x, 

411wm. y=C 1e2x+Cle-2x, 
z= -2(Cle2•-C2e-2x ), 

169 



187. {dy -+2y+z=Sin x, 
dx 

dz · 
~-4y-2z=cosx• 

188. · dx 
dt=y+z, 

dy 
-=x+z d t , 

dz 
-=X+Y• 

,dt 

l89.1dy=1-_!_, 
dx z 

dz I 
dx-y--x_' 

.190. fdy=.!., 
dx yz 

\::=> 

tlwon. y=C 1+Clx+2 sin x 
z= -2 C1-C2 (2x+l)-

-J sin x-2 cos X• 

Glwm. x=C 1e-t+C 2eat, 
y=C 3e-t+ C1eat, 
z=-·(C J+CJ)e-t +Cleat, 

Glwm. z=C
2
ec,x, 

1 -C,x 
y=x+--e clca 

3 
zy2--xl-C, 2 - J 

flwntJflwufophL, Wf''11"ll ~wJn'fJ t t:btnftJWL qfr!phphLgft~l · t:wt[wuwpntJ£6pft t;,.Jw

lf.wp'fhpfr t:wJwp· x=O, y=O l"'~nulpr 

- 2x-3y, 191. fdx 
dt 

ldy 
· -=5x+6y• 

dt 

192
' {:; =-4x-10y, 

dy 
-=x-2y• 
dt 

·193. f dx dt=l2x t- 18y, 

) dy =-8x-12yr 
\ctt 

.194. 9-,Lbl y' =y2+x <wt[wuwpJwfJ w1fJ L"'~JwfJ Jnurwt{np wprlh[1Uf'f!> np(! pw• 

t[utpwpnul t y =], hpp x=O U~'l.pfJw~wfJ "fUIJJwlJft&r '1-urfJhl L"'~JwfJ wprlhp[! 

X=O,l; 0,2; 0,3; 0,4; 0,5 wp<llretlspf! 'llr"lenLJ, flwm. y(0,5)=2,230t 

170 

:·· .. 

dx 
-=Y·- X, 
dt 

dy =-X·-3Y 
dt 

::::<wt[wuwpntJLhpft t:wJw~Wf''ffr wJL L"'JntJLhpfr Xt = l.4 I. Yt - !,4 

• .• ·wprlh
11

Lhf'f!• npnLp pw•[wpwpntJ hL x=O, y= I, bpp t= I uhpLw~wL 
-": ·: ,~&, Utnwgt/.wJ UI(I'IJ"'"liLbpp t:wJbJwwhl G.z'fpfrur wp'fJ"'LpLhpfr '""" 

Jnurwt{np 

"fWJJw!JLh-



XIV 'l-l n fl.lu 
~U.!!lfU. (f}U.Sl'4 l''llstq.ru.L 'lltr 

§ 1. l.Jp~UW~~ ~\Jmtq.pwt 

Oxy ~.w,p·fJntfJJw'iJ Jh2. r-pfr.mwpf[b'iJ.p L qrtnt/_ uw,~Jw'iJw!fwlft/_wrt D !fwf[* 

mftpnLJ.fJI!' . 
?.ft9"4f! D ,mjl{rnotJ{JntJ mp•t/_wrt t 

z=f(x,y) 

w'bl!'iJ'I~wm f/>m'iJlfsftw'iJ, 
D mfrl'"'lfJI! n.p·ut q~bpn·t/_ :mpn~b'iJ.p n Jwubpft' 

('i.l;q. 292), npn,fls w.'iJt/_w'ilbtnL b·'il.p )wpofowf[flhp: Unp u:ftJt/_nt'ilbp tJntdibtnL 

{wJwp ~s 1 , ~s2 , ... , S~n-n· t/_ f['ilzw'ilwf[b·'il.p n:t J jftwi''b ~.wJwUfwmw•ufuw'iJ 

0 

t:wpfJ;wf['iJbp.ft uJ'iJt/_w'ilntJ'ilbpf!, wuk 'iJpw'ils Jw~ 

f[bp;bu'iJbpf!' Bntpw.pwflU"'l' ~St ~wpfJwlfn~J 

(Jftlt'iJ,nLJ·'iJ'iJ f 'iJb[11un~J f[iuJ bq_p,ft qpw) t/_Aps

'iJb'iJ.p Pt f[bmf!· UIJ'f 'lbUf.pnLJ f[nt'iJb'iJw'iJ.p n 
f[h.ut.hp·' Pt, P2, ... , Pn' f(Pt), f(P2), i(Pn) 

· -nt/_ 'ilzwflwf[b'iJ.p !pnt'ilf[sftwJft wprfb.p'ilhpf! 

l!'iJmpw.t f[bmbpntJ U. f[wq_Jb'iJp f(Pt}~St mbu

.p[r UJ l''" UJ '11' JUI l'iJ b f'P '1-" LJ UJ ['[!. 

V n= f(P 1 )tls 1+f(P 2 )t.s~+· .. 
!1 

... +f(Pn)tlsn= L f(Pi)tlsi' ( l) 
I= I 

U.Ju qntJiupf! lfntt/_ntJ t D mftpntJfJ'ntJ 

f(x, y) !pnt'illfs·ftwjl• ~wJwp~&.mhqrwtWJ~&. 
q:nulwr: 

• D urfrpn<JPI! ~nllf..ntJ t .j.w~, bpb WJ'L uw->Jw'Lw.frw~lf..w~ t .frw~ '1~nlf.., lL b'l.f'W'f~fr 

~burbp(! U[Wur~w'LmJ h'L D ur{rpntJPfr'L• 
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bjJ1h D 'UT!Pf'"LJfJnul f;;:::O, W11JW J"'l''wpw'iJunL[" f(Pt}~St qntJwphlifr 

lf_wpb'Lir t h,plflf"wl:w!fnpb,'iJ 'iJbplfwJw!J'ilbl ll'[IIU(hu ~St ~ftJ.p U. f(Pt} pwpd.f1inL~ 
p !'" L'iJ n t'ilib:s n 'l tf "PI' 'l-l UJ 'iJ{r rt UJ t/cw•l_t 

Vn-;[! ~UII'iJ,'Ifr 'uw.'iJnLJ t 'ill't/_wrt mwppwf[w'iJ '1-lw'iJ'iJ:hl"ft .tw•t/_w:l•'iJ,bpft qnt~ 

Jwpf!, UIJup'iJ.p'iJ' Jp 11f111l ((UJumft-Aw'iJwJ.UJJ JwpJ'iJp qUJt/_Wlf! ('iJf[, 293)t 

?ftmw,p•lfh'iJ.p mt/_JWL D mftpntJflft ~wJwp f(x, y) f/>nt'illfoftwJIP .J,ftf.'"'9"'"

i[•wq_Jt/_w.t 

(2) 

fr.'bmb'N'wlw!ft·fl qntJw.p'iJbl'lfr f[w.J,wJwlfw'iJ ~.w2"l''1wlfw'iln4JJn~'iJi!' D 'J/1/t~ 

pntJ'fJl! n Jwu:bl"ft mpn~Jw,'iJ ,m:wppbp b'lw'iJwf['iJbp.fr ''lbUfi!"'J ,b'iJ•fJw'fp·bl'nL 

b.'iJ·.p, np ~Si ~wp{Jw; f['iJbp,ft ml"wJwq.tbp.fts wnwt/_htwqntJ''iliJ! d.qmntJ t !lf..I''"'~ 

IP• b·pp nk-----+001 u.J'I rjhut.pntJ frpwtf.wsft t tft'ilnLJ ~.b.m!UJWL UJ'il''f'nLJf!, ":PI! 

pbpntJ b'iJ.p wnw'iJ9 UJUfW9"'J9P' 

fi' b n· f' 1b J 1 , bph f(x, y) ~nt&.~g~wft tu&.p&.q.G.wm t D t}tw~ m~rntJ
pnui, h hph ~s 1 fiwrpw~&.hr~ mrwtiwq~hr~g wnw~htwqmJ&.p b.qmmti 1; 
qrnJ~• ~u~ n-----+oo, wu1w qnpnpJnt&. m&.~ (1) ~&.mhqrwtWJ~&. qnttlwr&.hr~ 
(2) liw~nr:qw~w&.ntpJw&. uwfitiw&.p: U.J:q uwfitlw&.p ti~hfmtJI't&. 1; (2) mhuf~ 
gw&.~wgw~ fiw~nr:qw~w&.ntpJmt't liwtlwr, WJu~&.f&.' WJG. ~w}u~w~ £,1; ll( 

D m~rntJpp. t. St fiwrpw~&.hr~ mrnlitlw&. hqw&.w~~g, nl. tt tl St 6wrpw~~ 
lihrumti P1 ~hm~ p&.mrntpJntt't~g:. 

ll.J'I u.w•~Jwh!f! ilfntt/_ntJ t f(x, y) f/>nt'illfsftwJft ~rl1&.w~~ ~&.mhqrwl '/!um 

Q '"Pl'"!-JP/t Lt. 'ilzw'ilwf[t/_ntJ t WJUUf bu. 

J Jf(P)ds f[w#1 J Jf(x, y)dx dy, 
D D 
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U.J'umh'l D ·mppnLJfJI! "n:_.f:nu! t ~&mhqrdw& m~rmn~: 
bp h f(x, y) ~ 0, WU[ w f( X, y) [/>n Lb'"BPWJ/r "pqbw"p pbmhq1pw lb [!UUI 

D mp,pntj{J:p ·£;wtf_wutu[' t ·WJ'b Q :!wptib!p Jwt/_wt,fb, npf! uw·.t;Jwbwtftw"-

1}_w,} t z= f(x, y) J w.4thpb.ntJflnq, z = 0 ":wf'fJntfJ Jw:! p b. :! p 'll"''b"' ~~'it 
Jw"bpb.ntJfJnq, npp Jbp]_'i..bp[! 'l"L'fw.t;bn bfl Oz wnwbspfob, pu" nt'l_

'l"f''ll! D Ulff'"LJ{Jfr ht[('UI''ffJb ·t (L". 294)1 
U.J b n L.t; b m b., j!b b wp4 bbp 4 p 4 b w 4 p pbm b 'ff'W lP J w up b .t; b m b.JLU l f1 b n

pbJbbpf!• 

{1- b n r ·h:! 21 br~lll ~nt&qg~wf.hr~ cr (x, y) +'¢(x, y) qnnfwr~ qprq
&mq~ ~&mhqrwl& pum D m~rm.w~ liw!J..wuwr t pum D m~rntJp~ wnw&-
0.~&-wnw&a~& W.J'l !pmf,llg~wf,hr~ qrq&wq~ ~f,mhqrwtf,hr~ qntdwr~&. 

J J['f(X, Y)+~(x. y)Jd~= JJ'f(X, y)d3+ JJ'f(x, y)ds1 
D D D 

f1' .b .n_ f1 ,b ,f 31 .Zwumwmnt& pwqtfwUJ.wmq~zp qwrht~ t qmru phrht -
qrq&wq~ ~&mhqrwl~ &zw&~g. hph a=const, WUJ.W 

J Ja<p(x, y)ds =aJJ'f(X, y)ds1 
D D 

U.Ju bp4nt [JbnrhJ'i..bpp WUfW9nLJ9bbf'f! 4wmwpqntJ bfJ -G.folm wj'i.J

U{b.u, pb]_U[bu npnzJwl fo'iitnthljf'W[p ":w:!wp .t;w:!wU[w•mwujuwb fJhnpih•:!bhpp 

LUUfLU9nLJ•9bhp'f! (mhu I .t;wm. XI 'll• § 3): 

{1- h n f' .b J 4 I bt~h D m~rntJp(l pwdwtl!J..w~ t p&qfiwlintr r.hrf~{i qh~ 
mhr 2_nt&hgnq 0 1 1.._ 0 2 hrqm m~rntJp&hP~ 1.._ f(x, y) !pmliqg~mli wli
pfttpitum t D m~rntJp~ pntnr qhmhrnuf, wu1m 

0 

JJt(x, y)dx dy= JJt(x, y)dx dy+ JJt(x y)dx dy1 (3) 
D D 1 D 0 

U. Uf w 9 n L9 n L J 1 fum D mpp•ntJfJp ,fr,fl-tnhljf'LU[LUJpb ljntJwpf! .4w
f' b LP t Lt h f''" w J w 9.t tbt 

~ f(P 1 )~s~= ~-f(P 1 Ps i+ ~f(P 1 )~ s 1 (4) 
U D 1 D 2 

mhU\(!nq (L4. 295), npmh'l wnw~pb qmJw

l' f! ~w p n·tb w" n LJ t D 1 m'ppn LJ[i/lp .t; w p

[Jw"bhppb .t;wJwU[wm'w.ujuwbn'l ljntJw

pht.fr'i..bpf!, pu" bp"f'"f''ll!' D2 mfrpntJfJ/r 
.t; w p·fJw 4,L,b ppb -<:w,:J w Uf w mw ufuw b n 'l 'I"L-: 
:!wph[pbhpt Ppnp, j!LUbp np "p4flw4fo pbmb

'1-f'lUlf! "wfu4_w,} zJ mpn.::Jwb h'l_tubw"frs, lUU[LU D mfrpnLJfJfr mpn.::nLJf! 

"wmwpbbj! LUJbU[bu, np Dt It D2 mppntJfJbbpfr f!b'l.t;wbntp b'lpwqpJf! 
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-<:wb'fpuwbw [\s1 .t;wp[Jw"bhpp b'lpwqpJt (4) .t;wqwuwpmfJJwb Jbt_ wbg

flhtn4. uw.t;Jwbpb, bpp L\St----+0, "umwbwbl! (3) .t;wqwuwpntfJJnLbf!l U."f!b

-<:wJm t, np WJU [JbnpbJb ppwqwsp t 9wb"W9WJ [Jqnq 'fnLJwpb[pflbpp 

-<:.wJwp1 

§ 2. 4p~bw~~ ~bm\iq.(IWL~ liw2_l\nul[! 

'1-fosnLI! Oxy .t;wpflntfJJwb Jbt_ 'lm1lqn'l_ D mppntJi(J-11 LUJ11Uffrufr11 t; np 

"""f''lfrbwmwJfrb wnwb91!bbf'fr9 npb.t Jb4foL, oppflw4, Oy .wnwbgj!pb, 

'l"'Ltpw...:h•n b_ mppntJ-fJP :b h p .p 1/r b * 4hm•nq w&.sfm'l wJh,b· Jp ntq}'l_ mjr

pntt,fJ.p 1h'll''l! .t;w-mn·tJ t N 1 b. N2 .h·r -4·nt '" 'hmbpntJ (114. 296 )t 
l;LfJw'fpnui b.b.p, np '1frmwp"qn'l_ rfh iU[/!nt:! D m.pf"nLJ.fJ-l! uw.t;,Jwbwtftw4-

qw,} t y= cr!(x), y=cr2(x), x=a, x=b 'IJbpm[, f!b'l npntJ 

<p1(x) <:<p 2\X), a<b, 
/ru4 crt(x) " (rz(x) !pntb"sfrwbhpb wb[!bi'l-.t;wm h~ [a, b] .t;w,tnqwJntJt . 

U.fu!Ufp•up .mfrpntJfJ-1! ".wb.4_Uilfi,Mr'-P qwlinliw!J..nr' Oy wnUiligf~ mqqntpJwdp: 
1.w·J~bJw.b uw.t;Jwb.f:n1J t Ox wnwligf~ ntqqntpJwdp qwlinliw!J..nr mfr~ 

jwrtJfJf!l 
Pb1_U[hu Ox wnw.b91!P nt'l_'l_ntfJfwJ.p, 'WJ1IUfbu tL Oy wnw11JJ.p.p nt'l_-

'l"'JilJwJp 4wbnbuuf:np utljrpntJfJbhpf! nuz'lw4.fr " :wbqwb.b,bj! f[wbnbwqnp 

mfrpntJfJt 296-f'-'1- 'IJwqpntJ 9 nLJ•9 t ,mpqwJ .t;b,fls D qwlinliw!J..nr m~rntJp~: 

'1-,fosnL..f! f(x, y) !pntfl"mfrwb wfll[!•b'f.t;wm 

t D mfrpntJfJntJI 

~" U1 w f' "'h 11 I! 

Io= f('J t(x, y)dy)dx 
· a ~ 1 (x) . 

wpmw,.t;w,rm·nLfJJnLbf! 1 •tr("b wfl.qwflbLnL •b.fr;l! 

f (x, y) !p-.ntft."ld'frwJfr qrqliwutwm~q fr11,mh'l

f'Wl f!UUI D ut,fr.pntJfJPI U.J'I tufimw.t;wj-
m.ntfJJwb ,Jbp_ bwfu .t;wlqnt:! hb tftw"wq~h- "h4· 296 

l'·P ft.bp up fr b'm h 'If' w N!, I! b '1- n {' nuJ fr b m:b lj-
pn1J I! "w mw pq n1J t I! u m y -fr 1 fru 4 X -I! ;; w:! w pq ntJ t .t; w um w m ntb t 

P-bmh,W'Jw,11 W£''1-J"t'b:.pf! L·frbnLJ t x-,fr wb[!b'l-.t;wm** !pntb"sfrw. 

• Sfrpn<Jflfr &brf~&. 4hm wub1n.f. <:wu4wfmLJ bbl! WJfl 4bmp, np{' lfr UfWm4whnLJ m{r

pn<Jflfr h'lpwqrtf.!J r 
•• cl>(x) !/m<fl4gfrwJ{• wflp!J'f<:wurn<f/JnLb!J UIJumluz.l.h!Jp WU(Wgn<gnLJt 
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cp,( x) 

<f> (x) = s f(x, y)dy1 
cpJ(x ) 

ll.Ju f/>nvh.IfoJr·wfr .frL•mb,qpnul bfrj! a-hJ JpLz:f·• b uw•-":JwfJ.LW'l'mJ 

b 

10 = J <f>(x)dx1 

ll.[t.I]JN"Lfrpn·LJ •u,m.W'91{nLJ t -":w.umwmnLh PJr.t/.t 

0 f' fo!. w ~ , 1/Jw~w!.t</_mJ { ~w2{I.L ~lunl.JWL ~p~!.w"'wurM fo!.urb'lf'"'ll! 

u .. ,,.[wl. !/Jnt!.~sfow!. fo!.urb'lf'hln{ 0-fos Jfo!.zt. 1 uw~Jw!.!.bpntJ, 'ltn!.nt.J" b!.l! 

I 

J(x4+ ~ }x=C~ +;_
77X= ~ +2

1
1 =~~5' 

0 

np•zh!.l! D urfopn<JPI!• S{JWL ,,"'I!"'J "f'"'hu D 'lfour{ntJ t 

y-0, y=x2, x=:O, x=l 

tl.bpn{ uw~Jw!.w.fwHwl. urfopn•JPI! (!.~. 29'1} 1 

~l'n'l ~ U[Wimui.\b[l .np D .mjtpnLJPI! lfi&.ft WJ'flt'lffr.uJth, n{'' y=cpt(x), 

y=cp2(x) !p.nufi4_,!Jjtw'flhpfos. J,b,Ifl! -1.Jt 4.wpn'l x-Jr ,Pn,P,nJunt.fltwL wJpn'lt. 

u 

0 0 a 

t~. 298 
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Jfotwq•WJ•.pnLJ (x=a JrJtfr.zlt x=b) .mpt/_b;l Jbq w.frwLJtuTfq W[11U1W-":wtmnL

PfWJp1 'lo,JtsnLIP, o[fl/thwq, a<c<b, l!'L''I npnt.J 

lf'l(x)='t(x) [a, cJ f.ullnrfwdnul, 

<.p1(x)=z(x) [c, bJ f.wuuJwt}nul, 

npm:b'l \j)(x )-p It x(x)-p .wfrwllfomjt'lJnp.bfr .mpt/_wJ- f/>n•L•lf·sJtwfrlbp bfl (fltq. 
298)1 ll.J'I 'lbuu~nLJ qpqfrwll(wmfolt Jtfrmbq.pww q.pt/_nLJ ~ WJull(bu. 

b(cp
2
(x) ) J J f(x, y)dy dx= 

a 'f't(x) 

= J(' Jf(x, y)dy)dx + J("'flf(x , y)dy)dx= 
a op1 (x) c 'ft (x) 

- J("'J>f(x, y)dy)dx+ J( 'f'Jlf(x, y)dy)dx' 
a ·¥ ( x ) c x (x) 

U..ru -":wlf:w,uwpn•PJn•IrLibpJto wnw'!.P~'l' q.pt/_wJ- -~ •npn2JW,l fr.Lmbq.pwLJt 
.\wJmfrjt -":wwqmpJwfr .t:jtJwL t/_pw, jtuq bpqpnf''ll'' zLnp-":jtq WJL pwfrjt, np 

[a, c] -":w•tnt/_wJ-ri~J cp 1(x)=cp(x), jtuq [ c, b] -":wmt/_wJ-nLJ' tpt(x)=X(x)l 

lipiqfrwU[IlliU1)foq ,frh1111b,q.pw[-Jt .t:.w·Jwp -":wJ.lllfJJwfr _q.pwnnLJp ,mb'l_jt ,qnL

Lhfrwp It wJL IJhuf.pnLJ, bpb cp2(x) !pnLLqsJtwfr [a, b} -":wmqwJ-jt mwppbp 

m b'l_w J w ub p:n.J mp't/_ bp mwp pbp w LwLJt mfr.q wp ur.w .t; w Jln'n,.P J nvh.L1bpn t/_ 1 

l.w.uurwlrib'hj! qpqfrwll(.wmpq· pfrm·hlq.('wLJt Jijt pwhft -":wurqnLPJnLMfr.b,p{!l 

2. w •m fr nL p J n• L 1 1 bph Oy wnw&gf~ mqqmpJwdp ~w&n&wtJ.nr 
0 m~rntJp~ Oy ~wd Ox wnw&gf~& qmqwfihn ntq~qntJ. pwdw&h&f 0 1 

1... 0 2 hr~m · m~rntJp&hr~, wtqw ~um 0 m~l'nLJP~ lo ~r~&wtqwm~~ 
~&mhqrwl~ fiwtJ.wuwr ~1~&~ pum 0 1 1... 0 2 m~rmJp&hr~ &mJ&tq~u~ ~&
mhqrwt&hr~ qmdwr~&, UIJu~&f&' 

lo=lo1 +Io,t (1) 

IJ.,If ,WSNLEJNL ·JI w) 'Jo'fosnL.p x=c (a<c<b) nuY,w D mfp·NLJfll! 
ilnpn-":nLJ ~ Oy wnwfru..p,Jt ,nL'I_'I_nLP.rwJp ,q.wfrn•Lwt/_np" b{'qn~' D1 it D2 mjt

pnLJPL:bpjtl 11.1'1 'lb·Ufl!'n•J 

• U.J!. .fwutn(!1 np D 1 urfopn<JPfo (1. D2 tnfopn<Jf1fo} l.'lf'"''ll.fo Jjo Jwuf! ~w!.'lfouw

LetJ { ""l'lwAfo'l "''l'lfo ~tnnp, lfo fuw!.'lwpntJ, np "'J'I mfopntJPI! tfo'bfo Oy "Wnw!.spfo 

"OZ'l"'f1JwJp ~w!.n!.w{np. l{ np ~w!.n!.w{np tfo!.l.l"' ~wJwp JfowJ!. w!.~pwJb2ur {, np 

· "'fof'"<JPfo !.hpl!fo!. ~l.urn{ w!.s!.n'l wJ£1. Jfo "''l'lwd.fo'l "''lfo'l £'1f'"''l6fo ~btn m!.b!.w 4p• 
~nlufos nz w{btfo f!l.'l~w!.ntp ~hurl.pt 
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b(<p 2(x) · ) ~ c b 
lo = J J f(x, y)dy dx=.J <P (x) dx = J ct> (x) dx+ f <1> (x) dx = 

a <p
1
(x) a a . 

~ J('f2

r)t(x, y)cty)ctx+ J(''Tf(x. y)cty.)ctx= Io,+Io3' 

a 'fl(x) c 'fJ(x) 

p) '1-frt~"'-1! y=h nut:Jt'll! D mfrr["nLJPt! urp•n•<:n,J t Oy wnw'itsl!fo nuz-

rzn<PJwJp .~w'i.tn'itwl[np bp~nL D, It D2 ur,frpnLJ.fl>'i.tbp,fr wJb'Ufbu, ifo'i.tlUfOI.I 
UfUlUll~bplf.w~ t U~. 299-nLtft UJ_UJbUJ!~bb.p 

\ 1J \j~fa(~l N, M
1

_,.q_ ft M2-n•l[ y=h nul'lfr .t;wurJw'i.t ~bur1b-
, H, PI! D urfopnLJfJP L b·qpwq.~.fr .t;,burr ll.Jif ~·b1ur1hpfo 

IJ Cl 

l,~. 299 

wpusfou'i.thpf! 'i.tzw'i.tw~b'i.t.p a 1-ni/. It b,-nl[r 

Dt urjrpn<JfJl! 1 uw:{Jw'itwJ/lw.~l[wl~ t t;bmftJWL 

wbf!b'1{wur q.Hpnl[. 

1) y=cp,(x), 
2) A1M1M2B ~npnlf., npfo .t:wl[w·uwpnLJf! 

UfW JJ wfiw ~w'i.tnpb'i.t q.pb'i.tj! 

y=q>~(x) 

mbul!"'"-' l!&lf "l"nLJ ,'i.t~wur,fr n,_frbfllwtnlf., np q>/(x)=<flX), .b.pp a~x~ 
~ a1 It bpp b1 ~x~b It Rf' 

q>~(x)=h, brp al",;;:x~b1 

3) x=a, x=b "'-'lfr'l'ilbrn.J.t 

0 2 •urfopn<Jf/1! uw•{.Jwfrw•J/lw.Ifl[w•~ t {but<UfWL q.~bl"nlf. 

y=q>~(x), y=q>2(x) , nrtnb'l al~x~blt 

"'Jbp.pfr'i.t jr.'i.t.urbiq.p'Wtfo b.~w.urJwJp ~frlrwnbtnlf. p•fruibqpJ.wfi Jfof1U~1Ufiffo 
mpn'f{,J .IUL qbpw>pbPJWL pbn["bJ'l! , ·'ll''b·fl.p {burihJWL bnLJfmiJfJJn~flv!· 

Up,LnWj!,pb rJ.flurhw'wlp b~wurJwJp ~ppwn.blnlf. JrflurhqpJwfl Jfo!..w

~WJ/!P ,urpn <:Jw ~J lf.bvwphp;wl {Jbnp·bJl', lf:bn;flb •pburh'1f'WL[! mttn t: b'i.tl! 

bpbj! fohurbqpwlLbf'p• 

b / 'f'dX) \ 31 'f 2( X) ' 

J(. J f(x, y)dy)dx = J( J f(x, y)d y)dx+ 
a 'fi(x) a 'fi(X) 

b 1 ;'f2(x) ) b('f 2(x) · ) 
+ j ( J f(x, y)d y dx + J I f(x, y)dy dx, 

a 1\'fi(X) . 0 1 'f 1 IX) 

[!lu'i.tfo np [a, at] It [b 1, b] t:wuri/_wttLbpnLJ qJ 1*(x)=qJ2(x), wu1w wnw

tfo'i.t It bf'l'"l''l .Jrflurh•IJpw['i.tbpf! bnLjbwpwp { wqwuwp .bfl qpnJfo : fiLUurfr 

IJ.Juurbtz wn.w2pfl ft'i.tmhqpwll! ~!'·~bUJU[WLn{t~ p•'i.tmbqpwl t f!ULn D1 Ul•Pf'"LJ{Jfo,. 

fru·~ bp~f'"l''lf!
1 

f!ULn D2 ·U1Pf"'JfJJrt L.b,ur,bJwpwp, 

lo=lo,-t lo2 r. 

M 1M 2 t:wurn·'l "''l'lP 9w'i.t~w9 wtt ?PPI!P 'lb"'i!"'J UJUf.w9 n,9 n,_.r!! ~~w
urwptffr {wJw.fiJwb•np;b,fJI b,{Jb Mt~ '"''l·P'll! D ut'ppn<JfJl! pwJwflp bp·b.p 

k wlf.htp fJ'l[n·l[ urppnLJfJ.'iflhpft, WUfW ~uurwbw·bj! (1) wn.'i.tz.nL{JJwbf! 'i.tJwu 

IUn.bln<{J JnLb 1 npp UJY. Jw unLU ~tfoflbt {w.dUJU[UJLnwufuw,'i.t {Jq nq qn,Jwpb

Lfr'i.t b I' I 

2 bur It w fJ /! 1 U.urwslf.wlt urfopn<JfJ'iAbf'1p9 J"~f'wl!w'itun<pf! ~w,pn''l b'i.tl! 

~ Oy wnw·flsl!ftfl ~w.r Ox wnw.flsi!Pfl cznu1w -': b·n nuzptznlf. 'i.tnplft.9 urpnt:bt 

·. Oy wnw b 9/!P n L'l qnL{J JW J p 1~w b n:'f.tw.I/_ n l' .Ln pp•n <JfJfrb PIP It 1b.pw,'i.t'9 b~UJ urJ w J p 

'rfr:f11Wnbl (1) {wt/_wuwpn~fJJ• nLb[!t ufU'Uffrun•I/_, ~wpb[p t D Ln,ppnLJP!! ~nnp

"'fllw Ln UJ J p b ,UJ t1UJ b s.pt b I' p 'it q n L'fUJ t;,b fl. n ''lP 'l

~bpnt[ urpnt:bl swfllf[wsw·lt {Jlf.nlf. 

D1, D2 , D3 , ... , D1 

. 111p,pn·LJflbbpp It {!t'l npnuf Jt.pwlf.wo.p ~[pfrp 

. IUJfi JJ(·&'In'Jf! , trp· (lUW Dmprnt.JPp qrq&w
~Wmpq pf.mhqrwl(l .fiwtl_wuwr t ~um uwuf.w
\~ tnprntJp~hrp qrqf.wUJwmpq p&mhqrwt
tLrp. qntuwrp.r., wJup&f&' (&q. 300). 

lo=ln,+Io0+In, ·t ···+Ini ' (I) 

v 

I 
rifa 

'-' 

~ 

' 
'l 

l,~. 300 

-' -. 
·- · 4 , 
! d~ 

.if · ,;· 

~ ' I 
-~ 4 
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11. Uf w 9 nL9 nL t1 r bhp:pfo'il pfl•urlrqpwll! flzwflw~b.flp ct>(x)-ni[ L. ~w
ur w (I h 'ir /! fJ p•w qfl w;; w ut n LUI!. 

'f 2(x) '{' 2(x) 

ct>(x)= J f(x, y)dy~ J Mdy=M[cp~(x)-<p~(x)]r 
'f 1(x) <p 1(x) 

Jo~MS, ( 3') 

'f2(x) '1'2(x) 
ct>(x)= J f(x, y)dy ~ J mdy=m[<p2(x)-<p1(x)], 

'f 1(x) 'fix) 

b b 

lo= J ct>(x) dx ~ J m[<p2(x)-<p1(x)]dx=mS, 
a a 

(3") 

(3') L. (3") wfl;;w1_w.uwpnL{JJnLfl,fJ,hl'ft9 tL ;;.burlLnLtl t (3) wnfl~:nL{JJn&il!• 

mS~Io~MSr 

1.w·tnJ11'1 U[UI(IUiq(lw!pnLU ~U(Uif'''lUI'f!WflbfJp UIJU {Jhnph.,Jp hp~(IUil_UJtPUI~UJfJ 
pUUIUUI[!I 

1. UJ ur ~ n L {J J n L 'ir 3 ( {J h n (I h J t1 /t f Jt fl ft t1 w u ,fr fJ) 1 f (X, y) w &

p&qliwm !(>m&~g~WJ~' pum s uw~hrhu nt&hgnq D m.Jtrntjp~ In qrqC.w-

180 

, _ 

UJ.WID~~ ~&mbqrww fiwqwuwr t s uw~brbu~ h D m~rntjp~ tf~ 
p ~bmmu f(x, y) !(>m&~g~wJ~ wrdhf~ wrmwqrJwtlt&, Wju~&f&' 

J('fj~\(x, y)dy)dx =f(P)S1 
a 'f 1(x) 

11. U[ w 9 n L9 •n l t1 1 (3) wrofl•l_nL{JJnL'irf.9 u.urwflnLtl bflp. 

n put brz.ft9 

1 
m~-lo:::;;M1 

s 

1 -Io =f(P), 
s 

lo = f(P)S1 

nrnz 

(4) 

(5 

fJ. h n .p ,b tl1 f(x, y) w&pGqfiwm !(>ntG~g}tWJ~ ~r~f,w~~ ~Gmbqrwlti pum 
D ~wGnGwqnr m~rntjp~ fiwtlwuwr t WJI} !(>ntG~g~w.l~ ~r~GWUJWW~~ ~G
inbqrull~G pum D m~rntjp~, wju~&f&* 

Jff(x, y)dxdy= J('ffX\(x, y)dy)dx1 
D ~ '{' 1(x) 

11. U[ w 9 nL 9 •nL t1 1 D mftpnLJfJI! ~""f"'fpflwurw'Jpfl .wnwfl9.[!'itbpj.fl qnL

iJW';; bn •nU1:_f rzfl h:(T'n•"- Ul(l ni;;b,flp n ~ wfl nfl UJ "-np ( nLrzrzwfi~J n Lfl) mlfr,p•nLJ{Jfl hf'f.' 

• t:uur npnul flnpfrg. b1Jf1w'fpntJ hLp, np D mfrpn<JPl! ~wLnLwqnp ~ Oy wnwLgpfr 

"'-'l.'ln'fiJwJp k uw ;;Jwflwif,wll'lwt} ~ Y='f 1(x), Y='f 2(x), x=a, x=b qHpn<f.• 
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1Jwfunr'l ujwpwqf'w!f.fo 1-frL <:wmqntf!Jwfl ->prfwfl q['w ( pwJrwJ.u 

(2 )) llthhtfl<P. 

n 

lo=lc~, ,:, +I!ls 0 + ··· ,. L.sn = :LC1s; 1 (l} 
i=· l 

U.p J' W U ft J n Lf'UI putfl l.J'n If' 'fnur W f'!b'[,l, dUWI" n p1 bbp [' U tn It j1 "fl ulllf Ul mp.ft 

frJ1 mh 'If' w l·P J Pl·P f., wprJh:pfr fJ h n [' b J fr 

l!l s; =f(P;).). c;: 

U. J u 'lh'U[.f! n LJ' ( 1) t;w q w•u u; p•n tfJ !" Lh,(l q[! 'ii '1-nth,P 

n 

l n=f(P1)~ s 1 +f(P~)6s2 + ... l- f(P, 1):, sn= Lf(P;)~ s ~ (2) 
i = I 

Ul•b!UP£1 1 nf111111b 'f_ Pi -f.. tlSi Ill p [' n tJI:lf If p np nz q b if! f., t t {).JI. ~ n 'f_tf nuf n t·fl J.fi.p 

f!U>m D m'f'f''"'Jflifr f( X, y) !pn Lf., qg.JIIll JP .C: wtl Wf' 1l,flmb q['w lw !/t·fl 'l.nttl wp t 

!Jpqflwq}r f.:Lwhrurwlfr qnjntfJ.Iwh u'wufril {J.bnp•bJ.p9 t;b,mu•nuJ L np WJ'1-

q.ntt!JJJ·p}t uUI't:Ifw'iJf', b[i.p n~ OCI f.t -':wnpwf[flbp'ft Lnj1Wifwqubpp!J UJ.tfhflw

J'bb[! J.qurnttl ~ 'lf''nJfr, qnjnLfJJnLfi nt'ilfr f.t t;w.f_wuwp ~ {''Ui!n D mfrl'"'J'fl1fr 

f(x, y) !pn,Lqy.fr.wJ.f' qp~·fiwqf. fr'ilmhr; ."wtffi: (2) J;w<[wuwptrtfJJwfi dwfu 

Jwu.nuF qtr.'fiq"'l In ~ {' q'ilwulwu:,fft pf:whq.rwul, ,fbJn<fJJnt.Lf! ftwfur{wb 1.t 
n-·p9: U.J'u u;f.•u nt/_, (2) t; wt/_ w ,! w ,nmfl jw'ii :f h·2 wfi9fi hl nt/_ uwt;J wfip,fi, llumw

fiwfip. 

y)dx dy 

J Jf(x, y)dx dy=lo: (3) 
D 

In qpqfiwU[wmfr~ pf,mhqjtUJlP wpmwt;w!mn<fJJnLfi:[! qph[nt[tfwfipw-

J'wu~, -f.hl''lfiwqwfiwU[·b:u fru.mw.fiwflp 

b('f2
(X) ) JJf(x, y)dx dy-J J f(x , y)dy dxr 

D a 'f 1(x) 

(4) 

'lofrmn'ln' tfJJ •n<fi 1: U.J,fl '1-hUf:pfr ->wJ'wp, hpp f(x,y);;;:::O, (4) 
r- w.'ii·w J. /.,fi ,,,fi fr w 'rfi,w nnL h l' 'rl' wzw.frwq wfi pw 9·UI1lllf1n tf/ Jntflt ']. frm w pq bfil! 

WJfi .Jwptlf'ii.[!, n.f''f! uw·<:Jwhwqrwlft[wh t Z=f(x, y) J'wq·h[7iLnLJfJn4_, 

Z=O t;w,pfJn'<[lj.w,fp M q.[wfiw.tfrfi .JwfthpiMtJfJnt/_, ·llif'P_ bfi,JrJ..'iihp'{! qntq.w->h·n 

·bfi Oz wnw'ils.(ipfi, .fr•uq nL'l'l"f'1'1-f! D mfol'nt.tfl,fr hqpwq.frb,fi t ( l'il!q. 301 ): 

l.wz<[hfip WJ'f JwpJfjfr Jwtf_wl£!1 t/,hpf! 9"'!9 mpqh•s, .np UIJ'1- Jw'[TJ'Lfr bw-

182 

t/_wll! t;w4_wuwp t f(x, y) !f.rnfl~-

9'/r w Jl' 'ltl'4 L U1tftJr ·fr L 111 btq.p w tfr L l! u 111 

D urfopmJPfo' 

V= JJf(x, y)dx dy: ( 5) 
D 

[).JrJJ' t;w<zqhfl.p W/'1- J.wpJ'fl;jr hw

qwll!, oq.mlf_btnq I ->wm. XII lf-Lfufr 

§ 4-/r' J'w,(IIJ'L1fo bw4_ww t;wwnLJfl

Lhpfo J'wqhpbuLbpfo J'fr'l"9""- t;wzq

.J W f., W ['•'1-J n LfliJt'ilih•p1fri!J I s W f., bf.Jfl 

x=const (a<x<b) ->wp,pnL- l,~. 301 

fJJnLL[!, "f'l! t;wmnLJ' t '1-ftmwpq.f.n'l 
J,wl"J' fo f., l! 1 1. w•z .f_.b~ w J~ Uf UJ\mifh f''P S( X) J' w q b [' hu'l! 1 n {' [! u 111 w 9q n ~J' t 
x=const ->wmnLJflnLJ'I /J.J''1- Uftu.m.lfh'l''i! z=f(x, y), x-const, z= . 
=0, Y=\fli(x), y=qJz{X) ·qJbpnq uw->J'wflwqrwqqwh qnpurqfo~ ub'l_wflfi 

. ~~ 1. b 111 L.w pw l', w J '1- J' w·q bpbuf.J w pm.w-> w JII! 4_ nLJ' t -> hm UJW L foLm hq.pw L""-• 

'f a(x) 

S(x)= J 1(x, y)dy: (6) 

'f 1 (K} 

JtJ'wflwtn.f. qnLq.w->bn t;wmnLJfltbpfr J'wq•hpbuflhp[!, ->hzm t q.m'fl.h[ JwpJ,fi.~ 

Jwqwll!· 
b 

V ' Js(x)dx 
a 

Jf!(x, y) dx dy= J('T\(x, y) dy)dx 1 

D - a 'f 1(x) 

{J.JrJtl '1-J4_wp .;J pw9wt;w!mbl /., qpq·fllw.U[Wl11Jr4 fr.L,md•q..pwffr q.Lw->wm

Jwfl tlwuJ;fi pb,npbtlfr hrnftl'wl.w.frwftw,fi foJ'w_uml! {fl•wfunlr·1 UfW[!Uilff'UI!f.<fo 

2-1' '1- "Wilt qn Lf/ J nt'ii l! )• 
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. ... __ 

' ' ..... __ J!_, ... - , , , 
11 

Z =I( X> y} Jw'tbr~••J/1•1, 7.= 0 <wpfln.p f'"J p h D m~rn<tl'f ·'•rw·.,PJ£ 

/opPh "<tqnp7 n,£bsnq .,m£wJf£ Jm'thrkn.Jf/•1 ••w<Jwf,m¢.w,Nw6 V 
JmpJ£p Jm1w~e fl/'mqw£Qn,J i S <f,J, b ffi pmpdpn,f/Jm£ n,££qnq 

.,wkp Jw"'"'{j.£, PWJO 4m'P i S <fJ, h M pwpdj.,,fJJH<£ n,£bqnq ftm&p 

"'"1-.Au (•"m'• m-,. • M-~ D m(.,pn,,p .. J Z=f(x, y) ' ~"'.bfwJf. 
</"'V'pwf"<Jk h Jh,jw7"<J£ wpJb••Lhr> l1 (fdt. 302))• ~w <bm·k.,J 1 >rw
&fq, np In 'rrJt1w,7wmf¥ {>k<mb7fW[p <w1muwp i w/7 V JwpJ&f dw. 'fUJLfr fJ 1 

or P' ~ f '' l~t1'' ff1 
(4- ,, - yZ)dxdy fet•~IP "'"'"~"' 'P' D •h•••Pe D 

I uw~J"'Lunf,u~t{_Uitf f X=O, X= 1, Y=O, Y=- 'f<fhpnt{_r 

2 ( nL <f n< J r PIIIL.,d.4ft ~/tJ111L t{_p., 

% I 3J, 

V .J{I(4-x2-y2)dx] dy=j'[4x-~ -y2x] :dy= 
0 0 0 

~} ( <- ~ - r'}r =(•r-+r-~') '( :s, 
0 0 

o e P ' ~ f 2 • '•t1 '' f ( x, Y) = 1 +x + Y 1••bj,p~ ,p fet•~tP "'"'"~'' , •• 
.,, •Pe••tPh •ee ·~<J~•~f~t1~• I r~-x, x=,ry; Y-2, •=O '"'·~ (L~. 303), 

( nL ~ n< J r 

!
2

[ _ 3 __ 2] [2v~
1 

3y2 2y; yJ] 2 44- n 
= ,r r +f +n' H-~ dr= 3 +-:;- f "S 1-6 .~·;s,i'+J• 0 

?- f <Jn n· l[_ n t fJ J n t fJ 2, ?-fsntp Ox wnwLspf ntl[l[_'ntfJJwJ'p ~wfJnfJw
'fnf' 0 Jnff'ntJfJI! uw-\J'wfJw'tt,w~qwJ ~ -\hlnh.JW[ lfJh{'trq' 

X=•-My), X=12(y), Y=c, Y=d, 
1!~'1 npnL,/ ~1 (y) <·~2 (y) (iJ~. 304), 

ll,~fJ,:;wJln ~' nf' wJ'l 'lh"{pntt! 

(8) 

~r't>w*f f&mbffwte <wzoflt., <wJwp m1£ "'bm' i ~ ... 'rwJm9 .. [ 
'rr't>w"{wmf'tf ml•••1• ~.,.., •• •mlbnw•£p 1"rr, 7w 'twpblf i w1bl 'rlr•• 
mwpplp hqw&w'tn{ 'tw' J ~·m { 4 }pwkwdhf, 'tw'J it pnm {8} pw&wdlq., 
8n'f'wpm>u••r 't•>'tr.hm ,,,._.,J, ~wf.1wJ D ""''"'JfJf 'twJ h"ffw. 
f.&,nl.•r•mtmJfo£ ~··•'ruf•wrf mhnpfo, 'rrlt'-'rf f£nibqpw/J! <wz1•t•• <w. 
Jwp {!fJln[tntJ' 1h.fJp J'h~ ~UJ. 1f UJntu pwfJwdkpt 

1 f i'(x, y)dy dx, 
l(y- ) 

( n • I • • '• "'"'"'~• ••Pe'•tPe ••<J•'••f.•f1•• I Y= x •••P••1 £ Y=,' X "fiii('<Upntnt{_ (&~. 305) r 

Ox •••bs.f.£ '"''""" w"£ 'f. "''"' •f.e•,tPP '""'"'' '~'""'' I "< •1•<P 
••• ''I•• f'••nl. ,..,.,.,, l•e•,p 1 "'"'""" ' ·z1'' '"'" (8) r~r •• up, ,,_ '1n<Htnr[ 
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0,. fr !. w ~ 4 1 L w zrf_bt 

l+ 304 '!,~ . 805 

y=x, 

F "· 
,·,: ---;?~ 

-:J 
. 

J 

t~. 306 

{ n L .!- n L J I Srrrf_wd- 4rr~!.w~fr fr!..nbqrrww rfrnfuwrrfr!.h!.~ ~rr4!.w..,w.nfr~nrf_ t /!!., nrrnuf 

4oq.nrf_b!.~ (4) pw!.wd.l.t.frs • ( bpb ~frrrurnb!.~ (8) pw!.wd.f.t.l' , w"'w umfr"'{wd- 4tfr!.b!.~ l'""' 

X*fr Jr'b.nhqrrht 

urw'iwJ<nr/_n,J). 

y/x ' y/x ' y/x I( x ) I x 
JJe ds=J Je dy dx J(xe )/d x= 

D 0 0 o 0 

~ I 

= J x(e-- l)dx= ( e -1 )x; )= e~l =0,859 ... 

0 0 

'1- fo m n 'l n L/J j n t fl 3 t bpb D mpp•nLJfll! .ftwhflw4:nl' :J n)_ Ox wnwflo

I[}P .nt'ltzn·LfJJwJp lt .n)_ l;l Oy wnwflopfo nL'l'lntfJ! wJ,p (w!u.Jrflpfl' qnjn'L

JJJm,fl ntH& n'Lfl'lwA.foq lt t: nr 'P'l'"'uwftw& nt'lfr·'lubp, nl"n·flp, wflo.Htnrtf_ ml/r

f""'LJ.Pfo fl l.p'.(J/rfl . ft. b.u~hpm/_ , utfpntl f/Jfo bq_["wqfo.J,l! t:w,mnLJ .b~fl hpftnvu{ro Wlt/_b

l·P' lfh•ut.hpnrJ ), w•tlfW f!Um •Wf11 miPf'"''J:fiJI!r ftp.f[,flwl'ttfo Jr'timb.q,p•wll! 'l!bflp lqW{"n'l 

fl bp ftw Jwoflh•t ftp.qfi·W'UfW•m.frft,fo m•hu.pnt/_t bflb t:wt"''nt/f 0 n)_ ft.wflnflwq-n'[' 

mp{""'LJfJI! pwdwJ.11bt Ox wn.wflo.pifo .ftwJ Oy wnwflo.pfo "'''l'l'ntfJJwJp ftw&n

;flwtf_n'[T 0,, 0 2, ... , On tfh.p•r.w!Jf.np flt/_nt/_ LnJ/r,f''"''J.f/lubpfo, wu1w, t:wztf.htntf. 

It'!' It fl UJ It" f flurb:q{"w LJJ' ,[! u m J n ~p:wtpW·U u n 'I' UJ J '1 ui,fo ['•"' L JfJfrb f1.fo \ It f'·ft fl UJ "'UJ

mfoftfr J.fo!nontf_ lt qnrJw.rrbt.n•t/_ u.mwotf_wJ WJI''IJ"'Lfl-.ptb.f'l!• ft·umwflwt.p '[!·U.m 

0 mforrn•Jfl:fo '"'l""tbt.fr J.flrnb·qpw'l l! ' 
uft. 307 -·fo 4_pw enLJB ~ lln[llt/_wr} WJU pwfl,fo op·foflwftl! , {J.b fot l L'f/;•u ftw 

pbtfo · ~ 0 wLftwuJmu mfopntj/J[! pw·cJ,wtbl 0 1, 0 2 lt 0 3 bp.b.p ftw&nflw•t/_np 

m frp nLJ fJ-.ft l. p,fo t 

186 

I 

j 
I 
• I ;,_ I 

or------.1- ~m~ 
: D, l 

t4. 307 t4. 308 

{ n < .!- n 'J 1 0 mfrrrn<Jf!l' 4w!.n!.wrf_nrr l(' Uw4wJ!. X = -1 b. X= 1 "''IP'l'bbrrl' WJ!. 

pw<fw!.n<J b!. 0 1, 0 2, 0 3, 0 4 l "f'" 4w!.n!.wrf_nrr mfrrrn<Jfl!.brrfr • fltutrrfr 

fJe~ -IY d:=Jfex+ yds + Jfe•+Yds + I J ex t yds+ JJex+yds, 
lJ D, 0 2 D3 0 4 

O.Ju f1 !.mb'lf'wl!.br~frs J"'rrwp w!.u n<f'f! !.brr4wJws!.btnrf_ 4rr4!.w"'w"'fr4fr "'""~'""-• 4'/trr!.b!.l!• 

= (e2-e- 2 )( e-· 1- e-2) j (e2- c)(e- c-1) + (e-I-e-2)(e-e-l) + 

+( e2- c - 21( e2 - e)=( e3- e-3)(e--e- 1)=4 sh 3sh J, 

'1- /r m n 'l ·nLfJ J n·L·U· 4 t Z.bmwqw!•nLJ qphtnt/_ 

lo= J('fJ\(x, y )dy)dx a 'f 1(x) 

ftpqflwUfwmfolt frumbqpwJ.f!, pwftwqJbpf!{ np11'U9 Jbr. wnut/_wh t Hfll!fo& 

/tL-urb'l>.f'wlL') pw9 ftfl-n'ltbu.p , .wjufru.pu' .ftqpbfl.p 
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b 'f' 2(x) 

lo= J J f(x, y)dy dx' 
a 'f' 1(x l 

{!L'l npn"!, fo'bz..U[bu U tfowftwqo-bp:jl wroftwJnLfJJw'b rpbU[~nuf, ft-':wdw

pb'b:p, np wnwp_!fo•L Jl'bm•bqpnu!l! .ftwmwpt[n,,J ~ f!'ULn WJL tfontfonfuwftm'bfo, 

npfo 'lfof!>bpb,Ls,fowU! qpt[wJ ~ uftqpnL,J, u WU[W l!mn w j•L tfontfonfuw ftw'bft, 

n pfo rpfo!pb p b'b stfoww qp t[w J ~ b,rft p n p '1 mb qn ,,J 1 ( U.J L n LW ,J b L w JL fot/. L ft w

m,b'b.f', np 'fW l_nLfJp ;;w,Jl!L''l;;wLnLp C.w'bwz_nL,J. dfo .pw'iJ,fo qp.pb,pnL,J l!L

qnn'b 'L w J ~ ;; w ftw 'IJPP U[W J,f w,Ll! •. uftrzpfos ,foL m b qt.nb'l ,f!u m w Jh tfo n tfo rrfuw /1 w- _ 

L,fo, npfo 'lfofPb:r,bLsfowll! qpwt[n,,J ~ t[·bpp_lp>'ir mhlzl!*), 

§ 4 lfw~hphullhp~ li ilw!J.wLuhp~ nw2qnui[! ~p~llw~~ 

~llmhqpw~h(l~ ~~2ngnq 

1. rJ w t[ w [I /J,Ll_U[hu mb•uw'b.p § 1-nLJ, wj'itutfo·u,fo Jwp·J'bfo V Jw

tf.wlf!, npf! uw-':Jw'bwtfow,ft•t/_w,} ~ z=f(x,y) JwftbplLnLJfJnt[ (n,pm'hl[_ 

f(x, y)-1! n']_pwswwwftwL !p.n,Lftsifow ~), z=O ':wpfJnt,fJJw,Jp u wJLUffoufo 

q[w'bwJfo•L Jwftbpil.nLJfJnt[, np1p nLI[_'[n.f''ll! D ,m,p,f111LJ/J;fo b'Lf'w'lfor}L L fou.ft 

r}'irh,Lbplf! qn,qw-': bn b,L Oz wnwLs.f!!fo<L, ;;w.t[ wuwp ~ f(x, y) !pnL'irftsfow JP 

ftpft'bwftfo fo'bmbqpwt,fo•L (!ULn D mfopnLJfJfo. 

V=JJf(x, y)ds' 
D 

0 f' fr f, w ft 1r l.wzqbl X=O, y=O, x+y+z= I, z=O JwfthphmJfJflhpnq uw<:

Jwhw<frwftqwJ JwpJhfr Jwqwl[' (hft, 309)t 

{ntJntJt 

V= JJ(l-x-y)dy dx, 
D 

npUtb'l D-fl hft. 309-fr qpw Oxy <:wp{JntfJJwfl 'fJfrltHpnq bnwhftJntflfl t, np£' uw<:Jw

hw<frwft"-wJ t x=O, y=O, X+Y= I m'lfr'ltbf'n.f.• %hlnq ftpfthwftfr frhmb'ff'WLfr 

uw<:JwfiHp£' 1 <:wzqhfl[! Jwqwl{'• 
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I 1-x I I 

V= I (' (1-x-y)dy dx= rr (1-x)y-~2 

] l-x dx=f_!__ (l-x)2 dx=_!_· J J J. 2 0 • 2 6 
0 0 0 0 

I 
IJ.JUUJbu, mpbJf, V=- funp. Jfrwqnpt . 6 

?.fo•tnnl[_•nLfJJnLL It bjJb WJ'b dwp,Jfo'b•f!, np'p Jw,tf.wlf! np•nLt[nLJ 

L t[bpb,fos uw-':Jw'bwtfowft•t[wJ .~ z=<P2(x, y)~O JwftbplLnLJfJnt[, fouft 

LibP.f!ILfos' Z = <P 1(x, y) ~ 0 Jwft b,plMLJfJn t[, l!L'l npnLJ Oxy -':wp/];nLfJJwL 

t[pw bpftnL JwftbplLnLJfJLhpfo UfpnJbftsfowLbpL ~l D mfopnLJfJL ~~ wu1w WJ'l 

JwpJL,fo V Jwq•w'll! ;;wt[wuwp ~ bpftnt ((q[w'bwJfo'ii» JwpJ,Ir'b,L•bp/p Jwtf.wL

Lbpfo mwppbpnLfJJwLI!. LpwLsfos wnwp_fo'bfo umnpfo'b -':/rJ.f'i! D mfopnLJfJL 

L pUift qbp,foL -':,foJ.pf!' Z=<P2(x,y) Jwft,bp1MLJfJI!, fouft bp"-fpnp'ffo umnp1pL 

J;,foJ,p.f! Ln,JL D-<L ~' P'uft t[bpfoL ;;foJn' z=<P1(x, y) Jwftbrp•UnLJfJI! (Lft. 
_:yo )1 

~.ft. 309 ~.ft. 310 

flwmfo V r}wt/_wlf! ;;wt[wuw,p ~ bpftnt ft'l'ft'bw,ft.fo p•L'mbqpwfLbpfo mwp

pb.p,nL/JJ'w'bl!• 

V=f~<P2(x, y)ds - ff<P 1(x, y)ds 
D D 

V=JJ[<D~(x, y)-<P1(x, y)]ds' (1) 
D 

IJ.JLn,;;,b,mb., ;;b'lm ~ WUfWB.ntBbl, np (1) pwLwJ.Uf! C.zJwpfom ~ nl_ 

JJ.wJ,'b WJ,L 'lb'Uf.f!nLJ, ,bpp <Pt(x, y) u <P2{x, y) !pn,Lftsfow'bbpf! n'J_pwsw

uwrftwr'b H, WJLU wJL 'lbur~nLJ, hn <P1(x, y)-1! u <P{x, y )-I! 

<P2(x, y)>-<PI(x, y) 

IU n& z.n LfJ JUIUf! pw t/_w ['W{'III[_ sw,L It w sw r} w L[!&'1;; w tn !pnLL ftsfow 'irbp Mn 

189 



'J. fo m n 'l.., L fJ J rr L t 2 1 bph D mpf'"LJfJ·n~tf f(x, y) !pnLuf[sfowu tftn

jun{!l t uzw.UL'' WUfW Ultp['nLJfJf! mpni) nLJ hull bpqn·L Jwufo . 1) Dl mfopnLJ

fl'.l!, npm.b'l f(x , y)~O , 2) D z mfopnLJfl:f! , np mh'l f(x, y)::::;;01 buflw

'l!'b.L.p , nJ' D 1 b. D z mfop nLJfJu h [' L w j L Uf.P u'fr.Mr bu, n I' I! u.UJ w Jlf UJ!/rf' nLj {J

uhp:fo ft tdtLwftfo pU:UJ b.qpwtL·bpf! qnJ'nL{JjnLU ntfr bt l {].J'l- 'l-buu~nLtl f!U'U1 Dl 
mft [' n L j fJfr fo.L m.b '11' w l•f! t,_ f p Lfo 'I[' lU t,_ w L b. <; Ulll W•lJ'W [' 0 X y <; wrfJm{J Jn'LU fos 

4_ h·pb. f!Lft '" J J wpt! Lfo <tw qw LP L 1 C•u.m D2 -.fo Jr.umb•qpw ll! ft l'f,u.fo pw 9 w u w _ 

I[ wL b. ptuswp J. w;q t1 b<tnL{Jjwtlp t;.wq_ w·uwp Oxy <:wpflnLfJ jnLu,fr.'J ·tbp.pb. 

[!•u.t,_w<t tiwr t!L'ft Jwt/_w[!pU 1 Lbud.twpwfT, ,f!ll'U1 D-·fo .fruU71bqpwlf! t,_.wpmw -\wj'

mfo -\w;tfw·ulwmwu•Juw.'fl Jwt/_wtLibJ'fr ,mw.ppbp,nt{ljnLU[! I 

2 • 2. UJ {' fJ U1 P [' n L j fl :fr tf UJ I[ h p h u ,fo ~ w 2 ·q n L t1 I! 1 {; fJ1b q•w q

Jh'iJ11 f(x, Y )=I !pnLL•lfsfowJir ~wt!wr pum D mfrpnLJfJfo jr'iJUJb.qpw[wJ1fo.'iJ 

qnLtlw,p, UIUfW t/.h'f'''l.ft·Uu , •Ulpn't; tlw.'iJ sLJIILftwgwJ ·b'l_wfJwi'tfo tph'"'l!'nul, -\w-

r/.·W·u wp t,_ tft·L'fr S ,f w t,_ h ph u;fru, · 

0 

n 

S= :L, l · t. s,, 
i - f 

f[wLnuwqnp t ( mhu , opfoltw,t,_, &It · 296 ) , WUfW tlwftb

,.hu:f! qw ("U1'W ~WjU1t/_.ft ftf11qUUJII(WUJ1fot,_ pumb

lff'W l rrq_' 

b j '!' 2(x) ) 

S= j'l _\' dy dx, 
a \ 'I' 1( x) , 

i~ \ -.; 

\ 
tPwftwqJbpnttf f[wmwp b[nq JrumbqpnLJf!, 

qntLhuwup 

b 

S = \• [ 'f2( X) - <¥ 1( X) ]dX 
,} 

a 

(I J; wm . XII lfLfufr § 1 ): 

0 f' /r L w 4 z, l.wzr[_bt y=2-x2, y= x 4nrbrn<f_ uw ;:JwLwrfrw~r/_wJ "'wur4brfr Jw~bpbue • 

£ n l J n ,J I flpn zbLp urrr/_w J 4nrbrfr ' wurJwL 4bur4rf' ( L4. 311 ) · l.wurJwL 4"

m4rfr Of''ffrLwurLbp(l ' wrf.wuwp bL , WJufrLpL' x= 2- x2, nrmb'lfrB x2+x-2 =0, 
x1=-2, x2=1• UmwawLI! ;:wurJwL hr4n• 4burbp ' M 1( - 2, - 2), M 2(L l)• 
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§ 5. ltpljbwljtJ tJbmliqpwlJ! J!hbnWJlJb ljnnpqtJbwmblipm( 

IJ.;Jtsnqp e, p f[nn:rrrl'fru;wUJ.'bihpip p.fib,n,w'JI•u t;wJwf[wp•qntJ mpqwJ t 
UJ J!b "'fruJr D U1 fop nLJP' n f':fr t b f'llfru t,_ob.urn "- wusL n 'l J n Lf' wpwfr..;_j nLp G.w
nurqwjp* D mfrpnLJflfr bqpwqfrJI! -\wmrrLJ .t n1._ wt/_btfr , .fJWU bpf[nL f[hmrrLJr 

b&fJWlff'bLI! D mfrpntJfJI! uw -\Jwuwtfrwfttf_w,} t r=<1>1(6), p=-<1>2(6) 
qn{'·bprrq b. 8= a, 8 =~ G.u:·nw•qwJflubpm/_, J!UU1 n.pn·LJ <1> 1(8)::::;;¢2(8) lr. 
a<~ (tt,_. 312 ) 1 U.l'lf"'fru,fr •mjrp n•tfl:l! un,pfts qw&.t/.UJ1u,bhl! qwlinliwtlnr: 

'JVron•l! D mlfrr'" rJ'fJmJ mp1¥_wJ t 8 b. p frnnp,rpf.uwm•thf"fr 

z=F(O, p) 
w t l!t '1<< w u1 !pn .t,t,_:sfr wu 1 

fi.pkt .b.qwuwt,_.nq D m'/tlf'nLJPI! mr•nt; bt.p 

n 

Yn=:L,F(Pk)f~ S k 
• = I 

Jru·ur.bqpw[Wjfr1 qmJWp•f! , nr~bq Pk-·U -<:wrt /Jwf[fo Jfr npn·l ,t,_.h mh tt 
ltpf[hw qfr frum hqpw Lfr qn J ntfl J wL 

flhnphJfrs -\bmlwLJ t, "I' ~S~< -\wp{Jwqfr 

UJ1Jb•uw•J btt mpwJ w 'l'P,}I! 'll'" J•fr J.qm b

Lfru qnjntf/JnLU ntl.,fr (1) ,frhmbqp'wlwJfrh 

· ··. qn Lti UJ [' Jr u w·t;,tf w U I! 1 lJ. j 1'f V u.w-\ JUJU{! , 

J!U;UJ uw{ J wutlwh' t; WUlf·fr·uwhntJ t 
· F(O, p) !pnLU..JrsfrwJJt .t,_pf[uw·ft·fr jt·u -· 

ur bq,p'w l h I! u.m D m Jr p nLJfJfo 

RpwqqhLI! WJU 'l-'bUfJ2ntJ q['l[Lwlrfr 

Jruur,b·qrwtfr -<:w zt/.Jwtlp1 t,~. 31:! 

( 1) 

* awnwqwn• 4wLrf_wLbLp 4nnr'l~LwmLbrfr u4qpiw4bmfrs, WJufrLj!L p pl..hnfrs btLn'l 

J"'f'""_pwLumr ~fruwn''lfr'l • 
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.f!wJ.J;fr '"P frt'irmhlf[TW[WJfr.'iJ q,nufwp:fr uw,;tf.w.'il/f! ftwfrll/_w~ l.~ D .mfr

pntJfJil! ~Sk ,;wpfJwftHpifr mpn,;b['nt 'btzw'uwftfrg, WJJfW mifrpntJfiJI! ftwpntz 

b"u.p mpin',;.bl tut!ibuw,;wptiwp btzw•uwft.n./_: 1.wztf:btnt ,;wtfwp WJ'fUJfr·ufr b·tzw

U·wft ftlfrf,,fr mfrpntJJ¥ mpn,;n,tfl! 0=00 , 8=81, 8=82, ... , O=On ( np•

mbtz Oo= a, On=~. Oo <81 < 02 < . . . <On) f>wnwqwJfiJ'ilhpifr t!fr·

p_ngnif_ [,_ p=?o• p=p1 , p=pm ,;wtfw,ftbu·mpnu lP!_wU•w•C,.Hr,mif_ 

( npmb'l p0 -u .<:wqwuwp .~ a:;:;;;:O:;:;;;: ~ t!.frrwftwJpnttf <Pt(O) !pmuftgfrwJfr 

t/r·npptuqntJ1f wpJbpfrfr, .fruft pm-[!' <P2(0) !fmLu,ftsfrwJfr· tfb~wtpnLJ•f.t wp-

J,b.pfr•u, Po<PJ<·•·<Pm) 1 

~SiH-nif_ 1tzwuwftb1tp WJU ,;wpfiJwftl!• npf! uw,;tfwf.twqrwftif_w~ ~ qHpnif_t 

~Slk ,;w,f'fiJw.ftf.tbi"J! fttrfof.t,h'iJ b(lb.p mb.u'l!fr· 1} D mifrf''"'JfJnttf qmf.tt[n''l 

u .bq['wqfr~l! l.,;wmntzUbp, 2) D mfrf''"'Jfillfrs 'f"Lf'U q.muif_n'l u ,b.q_pwqfr.tl! 

l.,;wmn·'lf.t.bp, 3) D mfrpntJ,fJfr bq_pwqfr•,}f! ,;wmntzH·pt 

lJ. J U q,n ttf.w p b.~fr f.tb pfr qn ~tf IU pI!, np•n•f.t:p ,; w tf IU,UJ w m w u;fu w.f.t n ttf h f.t b q_

('W qfr~l! ,;UJUTN'l ,; wpflwftUbpopiU I ft•n~ubf.twU lf_('N UW,;dWtf.t/f! 1 >bf",p ~ek---+0 

u ~pi---+0, ntumfr WJ'f qnttfwf'btfr1tbf'l! ,;w·zif_fr lbf.tp Wlnufrt D mfrpntJfJfrs 

'1"'f"U q.mu•if_n'l ~su, ,;wp:fJwftubpf! f!Itirp,;wupwUJbu tbu tlm'u,nttf frumbqpw

lwJfr'u qnttfwf'fr tfbp_, nwmfr u tfbq_t.b'u ,;bmwp(lppnttft l.bmuwpwp, fr1tmbq

pw[wJfr1t qnttfwpif! ftwpbtfr ~ •lff'b~ wJuiUfb•u 

V n= ± l ~ F(Pik) ,\sik ]• 
k-1 i 

n(l·Jnb'l Pik-•U u ~Sik ,;wp,fiJwftfr ftwt!wJwftwu ftbmf.t };: 

CJ.ntdW(l<dWU ftpftf.twft,fr uzwuf.t WJUimfb'[ UJbU1'.f! ~ ,;wuftwUW[ WJfl frttfw·umnl/_1 

-np q.nttfw['nttf\f! 1twfu. ftwmw(l.nttf bf.tf! [!Utn i rfru:'lbl?u•fr, k-.f.t ,;wtfwpbtnif_ 

,;w·Ulmwmntu (wJufru.pf.t' l!f.tmf''"'"tf h.f.t·p bpftnt ,;wpuw.f.t i>wrowqw1fiJf.tbl'!fr 

t!frru UJw,f't/rwfttfw ·~ ~wf'filwft.ubpfr1t ,;wtfwUJw.mwu.fuw1tntz P'"t"P q.ntJwf'b

Lfrft.bpf!*)t ~nttfwp•tfwf.t wpmwpfru Lzw•U:f! 1t·zw1tw:ftnttf ~. n,p· fr t!fr hf.tp ,;w

if_wpnttf WJf.t P"'l"P' qnttfwpbtfr1tbpf!, n·pn;f.t'l! umws·tfnttf :b,f.t wn.wp_,frf.t qnt

tfwptfwu Jw.tiw1twft ( WJufr1tl!f.t' qnttfwpnttf .b"up ·l!'um k .fr1t'1b'.f!u,fr): 

9- mUbf.t.p m frp "'J fiJfr b lf_{' w q~:n 1_ l.,; w.m•if_·n 'l ~Stk ,; wrr:fiJ.w.ftfr tf w ftb.(lib u1fr 
Ul(ltnW,;WJ'mntfiJJmtf.t'[!t IJ.J,f.t ,;wqwuwp fttfr•1t)fr bf'·ftnt ubfturn.p·f.tb,fl ifr t!wftb

pb•uubf'fr mwppbpnrfJJwUf!· 

1 ( , ) ~ 0 1 , 0 1 t:.pi). Ao AS;k=2 p; t-Api ~ k-2p;L'i k=\P1+2 up,1.1 .k 

• v~w~nHp, np f!Uin i folJ'fbpufo ~ntJwpblfru UIJ'I folJ'Ibllul! 1-fog JfoLzk m F'nlnf' 

wpJhpHp[! zfo f!b'lntlJntJ, pw!Jfo np 0= 0k I.J. (:=0k+ I "Awnw'fWJf/Hpfo . Jfotk 

UfW('>/•wH_w~ nz pnlnf' t:wp{Jw~l.hp!J blJ U[Win~wlJntJ D ~nfopntJPfoLt 

192 

t:.sik=pjt:.p, Mk, nrurb'l Pi<P1<Pi+~Pi 1 

{], J u UJ fr•u m/_, ,Jrf.tm b'Cff'W{W'J fr.1t qn Ld wpf! ft.nrltbf.tw 

v ll = k~' [ ~ F( a~. p~)P~ t:.pi~ok J 
mbupf!*• rrpmbtz P(Ok*, p/J-f.t ~wpflwftfr 1rl.mf.t ~~ IJ.1JJ ~Ok wrmw

'IPfrJ..l! 'l"'f'u pbpb,f.tp 1thp[!fr1t qnrtfwpfr uw,;,tfw1t,frs ('lw ftwt"blfr ~ wf.t.ht, 

pw1tfr np WJ•f.t ,;w1t'tlfnuwf.t,nt.tf ~ WJ•'f qnttfwpfr P"L"l' qnt.!w[ibtfr1tb•[fl}r pf.t.'f

,;.wf.t•n 'I' ,pw q_ tf w UJIU'mft fr l/! ). 

lJf.tfJw'f{'bf.tp, np ~pi---+Q, ~U~ ~Ok~f.t tff.tn~tf ~ ,;IUu'mwmnLf.tt {],!'1 'fb,UJ

pnttf qrwftwq~bpfr f.t:b,f"u•Jt W[IIIIIIU,;WJmmfJ:JntJ'ir[! ft.lqmrfr 

<Pi 0~) 

J F( o:. p )pdp 

<PI( a:) 
,fr.1tm,bqpwlfr1tt IJ.1J,J, [!fr.qnu'Htn•if_, "l' ~Ok---+0, 1_bn1twftw1t·wUJb,u ftUJmw

f.twf.tp**. 

(3) 

(3) pwf.twd.un·if_ ,;wz•qnttf bf.t ftpft•1tw,ftfr ,Jrf.tmbq,f"Uilf!' pltbn.wJfr1t ftn•np'rpfr1tw•m~ 

,f.tbpnqt 

* I>IJ~nbqpwLWJfoL 1fntJwplJ WJU ~nbupn{ ~wrn'l b!Jp 'lfo~nw(l~bl zLnpt:fo{ WJft pw!J[t, 

np 'fnLJwpfo uwt:Jw!Jl! ~wfu{ul~ l~ t:wppw~fo ftbpuntJ ~b~rrfo '1frf'llfo9' 

• *(3) pw!Jwtlkfo Jbp wpmw~ntJ[! fufoum lt• WJ'f pwlJwtlklJ wpmw~blfou Lwfu 'lf'nJp 

A'f"'bgpfo!Jp ~pi-IJ, Pn'l!Jbln{ ~Ok-IJ wlJtf>ntf>nfu, k JfowJL t:b~rrn ~Ok-IJ J.q~nbopfo!Jp 'l_pn

Jfo• 'J.w nz Lfon{fo!J ~ ~wJWU[WiniUUfuwlJntJ ~p~!Jw~fo fo!J~rrbqpwlfo UUI~JwlJJwlJf!, "f'P Jlt!J, 

'ffo~rrmJ h!Jp npU[bu folJ~rrb'ff'WLWJfolJ 'fntJwpfo uwt:Jw!J, bpp t:wppw~!Jbpfo ~npwJw'fHp[! 

A1fmntJ H qpnJfo {wJufolJplJ' bpp i'.Ok-IJ k L'ip1-L JfowJwJwlJw~ tlq~nntJ hlJ q_pnJfo)• IJ.1~ 

LntwJHw,Lfo{, zLwJW~ WU[wgntgJwlJ pn'Jl ~np{w~ nz fuu~rrntPJwLf!, ""f''IJntLpf! &zJw

pfom t {wJufolJplJ' (3) pw!Jwtlk!, fopw{wofo tJ• IJ.1u pw!Jwtlkfo fufou~n wp~nw~ntJf! ~"'f'blp 
t Ulnw!Jwl WjlJ IJntJIJ Jbpn'ln{, npf! 4fopwn{bl ~(' nt'l'lwlJ~jntlJ ~nnp'ffolJw~nlJhpn{ ~pp~-
1tw4fo folJ~nb'ff'Wlf! plJIJwp~bLfrut vzb!Jp IJwJ., np WJ'f pwlJwJ.kf! Jb~ wlJ'fwJ ~~ ~ wp~nw~
</_bl~< § 6-n,J' WJL ~znw'1Winn<fiJnLIJIJbpfo9 (npU[hu ~p~!Jw~fo f.h~nbqpwlntJ ~nnp'fp!Jw~n• 
!Jbpfo AL.wtf>nfuntPJw'i. wnw{bl f!L'It:w!Jntp pw!Jwtlkfo Jwu!Jw{np 'lb"fp}t 
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bpb Ulll.Uif}fJ jrfJmbqpnLJf! qwmiup# f!Ut.n e..q,, pu1q b{"qpnf''[f!\ f!UIJI 
p -1/r 1 wU[ w .q ut.nUJI'ii•w 'iicp -\ bm UJ UJ l p.w'iJ wtlft.p ('iJ q, 313 ). 

t~ .. '? /3 

P 2 "'•( P) ) 

V= I( I F(8 , p)d8 idp: 
F1 '"1 ( p) 

?,jr 9 n •.p U( w-\ w•hj_1_:n ui ~ .t; w z qh f( X, y) 
f/>nt'tqupw{p qf'qhwq,p p'iJmbq.pwl'iJ f!UIJI D 
t.nfrpnLJfJP' t.npqtu,} nlfl'[tuhqJnL'iJ qnnpqp'iJwm

'iJbpnq. 

·'Jt(x. y)dxdy: 
0 

bpb e, p pubnwJ.Jrfl .qnnpqfr'iJw.mfJb.[lnq D mfrpnL#f! lqw'iJn'iJw.qnp ~. 

wll(tu ·t.nl'!q·w,} fr'irlf1'b,wrwlfr .t;wzqn~Jl! ftwph[fr ~ · p.b'l'b'l plt.bn.wJIIr'iJ qnnp

'IJrfr.w ur.'iJ:brn "- "pf[lfJUI U( Ill t.n.fo"- .fr,fJ t.nb q.pw ~fr .t; Ill zq J UJ'iJ J! I 

"rn,p, ,pwfl,jr np 

X=p COS 8, y=p sin fJ, 

f(x, y)=f(p cos 8, p sin 8)=F(&, p), 

JJt(x, y)dxdy= J J f(p cos 9 p sin 
~ (<!>.(&) 

D d <1> 1 (0) 

(4) 

0 p fr L w 4 lr l.w2t/_ht x2-t y2+z2=4a2 qL'fwJfrL Jw4hrrkn•tflnt/_ £. x2+ v2-2ay=0 

'ltwLntf_ uwt:JwLwifrw~t/_wt} JwpJL{r V t}wtf_wlf!' 

{ n l t} , l J, RpU(bU frLmhqpJwL "'"l'"'JP WJUmbrz ~wphtfr t t/_hpgLh[ xLj-y2-2ay=0 

'ltwLfr t:frJI!f!• WJUfrLI!L' (O .a) ~hLwpnL It a 2Wilwt/_frrz ntLhgn'l. lf'tWLf!t 

!. ... -- -~ , ... 
" ' / ' 

( c: ~.,.) ' ' 
! 

t~ . 314 t4. 315 
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1 ' l".f. ('fl4, 314)• l.wz"-bLp npnLqn'l. V <twqw[{r 4 -(!, WJL t Lpw WJL Jwuf!, "l'f! 'If!"'~ 

"f!.f.tnJ t wn.wtfrL opmwLwntJ: 1/.1'1 ifhU(pntJ frpplt frLmhqpJwL ln{rpn<J/1 U(hLnl! t t/_bpg,J,l 

· ,.1t. ~fruwlf'tWLf!, npfr uwt:JwLLbpf! npnztf_mJ bL t;b.,ltJW[ t:wt/_utuwpntJLbpnt/_. 

bLflwfrL.,bqput[WJfrL :{>nt!t4ofrwL t 

z=''(x, y)={4a2-=:x2 . y·2-: 

+v~Jcr v ,,._,,_y,,, }y 
Umwgtf_wt} JrLLnhqpw[f! .!.ltwifrnfub!tl! ·e, p pltbnwtfrL 4nnplffrLww!tbpnt/_. 

x=p cos a, Y= ? sin o: 
flpnzbLI! frL.,b'll'JwL uwt:Jw!t!thpf!• 1~pw t:wJwp mptf_wt}- zl'tw!tw'lt}fr t:wt/_wuwpntJf! 

'fl'/,!tll pt..hnwJfr!t '~""l''lfr!twm!tbpnt/_. pw!tfr np 

x2+y2=p2 , · 

Y=? sin ·o· 

p=2a sin fl: 

lhrltwpwp, pltbttWJ"!t 4nnplffr!twm!thpnt/_ (!t~. 315} mfrpn<Jf/fr uwt:Jw!tLhpf! npnzqntJ ,, 

p=4' 1(0)-0 1 p= <f> 2(6)=2a sin 0, a-0, ~=rt/2 

~UiqwuwpntJLbpnt/_, fru4 Jr!tmhqpw[WJfr!t :{>n<L4gfrwL ntL{r t:bmkJW[ mhul!f!' 

'< /2 "1!/ 2 

3 / ]2a sin e (4a2-p2 1 2 

dO= 
3 

0 

1 / ' · SaJ • 4 =-3. [(4a2-4a2 sin3 6)
3

/ 2-(4a2)
3
/ 2]d6 3 J (1-cosl o)d9=g-a3(311-4): 

0 0 
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{"',}"'"' 'Vwfu t;wzqhLp IR= SSe-x2 -y 2 dx dy pLUJbqpwlf! , 

D 

mhqpJoPL D ;,Pf'"'Jfll! x2+ y2 = R2 zNwLL ~ (L~. 316)' 

tph WJcfJ R zwnwqpq[! wLuwt;JwLwfw~nphL Jbt}wsLhLp, WJUpLp'l,' pLmhqpJwL 

mppn<JfiL . wLuwt;JwLwfw4nphL pL'fwp.l.w4hLp, w"/W 4umwLwLp WJl;"'hu llnl.[_wt} Wh

~u~w~UlG. pwqUWUJWID~~ ~&mbqrwl . 

! a ,-e'p de}'.~'!!£(£ ,-•'e dp )" ,/1': •(1-o " ' J~no 
8"'!9 mwLp, np J Je -x• -Y 2 d X d V pLmhqpwlf! .l.qmnw ~ :rt uwt;JwLf.L, bflb ~w-

D 

Jwtw4oUL .l.lt.p D' mppn<JPI! pL'fwp.l.w4qmJ ~ WJL"'hu, np " qh{'tn t;wpflnt{JjwL swL

~ws·uJ6 ~hUJ(! pL~Ln<J ~ D' UJff'"'Jflp Lhpup Lt. JLntJ ~ LpwLn<J (D' utppn<Jflp WJU~ 

"'"u" rL'lwp.l.UJ~ntJp "'WJJwLw~wLnphL ~'fphLp' D'-->oo)• 
'lf9"'1! R,-p Lt. R2-p D' mppntjflp hqpwq<)p wJhLwfnpp it. wJhLwJM t;bnwqnpnL

p1n,LH pL hL ~nnp'fpLwUJflbpp uhpLw~bUJpS (L~ . 317) t 

j,.Lf. np e- X
2 -Y 2 >0 wJhLn<php, w"'w ppwqwsf. hL t;burlt.Jwl wL t;wqwuw-

l'"'p I" '~L.hpp. 
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7tc - e-ni) ~J Je-x'-y•ctxcty~ 'it ( 1-e- R~} 
o· 

.PwLp np o·~oo 'lh"'l!"'"' w~L t;WJU> ~. R,-->oo Lt. Rz~OO, W"/W wLt;wqwuw• 

pntfljwL t}wJphpp Jwuhpp .l.qUJntJ hL Jplt.Ln<JL :rt uwt;JwLpL t Lburlt.wpwp , WJ'l uwt;~ 

JwLpL ~ .l.qmn<J Lwlt. Jf.lpL wL'lwJp , WJupLpL' 

l_i~l J J e - x• - y• dxd y=n: 
o "' 0 . 

(5) 

'1-psn<p , JwuLwqnpw"/hu , D' mppn<Jf/1! 2a ~nqJ ntLhsnq pwnw~nwpL ~ ' npp ~/;Lur~ 

pnLp t;wJpL4LmJ ~ ~nnp'fpLwUJLbpp u4qpLw~liLnpL. WJ'l 'lh"'pn<J 

U1JJ LhpppL f.Lmh'fpw1p LzwLf.s 'l"'f'u phphLp e-y2 wpmw'lf'Pll! ( 'lw 4wph1f. ~ wLht• 

~wLp np e-Y2-L ~wfu.[_wt} l~ X pLmhqpJwL fnfnfuw4wLps) • U.J'l 'lh"'pntJ 

Jr -x• - y• =fa·e · Y
2(•Ja"e-x\!x )d y: 

, e dxd y . 
D ' . . a -a · 

a 

fL'lmLbLp J e-x•dx=Ba• 

- a 

,tnump 

a a 

J Je-x 2 - Y2 dxd y= J e-Y
2
Bady=Ba J e-Y"ct y: 

D ' -a -- a 

a a 

PwJs qhpt f.L pLUJhlff'WLf! Ln<JL"'hu t;w.[_wuwp . t Ba -p ( npnrf_t;bmlt. J e-x• dx= J e-y• dy)· 
- a -a 

J r -x•-y• 2 . e Qxd y=BaB&=Ba: 
D' 
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ll.ju ~urt[wuwpn<fiJwL Jbt wLsULI! uw~JwLfr, um/r"(htnt/_, "f' a-L d.qm/r wLt{_hptn<fiJwL 

{f!L'f n{'n<J D'-L wfJu,.<:JwLw.frw~nphL f!L'fwpd.,.~t/_n<J t). 

~wJ 

U.1u frLuriJif(IWLf! ~,&wfu { "(WIIIw~n<J ~wt[wLw~wLn<fiJnt'I.Lbpfr urhun<fiJwL Jht b. t[frSw

~wqpn<fiJwL Jht• o4wurbfJI!, "f' wLJ{rtw4wLnpbfJ ~wzt/.ht WJU frLmbqpw[/! { wLnpnz frL

urhlff'Wt/r Jfrtnsn<l) l{frLI! ~Wf'"'V l!wLfr "f' e- x2 !f>n<L~sfrwJfr LwfuLw~wLp lniU('f'IU~IUIJ 
!/>n<LbfrwLbpnt{_ lfr wpurw\wJur{ntJ: 

§ 6. •mfmfuwltwbblip~ tflnfuwp~bnuf(! ltpltbwlt~ ~bmliqpw1nLd 

((!bqhwbmp qliuu~) 

'1-JtsnL.[! Oxy ,;wp.{JntfJJwb tlb1. mp.f_w,} t L q.h.f_ .uw/{t!w·bwqrwl[.f_ui,} 

D mJrpntJfJf!t bflfJw'1p'bb'.f!, "f'' X fL y ltnnpf1!pbwmbhp[! U 1J. V bnp qrnqrn

Juwl[wfrb-hpfo !pntf.~yfowfrhpb bfJ. 

x=~(u. v), y='f(u, v), (1) 

[!b''1 npnLJ cp(u, V )-~ lJ. lj>(u, V )-b t!fowprfh(! hb, wb[!b'1/{wm hb lJ. ntbbb 

wbf!b''14wm t!wub,wl[wf. w,}wboJwl'it,bp rr:[f~Ut D' Ln•f{'llLJfJ.ntt!, "J'Il!- •lt·uw,;

t!wf.</_/> umnpb.: [},!'1 '1b'Uf(!"Lt! (1) pwbw~b:.bpfr .t:frt!w,fJ qpw X lJ. y wprfh•.[!

bb p!fr J nt[•wpw•fJ·un tp T"LJ q.fr fJ t: w·t! w Uf w m w u fu wfJ ntt! t u lJ. v w pJ h.f!Lhpfr 

t!fowlt 'l'"'l'lil!• lJ,!fJn,,;/unlJ. hb•,fJ.w'1l''hb.[!, np cp lJ. ljJ !fln~'it,4!Jfrwbh[lb WJf.U(p

ufrb hfJ, np bflb D mfrf'"LJflfrs 1_hpy'i.,.bLp X lJ. y npnzwl[fr wprfb.p.bbp, wUfw 

(1} pwbwM.~.bpnq lttfmbhb.[! U 1J. V "f'"lwltfr wpJ.h:.pbhp.[!t 
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'}o p m w f' I[ H.p Om· ~ n n (1''1fr'tt w m1Jb p•fr nul'lw'1J It J n tb ,; w t! w l[w p 'fl! (fJ 4 • 
318): Uuw,}fry ,;bmb.ntt! t, n.p Oxy ,;wp{Jnt{Jjwb w<Tb.b J,fr P(x, y) jhmfr.fl 

{fJ,l[. 31_9) tl/rwprlh.[! ,; w•!w UfW mw u,fuwbm,J t Ouv ,; wp{hiL{J Jwfl P (u, V) 
l(hm{!, npp u L. v .ftnn•f'''1frbwmb·hfl! npnz:.f_ntt! hfJ (1) pwbwJ.IJ.bpnq: U lJ. 

v P,.[hp,f! l[nl.f_nLt! .bb P l[bmp ~nrwqpb l[nnp.tf;frbwmbhpt 
bfJb Oxy ,;wp{Jnt{Jjwb J,bf l[hm[! q,}ntt! t D m/rp•nLJfJI! uw,;,,Jwbw

,Pw It n 'l L qrw It qfr,}l!, w U[ w Ouv ,;w p{Jn t{J JW b ,;w ,r w •qw.m w u Juw•b 41h·ml! 

itlf,}p np11Lt D' mf/rp'nLJfJI! uw,;t!wbwqrwl[n'l L' qrw/1 q.fr · ~l!• WJ'] '1h'Uf(!llLU 

· Q' ·Lnff'"'·JfJ•fr J'"Lf1•W.[!W•biJJilLf' ,ltbmfrYt ,;wtlwUfwmwuJuw.bnit! t D mfrpntj{Jfr 

. 4hmt 
lJ,JuUffrVJ11'1_, (1) ,pw·b·wJ.U..bp'J! D lJ. D' m·frpntJfJLh,p.fr ltbm1b,pfr tlfrfb. ,;wu-

mw'm•ntt! bf{ qr '" Ju .w '1 w f' J. ,r fr ·w l' d b .[! ,; w ,r w u1 w m w :u fu w ,fJ ,nL

p J n L fJ l[w:t!, frb~Ufhu w,untt! bfJ,_ D Ln!Pl'"'JfJI! qrn'fuw'fwpJ. t!.frwpJb.p w p

•Ln w Uf w .m I[ b !' n L J bfJ D' mjrpnLJ{Jfr qpw: 
b' ,m1p[llllj{Jiltd 'f.frmwp•qhb(! U=COnSt q.p,}[!: (1) pw.fJwJ.IJ.bpnq l[q.[!Ln

f.bfJ.p, "I' Oxy ,;w!'fJ.ntfJf~b ,J.bf_, '/!b'1,;w•bp.wll(hu, bpwY1 1[-;wt!UJUfWLnWU

Juw.bljr t!fr "!'"l l[npr df>lm wl,'1ufhlu· tL Ouv ,;wp{J.nt{Jjwb j!JILf'W.[!w•fr:unup 

v ' cons t n L'lfr 'lfrb ' It<; 'l/ IU lU Uf lU LnlU ufuw:b;fr Oxy ,; lU f' {Jn t{J JW b t!.fr "f' "l q.fr,}t 

t 
\ L 

~ j ~ 0; 

'1,11 •. 1{8 t~. 319 

U=COnst lJ. y=const nt'lfr'lbbf'nq D' mfrpntJfJI! mpn,;hb.p nL'l'lwb

itJntb l; wp{Jwl[i.bpfr ( l!L'1 npntJ D' utfrpnLJfJfr hq_pfrL ltUfl"'l ,;wp,{Jwl[Lhp[! 

-\wl.f_fr lbb/! wn.bfr ): D mppntJfJI! ,;wt!wUfwmwuJuwL qHpnql[mpn,;"-fo t!p 

jwbp l[npwqfr,} .pwn.wbl[jntfibbpfr (fll[. 319 ): 

Ouv ,;wp{JnLfJJwb Jb2 '1·/r•mw,p•qbL.p U=const, u+fiu=const, 
V= const' v +fi ,. = const llL'!._frtf:blhpm[ .uwt;,r wbwqrwl[.[w,} ~s' llL'l'lwb

JunLb ,;wp{Jwl[[!, lJ. Oxy t:wpflnL{Jjwb t!hf_ Lpwb ,;wtlwUfwmwufuwbn'l fis 
itn!'wqfr,} ,;wp{Jwl[.[! 1 [J,J·'1 t:wpflwl[·bibr•fr t!wl[bp•hiU.Lhf'l! blntjbUfb•u bilw.frw

J;.bL.[! ,;wUWUflU1..7WUfua!bwpwp ~s' -nq lJ. /1s- .n!qt {j,J''1 rpb'Uf.f!llLU, Ul1~1fl:-;wfU1 

' -· (-' 

t.s'=~ut.v. 

f:fJ'1,;wbp·wUfh.u , fis lJ. ~s' t!wl[bpbubbpp mwpp'bp bL: 

199 



?-,fo9 n'4! D mifo/tntJfJnvJ mp•fw~ t z=f(x, y) wflf!fi'lr\wm !pntfl~s.fow·flz 
D m/rp•ntJPnt·,J !pntfl ~afow JP J"'f'W[!WfiJ_JnLp z= f(x, y) wpJ.b~'ir .::w

J ·wUfwmw·uJuwflnttl t D' mfrpntJfJnttl !pntL·~s ·fowJfr . z=F(u, v) fl.ntjL W{'
J b lXI!, .n p'm b·tz 

F(u, v)=f[cp(u, v), Hu, v)]• 

'7-,frmwl'~ibfll! f!U•m D mfopntJfJ•/r z !pnvL~sfowJ'fo frJJ.mbqpw[WJ•foL q.nttlwp

Lbl"l!' lJ.~'itt;wJLn t, np mbtzfo ntLp t;bm:UJWL l;wt/_.w,uwl'n vfJJnLfil! . 

~f(x, y)t.s= ~ F(u, v)t.s: (2) 

2.w z:t/_bfl.p !J.S-f!, WJ:uip''iff!fr' Oxy t;wpfJntfJJwL P1P2P3P4 ~npwq.fo~ [!W

nwL~JWL- Jw,~lbpb• ul' (mib,u L,~. 319): 

fil""'l!b·~ Lpw q.wq.wflLbp.fo ~""l"'l'foflwmLbpl!· 

P1(X 1, y 1), x1=Cf(u. v). 
P2(x2, y2), X2 =cp(u+t.u, v), 
P3(x,, y3). X 3=cp(u+t.u, v+t.v), 
P4(x4, y4 ), x4=cp(u, v+t.v), 

Yt=t¥(u, v), I 
Y2=Hu + t.u, v), 
y3..:._·Hu+t.u, v+~v)., 
y4='?(u. v+t.v)' 

(3) 

P 1P2P3P4 ~npwq.fod- [!UIIt.wL~JwL t!wqhpbul! t;wztfhtfou P 1P2, 
P2P3, P3P4, P4P1 q.t1,bp1[! l[t;wJwp·b•fi[! 'l"'J'I wit 'l"LJ'I q_nujwt;bn nttzptz

Lbp, pw!Jfr LUJ''l• !pntL~s.ftwtfo w-Ab['!f! .ftnfuwp.fotbtnt ·bfl[! .::wtiwUfwwwu

fuwfl 1'1/r!fbpb'il.9'fowtLb.l'ntf: ll.JuUfpuntf, ·t;wztf/r z.bb.p wnflbl"' t.u b. !J.v wb

q'hl'!. .ftnnlbpft ,L~.wmtfwt!p ~tfbtfo pwpA,fT r~wp•q.ft wL:tfbf''l .ftn•[!p•bf'l!' ll.J'1 

'1bt1f.pntt! (3) pw.flwO.b.bpf! ·~•ntLibLwL ~butb.JWL •wbuf!l!• 

(.3' ) 

lJ.pt/_w~ bLfJw'll''"tfltntJ&'i.Jib[fip '1bt1f[!nLt! P1P2P3P4 ~np•wqip~ [!LUttw•fl-

I[JntLf! ~wpbtfo t '1/rmwp~bl npUfbu q_ntq.wt;bnwq.p~t Upw .!J.s Jw~bpbuf! t!n

.mwtfnpwUfbu t;wt/_wuwp t P1P2P3 bnwb~JWb Jw~bpbufo ~p~hWUfWutM/rL 
b. .::w·zt/.t/.nul t wLw.tfomfo~ bp~f'wl.wtf•w~wb pwLwO.b.nt/_. 

·t.s:::::;l( X 3-x1)(y3-y2)-( X 3 - xt)(Ya- YJ)I = 

=l'(~t.u+ O'fi t.v)a·p t.v- acp vt.(a '~ t.u+ a·¥ t.v)~= 
au av av av au av i 

%00 

J()<D a·? act d·~ l_,d'fi = ·--T _ t.u t.v-- -t.ut.v j--
' jau dv dv au du 

a.f a'f ay l --- - t.ut.v=-=. 
av av au 

iJp acpr 

= au av 1 t.ut.v; 
acji a<Jli 
--. I 
au du , 

w JU'ut b 'l '1 b·mib [' t! fo L w L·mf b [' ~ l' n [' '1 ( w [' m w<f! /r L) n uzfo 'l .ft w ~ w lf~ b [''/! •bz w

fJ,wftnt•t! bL, np '1but.bp1t!foL.wLml' t/ch.f'91{_ntt! t pwowpO.w~ Jb~ntfJJwtlpz 

lf1n ,~ bifr I! t; b m•b. J LU[ L 2 w .L w ~ n ttl I!. 

t.s: ~1 1/ t.s': (4) 

J rtb:mbpJfoLwL·mL wfl.t/_wflntt! bfl[! QJ(U, V) b. \jl(u, V) !pntbi~;ofow•flbp'fr 

~nt&~glm&wl qhmhrJp&wGm: 9-bpt!wLwofo t!w[J.bt!wmifo~nu Bw~n·p,ftfr 

w•hntb·nt/_ wjL wL:t/_w;b·nlt! bL .fl,wb. JW~nppwft: 

(4) t;w••fw.uwpn•.f/Jntf':l' t!n·mwt/_np t, .pwLfo nr• !J.s t!w~bpibiU,f! .::wzt/:b

tfru ·pwpJ.p ~wp·q.p wflt/_bf'l .ftnf!pbpL wLmb:uJbL bb[! : PwJ9 '"f'I!LUb .ft•11'[!f' 

l'fLbL !J.s b. t.s' t;wpfJ·w~Lbpfo z_w.ftubpf!, LUJ''irpwb WJ'1 .t;wt/_wuwp·ntfJJn~L'l!, 
.~'IJ/r·L,P -Azq.pftm 1 U.1L tfon·tf.foL 'llzq.p.fo·m · ~ ''1wnf.tw uwt;t!wf.tntt!, bpp !J.s b. S 

t;wl"fJw ~bbp fo ·ut [' w:ti w•q.~b l' I! O.q.·m ntt! b,f.t '1.['111 JP• 

t. s 
III= lim-: 
· diam L:;,s '4 0 t.s' 

{].j'Jt! u•mwet/_w~ t;w.t/_wuwpntfJJnLhf! ~.fopwrnb.Lp ~p·~Lw~{t pbitnb'q.{'WIP 

' ..;wzif.•J wb L~wmJ wJipt (2) t;w,t/_wuwpnll/J'Jwh I; fo·t!wL ·t/_pw ~w l'"''l b~ lfl'£1. 

~ f(x, y)t.s:::::; ~ F(u, v)jljt.s' 

( wt ~n·tziLI'fo fobomhq.pwiJ.LUJ;pf.t q.nttlw['{! ,mwpw~t/_w~ t D' IJI•Pf''"'JfJnt/_)t ll.L19-

L:h'l·"'"- uWt;iJ wf.t" 1 ,b{'p d j amt.s'-0 1 ~·u ut•Wf.t w'!J•.j! bzq.p•p U1 t; wt/_ UJULU p·ntfJ Jin·~b • 

' 
~Jf(x, y)dxdy= ~j F(u, v)llldudv: (5) 

U w l;l "i>bJJo ~ I'"- ,r, w ~ J. :Jt L 'm b q. I' w l " t J ~ n n l' '1 /r L .w m L ;b [' /1 
d £. w 1/r "Ju "t fi1 J w L p w L w d L. L ~~ Uw t;Lwpwt/_npntfJJntb t mwtftu f!UUJ 
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:Ill ' 

D .mljrpnLJfJfr ~p~flw~fr fr'ilmob''ff'UILP ':wz.t[nu!l! . pbp·h·t WJ'1 ifr&mb''lf''WL'P 

1 UJ 2'</. t! w bif!' f!'UUI D' mf [' n L J fNr, n N! ~.wp " ''l t ': b z.·m w 9 fJ h l Ju:fr'lfr f''l! r U.nw-

'i't· 320 

t ·frb wflqwt! UIJU pwflwJ.J . .~.fr fuwmw·qnLJb WUJW9n'LS·"LU[! mt/_bv_ t w~w.f~ow

t/_nl' nnw Jw{Jbt!wmfr~nu ff. '{. Ou:mpnq{'w'1u~fr'il t 

'J. .fr ·m n 'l n L{J J n L'b, U.flsnLt!b · nL'l'lwb~JnL'iJ ~""f".'1fr'ilwmHJI'!ts pb

t/_b:nwJ1fr'illfr, "l'l! .p'ilflwp~t/_'b9 'iJwfunp'f Uf'wpwqpw!/JnLJ, ~f"~lbw~fr p'iJimb.qp·w

l nt;,J tjt;n•tjt mfuw·~ UJ fl.'bibp /r ifr n fuw pfr'ilulwfl t! lUlU fl w<I{np '1h UJ~b t ; U. J'U tf.bUJ.pnL.J 

U=6, V=p 

x=p cos 0, y=p sin 6· 

Oxy ':wp[JnLfJJwb AB {p=pt) 4np.f! (fl1~. 320) J../..~.wtjtnfut/_nLt! t 
08p ':wp{J;nufJJw'il Jb2. A'B' nutJrttfr (fl~ . 321 }t Oxy ':wpfJnLfJJwfr DC 
(p . p2) ~"P:l! J.L.wifrn·fut/_nLt! t OSp ':wf"flnLfiJwb J:b2. D'C nL'lP'lPt 

Oxy ':wpfJnLfJJwb AD L. BC nL'lP'f.bbl'l! J.L.wifrrrfu.t/_n~J -b.f., 08p ':w{"

fJ.n.fJJWib Jb,t_ A'D' L. B'C' nL'lP'lbbp·frr Lt L. L2 ·~npbpf! J.L.wifrnfut/_nLU hf., 

L't L. L'2 ~-npbp·frr 

1.wz.4!bb>.p X, y · '1'b ·~wpmJwV ~""f"'lfro'ilwrmfib.f"l! 8 L. p .p.L.b•nwJ1pb ~""f"'1P
bwmfl,bp.fr J.L.wtjtnfunLfJJwb JW~npfrwbi[!t 
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ax ox I 
I - ao op =',-p sin e 
- oy ay 1 r cos 6 

aa or 

cos 66,=-p sin~ 6-p COS 2 6=-p: 
sin 

J Jf(x, 
~ ($2

( B) ) 

y)dxdy= J .r F(O, p)p dp d6: 
a $ 1 (B) D 

.. ... , 

l.Lfls WJU pwbwdf.t'iJ tL umwst/_·bL tp bwfunr'1 UJWp·Wqpwf/JnLUt 
8 p fr L w ~ ' '1-frsn•~J "'w-:wLfqntJ ~ -:w2lf.bl 

JJ(y-x)dxdy 
n 

'tp'tLu.r~fr frL.,bqpw[ll £'""' Oxy -:wppntPJwL Jbf qmll•[n'l w1L D "'/r('ntJPfr, np(' uw-:Jw

'hwofrw~lf_U!~ ~ "'"'UJWL "''lfr'lLtpnlf_ . 

y=x -;-1, y=x-3, 

IJ.1u ~p~Lw~fr frL., bqpwffr wLJfrlw~wL -:wilf.ntJ{' 'ttfrLbp '1-Jlf.wp. uw'twJL ofrnofrnfuw

'twLLhpfr "{Wf''l ofrnfuwpfrLntJ{' fJn'!l ~ UfW[/ru frL.,bqpw[p -:w2qntJ{' pbph[ Jfr WJL frL-
mbqpwlfr' ('UUJ WJLUffrufr "''l'lwL'tJwL , npfr 'tn'lJbp(' 

u,;.-J_ U U•f 'l:"'·'lw -:bn bL ~nnp'l'frllw.mwJfoL wnwLsi!LhpfrL• 

CL'IntLb'bl! 

u=y-x, 

lJ~t. 322 

1 
v= v+ -x: 

" ' 3 (6} 

l.bmkwpwp 1 mpl[w~ D mfrpn'-JPl' lokwofrnfuqntJ ~ D' "''l'lwL'tJntf. "'PP"'Jpfr, np{' "{UJUfw 

.. 'thpl{_w6 ~ L't• 322-fr t/.pwr lff.nLJ ~ -:w2lf.h1 lokwofrnJuntPJwL Jw'tnpfrwL{'t '1-pw -:wJwp X-f! 

;. Y·f! wptnW,WJIIfhLj] u-nlf. " v-nl{_r {ntH[nq (6) -:wqwuwpmJLbpfr -:wJw'twf''ll!• 'tuurww 

'hwL11. 

ox --
} :!= 

oy 

~ 
ou 

3 . 3 1 3 
x=--u+-v, 

4 4 
y=-u-f--v: 

4 ' 4 

ox 3 3 -
ov 4. 4 9 3 3 

- =-w-16=-4· oy 3 
ov 4 4 
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"''P9"L.p U[W-'>W'il.[qnnl t <wzqb'l r q~nq uw-\Jw'ilwtftw~ .qw~ Jw~!b{rb
qntJfJP ('il:~. 323) J.w~ibpbui[!. Jw~lbpb.ntJfJl! u,f',q_w~ t z=f(x, y) -\wqw

UW[I'NtUn•q, np:mbrz f(x, y) :f>m'il~slpw•'il wb:[!b''l-"wm t "- ·nt'b.fo wb·l!'il'l-'>wm 

UIU'u:'bw,~wb w~w'ii.9JW[Hpt r 'l'~P U[f""Jb~sfow'ii Oxy -\wl'.fJnlfJJwb Jbp_ 
'ilzw'ilw~bbl! L-nq: 

'L ~· 324 

Oxy -\wpfJntfJJwb .tb·p_ L q,~.nq uw-\Jw'ilwtftw~qw~ mppntJfJI! 'bzw'ilw

~bb,p D-mqt D mljtpntJP!! {~WUWJW~Wb dunq mpn-\b'il[! n -\wm 

~S!, ~S2, ... , ~Sn mwppw~w'il -\wp{Jw~'il:brr,p: Bntpw[!w'iluntp ~S1 ~wp

fJW1~.ntJ qb'['9bbb[! Pl(£1, 'I'Ji) ~bm, P1 ~:blm·fo· 'il Jw~bpb.ntJfJp qpw ~!;.w
Jwutwmwufuw'ilp 

Ml ~bmnq mwbb'il[! Jw~bpltntJfJ•fo znzwtftnrz -\wpi/Jnt{JJnLb[!t 'llpw -\wqw
uwpnul:'il nLbp 

(I) 

utbu.f!l! (mbu I <wm., IX tflfufo, § 6): UJ'l J;wflfJnnfJJw,'iJ 4.Jf1iw wnw'ild'ilws

'ilhb[! WJbU[pup ~crt -'>wpflw~, "PI! Oxy <wpfJ'ntfJJwb Jbp_ U[['"Jh~mqn~J t 
~St <wl'flwfrfo u1;biu[!n'q: IJ.,fo•mwp.~bb[! P"l"P ~crt <wp{Jwf,'bbpfo qnt.Fwf'/!• 

n 

£llcri: 
1= 1 

UJu q,nt.Fwpfo a uw-\Jw'ill!, hpp ~a1 ~wp{Jw~'ilbpfo mpwJwqHpfos 

wJ1b'ilwJb~l! dq:mntJ t 'll'"J'f 1 ~w'ilqwfl.b'il.p .Fwfrbpl.tntffJJr Jw~bpb'u, WJuft'ii-
11/!'il' [!Um uw-\Jw'iiJw'il 11/!'il'lnLH'il[!• · 
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(2) 

U.Jc!J q_pwrzqb'il[! Jw~bpltntJ{Jp Jw~bpbu1p <wzt[nt.Fnqr Vi-"'"- 'ilzw'ilw

~b'il.p znzwtftnrz J:wp{JntfJJWb [,_ Oxy ~wp{JntfJJwb J ,fo?:"- brzw~ w'iii~Jn~bi[!l 

U'ilw{fomp·~ ,bjr~{"wi..wt/t nt{J JWb -'> WJmb.fo .pw'ilwdltp -':pJw'il 4Jrw ~wpib~jr t 
'll"b~ ('il~. 324 ). 

lls; (3) ti cri=--: 
COS"(t 

Vi wb~JnLb[! JjiwclwJw'ilw~ Oz .wnw'b91!'P b. {1) <wp{IJ.nt.J.Jiw'il nLqqw

<wJw9fo J ,foy_Lt brzw~ m·b·~Jntb, 'iJ t• flnuut,p (1) <wqw.uwpJw,'b "- w'ilwlf11U11M 

bp.~1pwi_wt/tn.Ji1J'wb pw'ilwdltp -\:jiJw'il qpw nt'ilb'il.p. 

1 
COS"(t 

llcri= V 1 +f';(~i, 'Y)t)+f'~(~i' '~'ii) llSi• 

U.Ju wp.mw-'>wJmntfJJntb[! mb·rzw'lf'b'ln'q (2) pw'ilwd~p J,bp_, ~·umw'iJw ,'iJ.p. 

llw'bfo np 1 [!Um uw-\J w'iiJw'il, -\wqwuwpnt{J JWb wp_ Jw up p'ilmbq,pw[W Jp'il 

., 'qnt.Fwpfo uw-\Jw'il:l! J JV I+(oz)2+(iJ!:_)2 dxdyilfl'~'ilw~jr .p'iltnb!qpw['il 
o _ ox ay _ 

•t, WU[W qhpp_'ilw~wbtuutbu umwbnuf b'il[!• 

j·Jv az ~ az ~ 
cr= 1 +(-) +(-) dxdy: o ax _ ay (4) 

Uiu .tL -'>h'ils wJ'il pw'ilwd"-'ii t, npn·q <wzq·qntJ t z=f(x, y) Jw~bf"ltntJfJP 
· JIU,~bpbu.[!t 

b[Jb Jw~hpltntj{Jp -\wqwuwpntU[! mpqw~ t 

X=p.(y, z) 
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~= ( J V I+(ox )2 +(ax )2ctydz, 
"n oy dz 

(3') 

a= JJvr 1 + (dy )"+(()y )2 

dxdz 
D " OX OZ 

(3'') 

urbu'./!i!• n,,.mb.'l D' -{!, D" -e Oyz .f.t_ Oxz .\wl':fl'ntJIJn·ufJ.Lib:pfr .Jb1. w•Jft llf/r
pntJiflL·bp& .bL, np11L:sn~J Uf!'"Jbrftmt/_ntJ ~ mifwl ·J.w;ftbf'l"-ntJJil'l!' 

O l' J. ~, ~ 1, ~"'24bl x2+y 2-f- z2= R2 't~'lfr 4 Jw~bpbn•JPI!.• 

{ n L ~ n L J, ~"'21b~l! 'l~''lP z={ -R2-x2-y2 '/brfr~ ~buJ. Jw~bpb.nLJPI! 
(~~. 325), U.jq 'lhU[pn.J: 

l('+(:: /+(:~ /=V....,.R=-z---,x~,;-2-y"""'z,;-
R 

t~. 325 

x:Lf-y2 ~ R2 

"'"'JJwLru/,1 /J.Ju"fp11m/_, (4} pwflwd.b.J. <J.Jwfl .f.pw ~n.flbflwLI!• 

llurwg.f.w~ ~p~LW'~J. J.flurbq.pwlf! t:w2.f.IIt"' <wJwp wflgLbfl11 pb.bnwJfrL ~nnp'IJ.flw,U• 

pfu flb.hnwJJ.L ~nnp'fpflwurflbpn.[ J.Lurh'fpJwL urfrpn•JPJ. b'lf'"''IP~f! npn2.f.n<J t 
p=R 

0 f' f. L.., ~ 2: 9-urLbt x2+ y2=a2 'lt"'"P Jw~IIpiu.<JPJ. IMIJL Jw .. J. Jw~IIpJ."I!• •PI 

J.pwLJ.g ~urpn<J t x2+z2=a2 'lt"'llf!' 

PJ. t:w.[wuwpDLJfl n:Lfr Y={~ "''"'(!' "'""'[r 
2041 

iJy X 

;;;=- r ;; 2 -= .~;-- · 
av . -0· 
iJ z - ' 

V I -+-(oy-) 2_; ( ~'L)' 2 =l/ J.:.. x2 = 
dx ' \ az a2 - x2 

a 
={ a2-x2 : 

flflu:bqpJwL u:frpn<JPf! 2f'!wflp Jb~ pwnnp'IL t, 
tu JuJ.fll!f,' npnl.f.nt.F t >; budLJW[ U[W JJwfiHpn.f.. 

t~. 326 

dz dx=a {' ,r z · . dx=a j' dx=a2, 

) 

a ']fa 2 •. ,2 ·a 

r az-xz 
'o o (\ 

§ 8. uJDLfitlt J!W2tuuwb .tumnLpJDLUI! h IJpiJbwiJft ftbmliqpwm 

lJ.,frB"'<P .npik~ ,fJJ·ntfJ D U11frpntJfJntJ pwlfut/_w~ ~ WJfiU[bru, np .mfrpntJ

flJr .Jwftbpb.u,fr j11t.,(''W.f!Wfl.J_J11Lf' Jfrwtf.nf'lfrfJ f!fllqflnLJ ~ WJII[- ,fiJnt{J.fr nprrzwft.fr 

.pwJJ,w.ftnt.fJJn~flt l.btrrwqwJntJ fu,nU(btnt 1b:&.p q_wflq.t/_w~fr pwzfuJUJifJ· JwufriJ·, 

z.flwJW~ Jbp '1-wmn'lnLfJJntHbpf! U[WI)U[wflt/_nLJ bfJ flwf.t_ WJL '1-bU[.pntJ, bpp 

funu.pf! qflntJ ~ ~lbftm;pwftw~ LP9.fl'Jr, p_b'f'J·nLflJwfl .pwflwft.fr f.t_ wn&fr pU11zfu

.JwfJ J w.uljr.flt 
lJ,frrmwp'qbfJ.p D tnppntJfJfr .ftwJwJw,Jrwfl ~S .\wpfJwftl!' 'loJt!!nt.p m.t/_JWL 

. t.m 
{w.f',fJwft ,friJ [!&qt.n'l ~Jn!flilr q_w&qt/_w~l! ~m ~~ U.1u rpb•U[.f!NLJ _ /)wpw-

AS 
pbpnt{JjntL{! qn1_t/_11tJ ~ ~S urfrpntJ{JntJ fl!ntflfr Jfrli.:frfJ Jwftbpr"-n!Jilw-

Jfrfl fumntfJJnv&t 

IJ.frsnt.p w.1JJ ~S .\wp{Jwftl! pn.ppw.'ii:ntJ ~. ft~ft.t/_btn'q P(x, y) ltlrmfrt 

. t.m 
· .· ' 'I,J.mwp,ftb·fl.p lim- u·w•.\Jwflf!t b[J.b WJU uw/)JwfJI! qnjntfJJntfl nLf~Jr, 

As-+o t.s 
.· WU[w, l!fJ''1-I)wflpwU[bu, WJL qwfu•t/_w~ lnfr&fr P ftbmfr .,.fr,ppfrs, WJufrlr~lr' 

L('w x, y qnnp·?frfJLumlr.bpfrs, f.t_ jrpbL.frs .ft.hbpftwJws1ifr P ftbmfr f(P), 
!/>nth.ftgfrwt U.J'1- uw/)Jw.'if!f! qw&t/_w~~b,&.p &jntflrfr Jwftb·p"-ntflwtfrfl fumnt

PJDtf. P ftbmntJ. 

t~m · . . 
lim-=f(P)=f(x. y)r 
As-+ ~ ;lg 

(1) 
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U.!uUffount/_, J'w.~bpun<fJwJfoL fumn<fJJnLLf! mfopn<JPfo ~bmfo ~""l''lP-
LwmLbpip f(x, y) !pn<b.~![lipw t• 

'lofo.sn<.p wrJJ', f!L'l~W~WflW~f!· D Lnifrp•n<JPn<J' Ln['lt/_w.t t J'.fo J.L!(_-np 

LJnL/lJJr J'w~bpun~fJw!'fL JumntJ!Jn<Lf! np . .q.h•u Jj. '"l'"l f(P )=f(x, y) wfl ; 

l!L 'l~wm !pn<Lfl!Jfow u U( w~ w L1_~n<J' t ~ w2t/_ bl D mfopn<JfJn~J' U[W[T'n~Lw~

OJ/.n'l Ljnt{Jifo M f!LI'l~w,fl,n<p .pwLwft.l!z D mfrp•n<JfJl! m,pn.~bu..p .1s1 (i=l, 2, 

... , n) -\wp•fJw.~Hp.fr u J"<pw.pw'irun<p ~w,pfJw~nLJ zfbpsLbL;p Pt l(.lvm· •. 

.w !'1 'lb·Uf.f"LJ' f(Pt)-t ·~![pfljr pi ~ bmn<J' Jw~ hpun<fJw Jpfl fumn<fJ JN<L[!t 

f(P!).1St-L pwp·tl,p ~wp•qfo w.Lt/_b'/'1_ pn'.(!phpfo Z:ltnnLfJJwJ'p ,J,b'l mw

. tfru t .15; ~wpfJw~mJ' U[WpntLw.~4!"'l ifrJ'n<J¥ .pwflw~l!• fu~ 

n 

~ i(P i )~s; 
i="' 

qntJ'wpf! J'n·mwt/cnpwU[hu wp•LnW ~.WJLn.nLJ' t D m,fopn<JfJntJ' pwl'flllt/_w.t Ljn'L

f¥ f!'ii'l~wLnL[' .pwLw~·nvfJ!n~L/!' • flw!9 'lW D m.fopn<JfJntJ f(P) !pntL1j-

9'fWJf ~wJ'wp foLmbqpw[WJ[pfl qntJ'wp t z ziapfour wr·dthl[!f! .~umwflwfl.p 

wJ,L uw~Jw1Ln<J, hp1p .1st--·Oz 
U. fUll( fr:U1n t/_*, 

M=lim t f(P1).6.si= JJt(P)ds=JJf(x, y)dxdy, -
Ll si~ o ! = I D D 

( 2) 

WJuifzL.pL' D m.jr•pn<JJiln<J tLJntJif,jr /!L''l~UJI_Ln'-1' .pwfl~~l! ~wt/_wuwp t f!U_Ln 

D Lnfif""<Jfl/r WJ'l Ljn'<fJjr f(P )=f(X , y) fu'm.nLfJJw,L ~p~Lw~fo frL,tn,b•qpw,~fr'iiz 
0 ('f. L w ~ t 9-u:!tht R 2wnwq'lnq ~lnf' flf.fJh'lf. 'lw!tqqwJ-e, h{Jb [Jf.fJb'lf. LJnt{Jf. 

f ( x, y) Jw4hpknt fJwJf.L fuuzmfJJn L!tf! JnLf'WI!WLlJnL(' P (x, y) 4 hutnLJ -:wzTbJwmw4wL 

t (x, y) ~bu:f. -:bnwqnpntfJJwLe 2f'lwLf. 4h!tmpn!.f.s, w 1uf.!.11 !.' h{Jb f(x, y)= kY x2+y2; 
{ n L r)n L J 1 f!uu: (2) pw!.wd.kf. nt !.b!.l! 

M J Jkyx2 ty2 dxdy, 
0 

npurh'L D f.!.u:bqpJw!. uzf.pnLJfJl! x2+y2 :::;,R2 21'2w!.!. {t 

1/.Ls!thtn.f_ pkhnwJf.!. ~nnp'ff.!.wu:!.bpf' uUiw!.mJ b!.l! 

M~kJ (t ppdp }bk2• ~'I =fknR'· 

• '6s1-0 wnLlnt fiJnLLf! -:wu~wfmUt hL1 wJ!. f.tlwumnq, np ,1s1 m~pnLJfl~ mpwJw9~ .. 

11[! l.quzmJ { 'lf'nJf.• 
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m 'lw·L·'Ft/_w.tu nLLh!J"'l M I'.Jntpw~wr. ~bmp I pl'.brspwJp tfnJ'br.m 
0 ~b:mfo L~wmJ'wJp l[ni._t/_nLJ' t m 'lwLq:t/_wJtfr u 0 f~h·mJr:s M ~bm.fo nttb

s ·wrJ f ~b·nwt/_npint,fJJw,fl >[!WTIJW'~NLUINL Wf'lnW'I!''JW[!f!· 

l=mr2: 

m!, m2, ... , fin I'.J ntpw~wr. ~bmbrp fiwJ'w~wrq.p pl'.brspwJp tfn
dbl'.me 0 ~bmjr L~wmJ'wJ'p .t:wJ'w~wp•cpfo wnwLJ.foL ~b.mhpfo fr.t.hpsfowtfo 

JmJbY..m.Lbp.fo qnor.wp.L (-." 

II 2 
I=~ m;r i' 

i =-·: 1 

U.!JJ uw~JwLibLp D LJ'iiLflw·~wL ~wpfl U[Wut~b'l''P ,JJL•bpsfrwJ•fr Jn

JhL'UTI[!I 

'Jofosnt,p D U[Wm~bp[! mb'lwt/_nptf_w.t t Oxy ~wpfJn<fJJwL t/.pwz Uw<-< 

JwLib.L.p WJ''I U[·w·ur~'bpfo fztb,p•sfo•wlfr J'nJ'•hiuUT.[! ~n·np·'lfzLw.uttbpfz u~oqpLw

~hmfr L~wmJwJ'p, btfJw'lf'h[nt/_, np J'w~bpun~fJwJfoL fumn<fJJn<L[! wJ'b

hntph.p ~wt/_w:uwp t Jb.~frz 

D urfopn<JfJI! mpn~bt.p L\S1 (i=l, 2, ... , n) mwppw~wL .t:wpfJw~Lbpfo 

(W[. 327): Bn<pw.pwLun<p ~wpfJwftn<J' tf_hpsL,bL[! r:,, '1'}1 ~.nnp'f;foLwmLbp 

· n,Jlr,hsn'l Pt ~burl!' ~Si ~wpfJw~.fo .11 foHpsfowJfo mwp,pw~w.L J'mf.bfl,m 

wLt/_wHL.p .1St ~wpfJw~fo 'lwL'f't/_wc}-fo u A,JI 
r21=~t2+'1'Jt2 ~bnwz[npn<fJJwfl .pwnw~nwnt 

... 

· U.w rfr.JI'b.Lfzs Lbp.~wJwsLn<J' .t l!u,ur D m'fr-
t~. 321 

pn<Jfl/r f(x, y)=x2+y2 !pnLL~sfowJfo ~wJwp foLmbqpw[wJfrL qn<Jwpz 

D ll{Wm~brp p&br9~WJP dodh&m~ uui~:Jw,flhfr11 npU[bu Wf''l fr.'hmlb·q

pw:l·wJfrL qn<Jwr.Jr uw~J'wi'tr, h;p.p Jntpw.pwLu·nL.P L\S1 mwprw~wL <:wp

.Pw~fr mpwJwqforJI! AqmnLJ t 'll'"!P • 

• n 2 2 
lo= ltm ~(Ei +'YIJ)~s,, 

diam!lS 1 ... oi= l 

flw!S WJ''l qn<Jwr.fr zi,w~JwLI! ~5(x2+y2)dxdy ·~p~Lwft./z fz'trurJbi'l-{'WL'L tz 
D 
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J.iJ. 111 L.wpwp, D UfWU1.ftbp:fo pfi1hpsfrw.flfr tftnJihflml! qnnp'f-frfiwurLbpfr uq•qpflw

l[bmfr Lftw.urJwt!p t:wt/_wuwp t 

fo= J J(x 2+y~)dxdy. (l) 
D 

npur·btz D-fl ur-t/..!wl t;wrrfJ U[w.urJthf'lfr t;.b•ur t:wtf[!,L·qfi,ntz urfr.J1nLJfJfl t: 

. lxx= J J y 2dxdy, 
D • 

(2) 

lyy= J J x2dxdy (3) 
D 

pflurbq.pw[fiWi['f! qf1';_t/_n~J bfl, t;wJUJU[WU1Wufuwfiwpwp, D lllwmqhr~ ~&hr
g~wJ~ JnJh&ml'thr Ox~ Oy wnw&gf&hr~ &qwmJwJp: 

0 l' /t It w 4 11 l.w2qbl R lwnwq:znq D ll'twLf: f:LbrsftwJf: JnJbLtn(! 0 4bLmpnLfr., 

L4wmJwJp< 

{ nt J "' J, f!um (1) pw!twd.L.f: ntUL,, 

Io= J J(x2t y 2)dxdy: 

D 

a,u p!ttnblf('W£(! <wlqbl"' t;wJwp w!tg!tbt., e. p pL.bnwJf:L 4nnr'lf:LwmLbrf:L• PL.bnwJf:L 

4""{''1/tltwm!tbpnq l l'lw!twqJf: <wqwuwpntJL f p= R• 

t t· 328 

fiwmf: 

']. /r 111 n 'l n L {J J. n L L t O{Jh y Jw~hpb.ntfJwJfrli 

pnnnt{J JNLfif! t;w "-LlJ li•Lll f'lJ tf.b,ft.fr I W Jl t;wfi''IP•liWfi,ntJ 

t x-fr h. y-fr t!,J. npnz [/>ntfift'gfrw, wJufrfr..pt' y= 
=V(x, y), wUfw ~S1 t;wppw,f[Jt qw(i.J,'/lt/_w~l! purpJ.p 

lfiw [' q.fr LlJ fi "-hI' P. "'n 11 ph,pfr bl_U1 n t{J J LlJ t! p t; LlJ "- LlJ lJ wrr 
t y(~t. 'l'}t)~St, "- nuuur,fr t;wrrfJ Ufwurfthpf fr;Lb-p

Bfr'ul~~ JnJbLurl! qnnp''l~fiwurfi,bptjr lllql[_Pfiw.qtburfr fl.qwurJwJp 11{[,/rfl/r 

fa= J J-r(x, y)(x'+y~)d~dy: ( 1 ') 
D 

0 l' /t f, w 4 z, l.wlqbl y2=1-x, x=O, y-0 qJbrnq uwt:JwLw•f•w44_wJ 

D <wpp LJn<flw4wL "{Wtn4brf: f:!tbpgf:wJf: JnJbLtn(! Oy wnwLs1/t L4wmJwJp, bflb 

l"'l'wlw!tun<p 4burntJ Jw4brhntflwJf:lt fuurntfiJn<Lf! '\Juqwuwp t y-/t (L4. 328)• 
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{ nt J nt J 1 

_lyy=f 'J yx2dy dx= x/ ' . dx=-2 j x2(1-x)dx= 
24

1 

I ('rl~ ) j'• 2 a ',rj~ I ~ I 

0 0 0 0 0 

/> fl h p 9 /r w J ./r { L /r Uf u I! t Uwt;Jwfi,bfl~ D t:wpfJ UfWurqhp{: Jwqh

phufr fr'iihrrs.frwJ,ft JnJ.Hurl! np,fLt OL wnwfls.pfr flqwurJwJp, npfl wflsLnLJ 

J 0 tfth.urn,t/_ (0-fi f!li'f-ntfin,J l.bfi11 npll(hu qnnp'f-frflwurlibpfr uqyflwqhur): 

OL nt'lfrrznt/_ h. Ox urnwfrs11fr '1-Pwiqwfi n''l'lnLfJJwJp iftwqJt/_,w~ wliftJnLUf! 
fi2_wfiwqhfi.p r.p-nt/_ {fltq. 329 ): 

OL ntrzfr'lfr ,L,n pJ w l t; w,t/_ wuw p ntJfi { 

x sin rp ·- y cos cp=O: 

flput M(x, y) ftb;urfr r t;b,nw4_npnLfJJntfifi WJ'f- ontrzfr'l'frs t;w4_wuwp t 

r::.lx sin cp-y cos crl• 

D tn,}pntJfJ.fr Jw.ft·bpb.u.fr I frfi.bpsfrwJfr JnJb,fi•urfi OL ntrzfrrzfr flqwtn
JwJp, f!"Ln uwt;JwfJJwfi, wpurwt;wJurt/..ntJ t WJuUfbu. 

l= J J r~dxdy= 
J) 

-J J<x sin cp-y cos cp) 2dxdy= 
D 

=sin~cp JJ x~dxdy..:_ 
D 

-2 sin cp cos cp J J ~y dxdy+ 
D 

+cos2 
r.p j J y'dxdy: 

D 

l..b tn:b.w p w p, 

l=lyys in 21f-21,ysi ncpcoscp+Txxcos 21f, 

IIIJu.u;,b'l lyy=JSx2 dx dy U(Wur•fthpfr tJ.LhpofrwJ.fr 
D 

-~ 

I 
tt. 329 

(4) 

JnJMrtn·fi t y 

•n.lllfi-spfo fi,~wtnJwJp, lx:r= SS y 2 dx dy tfolihpsfrwJfr J.nJ.h.fitnfi t .X 
D 
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wnwb9.PP frf[wmJwJp, fr •uf[ I,y= r I"xydxdy I </,bptfrfr .;w.l_wuwpntfJJwb 
D 

P"l"JT wblfwJ'iJbrl"l! pwdw'iJbln·q I -fr . .l_p•w, f[umwbwb.p 

_ (~)~-· ') I ·(sin~-- )· (cos:r )+I · (sin~ )2

1 

l-I xx VT "" X) V-I- Jl I Y) J/ I 
(5) 

1 
OL ntrz/rrzfr .l_pw 1_bp9rfrrbfr.p A(X, Y) ,f[brmb WJfrllfb;u, '"I' OA= V I_, 

OL wnwb9.pfr ,mwprpbp . ntrzrzn~fJJntb• 'iJbpfr'iJ, wjupfr.pfr' cp wfr.f[Jwb 

mwppbp wpJb.pbbpfrb .;wJwllfwmwufuw'iJnuf bfr 1-~ mwppbp wpJb.pbbp 

fL mwppbp A f[kurbp1 9-m,frbbp A f[:b·mb'l'tfr bpf[pwz.wtfrw.f[wfr mbtz£!1 U.f[fr.;w!m 

t, np 

(5) .;w.l_wuwJTntfJJwb .;pJwrb Jljrw X b. Y Jbrt}ntfJJntbbrbp'[! JpJJw'iJ9 .;bm 

qwUf.l_wt} bfr 

l=IxxX 2-2I ,yXY + Iyy Y~ ( 6) 

w•nbz.ntfJJwJp 1 U.JuUf.ft.ullq, A(X, Y) f[b tnbpfr .bpf[pw t.wtfrwf[wfr tnbtz!! (6) 

b l' I[ l' n l' lf .f[ w I' 'lP rf[inp b t I u.Uf w 9 "Lffb up I n {' w J'lf I[ n {' l! J;tfr U( II t I 

/lpw.l_w 9;/t t ..; b•mb.Jlu[ wfr.;w.I_WuW,f'lnt{J JnLb'f! 1 npfr W U{W9nt91/r[ t nnLU 

Jw{JbrJ'wurprqnu </,. 8.w, Pn~bJwlfnq uq·fr•b * • 

* Pn<f1Jw~n1_u~nt wfl<w1_wuwpiaf1Jn<flfl WUfWSn <sbtn< <wJwp 'l~murp~hfll! <bmhJW£ 

w~L<wjtn wfl<w.f_wuwpn<f/Jn<fl(! • 

JJ [f(.:<., y)-~. 'f'(X , y )pdxdy ~ O, 
D 

npmbq A,·fl <wumwmntfl t• l.w.f_wuwpn<f/Jwfl llzwfl(! <flwpw.f_np t J~wJfl WJfl 'lb"'I!"<J, 

bpp f (x, y)-A'f' (X, y ) =: O, wJu~fJ11fJ ' bflb f( x , y)=t.'f'( X, y ), bpb bflpw'lpbfll!, 

"I' f(:<. , y )i'f'( X, y)=;l=cons t=A• w"'w J~zm mbq~ ltn<flbflw w fl<w1_wuwpmf1Jwfl llzwLf! ' 

U.JuUf[IUn1_
1 

pwsbtn1_ [rflmbqpwLfr llzwll[r mw~ bqwb .frw~wqHp£!1 ~umwflwfll! 

J J f2( x, y) dx dy-2A J Jf( x, Y)'f'( X, y) d xdy+),2J J 'f' 2(x, y)dxdy> U: 

D D D 

!lw[uur~nqJJwL wp·mw<wJ<nnLfJJnLfl(! 'lfrurwp~bfll! npUfbu A, ·/r !pntfl~sfrwt ?-w bp~(l"l''l wu• 

urfrG.wfl[r pwqJwfJ'IwJ t , np(! " L J[r 'lb"'I!"<J qpn lP 'l:unflntJ . <bmkwp:up, flpw wpJwm-

212 

(JJxydxdyy < 

·<(.J~J x2dxdy )(~Jy~dxdy) ~"'J 
2 

fxxiyy-I xy>Or 
lJ. J u.Ufp um/_, ( 6) I[ np /r lfP urqp pJpfr w fr,m l! 

lf{'wf[w'iJ t b., .;,bmb.wpwp, WJlf f[np·b 

tLfrllfu t (frf[. 330 ) 1 U.Jlf ttfrllful! f[nz.qnuf t 

- ~ 'iJ b p 9 fr w J fr t LP l1f u1 f!frbp9frw1fr 

l;l'frllfu\ft qwrzwtfrwpf! twf[wfr bzwfrwf[ntfhnvb 

nL 'up J' bfu,wbfltw JntJ 1 

;,,· 

~~. 330 

uf[wm<bfrp, .np pblbps·frwJfr ttfrllfufr wnw'iJB!Pfrbp.fr bpf[wp·n i!{JJn~frfAbpl[! iJ. 

.;iup{Jntfhwfr 1/pw b,pw f'/Pf'il! f[wfu.l_wd- Mr mrqJWL .;wp{J rUfW·mlfbpifr J..b,fr91 

/?w'iJ,fr '"I' rf[nnprlfJtfrwm•bbp;fr uf[;qpfrwf[b·mfr9 Jlfr''iJ'l:iJ. ~L·frllfufr np•IJ.t A f[bmfr .;b-

nwt[npntfJJntb[! .;w.l_wuwp t l j{T, npmbrz I-fr Ufwmf[bpfr frbbf'9PWJP 

JnJbfrm'iJ t OA wnwfrsr.pfr rbrqwmJwJp, W<UfW, .f[wn:m9brtn.l_ ti/rllf-

111[!1 f[wpb[p t .;,btmnvfJJwJp -:rwz.l_.bt D UfWrmlfbf'ifr .fr'iJbpg,frwJfr JnJrhfrml! 

l[nnplfpbwm'Ubpft ru;lf'q.pfrwf[/brmnq wbgbn'l nprkt nttp{rttfr rfrrf[wm1Jw•Jp1 /Iwu

flwq n,pw urh I .;bz.m !t ,fr.f[w mb'l• .np U(lll m.f[ bpfr ;fr'iJbp9ftw JP J nJ bb•ml! lf.tfr'

'iJfr wJ'b.'iJwtfrnp.f'f!' frbrh£f9frwJfr ttfr'llfu.fr JM wnwfrspfr ~f[wmJw:Jp lJ. wJb

LwJbd-[!' WJlf t '[Pillfufr tfrnpp wrn!.wb!J([!p frf[wmJw•Jp 1 

J.bp(! ~nJullbl!u bf,, ~u/1 'lw ~L{• fl~ WJfl '1b"'I!"<J 1 bp£1: l!wnw~nlUWJ~fl pwqJwfJ'IwJ~ qnp• 

btp~~sL bpf•s ~wqJ1_wt} 'l~u~p~J~fJUJfJmp pwswuw~wfl t, WJu~L11 L' 

~wJ . 

( J Jr'f'dxdy)
2 <f J f2dxdyJ J'f' 2dx dy: 

D D D 

t1w tt <hfls flmGJw~ntlu~nt wG F. wtJ.wuwrntpJntG G t • 

l!bp 'l b"'l!"tJ 

f (x, y) =x , 'f'(X, y)=y, x/}'=f=c onst : 

. PntflJwltn.f_u~nt n<zwqpw1_ :ufl<:u1_wuwpn<f1Jn<flp Jzurw"' bu ~frpwn.f_n<J t JwflbJwurfr-

!wjfr mwppbp pflwqw.f_wnflbpn<J, /J.J'I wfl<w.f_wuwpn<f/Jn<fl(! zwur ' IJIUUW'f(l/! hpn,..J nt 

. /rzm wfl.f_wfln<J bfl G.f_wp9~ wHw.f_wuwpmfJJnLbt PnLflJw~nr[ult~L WJfl { n•pfrz ltwpknp 

lllfl<w1_wuwpn<f1Jn<flflhp[r <bm) <pwmwpw~bl t 1859 p. , ~u/1 G1_wpsf!' JfrwJL 1875 p., 
111JufrLpL 16 mwp~ n<z 1 
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§ t 0. <IIIITP UJmml{tpjt dwl{tptujt huJ'u(IDLfJJW'u f11:i'umpn'u~ 

~npqfst.um'ul:ifll! 

XII 'IJJiu.p § B-·nwf (I t;w.UJ . ) •fr'21._hs, np IDJ, ID2, ... , illn 'lwfrrp[wttLbp 

nLLbsn'l P1, P2, ... , Pn LJntfJwftwL ftbUJbpfr t;wJwftwpqfr ttwLpntfJJwL 

fth•LUJpnL.fr 1ft.nnp'1frLw·UJLbfV! np·nz.qntJ .b,L -\;hUJUJWL pwLw.lubpn:q. 

(1) 

U.1JJ .np·nzh'Li D .t:wpfl UfUJUJftbpfr awLpn ufJJ'wL ftb ·frUJpnLft· ftnnp·~J;/r

Lw.UJ•frh.pf!' u.J'I U{WUIJtbpf! Ulp•n'<:H~] zwUI JwLp t-.SI UIUif'l'U14UJL t;wpfl.wft

Lbpfrt b[Jb [!L.IfntLhL~], np Jwfthpl.ntfJwJfrL /uUJntfJJntL[! <:wqwuwp I; Jb

't.ft, UI<U[UJ <: w pflw•ft /r 'lwL rp/_ wt}l! .<; wq w uw p ft Lfr·'hfr Lpw J w ft b plhuf.f, , b[Jb 

J If UJIJJ\1._ npw U(th u [!Li'lntLh iL•~], n l' f'. S1 UJW ppwft w fr .<; w p·fJw ft/r 'lw L:qqw ~ 

lfhLlUJpnLw1JI/:wt} I; Lpw P;(~;, 1Ji) .l(hUJntJ, WU[W D U[WUiftbf'lf! YW[I'hlfr I; 

· q.frUJb~ np•U[.hiu L J n L .fJ w ft w L ft ,b UJ h l' fr .<; w J w ·ft w p· lft IJ./''1 "1-b''li·nu.f 

I! u UJ (1) pwLwJ.b.b p,fr w J'l U[W'UJ'Y b pfr ttw Lp n LfJ JWiL ft bL Ulf' n L fr It n.np:'lf' frwUJ

ft.bl',l! ,J n UJ w •q n {' w U{ b u npnzqnLJ bL t;,hUIUJWL <:wqwuwpntflJnt·LL.hpn•q. 

n 

~ ~;ilS1 
1=1 

Xc~ ---, 
n 

~ ilS; 
i = l 

n 

~ -fj,ilS1 
i = l Yc-:=::::;---

n 

~ ilS; 
I = I 

IJ.JL ulut;JwfrntJ, hp·p f\. S(--+0 ftnUJ•npwftLbf'llr t;wJwpfrl·Lhp•ntJ J. ;{wJ

_ LnUJ['Wf'Lhpn~J b'lw•t} ,Pfr•ur.hqpw[WJ'frL l[>nttfwpflhpf! 'lwnfrntJ bfr .ftp·ftL.wftfr 

frLUJbqpw<J!Ltb'l' !. •t;wpfJ U{UJUJftbpfr ttwLpntfJJwL ftbLUJpn•L.fr ft·nnp•'lfrLwUJLh-

1''1! t;wz1._btnt t;wJwp luiUJ·w·L·ntJ bLi t;hLnhJwl C.zw/rUJ pwLw.!.J.bp'f!· 

J J x dx dy JJyctxdy 
D 

Xc=.: , 

JJctx dy 

D Y c= ..:::_ __ _ 

j J dx dy 

(2) 

D D 

U.Ju .pwLW'.!.Ub["l! 1 npnL.p uipUJwt}.t/_bsfrL w JL t;wpfl U(WUJfth·pft •.<; wJ wp, .npfr 

Jwftbpl.ntfJwJfrL /uUJntfJJntL[! t;wqwuwp ~ 1-fr, wftHwJUI 1;, JLntJ hL 

ntJjr Jb1 frwlt sw·L.ftwswtt, P·"l"P .lth•lrlhpnt.J y t;wuUJwlnntL :jumnLfljntLL 

nv'irhsn'l wu UfW'urtft,bpfr {wJwpt · 

l>uft hflb JwftbpltntfJwJfrL /uLnnt{IJntL[! .frn.frnfuwftwL I; 

21( 

MIU(UJ ,;w,fwU(WUIUJufuwL pwLw.!.l..bp,[! ftntLbLwL t;b,UJUJW'[ UJltU~]f!• 

J J 1(x. y)x dx dy J J 1(x, y)y dx dy 
D D 

Xc= Yc ,-=-------
JJ1(X. y)dx dy J J-r(x, y)dx dy 

D D 

My= JJ1(x, y)x dx dy 
D 

Mx= J J T(x. y)y dx dy 
D 

.U{'IIfw<:wJLnntfJJntLLhpf! ftnl.t[ntJ bL D t;wpfJ ti(W'UJftb'l"ft umwm~~ 
· dnub&m&br Oy li. Ox wnwL.g.pLhpfr L.ftwUJJwJp, 

JS1(x. y)dx dy fr·LmbqpwlL wpmwt;wJ•UinLJ t 'f.frUiwp~l/:n'l ujwUJ

I[hp,P I[_ W ,fl, lf "- W t} f! I 

x2 y2 
0 l' /t L w ~· flpnzbL __;+'---=! tLP"'"P pwnnp'l Jwuft 6wLpn<fiJ1uL ~bLurpnLft ~nnp

a2 . b2 

'1/JLwurLbpf!, Hflw'll'blntf., np l'"l"l' ~burbpntJ JUiftbpl.ntfJUIJpL fuurntfJJn<L[! ~Uil[wuwp 

~ 1-ft· 

• 
7Jra2_:_ x2xdx 

0 

1 
-nab 
4 

--------
1 

- .1ab 
4 

4a 
3n' 

jfT··ydy }, 
0 0 4b 

Yc=---
1
----= 31!' 

-nab 
4 
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§ t t. linmlt~ ~\nnhqpmt · 

fJ..pS"L.f! mwpwt)nt.fJJlflh Jbt mpt/_wt) .t nput V mfop•"'JfJ , np{! uw ~Jw

,'iJwifrwfr.t/_wt) t S qrwft ,Jwftbp•UnLJfJnt/_r fJ..ftsn<.p V mppnLJfJnLJ u hpw hq_

pwqt)p t/_pw npnzt/_wt) t nput f(x , y, z) WU[!'iJfJ~WU1 !pnLflqsftw , II['U1h'l_ 

X-[! , Y-f! , Z-[! m•frp·mJ/Jfo ftbm.fr mrzrzwh•ftJn ~h ·ft""P'JPhwm'iJbph bhr · fTJwp 

'l"rfJJwh ~wJwr wJh rpbUf.pmJ , b{Jb f( x, y, z);;;:::O WJfJ !pnL'ilftsfowh ftw

l'"'l h'b.p ~wJwpb[ V mppnLJfJnLJ Jfo npnz hJnL[Jjr pwzft,Jw'b foJUwL fJJnLb : 

V mfopnLJfJl! ftwJ w JW ftw'iJ 1mpn~ b.&.p ~Vi mppnLJfJhbpfo , 6-v ; .ujrJ-

t/_nl'"L hzwhwftb·tnt/_ nz. JfowJ& WJ'J mfopnLJ.fll!, WJ[U frpw ,J,w.t/_ww r BrH,nW-

.pwbl.JnLp ~Vi mp.pnLJfJnLJ [!hmpbJ-'.p ftwJwJw•ftwh Pt ftbm h f(Pt)-n·t/_ 

LzJ.Uhwftbh.p f !pnLhfts·fowJfo wprfh.p'b w !''l- JthmnLJr ltw'lJH.p 

(I) 

mhu.p.p pfrmb '1-flW[W Jft·fl 'fii LJW ['{! U ~\'1 J wflp mpp·IILJfJ'iJbp p [Jp.t/_fl wfluw";

Jwhwqrwftnpb.ft w·t/_btws'bM-".p wj&U[b·u, np ~Vt-1/r wJ.bhwJU mpwJw 'ffdrl' 

A'l-•mjt 'lf'"Jfo*t b.fJ,/; f( x, y, z) !pnLhftgftwh wh[!h'l~wm t , U.IUfw W j 'f r; but 

.pn<J '1-"J•II<fJJn<h ftnLbbbw (1} m•hu.pp Jrhm hqpwlfu!'fo·h ·lfn LJwp.fo u.w ~Jw

b£!1 npmbrz fohmhqpw[WJpfr qnLJwpLbpfo uw~Jwh[! ~wuft.wst/_mJ t frnLJh 

foJ w u mn t/_ , foL;tu/ b u w J'J 1izt[b.l t lq,pift fJ,uiJft•fo fo1im h qpw ll! uw~,J w 'iJb LP u ** r U J'l 

uwt;Jwh[!, "l'l! ftwfut/_wt} ;J nz. V mppnLJfJ£! urpn~htn< brzw'bw•ft:/ry, nz. tt 

Pi ft·bmbp!}r [!•hmprtLfJJnL'irp'!J, ·hzwhwft{nLJ t fiJ'f(P)dv upJt/_ntnt/_ u 
v 

ftn•z.t/_nLJ t hnw~Jl ~&mhqrwl: UjuU[punt/_, [!Um uw~Jwh.Jwh, 

· JJJ t(P)dv = JJJr(x, y, z)dx dy dz: (2) 
v v 

bflh f( x , y , z) - l! ~wJwpb·h.p V m,jrpnLJfJnLJ ~JnLflp pw zfuJwh t}w

t/_wtwJ'Ph fumnLfJJnLh , U.IU[w (2) foh•U11bqpwl£! ftmw V t)w,t/_wtnLJ Ufw.pifrwft

.t/_wt) wJpnru hJn<flp ..qwfrcpf_w•t){!t 

* 6vl urppn<Jflp mpw·Jwqpb ~nl.f.ntJ ~ WJ'I mppn<JPP hq_pwqbp ~burhpp wnw-

.f.htwqn<Jft <hnw.f.npn<f/Jntltf!r ~ .. . 

•* V if.w~ {ftbpwnJwl uw<Jwfte) urppn<Jflnw wltf!lt'l<wm gwft~wswJ !j>ntlthfowJp <w
Jwp pfttnhqpw[Wjplt qntJwpfthpp uw<Jwftp qnJn<fiJwft Jwupft ( Wjupftpft' bnw~p pfturhq

pWfp qnJn<f/Jwft Jwufrlt) WJU flbnpbJf! f!lt'lntftnul bftp W"fwsn<sJwft, 

216 

§ t 2. linwlt~ ~bmhqpw1~ hw21(nui~ 

b'bflwrurbh'.p, "I' V .mwpwt)wftwh (bnw l. wifr) mfop•IILJfJl!, "l'l! uwt;Jw

f.Jwqrwftt/_wt) t S ifrwft Jw.ftbp•UnLJfJnt/_, oJmt/_wt) t ~b,urUJW[ ~wmftnLfJJniU
hbp·nt/_. · 

I) v U1fi''11 LJf1,fo ow-hftwswt) hbp.pf.h ( WJ~foh.ph s bq_pfth l_U[Wmftwhnrz) 

ft·bmnt/_ Oz wnwho.prfo·h q_nu1-w ':bn wJH Jjr n<rzforz S Jut.lfhr'"-"'!Pl! ~wmnLJ 
t bpftnL ftbmnul, 

2) wJp•ll•'li_ V mfo'!•nLJfll! Oxy -:: wpfln ~fJJwh Jbt Ufl'"Jhftmt/_n<J t D 
ft wh n hw·•L n [' ( h p'ft l.~ qr) m PI' n Lff/,p , 

3) V ·mfor·"<Jfofo J11 <['W.pw-h•unLp ,Jw ul!, '"l'l! hpwhfoa w.frtUJimt/_n,J t 

ftnnl'''l'PhwmwJfob- ~wp!fJnLfJJn,h'lJ,bp.fos (Oxy, Oxz, Oyz) nput Jd•ft'fr'h q_nL

qw~b.n -:: w p fJn LfJJwJp , ·hlf1LJUU[;bu od:mJt/_wt) •t 1) u 2) ~wmftm.fljnLh•hhpn·t/_r 
1rzt/_wt) -:: wmftn.JJJ'nLhhpnt/_ orlmt/_wt) V mppnLJfll! ftwh'qwhhh.p ~w&n

&wt}_nr hnwz.wifr m.jrpntj.fJt 

· ltw.hn'bw.t/_nn b·nw•w•l. lftl. flub bh t.< 1. 1, I. 
,. . <. 't' ·l'f'11LJ [' ' 1 Of'lt•UW't ' ~lt'Uf'UII•PfJ(!, IIL'l_'l_Wfl-

q J11 <h q_nLqw ~ bnwhfoum {! , m b m pwl~fJP'[! u w Jth t Uhftw hnh bnwlw'ifr m fo

p"'! {J.fo 0
[' fo·b w ft t m f' t/_ w <) h q. 332 -n vJ r U b p f[w Uf w pw qpw !p ,,J 'IP'Lrtwp

qh•tnL H.p J.fowJh ftw'bnhw.t/_np• ·mppnLJfJhbpr 

t 
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.mb·qpw[p '\wu~wsntfJJntL(!t bLfJwrurblt[!, np Oxy '\wpJint{JjwL Jbt_ V 
mfopntJ}Jfo Uff'nJbftsfowL' D LIIPf'n<JfJI! uw .;Jwfiw.j.wftz[w~ t 

Y=<p1(x), y=<p~(x). x=a , x=b 

'l~bl''""- ' lJ.Ju 'lb'Ufl!n t J f(x, y, z) fPn~LftofowJ·/r hmuupum~~ pflm•hqpw[L f!"'tn 

D tnppntj{Jp uw'\Jwfl:z[nuf t WJUU[hu. 

~ 'f' ~ l ~ ) ·~:x , y) 

I,-= j { J [ J f(x, y, z)dz ]dy}dxr 
3 'f' 1(x) x(x, y) 

(I) 

O,ft tu·Ul bJJj! 1 n f' [!UU1 Z -Jt pfl U1 b'lf' J w.fl IJ. J.IJ.w z/_ np "'w fttu-q-d1b'f'nLJ il w '\ 

Jwfi.~bpfo mbqw''ll'JwL Wf''IJnLfijlmJ .umwsz/.n t J t X-1/r k Y-/r !pntflfta.frwz 

U.Jbnt'\bmk, '\wzz/_r[nul t WJ'I !pntLftgJrw.r:fo ft ,[rlqLwft·/r pbttnbqpw['b (!Utn D 
.m./r p·n 'JP /r, /rf, lUf'b u w J'l "lfrmw f'~4. b l t q bpe f 

f1.bpbbl! JrLmm'll'wlfo '>wzt/_Jw,b op,fobwftt 
0 ('" !, "' 4 1 • 1.w21.hl f (x, y z) = xyz f/>nt!.4sfrw t fr bnwU[UILnH fr!.mhqptuL!. (fULn WJfl 

. V mfrpnttfJfr, np[! uw,Jwf.u~tfrw4qut~ ~ .;bmb.twl ' wp{JntflJntHhpnq . 

x=O, y=O, z=O, xt y+ z= ) , 

! n 1 cJ n 'J, /J.!'f mfrpn<JfJl! 4wLnLwqnp ~ . UIJ!. qbpb.frs b. !.Lppb.frs uw , Jw!.wtfrw41_w.J 

~ z = 0 nt z = 1-x- y 'wp{JntfJJn~LLhpnq b. Oxy >wppnt.fJJwL Jbt Uff'"Jhllmt[ntJ ~ D 
lfwLnLwqnp { Uif'fl mfrpn<Jfilfr , np[! X =0, Y= 0 , Y= 1-x ntq/•qLbpnq uw~JwLwtfrw4•[wh 

bnw!.4JntL/r ~ (L4. 334 }: flLUmfr J V hnwU[Wtn/rfi fr!.mLqpwlf! ~w]qqntJ ~ ->hmb.Jwl 4hpuf • 

Iv=J J]'/·I-.Tyxy zdz ldy ldx= J J'Tx~z 2 ,~z;.,J_x-ydy ldx= 
0 l 0 l. 0 J G l O z= O f 

= Jj}' + xy(l- x-y)~d y fldx = J ~4(1- x)•dx= 7~0• 
u 0 0 

U.1JtJ j!bfrwpiftH.p bnwU[tuUI/rft fo'i.t.mbq.pw[./r Jp j!tub:fr · '\wmfrntfJJnLb

,fJ,b (' [! t 

1. w m ft n L fJ J n d1 1 : bpb ~nnrq~f.wmwj~& limrpmJ~Jlll&f,hrpg nrl..l; 
tih~p& qmqwJibn li.wrpmpJmtfp V mprntJP[l pwdLU&hf,f br~m' VI L. 
V2 mprDtjp~, WUJU1 [_lUll V mprntjpp bnWUJWmp~ p&mbqrwl[l JiwtltuUWI' 
~ pum VI L. v2 mprntjpr.hrp hnWUJWIDp~ p&mbqrwt&hrp qmtfwr~r.: 

21i 

lJ.1u '\wmftntfJJwL WUfWSntsntJ'{! ftw•mwpz/_nrJ t J.pwb'lw,Jw{t WJb~ 
U[h,u, pb;_U[bu k ftp.q·bWU[WUl1/tft frbm'b''ll'wlfo '\w·JwU(wtnwuJuwL <;Uitnft·nt~ 

fiJwL WUfwsntsnul'l!' fitum/r wb.'\pwcfb,zmntfiJnl.b ~ftw WJb ,fi,npfrs ·ftpftb·b~ 

1. 1b m k w fr /!' I.Jnnrq~&wmwj~& Jiwrpm-
pjnt&&hr~& qmqwJibit Jiwrpntpjnt&&hrDtl_ 

. V mjtrntjp(l gm&~wgwb tl_hrtwtl_nr ptl_ntl_ V l' 
•.. , Vn m~rntjp&hrp mrnJitfw& qhUJfnttf 
mhq~ nt&~ 

lv=fv,+lv2 + · ··+lvn 

Jiwtl wuwrmp jnt&p: 

l.w ,mftntfJJnLL 2 (bnwU[wm,foft 

" 1., Ul b· '/[' W { ,fo '/ b W ') W Ul tf W .b J W IU " b 

!/ 

D 

0 

t~t. 334 

Jl b n l' b· J l! )• bpb m-p L. M-p V m~rntJpnttf f(x, y, z) ~nt&~9PUIJ~• 
JiwtfwUJwmwuJuw&wpwr, . wtfb&wtfbb L. wtfb&~.upnfr wrdbf&br&. b&, 
WUJW mhqp nt&h& 

mV:s;Iv -~MV 

. w&Jiwtl_wuwrntpjnt&&hr(l, nrmlht V-& m~JWt m~rntjpp ;bwtl_wt& ~. Jm~ 
Iv-&' f(x, y, z) ~nt&~gpwJp hnw~~ ~&mhqrwl[l pum V mprntjpp: 

. y (x, y) 

lJ.Ufws ·n· ts •ntJz bwJu 'lbw'\wmbJJI! Iv=.\.11 S f(x, y,z)dz ]da 
0 Lx(x, y) . 

lJnwU(wtn;/rft 1pbtnrn'lf'W(p 'ilbp[!pfl pflurb'lf'•W[f!• 

·.1( Jy) f(x , y, z)dz _::( <fcJy) Mdz=M~(Jy) dz=Mz J'f(x, Yl _ 

z(x. y) x(x. y) z(x y) 
• X(l , y ) 

=M[tj;(x. y) · x(x, y)]r 

b:[ WJU'Uf•bu, bbp[!pb ,fo'ir,mlh'lrww J}r 'lbl'w'l.wL9 nu! M[w(x, y)-X{x., y)] 
mpmw'\wJtnntfJJwL'[!t firum·fo, ftpft ·Lwftfo .p.!rurb·'lf'WLLbrrfo Jwufrb § 1 ~Jr flbn~ 
pbiJfr '\wJwtlwJL ftum.wLwbj! (D-nz[ .bzw.bwfttz{w~ · t V mfopnLJt}J/r U({'nJb~
Sfowb Oxy <:wp{JntfJJwb .t/_pw ) • 

, ['f(x.y) . (' (" 

lv= J.J J f(x. y, z)dz 
0 X(<. y ) 

dcrs;;; ~ j Ml'¥(x, y)-x(x, y)]da:-::: 
ol .J 

D 

=Mjj!Hx. Y) -x.(x, Y) ld~z 
D 
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f! w J9 4. bnfoL qp.qL w Uf tuUJ foq foLU7!blq.{'tu ll! -\ w •l w u w p t '¢(X, y)- z( X, y) 
!pnLLq9fowJfo qpqLwqfo foLUJbq.ptutfoL L. , -\ bUJL.wpwp , -\w4_wuwp t wj'i.1 

UJfop•tJfJfo ~w4_wtfoL , npf! U[tuppwft4_w~ t Z=X(x , y) L. Z= \j)(x, y) 
Jwqbpb.ntJfJLhpfo Jppb. , WJufoLpL' V U1ppnLJfJP ~w4_wtfoL 1 flwU1p 

Iv-<A\V, 

"uJwJi J.L.n.4_ UIUftu9nus4_n tJ L np lv~mV, IJ.JuU[jruJJ•4_, 2-.p•'f ~tuU1qnt-

fJJntLL tuU[tu9nL914_w~ t 1 

l.wUJqntfJJnLL 3 (fJbnpLJ:!jr p fo L fo Jwu .fo &) , f(x, y, z) 
wl'.pG.qilwm ~ntf.~g~w~~ hnwUJWtn~~ ~&mhqrwtl'. pum V m~rm3p~ ilw
tJ.wuwr ~ w,p} m~rlHJp~ V bwtl_wt~ h. V m~rntJ p~ tf~ nrnz p ~bmmtf 

~ntG.~g~wJ~ wrdbf~ wrmwJ}rJWt~l'., 'WJU~&f& 

Iv= ]' rr)r o/(xj' y\ (x, y. z)dz]d yjdx=f(P) \': 

a l fl (x) - "f_ ( X, y) 

( 2) 

U.tu -\w,UJ,ftn~fJJw .fl WU[tu9nL9ntiJ[! q•tu,UJtupqn~J t WJfiU[bu , fr·L'.J_ t'f.bu L. 

q pq.Lw U[W UJ pq 1pfi•UJ biq.ptu [!p -\ tu 1! tu I' -\,w J wL J tu L -\ LU UJ q n L/J JW L[! , (U1b u § 2, 

-\wUJ~ntfJJnLfi 3, pwLwJ.fi. (4))1 /J.JrfJ qwp•nrz H.p wu1w9nL9bl ibnw~,fr frL
UJbqpwtft -\w z:[JwL ,J<wufr.& fJ;bnpbJl!1 

fl' b n p b J 1 f(x, y, z) ~m&~g~wJ lt' hnw~~ ~&mhqrwtl'. pum V ~w
&nf.w~nr m~rm.lP~ ilwtJ.muwr ~ pum l'.mJI'. m~rmJp~ hnwUJWUI~~ ~&mhq
rwt~G., WJU~f.f&' 

J 
r ~- J<p , (x)[ ~( x, y ) ] l JJ f( x y, z)dv==.J) J J f(x , y, z)dz dyfdx: 

V a -~ ~(x) -y_(x , y ) 

U. U[ tu 9 n '9 n L J 1 '-lmnp'/Jrfltu,U1WJ1Pfi -\wpfJnLJ/JJnuHbpfrL q_ntqtu ..; b,.,_ 

-\wp{JnLfJJnt&flbpn4_ V U1ppntJfJl! U7pn -\bfl.p n -\wU7 qwflnflwqnp U7ppntJfJ

Lbpp. 

t:.v11 t:. v2, .. ., t:. vn : 
,fllU(hU t/_hpli.nLJ, Iv·nt/_ &zwflwq•b.f,'l! &wld(x, . y, z) !pntfl~9fowJfo Lnw

. U[ tu ur-jrq fo•&UI b '1-l'tu'l,fl {!JJ UJ V UJ fop nt JfJfo, fo u q It; vi- n 4_' WJ 'I !p ntL ftsfo w Jft 

h.nw "f.W'UliP~ .fo.&UJ b q.pw tfl f!U U1 /1 Vt U1 fop n <Jtflfr 1 1J. !''I 'lb Uf.P" LJ ..;tu UJ~ nt{J J nth 

1-Jr -\ bUJib.w&.f!/r -\pJwfl 1/_pw· J,.wpn'l 'hfr.p qph·t 

I v= It;,·,+ It;,. 2 + .. ·+It>vn (3) 
-\ w.4_w uwp•ntfJJ nL&i[!l /J. JU -\ w 4_ w u w p nt{J J w& tuf J w ufr J nLp·w.pwr,un 'f' qn L

Jwpb~_fo& J.L.wtftnfu-b&:p f!U·UI ( 2) pwLwJ.b.jt . 

I v=f (P1 )t:. v 1+f(P~ ) <.\v 2+·---+ f(P n )~ vn , (4) 
npUt b'l Pt-•L· b. 11Vt UJ.fopnLJfl,Jr Jfo np1nz qiNnfl /;1 

IJ. j.u -\ w t[wutup n LfJ JW L Wf J tu wL .fr&U7b 'f,f'w ltu Jfr L q nLJ w [' t 1 £! u UJ b.&-
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fJtu'fpntfJJtufl f(x , y, z) . -~ntfiftspwfl wr,'f! fl'f ..;WU7 t V mppnLJfJntJ, WJ'f 

U[W U1 btunn 4_ t1 /1 Vt-.fo w•J bL wJ.b ~ U1-ptu J w q,fo•~[! 'lf' n J.P J.q.U1 b~fo u WJ"' 

q.n lll ftu p fo u tu{ lftufl l! q.n J n~fJ Jn tfl n tfl!p L. -\w14_ w u wp t f( x , y , z} !p n tflq 
9 

fo w JJ• 
,b nw q fo :Jr•fiUJ b•q.pw tfofl f!U U1 V lUI fo p-nLJ/J.p1 IJ.JU·Uf·fou n 4_, ( 4) ..;w 4_ w u wp ntfJ J w L 

.Jbp w&9Lbtn4_ uwo.\ J w &,fo, 'bp·p di am/1 Vt----+0, "'IIU1tuLwL [!. 

Iv= JJ Jt (x, y, z)d v 
v 

qw J :[ bppflw qw fltuU[ IbiU t/t n•fol b l n 4_ tu!_ L. J.w P, J w ub f'!P w [' U1 w ..; w J U1 ntfJ J ntfl _ 
t b,p·fo UJJ,,rz b p l!' 

Jj'Jt( x, y , z)d v~ p
1
'f>Jxf +<J. Y\ (x, y, z)dz]dy ldx: 
? 1(;•J -y_ (x, y) J 

fl' b n p b J .fr .tu/Uf w'B n L9 4w ~ t 1 

IJ.JuUI'brz z=x( x, y) L. z=¢(x, y) V ,qw.fmLw.4_np U1ppn•Jfll! ,fibf'I!"Jro 
L. 4_b:f'! L.fr19 uw,-\JwLw·tftwftnrz Jwqbpib.ntJfJLbpfo ..;w4_wuwpn cJ.HpL b.L1 
Y=ff!t(X), y=cpz(x) , x =a , X=b q.Hpf! uw..;JwLwtftwqntJ /;L Oxy 
..;wpfJn•fJJw& • qptu V UJfopntJfJfo Uff'NJbft9fow -\wL'Ifouw9 nrz D U1fopntJfJl! 1 

?- fo UJ n 'l n tfJ J n t L 1 "u:lw& J./,rt-4_, JrfllUfbu wp,4_b9 qpqflwU[wm-Pft foL

UJbq,pwl•P rpb•U[.pntJ , qwpb'[p . t qtutttfbt b.ntuU[tu•UIU''fr j.fiJUJb1q.ptu[ [!IUU7 pn

pn{uwq.w;fi•LbpJp fo&·UJ;b,q.pJw& WJL qwpqm-4_ L. .nt,p/rz uw..; ,JwLLbp n4_, ·bfJb, 

jr . ..;tup•ftb , WJ'I fJntJl t UJtulfou V UJfolflntJifJ:fo ,J.,/,_,[! 1 

If w [' J L fo ~ tu 4_ w l fo -\ w ~ 4_ n t ,J •l! b n w Uf w U1 fo t1 .fo L-

UJ h 1'1 i' w l ·fr J fo t n 9 n q1 bflb bL,pwfo&U1bq.pwlw!foL !pnt&q9 f
1
wL' 

f(x, y, Z)=J. ·tuU[tu ,pu.UJ V UJrjrpntJfJp b·nw~:Jr ,fo·LUJbq.p·wlL wp,UJtu..;tufUJntJ 
t V UJ fr [' n t J fJ fr ~ w 4_ w ll!• 

V= JJJ dx dy dz. 

. x2 y2 z2 
- + - -- ..L--J 

a 2 [;2 ' c2 - • 

/;Lf•Ufunfrrlfr <)-un/_wll!' 

v 

{ n t ,)- n L J r /;LfrUfvnfr'll! ( £lf. 335} £hf'I!"-/•!J 

(5) 

tt, . 33:; 
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tbppfrL frL~nbqpwu! t:wz{btfru X-(! t:wJwp{n<J t t:wu<nw<nn<L• 4w<nCJpbLI! t:b<nhJWL ~nb• 

'I_W'1('ntf/Jn1L[!• 

V=4~tabc /3: 

bflb a = b= c. W"/W 4umwLwLp. qL'1fr 6w{wll!' 

V=ha3.<3· 

nLulnp t-fJ 

1 . b n w ~ fr ft f. m b q. p w l l! q. l w .f. w J ,fr L ~ n n p '1 Jr h w rn fllbl ~ 
f' n rf 1 lJ.JU'Ufbu frnlqwrt cuwLwtfrL ~nnp'ffrf.wmLbpfr 'lhUfpnul ururrwJ-n·L-

222 

• 1 

. fJJwL t!lq P ~brnfr 'fPJ".Pl! npnz{nLJ t 8, p, Z .b{'·bp f1qnq, nprnb'l 8-L U. 

p-L Oxy t;wpfJnLfJJwL t!1bp_ P ~bmft Uff'"JblfofrwJfr pb.bnwJfrL qnnp'ffrLwm~ 
LbpL bL U. Z- [! P qbmft LUUfJiftlqwurL t, LUJufrL'.f!L' qbmjr t;bnwqnpntfJtn•tLL 

t Oxy t;wpfJntfJJn,LJno' qbp.gpwrt uwntu Lzw'lmr/_, b{Jh qbmfl l!Llfwb- ~ 
Oxy .<:w,n{Jrnf1Jn<Lfro qhph, U. t!Jrf.tntu frzwfrnq, b,pb [!L~wrt t 
Lbf'/lh (f.t~. 336), 

t 

_[ 
p"-J !I 

U. J u '1-b.uu~n LU rn 4.J w l V mw !' w.rtw qw L ur frp n 'JfJ i! m wr pw It w'i• b-w •L w t~ 

.f.tbl"fr bf.t.p urpnt;ontt! 8=8t, p=pt. z=zH qnnl"'ffrf.twmwJ·FL I!LU~·b{'·UnLJP~ 

- Lbpnq (Oz-nq wf.tof.tn'l qfruw-\wp{JntfJJntHbp, zpp_wLwJJrf.t q.twfl~ 

Lbp, npnf.to wnwf.to.pf! t;wt!l!L~f.tntt! t Oz~fr t;bur, Oz wnwf.tg.pJrf.t n•'l'lwt;wJLU9 

.<; w pfJntfJ J ntflf.t b {' )• S w f' pw ~ w f.t b-w q w l q tfrLp q n pw q,ftrt (( u: f"'P'qt! wf.t» , ( •nl"l! 

Uttuurft.bpqwrt t f.t , ~. 337 -ntt! ): Pwp•d.p qwpq.fo wf.tqbn ,P.n..pphpfr b.zmnt~ 
' flJ•wt!p W.J'f1 Uff'P'tf.UwJJr t;ipt!.pfr t!wqbp:h1u'J! t;wqwuwp t p~81p, pwpAJ"nL~ 
· fl1n·,f.t [! t; wq w uw p t ~Z -Jr ( q.pntfJ JLU L Uf w f' q n ~o/1 Jwf.t .<; w,] w f' i, j, k •Jr·f.t.
:'l:bl/!uf.tbp.[! pwo bf.t~p f1n'lf.tnl!rl): l.bur,htupwp, ~v---:p~8~p~z, fltumfr F(9 
p, z) f/lntf.tlqO•frwJJr b.1nw~p frLrnbq.pw[;fl [!'Utn V m.frp•ntJ.fJip •ntf.t.jt {obmUJoLU[ 

·mb·upf!• 

I= JJ JF(O. p. z)p d6 dp dz, 
v 

/lf.turb·q.pt!wf.t uw-\JwLf.thp·[! npnzqntt! bL V m,lt[rn'JPfr d.unoq : 

(1) 

bflb .mpqwrt t f(x, y, z) f/lntL.qgfrwJft bnw•41/r ftLur.bq.pwlf' "''l'lwL~~ 
JntL qn·n'p'fpf.twm.'lrbpm[, WUtw wJfl .t;b l m t d.h.w·tf.nfubt q.[wfl.wJJrf.t ~nonp

. 'l:~f.twmf.tbpn1 bnw~fr Jrf.turbq.pw[pt /lpnp, Lqwrnbtni/_, np 

X=? COS 0, y=p sin 0, Z=Z. 

223 



J7'llr4Zm~ 1mJb'l"''l'i 'I 1m46'l,J'I'f'io~J-n 

!l~6 

A 

tchp OP lp ch UJS ;;l(ch SOJ l •8 U!S ~ UJS l •8 SOJ 6 UjS l)JJ J J = 

A 

=zp Ap xp(z 'A •x)JJ JJ 

•ilit.mqm lmFTJwq:,. 4'1_;1u 'f'IVm'lmd 1ulqnj.u'fmp 

-qy 171~JqcJ;n B4Jlf'JUim'J11.J:Jww7 'JmfmJm7'lfiJ il1mJbqm'l!1' 17mvq 1·mmu 

tch SOJ J=J 

'O UJS ch UJS J=,\ 

'8 SOJ !}, UJS J=X 

·puG uJ1 p J/'~1 Jqoef;n iliJ q 'J"IJ1 u F fl 
-1UiUIFm:,mmJm lfJ!qiiJW'IniJ1rhuluulJ 'l'm£m.Jm7qit· lqmmmnm:, j mZq-:, B¥-8&& 

•h tpuTJf ¥eJF1uJ¥m A 'l!f JnupluJu ilJqiJIJmp:,mn IJmpJbqm'l<J 

A 

C1) :chp OP JP r1 U!S ?.J(ch 'l '8):::1 J If =J 

·ilitnqm 

1mf7JUI!f:, 11J1U ¥tfF1uJ4m A mnil IJ1mJbq':'IJ1·17mvq 1Fm1B71J1ucJ; (d:l 'l '8)d 

n:hv OV' J~ r1 UJS tJ=Av 

( 6&& '7'1) t Jmn; 
'• 

• mpm:, illmpmf IJm7mJJm-m J'1111itlnqu nFYJ 1mn1t!mvq:,mb1ub puJqLu7. 

ll.ut/l.qiJ1u• fJ1uFtfwJm7Jq. OV' dlU!Sl 'dlvJ 'JV lqJmpm:, t 111·qJmll il,Jmp 

-mf 'lm7moJ.Jmm A\1 dpmFtf1umZy. 1Jqopil'u'f 6Jqp'Jm 1bll1m7 JyJmtJ :1'llq-n 

-mp 'lm7mJ,Jmm A \1 il'IJq:,uJm puJq.IJtfF1uTJJq7mp 'J'/Fmmm'J1'L.Juu7 ( J:q'J 

6CC ·~~ 8c;; ·~~ 

~t 

z 

t66 

-'J'1U Ftfwtf<Jlm:,mn¥7 L UIJBIJ·m puilBIJ,:mv m zo) lSUO:l = 8 ' ( JqiiJtfF1U1JJq 7mr 

1Jm7m'Iu7 LuGqtf!u eJmbmb pwm•q-71m1Jilli4;n 4J!JIJUim'J¥vJuu7) lSUO:J=d:J 

•(J'fqefFw"JJq7ml' IJ1fmu~) lSUO:J=J ilf}f1uJ¥m• A fmpJs 

·uz,>o>o l.i::>dl>o ·cc>J>O 
ifiJq•rpu .J m,r1m,~ 'l'•m.q lj f mB m~ 1mB '!m f eJ1u (!m J m S 

:{ 8CC ·?11,) (1tmvm7m:; il'JmJ•pJml 1dm7n ¥6i'1ullmp 

-mp IJifiJ1nJ'm) dpmFtfwLL1u 'Jm7:mJu ,B4'it-B1Jmvm iJ.fm fmplm:, 'j 'l'l~wr7 
-'lm fmpbm7 XQ 1J 1Fm1B7qFuJin 1Jum7qp-L1pmvml mJp 'JmFe}1ueJtlm:, 

AXQ 'l-8 't 11,1J'1JJ.f7'Jm' fmLq TJ6ifJ' 1iiBIJmvm ZQ TJ 1'JumiJL1f L1]rmvml 

'J-d:J •ilJum7'!:fP'-L{fmvmZ 1'mq7· fmp::tu7 nq.lnnFm •G¥mq1Jm'J'db;7n ¥J7·'l 

-Uim1J-ifluluu7 t 'J!IJ1ufeJ1uJupmv•q:,· 1m.q7 il-J Lqm·Ju '"fupeJ ilqJq, .JJ 'J '0 
j !'"upluJ,u p:uJq-'Jmm'J11J,Juu7 71JqcJ;n lqp IJmFtf'w'{'mJ.mur iJ·itJ4u 1mq'J (I 
: p u J q 'J m m 'l ¥it .J u u 7 7 ¥·J q cJ; n i1 7 m J b q m 'l 1 1 7 m v q · C: · 

,_t_=ll(,_!_ ~=or(_!_-~ l of._£= ta":-t ttl >! ttl to . >t 
.. ::c:: 

r l [ 
o! l o o-n o 

=oP tp d(zd-;:t!).£. J f'=op cp ~ !_~ r I= >j,. '.,.>t ... •· 
_ H .. l!(j Z~/ .. 1 ~i :!?; 

( 
. ( 0 )0 I 0 A =oP cp d _ zp nt . J J j·=zp dp oP oqJ JJ =w 

~jl U '-'Z 

•Jmolm·r/m'l( 

:ililn'lm Ed-·Ea }=z 'i'l'u puJqfjmm'l<flrJuu~ 'l<fFm'Im1b ilp•uJmnm]rm~ 

tA-tX-ttl _)=Z 

4nmp 'l'iJ'I]r 'ilr'lbmn'itz 'I' 1 u !'' u 7 
•Dt=.::l 

,'lil'l<fnim 'il'lmf(},uJu]rmu'l:, fmBqfjlU G'iilp'i:, ,'im'l~ Mm ~ 'lm'Jmmmpqpm~ J'1Utn'f~ 
(z •li. •x) J,uf?fjmilmJ,uf il'l'"'d•umn/ .:1 'id•uf'l mJ'I 'ld'l 'ilrm]rb'lmb W 'ilrfJbmn'i~ ]rull 

-]rmvmZ 'tl huG'I'l'" 'luJm'l'l~ rum'l~'"'ldb~·n ¥J'I'lmmfJ4bJuuiJ 1'1ZuJy : IJ m 'l 'i J 0 

:(z •d '{) )::)=( Z '9 UJS d '0 SO.) d)! 

Lqmdu 

A A 

•zp dp gp d(z •d tg)::l JJ J =zp Ap xp(z 'A ·x)JJJJ 

•it'Jm1Jmmn7 



3. t/1 n ·.p n fu w ~ w L L b {' ·f l! L '1- .<; w L n L [' t/t n fu w {' p L n L J './! 

b 11 w ~ p p L m b q p w l n L J, bnw~p frLmbqf'wlnLJ wLsnLJ[I 'lb~wpmJwL 

~ n npt'ffr.'bw mU.bi',P9 'll w'bw J p'b,L bp p h u!p b £"11•~ ·L•bp·p' m w pw ttnLfJ JW'b J ,b f 

~ n.np•'ff'L w mL b rr.fo l'L'f<;wL nr.p J.L.w .p n fu n·LfJ Jiu L J w uL w t/_ n p 'lb ''II! b f''b bL t 

IJ.fosnL.p 

x=~(u, L w), 
y="t(tt, t, w). 
z=z(u. L w) 

!pnLL~sfowLb.l'l' .ftnfuw'lwpJ. J ,pwp,Jb.pn[ftbL wptnwLI(wt.rl.~bpnLJ bL X, y, Z 

'lbftwpm!w.L ~mnp'fp·LwmLbrnt/_ V tn•pp•nLJfJ£' U, t, W ~npwqjr.tt ftnnplffo

Lw,m'b.bpn•q V' mfrpnLJfJp t IJ.frs•nr..p V m.ppnLJfJp t'!t.V t}wt/_wtfr tnW{'f'l! J.h

t/_.w.ftnfut/_nLJ tV' mp,·'nLJfJp f:...v' mwpp.p , L_ 'f.fr9nL.[! 

/::,v I . 
lim -~ = q, 

Av ' ~O /::,y 

JJ jf(x, y. z)dx dy dz= 
\' 

(' f'J' =J .. f[cp (u, t, w). 'i(u. L w)X(u, L w)Jiljdu dt ctwr 
v· 

l:t,f'~Lw,qp frLmbqf'wlnLJ qwmwpt/_wttp 'bt!w.'b, 1-L qnl_t/_nL·t! t JW~n
p ~wf.. C.fol m w JL Llf'b u, Jr'bz Llfb u ft p·ft ·L w ~ Jt .frL m bqpw tLhr p <; w J w f'• ~w f''b LP 
t wLI(w,gnL9b'l' .np J.w'1fnpfrw'b[l fJt[wutbu <;wqwuwp t 

!iJ x iJx ax ·- ----
u at aw 

ay ay ay 
I- au at a ... .._ 

az az az ----
iJy at aw 

X=p cos 8, y=p sin 6, Z=Z (r,=u, O=L z=w); 

Ieos 6 -p si n 0 0 I 
i=~s~n f) p cos a 0 1= ~· , 

0 
228 

:';; 

U!pbpp~ ~nnp'lfr'bwmLbpp 'lbLI(.pnLJ 

x=r sin <p cos 0, y=r sin <p sin 6, z=r cos <p (r=u, <p=t. 6=w); 
sin <p cos e r cos <p cos a -r sin <p sin 0 

I= sin 9 sin 8 r cos :p sin 6 r sin 9 cos 6 =r2 sin <f' 
cos <p -r sin If 8 

§ f4. lfwpub~ ~\Jhpg~WJ~ unuhbiDI! It bw\tpntp)Wb ~hbmpnb~ 
~nnpq~bwmbhpl! 

1. lf w p J 'b p ,p 'b b p 9 'fo w J p J n J h .'b m •£'t m qw'bqt/_wtt nL'bhsnq 

M(x, y, z) ft·bm.fr .fro~bl''9,frwlfr JnJb,fimflbi"l! Ox, Oy, Oz ftn·IT'f''TJro'bw.mwJfrfl 

.wnw·Ls:p'bb p.fr 'bft Llltn Jw J p w p:mw•<; w J mt/_ nLJ . b.~, <; w J w Ll( w m w u·fuw'bw pwf', 

t:bmL.Jwl pwLwJ.L.bpn;t/_. 

lxx:-(Y2+Z9 )m, 

lry=(x2 + z2)m, l zz=(x2+y~)m : 
lfwrt!L{' fr'btbpsfrwJ·fr Jnt!b'bm'bbpf! wpmw <;w!mt/.nvt! bL <;wJwLI(wtnwu

fuw'b fr'bmbqpwl'bbpnt/_t IJ.JuLI(bu, orfr'bw~, JwpJ'bfr fr'bbrsfrw!fr JnJb'bmfJ 

Oz wnwLw·.PW 'b~w·mt!wt!p wpomw<;wJ'mt/_nLJ t Jzz= JJJ(x2+y 2)-r(x, y, z) 
v 

• dX dy dz p'bmbq{'w[nq, n[fttnlbtz y(x, y, z)-..[1 , f~JnLf/,jr fumnLfJJnL'iJ'iJ t: 
0 f' pIt w ~ 1 1 lwz{ht 2h pwpd.pntfJJmlt b. R zwnwt/_f..L n<ltb·sn'l "''lP'l Zf'twltwJpf. 

'l(wltp pt.bpsf.wJp JnJbltUJf! ltpw Jf.tf.lt -:wuH«JfJP u:pwJwqc)p f.~wUJJwJp, fuUJn<fJJn<fl[! 

~wJwpbtnt/_ t;wumwmn<lt b. t:wt{_wuwp To-P' 

( n <c) n L J 1 IJnnp'fpltwmwJplt t;u,Jw~wpqf. f!ltU.pbltl! t;/unb.Jwl ~bf'Uf • Oz wnzuflspil 

"''l'lhltl! 'llwltp wnwltsl!nt{_, J.u~ ~""f''fpltwmt.hpp uh_pf.w~hmf! mh'lwt{_~rphltl! f.pw upJbm~ 
f'~UIJP ~bltUJpnltn<J (f.~. 341) 1 

. U.J'I 'lbUfi!"<J fult'lPf'l! · t;w ltqnw t Ox wnwflsi!P f.~wmJwJp 'llw·f.p plthpsf.wJp J,_ 

. J .bLUJp t;u,zt/.htmlt .1xx JSS(y2+z~< ) -t0dx dy dz: 
· ~ · . v 

. , ll.flgflbtnt/_ 'llwltw!plt ~""f''fpflwmLbpf., ~u<nwf.wf.l! • 
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,flwfJ~fJUtbq('W£UIJ~fl UJ{'tnut-\urJtnlftPJriLfl[!t lJ.Ju pwfJwJ.IL[! fltttJfiU[bu oqrnw·

~W{' t l~fl.ntJ npn_lJwl J.fl tn·b q.,pw 1fJ b 1' -\wz1_ b,Lftiut 

1. 
e -e 1

00
, -ax -bJC 

Orf.!.w~• wz~ht _ X dx 

0 

t;LpwJ.!.urbqrwtwJpfl !f.nt!.~spwJp wf."f'"l J.f.urbqrwtf! urwf'f'"!~wf. f/lnt'ii~sf.ur!.brn~ 

l.P W{""w~wlur~ntJ, fl.1!. ~wz~btn< <wJwr '1f.urwr~b!.ll n<ppz J.!.urbqpw£ 1 npf! ~wrbtf. t 
~bzur <wz~b1 . 

j e-ards=-!;-(a > O) • 

0 

IJ.Ju ~w~wUw(llfLPJnLflf! pf.urbqpb[n~ U=3-p9 Jp!JL£. U=b uw~Jwf.f.b(lnuf , ~uurwf.wf./1• 

Jb'(J""· \ ro da b e-atdx J da = . a=ln-;;·· 
0 

U.nwtf.& pf.urbqpw[n<J .ftnfubtn~ pf.urbqpJwf. ~Wf''ll!• WJU ~w~wuwpn<PJ'""I! q(lbfljl ~h
lnUJWL utbujln~. 

J[J 
0 a 

I 2 

1.wz~lrt <:burb.Jwl J.!.urbqpwt!.bl'l!• JS(x2+y2)dxd y• 411wm. f-: 2· 
0 I 

NL 

4 2 

JJ 
3 I 

dydx 

(x-+ y )2 

* bpb pf.urbq('W£f! 'ff'~UI'~ t UIJUUfbU 1 JJ f(X, y)d X dy, W"(WI pfiL"fbU sn<J9 t lnf!f'• 

MK 
t/_bt ~hpfinuf , Jhf,j/ ~~wJwf'hf.j/ 0 nf' wnwtpfl pflurbqpntJf! ~WUIW('~IILJ t f!Uin W j fl .ftn• 

iftnfuw~wf.p, nrf. '1f.!f.brb!.sf.wll! 'lf'w~,.J t wnwtf.!. urbqf!, WJupf.jlf.' 

N L N I. 

JJr(x, y td x dy=J (Jr(x, y)dx )ct y: 

M K M K 

230 

Gjwon. 

2 d 3 
In~~ , 3. I J x·y dx dy • 11Jmm. 

15 -· 4 
I X 

na 1 
11Jwm. --J. arct g-• 

4 a 

" r 
,) 

1 
' dr do• 11Jmm -na~• 

2 
aslq 0 

a 2v 

6. ~'I .) 
0 y-- a 

11 a4 

xy dx dy • 11lmm. ~· 

I 1- x2 
.. 3 !; 

;~·t"=-L y=5• I1Jwm• J I f(x, y)d y dx o9. y=O , y=l-x
2

' 

2 -1 

~ 1um. f J _Hx, y)dy dx• 

- 1 0 . . 

a ve~ 2 
10. x2+y2=a 2, ~wm . J J f( x, y)d y dx, 11. y=-1-T-.-xl- , y=xa, 

- a _-y ;iTX~ 

2 

. I l+ x' 

~ ~wm. J J f(x , y)d y d x• 12. y=O, Y'= a, y=X , 

- 1 x2 

a v+2a 

tlw•· r J f(x, y)d x dy · 

0 y 

:' 4 2 

~~m~ f J fi x, y)d x dy . 
,.,. 3 I 

9( -
1 v ., 

14 . 

1 -v-x · 
·f J .J f( x . y)d y d x: ~mm. J J f( x, y)dx dy: 

0 ' 3 o Y' 

15. 
a V2ay - )·2 J J f( x, 'y)dx dy • .. wm . 

(\ 0 ... 

a · 0 

I J 
o-av~ 

2 4 

13 . .\.\r(x. y)d y dx• 

I 3 

f( x, y )c\ y tlx : 
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1 vr=x. 
IG . J' J 

-1 0 

f(x, y)dy dx , 411wm. 
ly~ I I f(x, y)d x dy. 

o -'VI-y• 

17. J 7Y f(x , y)dx dy. "wm. 
Oy~ 1 1-x 

0 -VI-y• 

J I f(x,y)dy dx+I Jr(x,y)d ydx: 

-1 0 0 0 

lburb.Jwl frfunblf{'W[fJbpf! 

18. 

19. 

a Va2-x2 I J f a2-x2 __ y2 dy dx: 

0 0 

a 'Va•-y2 I I (x2+y2Jdx dy, "won. 

0 () 

co co 

20. J J e-(a•t y•)dy d~. "wm . 

0 0 

Tt / 2 2a cos 0 

GIUton. I J p dp dO= Jt;2
, 

0 0 

1t/2 it-(·s "' a1 p3 dp dO=-· 
.J 8 

0 v 

2a'V~ 

J J dy dxr 
0 0 

!lb.w,fonfubl ~p~Lw~fr frLurblf{'W[Lhpf!, JnL<}bln.f. U b. V Lnp ifon•fonfuw~wLLhp1 npnL/1 

X-fr b. y-fr ;;bur ~w"l.f.wJ bL X=U-UV, y . UV pwLwl.b.bpn.f.• 

-~-· __:_ 
It ~ 1 - v 

e ~ x 

22. J I f(x , y)dy dx: 
0 ax 

c b 

IIJUtm , J I f(u- uv, uv) u du dv: 23. 

a 0 
I I i(x. y)d y d x: 
0 0 

If a 

b c ----
.b+c I - v 

lllmm. I J f(u-uv, uv) u du dv+ 
0 0 

b 

b y 

J I f(u-uv, 
b 0 

b+ c 

uv) u du dvr 

lfw~bpbuLbpfr ~wz.f.n•Jf! ~p~Lw~fr frLurblfpw[Lbpfr Jfr _ 
l n 9 n 4_ 

24, lwz.f.bl Y2=2X UfW('Wpnln.f. b. Y=X nuzfrqn.f. uw~JwLwifowHwJ UfiULn~bpfr Jw-

2 
~bpbul!' fi)wm, 3 I 

232 

25. lwz.f.bl y ~=4ax, X+ y=3a, y=IJ 'fJbpp4_ uw~JwLwif•w~.f_wJ "lwm~bpfr 

10a2 
Jw~bpbuf! t 'llwm , -- 1 

3 
I I . I 

26. lwz.f.bl x2 +Y 2 =a 2 , X +Y=a lfJbpn.f. uw~JwLwifow~.f_wJ Ufwm~bp[t ·Jw

a2 
'lf.bpbuf!' fiJwut. _ 

1 

3 
:a. lwz.f.bl J=Sinx, J=COSX 1 x=0 lfJbpn4_ uw~JwLwifow~.f_w~ UfWU7~bpfr Jw~bpbul!' 

Glwm . {2 -lr 

29. lwz.f.bl p2=a2coS2'f lbJLfru~wurn.f. uw~JwLwfwHwJ wJpnqt Jw~bpbul!' 

!llmtn", a2 r 

(
x2 y2 2 2xy 

30. lwz.f.bl - +-) = -- ~npfr ~wL'fn<J9fr Jw~bpbuf! l 
a2 b2 c2 

8 n L 9 n L ,,, IJ.'b,., /;1 x=pacosO, y=pbs in9 "'"(' pnrj.n[uwltw'b'bbrft"'· 

a2b2 
lllmm . --, 

c2 

lUJ'z.f.bl ~J.mb.J.ul .Jw~bpb.n<JJMihpn.f. uw~JwL.wifow•HwJ JwpJ.frLLbpfr Jw.f.wrLbpf!. 

x y z abc 
31. --+-+ -=1, x=O, y=O, z=O, lllwm. -

6 
, 3.2· z=O, x2 + y2=1, x+y+ 

a b c 

· + z=3 • Gtwm. 3rr • 33. (x- l)2+ (y-1)2= 1, xy=z, z=O• .4Jwon, n. 34. x2+y2-
32 

-2ax=0, z=O , x2+y2=z~, lllwm. g aJ , 35. y= x2, x=y2, z=O, z=l2+y-x2, 

549 
't1J1tR. -, 

14t 
36. '-lnnp'ffrLwurwJfrL ~wpPn•PJn.LLbpn.f., 2x+ 3y-12=0 ~wppn•PJwJp b. z= 

·. y2 
=- lflwLn.f. • fiJwm. 16r 

2 
~7. a 2Wnw•f'l"Y 2l'fw'l.wJf.'l. "'I"''Lnoj, npf• "'n"')' 91'/'. ~ wJt'b~'I.n••f t OZ wnu.'bgl'ft 

X Z 
~J,, 1 lt""l''l"'bwmwJ/t'b r.wpfJn• P JnL'b'hbrnr/ b. - + - = I r.wrfJn• fJ 1wJl', 4Jwm. 

a a 

a3 (: -+} 
38. x2+y2=a2, x2 +z2=a2 'flwLLbpn.f.• 'llwm. 

1
: al 1 39, y2+z2=x, J.=Y• z=O• 

lt.u. 1t 4 ,/--
' m. 64 • 40. x2 + Y%+z2=a2, -,.2+y2=R2, a>R• 4Jwm. 3 n[a3-( r a2-R2 )3), 

4 . . 3 
I. az=x2+y2, z=O, x2+y2=2axr 411wm. - naJ, 42. ~2=a2cos20, x2 +y2+z2=a2, 

2 

233 



43. 1.wzqbl x2+y2=z2 ~n!.fr wJ!. Jwufr Jw~hplur•Jf/fr Jw~bpbu£'1 np11 11pw!.frs .;..,,. 

urn•J ~ x2+y2=2ax 'IL"'11l'' •qwm. 2"a 2y~ 1 

. 44 , ~wt1/rl x+ y+ ·z= 2a :.wlrflnL{JJW'j, UIJ'b rfwu~ Jw~/ipbui!.l nf''b f!.'b~wJ t 

IUtUu£/!'ft ~""f''lfr'bwwtuJ{r'ft ol!urw~rurnLJ [,_ uwr.Jw'Lwyrw~ywJ t XLf-y2=a2 'fjw'bny1 

;:;J2. / _ 
4iu•m·-r J, 

4 

45 . 1.wztf.bl qf.'fwJfr!. uLqJbLurfr ( rfrnpfr) Jw~bpl..mJfJfr Jw~hpbuf', b[lb ql.lffr zwnw

"-fr'll' a ~. fru~ uhqJbf.urfr \ fr rl l!fr zwnw"-fr•ll'' b• "lwm . 2rc(a2-ay'.a2-b2)• 
46. 'J.mf.h[ x3+ y2+z2=a2· qf.'fWJpf. Jw~/;pl..ntj{lp WJf. Jwufr Jw~bpbU[!r np(' ;;Wln~ 

x2 " 2 . r~2 
l{_wt} t -+{__=I (a> b) 'fi w!.fr Jw~bpl..n•tflnq t "lwm . 4;:; a2-8a2ar c si n f a·- . I 

a2 bt a 
47. fl.wf.bl X 2 -f-y2= a2 , y 2+z 2=a~ hpffn' lflwf.f.bpp {'f,'1.;w11mp Jwu .;wf.'fpuwsnq 

JwpJ!.fr Jw~hpl..n•tfJfr rlwi/bl'hu{'• "lwm . 16a2, 

48. 1.wzqbl x2+y2=2ax 'flw!.fr Jw~hp"-n•JPfr IUJf. Jwufr Jw~hpb.ue, "l'l' qurf.qntJ 

t z=O ;;..,pflntp1w11 t.. x2+y2= z2 ~n11fr Jht"-' "l~m . Ba2, 

49. 1.wzqh£ x2+y2 = a2 'f[Wf.p Jw.~bpl..ntJ£1/r UIJf. Jwufr Jw~/;pbU('r n('(' qur11qntJ t 
Z =mX t.. Z='o .;wpfJn•fiJmf.f.hpfr rlfrt"-• "lwm. 2rna2

1 

• 50. 1.wzqbl y2+z2 = 2ax- "'"'l'"'l"'l"P'1P Jwfthpl..n•tflfr wJf. Jwufr ·Jw~bphu[' 1 np[! 

1 
'l"'f.q_n,J ~ y2 = ax "l"'f'wpnlw~w11 'flw!.fr t.. X= a .;wpfln•fiJwf. rlfrt"-• "lwm. -Jta2 

3 

(3y3-1)· 
1.wp{J U[Wur~Lpf.bpfr 

l' n f, fr q n l' '1 fr !. w ur!. /; l' fr, 

l{_ntJp 

'/_ IU 11 'f "- W J fr 1 t} W f.t (' n l fl J W f, ~ b 11 Ln• 

fr!.hpsfrwJfr JnJb1lurfr ;; wz. 

(51-62 1.. 64 [u!.'ffrp'LhpmJ wJLf.ntph[! Jw~hpl..nLJfJwJfr!, furnmfltmf.[' {'f.'lmfJqntJ ~ 

.;wurnwurntf. 1.. ;;wqwuwp Jh~fr) 1 

51. flpnzbl a zw nw•[qn•L Zl'lwf.jr ~~.. ntf.hsnq Pfrflh q/!,-' qwf.qqwa{', h[lh furnntfJJnLfl(! 

swflqwswJ p ~burnt J ;;w~w'fwf'~ ;;wJbJwrnw~w!J t 'flw11p wnw119/!P9 P ~/srnp <hnw

</_npnt{JJwfJ{' (;;wJbJwutw~wf.ntfltwil pwqJw,"{WU7~plf' <wqwuwl' t K-/r)r "lwm . 2:n:ak• 

52. 1.wzqbl ;;wqwuwpwftnqJ hnwf.~twf. t}wf.pntf/Jwf. ~b!.rnpnfJjr ~nnp'ffr!.wurf.bp[!1 
11pw pwpdpnt{JJmbf. pf.'fn'!.bln</. frppb. Ox wnwfJsp , fru~ qwqwfll'' frppl.. ~nnp'ffrLwurf.hpfr 

1• , 1• li1 av3 
u~qpuw~h'" ' lmm . x= ·-

3
--, y=O~ 

53. 1.wzqbl a zwnwqqnr/. zl'tw!.wJpfl ub~urnpfr JwLpn•fiJw!, ~bf.mpnf.p ~nnp'fpf.wur• 
11bp(', f.pw wf,~J wf. ltfrunp'f!. l'fJ'ln•Lblml frppl.. Ox wnwf.sl!• Uh~urnl'fr pwsqwJpfr wfJ-

2as ina 
"'nun. Xc=-- 0 Ja ' Yc= • 

234 

54. 'J.urLbl x2+y2=a2 ll'tw!.fr qbpfr11 ~bufr t}w11pn•f1Jwf. ~bf.urpn11fr ~""f''1fr11wurflb-

4a 
f'{'l "lwm. llc=O, Yc=-• 

3Jt 
55. 9-uru1 x=a(t-sint), y=a(1-cost) sHL"P'lfr Jb~ ~wJwpfr Jw~bpbufr t}w11-

5a 
pn•f1Jw11 ~b11urpn11fr ~""l''1fr11wurf.hp['• 41!UJw. Xc=a:rt, Yc=-• 

6 
56. '/>m'bbl p2=a2cos'20 ~"1'/! t,..,'b'l"'Jfln•J uwr.rlw'bwy•..,~yw.t "l"''"~bl'f! Jw'b

l':ay'2 
r•••fl,..,'b ~b'rt"'l'"""" ~nnp,f!'bwur'bhpe• 41lwm. Xc 8 • Yc=O· 

57. 9-urf.h1 p=a (I +cos 8) 

5a 
'lfr!.wwf.hp[' • "lwm. Xc=-, Yc=Or 

6 
58. 1.wzqbl x=0 1 X=3 1 y=O , Y=b n•qfrqLbpnq uw.;Jwf.wrfrwHwt} ntqqw11~Jw11 

Jw~h1?bufr frLhpsfrw·Jfr JnJhf.tn{' ~""l''lfr!.wwf.bpfr u~q_p11w~burfr 11~wurrlwJp: "lwm. 

x2 y2 
59. 1.wzqbl -+-=1 tLfr"'ufr fr!.bpsfrwJfr JnJbf.ur['' w) Oy wnw11spfr 11~wurJwJp, 

a2 b2 . 
JtaJb nab(a 2+ b2) 

p) ~""l''1fr11wurf.hpfr uqqpf.w~hur{• f.~wurJwJp1 "lwm. w) -
4
-; p) 

4 
1 

60. 1.wzqb[ r=2aCO SU l f'tWf.p Jw~bpbufr pfJbf'fJPWJp JnJbfan{' p t..bnp 11~wurJwJpt 

3 tt a4 
fllwm. --, 

2 
61. 1.urz•lhl p= a( I- eos l!) ~~~~l''11'"P'1P Jw~bphufr fr!.hpsfrwJfr JnJb11url' ph-

35;; a ·l 
qbnfr fJ~wurJwJp: "lwm . - - 1 

16 
62. 1.wzqhl (x-a)2 i (y-bf=2a2 Zl'twfrjr Jw~hpbufr · fr!.hpsfrwJfr JnJb1lur[' Oy 

wnwf.apfr f.~wurJwJp 1 "lwm . 37ta4, 
63. a ~nqJ ntf.bsnq pwnw~nwfr Pfrflbqfr J"'l'"'l!"'11un•p ~burmJ fuurn•fiJnL11(! .;wJb. 

. Jwurw~wf. t [!Wnw~mun, npl..t qwqwf!frs "'1'1 ~burfr ;;bnwqnpmfiJwf.l'' 1.wzqbl flfr[lbqfr 

fr!.bpsfrwtfr JnJhf.url' "'J'l qwqw{Jnq wf.sf.nq ~nqJ{r f.~wurJwJp r "lwrn. ~Oka5[7-{2 + 
+Jin('-{'7 -t-1 )] , npurbq k-!. .; wJbJwurw~w11ntfiJwf. pwqrlwU[wur~frL11 t • 

64. 1.urzqbl y2 = ax Uf"'l'"'P"l""- "- X= a mqfrqnq uw.;Jw!.wrfrwHwJ U[wur~bpfr 
8a4 

Jw~hphufr fr!.hpsfrwJfr JnJhf.url' Y=-a "''lP'lfr f.~wurJwJpr 'llwm. -, 
5 

bnw~fr fr11rnbqpwtf.hl' 

65. 1.wzqbl JJJ dx dy dz , bfJb Jt'rturb'lrJw'b 'rnf!f'n<Jf/1!. u,..r.Jw'bwrfrwt• 
(x.+y + z+ 1)3 

twt} { o/JnMfr.!.uJLnwJfr!. ..:wp,f/n<f/Jn•'l.f.bpnq b. x+y+z= 1 .;wpflmfiJwJpr fllwm. 

· n2 5 
-...;....._-, 
2 16 
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66. 1.wz.f.bt J{j [J xyz dz ]dy )dx. 
0 u 0 

a6 
Cllwtn• -, 

48 

67 . 1.wz.f.bt x2+y2+z2=4 qL1fWJ~L Jwftbpka<J£1n4. b. x2+ Y2=3Z Ufwpwpn1 n~'l~ 

Jwftbpb.n<Jflnz/. uwt:JwLwlj.wftqwJ JwpJL~ Jw.f.wll!' fllwm. l: 11 , 

68*. 1.wz.f.ht x=O, y=O, z= O, ~-t-_L+.!_=l t:wpfln•fiiJn•LLhpnz/. uwt:JwLw
a b c 

pwftqwd pn<pqf• dwLpn<fiJwL fthLurpnL~ ftnnplf~LwurLhpf! b. ~Lhpo~wJ~ JnJhLurLbpf!t 

lllwm. Xc=a/4, Yc= bj4, Zc=C;4; lx=a3bcj60, ly= b3acj60, lz= C3ab160, 

abc 
l o=60 (a 2 -j- b2-j- c ~)• 

69. 1.wz.f.ht n<'l~'l zptwLwJ~L ftnL~ ~Lhpo~wJ~ JnJhLurf! Lpw wnw·Loll~ LftwurJwJp: 

fllwm . ~r: hr4 npurh'l h - L' ftnL~ pwpllpmfiJn<LL t, ~uft r -1!' t;~Jll~ zwnw'n'll!, JO , - U' 

70. 1.wz.f.ht (x2+y2 + z2 ) 2=a3x t:wqwuwpn•JL n•Lhon'l Jwfthpbn•Jflnz/. uw t: Jw!Jw.fwft

r. a3 
z/.wd JwpJL~ dw.f.wll! ' CIJwm. -, 

3 
71. 1.wz.f.ht znwfJW·J~fJ ftnL~ ~fJbpo~wJ~ JnJh!Jme t;~J~~ mpw.!wqd~ Lftw<nJw.!pt 

nhr2 

fllwm. --(2h2+Jr2) 1 

60 

72. 1. w z.f.bt a z wnw.f.~'ln.f. qL'IwJf•L Jwftbpbn•Jfl~ b 2a qwqw£1~ wfJlun•L n<Lhon'l 

1/nLwft.wL •Twft.bpbn<J£1~ J~tb qurL.f.n'l JwpJfJ~ JwLpnL£1JwL fthLurpnL~ ftnnp1f~Lwm-

Lhpf!1 h[ilb ftnL~ qwqwfiL' t:wJL'Lft.Ln.J t u!phpwJ~ ftbLurpnL~ t:burt fllwm. Xc=O, Yc=O, 

Zc=~a(l+co sa) (ftn!J~ wnwLoi!L f!L1fn <fJqwd t ~ppb Oz wnwLoll• qwqw£11! 
8 

urb'lw.f.npqwd t ftnnp'f~fJwurLhp~ uftrlp!Jwftburn<J} • 

73 . 1.wz.f.hl a zwnwz/.~•tn.f. qfJlf"'J~L Jwftbpbn<Jflnz/. b qfJ11~ ftbLurpnfJnq wfJofJn'l n< 

60° wLft.Jn<!; ftwq_Jn'l bpftn• t:wp[iln<£1Jn<LLbpnq ltwt:JwLw.fwftqwd JwpJL~ dwLpn<fiJwfJ 

m 9 n 
fthLmpnL~ ftnnplf~fJwmLbpf! • "IWut. p= -a, 0= 0, co=- (t:wpfln•fiJn<LLhp~ t:wurJwL 

l b l 2 

q~JL eL'lnLLz/.wd t ~ppb Oz wnwLol! • qL,~ lt bLmpnLI!' npUfbU ftnnp,~Lw<nLbp~ uftqpLwftb<n. 

P' e. {jl u!p bp/•ft ftnnp,~LwurLLpL H ) · 

l 2 
00

• • 

74, Oqm.f.btnr[ _; ·- =----r==-j e-"Xda( a>O) t:wqwuwpn•fiJnLfJ~o. ~ 
r x V n 

u 
00 co 

• 68"-69 1 71-73 fuLlf~pLbpn<J I!_L'ln<Ln<J hL111 np fr!_mn<PJn<Lf! t:wuurlllurtuL t t. 
<wqwuwp t Jbft~ • 
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XV 'l-l n J1.Ju 

L~oru.q.flu fl\JSt;q.ru.l utr ttl. flustq.ru.l utr 
CUS lfU.lttPt'-l.flJl.Bfctfl 

§ 1. 4npwq.~c'l ~\Jml:iq.pwl 

'~-i's"'l! P(x, y) 11bme zwrdtJ,. .1 t nrnz L r.wrP 'lcJfl br~w(iJ
.pn{ M ~bwfls 'lb"lfl N ~bml!' P ~bmmJ ~flrwtttJ.wtl t F nLfll!, nrl! 

pn[utJ.nLJ I; flr JbcJmP1wJ'p . L n"l'lmPJwJp, . bpp P ~bml! mb'lw

pnfutJ.m J 1;, WJufl'b.p'b' rrb'bfa 'bbr~WJW9'bnLJ' I; p ~bmp ~nnr'Jfl'bwmw · 

'bbrfl Jp npnz :j.nL'b~apw' 
F=F(P), 

1,wz ql;'b.p F ndfl A w z fuwmw'b.pf!r brp P ~bml! M 'Jf•r.Pi'9 mbw 

'l.;.,f, n/•"l.mJ I; N 'lrrl!l! ( 'b~, 342)t 1-riU r.wJwr MN l1nre. M=M0 , 

M
1

, M
2

, . .. ,M
0
= N ~bmi•J•ntJ M ·/•9 N nL'l'lm{JJwdp mpnC,b'b.p' ~u,JwJw-

~w'b n Jwubi'P 1.. AS ;·n•J 'bzw'bw~b'b.p IJ 

M1M 1 + 1 rfb~mnrr: F nLdf. JbcJnL• 

P1m'b'b ,\11 1/bmmJ 'b z w'bwi/L'b.[! F1- ntJ.t 

Un 'lh"ll!mJ F/:,.s 1 u~•uuwr wpmw

'lrJwll! ltwrbtfl I; 'lflmht "r"lbu 
.._., 

M1M ;+ I w'lh'JP bp~url'bmplwJp F nulp 

~wmwpwcJ wzfuwmw'b.p/• ' Jnmwtfrrr 

wpmtuC,WJfltnL/J J"' 'b[! 

A(~Fl:,.si' 

'1-flsnL.[! 
F=X(x, y)i+Y(x, y)J, o :r; ZfMa ~ -

nprnb'l X(x, y)-l! 1. Y(x . y)·e F ,u/fl tft.. 342 

"ii' ''Jb/NJPW'b£p'bb'b Ox LO y wnw'bs.[!-
'bbrfl tJ.rwt Mi ~bmfrs Ml+l ~bmf'b w'bs'bbtflu X; L y, ~nnnfl'bwm'b&rfl 
w-6.bpf! 'bzw'bw~btntf AXi·nt/. /, t:.y i·nt/.1 umw'bm ,/ b'b.p, 

t:.s;=A xJ+.t:.yi]t 
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F16S1-X(x;, y1)6x;+Y(xl' y;)6y;z 

U.J'P"'l2. MN ~"l'P 'l.rw F nulfr A wzfr'w"'w'h,ep J'nurwqnr wrJb-il! 

It Lfr 'bfr • n n 

A::::::: _~F;6s;= ~[X(x11 Yt)t.x1+Y(xp y1)t.yt]. (1) 
t - 1 1-1 

!l~wurwpb[nq (,.2'ff'frur at.w~b(1UfnLJ'iJhrJ IUILWJdJ' 911LJ9 UJUI'iJ.[!J •nr 

ltfilh 'f"Jn<fiiJnL'b tnbfr t:.uofwuwrmfiiJw'b Ull_ J'wufr wrurwt:.wturnL{JJw'b 

uwt:.Jw'b[! 1 hpp 6S;-+0 {wJu 'lb"f.[!"LJ1 w~'bt:.wlur 1;, t.x1-+0 b. t.y 1 ~OJ, 

WUfW WJ'l uwt:.J'w'b'b wrUJwt:.wJ'""' J' !; L ltnrmJ M ltbiirfr9 """'t" N 
~burc F nLd" wzJuwurwh$(!• 

n 

A.== lim ~[X(xi, y1)t.x1+Y(x1' y1)6y;], 
i-1 

.0_X;-+0 

LIYt-oO 

(2) 

u2. ltn'IJ',LJ' 'lur'btJn'l uUJt:.Jw'b'b* w'b'/w'bmJ L'b X(x, y) It Y(x, y) 
:f>m'b~sfrw'bbrfr qnpmq!1rr !1Gmbqpwt cuur L ~"ri' L. 'bzw'bw~, J b'il 

WJU"fbu 

A= J X(x, y)dx+Y(x, y)dx (3) 
L 

(N ) 

:'~= J X(x, y)dx+Y(x, y)dy, (3' ) 
(M) 

(2) urbu,e{' 'f"LJ'wr"!.brfr uwC.J'w"'.'bbrl! t:.wD.wfu h'b r:.w'b'lfr"f"LJ 

JwfclbJw.,f.llwJmJ L. Jbfr.w'bfrl,wJ'!'J• {!IIUJ nrmJ x(x, y)-c L. Y(x, y)~l! 
'lfrur'{nLJ' b'b "l'Ufbu J'fr "r"2 D urfrrmJ{clmJ' br~"' . •frntftnfuwt,w'b'bbrf> 

:pIll 'IJ//9/r whb r t 

f't.,b'lrJw'b uwt:.Jwttbrfr •frnfuwrb'b 'lr4.wd M k N Utwnbrc 

+UI~W'ft!brfr J'b2_ {;h Ultt'btJwd" 'bzw'b WJh pm'bfr, II[' 'I(I<U'b.[! {Jt.Jbr 

ib'J., WJL 'bzw'bw~nLJ' b'iJ WJ'IJ ~nrfr dwJrw~burbrl!• (!UUI nrfr tJbr9'{11ltf 

I; 4nrw'lfrd fr'burb'lrwwr L ltnrn{ M ~burfrs 'lb"'f> N t,b., m'l'l"'fJJnL

'il(! ~nltJmJ I; plimbqptfwli nt..'}'}D'-]_1}JD1.G: 

bpb L ~"l'l! urwf'wdw~w'b I; 1 w"fw X(x, y. z), Y(x, y, z), 

o1< IJ.JIIur/s'f f_.'Lur/s'lf'W[WJ[•'J. 'fnLJwrf• uwr.Jw'be cJpn'LofnLJ I; hnLJ'J. f_.J1MIImn1, 1 

J.'l.1''lhu npn2J"'l f_.'l.urb'lrwl~'br[• 'lh"ll!n••', mhu I r.,uurnrf_. XI 'llfuP § 2-[!• 
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Z(x. y, z) brb.e q]l,.'bii!Jf•w'bbf'l, ''"l""'ff"' f'"nb'll.u'Ll! .ouo C. ,lw'bq,J t
'bJ'w'b aJ,.,q. 

Jx(x. y, z)dx-j-Y(x, y. 7.)cty+Z(x. y, z)dz=-= 

L 

- lim :± X(xk, YK' zk)6xk+Y(xk. Yk· zk)6yk+Z(x l< ' Yk• zkPzk' 
6~k-o k~ l 

"' Yk"'"'o 
i). Zk --;Q 

f>'bmbqrwlf• 'bzw'bfr urwt1 'fm'bq"'l L urwn[! !J"'J9 ~ urmtfru 1 "I' /t'Lurb-

'frmJ'{! 11www1•qmJ' I; L 'ldfr bl'llw(l'J!"'l' 
'tzb'b.e ~"rw'lfrd fr'bmbqrwtfr hrii"L r.wm~m[cltm'b'bbf" 
~u1 ur~n•ftltrrLh J, 4n.p,wql';, l•Gmbqpwu~ npn2tjnuf k bGpw

-~ftmbqpwlrnJ\16. wpmwlirnjmn•pJWU['• pGmbqpuwli 4npl1 Ulunl L. ldl

mbqpurnG "''PI"' fllmli G2nLtfntl_: 
t•'burbttrJw'b , 'l'L"'I"t"''bf! •l"'f"btfru tl"l''"'lf"t f>'burb'l rww tftn-

Jun<J' 1; 'bzw'b[!, .eur'i•fr "I' mJ'l 'lbUf.[!"'J' 6S qbltur"r£!1 k, l;burl•wpwr, 

~wt. 'brw 6x k 6y Ufi"'Jblt!Jfrw'bbrf! .,.nfumJ' · b'b frt•b'b,q 'bzw'ber · 
~ w ur ~ n L {rJ J n L '}, 2: L ~"rf! K ~burn4_ pwJw'ub'b.[! L 1 h L2 

._, ._, ._, ) 
J'wubrfr wl'b"fbu, "I' MN =MK + KN ('b~. 343): U.n 'lb"f.[!"LJ' (1 

pw'bwabfr9 wJ/•pwUfbu t:.bmbmJ' I; 
(N) . . (K) (N) 

J Xdx +Ydy=J.xctxtYdy + Jxctx--t-Ydy. 
(JVI ) (;'\) (K) 

U,IU wnh}_tiL{JJnLhf! 6.zJ'w('frur I; 9wU~w9wJ fr14_n4_ 'fiiLJ wrbtfr'bbrf> 

~wJw[ll 
'tzb'b.[! 'bwb 

1 
"I' ~"rwqfrd fr'burb'lrwLfr uwt:.J'whnLJ'{! J'bmJ' I; mJp 

. J'bp_ 'bwt. w(l• 'l-b"fl!"LJ 1 hrp L ft"l'l! tftw~ l;z 
U.Ju 'lb"f.[!"1)f 11''1'/' u~yp'bw~wU b qh{'2'bwltw'b ~burbt'l! t:.wJ'e'bi[

(N) 

-q,,,r bt. nLuurfr '""'~ ~~~rfr 'lbUfpnLJ· th'he Ltwrn'l '11,/i [ J Xd x--t- Ydy. 
(J\'1) 

,-..Jl J'f,w1t' J Xdx+Ydy, e·,,1 "r"'" w'b"fw!J'w'b 'b;bl"'l L ~"t'i' 
L 

ir 2 w 'b 9 J' w 'b '"'I 'In L [il J n ''b l!' /:uur L •frwlt 

't,'b_ur"L['/> ~ ... rw'lf"} fr'bmh'lt"ulf! ~.zw'bJUitbL'" t:.w

Jwr t:.w6.wfu o'fm"''l"f'dqmJ I; 'bwh j' Xctx+Ydy 

ufrJ "-"If! t 
'Jo /• urn 'l n L {J J n L 'b: If h'b.[! 'L"l'w'fJ•J fr'b-

"'b'lrwLfr · t:,.., ullu'9"' p J m'b£! hll"''b.[!' - 'lfw•wr•ltb tn4_ . 
L ~nrwqpJ -6.w'i•w"fwrt:.nt/ F mJfr .~wtnwrw(} 

wzfuwurw'h.efr •Lht•wpbrJ 111 L ju'b'lfrrt!' 
'!,~. 343 
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U.1u '1-b"f.pm.J' L lt"l'P P"l''P ~IIUrbpnuf uri"J"'d- l;p P "'-rf!!' ,1,~ 
"fbu ~frp.urtJ'w~• ltburfr (x, y) ~""P'ffr'itwur'bbpfr P qb~urrrp.u~w'it lpn,_'iJ~~ 

sfrw. P pnpnfuw~w'b •Jb~urnp/r "'P"Ib~yfrw'kbp/! ~""P'Ifr'bwurwJfr'it 
wnw'by.p'kbrf• '/rw t:.wqwuwp b'b X(x, y) b. Y(x, y) u~wuwr (wJufr'b.p'b' 

(rlqw Jfr'b) /f>m'b~sfrw'bbpfr'b, fl,_uurfr JXdx+ Ydy urbu.p/r ~npw'ffrJ- Jr'k-. 

L 

urb'fpwlf! ~wpbffr I; 'IP"'bl np"fbu X £. Y "'P"Jb~yfrw'kbpnq ur[•'/wJ- P 
qh~urnpw~w'b tpn,_'blt9frw!fr ~"l'w'lfrJ fr'binb'lrwL' 

l:uur L ~, r/r P qb~urn rw~w'k f>m 'k~yfrwJ,. fr'kurb'lru•tf! 'k2w'bw~~ 

""' J' I; 
JFds 
L 

ufrJ'q"l"'L' b[Jb F qbii"'"Pf! npn2qnul I; PI' X, Y1 Z "'P"Ib~yf•w'bbpn'f, 
w"lw wJu fr'burb'lrwlf! l:,wqwuwp I; 

f Xdx+Ydy+Zdz 
L 

~npw'ffrd- fr'Lmb'fpwJfr'br llwu'bw•/npw"/bu, b[Jb F qb~urnpe 'lur'kqmJ 1; 

Oxy t:.wp{Jmp!w'b 1rw, w"lw wn qb~urnp/r fr'burb'fpu•Lf! t:.wqwuwp 1; 

J Xdx+Ydyz 
L 

lJ.J'b 'lb"f.pbpnLJ'1 hpp P qb~urnpw~w'b !pnLbll9fr"'JP ~npwqfrJ Jr'b

urb'lf''ulf! qbpyqn,_J' I; euur L ofrw/1 ~"rJ•, WJ1 ~nrw'lfrJ J•'burbqrwlb -· 

w'kqw'bnd b'b 'bwb. F qb~urnp/r gppqnl..JJUlgprn (2.f•2.wllf•nmJur) f!.Uur L 
p.u~ ~n'bmmp/rr 

u.,u "lwrw•trw/f>mJ' ft6.z'lrurb'b.p § 1-p (1) 'l"'Jwpp uwt:.J'w'bfr 

'lu''lwfwre b. wl'f llw"l"''JsmPJwJ'p ~-6.z'lrurb'k.p 'kwb. ~nrw'lfrtl p'burb .. 

'lrwtfr •tw'l"'Pwr'b "'- 9"'-!9 ~ww'k.p w!'b f.wz'l.bl"'- b'l .. 'kw~l!.' 
?-from~ L ~"N! urr•JwJ- 1; 

X=<p(t), y=o/(t) 

"f"'pwJbur l"' ' ~w'b f.wqwuwpm J''bbpn'/. 1 

'1-frurwp~h'bl! wn ~nrfr MN w'l/,'ll! ('k~. 944)z '1-frsn'-.p M J, N 
~burbpfr'it t:.wJ'WIIfWL.nWUfuw'iJmJ' b'k llfWpwJ'burrp a £. ~ .uprfb.p'iJflpf!l 

MN w'lb7f! MI(xl, Yt), M2(x2, Y2), ... ,Mn(X 0 • Yn) ~burhrn</ urpnf.b'k.p As1 

Jwubpfr, l!'b1 npnul e'k'fm'bb'b.p X;=<p(tJ), Yi=~(t;)• 
240 

J X(x. y)dx+Y(x, y )dY 
L 

(1) 

~nrw'lfrJ fr'burli'fpwf[!, npf!. uwt:.J'm'b'l_/,t t 'bwfu"!''l "IUJP"''Irw/f>mJ'r 

U.rr.w'by W"fW9"'-!JJw'b pbpb'b.p ,, n r w 'I /r.., /r 'it Ul, 'I r IU I /r 'f n J n ,_ .. 

p !w'b pb npbJ'e, bph <p(t) /, 'l'(t) ~rnfll]g]nuGbpli mG~G'lfiwm bli 
h. 1\l..!ibli <p'(t) b. '1-'' (t) mli~Gqfiwm tu~m6g:mt6bp. X[~(t), '1-' (t)} b. 

Y[<f(t}, ·.p(t)J ~mliqg~wlibp~ nplt)bu t-lt ~ntftqg~mlibp fin1..Jiilllbu 
wG~G'lfitum bG [a, ~~ fi.tumtlw~nuf, mupu qnjntpJnl..li n1..6bG 

n n 

lim LX(~ J; )~X;=A, liml: Y(x~ y;-)t\y;=B (2) 
6 x;--->O i= l ~.:. y(_,o i - l 

uwfiuwGGbp~. npmbq x ;-'b b. y; -'b ~~ ; mrlb'l\di lllwmllmlin'l t.flt npnz 
qbmp qnn)lllpGwmlibpG bG: U.p} um li,fmlilib[te llwJuqwb- ~bG L rui'Jb'le 
AS; uwulirnq~ w'lbqlibplt mpnfi.tfrnfi brpuliru ltltg' lllruJil'rnlillll, np ~S;->-0, 

qw)uqmb- !bfi ~S; mqb'lp tlp1u M;("x;, y;) qbmp ~Gmpn'-pjnl..Gpg. 
fipmli.P- qnplnd bli IJnpmql~~ plimbq[Hutflbp h Gzru6wqqnt.U bli WJU

lll bu. 

A=Jx(x. y)clx, B _ Jv(x, y)dyr 
L L 

J'w'bfr'b, w 1up'b.p'b' 1/"Pw'IPJ J•'bmb'lrwtfr'b 

'lrwlf>u .. J' uw'ltl' w 'b'/wJ 'l"' J' wp'bb rr, 

npurbtl Mi(X;', ~) ~burhpf! ~'S; wtlb'lfr 

d-wJpwllburbl''b b'b, Jrul/ L w'lb'Tll J'w• 

ubpfr urlrnt:.bl"'- t.wJ'w~wr•'fl!. yw'b~w

swJ tr 
·f:w'itu•d.l•qwd- fjbnpbJ'e t:.'bwpw'/.n• 

pn'-p Jn< 'it /; urwlfru 11urw'bwl ~n f'w'fpJ 

fr'bmb'lrwlf! t:.w2'1_bl"'- t:.wJ'wp b'lw'bw~t 

b., WJU"fbu, f!UU1 uwt:.J'w'iJJ'w'iJ 

nL'ilb'kl! 

(N) n 

II 

0 

't.~. 344 

J X(x, y)dx=-lim LX( xi, y.)6xi' 
(M) .6.XJ-> 0 1=1 

(2') 

H 

(3) 
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-.f..bnVll urwppbrm(dJIILh(! dLuufrnfub'll./! euu1 i.w'lf'!'bJp pwitwabfr. 

~X;='f (i;)-<p(C - I )=9'( -r; )(t;-t,_,) = YJ'( -r;)M;. 

nrurluz 't;~'ll t-r "'' "1'"2 wi.Jb.[!it 1;, "('{! .,w, .. ,.w~•/wr} t t;_,.,. , t;-fr 
.!rP.'" -f.witr "l' ~ ~ ~bme b.s; wrzb'lr 'lrm ,, wrbtfr t '{h['9'llbt ~w
·""'J"'Uf"UJ wu1•u w 1'11 e'~~u•rb'il.[! _,"'Jitulbu, "ru1Luqr,'llrw IJ""r'lfr'llurm

'llbrl!. t;wJ'w"lwurwufuw'llb'll "iwrwJ'bUJt•r 't ; w 1.d b.f!r'~~' 

v·= ·:,(-r· ), 
J I i I 

x;.,., )' ;· r /, t.x; · r IJ'IIUIJ wrJb.j!hhf(! mb'[IIJ'If'htn'l (3) pwhwd/1" Jhp_, 

'tuurw'l..wit.[!• 
(N) n 

J X(x, y)dx=lim] X[YJ( 't ;) •i('t;)]Y?'(,,)M,, 
( M. ) ,:; t; ->0 1-i 

a2 ynrzJ'r wrmwr:.w1mmfJr· '~~e Xlt(t), y(t)J Y? '(t) Jb~ •rnfnJttwt,lUitfr 

w'lle'll'l/:,wur :j.m'liii!JrwJr r:.w.riUr [!X, ~] r:.wm'/wJmJ' r'llmhqrwlwJfr'b 

~m.!wrr .uwt.J'w'llit b 
~hm/1wpru('J UIJ'I uwr:.J'w'lle t;uii,WUWr t 'llzrfwJ :j.nLh~ofrwJfr nrnz-

JW[ fr'llmb'lrwLr'~~· 

(N ) ~ 

J X(x, y)dx= Jx [·.p (t), •?(t)JYJ '(t)dt, 
(M) a 

'tJwit af,n'/ umwo'/'" J I; t;bmblwl p,.,'tnndb[!. 

(N) ~ 

f Y(x, y)dy= S Y[<p(t) , 'f( t) W(t)dt, 
(M) a 

U.t7w.t wn ,.,'ll,.wJ' 'lmJ'w r brn'{ wJ" r:.w'/"'""'f''nfdtnr'll'llbl'f! • ~. uurw'llw'r•.[! 

( N ) 

j x (x. y)dx + Y(x, y)dy= 
(M) 

fl 

= j{X[<p(t), ~( t)Jq/ (t)+Y[<p(t), Y(t)Jf(t)}dt' (4) 
a 

UUI l;l t.b'lls ~nf'W'f,.J ,..,UJ,I lff'Uij(! r:.wz'lhtnL r;IL'"Wf' nf'n'll'/n1 pm'llw

.\bb b 
'L.!wit dbn'/ r:.wz.'/'/mJ' I; 

S Xdx+Ycty+Zdz 

f["f'w'f~(} r'llmb'ff"'lh [!Uin urwrwdw~Uiif ~"ff> 1 "ff!. mrq"'J /; X=YJ (t), 
y='f(l), z=x(t) r,..,'/wuwrnLJ''librn'i_t 
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0 r fo 'b..,~ 1, ~"'~Ybl x3
, 3zy 2

, -x2y brbl! ~,,_-,~9pw'bbrfo (~"''' • "l' J~&
,,,_J~.-, t' x3i +3zy2j-x1yk yb~"'"l'"'~"'"' !f.n'-'b~fiP"'JP) ~"l'"''lf"l fo'b.,b ,tl'"'ll! 

M(3, '2 , 1) ~b"'Pfl Jp'bi_b. N( 0 , 0, 0) ~hu•e y'b"'fl"'l " '- 'l'lP '"'"'Y"'~P bl'~·u;'be~of 
.(."'~· 315) . 

{ n ._ J n ,_ J, ll.;'b MN 'I~P "'"'l'"'Jb.,pw~·u'b r.wywuwrn._,f'bbpf!. .,.,'bb1,.._ r,..,_ 

Jwp , "l'P bp~w;'bl!'"f "'bu•e t ~"'"'"'l'YP fo'burb'll'"'-''1.!. • 'fpb'be "'l'Y"'~ bp~n ~·~~~lt
I'"Y w'bg'bn'l "'-'lfo'lfo r.u•ywuwrn• Je. 

~=.J.._=_z_. 
3 2 

WJU P"l"l! r.wpwpbp,.,_fJ J"' 'b'bbpf!. 'b ~ w'bw~bln'/ t "'"'""'/• ~uurw'bw'be nr 'l'lP r. wyw
uwpnuJ'bhpf!. "'"'l'"'Jbmpw~w'b u.bueny . 

X=3t, Y= 2t; z=t• 

f:'b'l npn._J MN r.won•fw~/• u~'ll''b'u~ /.,np~•, uo~~·>•u;m l;, r.w.Jw"'wonwufuw'bnLJ t 
"f."'['wJbml'fo (=I wpJJ. l! l!. • p u ~ r.wurofwJfr •fbi'£

. 'bw~burfo'b' t=O wpJbl' l!.' x-f·' y -fo ' z-fo w~w"bu
J"'t'biip'b f!.U"' ! "fUI('wJbmpp ("£'""'~ u//;"' 1' b'z, ~n 
I'"''IP~ fo'bmii~l'"'Ll!. r.wz ,fht ~ u) ym'bn,_,J b'b .; /, 2"'"'--

x;=3, y ; -, 2, z;=l : 

li. , JJ ·npn'byn'[ ~"1'"'7/•~ f•'b':'I'7/'"' IC 1L"'l'blfo 
', t r.w2•fb1 (4 ) pw~owdb.nof. . 

(N ) 

J x·1dx-t 3zy''dy- x2ydz,., 
M) 

t~ . 3 / 5 

o o H7 
= Jr<3t) 3 . 3 t 3t(2t )2

• 2 .. t3t)2 •. 2t . IJd t J s7t3dt= -,_, 
l I 4 

0 r fo-, w ~ 2 , ~ w z ·fbJ 6x2y , · JOxy~ fi.n'-~' ~.'lfw'bbpfo '1"'-J'Ifo ~"l'"''lP~ f•'b.,b

fl'Wlf!. Y= X3 r. wpfJ ~··r/• bdwJ~'l'"Y' 'ilpw i\1(1, I) ~bonfos Jfo'bi_b. N(2, 8) ~bone 
('b~. 3 46)· 

( n L ~ n l J, flpn'byn'l 

(N) 

· \ 6x2ydx+ IOx1•
2dy 

<MJ 

j.''burlull'"'ll!. ~w~ ybl"'- r.w,/wp u;.b"'l! t ,.._'z,b'z,wl "'Y.I"'I ~npp "'"'l'"''!bu.rw~w~ 
' ~wofwuwpn._,f'bbpe.• fl"'Jfl ~"1'/• "'l'Y"'~ pwgw r. w1ur Y=XJ r.wywuwpn'-JI! "'"'l'"'Jbur

pw~w'bfo Jwu'bwynp 'lbu/l!'b t. w;uurii'l "l'"'bu "f.WpwJburp ~wn.wJnLJ t ~npp ~bonJ.. 
:X wpusfo•f! 1 b. ~"l'P "i"'l'"''lburpw~w'b ~wywuwpn,_J'bbre WJu"lfoufo'b b'b, 

X= X, J = x3, 

J. "f.•puiJiturpe. fnfn/ayn,_J t Xl=l-fos Jfo'b21. X2= 2 t ~b:ur t '"'2Yitl wJw'bSJ"'l
\lrl''lt f!U"' "l"'l'"'Jhonpp. 
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(N) 2 

J 6x 2ydx+ 10xy2dy= J (6x2x3 • 1+ 10xx6
• 3x2)dx= 

(M) I 

2 

= J (6x5-t-30x 9)dx= (x 6 1 3x10H=3132, 
I 

U1tt.r 'bzb'ii.p ~nl'"''lfttt ft'b~nbqrwlft .1ft .pw'bft ~ftrwnnL{JJ"L'iJ'iibr, 

1 . ,, n r n " u w " ,;· w 'iJ w "' w ,, " w t} ,/ w ~ b r b u " w r tn ,_ 
t.w 1 tnnL{JJn''bl! ~nl'"''lftJ ft'btnh'lr"'Ln1• '1-ftsm.p Oxy 
C.wrfJm[tlJw'ii 1rw ~nr1_wt} !; L ~n'btnnLpn'/. uw.\.fw'bw•ftw~'lwft "'J'b"IJ.uft 

D mftrn<Jftl, nr ~nnr'lft'bwu.wJft'ii wnw'iis.p'iibrft9 nrbt Jb!,ft'b lfiiL'fW.\bn 

1.. wfrr,; tP/t 'iihr.pftt ~bu.n1 w<u9<unrz wJb<u .lft m rz/trz u.ftrmJPr L 
b'lf'"'ffrdf! 1\wu.nL.I I; nt_ w'/btft• .pw'b bl'~nL ltbu.m.f ( wluft'b.p'ii' D 
urfrrmJfJI! ~w'bnhw•f"r t) ('b~. 347 )• 

f;<upw'lrb'ii.p, nr Ox wnw<u9 .pfr 'lr"' D u./trmJfJr "'rnJb~sftw'ii 
[a, b I C.wu.qwJ'b !;, l!'b'l npnLJ "'J'ii 'bhp.pbfts uw.\.fw'bwrpwl'''"'t} I; 

(II) ~"rn'l.' 

pu~ qbpbfts' {12) ~nr"'l' 

4Y 
l k--; . ~ 

t fl 

z {// 

y=y2(x), 

[yl(x)~y2(x)} 

Un 'lbUf.pm.l D "'l•rmJflp .fw~brb"l! 
C.wqwuwr I; 

b b 

S= J Y2(x)dx- j'y1(x)dx• · 

Uw~wl'ii "'""'P.ft'b f•'iiu.b'lr"'L'b f!U"' 
-._../ 

l 2(MPN) l1nr/t' ~nl'"''l~t} ft'bu.b'lr"'l'b I;, 

y 

'i~. 347 

.pw'bfr np y=y2(x) "'J'l /[npf• 1\wqw·uwf"L.riJ f;, .\bu.f,wpwp1 

b 

J Y2(x)dx = J ydx• 
a MPN 

brl1rn/"1 ft'bu.b'lr"'ll! f!U"' l 1 (MQN) ~nrft ~nrw'lftJ ft'iJu.lr'lr"'L'b !;, 
..UJuft'b.p'h' 

b 

J Y1 (x)dx = J ydx, 
a MQN 

lJnpw'fftJ f•'iiu.b'lr"'L/t 1~f·'ii 1\,ur~mfJJw'ii 1\f,Jwt 1rw ,<flbil.p 

J ydx = - J ydx, 
MPN NPM 

S=- J ydx- J ydx=-J ydx• (5) 
NPM MQN L 

Cil'l "l'"',r L ~nre Zr2-"''iis¥mJ I; clw-

J'w9m J!Jft u l w .p /r z w r cJ J w 'iJ I! .\ w- !I y•gj%1 

't w n w /1 m 'l'lnL{JJw.fpl 

h[Jh L b'fpiU'fdp .lp .fwul! ~"''l'fmJ 

(- Oy wnw'iis.JJJ.'ii '1m 'l"'C.hn M/V\ C.wu.~ 
(M) 

"-"'Jf!, w"'"' J ydx=O IL (5) ""'"'"u"'~ 
(l\1,) 

rnL{tlJnL'b(' 1/hnt.f I; frwqwsft f1 IUJU 

'lhUfpnt.f (t~ . 348 )1 
'i1fw'iJ af.n" ~wph[p I; !Jnl/9 lnU1[1 nr 

'i+ 348 

S=Jxdy• (6) 
L 

U.t'lw.l wn wfi'lwJ 'fnLJ,rbtn•J ( 5) b (6) C.wqwuwpm{J JnLilillrrf! 

£ pwcfw~'bl"'/. 2~ft, S .fw~h1,bue C.wzqh[nL 1\rmlwr ~uu.w'bw'ii.p Jh~ pw
l.wab bu' 

S=-l {xdy-ydx• 
2 L 

x=a cost, y=b si n t 

( n a ~ n L J, f.11m (7) pw'tw<ll.[t 'l"''t,.Lt! b'te• 

1 2tt ' 

S= - {la cos t b cos t-IJ si n t (-a si n t)] dt=Mb• 
2 . 

0 

(7) 
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t2h'I,.J!, nr (7) pu. ~tw.!Le, V~' J"lbu L (!j) L (6) .pw'bat.!Lhre -6.f2u. 

h'l, 'l,wl.. WJ., Jw~hrbu.,bpp r:.uulwr, nrn.,y bqrw'lahre ''""r'JI•.,wurww 

IP., wt~w'by,J!'I,brfr'l, qnL'fw'-6n ttt'Jfr'l'bhrfr r:.hur r:.muu[nuf b'b br"t'nu/>9 

w¥.bt/> ~burbrnLJ ('b/1, 349 }: 

t~. 3 -19 t~. 350 

ll.n WUf'"9"'9 1'l''~
1 

.. ... Jwr '""I'"L m/>rmtfJe {'bl,. 3" 9) [* qafr 

JJr2.n9n'[ ur/'nr:.b'l,.f! bp~ttL flw'im'l,w'/_np '""f""Jflfu '1-f'u,'byfs !" ' 1""./!w'bJ_
/"' rl> r:.wJwr (7) pw'bwaJ,., fpwqwsf• (-r ?·mJwrb,,,, "'2 ,, dw/u Jw

ubrf!.t ~uurw'l,w'l,.p wpfs' ur'{J"'L ur/>['"'J{cJft J.,ff'·r""l!• cl..;,/,/>.'}' 'l"f•W-

'lfra f•'bwb'lf'W[ ( + 'f"f'dwllf•!Jn'[} •fhl'yfLud wJpnr12 brl/"u •; •~n<[, 
Jlw'hfr nr ffnpwq/>J ft'btnb'ff'"'Lf! l* 'fdntf <[h/'9'/lll,r t U('ffiiL .Wh'fwJ' 

nLIJ/>'[ £. r:.wffWILIU~ lll'['fnt{rJ[IIL'J,'J,bf.n'[ f.., · (,funftWfl"'PJ '-w<[utuiUJI /; 'lf'"ffr: 

2. lu ., 'I ,. r , I• n r n 2 L " n r Ul If " d 6 IU ., w "l w {' .. , ,, p 

"' n "' n ,, IU ~ "' ., n L J " w ',, w UJ w 'iJ .J' I! " IU 2 "h l n L . "" r w I' b r
IIU Jl f>'J,J.."lbu 9'"/!J t" mpt[b[ § /w/> u~'lP"u/ 1 L=MN 'ld/t brl/;u{u.ptuJ 

F-X(x, y, z)i+Y(x, y, z)j+Z(x, y, z) k ,.Jft 'r"'"'"l""a w2fuw

urw"'ee "IJ.I"IUIIIUr t ~bmftJUI[ 'fnptUitl>d ft'bmhrfriUJf'b. 

(N) 

A = ( X(x, y, z)dx+Y(x •. y, z)dy+Z (x, y, z)dz, 
(~1 ) 

'1-/>mmp~b~t./J. "" or/>'i.w'f, np(! !JnLJ!J t UJWffruJ pb ~n'I.J~phtn 'Jb"f• 

.[lhpmJ />'i'J.."'hu t" [luturwrtJnLJ mclJr w2/uwurw'b.J!/> '-w2'[nu!e: 

(j l'" 'b IU ~ 4, flp,zhl F Jw'bpnLP ;w'b nulfo ~"'"'"'['"'~ "'2fuwutw'bi!J!. m 'l"''b'l-

1/wJ-e M 1(a 11 bl' c1) ~kmftfl L ~w,fw;w~w'b G,,.,'b..,"l"'l''nof M 3(a 2, b2 1 c1) ~!."'/!. 
miT'lu"J.nJuktf•u {'b~. 350), 

tn L J- n L ,{, 'tn"l''lf'bwut'bbpfo wnw'bfll!~'kl'fo .jpw F Jw'bpnLfl;w'b nuiJ.t 

"[pn;b~ufow'bbpf! ~wofw11wp b'b 

X= 01 Y= O, Z=- mg• 

~l.tnf.wpwp I npn'b<fnf wzfuwtnW~I/'f!. ~~fo'bfo 
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(M.,) c, . 

A= J X d x+ Y dy+Z dz= J(-mg)dz=m g(c 1-c 2)• 

( i\1t) c, 

~bwlltuf""l'• '"J" 'fkull!nLtf ~nl'w'lfoJ- ft"ttu,k'll'"1Jf!. ~wfu•fw~ ~~ f~ltnh'l["ful'b 6w'bw

Uf.W['>[•[J 1 WJl ~wfuofw.t t J{uu;'b "~'1p'hu1~w'b /, ofbrfitw~w'b J;k ... bpf•u• lJ.ofhtfo G.fozm, 

~w'uprnflJ'"~' "' Jp w:{••utnut'bl!l! ftwfu•{wJ t .Jf•w;'tt $.w'bw"[wpS{t "~'ll''bw~w'b 4 
<Jhpj_'ltm~w'tt qkmhpp pwp•\p,LfJJ"L~t'lrbpp mwppbpnLfJJIIL~•/•[JI 

1f w"l r:.wuwwmb'l,p l!uut Jfr "1'"2 D urfrr,ntfrlfr 'fr~ilwllfr />'l,mh

• SfrWt/• !L wn mfrrmtfrifr L hqpwqdn<[ ~nrw'lfrd ,,.,u,bqr•wJ!· Jfrp£.1 

'1-f'S"L.J! Oxy '-ILirfrJ,,{J!ur'i. '[r;, . mp<[wa (- L tJrw11 11,'i.mmpn'[ 

uwr:..r w~tultpwllt[wt) D urfrpnLtfrJ {!I "re ~w'izn'l,w<[n,. t- Jr"'J "'bu 0 X wnw'bs

Jlfr "''l'l"'PJw.!pl WJ'i.UJbu tt Oy umwts.p/> nL'l'JnLfiJJwJpl G'bfJw'll!w 

rb'J,.J! WJ'l m/>pm lfJf! 'i.Jbp.J!Irl>s uw'>Jw'i.Jw<ftw~t[wtt t y=y
1
(x) /fnpn<[1 

""~ <[brb/>y' y=y2(x) ''"r"'l, y1 (x) ~y 2(x) (a <;: x~b) ('i.t1• 347), 

l!Jrwu/>'i. t[hrsrwa wn br~nL t1nrbre ~wq.r,.,r hi. L tfrw~ ~n'l,w 
411"'1'/! 1 '1-f-.9"'1! D ur/>r'"!{rJmJ mpt[wa b'l, X(x, y) [, Y(x, y) w'l,l!'l,'l-w 

· l.wur f/>m'i.ltsfw'i.b['/!J "l'""'.JJ milb'l, w'bl,r,.,,_r.wm Jwu'z.,.~w'l, wdw'l,sw 

Jwl'i.b I " '1-/>urwp~h'i.,e 

b 

= J [X(x, yAx ))-X(x. y1(x))]dx, (I) 

b 

Jx(x, Y2(x )) dx 
a 

J X(x, y)dx 
( MPN) 
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~npwqfrd- fr'ilmb'l/'"'lfr'il' tfhrgf•WJ l!""' MPN 'r·rfr· nr/r UJ"'I'"'Jbmrw 

~w'il ._,w"-wuwpuul'ilbr'il b'il 

X=X, y=y2(x), 

npurh'l x-e "l"'rwJhurr'il t• 
U.J""IP untf, 

b 

Jx(x, y2(x))clx= I X(x, y)clxr 
MPN 

(2) 

fr'ilurblff'"'Ll! fJ"-"'"Ibu t:.,,.;,uuwl' !; l!uur MQN "''lb'lfr ~"f'"''ffrd fr'!imb

'l ('"' Lfr 'iJ • 
b 

Jx(x, y1(x))d x= I X(x, y)dx• (3) 
a (MQN) 

(2) /. (3) 111pmw .. wJm•nfiiJmhhhpf! urh'lm'lf'blntf (1 ) f'"''uwM•fr Jb2, 

~UUJWhUih.[!• 

JJ~xdxdy= J X(x. y)dx= J X(x, y)dx• 
u y MPN MQN 

(4) 

I X(x, y)dx=- J X(x. y)dx 
MQN NQ/11 

(urbu § 1, 1-fr'il f.wrnllm{riJn<h}t l,burLwp"'('' (4) P"'hm?!.Lf!_ l/wrblfr I; 

qrbl w!u"lbu. 

J J~~ dxdy= J X(x. y)ctx+ J X(x, y)ctx. 
0 J'\PN NQM 

Pw19 wp_ .!wufr ~np•uqfrd fr'ilurhqpw['ilbrfr qm.!w/'1! ._,wtfwuwp !; w.!

P"'ll L .Jrw~ q.Jntj JwJ'IU9nLJ9fr U["'.f!P zu•r" Jw'il IIL'f'JIILfiJ J"'J'p qLpqo. 

pwd- ~npwqfr.J Jt'ilurb'lf'"'lfr'llt l.,burLwpwp 1 "-brt_fr'il t:..w"-"'""'rmfJJnL'ilf!_ 

~,..rblfr t pbrbl "'J""Ifrufr urhu.f!"· 

J J~x dxdy= J X(x, y)dx, 
0 y L 

(5) 
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._,wurtfu•Jf!, "'"lw JX(x, y)clx=O, I. (ij) ._,,tfwuwrm•[riJm.'ile J''im,l!; 

I, 

-6.frzur 'ilwb "'/" 'lb"l.f!"'J'' 

'L J w'b tl!Lntf hur'ilb'b J!• 

S 'oY j' j ox dx dy = - Y(x, y)dyr 
0 L 

I;[Jb L ~nhmmpfr 2f•p_wh9nLJ{! ~"'urwptfnul .!; tlw.!w9m 19/r "l"'.f!P 

zwp<fJw'iJ 111 'f'fnLfJJwhf! .. w~wnw/(J w"ut_m* 

SI 'oY ox) · f 
( - -- dx dy= X ctx+Y dy• 

dx ov · , 0 J L 

lJ"' tt t:..b'ils "'J""I"" '/"}""" <i-ppGJt pwfiwoL.fi I; I "r"" "'1'1"1"" t wh

""'""""'d ,.,'iJ'IIP"'9/> :f>f"tfrltnu I. .!w[riL.!wmfrllnu 't, "'rfr'ilfr (1793-1841) 
w'linLhn{~ *: 

li'L'ilp b'i.[rl"''lf'l'l L'il.J!, np D urJ.t'"' J{ile ~w'iln'b,~Jnr 1;. Pw/9• 

Jt'ilt."l'-" b J'w~brhufr Jwufr'il f"'il'lr"•J ( Lnbu § 2), ~wrbtfr I; 9'"19 

"""l · "(' "'/" l"uhwtlbe 6.J.2ur I; 9w'i.~"'8"'" mfrpn•J{rlfr ._,m.!wp1 "('/! 

~wf'blfr t ,.,,:.bl ''"'"""""""i"r urJ.rmJ[rl'ilbrfrt 

§ 4. flumliqpuw\t AWUWUJWph~g IJ.npwq~b ~\tmliqpwl~ wulJ.wfuntp)Wb 
UJWJUWUUii(lf! 

( :-<) 

J Xdx+Ycty 
(tv\ ) 

ltnr•uq/•d J.'ilm!,'lf'"'ll!• "1'1! 1.'•r9 1_wJ I; /!''"' M (, N ~burbrc Jfrw.9'il"'l 

* 1Jfl/, /!.'"" i•w~ ~n'i.Uitr L ('~ ~tr('W~f,} fhUI/z'f{'Uif'l<lf ~n'bmnL('f u£w'i.f/tfw'i. 

trL'l'l"<flJ"L'i./! ~/• 'bzofwJ-, •u"'.w .li'i.fJw'lrin .. f L nr "'1'1 :r£w'b:JnLJf!. ~wuru•rofnLJ t 
JwJwfJ"LJ[J[• "I"' yp twrJ,fw'i.f!. f,w~wn.w~, 1'u~ !.pix tr£w'i.!JnLJf!. ~wurwpofnul t 
Ju,fwfi"L.f[Jf II[W(!f ?UopJJw'i. "'-'l'lnLfiiJWiff', WULW 'l'" "f./z<ll(! ~ f,WUI"L~ ~hp"f.ni 

'i.zir· 

** lJ.1u l"u'i.wJ.L.l!. nn<u ofwplz,fwu•['~nu lf, oJ., Ouonr"'lf'"''l"~"'- f,wl'n'i.w'lnl'

_.,,} wofi.L~ e_'L'l:,,';,,.<p pw'i.w.!L.[' Jwu'i.wof•r 'lhuu'i. b 
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nr n 2. L f.w r p ,,, /'PI b'bp W'lf'b I, /,.., J' I "I' '!I· uw• r•~' "'"I n In,. r'" tfJ trl , 

X(x, y) !. Y( x. y ) lpm'bfty~w'bbl,'j, m"bb"b .w'bl!';,'l-t,wm rfwu'budlw'i. 

w~w'bg JW L'b brt 1Q "'r'lb'b./}, f<lb J>'bt u1w J•fm'b'bb ['~ ? b Uf.Jl"' .f 'It •fm.J ,,,. _ 

fllllf,. J I·..,, bttr w ll! ""' ,.,,wJ t t L ''" ,,,, rl b" !J. ur !l ,,UI fu•fw c} t ,r '"" !.., 
M lr. N ult'lP"bwl1w"b ,. •lbr2.'bu•ftm'b ftbmbrr 'IPI'.J!P9' _ 

.P'b'bwrllb'b,e ?f.urwtft•fn'l D m~rmt(rlm ,f lfLnh'/"'1 b lv\ nL ; ltb-

111/,rl! Jf•w9'im'l MPN lr. .'v\QN bf";n• 1Jwtfwtwf1u.'b ~"l'br ('btr. 3.5 1 ) : 

'~-P9"' ./} 

I Xdx+Ydy = J Xdx+Ydy, ( 1) 
MP N MQN 

I Xdx +Ydy - r ·x dx+Ydy=OI 
MP N MQN 

U1u 'lbUfpnuf ftnrwlfpu p'bmbqt•wt'bhrr 1-p'b /, 2-r''l f.rumli"' fit"' M,b{'p 

(§ 1) f.pJw'b '/J•w m'bb'b.J! 

J X dx+Y dy+ I X dx+Yd y= O. 
MP N NQM 

w[up'b./}'b' [!UUl L ·rwft ,,,..,,, /'P ''"'''"'lP,. /o'umbttr•WJ(!' 

(2) 
L 

'{bf'tp'b pw"bwrlfruo J LJ"f'W'f/•d phurblff'"'ll' '/bNJrfwd !; MPN b 

. _,.- · NQM ,,,,.brrY ,,LU.,J'I_wJ L •I·LU'' ,,,..,,,._ 

'i~. 3 tH 

f'""' U.y'lrt.wJ'!' t' WJ'f ftn"iiLnnr I' I! IJLUf'Lir I; 

t.ur.!wtbl ~wdm[u•ftw'bt 

U.!u''frunrf, LUJh "'wJJ"''i'P9• "I' M lr. N 
yu•'bftwywtl hJ•ftm J1bmbrr t.UIJrur lt"l'w'i/") 

p'bmblff'LUl{! fJIU,IIl'IU,) ll; Ul[~· ftbmbr£' tlfowy

hn'l ftnrf• rlbpy, wll //rufnrfLUtl !; Jf>wJ'b 

f.brnlr.n,f 1;, "I' ftnrwtt' r<l p'irmb'lrwl'i. 

I! u Ln 9 w h ~ LU .9 IU J '" IJI ,, ,, n .., Ul n L r ,. .; Ul 'I w , w {' I; 'l I' n J l• I 

U.r'1wr•'• !; 'bw /, t:.wftw'lru 1,a b 'lrru~w .'l"' (riJ'IL 'be• h {Jb ''" l'w'fpd p~
uoblfl'wl'b cuur 9w'u~w9wd tJ"u'l 'fnbrnu•f•/• f.uufwuLUr I; 'lr"!P• w"'ur · 

w/'1 ll"l'"'lf~J p'b<nb'Jpwfl! ftwfu'l_urJ ;I; 9w'bl;w9 •u-' bt'~"'- ltliurbl'l! Jp

w,'l"b"'l ''"l'P rlbfl!J, WJL ,, Ul "''I w J t; .r I• w J 't Ul l'l ~ b Ulb r ,, '1" rw 

$~ 9' f'r".f!• ( 2 ) t:.wrjwuwrmfltm~t/o[J f.hon/r..,,,f I; (1 ) t.wrjurumr,L

{J!m "b[!t 

§ 2- p 4-r"f or·r'bwf,n.,J' 't"rw•t~, ~'bmh'li'"'U' ltur /urfwtl tt p'bmll

ttr.lw'lr nw'bru"l Wf't:.P9 • 3.[''1 Of•phwfjmd 'J"f'IU'fpd f.'burh'ff•Uif(! ftm/titJWJ 
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t phu./illfllJ'wh f>.ru"iJw"/LUf•'-r9J J!LUhf 11{' LUJU orp'bwftllld p"iJmb'ff'Wl'j, 

euLn •/•wft ftn"iiurlltrr r:. .urfwuwr t_l; 'll'"IP• wu f.wtJwuwr 1; 'lrurwrft1"'l 

"n"iJurmrnrf uw:'.,.fw'bwtfrLU!JtJwd Jw//bf'buf'IJI 1-p"iJ /r.. 2 . f''f orp'bwft'bb('nuf · 

''"l'w'tf.J fr'burblfrwl'bbl'l! ..,,.,'b"lbu ftwfuqwtl b'b p'bLnb'lrJw'b nw'bww 

. UjWf•'-/•!JI 

f~'brulfu•'bwpLUI' t. wr•9 t Ju''f"L.f. p'blUfpup "fw/Jw'b'bbrfr "fbur./} I; 

pu,1w 1.w1.b"b X(x, y) lr.. Y(x , y) :p, 'bl19pw'bbr'b -J'~~ l"""'r r.-Jwr, 

"r"lbu'lf• J X d x+Y dy fturLU'f~tJ p'burb'lrwl'b f!ULn 9 -'b11ru9 wJ tfrwft 

l[n'bLnmr/• f.wqruu•ur l~'bp '11'"/P' U.1u r.wr9 fo "/wLnwufu•u"iic urwlP" I; 
t:.burb 1wl flbnrb.fc . 

P.h,rb,r, 't-j1gnt}! up npnz D mppmn:r l\ pntnp qbmbpnuf 

'X(x , y) , Y(x. y) ~ndiqgpwlibpu jlpb!ig aX(x, y) h. oY(x, y) uwu-
ay ox 

6wl1wli tu~wllgJ'utli bpp libm w!i~liqniUm b!i: U.Jq qbllli!nLtf, WJii pwli{t 
nwuwp, lljlUJbuqp ~npwq{tct pGmbqpmtli ~um WJq mppmwnLU ~Gqwb
gmllllwgwt) L t}twl1 qnGmmpp 6w~wuwp trli!t qpnJ{t, tUJU{tGj!li' 
n P"l bu rtlt 

I X(x, y )dx+Y(x, y)dy=O , l2') 
L 

wu nptudbzut f. ll ('W~lU(Illlp . 

ax oY 
(3) - == -

ay ox 
upujtl'tufip mbr1r nt!ib!itu[~ D mppnLJPP pntnp qbmbpnt.tf, 

u. "f Ul .'1 n L 9 n I .,, 'J.pmwrftb'bJl D Lnrr-JPmJ {''bl,wJ ftw.lw,w

"w'b L ,,,,,, ftn'bu"'Lf'f! lr.. 'brw flw.fwr ttrb'b.J! '~-rr"'r pur'bwtllr..c, 

J - 1 
-- dx dy = X dx+Ycty, f ·,.(a" ax) I 

D OX iJ y L 

l :flh ( 3 ) u;wl.lw'bl! urb'lf' m'b~, ur"lw dou/u dwuf. ftrfiJwftp p'bLnb• 

qrwll! hm(ii"lhu t:.LUqwuLUr I; 'll'"IP !., t:.brnlrwpwr, 

J X dx+Y dy=O• 
L 

o.,U"ff"""' {-'i ) "/LUI.fw'bp p w ,, LU r LU L' n L pIn L.., I! LU"I"'9"'9'iwJ Lt 
u.,r~.r IU"IW9"'9b';,./} WJ'l "/UI.I.fw'bp w 'b r. r Ul .J k 2 Ul n L [I In L 'b I!• 

UIJup"b./}"i/ 911l/9 LnW'~~.J! · "I' bpb (2) "lwl.fru'bc Lnb'lr m'bp D "'ff'nLJ{I" 

sw'b~tu,gwJ L "'"'" ,,nrr f.w.fwr , W"[IU run Ln/orn•tPr l"'l'"'.J!w'bt_tmr 
"'JUJ1111f urb'[p m'bp fr. (3) "/LUJJ"Wb(!t 
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IJ'llfrlw'lrb'b.J! e'b'lt.wllmnw~f! 1 np (2) t,""''"""'l'"'f"Jm'lle urh'lfr 
nt''hfr, "'Jufo'b.e'b' 

f X dx+Y dy=O, 
L 

pu~ (3) Uf"'IJ'w'lle mh'lf' tm'llp, "'i"P'b.e'b' 

av _ax =FO 
ax ay 

ph~nL'l J'bl[ ~bmm J'r '~-P9"'.J!• orfo'llwl" nrLt. P(xo. Yo) 1/h"'"' J' IIL'llh'b,e 

ay _ aX>O 
ax ay 

w'bt.uuJw u "'{'"'fill"' 'be r 

~w'llp "r w'llr..wtJ.wuwrm{JJw'll awp• J'wufr f/>mt!19 pw'll w'lleiJ,1 t.w~n 
1;, LUU[Ill IUJ'b ~LJ.'llp 'll''"~"''b b J'luJ npl.t; o>O fthJfo.IJ P(xo. Yo) ,,bm'b 

f!.'b'llfl'~"'l npLI; D' pwtJ.w~w'bf, 'll 'P".£!1' urpp.,•JfJp P"l"l' 1/lunbrmJ't 
oY dX . 

.Z,bpy'llb'b.e- -- "'"'f'Pb!,m{dJw'b ~{'//~'"''"' p'llmhlf('"'l'b [!"'" "'/1 urp-ax ay . 
pmJfJPI IJ.J'b f[mbb'llw 'lf'"'~w'b tupclb.er /'/"'.[! 

~· 

JJ (av:...... ax) dx dy> f f o dxdy =a .iJ dx dy=0D'>o, 
o· ax ay o· o• 

Pm19 eum CJ•pp'ii/• pw'bwaLp •/brlfo'll w'bt.w'fwuwr"• f"Jw'b am/11 

j;;;;,e r..wtJ.wuwr t f!Uin D' mJ.rmJ{Jfr L' bqrwlfdfr ~"l'"'lfPJ p'll~nblfr"'
LP'b, nr'L. f!UU1 h'bf"w•ll"'''"J"''ll, t.wtJ.wuiUf' I; 'li'"JPI 1..burltwpw,, tJ.br

r.fo'b wbt.wtJ.wuw rmf" Jnl 'he t.w~wunt J' I; (2) Uf"' JJ' w'bp'll. b_ 'll zw'bw~m J' 

oY ax 
/;, LUJ'b b'bfJw'lr"'f"tm'bc, nr --- {Jbl/m'l J'b~ ~bmmJ' "'"'f'P"r I; 

ax ay 
'11' 11 /P!J• T.,.zm tb U.I""'"'IP.9 r..hm/,,,r I;, "I' 

ay _ oX=O 
ax ay 

"'ifl"'l D mppmj{Jf, P"l"l' llb"'bl'"' J': 

U.luUfpunif, f"bnrbJe li'P'/ "'"1"'9"' ytfwJ b 

VIll lftP•I• § 9·mJ' "'"1"'9 111 9tfht 1;,, "I' 

aY(x. y ) ax(x. v) 
c= 

ax ay 

Uf"'JJ'w'bfr l' "'t/"'{'"'['t/hll! f,UIJ'wl'Jh.e I; 'brw'b 1 "I' Xdx+Ydy wpurm-
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t.w Jill tnfd J"' 'he n I'" 2 u (X I y) q, Ill 'lllmf•w Jfo LrP ., 7 pfj.h rb'llsfowt'lJ t J w r 
. up'll.e'll' 

Xdx+Ydy=du(x, y). 

au au 
X(x, y)=-, Y(x, y)=-r ax ay 

F X'+Y. au.+ iJ.u. = l J=-l -j 
ax dy 

tJ.hl1urn1·e u(x . y) f/>IIL'llt19 fow 1J· 'lr"''lfrb'llur'll t. u(x, y) q,,n<ut19 frwt, 

npf. lfl''"'lPb'llme r..rut[wuwr I; Xi+Yj tJ.b~m,rJ.'ll, ~nttfmJ' I; "'J'l tJ.h~
urnpp UlfiUlbGg~wp 

(N) 

U.Uf"'!J"'!Jh'b.e, "I' WJU qlnq~nuf J Xdx + Ydy ~npmqJ~~~- ~Gmb-
(l>l) 

qpwtfi ~um M b N qbmbp~ tfjlmgfin'l gwfiqmgmb L qnpJ1 fiw1l1uuwp 
k u !J>ndiqg~ lUJl'' WJI} qbmbpmtf ndibgwrr wpdb"d\bpjl mmp['bpm.

PJluG~. 

(NJ ( N) J X dx+Y dy= J du(x. y)=u(~ ) -- u(.\')r 
(M) (M) 

u.Uf"'.9"'-!JnLJ't /JfJ/; Xdx + Yd y wrurwr.wl"""'"t'IL'ke u(x, y) 
, ou ou 

q,,,_'llhfo"'JP U'/11/ 'Jf.f/>br,b'i,yfrwt'b 1;, '"ul"' X=-, Y=- [, 'f"f'"'lfPc} 
dx iJ y 

(N'Jau au 
I= J -dx+ - .dy 

(M)ax dy 

mbu.eer u.,u fr'llurblfl'"'ll! t.w z tJ.btnL r..wJ'urr lfrb'k.e M ,, N ~hurbre J'fr

·"'B'b"'l L ~~~rf• ''1"'/''uJ'burrw~wh t.ur'/muwr"uf'llbl'e ' 

X=~(t). Y=·Ht)t 

lfe'iJ'Jm'iJb'iJ.(!I nr ~urrwJ'hmp/r t=tv wrrJhl'fr'h r..wJ'utU[WUIWII"'W'iJnLJ' 

!; lv\ 1/bme, i·u~ t=T urprJb.e,.'ll' ;\; 1/bwcr U.1u 'lb"!.[JmJ' 1/nrw'lfrJ fr'll

wb'fl'"'l{' tJhp,u<JtfmJ I; t,/;u,f,l'"l "1'"2/"'l fr'iiUrb'lf""l"'h. 

T 

I= Jl. ou dx + au dy Jctt' 
1 0 

a X d t dy d t 
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·-~UIItclhr/r 'iJbl'u/r '"rmw r.UI,urmfiltm'ile t-/r rpn .. 'ilh/rw L "fl! u[ ~ (t), 
lji(t)) q.,,'iJ~s""''" Lr/r<f wJw'ilst"'L'iJ t f!UU1 t-/rt n .. uur/r 

T 

I=Jdu dt=u ! ~(t), t\1( t) W1 = u[ ~( t). ·((t) ]- u[ ~( to)• ~jJ(tu ) ]= 
dt . 0 

to 

=U( T)-u(M )• 
l>'ht.Ufbu urhu'bm J' h'b.p. if• /r •/ '1 /r /f> h r b 'iJ 9 /r, 1 /r ~ n I' w 'I /r cl /r 'il
urb'lr"'LI! 't"'fut/_wcl tl; "'J'il ltnr/r J.ILfr .'J• euur nr/r ~"'
.;, Ul f "II L J' I; "'1J UJ b 'f f II L J' (!1 

LJ'w'iJ "'f'iJ'InLJ' urb'l/r IIL'iJ/r t.. (!UUJ UJUifUic)Uiffw'iJ ~~~r/r /Jnrw'ffr,j 

fr'ilurb'lr,.L/r t,"'J'wr ( mlw uurnrt., § 7 } t 

?-purnrr n <f!Judn f;rpbJ''iJ t.wr~ I; l,'iJmJ' '1/rurwrltbl nrnz 

X(x, y ) f/>m'b/19/r"'JP ~"f"''tfru ft'Lurb'tr"'L'ilbr'il f!UUJ L uuzb'lfr br~UifiiL• 

PJw'iJ , 

Jx(x, - (4) 
L 

nrurb'L ds-e "''lbrt/r '1,/f>brb'i.s/r"'L'i. l;t IJ.Iu"''f.ufr p'iturb'lf'"'L'ilbre t,,..z· 

4_m J' b'i, "brf.mJ' 1 f urw /'~""',} p'iJur h'ff"'l'i,b ff! ~Uiztjb["'- ~,J' Ulb l 'tfr .'lnt .J! 

L ~"N! mr<f"'d 1; 
X= <p (t), y= Ht) 

"f"'r"'J'burrwltw'il r:.wqmuwrnul'itbrnq, nrurb'l rp (t) · 'it , •l (t)-t, ~'(t)·"· 
f(t)-'iJ t-/r ,..'iJet'1r:."'ur f/>m'il'ts/rw'itbr b'it• 

'1-/r .'I"'.J! a-'iJ t.. ~-'b "''"'f"'J'hurt'/r ,;,1'iJ "'l'J-b.p'ilbr'it b'iJ, "r""'.J! r:.w

J"'Uf u"nwuf.Jiu'itrrul b'i, L ""l'"l/r ufJ'IPf•'it b. 'l.hry_/r'ilt 

cts=V <p' UF +·~ · (t)'ctt. 

'"'Uf"' UUJUibllt.l b'it.p ( 4) ""''""b'tr"'LI! t,wztjb l"' r:,,J'"'l' t:.b uri.l"'l pU1• 

11-a"e· 
' f X(x, y)ds= f X[<p(t). tjJ(t)] V rp'(t) 2 +'t'_(t) ~ct t' 

L a 

''"'rbJ/r I; 'lf'"""'r'tbl ljnr"''lfrd fr'it._,!,'lr"'l'it f!U'-" x=c.p(t), y= ·Hf.). 
z==x(t) '""'rwdw~-'iJ ~nr/r '"'lb'lP · 

J X( x. y. z)ds= JX [11 (t), ·;, (t). X( t)]V<?.(tr+ ·/ (tr+ x (tfct t. 
L a 

t: uur ""L'''l" ''" rwqpd fr'iturb,, r"'L'ilhr/r O'f..,"'-fillwJ' p "r" zt/"'-J' b'iJ I or/r

'1.,.,~ , 'tdbrf. dw'itrm{J 1,.,t ~b'!. urr,'it'ilbr/r ~~~ "r'lfr'itwur'ilbrl!' 
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'1-Uiurbl"'/ u•J'buJh" , /r'i• t Ufb" Xlf '1Lfr:/r § 8.,,/ (I ~~~~ur.), ftutnUI

'iJw'iJ.p "'"'rwdwllw'b ':"r/• du,'bcmfdtw'it 11f. 'itutr"'i' f' IJ""r'll''i" "ur'itbrl! 
t."'z <fbL"'- ~w,fwr p•u~uuJ.I.' 

J xds 
[. 

r ds 
L 

J y ds 
L 

Yc= J ds - -, 

L 

x= a cost. y=a si n t. z = b l (0 ::S: t <: 2;:) 

(5) 

Uf."'nLww~u''I J fo olb~ •fowfil/o. (B HTOK) Ju,'bt•n•fl .t w'b ~b'l.mru"r.[, ~""l''lfo'b,.an'bbl'l~• bpu 
'hJ'W IJ~WJ/w~ fwm rr c.f:JJnL'hf!. Ji wuu•wmn t "b (, 

(" L J n < ,{, 1/ff'",./;1'"/ (fi) pw~r w.llr.f! , {''l m'bb'be. 
2~ 2h 

J 
Xc = rJ~-.~------------------

2• 

j' f a2sill 1t + a 'cos ' t+b• dt 
0 

. r bt 

Ja cos ! ( a2+ b2d t 
0 
--,.2;-7t-----

J ~ a1-f-b2 d t 
0 

h. 4 c: ~ 

a· O 
= --=0· 

21': 

0 
2 /t , 2 · = ot b r 

l/.Ju"'.bu , nL['b,f'b U[<nnunw~UI'f~f ,{/;~ •f•wflfo J .u~•{'n c f/Jw'b ~b'bmrn~•f ~nn J''I[•'bw"'

'l.b('£! ~ uufu•U"'[' b'b 

?-frym.p Oxyz ''""f'lfr'ilwur'ithr/r "''l'lu·~"um'it l.unfw~UI[I1_ntJ' urrqwt) 

t "f'" 2 v ur/rr"'-!P' ''"''·""'.[) v '-"Pf"'-lfrlmJ' urrq-J t "'' "r,;z A ur,;.
rw" W~IU'iJ lj"f"<f UUI{:,J' Ul'iJu,pw~tjUI c) C tJ'w'tbrL nt Jff: 

c ,fw~hr'""lfrJfr 'itlt•umJ'"'J'p b'itfr!"''lfbl"'- 'h'b..J! , "r 'ilr•u 1"'-f"'

.J!"''i.U"'-r P t1hurmJ' 'bnrJ'"'J/r 'll'"''t"''it mrr'l"'frlt"''itl! "r"z </mJ' t n(P) 
J'p-<fnr tJb~'"""r/r J'frl"9""' "rl• m'l'l"f'l 't"up'i.n .. u'i.b/'1! J'-~brLm tfilfo 

'tburbrfr "''iJl''it'l:.rum tfm'itl1ypw'i.br b'i,, 

?-f19"'.J! J'w~br''"'-tfill' t"'f"".JI"'..,ll"'f 1t6 '-""'J' "l'" Z'/wd I; 

F=X(x, y, z)i+ Y(x, y, z)j+Z(x, y, z)k 

qb11ur, 1,1! , , 1,u,brr X·r· Y-e· Z-r ,,,,,.7 ptwm'ilhrfr w'itet? t."' ·ur rp ,. t~

sfrw'ithr b'iJ, 

11' wl1hr"-"'-l/il! , 1,LI; '' 'lw'itwljnq url'nt.b'it.p il ci urmrr"''l'u'it t.wr-
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filwfiJbrfr: [1,, f"'.f)"'"'lJ"Lf' ""'rfdw~mJ oJbrs"''' "'.f) ''"',j"'JW~IU., P. ~bur 
,, 'll"""'l'~b'b.f) 

~ ( F( P 1 ) n ( P ;) ) ll "i (1) 
I 

qm.!wt'f! • nrmb'l F (P1)-'b F q&~urnrfr wrclhl!iJ 1; tl-:J ; ""'rfilw~fr P; ~b
urm.! , n(P ;)-'b ' "'i'f ltburmJ bnp,/wtfr .!frull/nr ·lh~urnrl!• Fn-r' WJ'f 

-Jb~m :r r'~~brfr uffUilJUif' Wf'LnW'ff' J'U[(!I 

( l) ,1,.Jwrfr uwf,/w'be' mwrwoqwo tl a1 P"l"l' t:.wrfilwt1'bbrfr •Jrw, 

hrp "'J'f"IP"P P"l"l' r.wrfrlw~'bbrfr urrw.!w'lo brl! arturm.! b'b 'll'"IP• 

ltnl<Jm.! I; tl\ uqbph.m p wjpli plimbqpwt 1.... 'bzw'bwlt<Jnuf I; 

J JFndJ 

u frJ qnl nrJt [].I" Ufp u n q, /! uur "w :,,J ru '1,,/ w 'b* , 

li m ~ F;n 1tl :;i = JJ fn d:; r 
Jlnm~cr l -->0 cr . 

( 1) 'l"'.!wrfr 1"'1'"'./J"'"'UIILf' 

F ;n ;tlJ 1=F;D.a ;cos(ni' F ;) 

(2) 

(3) 

'f"'J"'f'bfp L/"'f'"'l t Jhfr~w't.Mnt•hb Jb~'bwpw'b<Jf.t t;l,mf•J'"l 1/bf'"l · '"J'f 

wpurolHJ f'l"'ll! t,wqwurur I; D. :J; t:,fr.!.e /., F;cos(n;. F ;) pwrar•ufdJnL'b 

m'bh,qn •t 'll"'"'fr out<Jwtfr'b : f;[Jh F qb~~nnrl!. a .!wllbl'I""/{Jfr .!fr t n<J t:,,_ 

Un'f ; /i,[m/fp lllf'W'fmftJJm't.'b /; , WUfUI ( •'J ) WflnUI'/f'JW[f! I)Uit{uoUIUf' I; 

t:,{,'l'"~fr wJb .f)w'burl1nr(JJw'b/!, "l'l! fl j qb~urnrfr "''l'lno[iiJwJp Jw.!w'bw

~fr Jfru"f"l'P f!'bfdwy.f)mJ t:,nunt.! I; ~a i .!w~hrf,,J{Jp .![o ~ nt{ { 'bit· .'J,)2)t 

I JFnda wt•urwC.wlmm filtnt'kf! urw-

IP" I; Jfr,•/"1' JmJw'bw~llrJ 'lf'w~w'b 

"' 'J'l"'f"I"'Jp cr Jwt1!.rl•nt Jfdp .!fr·r •/ C.n

un'l l)b'lm ~fr f!b'fl)w'b"Lf' J!"''bw~m{iljnt'bl!., 

b[Jb F qb~urnrf• 1nrul/ t:.wu~wyqfr ur<JJwl 

/JbUIIII ,j t;bt/mf/Jr C.nu.eJr Ulf'W'lm {J JUib 

tjbl1urnrl!' flu11nfr (2) .!w~brltm{ilwJfr'b 

fr'burhqrwll' ~n t <Jnt.! I; F tlbqmnrm~mli 

'lwzmp fi nu~ , umltbpLn'-J P P lilt~ngnt\ : 
lf "' '1 brlrtttflwtfr'~~ fr'burbqrwLfr uwl;-

* /Jfi/, ~ ,fw~l.pfw LJ{J'b w;'bulr"r'b 1; , npf• JRLf'Wf' "'"'U"Lf' ~/,onn "f 'I"J" ' fJJ"L'j, 

nL'bf 2" : ""P"'l ; wp{Jn•f/Ju'b , npp ,{w~hplw• ,r fJ/o </{" " P ~bmfr "'~'l"' 2 "'L'J,fw'b r,b., 

JfrwcP• m~• f'_'b'l>wm </• n•:~nfu<fn .. f 1;, /, bfJII F •/b~mnpw~ou'b :J>nL'b~sfrou'b "'J'l 

<fou~L{.f"' LJ fJ/r •/pw w'b ('_'bq ; wm 1;, "IUfW WJ'/ llou >.fw'b{!_ 'f"Jn LfJJnL'b n< "'" {f!.U<n ofw

~/;f.f' '" Jfl/o , ,'1, ., /, 'lf'wfp 'J"J " ' fJ Jou'b d wufo'b "'J" {Jh np b .f'b ['_'l•'lnL'bnLd /;'b l' wn.w'b9 
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,/w'bm.!foy t:,bwl...noJ 1;, "I' hfdb .!wltbrl...mJ{JI!. urr""'lfr ol' o2 , .. . , ak 

J'wuhrfo• "'"/"' 

IJFnd:;='JJFnd a+ fJ Fnd:;+ ... + JJFnda• 

n JptUIIIIf' tJidftnll(' ftnnr'ffr'bwU1wJfr'b wnw'by./)'bbrfr <Jrw Ulf'LnUI

t:.wjurb'b./) 'brw "ll'"Jh~yfrw'bbrn'l.• 

n=cos (n, x)i+cos (n, y)j+cos (n, z)k• 

Sb'lw'ff'htn<J ( 2) fr'burb'ff'W[nL,j F b n .,b~urnr'kbrfr wrurwC.wlurnL

{J J'"'u'bhl''b frrb'by "il'"Jhltsfrw'bbrn•/, ~uurw'bw'b.e. 

JJFn da= I j[Xcos(n, x)+Ycos(n, y) + Zcos(n, z)]d~ , (2' ) 
a 

llacos(n, z) wrm'"'fl'J"'tl! t!a "wf'!Jw~fr "lr"th~9frw'b 1; Oxy t:.wr

filmfiiJ'""' •/r•u ('b~. 3 /i .'J). 'lnfw'b Ufb'lm.!e b.fr2.ur t 'bwl.... f..buri...Jwl "'r

mw'lrJ"'t'bhrfr I)UI,jUI[•• 

ll ·:J cos(n, x)=llorz, l 
!::,. :; cos(n, y)=D.crxz, 

1 tl cr cos (n, z)=ll cr•Y' 
nf'urb'f ll :J p ' lla.<Z ' D.axy' ll :J /)wf'ftJw~p 

·"II'" Jbltsfrw'bbr'b b'b t:,,.,,j w"l"'':"wup. ... 'b 

~""r'lfr'b ... m ... 1Jr'b t:. ... rfJ,, {J 1nt 'b'r.brfr -Jrw• 

'1-rw t:,fo.!w'r. <Jrw (2') fr'bonb'll'"'ll! 

'frm.! b'b "'"''' "'ll al...nt(. 

JJFn d:;= IJ [Xcos (n, x ) + 
a 

+ Ycos(n, y) t Zcos(n, z)jd :;= 

= J J X dy dz+Y dz dx+Z d x dy• (2") 

(4) 

l,~ . 353 

t,,,, ,f ... ~b1,L.nr (dwJir'b f•'burh'll'wlfr t:,wz-Jm.!e pbr•fm.! I; euur /)wrfl 

urJr/'nr Jfilfr ~l'~'b,u~fr fo'burh'll'wlfr t:,wz<Jbl"' 'bt 

!J,, J.9 urw i .J!, Of•p'bw~ , 

I Jz cos (n. z)d :; 
J 
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"'"9"L.J! a J' ... ~brl•m JP'il WJ'ii"JJru,'b t, nr Oz wnw'bs.e/r'il 'l""l"'
t:.hn ruJ'b'b J'Jr nL'l/r'l '1./'w'b f.wurmJ' (- J'b/1 ~hurmJ'1 lJ.J'l- '1b"l,emJ' J'w 

~br!.nLJfiJ/r t:.w</_uoururnLJ'f!. ~LUrblJr t 'lrbl 

z=f( x, y) 

urbu,en</_1 D -n-J 'bzw'bw~bln'f a J'LU~br!.m Jfl/r "l !' "tb~sJrw'b Oxy f.LUr{tlm

fJ!ru'b <[rw , ~uurw'bw'b,e ( J'w~brbnL {druJJrb ~'burbqJ•Wl/1 uwf.J'LUbJ'w'b 

"" J' w'b "r"'). 
Jfz tx. y. 

n . 

z)cos (n, z)da=lim ~Z(x ; , YP z;)cos(n; , z) t. cr;z 
a diam.c;a; _.O l= l 

IJ.J'ilnt.f.burb , r.LU z1/r run'bbln1 § 5-Jr ( 4 ) pru'bLUobbrJrs lfhrpJr'il£! 1 ~ULnUI
'bw'il.e• 

J Jz cos(n, z)da= lim ~Z(x 1 , Yi• f(x 1, y1))( t.axy )t= 
a d l ~m .c;a,y~Oi~I 

n 

= ± li m ~ Z(x;, Yi' f(x ;. y; ))lllaxy l;, 
dl amc,.a ->0 i= l 

Jru~ '{hrtlz'il wrurwr.w,urmft!Jm'ile Z(x, y, f(x, y)) !f.nL'ii/JsJrwJJr ~r~'ilru
~, Jr'burbqrLUt/r f.LUJ'wr [!ULn D urJrrmlft!Jr Jr'burb'frW£LUJI•"' 'lntJ'LUr b 
fhuurJr 

JJz cos (n, z)da=± JJz(x, y, f( x, y))dxd y1 
D 

C'l.'1 nrnLJ' ,,,.~., ... ~" Jr'burhqrrul/r9 UIIIW2_ -Jhr.91m J' t- "JUIILU 'bzw'ile, 

bpb cos(n, z) ?--0, b J'Jr'bruu 'bzru'be, bfilb cos (n, z).,;:;01 
bpb a J'w~hr"'"Jfilf! l, pw-JLUrwrmJ' w1u "lwrwqrw!f.Jr u~qpmJ' 

'ilz<[wJ "fwJJ'w'bJr'b, Ul"fW UIJb mrnt;,nLJ' b'j, WJ'f "fWJJ'w'bJrb pw'{wrru

f'"'l J'wubrJr J. Jr'burb'lr'"ll! f.w2</_mJ' 1/j, wnw'boJr'b-wnw'haJ,'b' f!"ur JnL

rw,ew'ill.JnLr J'wuJrl 

tJ'wb a£n</_ f.ruz-JIILJ' bb f.burJ.JW£ Jr'hurb'frwl'iJbrf!• 

I Jxcos(n, x)da, I fYcos(n, y) da1 
a a 

IJ."fW911L9Uic)'j, Ul(''/ Wf'LUs'iJnLJ' t ~,.~.,LU~Jr ~ 'iJurbqrwlf!. § 5 -nLJ' 'ilez

</_wJ (2") urbu,en'{ qrb lf!' 

U.Ju 'lh"l.emJ' (2") f.w-JwuwrmfJJw'il LUf J'ruul! ~-rbLJr t '1,mwr

~bl nr"lbu f!"rn J urJrrnLtP/r t;.wJLUUf•uurwufuw i. "lf'"Jb~9Jrw'bbrJr ~r~'iiLU

~/r Jr'ilurbqrwl'ilbrJr '1"ul Ulf' , e'il'1 "r"d -n ~r~'ilw~/r "'burbqr-t'ilbrJr 

'ilzw'il'ilbrl! (~LU·'· Jr'bt"lbu wu ~br"l b'ii "'""' J' , dydz,_ dxdz, dxdy "'l'

urw'1r/"'l'ilbrJr 'bzw'b'ilbre) -Jhrs'/mJ' h'b <[hre 'b z-Jwc) ~w'bn'b'ilbrJr r.w
J'waru1'il1 
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0 r p 'b ,..It 1, 'l-f-s"'- 1.! a 1•,.1t J,..ltbrt.n•Jfl'b "'J'b"'.f-ufr'b t , "P O z wn.w'bueJo'b 

. , ... , ... ~ ,.~ J"'-P"'l!"'.,iJ"'-P , ,.,[., 'bpw'b ~ "'"'" • " t "l "'""I"· ew'b "rltn&. ltlrurn&.J I 

'1-f-"'"'rlth'be auot.J"'I f'buolr'IP"'Il!· 

I I z cos (n , z)da• 

t .. r ·'"'lfo 'IP"'ltw'b , '- 'I 'I" .. p J"'- 'b it ~ w.lwrb'he wpurwe f-'b 'bnrJw1e• 8•/ J"'l '1/r"'.

l!".,r ~wrlrlf- t J,,it&rt."'-Jfile '"P"~Irl lrrit"'- Jwuf' aurnpJo'b t. •flrpp'b . upu.'bu .;w
qwu wpnul'bbre. ~ ,.,J wulwurwufu w~•wpwp, ~lf'b h'b. 

z=f1(x, y ) t. z=f 2(x, Y) • 

D- n1 'b2ou'bwltb'be a-f- "'.P" Jbhfow'b 0 xy ~ wrfl .... p J"''j, "rw ('bit. 354) . "'J'l 'lb"'.

l!" LJ. 

. JI z cos ( n , z)d c-= J Jf 2(x, y) dx dy- J jf 1(x, y)d.X dy: 
a D D 

IJrltr"r'l f-'burb'IP"'IP .rp.,.u 'h t ... ~· e •fbru1w.t t "'J'b pw'bp ~""'"'r• "P ,fwltlr

r!.n•fJ"'JP'b fo.,,,.,r"'J"'-J dxd y-f- -;, 2..,-;,e 

z=f 1(x l y ) ''"'~"r""'-Jflfo 4r"' "1. " "'11 t 
oJirf'9';,/rf 1'"'9UIUUJ1t<u'b 1 l/w'bf. np 'bpw ~UJJwp 
COS( n, z )- e pwowuwltw'b t• 

P"'J9 o(bri_f-'b rw'b,.,al.{o •1 J ... uf- f-'b

.,/r.,r..,1'h&rfo urwppbpn•fl ,,. 'be "'"''"u t cr 

Jwitbrl•n• Jfil mf 11w ~ J w'bwtf•w~•fwt} t}"'Y"'Il!' 

t2 ·"'"'"'~'" J t, cr ofwlt J.Uitlrrt."LJfl"1 u..,,J.,_ 

'bwofwHw.t J..,pJ~•{o .t"'tf"'ll! ~wq"'u"'r t t;b

.,/,J"'l ,r.,,~tbrt."'-fi"'Jfo'b p'bmlr'll'"'Lfo'b·. 

V= JJ z co'i (n, z)dl • 

' 
0 r I·';,"' ll .2, e 'IP"'ltw'b t,b~'"t'"'lt.,'b t~t. Soil 

lP91'l! , "I'£! urh 'lwtfnpo{w.t t ltnnp'ff-'bwur'blrp{o 

uit'll''b .. ltlrmn&.J , ·u ... lr'l,)nul I; ""~urnrwltw'b 'l"' l "' .. ,'b"'.lru, np urwrw.t .... p, ... 'b ,,,__ 

P"'l!"''bunLp It""''" J euur ""Lln'bf .. opb'bef- "P"2Y"'-J I; F oflrlturnre' 

e 
F =k-r 

r 2 

npurb'l f "• (! 'lf-utwpf/Y"'f ~bur[. ~ /rn.UJ<fnpn<fJJnL';,';, I; lt n np']p'bwur'b/rpf- Ult'ff''j,IUitlr

Uf"9 • r - e' ur•{J"'l ltlrurfo 2"'"-"'11''1 tflritu.nrnof "'-'l'IY"'.t Jpwo{nr tfblturnre ('bit· 355) • 

k-'b• ~ ... u.,.wurn&.'b 'I"P.t"'~P9L!' flrn2lr1 o(biturnr"'it"''b 'l"'2"'P ~nuee ltnnr'lf-'bwur'blrpfr 

uit'll''bwltlrurnLol ~b'bmpn'b n&.'blrll"'l R 2"'"-"'Y'l"Y 'l'j,'l"'JP'j, J..,ltlrr!.nLJfJfr Jf-1no{, 

I. n L .. n L ·'· flL 2"''lP" • fJJnL'b 'l"'r?.'bbtn4 I "P r=R = cons t, ltnL'bb'b ... 'be, 

"r· JJ .J J k ;a rnd , =~~. rnd a. 
• a 

flwJ9 1"r1/o'b p'bur/r'IP"'/£! r. wywump /; (; ,fwit/rphn LJfiiP 1fw~/rp/rup'b1 fopn l/ J (!UIIO p'b

"'"f{'UI/{o u •u ~ Jw'b ,f..,';, ( ' u'lYP wn.'b/rJntf , np rn = l) ltuur,.,'bw'bl/ • 
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t~ . 3 55 t~ - 356 

~lzurb.wl'wl', r.niiiJ[!_ ~w•Jwuwp I; 

ke ke 
- :r -.co - • 4nR 2=4:tke• 
R2 RZ 

§ 7. UmnJ!u~ pwuwAhl! 

'1-ft911L.J! m'itM,.J! "'J'itui/~~t/r ~ Jrnllhf'J,"' tfrl, "f'P t:.bm (J z umm'it.'!.J!/•'it 

'[nL'f"'f.hn wJb'it Jft nuzft'l f.rnmt/_nLJ t ,fl,~ lfbmnuf: ::J Jrn~br'""'J~/r 

htl(lln'f~Jf! 'it zrn'itrnfJh'iJ.J! ),•nt/_z n 'iJnrJw(p 'lf'"''fW'iJ ntr{t[nL~ JnL'iJ(! rfbrs

'iJb'iJ.J! wJ'i."'bu, "f'"lhuqfr wJrb Oz rnt~w'i.g.{!~ 'lf'w~w'i. "' 'l'l"' {rlJm'it f.bw 
'trnqJp UnL{' rn'iJ//JnL'iJ ('iJ~, 356 ): 

'1-Jr,qnL.J! Jrn~brL,LJfrifr ""'qwuwrmJ'it t- Z= f(x, y): 'tnrrlwlft m'l_

'1" f''f ~n ufr'iJnLU'iJh (''it wrmrnt:.rn JLn'fnLJ b'iJ f\b m/1 J"'( prn'iJrnJ.t...h {'"" ( mb U 

I f.rnur, IX 'ILfu/r § 6 ). 

cos(n, 

cos (n. 

cos (n, 
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df 
- dX 

x)~ VI+(~~)'+(~/ 
df 
d" I 

(1) 

I 

Gh{iJ "''ff'b[nL /,'i,.J!, nr (j rfwf/b('/,m JfJh t(' pn[n(' //hmhr'"' (!~1/frnr} 

t- nr"? v mf•rnLJ{rlnul: '1-ftgm.J! v "'~(llllJ{tlnul ,,,,urJ t- X(x, y, z) 
lfmL'itltsfrw'i., nl'b ft• rnnUJ~ft'it ~rnr•tfr ,J,.,~,,/,,.'i, rnJw'ityt•ut'itllrfr t:.bur 

wb(!h'f 1\UJm b '/-fm"' ('1/b'it.J! 

Jx(x. y , z)dx 
). 

eum A L1nr•/• lf"f'"''IPJ ft'iturbqrwlf!' ), qJ/r •/rrn m'ith'it.J! z=f(x, y), nr

-· mb'T x-c ,, Y·f! b xy f.UJrr~"' ~ !"'~' r/1'"' I. 'IJft "'rnth~g/"'' t:.UJ'it'l~"UJ
.'I"'l L qrl/r ~bmbrft ~nnr'lfr'i•wm'itbr'it b'i, ( 'it~. :/.56): ~bmLwpmr, 1/'"f'"'l 

bh.J! 'lf'bl f.bmii.(Uil t:.rurJu"'"'f'"'~ t•n'itr • 

Jx(x. y, z)dx= Jx(x. y. f(x , y))dx: 
A L 

(2) 

t/.bN/•b ft'itmbr1rwlb f!"Ln L 'IJfr ~nf'"''[/•J fr'itmh'frrnl /;: fl.l'it A.l,"tfrn-

fuh'it.J! f!IJrn 9-rfr'itfr pm'itwt1lrft , f!h'lm'itbln•/ 

X(x, y, f{x, y))=X(x, y), 0 = Y(x. y) .. 

IJ.rftt~t pwtrnaL,,.r X- /r " Y-1• ·frnl""'r"t Ln"""''~r"t"'' trwt9 rnr

mrni\UJtm"' ~ tm'it'itbrl'• 1/umw'itw'it./!. 

_ ( {ax(x, Y~ f(x. v)) dx dy e-=- ( x(x . v , f(x. y)) dx. 
• o' ' y L 

(3) 

nrmb'l D wfrr"'tf!r ,,t:,,f,u'itUJ,frm11qwJ I; L ,1Jnr/: X(x, v. f(x, y)) 
PUJ(''l !fuubl/.'IP"'!'' wJw'it.'lt"'IP 1\frJw'it t/rm , nrm'"' \ ' ·rr ,f,,'i,,J t- " 
UJbJpyUJUfbu, [, z=f(x. y) q,,,'i,~.'!~"'!" Jft2n .'lnrJ, ltqm'itb~.J!• 

oX(x_~_2> f(x. v)) 
iJy 

iJX(x, y. z) 

ely 
_!_ oX(x . y. z) ai (x. Y), (4) 

(}z iJy 

(4 ) t:.UJqUJuUJrmfJJnrbl' mh'lUJ'If'hlnr/ ( 3) 1\mr/_wuUJrmfJfrnb J.wfu Jru

u.nLJ, ~ummbUJb.f!• 

_ rr[oX(x, v, z) + oX(x. y. z) of(x. y)ldxdy= 
· 0 _ oy dz iJy 

= l X(x, y, f( x . y) )d x: 
I. 

l,ru?t/fr mn'itblnt/ {2) t:.mrJruuUJrnrfJJnrh{', qbrp/>b t:.rurfwuwl'nrfJtm'itf! 

~Uif1''L/r /; 'ffb{ ru1uu1bu . 

\x(x. y . z )d x =-rraxdxdy- rrax~dxdy: (5) ' . . ov . . oz 0\' 
), [) - [) . 

t/.brfi•b br~m fr'itmbqr"'L~•brl! J./,u,frn/u•fmJ h'it · .rw~brl•nrfdmt/•~• fr'i.-
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urb'lr'u{IJbr/" f>rn.e, § .5-fr (2") pw'itwal.frs 1\burl..m,/ t. nl' b[Jb m'itl.'it,e 

npl..l; A(x, Y• z) f.nc.'itlt!Jfrw, WUf.UI D.frzur t 1\buri..Jwl 1\wt/_wuwpmfJJnLf.f!. 

J J A(x, y, z)cos(n, z)dcr= J J A dx dyr 
. a D 

r/.bn.fr'iJ Jt'iturb'ff'UIIf! a£wtfrnfrtb'it./_! WJU Uf_Wf'UI'ff'W:P/r (1) pw'itwJ.khpfr 

O'f'iJnLfiJwJp. Wl7 f\wqwuw[•mfiiJnL'it'itbpfrg bf'~f'nf''ff! w'it,wJ utn w'it'fw,/ 

pwJ-w'bbtno/_ bppnr'lfr qpw, 'lur'ilnLP · b'il.(!• 

cos(n, y) af 
= --, 

cos(n, z) ay 

at 
--cos(n, z)=-cos(n, y )r ay . 

1.,burl..wpwp1 

I fax ~dx dy=- ffaxco s(n. 
D az ay a az 

y)dor (7) 

(6) iL (7) wpurwl\wjutiiL{JjnL'it'ithpf! urb'l~'11'blntJ ( i'i) 1\u,JwuwpmfJJw'it 
Jbp_, umw'itm J b'it.p. . 

r X(x, y. z)dx = -J Jaxcos (n. z)dj + J j<1
Xcos( n. y)dar (8) 

\ a ay 'a az 
}. ~n'iturmpfr 2/'t.w'itsJ,u'it nL'l'J"L{JJnL'itf! ut.hur~ l; f\ruJwawJ'itbsqwt} 

Lfr'itfr n 'itn'pJ WJ/r e'itmpqw,} '1/'UJ~W'it m 'l'J"LP JW'it I\ burt u.,'it t \ Lp b '1-fr

urn'll!. 'itwrLJ l; 'itnpJwlfr dWJf'f9• WUfW ), ~npfr bp~wJ'it/.!no/_ 2fl."''it!JnL

,ff! 'itw urbu'itmJ t J-wtfut,9111J!Jfr U[W.(!/r zwpJ-.fw'ite f\w~WIIW~ nL'['lnL• 

{tljwtlpr 

(8) pw'iJwJ./,f! f>.pzur l; WJ'it pninf' .fw~bp£nLJfJ'IJbf'fr· f\w.fwp, npn'itg 

~wrbtfr" t pwJw'itb[ Z=f(x, y) urbu./_!fr C.wqwuwpnt.f nL'itb!Jn'l .fwubppt 

t.fw'it at.nq ~wpbfft t 'ff'b[ C.bur£JW[ pw'itwat..bf'f!• 

J Y(x, y, z)dy = J j[ _aa: cos (n, x) +- cos(n, z) do, (8') ay l 
ax 
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J Z(x. y, z) dz= JJt -:: cos(n. y)+~~ cos (n. x) 1dar (8' ' ) 
A o 

CJ.n .. lwrbtnt/. ( 8 J, (8' J 1.. (8" J r.wqiu uwrm p1m t'itbrfr aw/u 1.. wp_ 

,/wubrf!• ~umw'itw'it.(! . 

JJ.(.( az av f X dx t Y dy+Z dz = a ay- az)cos(n. x) ~ 

+(ax - az) cos (n, y) t (ay-ax)cos (n. z) ]do 
\ az ax . ax ay 

(9) 

pw'itwJ.l.e: U.1u pw'itwal.e w'it'ftfr"'9/r fl>frqfrltnu h Jw(lbJwurfr~nu 'f. 
Uurn.[!up (1819- 1903)" w'itm'itnq ltn~<jmJ l; UumFU~ prnfirul\hr U.1'il 

~"'Uf. l; f\wumwurm ,/ euur c-/r Jwlfbpl.m fdwJfr'it fr'iturbqpwlfr £ euur "'1'1 

,!wltbrbmlfdfr ~- b'll'"'"ldfr ~nrw'lfrr) fr'iturbqrwLfr Jfrp_L., e'it'l- npmJ '}.. 

~npnq ;pp_w'itynLJ(! t,wurwpqmJ t f!UUI '{bpl.nLJ ymJ9 mro/_wr} IJw'iln'ilft. 

B.=ax_az, 
} az ox 

Uf.pnJb~yfrw'itlrf'nq npn;qn'l 8 tJb~urnp(! ~n~qmJ t F=Xi+Yj + Zk 
rJb~urnpw~w'it q,,.'it~yf'wJ{' tfpp~II ~w,f n.num11 I• 'it 2 w'itw~'{mJ t* rot 
F ufrJ•fntn•Jt 

Z,burl.wpw[' , (9) pwluual,l! qblturnrw~w'it mbu.p"'/ km'itb'itw 

('Fd s= r r nrotf do 
" ~ " 

(9 ' ) 
), 

urbu.pe £ Uurn.(!ufr p1 ... rbJe t,at..w~hr"f'lfr WJUUJbu. 

'lbqumpJl g~pqnt.uwg~wfi ({p~wfinuF) tfp npn2 uwqbphnLJPP 
~nGu1nLp~ bpqwJfiFnt\. llrullrnuwp k lDJI} uw~bph.nLJPP u[1~n1l nnmn

p~ 6nuF~fi: 
'l-frurn'ln<{J 1 nL'itr IJ(Jb o .!w~brb"'JfiJI!' Oxy 1\wp{Jm{JJw'ite 

'l"''l"'r.J.n . .. wr[Jm{JJw'it ~urnr t , IU"(IU llz=O, 1.. uurw'itmJ b'it.[! 9-rfr'itfr 

pw'itwat..e' np"fbu Uurn.[!up pw'itwal.fr .!wu'itwqnp '1-b"f.[!' 

(9) pw'itwa_L.fry 1\hurl..m.! l;, np b[Jb 

av ax BZ av ax az ---=0,---=0, - - -=0. (10) 
iJ X oy ay az OZ ax 
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UJIIf_W ~Nf•tuqpd J.'iunb'frW£h (!Utn 9wh/Jw9wJ ), fru~ urwrwdw~w'IJ ffnrp 

f.wqwuwr• I; '1/.nJf' 

I X d x + Y d y + Z d z=O, ( 11) 

U.Juurb'lfr9 t:.bmlun.i /;, nr w1u 'ILUfi!"' J Jr'bmb'lr"'IC ~wfru[wd t_l; f•'b-

urb,('J..,'b ~nrp at.J•s' 

M't.,Ufbu h ~wrfJ 1/nf'Jr 'lbUfJ!nLJ , ~wl'bLJr I; 9 ,, 19 urw1, n1, (11) 

t:.wqw'""{'"'fJJmh(! mbtzJr tn'bb'bwl"L t:.w.!wr (10) UfwJJw'b'bbl'l' nt_ 

JpwJh pw<fu.rwr b'b, wut.' !11h!:.rwd-b2ml 

IJ.J'I UfwJJw'b'bbrf! mbtJp nL'IJb'IJwlJru b'IJ{Jwp'IJmh'f('Wlru/Jr'IJ wrurw

f.wJ'nm(JJnL'h(! Jf "/'"Z u(x, y , z) f/>m'b~9Jr"'Jf' tl'fr'f 7Jrfl>hrb'b9frwl'b I;' 

Xdx+Ydy+Zdz=du(x, y, z) 

(N) (Nl 

I X dx+Y dy+ Z dz= I du=u(N)-u(M), 
( J\ \ ) • (M) 

Uw "'Uf"'9"'9""'" I; wl'bUfbu, Jr'bt"lbu br~nL •fn•Jrnfvu•~w'b'bbrJr l{>nL'li~-
9PwJfr .. wJtu(' f:.wJwUfwmwufvw'b pw'bwa£{! (urbu § 4)t 

0 p /r ~. w ~ I • 'J.('b'b{! 'bJIILflwltw'b ~burfr 'lfr'bwJ[,~wJfr ~fr,f'bw~w~• ~w1wuw

pnLJ~,bl'l!.· 

d vx m- - x dt - ' 

. d vy 
m--=Y, 

dt 

d vz 
m-- ·· =Zr 

dt 

U..turnb'l m-e ~burfr qw'b'l1wJ'b t, X-e, Y-e. Z-r.' ltl• urfr 1l'"' 

dx 
ofrw'bbpf!. ~"nP'lfr'b..,mwJfr'b wnw'bol!'bbpfr •fpw, \'x=---'!.' 

. dt 

d z 
= -d-

1
--'1.' V UJ{'W'fn•fJJw'b "ll'nJbt'lf•w'bbpf' ~nuprJl•'bwurwJf•'b umw'b[JI''bbpfr •/pwr 

'l-r.1wJ. ~ wrfwuwpn•fJrL'b'bbpfr ,lwfu b. u•l .touubp[! l'"''l""'"l"'ur~b'b[! 

wpmwf.w/mn LPJn L'li~Jbpn.Jz 11..-,..,'lmtf tun tn.-,..,'lw'f 'lnLJfwpbf"'/ mp•Jw~ t:.uufwllu.J['nL-

p JRL'b'bbp[!_ 1 /(UUIUI~IUI'b(!• 

m( vx dvx+ vy d vy+v,d vz) = Xdx+ Ydy+Zdz, 

I ~ ·> 2 
rn 2d( v; -;- V Y + vz )=Xdxt Ydy + Zdzr 

d( -+· mv2 ) = Xdxt Ydy+ Zdzr 

26-1 

) X 
X=- -km --, 

r• r 

I y 
Y=-km --, 

r 2 r 

1 z 
Z=-km- -. 

· r 2 r 

1J.1'1 'lb''ll!nuf F n<J/r w2/uwurw~'/' f!. .\'1M 2 

-G.w'bw"'Wf'~f- •fpw ~wrfwuwt• t" 

.. 



·-
WJ"""'~"'' J/!,.1nl' '1."'"''11"'~/!. UJit'lru</•ufubL/•u ~wUJru('ut~ "' 2/uwUJw'l.ee r.w•/ruuwp t 
<{lrpf'l..,~,.-,. £. uhp'l.ru~ru'l. ft_bUJ&f'nLII "lnUJ&'bsf.t.wL~ rup.lbe'b"rl! """'L'l'ltl'n•fl J"'"'/!.' 

1-J.sm.e urwpwOnLfilJw'i.J J'hp_ urr1.wo I; v lfw'i.Jn'i.Jwtfur bnwJ.wp 

urf!pnLJP• npi! uwr.J'w'bwtjtw~tf.wo I; :J •pw~ J'w~bpl.nLJfilntj 1.. npp Ufpn· 

JhltsJ.w'b Oxy r.wr[Jm{JJw'b •Jrw D ~w'bn'bw1.nr brlawtft urppnLJ{Jt b 
IJ'itfi/w'JpnLJ' h'i.JJ!, np a J',u~bf'/,"' J/Jf! ~wpblp I; pw<fw'i.Jbl :J1 , o2 k Oa 

bpb.j! J'wup WJ'i.J"fbu, nr WflWl_f'i.J hr~nLUf r.wqwuwpt1LJ''i.Jhp'l, nL'i.Jb'i.Jw'i.J 

z==fl(x, y) [, Z=f2(x, Y) urbu.ee• npurb'l fl(x. y)·e /,. f2(x, y)-e D 
urppnLJ{JnLJ' w'ile'b'ft;.,uur lpnL'il~sJ.w'ilhr h'b, pu~ Oa brrnr'l J'wue Oz 
::::tw'its.eJ.'i.J '[nL'fWt;.bn. o'i.JpJ.'i.Jbpntj CflW'i.JWJf'i.J J'w"hpl.nLJ{rf b 

1-purwp~h'i...e t;.bur/,lwl p'burb'lrwll!· 

l= I J J oZ(x.a:· z) dx dy dz, 
v 

twfu ltwurw{'h'i.J.e p'i.Jurh'frnLJ''i.J f!ULn l•f 

12 ( <, y ) 

l== J J( J ~~dz )ctx dy= 
D ! 1 (<, y ) 

= J J Z(x, y, f2(x, y))dx dy-J J Z(x, y. f1 (x, y))dxdy, ( 1Y 
D D 

lfw~bpl."LJ/Jf 'i.JnpJ'wlfl '/pw p'burpb'i..J! wl'i.J "''l'[nL{JJnL'i.J[!, npf! f,wJ'e'il~
'itnLJ' I; 0 J'w~bp!.nLJ{Jp curur""J!f'i.J 'i.Jn{tJ'w[p nL'I_'I_nL{Jjw'it(!l u.J'I 'lh"f.end' 

cos(n, z)-e a 2 Jwl1bpl..mJfilP tfr"' ~lfl'bp 'lru•ltw'b, fru~ o1 J'w~bp!.nLJfilP 
1.rw' P."'swu~»~w'b. ·o3 J'wltlirl•nLJfJP tJrw w1'b ""'tfwuwr I; qpnJfrt 
.;;.;.. __ ,;...._--.,~=·- - -- ,.~, ~ ,_,~. 

( 1) ""'1.wuUJrm[riJw'b wl J'wup ~r~'bw~p fr'burb'lrwl'bbre t.wtjwuwr 

bft t;.wJ' "'Ufwurwufuw'i.J ~ J' w/fb p/, nL(ilwjp'i.J p'i.Jurb'f('Wl'i.Jhpp'i.J. 

J J Z(x, y, f ~ (x, y))dx dy= J J Z(x, y, z)cos(n, z)do, (2') 
D ~ 

J J Z(x, y, f1(x, y))dx dy = J J Z(x, y, z) (-cos(n , z))do, 
D ~ 

t/.bnfr'l. fr'iturb'lrwlnLJ' 'lrhsfl'it.e ( -cos(n, z) ). npnqr.burl.. a1 J ... ~brh-

1.mJfJP ur•urre "- D urflr"LJfilP ~s J'w~brb up ur"'rre ~-"'tfwa bit 
AS=~o[-cos(n. z)] wn.'itJ.m{tiJUIJ'p, .ewftp nr (n, z) -ft~JnL'itf! pmp b 
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U.1uu1bu, , pLJ''b 

J J Z(x, y, f1(x, y))dxdy=-JJ Z(x, y, ·h(x, y))cos(n, z)da, (2") _ 
D a 1 

(2')·e 1.. (2" ) ·[! urb'lu''lt'hlntf (1) r.wtjwuwpmfiJJw'b J'hp, ~uurw'bw'bl!• 

J J J oZ(x, Y• z) dx dy dz= 
v oz 

=-JJ Z(x, y, z)cos(n , z)d:J+ JJ Z(x, y. z)cos(n, z)da' · 

"• ~ . 

l,burw'lcu pw'bwd.t.l'rP t.wpJ'wpmfllw'b r.w J'w1, 'lhrp_p'b t.wtjwuwpmpJnL• 

fte 'lrb'il.e w!u"'bu ( u,JbL"'s'ilbL'"I J J Z(x. y. z)cos nz do =0, l!w'bf! 
al 

np 03 J'w~b{,[,ntJ{rfp '/['ut ur/it/f m'bf, COS(ll, z)==O r.wqw~wf'nL[JJnL'i.Jf!)• 

JJJoZ(x. y, z) dxd y dz= 
v oz 

-SJzc os(n , z;d:J + JJzcos(n, z)do+JJzcos(n. z)da' 

Uw~wJ'b tJhr'lfr'b r.wtjwucurmfilJw'b wp_ J'wuf! p'burhlfrwL'ilbrf! 'lnLJ'wre 

euur cuJ'p n'l'l. a.· fr J'w/Lhrt. ,,.[Jw Jp'il p'bur4'lrw L'b I; 1 nLuurp 

J J ]'00~ dx dy dz= J J Z(x, y. z)cos(n. z)dot 
v " 

t J'w'b at. nq ~wrh LP I; IJUJUJ'i.JUJL t.hurt. JWL wn'i..J. nLfilJnL~~bre• 

J.[J~~ dx dy dz= ~J Y(x, y. z)cos (n, y)da, 

J J Jaxdx dy dz= J Jx(x, y. z)cos(n, x)do' 
V OX a 

U.'b'lwJ' wn. wft'lcuJ' 'fnL J'wrhtn1. 1.hrtJ.ft hph.j! t.w1.wuwpmfillm~
t,bre, ~uur ... 'bw~l! Ouwpnq p UJ'}uqm pw'l. ... at.e*• 

I f'J'( ax ay az· -+-+-)ctx dydz= 
\r OX oy oz. 

=JJ<xcos(n, x)+Ycos(n, y)+Zcos(n,z))do, (2) 
p 

* ll.Ju l'"''j,,.J.J,.e (nl'l!. ~-'•J» ~nlt/n•J t Ou"'L'"fl'''"lu~,.L-9-MinLuJt l"""'•J.£) 
r..,,.-,,.tnl'~'/ltl t nnLM 'j,2.,~"'t[np J .. pltJ•urJtlt"u U. '1.• Ou"'L'"'II""t"lt•a. 

(1801-1861) ~ntJfts 1 npf!. "'• f,L',."'"'l'"'lt"L t 1828 p, c'I-Jt"'n'ln•fiJnL'l. !lipJnL

/1 J"''l. urltun•fl 1•'j, o(lrp.,pltPJ•L> fon7t["'~IILJ •= 
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ax ay az - +-+- wru.wt.wturn•flJm'ile ftnJ.'J.nLii t F=Xl+Yj+Zk ox ay az 
t[bl1ur:' J•l• _ I} Jnt b p qblig r w ( 'J"'J' '/hltur nr wftw'b f/lm'bft 9 ftw If 'lfttfbr'lb'bsftw) 

b. 'bzw'bwftt[n•J' t* divF uj,J'tfntntf. 

. ax ay az 
dtvF=-+-+-, ax oy az 

'izb'b.J,!, "l' "'/" pw'bwaf,l! 6.ftzur t sw'blt"'9"'c) ·urftrn•tfilft t.wJ'wr, 

nrc ftwrhtft t pwJw'bbl "'I" "i"'f"''lf"'f/lr "hP"' ,f 'bzwcJ "1"'/J','b'bh

r~'b P""/"'r"'r"'l. urftrnr tfd'bbrft 1 

Sw'b.e uurwowcJ P"'~'wtlLft t.ft'lrnJ'hftrw'bft~wftw'b Jhft'bwpw'b•n-

{Jtm'ilc' 
'tftsn•.e F=Xi+Yj+Zk t[b~urnrc V urftJ•mt[ilft J'ftp_nt{ t.nun'l t.b-

'ln•ftft "'f"''lm·fltw'b r/blturnr'b t1 U.n. 'IL"I.emJ' (2) wrurwt.w1urmfllw'b 

J'hp_ J'wu'bmltsn'f J'wftbrfullfllUJf'b ft'lltnb'f(1Wlf! n W(llnlU.J.!f'b 'bnrJ'wtft 

'/r"' F t[bfturnrft "lf"t"'tsr"'lf J•'i.urb'lrwt'b t. "'I'"" urwlftu t J'ftw<l"l' 
JwJIU'iJwftlUiffp_n!JnLJ' v mftrmtf'f!J 0 J'wfthrflm tfiJft J'pp_nt{ wrurwf.nw 

un'l t.b'l.ndtf• JJ"''bwftm{iiJm'bc {ftwJ' t1 V urftrmlfl 'bhrl\nun'l. 1\b'l.mftft 

JJ"''bwftmfl !"''be, hfi!b "'l'f ft'burb'lf"'U! 1' "'9"'"lllftw'b t ) 1 U.l'f JJ"''bwft;,,_ 

p1n .. 'b'b wrurwt.w1urr/m J' t divF-/t bnmftft ft'burb'lr"'Lf J'ftlnsnt{l 

bfilb divF= O, lUllf"' ftt•ft 'u wftJ• J•'burb'fl""L'b ruur yw'b~"'9"'c) .jlwft 

J'wftht•Lmtfilft 1\u,Jwuwr ·~ 'll'ntft• "'l"f'b.p'u' sw'bftws•uc) •ftwft J'wftbrb

t{n•JfiiJ• J'ft p_ nr/ "'rurwt:..nun'l (ftwJ' 'ilbrt:. .. un'l) t.b'lmt1, JJ"''bwftna.p1 .... 'bc 

r.wt[wuwr luft'bft 'If" If ( "''lf'tna.r'ilbrl! pwswftwtna.J' b'b j, U.tfbtft -6.ftzur, 

urJrrna.tfll' Jbp_ 'bhrt.nun'l 1\b'lmftp JJw'bwltmflt"''bl! 1\w<[wuwr t "'!'I 

urftrm tflfts wrwwl\nun'l. f,b'lm lift JJ"''bwllmf' t"''bl! 1 

•f.bftUJnrwllw'b tlLn<[ Ouurrn'lf"''l"'t"L pw'bwtlL'b m'bft 

JJ Jdi v F dv= JJ Fn ds ( 1') 
v 0 

urbu.el! b. ftwr'l"'9<{mJ' t "'l""lbu , F ~bqumpw~wli I}Ul2Ulll l}~~bpbli
gjlUlj~ pGmbqpmn~ ' mtupm<hlw~- up npn2 mm pm.)-w~mli mj1pntj[imtl_, 
llwtlumwp k WJI} mjlplHJ JO ~ uw fi uwGwtplll~nq tfu · ~bpltnl.JJOP ull~lltl F 
tl_bqmnpp finu~pG: 

' 
§ 9. <wufttmn\tft Olqli[lwmn[IJ!: ujlw lilt J!W\tft IJltl'wnntpJnt\tutrl! 

* div-f/>rw~ ukt•"'b divergen ce rwnft "t'"l! u.wn.kr~ ,..,, "l'l! ~zw~UJ~nuf (

. cmw[rw,ff!u.t1LfiJw'b i"'P~' 
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JnLr ftb lniiLJ'J nrurb'l u( X, y J Z) f/lna.'iJff!JfW'iJ nrn z<[uu} h w'bc'iJ'I f\wur t I 

n rn z<[na.J' t 'lf"''lfb';,urc· 

d au+. au au gra U=l- J -+k-, (1) . ax dy az 
(x, y, z) f/lm'bft9P"'Jf 'ff"''lfb'llurc brpbJ'll '~~z•u'llwftn..J' b'b "'lullfbu. 

.au + .au+kau vu=t- J- -; (2) ax ay az 
· \1 'bzw'bc ftwr'1"'9</.na.J' t trhwpf"'~' 

1) (2) f.wt[wuwrmfillna.'bc 1\wrJ'wr I; ujrJ'tfntft't Unt[ 'lrbL "'I"
Ufb u . 

vu== z - -J -+k- u (2' ) ( . d-t.a a) 
ax oy at 

.a+. a k a \]=l- '} --t· -ax Dy az (3) 

uftJ'•fnll! 'lfturht "f"ibu trupJ'tfntft't iJ.bfturnr»' U.lu uftJ'•fntft't t[bfturnrl! 

ftnJ.<{mJ t 1,wurtmnGr OUJ.bpwump ftlUJ' Gwplw-oUJ.bpwmnp (v-oUJ.bpw· 
mn Jl) I ( 2) J. ( 2 ' ) pwhwtlllb rrs 1\burl.mJ' t, n r \1 uftJ' •Lntfr't OUfbrwurn

fl! "'t"'LJ"'r f/lm'bftsr"'J"" pwqJ'wUfwurftblftu uurws<[na.J' t "'1'1 f/ln .. ";,ftw 

9f"'lf 'll'"''lfb'llurc 

\]U=grad Ut (4) 

2 ) ""'rbtft t ftwqJbl \1 uftJ'•fnlft't •Jblturnrft b. F=iX+jY +kZ 
t[bfturn('p uftlULJ"'r •urur"''lr/"'ll! 

v = l -- J -+ - (zX+JY+kZ) = F ( . a +. a k a )' . . 
dx ay az 

a a a ux ay az -· 
. --X+ - Y + -Z=- +- +-=div F 

dx ay az ux ay oz 

vF-div p, (5) 

3) ""''l.J'b'j,JJ \7 uftJ'L"IP't 'Jhlturnrft /, F-iX+jY+kZ t[bfturnrfr 

'}_bfturnrwftw'b wrur"''lrJ"'ll!· 
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vXF= ( i ~+J 4-+k~)X(iX+JY+kZ)= 
ox oy az 
i j k 

_() a () =l 

ax ay ()z 
X Y Z 

a~~ !_!_'I 
ay dl ax ()z 
Y Z -j X Z j+k 

I 
='(az _av)-i(. ~z _ax)+k(·av _aY)= 

ay · OZ dX az 0 X ay 

() () 

ax ay 

X y 

.(az aY) . (ax az) (av · ax) 
=t ay - az + J az - ax +k ax - ay =rot F 

( urbu § 7} I U.Ju"lfruntf, . 

vX P=..rotF~ (6) 

U.uqw·J,.s f.bw/rntJ' t 1 nr V u"J'"n'"~ tfb~mnrfr O'fiiJW'fnrJmJ'e 

filntll I; UIUij,.U zwur f.wJ'wnnur wrurwr.w,urbf tfb~urnrw~w';, 'f"rJn'lnL

Plnt.'b'bbre' '1-,.urwr~b';,J! J',. J!w'bfr pw'bwat. l.u 1 

4) F(x, y, z)=iXtJY + kZ rJb~urnrw~w<u 7 wzure ~nttfmJ' I; UJn
mbGg~wrwJ~G t}b~mnrwlJ.wli qw2m, b[Jb F rJb~urnre r.,..fl'l,.uw'bn,_J' t
,r,. nrnz u(x, Y• z) u~wuwr lpm'b~!/PUIJ,. lfrW'f,.h<uur' F-gradu ~wJ' 

F lou .du kau 
= -+J-+ -1 ax ay az 

lllu '~-" "''J!"'- J' F tfblt"'" r,. "lr" J"~s,.-<uhre ~,,.<ub<u 

X=au' Y=au, Z=~~ 
ax ay az 

.. 
ll1u fawtJ.-uwrn'-fJJm'b'bbr,.S C.burbmJ' t (urbu I fawur., VIII 'llfu,. § 12) . 

ax aY aY az ax az 
ay = ax I OZ = oyJ OZ ax 

ax aY av az · ax az 
- --=0, - --=0, - --=01 
~ ~ az ~ ~ ~ 

1,"ur!.wpU1p1 ,.,.urwr~rJmz F tJ.b~urnrfr fawJ'wr 

rot F o, 

rot(grad u )=01 (7) 
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O'lurw'lnrJbln<f v o"fbrwurnre (4) I. (6) pru'bwdf.brfr t:.f~rlw'b t/rw (7) 

fawtJwuwrmfJJm'be t1wrbtfr t" 'lrbl wlu"fbu. 

(vXvu)=OI (7 ') 

Olfon'llitntf w{ll l:,wur~m-fiJnL'bfrs· nr ,,b~mn(IUI~w'b wrurw'lrJW[{! u~-~

lwrnt/ pw'IJ'w"lwur~bln'- 1\wJ'"'r pwtfwllw'ir I; w/'1 u~wuwrntf pw'IJ'w

"lwur~hl pwqJ'w"'i"'ur~,.l<ubr,.s J'b~[!• 'lrb'b.[! 

(v X v)u=O, 

U.1uurb'l V o"lbr,..urnrl! 'bnrJ•s o<lurtfwJ t unrJnrw~w';, rJb~urnl',. t:.wur

ltmfiJm'b<ubrnrJ. rJh~urnrft' ,.r r.bur rJh'furnr-'t-<u wrurw'frJUiff! 1\wqw

uurr t 'lrnt,.l 

U.t<u F(x, y, z) rJb~urnrw~w<u 'lwzure, "r" r.wrlwr rot F 0, ~nl_

rJn~.J' t- wGtfrrr~wJrlil (7) t:. ... rjwu•urmfitnt'bfrs f.burfrmJ' 1;, nr J"'rw

J!w'bJJn'-r "lnurb<us""''"''"';, '1"'2ur w<urlrrfr~-,,.<u b 
zf,.zur t- t. r.-~-'fwrtl b'lr-~-·nt{dJnL'b[!, _UIJU,.';,.[!';,, b(Jb nrn2 F 

rJb~urn r"'~w'b 'f"'2ur ,..';,,/ rrMw J,.';, t-' Ul"fW WJ';, "lnurb'bs""''"' Jf> <utI 
U.1u "l';,'l,j',..';, ~zurnt{dJnt'b[! t:.burl.ntJ' t" § 7.,. rJhnmJ' ph(rrJwJ 'lwurn-

'l"'fiJnt'b'bbrfr91 • 

5) U.1<u F(x, y. z) [rJb~urnrw~w<u 'lwzure, nr,. r.wrlwr. div F=O, 
WJU,.';,.[!';,' wl';, rJb~urnr-~w'b 'fW2111f!J nrmJ'. "''lPJmr'bhre P"'SW~WJntrl 
b'b (urbu § 8), ~nJrJnrrl t- untnGnrqwJrG ~-J' Jun'lmlm~wJrGI U."lw-

div(rot F)=O, 

w 1u,.<u.J><u' J'rl'f.it'bbr,. 'fwzure w 9 ... ur. t "''IPJmr<ubr,.S' 

f>rn./!, bfib F iX+JY+kZ, •u"f"' 

.(az iJY) . (ax az) ( av ax) 
rotF= t ay-a-: , j dz- iJx +k ax- dy I 

(8) 

div(rot F)= ~(~z-aY) +~(ax _ az) + !_( iN_ ax)=o~ 
ax. ay az iJy iJz ax az ax ay 

V ~"lbrwurnrfr J',.lnynrJ (8) t:. ... rJwu•urntfJJm'b[! 'lrrJmrl I; "'Ju"lbu, 

v(v X F)=01 ( 8') 

u1u r.wrJwuwr,,_p1w<u a ... fu rlwue ~-r"'" t- ,.,.urt.1 nr"lbu v( vX F) 
"r"J! rJb~urnr<ubr,. ( nrn'bs,.,'J "r'tntU(! J',.IJ'j,,,_J'j,'j, b'i,) rJb~urnrwuffWf

l'ur (/uwn'b) Wf1111UI'ffJUifl U.J,'j,/)UIJUI t, nr WJ'f UlfUIUI'fr.l"'ff!. f.wt/wuwr 

t" lf.r" 1,.1 
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6) '1-fr.9"'.[! m'i.b'h.e u=u(x, Y• z) ut,wumr 'fUI£1n(!l flrnzb'b.[! 

'lrw'lfrb'bm'hbpfr 'lwZ"'I!· 

d . au _L .au +kou gra U=l-,-J- -1 ox iJy • dz 

IJ.J'hnL'>bmh lf"''i.b'i..[!. 

div (grad u)=-!!_(iJu ') +·~( iJu) +oy (iJu) qw.l 
iJx ox. dy · dy dz iJz 

o2u iJ2U a~ u 
div(grad u)= -+- +--1 (9) ox2 iJ y2 iJz2 

IJ.1u t>w"wuwrmfiiJw'h "'2 .lw"l! 'i.zw'i.w't"IIL,/ t 

t:.u· iJ2u +iJ2u + ()2u ( 10) 
ox2 iJy2 ()z2 

OUJbpwmnpt 

1.,bmbwpu•r• (9) t:.w"wuwpmfi'J"'-;.1! ~wrbLfr t- lfrbl "'Ju"lbu. 

div(grad u)= t:.u1 ( 11) 

V oUJ_b pwmnpfr o'l'hm [il J"',/ p ( 11) '>w'l.wuwpm filtm 'he lfpm.l b'h.e. t:.bmh

l"'l mbu.en'i.• 

( 11') 

( 12) 

( 12') 

f.w'l.wuwpnLdf! ~nt.'i.nL.I t- lruUJrruult fiwqwuwpnuf': U.1'b fnL'i.~sfrw'hhrl!• 
npn11l! pw'l.wpwpnL.I h'i. (wunwufr f.wqwuwp.lw11[!, ~nt'i.nLJ hf, fimpun-
6ltlt 4>n'-Gltgltw6.bp: 
~72 

~"'24bt r.hur£J"'l 't"l'"''ff~ f'liu.b'll'"'t"' 11l'l!· 

1. J'y 2dx+ 2xydy I!""' x=acost, y= asint 2fl"'"'"''1~/r• lllwm. o, 

2. J ydx-xdy E""' x=acost, y=bsint til"'l"/r "''lb•t/r• ll(wm. - 2nab. 

3. J-X-.-dx- _Y_dv /!""' ~nnt''lt'~'"'"''bbp/r u~'fl''bwltburnuf ~L'burpn'b 
xz-i-Y~ x2+y~ " 

nL 'bhg"'{ 21' £w'bw'l•'i'• llluJm, O, 

rydx-+-xdy 
"· /!""' Y=X nL'l/r'll' X=l ltbur[•u ·1/r'b~J. X=2 ~bme b'l ... ~ 

• x2+y~ 

~wu•qw~/r• lllwm. ln2• 

i'), J yzdx+xzdy+ xydz (!Uur X=3CQS(, y=asint, Z=kt "f.urnLmwf{m'f~/r w'llr

'(/r (1=0 J[,'bil. t=21t)• lllwm. Q, 

6. Jxdy-ydx {'_;,., X=3 COS3t, y= asin 3t wuurpnf7f• "''lb'lt• lllnun. + rta2 

{ wuurpn/r7/r Jw~bpbu/r ~~·~'b"'"l"''"Hl'.) • 

7 • xdy-ydx [!""' X= --, y=-- 'lb~wpm/r mbr£fo '"'"''#'" J9t' I 3at 3at~ 

I+ tJ 1-f- tJ 
lllwm. 3a ' ('b24"'J r.w'bynLJII"'[ uwr.Jw'bw•fwlt1wJ ofiu~bpbuJ• ~p~'bwulwurf~l!}, 

S· J xdy-ydx /'.""' x=a(t-sint), y=a(l-cost) ~"l'/r (O~t ~ 2rt)• lllwm. 

-6M 2 ( ui''tt"l•7l• Jb~ ~"'''"'1'"1 £ Ox wnw'bg/!"1 ""''''"'"'""[·w~qwJ m/rrn•J£1/r 
Jw~bpbuf ~d-,;_,"l"'"'flll'.} 1 

/J,"f.UI9nLgbj I np 

9. grad(CCf)=Cgrad 'f , npurb'{ C-'i. r.wuurwurnL'b t, 

10. grad(Cl'f+ C2'f)=c 1grad 'f+ C2grad o/ , npurb'l C1-/'_ J. c2-/'_ r.wuurwurnL'b
'iJbp b'b, 

II· grad('f''f )='f'grad'}+j;grad'f'· 
. I 

12. <J.ur'bht gradr, gradr 2 , grad -, gradf(r), "l'"'b'l r =c fx2+ Yl+z2: 
r 

llhum. r / r; 2r; -r; rJ; f'(r) r ; r. 

13. U."l"'9nL9bl, "l' div(A + B)=div A+div B. 

1'1· ~~~~21b1 div r-e , bpb r=xi+ YJ+ zk· lllwm. J, 

1:;). ~~~~21b1 di v(A'f')-1'.• npurb'l A-'b . qb~"'"l'"'~w'b :pn.'i.~g/rw t, /ru~ 'j'-'i.' 
"~"'LJ"'l' :pnL'b~9t"'• lllwm. 'f'div A+ (g rad 'f'A l• 

16. ~~~~21/;{ div(rc)-'b 1 npurb'( C- .,; r.wuurwurnL'J, ijb~urnp b IJIWUI• (C • r)i fl 

17· ~~~~21bl divB(rA)-'b• lllwm. AB· 

IJ."l"'9"L9bl' np 

IS · rot( c 1A 1+c2A 2)=c 1rotA 1-j-c2rotA 2 , "l''"b'l c ;-l! J. c2-l! r.wuurwmnL 'b'bhp 

19. rot(Ac)=grad A x c, "l''""'l c-'b r.wuur~urnL'b qb~urnp t. 
20. rot rot A=grad divA -aA, 
21. A X grad'f'=rot (<pA )• 
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U'w~bl'ltnLf/w;~'b ~'burb'f('Uil'bbl' 

2~ ~ )J.ul..,9"._9hl, "l' J Jcos(nz)d~=O, hpb cr-'b tfw~ Jw~bl'ltnLJP t, ~u~ 
n-c' .,l'.., 'bnpJwu!.• 

23. 'J.m'blrl x2+y2+z2=R2 ~wofwuw{'nLJ'b nL'bbsn'l u!j>b{'WJf9 Z=H ~..,{'_ 

pn•fl;w'b ~"'l'w<> ub'l'!b'bm~ Jw~bl'ftn._;fl/.> [>'bbl'sf.>w;fo JnJb'bure Oz wnw'bsl!~ 

· 2nR 
-,~..,.,J..,Jp• lllwm. -(2R3-3R2H-j-H 3)• 

3 
24. 9-m'bbl x2+y2=2cz "'."""J..,'b "l"'l'"'P"t"f'l~9 z=c ~"'l'fln•fl;w'b 

~., 1,..,~ Jw~b1,1tn•;P~ [>'bbl'9~"'J~ JnJb'bme ·Oz wuw'bsl!f 'b~wurJwJp• Cllwm. 

4nc46 {Jt!_. 
15 

R2z2 
2a· ~.., 2 1t.l x2+y2= -- ~n'b[> ,r..,~ltl'l,n._1pf• ... 1-, Jwu[> ~ ... ~'l''"p1w'b H2 

't.b'burl'n'bf.> ~""l''l~'bwm'bltl'e• "l'l! 'bl',..'bf>s lt"'l'Y"._,/ t z=H ~-l'pn._p;wJp, lllwm. 
2H 

0; 0; 3' 
26. ~w2ofbl x2+y'+z2=R2 'l'b'lw;~'l. J..,it.bl'ltn•;flps z=H ~wl'fln•fl;w•fp 

. R+H) 't."'l'"'~ ub'lo!b 'bm[> <>w'b{'n._p ;w'b 't.b'l.url'n'b~ 't.nnl''l~'bwm'bbl'f!: lllw ID. ( 0 •. 0, -
2

- ' 

21· 9-urtb1 J I (x cos(nx)-j-y cos(ny)+z cos(nz)]da, "l'"'"'I o'-'1. tf!w't. .!w-
a . 

itbl'/,n._1p t• Cllwm• 3V, "l'"'lr'l V-'1. ~ Jw~bl'ltnL;pny uw~o/,..'bwtf!w't.ofw~ Jwl'.r'l.f> 

.,.wofwl'l. t• 

2S. 9-ur'bl.f I fzdxdy p'l.urb'll'"'li!• "l'"'lt'l S-e x2-j-y 2+z 2=R 2 'l'b'lw;[>'b Jw
S 

. 4 
't.ltrltn•;P/! "'l'"'"'l'f'l. 't.n'LJ'l. t• ll}wm. 3nRl, 

29. 9-ur'bbl I J x'dy dz + y2dz dx + z2dx dy, . "l'"'b'l S-e. x2-j-yL(-z2= R2 

s . 
'l'b'lwJ/.>" Jw't.ltl'ftn._;fl[> wl'urwl'f.>'b 't..n'LJ'b t• tllUion. 2nR4 • 

JJ x2 · v2 z2 

. 30. 9-ur'l.bl { x2+y 2 ds f.>'bmi.•Jl'LUlf'• "l'"'b'l S-e ~ + ~- b2 ~0, 0 ~ 
s 

3J. [ ydx-j-z_dy-j-xdz f.>'bmltyl'"'ll'. Altu .. pnfuhl t.""' Umneuf.> pw'ltwM•p• 

~wm. -I J(cos a.-j-cos (-j-cos1)ds. 
s 

9-ur'bltl ~lrmlt;wl lt"l'"''lf~ [>'burb'll'wl'bl.l'l'.' o'lmw'lnl'.}bln<f Uurneu/r {'..,.,wd.lte 

t. .,'l.Jf•f.w't.w'ltnpb'l.. 32. J(y-j-z)dx+ (z+ x)dy-1-(x-f-y)dz, "l'"'b'l L-e x'-j-y~-j
L 

+z~a2 , x+ y-J-z=O 2l'£w'l.w'lf.~'l. t• lllwm. o. 
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• 

33. Jx2y3dx+ dy+ zdz, "l'"'b'l L-e · x~y 1=R2, z=O 2l'£w~•wyf.>~'b t. 
L 

-nR6 

. .. w.n. --, 
8 

, f{'Uin.b l"Y o., .. l'"'fl'W'lu~n L pw'bwJ.Ite_, ~ltmh;wl Jw~bl'ltnLflu•!fo'b p'Lurb'll'"'l

[>'lturb'll'"'l'l.ltl'f.>• 3<1. I J (x cos a.t-y cos~ -j
S 

+~cos j)ds. tllwm. I J I 3dxdydz=3V • 
. , v 

3i>. I J (x 2 + y2 + z2t(dy dz-j- dx dz+ 
s 

· -j-dx dy)• lllwm. 2 J J I(x+y+z)dx dy dz, 
v 

36. J Jxydxdy+y zdydz+ zxdzdx; fll,..m. Q, 
s 

Jfau au .Ou JJJ(o2u a~ u 37. -. -dydz-J- - dxdz-j--dxdy. 41wm. 2+--;-t-
S c'x oy oz y OX oy 

-j-
02

u)dx dy dz, 
oz 2 

Ouurl'"'ll'w'lu't.n._ l'w'l.wAitf• Jp£"0"/ · ~wt<fbl ~burl.;..,/ p'l.urlt'll'"'l'bltl't• 

JJ x' y2 z2 
SS. (x cos a.+y cos H·z cos j)ds, "l'"'"'l S-e -+-+-=1 /;lf:"'.-

s a2 b2 c2 
""i''lf• J,..'t.ltl'ftn._,pt 1;·, tll.um. 4nabc • · 

39. JJ(x3cosa.-j-ylcos~-j-z~cosj)ds, "l'"'"'l S-e x~y 2-j-z2= R2 u!f>bl'"'Ji• 
s 

I 2nR5 
Jw't.bl'ftn._;p'l. t. 4twm. --, 

5 

40. I J x2dydz-j-y2dzdx-j-z2dxdy, 
s 

na2b2 
.:s;b) 't.n'ltf! olw'tltl'itnLJfl'l. t• IJiwm. --, 

2 

"l'"'"'l S x2 Y' z2 · -e - + ---=0 (0-:s;z.::;; 
a 2 a~ b2 

111. J Jxdy.dz-j-ydxdz+zdxdy, "P"'"'l S-e x2+y2-a2, -H ~z~ H 'll"'.,t · 

s 

-~"'.,!IJ"'l., t· 
{n•~,.._J, 

J J( ax+ oY ) dxdy= I- Y dx-j-X dy= 
. 0 ax ay c 

=J[-Y cos(s, x)-j-X sln(s, x))ds, 
c 
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"r"'"" (s, x)-1!_ c ~u"bu•n•rfr 2"zw.f•n'lfr "- Ox mnw"boefr ·'fr£/, /;,,~ w"b~JnL'J."b (;, 

IJPh (n, x)-n-/ "blw"bu.~h"be "bnrJwlfr "- Ox wnw"bopfr Jfr£"- b'lw~ w"b~l"'-"b[!_, wUf_w 

sin(s, x)=cos(n, x), cos(s, x)=-sin(n, x)• ~hmL.wpmp, 

J J(iJX + iJY) d.vdy = J [X cos(n, x)+ Y sin(n, x))ds, 
D iJx iJy c 

Jff c)Zu --j--02 ~ ) dX dy = s~dS• 
D \rJx2 iJy 2 c iJn 

il3. U.Uf."'0"'-9/il r,b.,L.Jwl "bn•J"""'-£11"'-"b[!_ (wJuUf.bu ~"l.fw~ '1-J'~G~ pwGwo'•~)· 

J J J<v~u-u~v) dx dy dz=JJ( v. ~-uiJv )ct~, 
v . a an 011 

"('"'"" u:-"b "- v-"b frrb"bo Jfr"b~l. br~r"l''l ~"'l''l!' LU~tu"b9J"'I"""rfr r.bm . D mfrr"'-J
fln• J Ul'),f!'),'fr,LU<n \ :j>nL "b~ofrw"bb (' b'), 1 

llu L. ilv ufrrltfnt"bbrr "blw"bwltn•J b1r 

j - + -+- dx dy.dz = ff "(ax aY az ) 
v iJx iJy oz 

=J J~ [X cos(n, x)+ Y cos(n, y>+Z cos(n , z))da 
a 

Y=vu'y- uv'y • 

Z=vU'z-UV'z• 
U.;u 'lbUf.I!"'-J 

ax av az · 
~ay-+az-=v(u"xx+ u "yy+ u" zz)-u(v"xx+V:"n+v" zz)=vllu-ullv, 

X cos(n, x)+ Y cos(n, y)+ Z cos(n, z)= 

=v(u 'xcos (n, x)+ u',cos (n, y)+ u' 2 cos (n, z))-

( , ( l , , + iJ u iJv -u v xCOs fl, x -, -v ycos( n , y ) v'zcos(n, z))=va;;--ua;• 

~/i.,L.wrwr, 

J J J(vllu-uuv ) dx dy dz=J J( u ~-u~)03, 
v ., iJn on 
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J'J'J ~u dx dy dz= J J~dJ 
v • iJn 

i)lu iJ2u aau 
'),,._1"bru£1JnL"b[!_, npmb'l ~U=-+-+-, 

iJx2 iJy2 022 

1, n L ~ n L J I 'i,wfunr'l opfr"bm~I<Lrf WUfU1911L94wJ <J.rfr~rfr fU11Hu.tftnLrf {!_"b'fnL

"bb"be v=1• ll.Ju 'lhUf.I!"'-J ~v=O, "- ~umw'r.w"bp .fbpn'.fruwL "bn. 1"bn•fiJ"'-"'t!_• 

4[). /;fib u(x, y, z)-1!_ •'fr "l'"Z "'Pl'"'-Jfln•J r.wpJn'bf·~ :p ... ~,~ufrw (;, "'J-

ufr"be"b' WJ'l mfrt"rLJ£1/r gur1r~wow() ~bmnrf pw.fwrwl'"' J t 

iJ2u lj2u a au 
-+-;-::+-=0 
ox2 ay2 i)z2 

npmb'l a-"b .frw~ rlw~lir"-"'-J£1 b 

( n ._ ~ n ._ J , '}ow w"brlfr£wUf_bu r.b,l.nul t 44-r'l fu"b'lrfr pru"bwJ.L.fro• 

46. '1-fro'"l! UIX, y, z)-e "t•"-t v "'Pl'"'-J£1"'-J r...,pJn"bfr~ tf>n·"b~sfrw t I. 

M(xl, YJI zl) ~bmn.J ~b"bmpn"b ... "bbon'l R l"'"-"'""""-; ulj>lipw"b 'lm"b.fnLJ t "'J'l 

"'Pl'"'-J£1 fr "bb1runL J, lJ.Uf.won•obl, np 

u(x 1 , yl' z 1l=-
1
-JJ u dJ• 

4nR • -
• 

( n L J n L J, 'J.frmwp~b"bp WJ"b Q mfrpn•J{Jt!_, "['[!_ uwt:.,fw'IIwrfrw~.fw~ (; 

M(xl' y 11 z1) ~b ... .,.,/ ~Hrwpn"b"bbp .,._'),1;9"'1 "- R "'- p (p < R) l"'"-w4fr'l"bbrn4 

~.' --; br~n• utj>bpw"bbrn.f, U.J'l mfrrn•JfJ[r "b~wmJwrlr 43-r'l fu"b'll'"'-J "'Uf."'9"'-9W~ 
9-rfr""fr rw"bw.t"-1!_ ~frrwrtb l""' [•£'1'"- u l!_""'l"'-"""'"" "" t•n'f•uwL :p ... ""bfrw"b I "u~ 
frrr"- v' 

1 1 
v==-= . • 

r y(x-xl) ~-HY-Y1)2 + ( z-z1 ) 2 

JJ_(__!_-~-u ·a-: _)dcr=O 
~-+ a r iJn on 

~wJ 

f f(-1 ~-u 0 (-+. ))da-S S(.2_ ~-u a(+ ))dcr=O, 
~ r 011 iJn -;; r iJn on 

£.+} 
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nLU"'" "'J'b ~"'['"'[ t 'l"'-f'" pbpyft{ {r'bu.b'lf'"'l" ~' 2 "'"'"fl' 4/i-p'l J..'b'lf'"LJ umw9111J. 
"'l''lJ"L <;,l'fr ~ ... JwJ.wJ'b, nL'bb'be 

1 IJou - -da=O, 
R a on 

1 Jiou - -dcr=O, 
p - on . -

a 

I'"'JB 

on dr 

+ ~~ u ~dcr -.[J u -*da=O 
- a 

~"''' 

-
1 IJ'u do-=-

1 IIu da, 
p3 a R2 - (I) 

- a 

!lwJ..w~"'IJJou'b {r'bmb'll'"'t/! 'b~w~nJwJp ~/!t'"'""l"of •'rf/!~• /! Juwf.'b flbnpb•ff!_, 
.tu.,..,'b..,'be' 

u(e , 7J• C) [Jda, 
p2 ·-

a 

(2) 

npmb'l u(e, lJ• C)-'1. M(x 1, y l' z1) tb.,,.J ~b'bu•pn'b ,.'bbfl"'l p 2"'""'Y'l"Y u!f>bl'"'J/! 
Jw~bpi."LJPft if'"' ym'bofn'l ~1;., (-, 

Umf!"lb'~~e, "I' p-'~~ J.""'" 'll'"JI•· "'J" '~""ti!" '- J u(E, 7J• C)-u (x 1 , y 1, z
1
)• 

1 II 4npl - d=-=4n. 
p2 ;;-- p2 

lJ.J<;,,.~b.,J., ew'bJt " I' ( 1) ~ "'f"'""'f''rLPJUI'b "'! Jwue. ~~~~J..ofwJ. 1t p-Jtg
1 

"'"l"' lrpp p-0 oflrp£'1-,.,~,.,'b,.,"lb" ~""'"'"'"''be · 

;
2 
.[_j u da=4nu(x I' y 1, z 1) 

a 
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§ 1. twp~: twp~~ qnuiWfl(! 

PtJ.hrf> w'iu/_hrt_ r.wt_nr'l-w~w'i~nL{JJmte*, 

u1+u2+u3+ ·· -+un+•· · (1) 

UlfLnWI)WJ<nnL{JJmtf! ~nJt/_mJ' t pt[wj~U 2WP}!' f.'t'l- nrnu/ -lJ 1, U2,•• :1 
U 11 , ... fiJtJbrf! ~ntt/_mJ' bt zwp}!jl wGq.wulibp : 

U W f) J' W t n 1 J' 21 '&wr.e/r wnwpfrt fl f)IULn t/_hrt_wt/_nr fi't/_n&/__ wtw 
'1-wJ'tbrfr 'lnLJ' IUrf! ~nJ_t/_mJ' t 2WP}![l n- pq. uwuG Ul~ [t qnttfw P· 

S11=u1+u2+ ... + U 0 1 

-fliltm{Jiwt wntbt.e r.bu.blwl J'wutw~/r 'I"' J'wrtbrf!· 

s2=ul + ll 2' 

s3=u1+u2+ u3, 

S 11=U1+u2 -t- u~+-· · f Un' 

b[Jb 'lnJm{J JnLt mtp 

s= lim Sn 
n ..... 

4/_bfl_Wt/.nr uwr.J'wt{!J WUfW -WJ'iJ w Ju[wtmJ' £t (1) zwp}![l qnt.UlUp /,_ 
wumJ' bt, nr 2Wp}!e q_nt.qmd"(IUm'-lf };, fruit zw['.[!f. _wf.t/_wtmJ' bt q_n1..• 
({WUbm 2wp}!: 

bpi. lim Sn 'lnJmfi'JnLt tmtp (or/rtw~, sn-oo, brp n-ooJ. W"fiU 
n-o,. 

wumJ' bt, nr (1) 2mJ11!e mmpruupmmu .k "- qnt.tfwp ~n1..Gp: 

* {w!"l''l"'~w'bnLPJ"L'bf!. _ ~wJwpojnLJ (- "'{'ywJ. , bfJb ~"'J"''bJt (- WJ .. opb'bj>f!_, 

/!.""' npft ~..,pht/o t ~ ~~~2 oJ.b1 'bpw S"''b~wgwJ. Un w'b'l"'Jl!.' mpywJ. 11 - /t 'lh"ll!"'-"' 
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a -f-aq-f-a q2+ ·· +aqn-I+ ··· (2) 

Uw h[•lti\W ) WIJouo~wG UJIIn(IPhuJnu 1;, upfo umwlfo~• w'b'lw'fl!. a-'b 1; , fou~ ~wJ
mwi'wrl'..' q(a ioO), 

/;p~f"'i_w•f•w~..,'b uli'"7L'I.u[•w.tfo wnwlJ.''b 11 w~• 'lwJ'blrp[• '1"'-Jwpf!. tbrr qio 1) 
~w1_wuwp I; 

a-aq" 
Sn=--

1-q 

a aq" 
Sn=-----• 

1- q 1-q 
1) /;flh \q ;< 1, w•'lw qn -.O, bpp 11->U . h, ~bmhwpwp, 

lim S 11 ' "= lim (-3--~)=--3 -, 
n -> ao n->ao 1-q 1-q 1-q 

'L 2 w'lnu~,.,_,( 1;, 1Qi<1 '1/,"ll!"uf (2) lWfl!l!. '1"'-'lw'f/.'mnLJ I; h 'bt•w '1"'-Jwpe' 

a 
s=-, 

1-q 

pwJfomnuf 1;. 

3) t;plr (]=1 1 WU[W ( 2) l Wf{''b nt.'i,_fo 

a+a+ a+ ... 

s 11 ~= na, lim s11= :::o , 

WJu/.''bl!'b' ~·url!l!. mwpwJfomn~·f b 
4) t;p/r q=-1 1 WU[W (2) 2Wfj!'b ~~~~~!.' I 

a-a-t-a-a+ ··· 

{ 
0, brp n-e 'l"•J't 1;, 

Sn= 
a , ,,.,. ll·f!. ~h'bm t. 

~bmhwpwp, Sn-1'.. uwr..rw'b 1"L"'''· zwrrl!. mwpw•lfmn~-.J b 
U.Ju"lfoun1_, bp~pwi_w.f•w~w'b U{f"'tfbuf•w'b (npf wn.wlJo'b w'b'lw.rl'.. 'lf"JP9 

mwppbp I;) 'l"'-'lwJpmn~J I; JpwJ'b wJ'b 'lb"li!"'-J, bpp ulf"'tf/,,,[•u•J[• ~wJmwpwrl'.. 

P"'.'l"'fd.w~ ,fi.JnLp JwJl' ,rh~ffl 1•"1!P 1;. 

fil'hnpbJ 1, bpb mpt)_w<} (l) 2WPI!Jt up. }!tulip wliqwulibp qb!i 
fibmbtmg fib~n umwgt)_wc\ 2WP}!J! q nLqmupmnt.tf k, Wtqm qmqwup
Ulnt.U J. 6wlt pli}!J!' mp~w3 zwPl!l!: l,w~wqwpae, bpb mpqwa- zwp}!~ 
q_nt.qmubm k, WUJ.W q_nt.qwubm J. fiwlt WJI} 2wPI!Jt up }!UlUp wfiqmtf
libpe qbli Gbmbtmg libmn umwgt)_w<} zwPl!E: 

nLr/rz funu,enrJ., 2wHP. qbp?wtJ.np p~nq wliqwtflibpp qbli Gb
mbu~ Wjl} zwp}!p qnt.qwtfpmnt.pjWU ~JlW ~p wqqmtf: 
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ll."lw9n'-9n'-J'' '1-ft!l"'-.[! Sn·l! (1) 2"'1'./!P mumpft'i, n ,,'IJ'l-u'J'. 

'bbrft qn~-.J'wl''b t, Ck·'b' k r:..wur ,_h'b 'bLurwd w'u'lmJ'bbrft ,1mJ'wrr! 

('u~w.urb'b,e, "f pw'[w~w"i.wt_wf Jhd n- ft 'fb"IJ!"' J' P"l"f ,_b'b 'bburw.) 

w'b'fwJ''I.bp(! IJuiwpnt.'bwlt'/h'j, S0 'lnt.J'wrft J'b2 ), ~n-k·'u 2"'/'./!P "'J'j, w'b

'1-"'J''j,b/'ft 'I"' J'wp'u t 1 npn'b,e J'ur'hmJ' b'u S0 qmJ'wrfr J'bp_ 1 P"'J9 th'b 

J'ur'bmJ' ck-/t J'hp_J U.Ju 'f''"fJ!ItlJ' ,,_';,b'u,e 

npt.nblf ck-'b t.wumwurllt.'b f""" t. "fl! ~wfut[wq zl; n-fr!lr 

'{b1,pfr'b wpm·wr:..w Jur'" fcl 1m 'uft9 f)burl,ut I;, "I' Lfclb 'I" 1m (cl Jilt 'u 

nt.'uft lirnon-k uwt,J'w'ul'• w"lw 't"J"'fJJ"'-'j, ,,'uft 'bw!. lim S11·[! · h[Jb 

'l"l"'f"J"'-'u 1n'up Jimsn·L' · •u"fw 'I"JmfclJnLb m'uft 'uw!. li111:ln .-k•'b, Jtu'f 
n --? ao II ._,. 0D 

uw tL "'"I..,.'I"'-9 ,,_J' t [JbnrhJ'ft (.l•zur Lf•'ubll!' 

"'wr"''ll'wf/>/t 'lbrp_mJ 9"'-19 urw'u.e zwr.ehrft "t'''"' "i"'l''lw'lmJ'b 

r:..wur/1'!' fiJ J"' 'u'uh ('/!' 

fiJ' b n I' L J' 2, bp·b 

al+a2+ ... (3) 

2WPI!I! qnoquHlpmnuf t. h. Gpw qnu.fwpe fillltltuuwp t. s-]•, WUJ.W 

ca1+ca~+ · : · ( 4) 

2wPP-1!• npmb'l. c~G ~]l}!UW~ ppq I;, UllLJUUJ.bu qnLqtutqll~nt.U t. h. 

Gpw rpntfwpe fiwqwuwp I; cs-11: 
IJ."fwynt.'fni..JJ (3) 2_Wf.J!fr D•f''f tiwu'b>u/ffr 'JIILJ'Uif[' 'bzw'btu

/fh'u,e Sn·nt/_, fru~ (-1) ziUr.eft'ue' On·""' IJ.n 'fb"IJ!"'J' 

~"=ca 1+ ... + can =C ( a1 + ... +an )=CSn' 

U.1umb'LPS "lw/''1 t, np ( .J) ;wr.e/• ll·t•'f J'wu'bwltft quufurrft uwt.Jw'b[! 

'l"l"'l"t'" - ~' ,,_.,,., ,ew'uft nr 

limcr11 =lim(cs0 )=c lim S11=CSr 
n_, .T.J 11_, • n--)ao 

l;q wlu"ll"' · (4) 2"'1'./!1! 'l~~<'J"'J'pum,f t f, ..,,,.., qmJ'wl'f! r:..wqwuwr !; 

cs- ft• 
{d- b n r b J' 3 J tp b 

(5) 

bl+b2+··· (6) 

2WJl}!bpe fpnqw•fpmnLLf bli h. !ipLUfig qnufwplibpe. liunfmUJ.lumwu}uw

Gwrmp filllt]wuwp b(i S·/• /, s-ft. lllllllU 

(7) 
281 



(a 1-b1)+(a 2 - b2 ) +. ·· (8) 

2W(l}!bp[! 6nt.JGUJ.bU qmqwtCftumuf bli h lipwGg qnu.fwpGbp[!• fiwtfw

UJ.Wmmu}uwliwpwp, fiw1[wuwp bG s+s J.S-S: 

IJ. Uf w 9 n L 9 n L J': IJ."Iw!/m!Jb'l".[! (7) ;wrl!, qnLtl:wJ'pmm{JJnL'h(!t 

tzw'bw~b[n'{ 'iJrw fi · r'l .fwu'bw~fo qmJ'"'rf!. 00 ·ntJ, pu~ (5) £. (6) zwr-

o/!bfp n-r'l J'wu'bw~f. 'lmJ'wr'hhre· t:.wJ'W"fUIUJWU/uwi..wpwr, Sn·ntJ 

£. S11-ntJ, 1/umw'bw'b.[!• 

an= (a 1+b1)+ .. ·+(an+bn)= 

=(a1+ .. +an)+(b1+· .. +bn)=S:+5;,: 

U.Ju"fpuntJ, ( 7) zwf'.[!{! qnL'fwJ'puutLJ' I; /1 'iJrw qmJ'wrf!. t:.w1[u.uwr t - ~ 

S + S: 

tJw'iJ aJ..utJ Ul"jW,9nL9"'" J' I; 1 n(l (8 ) 2_W(•.[!{! 'iJml'iJ"fb•i '[ntqwJ',_ 

urm.J t J. 'bl"u q•iLJ'wre t:.wtJ.wuwf' I; S - S: 

(7) J. (8) 2_WfJ!hrf. . J'wup'iJ IUUnLJ' h'iJ , nr 'iJrw'iJ.[! UUJW9bl b'b 

( J) £. (6 ) ; wrl!brf. ... 'b 'l w J' w,. ... 'b 'I.., J' '1:,, J' .u r .r ... 'b 11wJ', 

f\wJ'W"fUIUlWU/uw'bwpwr, IU.., 'f W J' WI< Ul 'iJ 'f W .r t:, W.., .r IU.., W f 'f" 

JnL'iJo/!nLJ'I 

§ 2. Cwp.p~ qmq.wtf~mmpJmb w\ihpwdhzm hmJmm\1~21! 

twrJ!br'iJ nLUnLJ''bwlll!r"lf>u t:.pJ'luu~w'iJ t:.wrshri!!J Jb~'b l;l UIJ'I 

zwri!P qnu1w.tfmmp1w'b 11w.r '""'rwJ'f.urmp1w'h tJ.brwpbrlwL t:.wr9'h b 
lJmnriL ~pbrtfb'iJ pw'/wrwr UfWJJ'w'b'bbr, nrn'iJ9 I:.JrJ'w'b .Jrw ~wrblp t 

1nu)bl WJ'f t:.wr9 e: IJ.1,mb'l l;l ~l!'b'bwr~b'bp Z'"rl!fo · 'l"ulwJ'purmfJJw'b 

w'bt:.rwrlbzrn ·"UIJUlW'bfrze• UIJII/>'b.[!'b' ~t:.WUIIrWIIrb'b.[! WJ'h UfW].tW'b(!l n{l(! 

urb'[p tnL'iJh'bw[nL 'fbUf.emJ' 2"'rJ!£! mwrwJ'f.urm J' I; I 

fil'h nphJ': bpb 2wr~e qm.qwU~UlfiLU 1;, WUJW lipw n-pq wli
rpuu~ OIJUlfiLU ); qpnj}l fl•(! w'iJuwt:.J'LU'iJwpw~nrb'b w6.b[IIL 'lb"f.emJ'I 

lJ. "/. w !/ 11 L 9 n ' J'r '1-f. .'Jm .[! 

U1+u 2+ua+ ··+un+" · 
2_Uifl'{! qm.'fwJ'bm I; 1 WJIJ/I'z..[!'IJ' mb'lf. m'bp 

2112 

t:.wtJ.wuwrnLflJnL'bf!., nrmh7. S·e zwrl!, 'fnLJ'wr'b t (wlu,'bol!'b' tfbn_w

tJ.nr t/>/!.[!uwd- P/!t/. t ). pw19 w1u 'lbUf.[!nL J' mL7.p nL'bp 'bw£. 

lim Sn-l=S 

f\wtJ.wuwrmfJJnL'iJ{!J o/!w'iJp nr, brp fi-00, Ul"fUI 'iJwJ. (n-1)~001 lJ.,...,_ 
pp'b t:.wtJ.wuwrnL{JJnL'bP9 w'b'lwJ' wn w'b'lwJ' t:.w'bhlnt/. br~rnr'll!• uurw
'bnLJ' b'b .[! 

lim S 0-lim Sn-1=0 
n - . x:~ n--te 

lim (s 11-Sn-I)=Or 
n-<e 

lim un-O. 
n_.....,.. 

/t'bl ·,r Ufwt:.w'bptJ.mJ' tr w"iw9m9bl: 

~huriLw'b.[!: bpb 2wP1!~ n-pq wGqwul! qpnJ~ ~}1 llqmnuf, bpp. 
fl->00, mutw 2WJ11!~ mwpwu}lmnt.u k: 

or f.'" ... ~· 
1 2 3 n - +- +- +··+--+ ... 3 5 7 2n+ l 

2_Wf{!f'. mwrwof[luHt <. J /;, f!UI~•f "f 

lim u11 = lim (2~)=..!__4=0. 
n+ J 2 

n -too n---i> oo 

f:'b'l'l,}b';,l'' nr 'lf"'"'P~1w.} r. ..,, ... ..,.,hl! o!ftwJ'b ,.'bt;rwJit:rn L P"'J9 pw1wrwr 

il; . "'J"f'bl!'b' WJG pwGI•\1· "I' II·Jl'} wGqw.J'I' oqonnL.J' I; q(lnJI·· qhnlau ~~ fih·nhnur, 
OJl 2"'1'111' qnLq •u.l'ltmnLJ 1;, w1'b ~wrn'l t rnwpw.!fombl' 

Opft'bw~, UIJu"lltu ~"i.f"'J. fiwi'JnG~~ ( lUI'f(!' 

1 1 1 1 
1+2 +3+4+ .. ·+ -;;-+ "• 

1 
lim U 11 =lim - = Or 
n ~. · n~co n 

( I) 
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(2) 

(2) 2"'r.Pf! r,wqJr/mJ' t t.burbtwl trbr"i· trw wnwppt wtrl'uJ'e 

t.wqwuwl' I; 1-/r. hr1rl'"f"U!.' _!_, brt'"r'l- t.. l"rr"l"l wt'lwJ'hbre t.w-
2 

1 
qwuwr · Lt -·I•· '-l•"''tbrnr'II'Y J'/rttl• ,,flhr"f''l ... t 7 wJtbre t.wqw-

4 

/. wllt' 

&2wtwf{b'j,.p S(:r nrf ( l) f.wrJu"'/rft 2_W{'.[J/r u.nw2/r'j, TI wt'/wJ'~,brf. 
( ~') \ 

'tm.Jwre L s ;, -nr/ (2) zwr.p/r wnw2/rt 11 w'l'l-wJthl'/r qn,fwre: 

-f.w'i•/r "I' (1) zmr.p/r l"'r"'J'w~'}/"'1' w'i.7mJ' JbJ ( (2) zwr-1!/r 

JnlrW.f!W'j,}ft1Lf1 Ul'j,'JIIIIf/ry fru•J' f.uu/IIIUWf' ( tru,t ; W"fW n>2 'fb"f

.[!nLJ' 
( I) ( 2) 

S n >s 11 I (3) 

~w2•Jbt/! (2) zwr-1!/r J'mutwt,/r •tmJ'wrtbre 11·/t 2' J 22
, 2J, 24

• 25 

wrJLJ!tLr/• h.wJ'wl'· 

I 1 
s.,=1+- =I+ 1 · -• 2 2 

+ - + ... -~ - =I+ 5 · -· (
1 1) ' I 

;32 ' 32 . 2 ' 

I (2) 
im s n = co, 

PWJ!J W[U '1-b"i.[!"LI' · (3) ,,.,1"' Ptm'L/ry t.burLnLJ I;, nr L 

1. (I) 
l!TI S n =00, 

·n~ oc 

§ J. ~pw~wb wbqwtfbhpnq 7.WP.J!hp~ J!W'l.I},Wmnttfl! 

'""9"'.[! mtbt.[! 'I r IU l[ru., wt.lw.fl..Lru•L br'l"'- zwr.p· 

U1+U 2 t- u3+ · · · +un+ · · · , ( l) 
v1+v2 +va+ · · · +vn+ · · · (2) 

'Lrwty f.wJ'wr wr'lwf'/' . biJ f.burLJwl "ft'JnLJtbrf!.' 

fiJ' b n r b J' 1, bpb (l) 2WPJ!P w!iqunf!ibp~ tfb~ lb!i (2) zwpJ!h 
fiwlfwulwmmuJuwG ruGqwuGbp~g. wlufot./!t' 

un:s..;vn (n= 1, 2, ' . . ), (3) 

h (2) 2WPJ!~ q_ntqmtf~mnd };-, WU}W q_n~.qwtfpumd k h (1) 2WPJ!~' 
lJ. "' ·w 9 n L 9 n L J', &2wt_w~b'j,.[! S11 • nr.J b 0 11 • nq, f.wJ'w"iwurwufl.w

twpwr , wnw2/rt 1... br~r"r.'l 2wrJ!/r J'wutwl,, 't'" J'wrtbre.· 

n 

s,= ~u;. 
i= l 

n 

a 11= ~Vi: 
i = l · 

( 4) 
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.Pw'kp nr (2 ) zwrl!l! 'lm'lwJpurmJ t, "'"i"' 'lnlmfJI,.<;. m'kp i.rw 

J wu'kw~p 't'" Jwrf. a uwt.Jwi.e. 

lim an=o, 

IJ.li. pw'kfos, nr (1) 1.._ (2 ) 2"'rl!brf. w'i.tl'uJ'iJbl'l! 'Ir"'~"'"' bi., 
t.burJ..11LJ t1 nr Qn<a, 1.._ WJU 'Jb"f..[!nLJ (4) wi.t:.w"WUWrnl.{tiJw'i. f;.pJwi. 

'II'"' 
sn<"' 

f;,l tutu"lbu , "'"1."'9nL!Jhsf'"'l!· nr · Sn Jwui.wllf. ,,.Jwr'iibrl! uwt:.Jw'kw-
. •ptuf( b'iJ, 1.~wurb'b.[!. nr ll·f! Jbdwy'klrtftu Sn Jwu'bw~p 'ln .. Jwri. w6..n1.J 

.t, frull "'l'b pw'kf.s· nr Jwu'bw~p 'lmJwr'bbrfr f.wznr'lw~w'bm fi!Jmi.e 
U16..n1[ 1.._ uwt.Jw'bwtpw~ t. f.burJ..mJ t, nr 'tuJ'i. nL'bp uwf.Jw'iJ*, 

lim Sn=S, 
n-co 

f!l'l nrn .. J w~'bt.wlur t, nr 

il'bnrbJ 1-p f.pJw'b . •lrw ~wrbJp t 'lwurh1 Jp .[!w'i.p 2"'rl!brfr 

'l"' 'I wJpurm(J J"''i. J tu up'iJ1 

0 L' f ~wIt 11 ~b.,b;wJ 2"'1'11!' 

I 1 1 1 1+- +- +- + .. +-+ ... 21 3J 44 nn 

2"'1'1'/o :.wrfw"lw"'wufuw~ w~'l"'J~bl'f!l• f:w111 ofbp!f~ 2"'1'1'1! 'l"''l"''lf<nnLJ t, 1!"'~/! 
. I 

np ~L'"' w~'l"'J~.bl'l!• u~uw~ bp~f'"L''lf9r ~"''l'lnL•f /;~, ~ r.wlmwpurpnof bp~f'W}.W-

pbnpbJf '. wJwJ.ou;~, anp•fw~ 7"'1'1'1!. ~ .... J~"Jbu 'l"L'lw•lfuonuf t , f!.~'l npnt ,/ ~['W 

3 
'l""'"'L'l! --L-9 "'''/;'" 2t' 2 

fil'hnrhJ 2, bpb (1) (W(l~r wG'lwtffibJlJ! t~n~p~bG t2) (mp~lt 

titutfwulwmwu}uw G WUI)lUUU bp rg. WJUfh.[!'b \ 

* ~wofn,1 ofbt"' r.w,fwp, "L' Sn fnf.,/uw~w~~ nL~/o uu,C.Jw~ 1 C.f! l /;~1! C.wlnp

'l"'~w~n•f/;w~ uu•C.ofw~/! 'I"J"L£1Jw~ Jf r, ,..,.,..,~/!2 (mbu I ~"''"• II 'll•' § 5-/! 

1-p? pbnpbrfe} , bpb .pn.pnfuw~w~l!. w'nLt( t b uwC.rfw~wfw'l t, '"''l"' "'I~ nL~/! 

uw,rfw~. S ofJ"'I 'lb"fenLII Sn 'l" "ltup~bpf r.wl"L''l"'~w~nLfJJnL ~(! '"'"•J t b uw>

Jw'irw•f•w~ t, r. bml•wpwp 1 n• ~~- uw,Jw'i., WJU/!~e~' 2"'1'1'1! 'l"' 'lwJfmn• J b 
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U."lw9nLsn- .. J, (S) "1."'/Jwi.ps '>lunl..mJ t" , n1 • 

· Sn ~"n' (6) 

.Pw'kf. nr (2) Z"'l'l!P "'"'~'uJ'kbri! 'lr"'~"'"' b'l., "'"'"' n-e w61.1,u ""!'"' 
On Jwu'kw~p 'lmJwri. Ul(.,,,f L pu~ .[!"'"'" nr wl'b urwrwJpurmJ 1;, 

LU"f.W 

Pw/9 w 1u 'lb"l.[!mJ (6) f.wqwuwrmfillw'i. f.pJw'b •frw 

lim S0=oo, 

"'Jup'b.g'h' (1) 2"'rl!l! urwrwJpurnlll t-1 

0 L' I!~.., ~ 2, ~/;.,.t,J"'l 2"'1' ?f!.' 

I I I 
1+~+ ,r - +··+---+ .. 
· ~:l r3 t' n 

~wpJn~/o~ 2"'L'f!/! r.wrfw"lwanwufnw~ "'~"l"'J~/;L'/!9• "l'f!.• f~2"l/;u r.w;uo~f t , anwpw
Jf.,raJ tr 

'1- pur n 'l n L {J 1 n L 'b 1, ll."lw9"'9wd bl'~nL f.wlurw'kpz'bbl'l! (1-pi. 

1.. 2-r-1 ftlbnrbJ'bbr) llpz ur bi. Jf.wt'h 'll'"!~w'iJ w'iJ'IwJ'iJLrn~[ z wr.gb

rP '"'""'r' trw'he mJp Jh 2 h'h """"' ,r 'l.w!.. w 1i. 'lh"rl!P r.wJwr, brp 
wnwzp'h ~wJ hr~rnn zwrl!P Jp ./!"'i.-p w'k'lwJ'l.br 'lrn'uLi· b'iJ, Pw19 
W[U t.wlurw'l.pz'bhrl! 'ltu'IWf'"'" b'b 6.pzm tJ.'hhl"'9 • bfrlh zwrJ!P w'b

'l"'J'l.brf. Jb 2 ~w'b pw9wuw~w'l. frl'[hr' 

'1-" urn 'l n L {J In L., 2, 1- p'b 1.. 2-r'l fJh,rbJi.hr(! (.p;ur b'b 1.. 

wl'b 'lh"f.[!"LJ, brfi (3) ""'" (6) wi.t.LUqwuwrmflt"'- ),'l,bf'l! ul1umJ hi. 

urb'LP , .. i.hi.wl JpwJ'h n ~N t.wJwr· It nl_ '"'· I'"Lnr n=l, 2. 3, ... 
wrJb.[!'hbrf. r:.wJwrl 

P·hnrbJ ('1-wlLUJpbrf. r:.w,urm'l.pze ) z bp b 

u1+u 2+ u3+· .. + un+·•• (I) 

qpw~wG mGqwtfGbpml 2WJlJ!r (n+l)-pq. wlil}wtfr fiwpwpbpnLpJnLGe 
n-pq. wlil}wtf!tG, bpp n~oc, DL!ip (t!bp2wtjnp) I urufitfwG~ •. mJurG~G, 

lim Un+l .;_{, (2) 
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umpn 

1) zmlll!r qm .. qmtfjlmnur k I< 1 q.huJI!n' u, 
2) ;nup}!J! mmpwtfjtmm.tf k I> 1 'lb"'~"'"' 
(I = 1 'lb"'~"Lij' 2"'l'.fP 9m 'twJ'fJUrntfclJw'b ~wJ' urwpwJpurm{cl /"'";, 

f.wrsfr'u frJbnrbJ'f! "'wurwu/uw'b l.P urwlf.u ): 

lJ. "'w 9" • !/ n L .!: ?-f19"'l! 1<1• 'trurwr~b'b~ I<q<l wn'bt_nu• 

filtw'be pwtfwrwf'"'l q flfrtff! ( 'b~. 358 ), 

Uwr.J'w'bfr uwt.J'w'bmJ'frs [,_ ( 2) wn."uznLfclrL"'I·!I 

u~uuuf J'fr "1'"2 N f.wJ'wrf'!J n-p P"L"r wpdb~tbrfr 

f.bur/..nLJ' t 1 tr (' 
f.wJwp urb'Tft 

~m'bb'bm t.bm£J"'l w'r.t.w'/wuwrm{riJ'!''bl! • 

Un+l _...... 
---...... Qt 

u .. 
(2' ) 

Un-+1 [ ''rn~, .pm'bfr nr J'bdmfcJJnL'iJf! J.'furnt d t uwt.J'w'iJft'iJ , W"fW 
Un 

Un+l [ 
--· J'bdm{rJ l w'b IL fiJ•J/t urwppbrm {J I"' 'bl! 

q-L q-1 Un 

••-ll,c;'=)-"¥.c;:=v;..~:'!".~f~i-~-.,_. ( Jp "1m2 N r.wJ'u'f',. _q u~uwd} ~wpbJft t pw-

11;" ywr.!w~ wrdb~nt/ 'lwr.!'ubr .9w'b11"'9"'d 'lrw

l,w'b frltJfrs tfrn~r· J',u,'bwt/_nrw"lbu , tfrn~r· 

-1!"''' q - L·e· iurft'hc'b' 

Jt!n+l ~~-< l 
1

-- q-z 
u _n 

•{hP'lfr'b w'b~u,JwuwrnL{rl J"L'bfts ~ 1 f.hurbm.J' t (2'} w'bf.utt/_wllw· 

("IL{riJ"L'b(ll (2 ') wbf.w1_wumpntfr/J11Lh(! lff'bfnt/ fl•/t mwrpbr wrJ·b~'iJb. 

rfr i;w,lwr, u~uwd N r.wJ'w,.ft ,'! · ~uurw'bwtJ~· 

UN+, <QU N• 

UN + Z<QU~+l<Q 2 U ~ · 

<
J 

UN+ 3 < ... Q ll ~ +2 Q UN, 
........... I 

U.1JJ' '11'"'"'f'llb'b~ ~b,,f, 1 w 1 bl'lrm ;wr~brr · 

u1 -l- U2 -t U3+ -.. + uN+uN+ z+uN+2+ .. . , 

UN+Q U N+Q~U :-; + - .. 

(3) 

(1) 

( 1 ' ) 

( L' ) 2'"f'~l' q< l 'II'"'~UI'u r."'l"'"'l'"'l' "'.,_,,'.9"'1 br'll'"'l""""'''"''b 
"ff'"'ff'hufrw t: ~burl.wpmf', IUJ'I 2U'f'J!(! '/nL'fWif/turmJ t: ( 1} zwr~fr 
w'b'lwJ'bbrf!• ul[uwd UN+ J·/rs 1 "'"~/' b'b ( L') 2"'f'~ft. w'b'lwJ''ubrfrsz 

§ 3-Jr 1- ft'r. £. § 1-Jr t -I• , frJbnrbJ'b brfr ~frJ'w'b •Jrw ( 1} 2"'f'.fl! qm

'/Wd/ttniiL J t I 
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2) '1-Jrsm~ L> lt ll.1u 'lbUf~trLJ' limUn+I =l ( nrmb'IL> lJ r.u,Jw-
n ->ao Un 

uwrwfclJmilfto f.burbnLJ' t, "r u~uwd J'p "{'"2. N r.u,fwr"9· WJufr'b~'b' 

n~ N i;w.!wr urh 7 Jr l[m'bhtw 

w'br..wtJmuwpmfill"<'bp ('b~. 3 5 9) , ~wJ' Un+I > Un P"l"f' n ~N f.w.!wp1 

P"'l9 uw 'bzw'bw~mJ t, "f' 2"'r~Jr "'r;,'I'"J''bbr'b w6.m J b'b' ul1u,u.t 

N+1 r.w.twr,.s· muurfr zwr~fr r"ii'lr.w'bmr 
w'b'I'"J'I! 'If'" Jfr tfr .lqurmJ': ~bm£ mpwr, 
2."'{'~(! urwf'wJ'frurmJ' t: . . 

')- /r urn 'l n L (cl J n L 'b 1: (;LUf'J!/! mu•-

pwJ'bm luft'bfr 'bw£ w 1'b 'lb"l~"' J', brp 

lim Un+I .cx;n 1-LU f.butb.mJ' t '"urw"iifrs • 
fl__. GII Un 

l-1 Z-1 
c;v::--,. 
1~1. 

u, 

L r. b l' .u 11 + I /. N ~ J I. b I. I. nr [(} lnl--=00, Ul"fUit u.,uwd npn2_ fl= ,..,U Wf't•!/1 Ln 'It' 'f"L-
n-->.., Un 

'bb'bw ll ~:+ l >I ~w,f Un+ l>un LUiJI;wtJwuwrmfill"''bf!l 
Un 

Ot•p~ w ll 1, ~l11nwqnmlrl 

1 1 1 
1+ - -1 --+ .. + + ... 

1· 2 1·2·3 1·2 ·3 · · .. ·11 

2Wf'{'p 1f11L?Wtfpmn L{J Jil L "'e· 
J... n L J n L ,(, U.J""'k'l 

1 1 
,----- - lln +l = = ' 
J . 2 . .... n n! 1. 2 ..... n(n + 1) (nf1)! 

lin + 1 n! 1 ------ - --, 
U 11 - (n+ l ) ! - n+ 1 

Un +I 1 
li m --= lim ---0< 1• 

n->.., Un n -.• n+1 
i;w£'1-'C. · 'f"LtfwJfurnLtf b 

0 [If~ W ~ 2, ~~IIIIW'f"UI"f 

2 22 23 211 

-1 -1-2 +3 +- .. + -11 -j-.. . 

2Wf'1-'/t 'fiiL?WtfpurnLfJJIIL~f!t 

{ n L ~ n L ,/, IJ.Juurlr'l 

2n 2 n+l 
U11 = -, li n + I=--

1 
, 

Un +I_
2
_n_ 

11 11 - n+ 1 ' 
Un +l n 

lim--= lim 2-- = 2> 1· 
n~ ... Un n...... n+ 1 . n n+ 

289 



t;wp[>f! urwpwoTfurnuf t. [!_~"I npnLJ 'l.pm Un f!~''l~w'l.n•t• W~O'fWJf!. a'l'"" u f t w'h.jht·

fnLp,wt. 

1- fr urn 'l n L {J J n L ~ 2, 1-UJ/wJ'pbrfr 

wi.,,.uJ'i.b rnll z-r.[!/> qmqw.! frurn~p !"'i. 
"'"J"'Uii.f.2f' m1Jwl 'lr"'''wi. 

t.IUrsJ>i. "i"''"'""juwi.m J' I; 

, c c J' b . Un+l ufrwlu "'J" 'lb"/.[!111 , rP llill-- 'l"rr{riJmi. nLiJ,. /. urwrpbf• t 1. fr9' 
n-foo,_ U n 

/>u~ h!Jb "'1'1 uwl.J'wi.l! 'f"!'"ftltmi. l_nLilfr 1/"'J' tl 'f"lmfrll"'i. mi.f., 

P"'I!J lim u~+l =L W"fW 1-wlwJ',,brf. r.w,inwilf.ze t.i.wr""'"f' IIL{rlJnri. 
n _,oo Un 

j,. urwlf.u t.wuurwurbfnL urt/J"'l 2'"r.f!f. 'l"L'l"'J'bur ~wJ fll"'('wJbw l,._ 

i.bw, .pw'ilf. "£' WJII 'lb"lf!"L" zwrpf! ~wrn'l I; Lf.~bl f.i.t"ibu '[nL'fUI' 

Jf.urn'[, WJiJ"fbu /;[ LnUirw.!f.urn'fl ~JJ'WiJ 2Wf'.f!brf. 'l.UL'fwJ'f.mm.fJ/wiJ 

Jwu)'i. !:.wr91! L"'dbln~ fuuJ'wr "ib"'l! I; 1/f.rwnbl mrfr2 l.wlwrni./>2' 

• Untl Un+l 
'1-f.urn'lnL/JJnLi. 3, Gfrlh hm---=1, pw/9 -- t.wrwpb-

n ....,,. Un Un ..,, 

rmfJ/nLil[!, u(,uwd "£;"2 ·r.wJ'wrf'9· F"l"f' n t.wJ'wri.br,. r.wJwr J'bd 

I; J'b4f.9• w"iw 2'"{'1!£! mUJrwJ'f.urmJ' ~ 1 1-'" r.r.m£,LJ I; '"li. pwi.f.9• 

Un t l >l > "f' bfrlb -- , w"l'" Unti U11 !. hrp. n -. oc,2'"f'.J?f. l!i.'lt.'"i.mr UJi. -
Un 

'1'""1! li> a'fLnnl ,( qrnJ/>1 
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of.i.i.wr~b'!,.f! UIUqLUJf!. [nLuLUpwi.n'[ orf.i.wJ/l.br , 

Op[•'l. w ~ 3, /lou•nJ'l.wuf.tob[ 

1 2 3 11 - +- +- ·+· 2 3 4 + n+I + · 

n+ 1 

lim 
Un + l n+i 

--=lim-- =lim 
Un n ~ oo n n--+ oc 

n+ l 

n2+ 2n + 1 =!. 
n2+ 2n 

u ~--- t., ~lr
n+- n--f-1 ' 

lim Un+l =lim _n_=!. 
n-+.. Un n->.;. n+ 1 

itw.-,w~mof t , 'low1wJpb-pp ~"'J"'w'l.f:f ~fJw'l. •[J•w f} ~"'l'lrlf ~wumwonb-1 ur.jJIUl 

2wri'P Y""tw•fpurn•PJ"•'~~l!_ ~wJ urwpwJfurn•P;nL'bf!' PwJ!I 'hwfu~p'hn.J rnppz O.w

'bw"lwt''"" wui"' ,7"'9ht b'l.[! 1 "l' '.wpJn'bfo~ zwp[![! "'"'l'wJfo,.n• ,( tr 
0 l'".., wIt 5, . 1/LUNLJ'l.,., .. fol'lrt 

l 1 I 1 
"!.2+w + J:"'4"f- ... + n(n--1-1) + . 

2"'l'_cfo 'l""fw•fp,.nLp J"' "'e• 
{ n L .1- n L J I lJ.jufnb-'[ 

n{n -+ 1) 
Un+l= ' (n+ I)(n+ 2) 

Un+l n(n+ 11 n 
lim --= lim =lim--- =lr 
n->oo Un n~ .. (n+ I)(n-j-2) n->oo n+ 2 

'#ow[wJpbpfo r,WJ"'w'bfotf 'foJw~l •[pw 1ft ~wpftffo ft'lpw~wfit.ftl zwpefo 'l"LfUI

Jfonn<f'Jw'b ,(wup'b 1 uw~w1'b 1 b1'hlrtn-/ n<p"2 ft2nW'[WUJnLJ'l.bl'f9• ~wpltJf t ~wu
.,.,u,.b1, "l' "'l'1wll 2wp[![!_ ynLvwJfo•nLJ t• t~w"'ht"Y, "l' 

n(n-t- 1) -;-- n+ I ' 

~Wl''!'l lr'bl' .,..,,w, 2Wl'J!l!. Yrht ~""'"JW[ wbuen·f· 

(
_!_ _ _ I ) .!...(_!__ _ __!__) + (_!__-_!_) + ... + (_1_ __ 1 )+ ... 
I 2 · 2 3 3 4 n n+ I 
(J,uwtf'b fl w'bofwJ'bhpp Jwu'bw~fo 'fnLJwpf!. rfow~w'f/Jftpf!. 

.,.ltl"•ll \ burn ~w{uwwp ~tfo'l.f 

1 
Sn= l---• 

· n+ I 

lim s11=lim(1- +I 
1 

) == 1, 
n -.CD n_,c:o n 

ft1o b n r b J' (, .. 2"" {:, w I Ln w i." 2 £' }I bp b 

u1+u2+ua+ .. -+un+"· (1) 
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f}pmqwG ruGqwtffibpnrl zwp.J!\1 fiwtfmp If U 11 tfb~m flJinGG mfij1 1 rlbp
~wrj_ n p u-wfi tfwfie , hpp n --'>- 00, WJU b Gl!G' 

lim J!1 u0-l, 

WUIW 

1) L< 1 qbuwm tf 2wr11~ q_•nqwrflnnnl.tf h, 
2) £> 1 qbuu~nLU zwpl!~ mmpmtfbmntf h: . 

U,"fUJ9nLyn<J'r 1} ?-Jt .'l"'.[! l < l: '1-p.nwi'~L'h,e L<q< 1 UJn(!hw 

tmfilt;..'bf! PlU1.1UrlUr"'l q [rlfuler 

flrnz n=N t,lUJIUrf.o U~UIU(l .nbqf. ~nL'hb'hlU t.h.niJ!"'L lUfLhJ_mw 

filJn<h[! • 

n(-< 
V Un q 

- un<qn P"L"r n? N t,<UJ'lUp l 

U.I'JJ' 'IP'"lUp~h~'.f! t.h.nbJ<UJ hp~n< zu•r,ehre· 

ul+u2+u3+ · · · +uN+uN+1+uN+2 + · · ·, 
qN+qN+I +qN+2+, . , 

(1) 
(1') 

(l') PlUf.Jll! lf.t1L'f1uJ'f.mnLJ' t-, .[,!IU~tp nr hplU UJh'louJ"b6re ~IU'[
J'IILJ' h'b 'h<f•uqnq br~r<UtlUPUJ~lU'b "iP"'lr"uf.<U: (l) 21UPJ!P <Uh'J<UJ''i,b

Pl! • ufJu<Ud- Uw f.s , •frn.er b'h (1') 2"'/'J!P lUh'JwJ'hbrf.s: ~ bml,upoup , 
(1} 2<Uf',f,!{! 11-"<'IUJJ'p.nmJ' /;: 

2) 1-f.sm,f,! £>1, U.1u 'lb"f.pn<J, u~uUJd- "P"2 n=N t.'ouJ'wrfr91 

~nL'hb'bw'b.[,!• 

un>l: 
PIU !9 bpb 'IP'"lUr~</nq zw l'.f!P P" I" r UJh'louJ'i.tbre I u~u<UJ- uw f.s, 

J'hd- b'it 1wfo9• iu"iw 'zwr.pf! mwpwJfrm•nJ' f- 1 .pw'bp "I' 'i.tpw f!'i.t'lt.w'iJ,Lp 

w'b'lwJ'e tf. a'l'""ul 'll'"IP' 

0 [' Jr h W ~I nLURL Jhwufrpk[ 

-_31 +(52 )2+\/ _73 )3+ • ( 11 . n · · + 2n+I }, +' 
2_Wf' \ ,, 'f"L'/UIJ/,nnLfJJnL'hf!. t 

{ n L J n L J, "Jrpwnbtl! IJn2JrJr ~'"J;,whJ•z£!. 1 

lim v~=lim V( _n_)n= lim-
11
-=_

1
_ <:: }, 

n-+"' n->.., 2n-T- I n--+"' :L n- f-1 2 
?;wpl!f!. qn«fW JfrumLJ b 
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'Jo p m n 'l n L [<I J n L 'i.tr fo'i.t t "ibu h ?-wlwJ'pl'l'P f.w!.nw'bft2/t 'lh"i.[J"LJ 

lim 'Vil =l=1 
n- > oo 

11 

'lb"/.[!l! "iwt.<U'it2.mJ' t- Lrwsmsf. t mumJ''hwufopn<(il J"L'i.tr U.!" ui"'! '!<U'i.tf.'b 

- pw.</_wrwrn'l zwrJ!brf. J'br_ltwrfllf h'b t.wh'IP"fbl f.'bt"fbu f/'1L'fW11pmt1'll 

WJ'il"ibu t, mwpwJ'f.wnq zwrJ!brr U.t""ibu, t.wpJ'u'bf.~ zwrJ!P t.wJ'wr 

(nr'i,, f.'"~~t"lbu f.u,1.ntf. L mwrwJ'f.mmJ' 1;) 

li m V Un li_rn 'Vfln= } , 
n-> cg O -J' ., 

n ·' _.__ -In 1t 
lim lnl / _l_=lim--: 
n---> .., " n n-• ... n 

.O.Jumbq ffnmnpw~p f.wJ'IUf'Plf! h t,IUJitiWf'Uif'(! aqmmJ' b"b w"btJbr2.nL

' fiJJw'iJ: _'If.p<Un!'L"1 (,"ff1Utwfp IJ<Uhn t.f!, 'lut'l.mJ' h'i.t.[,!• 

; / T · - Inn n 
lim In y - = lin i -------=lim - - = Or 

0-'CD n ll. 1 ClJ fl n->-, l 

U.Ju"if.un</_, ln 'V l >n->0, pw19 wlu 'lb"f.p•nJ' 
11
l l /ll -+ l, urtuf•'b.[,!'l.' 

lim 'Vl /n=l• 
n --+ ao 

r.w1.wuwrmfi'Jt1L'bf! , PW!!J WJil zwr.pf! 'l"L'fwJ'f.mnLJ' t-, .pw'i.tf. "r b(ilb 

'fb'b 'i.tbmh'bJ! ,.;nwzf'b <Uh'J<U'ff!, <U"iw 2<Uf'J!P J''h<Us<Ud w'i.t'J<UJ''i.tbpf! 

"'" .Pr ~tf.'hh'h 

I J . l + --+-+ ... + · ... 
1·2 2·3 n(n+1) 

'I"' 'fwJ'pmn'l 2Wf'.f!P f.wJ'w"i<Uwm,/uwh ouh'Ju"f'i.tbrf.9 ( mbu § 4, OJ•p
"bw~ 5 }t 
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§ 6. ~ntqwaf~UIDL(4t]Wb ~bmliqpW[WJ~b hWJUIWb~2(! . 

fil' b n {' b .ft l}>ftg OL!! 

ui+u2+uJ+ .. ·+un+··· (I) 
2wp~l1 wliqwtffibpe qpm~mli bli L. ~bli \ mtinttf, w

1
uJ•il.[!t' 

U1 >-u2;;>-u3 >· .. , (I') 
·!J. qftgm~ f(x)-li WJiiUJftuft wlieliqliwm mtinq ~m.liqgftw k, np 

f( 1 )=u., f{2)=u 3, ... ,f(n)= Un• ( 2) 

U.Ju qbUJ}!nLtf ti2umpftm bli fibmLJwl Ujliqnttflibpe· 
~ . 

·t) httb J f(x)dx wGftuqmqwli ftlimbqpmle qntqwtf!tmnttf k 
1 

\ 

0, 1 j 

t~. 360 t~. 361 

"im /i. 'f""''lrfr 'lrw ~wrrnLabt.[! (2) "fwl.!w'i.fr'i. pw'lwrwt'n'l 

Y=f(x) 

wbl!';.'l ~wm wl.n'l f/>m 'i.l/.9/rwifr 'lrwf/>He• 

t~. ,'J()Q.,.,9 'iJ~WLnttL,/ ft'iJ.p, nr ~Uinrtt9Uiq nuz'fw'iJ~JnL'iJ'iJbrf•Q 
wt~wpfr'i.fr t:.fr.!.f!f! t:.w'lwuwr I; . 1.,., fru~ pwrar•"Lfillm'i.e' f(I)=u

11 

l..bmbwpwr, LUJ'f nl'['[LU';.~J"''i. J'w~br4u'i. t Ull br'trnr'l nL'['[wh~JLU'i. 
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J'w~brbue u2 I; £. wu'i., 1hr2.w"fbu, ~wnmswd '" 'l'l"''i.'ll"''i.'i.lsrfr .'l 

'lhr£/>bfr (n-t"1") J' w~brhuf' Un b llwnmswt) m'l'lwbiiJm'i.bhrfr tfw~b
rbu'i.bl'fr 'Jnl J··urr. f.wtfwuwr I; zwr.f!fr LUilLUp_J•'i. n w'i.'lw.!'i.ht·fr Sn 'JUL

.!wt•fr'i.t ll'JIILU ~'"J"frs• UIJ'f m 'f'I.Uib~JIU b'iJhrfrs ~UJ'[.ft[wq l•LU
1
ilrJ'/Ula£. 

"iwm~ht'l! l'.b'l'lr~mJ I; y=f(x) ~nrn'l /, x=l. X=n+L y=O "''lP'l

'hblm'l uwt:..!w'i.w•f•u•~'lmJ mfrrmJf1r. · w!u mfrrmtfclj> J'w~bf'b"l! t:.w'lw-
n 1-1 

uwr t . Jr(x)dXt 
I 

n+,! 
sn> jf(x)dx' (3) 

IJ.Jcf,f 'Jfrmwr~b'iJ.[! 'iJ~ . 361-{! ' U.{umbt/ ~Wfllll 9wq nt 'J'[UI'iJ/um'it

'hbrrs LU1Lwp_f>'i.r. ( awful's) nLbfr Ua puirapmfc/!n;'i.. t:.bmbutpLU['·, 'i.rw 

. J'w~brbue 'iJIILJ'iJ"fhu 'IU"LUUU1f1 I; u2-J11 IJ,,,!flii(Jif UL'['[W'i.fllm'i. tfw/,b

_rhue u3 I; [, '"Jl"'' ltmnm 9wd m'l'lm'i.ftt"' 'i.hhrf>s 'lhrp_J>'i.f> Jwt1brb"f! 

· Unt-1 /;t l,bmbwpwr, ~wnmswt) P"lnr "''l'lw'i.~Jm'i.'i.brfr Jmlthr,hu'i.brfr 

.,,L.!wrf! f.w'lwUUI[I I; WJ'I zwt'.[!" P"lnr w'i.'lwJ'i,ht·f> 'fm.!wrf>b' """UI" 

br~l'"r'l/>9 .!f>'i.tlt (n + 1)-r'lf!• WJur'i..f!b' t:.wt[wuw,. I; Sn+l - Ull u,nLU 

L,n'I.Jrs• Jt'itt"ff.u t:.bzm I; 'iJ/(ulln/i[, lll'['fW'iJ~~IILb'iJ/;f,,!J ~w'[.ft/_wq uw'iJ'f

'[LUaf.f "fwm~bre "i'"r•f>•u~'lw" I; y=f( x) ~"f'"" " X=l, x=n+L 
y~O n;,tf.,lblirn•j uwt:..!wbwfm~•JwJ ~"l'w'lf>tt ".wur~brf> 'i.hruuu!t IJ.1u 

n+ 1 

L,nrw'lf>tt "'IUur~l,rfr .!w~brhue t:.w•Jwuw1, I; J f(x)dx' l,hurb111pwr 1 

n+l 

Sn+t-U 1 < J f(x)dx, 
I 

n I I 

Sn + 1 < j f(x)dx + U11 

" I 

IJ.,rJ.r .[!'iJbwr~b'iJ.[! t.r2JUI[ br~IIL IJbUf.[!('l 

.. 

(4) 

1, IJ'i.[Jw'lrh'i..[!l nr Jt(x)dx r'bmb'f('LU[(! 'flll'f"!.!/>LnnLJ I; 1 LUJ

I 
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n+l .., I f( x) dx < Jt(x)dx, 
I 1 

WUfW ( 4} w'bt:.wqwuwrm[J 1w'b t:.pJw'b 1_rw 

-
S0 <Sn H<If(x)dx+u1 , 

I 

IIIJUfo'b.c'b' Sn lJnLIIwrc n-p P"L"r wpJb.c'bbrfo 'lb"i.C"' J J'bmJ t- uwt:.

Jw'bwfw~l f!u'l9 n-c Jlu}w'bwtfou WJb wbm J t I .cw'bp nr P"L"r 

w'b'lwJ'bbrl! 'lrw~w'b b'b: ~bmbwpwr1 brp 0 -+-CO , S11·[! m.bp 1_brp_w1_nr 
uwt:.Jw'b' 

oo. 

2. u.,bnLt:.bmb. b'bflw'lrh'b.c, nr .ft_tx)dX=COt Uw b2w'bw~mJ t-, 
1 

n+I 

"r n-c w-&bt"" I f(x)dx-e w'buwr.Jw'bwfw''"rb'b wi.mJ b r:"'l9 

I 

"'I" 'lb"f.[!"Lii (3) w'bt:.wqwuwrnLfiJJwb t:.wJw~wli1 fl-[' w6.b[pu S11·[! 

'bnLJb"fbU wbuwr:.Jut'bW</twffnrb'b wbnLJ t-, WJUfbJ!b' zwr.cf! tnUJrwJ'p

tnnLJ I; I 

U.I""IP"""-• fiJbnrbJc LrP1. w"fw,gnL91.wJ I;: 

··-= '}-" tn n 'l n L frl In L bt U."lw9nt9wJ fiJbnrhJc J'b,ILJ' t l.foz m, hfiJb 

{1'} w'bt:.wt/tuuwrm{rllm'b'bhrl! mh'lp b'b nL'bb'bmJ Jpw 1'b u~uwJ "r"2 

N t:.wJwrP9' 

0 I' Jo 'it w ~~ fi• unt J'buwJorltt 

1 1 1 
tr+2il+ 3p- + 

1 
+r+ · n 

t"'re/o 'l"•'lwJJo.nnLp J"' 'be_ 1 

1 
/, n • ~ n L ,/, ''Jot"un.b'bl! Jo'buolt'fl'"'I"'JJo'l. '"'J"'"'"'/o2e_ 1 e_'b'fnL'l.ltino/. f(x)=-p • 

X 

U.Ju fj>n•1•bJow'b pwqwrwrn ul I; plinrltJJo l'"l"l' "l"'JJw'b'bbrf""• 'J.Jomwr~lt'bl! r.lt

.ni.J"'l Jo'b ... lt,,l'"'ll! 

IN dx 1-'-xi- piN =-1-(Nl-r-1), 1trp p ,., 1, 
-= 1- p I 1- p · 

1 xP \In x \~ = In N, 1trp p= l• 
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N-e J. 7 ..,1t9 'blt 1n q w'b4.1tri"•PJ"'"'• "l"'l''lb'b ,e 'l"ui"'''""'"•.J I; "'l''IJ" l! Jo'l.mlt

'll'"'ll'. "'"'1'1'/;P 'lli"ll!bl'nLJ, 
'J.('UI r.JoJw'b o/.('UI ~UI('""' ~~""'" 'l"'"'/tf p-[1 U>UI('p/t{' UJ('J/t ,e'l.lt('[t 'f/;"{J!nLJ 

' t'"l'l!Jo 'l" L'fUJ•IJouonLPJw'b ~wJ uotu{'UJJJouont.pJUI'b JwuJo'b, 
... 

p > 1 'llt"ll!"L J J _d_! =--1 _, "'J"Jo'bl!'b' Jo'l.uolt'll''"ll! qltriwo/.••r I; , r. ltmJ.w
xP p-1 

I 

P'"l' I .2'" 1'1'1! 'l"L'fUI''""'"LJ 1; . 
... 

p< 1 '1/t"{ /!"LJ s~ = 00 1 UIJuf•'bj!~•' Jo'bmb'ff'"'l'!, UJ~1qbr2 f;, 2"'1' /! f'_ tnUJ{'UJ

xV 
I 

JJouo nLJ I; , 
... 

p== J '1/t"{/!nL J J ~ X=•.D , WJU"~'j!t' "~' "' /; 'ff' "'I~' w'l.q/t('i I; • 2"'l'l!f'_ "'UI('UI-

I 

JJouonLJ I;, 
t~UJulb'J,/!I "(' 'l.wfu ~Jo'l.nLif J!'!,'J,UI('~"UI~ n~ '/oUJ[UJ'fpbl'" t:,UIJU>UI~I/o2f'_l nz lfn2Jo/o 

( tu J"'"'"'" 2f_! U1 JU 2 Ul(' /! /o 'f"L'f Ul JJouo n L p JUI'J, J wuJo'b '"'('9f! 1 [,'J, fnL~nuf 1 j!UI'l.Jo II(' 

l i m --= lim -- = 1, Un ti ( n )v 
n-> .., li n n -+ oo n+l 

lim 'Vun=lim -=lim 1/ - =IP=1• _ v-~ (" i -~ )p 
n-->8 n->.., . nP n ~.., Y 11 

lfp'btlr w 1JJ .c'b'bmfiltw'b b'b.c wnbt 'Jrw~w'b w'b'l-wJ'bbr nL'bb9,"'l 

2wr.cbrr U.tu "lwr""lrwf/>ntJ ~ll'b'bwr~b'b.c WJ~'"IP"P 2wr.cbr, nrn'bs 

UJb'fwJ'bbr~l mbbb {:, b r fl W 'J W J n '( b 2 W b b b f• WJUfb.[!b' 

u1 - u2+u3-u4+ · · · , 
mbu.cp 2wr.cbr, npmh'l u1 , u2, .. ., U0 , ... 'Jrw~w'b b'br 

{ w J p 'b -ft 9" fiJ b n r b J l!' bpb 

u1-u2+n3-u4+ ... (un> O) (l) 

6bppmqwJn'l li2mGGbpnq 2mrl!lt mliqmuGbpli WJGUJltultG bG, "r 

u 1>u~>u3>... (2) 

lim un-o, (3) 

unqm (1) 2WPI!~ qm.qmtf~umuf );-, Gpm qnufwp~ qpw~wli lo L 1P 
qbpwqmGgmt£ mnm~ pG mGqmtf\tG: 
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IJ."(IU9nLsn L J'/ ?-funW[If,b'i..e (1) 2_~»r.er l»n1»2_p'i. fl=2m IU'b

'JIUJ''hbrr 'l"'"~»re· 

Szm=(Ul-U 2)+(uJ - U4)+ ... + (U2m- 1-U2on)' 

(2) "(~»JJ'~»'hp9 f.bmt.,ILJ' t, "r I"Lr~».e~»'htJmr 4•~»~~»lfJp 'hbr"fr 

~»rmwllw1 mmfillnL'b 'Jr~»~w'b tz ~bmL~»pwr, Sz111 'lmJ'wre '1r~»l1 w'b 1;\ 

Szm>O 

&. w~"''' I; m-J· IU6.J'w'b llbm : IJ.I'I 'i.nLI'i. 'fnLJ'~»r'h WJ'IJ' 'lrb'h.e ~»JU~ 
· "(bu, 

Szm=U1- (U 2 - U.J)- (u~-U5)- •.• ~(u zm-2- U2m-l )-U2m ' 

(2) "(~»JJ'~»'hp r.wJ'~»aw(il f~»~'"'l'lLrrs J"Lrw.e~»'htJ"Lrt! 'lr~»~~»'h 1;: 
flLump u1-p9 ~»J'l pw~w'lJhre ll~»'hhlnL9 llbmn ~um~»'bw'b.e U1·ps fn.er 

filf4• WJUf'i..e'h' 

Szro<u1: 

IJ.I""lf"""' r,IUUJniUUJbsr'h.e , nr m·e IU~~.,, u S2m•[! JUii.mJ' t- &. 
uUIIlJ'wil~»•p~»lf I; ' 'lhrt.P9' 1J.Iumlitlf9 r.bmLmJ' t. nr S2m·'h nLilp s UIUr,_ 

J'~»'he' 

lim S2m= S, 
m->oo 

O<s<u1: 

~1»19 2_Wr.f!f 'l"L'fw./pmnLfillnL'h(! 'Jbn IU"(W9nLst/_wJ fJ• J'/:;'i,J! 

,/pwJfl 1U"(IU9nLshsp.'i.J!, nr C'lnLI'fll J'wubiU~f 'fnLJ'~»pblirp f\~»p_nr'JIU

~Wbnt{rllnL'i.b nLbf $ u~»flJ'I»b(!l 1J,1J-J' UI"(IU911L9b'b.e, nr cr~bbmll J'IUU"' 

flw~p 'fmJ'IUr'bhrf!. bnLI'j."(/rU a'fmntJ' h'b $ UIU(,J'IU'bpbt 

'1-r~» r.IUJ'"'r .e'h'b~»r~h'b,e (1) z~»r.er ~»nw!f'b n=2rn+l ~»'b1 wJ'
'bb rf 'fnLJ' wpf!_ 

S2m+ t'= Szm+U2m+ l' 

"(~»!'f~»'hp, lim U2mTt=0, ~»"(~» 
m -> oo 

lim SznH t=lim Sz;n+lim U2m+J=lim Szm= S; 
m_,• ~- oo m->oo m-~ 

~»l'b"(bu l;f ffb'bm fl•f 'Jb"(J!nLJ't ~bmf.wp~»p, (1) 2_1»rJ!f!. 'l"llfluJ'p

lnnLJ I;: 

?-" In n 'l n L fil I n L 'b l, {w Jp'hp,qp [ilbn rh J' 1!. 
IUbr,IU"WUIUrnLfil lnLbbbpf! Jirb'ff /:;'j. nL'bb'i.nLJ'\ U~uiUJ-
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ii.pzm 1;, b[ilb (2) 

J'p "P"2. N-rs ' 

?-" m n 'l n L fil In Lit 2, l.~»,p'hpsp (dbnrbJ'[! ht·~r~»t•ufnrb'h tnL

utupw'h4tiLJ' I; llbmt. l~»f ltbr"l' fil'4u•Jf'b "''lf'lf '/r~» ~»'h p_ ~»mh'b.e 

sl=UI' s2=ul-uz=SJ-u2, s3=s2+uJ. s4= sJ-u4, s5= s4+u5 t. ~»u'h 

J'~»u'b~»ltr 'l"'J'"'r'hbrl! ('b~. 362 ): 

l!"'u'b"'~f 'l""'~»r'hbrp'h ll~»J'w"i~»m~»uP,~»'bn'l ~b,hre. ~J'nmb'b~»'b 

J'p nrn z S ~~1Lnp'i.J nrf! "(IU&n~brmJ' I; 2_~»p.[!f 'fnLJ'IUrf!l l;'it'J npntJ' 

'l"LI'f J'~»ubiU*f 'fm.Jwr'i.brf.'i. flUJJ'IU"(IULniUU"'IU'j.n'f f/bmbrf!. '/IUUIUIJnp

..J.nLJ' b'i. S•f9 awf.t, fU~ ~b'bm 'fnLJ'~»r'hbrJ·'h fliUJ'IUUjUILnWU/UIU'jln'f ~b-

-mbre' s-rs ~»2.' ?-" m n 'l" L (dIn L 'b tJ , b[ilb llbrfil~»'lwl"'l 'bzw'b'bbrnq z ~»r.ee p~»
. 4~»r~»t"" J' I; {~»lp'i•Jrsf. (dhnpbJ'f, "i'"JJ'~»'bp'h, ~»Ufw '1"4~»r z_ l; 'l'bwll~»mbl 

~ ' I - ···~ 

-------~----~--~~ 
~------~----~~ 

. Sz S5 S.1 

t~. 362 

IUJ'b u/ll~»[[!, "rl! *umws•lr· h(dh 2. '"1'-l!f s 'l'JLJ'IUrf! •pnf1wrJr'hqJr Sn 
J'~»u'h~»~J' 'fnLJ'mrn</.t bJ'~»b 1frnP,~»pp'itJ'w'b d-wJ'w'h•ull 'lb'b Mr.e 'bbmmJ' 

2.~»rJ!f P"L"r ~»'i.'lwJ''bbrf!' u~u~»J Un+l - /r9 ' ~~»J9 ·_w/u filt[brl!. rrb'h.e 

b'b ~IU'l,j'IILJ' f\brfil~»'fWJIIT[ 'i. z ~»'h'hbrn</. 2_WPJ!1 npp lfnLJ'~»rf!. pws~»raw~ 
J'bJnLfJiwJ'p fn.er /; IUJ'l 2_UirJ!f WILIU f_f'j. IU'IJ'JUtJ'f9 (~»JuJr'h.e'h' fn.er 

I; Un+J•fs ) : bzm'bu,~mJ' 1; , S•[! S0 -n'/ pnP,utf'l,'bbLP" {JnLIL mr4wf)

uf1~»t£! pws~»ramf/ J'bJmfdi~»J'p l_ /r 'thr~»'l.IU'bsmJ' 'Jb'b 'hbmt[~»r! IUftiU• 

t.fb IU'b'IIUJ'p'bt 

0 I'~., ..... ~ 1, 

2"'1'1!1!. 'lri L ?wJ~urnLJ t 1 I!"'""" np 

1) l > 1/2> 1/3> •..• 

2) lim Un=lim 1/n-0• 
n ~""':Jo • n--Jao 

1 I 1 
s =1--+---+ . 

n ~ 3 4 
1 . +< -l)n+l_ 
n 
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§ 8. u2wbwrltnJu 2wp.plip: 

_ f!wgwp.!w~ It liJWJUWUW~wb qnLqwtf~tnntp)ntU It -~ 1 ')};-
I 

l:wNH! ~"l1"'-J I; G2wliwtJmJu, h[Jb 'bpw' w'b'lwJ'i.tbrfr Jbp_ t
1
w'b 

fr'btUfbu 'll'wltw'b'bbp, mJ'bUfbu l;l pw9wuw~w'b'bbp 1 
'iu,funr'l Ufwpw'fpwf[>riLJ .e'b'bwrlt'/wft '>hrfJw'fwJ"'l 'bzw'b'bbrntJ. 

;_wp.p.b['/!. r.w'b'ffruw'bmJ h'b 'b 2_ Ul 'b 1U"' n fu 2_Wp.f!h!'fr J U1 11 'b 111 "n r 
'I b Uf .[! /!.' 

u.,uurb'l ~.e'b'bwr~b'b.e 'bzw'i.twtftnfu zwr.e"rfr Jfr .ew'bfr t..wur~,,_~ 
fJ 1 '" 'i.t'i.tb re' 

f:'b'l "rmJ, fr mwppbpmft!ln'-'i.t 'i.twfun/''1 "fwrwqpwlpnLJ f!.'i.t'ln'-'bwft 

Ufw/Jw'bwt[np•Jwftn,_{Jjw'b, w1JJ ~b'b[t!wtJpbl"'- b'i.t.[!, np u
1

, Ua••··, u
0
,,., 

fihfbre ~"'P"'l h'b Lfr'bhl fr'i.tlutbu 'lrwltw'b, wl'bUfbu l;l pw,9wuw~w'b1 
ll.Jb'i.tfr9 wnwp_ mw'i.t.e 'i.tzw'bwftl/11 zwrJ!/t 'l"'-'fwJpurmfJJw'b Jp 

~f»rbnr pwtJ.wrwr t>w1mw'bfrz: 
frJ-bnrhJ 1: bpb 

U1+u2+ · · · +un+ · (I) 
li2mfiwtJtnJu 2mp~G UIJfiuiilu/tli k, 
wpdb.}?Gbppg lpuqu~w~ 

np Gpw wG~wJGbpp pwgwp6w~ 

lu1/+lu2/+ • +luu/+ · • • (2) 
\ 

2WP~t! <{OL!fUIJpmm.J li, UIU}W m~JlUl G2mGwtJin}u 2111P~t! GnLJGil}bu 
qnLqlutf~tUOl.U };: 

lJ. Uf Ul 9 n L 9 It L J : 'l-ft911L.f! 5 11 ~/!. U a
0
-e (1) f. (2) 2_Wp.[!hpfr WIIW

p_frt n w'i.t'lwJ'bb r/t 'f""r w r'bb r'b h'bt 

?-fr9"'-.[!• w,'b,,_f>bmb, UIIIJwL zwl'.f!P IU111Up_p'b n w'i.t'lwJ'bbrft Jbp_ 

b'lw.t 'fpw~w'i.t w'i.t'l"''f'bbl'P 'f"ufwp[! s'11 ~'b I;, pu~ 'bz•Jwft w'b'lw
1
t'bbf.p 

Jbp_ b'lwft P"L"r pw9 •uuw~ut'b w'i.t'lu,J'bbrft P"'9"'pJ.mt1 Jbtt,._p
1

,1L'b'i.tb
rfr CJ:ItLJwre.' $

11

11 ~(!• Uljl( 'fUUf.[!ttLJ 

S0 = s· --s", a =s' + s" , 
n n n n n 

Cum UfWJJw'bft, "n-l! nL'i.tp j uwf>Jw'b[!. s~~[! b s~·-e a-ft9 T"J!l' 

'fp111~w'b tubn'f JbJtiL{JjiiL'b'bbp b'i, I ~burfLwpwpJ '/pw'b.[! IIL'bh'b 5' U $" 
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uwf>Jw'b'itbrl!' s·n=S·n-S ~ wn'bl. m{tl JilL 'i.tp 9 t..bml"" J !;, n /' 'bwb 
I " l.'b 'i.t \ ,;wf>Jwt U nr Wl'f 'W(,tfw'i.t£' f>ulljtuuwr I; 5 -s I UljU[' .[! 

'bu.pn/u zwp.[!f! 'fUL'fwJfttnn~J 1;: 

Sn· /!. nL'i.tp 

(1) 'bzw-

U.Ufw9 m 9 wtt [JbnpbJe t>'i.twpwtJ••r•tLfilrn'i.t I; mwlfru 'lwurbl"'- Jp 

.ew'bp 'bzw'bwtJm/u zwl'.f!brft 'l"'-'f"''fpmm{tl 1w'i.t Jwup'bt 'Lzm'i.twtfrnfu 
1. Jl. r.J " Jw;,l.t '>wry" ntun,J'bwu"r"' a 1,,_..,_,..,_, •uJu 2_111['-ft• '[11L'f1U ['UIItL[U j 1UU [' [' [' r . 

'fh"f.f!"'-J f\w'i.tqnLJ /; 'IP"'//w'b w'b'lwJ'i.tbpn'/ 2_tup.pp m,unLJ'bwuppnL

~~ lw'be: 
'1-frurwrltb'b.e brlt"'- opp'bw/1: 

0 (' f• ~ w ~ 1, fluJnL.!~w"Pl'/;/ 

sin a. ~ in :h si •1 3" s in n7: + 
-,2-+-2-2-+32 + .. + n2 ... 

2wrpf• ·q·n ... 7 wJf.mn•p1n ... ~e. npm1 .. 1 a.-~ 9w~~w.7w~ flr1t· ' 

{ n L .I , L ,f, Sr<fw.l 2wl'l?P fi/;., l!~~wr~b~l? libmklwl 2Wf'{?/;l'l!.• 

1~1- ls in 2:z I Is in 3:z.I+· .. ..LI~~~ !+··· I" 1- 2l + 33 I nl (4) 

1 I 1 1 
--+-+-+··+-+··· ll . 22 33 n2 • (5) 

. (5) 2Wf'(!f!. 'JnL'J""fpmnLJ /; (mbu § 6)1 (4) zwpf!p IU~If[W~bp[!_ JU 1/,'j, (5) 

2W('(!p fi w 1fwt'l WWIUII/u IU~ u'~''fiUif~/,f'f'9 1 fibmkwpw(' 1 ( 4) 2Wf'f!f!_ ~nLJ~"/.bu '[nL?IU

JpmnLJ (-. Pw19 w 1u qb"'.l?nul, 1!.""' w"'wan•9w.l pb"l'b,!fr, mp•fw~ (3) ~2w~w
fnfu 2Wf'{?~ l;l I; •tn•'lwJ[,mnu!, 

0 I' f• 'b w ~ :.?, /luwL. J~wuf.L•b[ 

cos( ~tj4) cos(3n:4) cos (5 ~t/ 4) + +cos((2n-l)~t /4) 
1 

(

6
) 

3 + 32 +--33- . .. . 3° , ... 

:.wref• 'lnufwJfrmnLfJ J"'-~1!.' 

{ n L .In L J, Sr<fw.l zwrel• 4bm /!~~IW('Itb'b/! fi/;mkJW[ zwree 

1 I I 1 
3+J.+3J+·+;-+··· (7) 

1 
fl.Ju 2W('j!f!_ qnL'/Wtf/•mnLJ /; 1 (!W~I~I np UW '3 fiWJ<nW[IW[I nL~/;9n'J ~ufw'Jn'l 

b('J[f'IU!Wfw~w~ Uff'"'ff'/;upw t, f..w/9 WJU '//;Ufj'nLif 'J"L'fwJpmnLJ /; /, U1f'1wJ (6) 

2'"f'l!l'l j!W~~~ np ~I[IW W~l'fW.f~/;('p fW:JIU('J.III~ ,f/;JnLPJIIL 'j,/,bpf!_ fnp(' b~ (1) 2Wf'j!fl 

'r.wJwulwmwufuw~ w~'lwd~l.l'f-tJ• 

.'iffWUib'b.e, nr tJb£'{! WUfiU911L91lld '/ltl'fW.J/tLnnt{iJJW'b r.w,mw'i.tpzf!. 

'#zw'bwtfrn/u zwr.el• 'l"''lwJptntiL{dJwt Jftwt'b p Ul "w r w P• -PWJ9 "l 

w'i.t'>pwJbz 111 r.w1urw'bpz 1;. 'f"J"'fJJ"'t m'bb'b wJ'bUff.up 'bzw'bwtfrnfu 

zwr.e"r· npn'b.e ftrb'i.t.p '[11Llf1L1JpurnLJ h'i.t, f'WJ9 Pl'bty u.'b'lwJ'bbrft 

p~9wpJ.w~ Jbtt,._p1,,_'i.ttbpfty ~w'lJ4wJ zwr.ebrl!. mwrwJpmmJ h'b: 
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U.Ju ~"'"1"'~9"' fiJw.fp O'flnW~wr I; JmJbl 'i,zw..,wtfrn/u zmr.efo P"'9"'r
___ aw~ /,. UfWJ.fw'j,w~w'i, lfnllfWJfrmmfiJw'i, .fwufo'i, lfl»fJWI/oW(I<j,lzrl! b 'J[!

rw'iJs t.frJw<;, rfrw '1-wuw~wr'lbl 'i. zw'i.wrfrnf.r zwr.e"rf! t 

u W f, J W 'j, n L .ft Ul + U2+U3 + .. ,+un+ "' 
~zw'i,wfnfrr zwrel! lfntr[mJ I; pwgwpltwq qmqwu~mn'l · 

IU'iJ'fwJ'i,brfr purgwraw~ JbJnLfiJJm'iJ'i,brfo 2. "'rJ>{!\ 

/u 1l+lu2i+ /u3j+ ... + /unl+ .. 
qnL'lw.lfrmnLJ t 1 

(2) 

fou~ h(<lb (1} 'i.zw'i.wrfrnfu zwrJ>f! 'l"L'fwJfommJ /;1 fou~ 'i,rw w'iJ

'fwJ'iJbrfr pwswraw~ JbJnLfiJJnL'i,'j,brfrs ~wq.fr[wJ 2_Wf.j>{! mwrw.f~mnLJ 

t, WUJ.W mrr[wJ {l) 'i,zru'i.wrfrnfor 2"'N!-l! lfntr[m.l I; lll~JUWiiw~w(i ,, ... .r 
n1 pwgwpltw~ qm.qwu~mn'l 2wpF: 

I I I 
0 f'P 'i. w ~ 3, l-2··/-3-4+ • • • 'i.2w~•w_,Pnfu 2"'1' 1!1!. "l"'J'fw'i.w~w'i. 

'l"''l"'Jfrurn 'I t J e w'i.f- "l' 'i.pw w'lufw•l'i.ltpf- l'"'l1"'f'Jui~ JbJn. p J"'- 'i.'i.bpf- !J ~wqJ4wJ 
I . 1 I 

t"'l'l'l!' I+ - +--;;-+- + • • . , urwpw.lf-urnLJ f;, ""~ fr'i.ee' ur4J"'l 2"'1'1'1!. 'l"'--
2 3 4 

.,..,Jfrur n•J 1;, "l'l! ~wpktf• I; r,b2urn•fiJw •lp uurnL~Itl {wn•'i.fryp r.wJurw'i.-fr2fr oq'i.nL

fJJwJp• 

1 1 1 
0 p /r 'i. w ~ 4, 1- --+- - - + • • • 'i.2w'i.wofrnfu 2"'1'1'1!. l'"'ll"'l'd.wft. 

2! 3! 4! 
'fnLqwJf-urn'l ·1;, l'w'i.f- np 'i.pw w'i.'lw•f~,ltl'P l'"'fl'u('d.wff JbJn•£1 J"' ·'i.'i.lspf•y ~"''1'14wJ 

I I I 
2,.1'1'1!.' 1 +- +- +- -L • • • 'l"L~•u•l{ournLol 1; , fr~'i"lltu 'l"' r.wumwu .. [ltl I; 

2! 3! 4! 

Fw!Jwraw~ qnL'lwJpmmfil Jw'i. .l;wultwsmfil Jw'il o'l'i.mfil l"'J p {J bnw 

pbJ' 1-f! t.w-D.wfu pw'iJwa/1.11trf b'i, WJUUfbu, WUbfi U~ • prugrupnrul} qnL• 
qwu~mn'l 2wrF qm.qwu~mn'l 2WPF k: 

t/.brl_nLJ 'i.zb'i.J! (wnw'i,s "'Uf"'9"'9btnL} pwswraw~ qm'lru.lfomn'l 

h_ UfWJ.fw'i,w~w'iJ 'l.nL'fWJpmnt[ zwr.elzrfr f,/zln/,_JWJ fowm~nrfiiJnL'i,'j,/zrf!l 

fil'hnrbJ' 2, b~b 2wPI!e qm.qwu~mm.u k pwgwpltwl1, mutm 

Gpm wliqwulibp~ gwli~wgw~ mb'lml}ln}uuwG qbUJFmU WJU ulinur k 
pwgwpltmq qmqwu~mn'l: f!Gq npnuf 2wp~~ qm.uwpe qwJut.}_w~ tk 
6p~ wliqwuGbp~ qwpq~g: · 

IJ.1u .l;w~n~nL{t1Jnt'i.{! Uf.WJJw'i.w~w'i. qnulruJpuin'l 2!"r.J!bpp fow.!wr 

J.p Uf.W r.Uf.w'i.r[nLJ t 

fil'b n r bJ 3, bpb (WP~e 

]tliplf~U~ A p~t.}_ ... qbpglibli~, 
mJGUJbu mb'lwl}lnJubt, np Gpm 
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U[WJU'ruGwqwli qmqwlf~mnq k, WU[W 
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0 I , I 
l1m s n= S =- s . 
n->... 2 

bof "'Ju"'.bu, '"'/J"'l 'lbuli!"'-J w'b7 ..,,t'bbpp mb'l"'P"fu•nf'J"'-"'Po ~lrmn 
'1"'-Jwpe pnf .. fbg ( bp~nL w'b'lwJ P"l'L'"'0"'1), 

A-u 

2"'Nll! ~nt_t/_,.,1 t ~ntG~gpnlimt, hfJb 'hpw w'b11wJ'bbp/! X~fr lpnLt~
Hfrw'bhp b'br 

?-frurw p~b'b.p fohurb1w l lpm 'b~yfrn'bw l 2"'P.PI! 

U1(x) +- U2(x)+ua(x)+ · · · +un(x)+ . (I) 

X-fr'b UlW[nt[ npnzu•ltfr Pt/.mtfr'b wptlh.p'bhl'• uurw'bmJ b'b.p urwppbp 

filt/.wtfr'b zwp.pkp, npn'h.p ~"'P"'l b'b Lfr'bbl 'l"LlfUIJfrurn'l ~w,/ urwpwJfr-
11111'[1 

X~fr w1'b wptlh.p'bbpfr pwqJmfJJnL'bf! 1 npn'by r.wJwp lp 11L'b~gfrn'bwl 
2"'(1./1! 'l"'lf"'"frurm,/ L w'bt[w'bm,/ b'b "'!'1 2"'p.pfr qnt.qmu!nnntpJWU 
mppnt.w: 

U.~'iJr.w,ur t-1 np 2_Wp.f!fr 'l_IILlfWJfrurmfiJJru'iJ urfrpnLJ{JnL,/ 'iJpw qnL

Jwpf! X~p Jp "P"Z lpnL'iJ~yp1u b flLuurfr lpm'b~gpn'iJw[ zwp.pp q',tJw
pf! 'bzw'bw~m:. J b'b s (x)~nt[ : 

1J.1u 2"'L'I!f! 'l"'-'I"'JpmnLJ t ( -!, I) Jpj_w~"'ll'P9 qbpqpw~ X-[• l'"I"L' wp

Jire'I,bpp 'lb"'.I!"•J, WJuJ.'b l!'b' /X/<1 "i"'JJw'bp'b P"'""'l'"'L'"'l P"l"L' x-bpp ~wJwp. 
(-!1 1) Jpj_w~wu!-o x-p J"•rwe w'bu"'-l' "'rJbl!!- r,..,,f..,r 2"'L'I'P '1"'-J"'l'l! ~wqw-

1 
uwp t 1=:;- (x ""'J'""'L'"'l''b n._'bb9"'1 'bqw'l"'l lrp~f'"'l"'P"'~"''b "'.l'"'IL'IrupwJ[• '1"'--

J..,l'e) I U.Ju"'.punq 1 ( -1 • 1) ,/pfwt.e:_JI'"'-'1 '"VJ"'l 2"'L'I'l! "i'"2"LJ t 

I 
~ (x)= !'::;" 
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P/! 1 bfiJb "'1'1 2"'P.J!l! 'L"''l"'"'"""'" t" 1• 'ht'"1 '1 111 J'wre t.w 1f"'""'P I; 
s(x)-f~, "'"iw 

s( X )=sn(x) + T11 ( x), 

npurb'l Tn(x)-1! Un +l(x)+un +2(x)+ ... Z"'P.J!P 'I"L"wl''b t-. WJUII'h.p'b' 

r n(x) = Un +l(x)+unn(x)+ · · · 

U,J" 'lb"J.pmJ Tn(X) J~onLfJJnL'bf! ~nt_1mJ t- ( 1) 2WJlJ!p Utlwgnp'}: 
twp.f!fr 'l""lwJfrurnLp,w'b urfrtmttfdnLJ x~fr P"l"P wp<fh.p'bhpfr t.wJcup 

urb'lfr nt'bfr limsn(li)=s(x) wn'bt_mfJJnL'hf!, muurfr 
n - ; oo 

lim r ,,(x)= lim [s(x)- sn(x)].-,Q, 
n _.co n-+ao 

w l "/r 'b .p v 'l n L 't w J /r ur n 'l z Ul p .f! /r r n (X ) " 'b Ul 9 n p '1 I! a If ur n L " 

t 11 p n J fr, h p p n -+COr . ,{ _ a_ ( ~ t" 

§ t 0. lf wdnpwgt[nq zwpvlip 

u IU t, ,/ W 'iJ t1 L Jr 

u1(x) + u2(x)+uJ(x)+ · 

lpm'i.bfrn'bwl Z"'P.f!l! ~nt1mJ I; umdnpmg~n'l X~fr 

"P"2 urfrrmJ!dnLJ, b[Jb 'l"!"'fJ!m'b w'bfr "'!'i."lfrufr 

a1+a2+a3 + · · · +an+ • • • 
'IP"'~w'b w'b'lwJ'bbpnt{ czm~wJfrurqn'l fdqwtfr'b Z"'P.P• 

pnLJfJfry qhpypw~ X-fr P"l"P wp<fh,e'bbpfr t.wJwp urh'lf1 

wn'b ["' [J JilL 'b'bb pf! 

(I) 

(2) 

np w1J"'l urfr
m'b/,'iJ t.hurb/wl 

(3) 

U.u /fbp"J wuwJ ; 2_ Wp.f!/! ~nt_t{mJ t- Umdnpmgtln'l, b[Jb 'iJpu1 JnLf'W

_pw'iJtJmp w'i.'lw,/ pwywpaw~ ,/hJmp,w.tp JbJ tt" npbt 'IPw~w'b w'b

'1"',/'iJbl'"'i 'l"''t"'"frurqn'l fdqw!fr'b zwppfr t.wJw"iwurwufr.w'b w'b'lwJfryz 

Opfr'bw~. 

~+cos 2x + cos 3~+· . ·+cos nx +·. ·+ 
1 22 32 n2 

2W[1oif! "'"P"'l2. Ox wnw'by.f!fr 1pw Jw<fnpwyt/.n'l z wp.p tr "P".f!• x~fr 
P"l"P wp<fb.p'ilhpfr 1\wJwr urb?.fr nL'bfr 

I cos nx 1 ·~-1 (n=l, 2, .. . ), 
n2 n2 
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1 1 3 -+-+-+··· 1 22 s~ 

2.wr.gf!, fr'bt"lbu f.wju•'bfr !;, 'l"''lwJ'frrnnul ~~ 

Uwt.J'w'bmJ'fr9 w'bJ'frp_w"fb" t.brnbmJ' L nr nrbl; rnfrrmtflmj 

J'wd-urw91."'l Z"'l'.[!l! IIIJ'I mfrrnLtfll• P"L"I' ~brnhrmJ' pu.9wrd.·u~ 
'l"'·'l'"J'frmm_J ~ ( rnbu § 8 )r F.uyfr 'll''"'bfr9• J',,d-nrwstf"'l zwr.e'U 

od-mq•uJ ~ 'bwb t.brni.Jwl ~wr"-"i' t.wrn~m{tljtuJ'pr 

/d' b n r b J'r 'l·}lgm.J! 

u1 (x )+u~(x) + ... +un(x)+ ... 

~nt.!iqgrnlhq zwPI?~ [a, b) fiwm~w~nuf 1.fwdnpmg~ -n'1 ];, 'rrgnq~ 

s(x)-~ WJ'l zwpJ!r qnufwp!i k, .}luq S 0(x)-~' Gpm wnwtrfi n wGqwt.f
fibp}l qnufwp~: U.Ju qbuJI!nuf Jnt.pwJ!wG~Jmp, np.J!wG qwubGwGJ! 
'ltnJ!p s>O P~r flwtfwp qqmfi~r WJGUJrur N qpwqwfi pfi~, np pn
tnp n ~N flunfwp mb'lr qmfibfiw 

1s(x)- Sn(x)[<s 

wfinwtJ.wuwpntpJmG~. rfiPilrurG k1 trfir [a, b]-l19 tJ.bpgpmc}- x-e 
lJ. "/. LU 9 n L 9 n L .It tz_.;.'bw~h'b_g 0• n'[ (2) 2_W f'.f!ir 'lnLJ'Wf'f! 

o=a1+a2+a3+ · • · +an+an+l+ · · ; 
UljU 'f~~"f.[!nl J' 

npmb'l On•[! (2) zutp_gfr wnw2fr'L 0 w'b'lwJ'iJbrfr 'lmJ'w/''iJ ~~ fu~ E0 ·[!' 

LUJ'I zwl'.gfr J''bw9wq P"L"r w'b'lwJ'Lhrfr qnLJ'utp[!, WJuf,'h.p'iJ'. 

En=an+l + a:n,2+ • • • I 

-flw'iJfr "f' WJIJ 2_Wf1.[!(! qnLqwJ'ptnnt.f t,' WUJLU 

lim On=" 

3011 

u.,c~J (1) f/lm'L~9frn'hwl zwr.efr qmJ'wpf! 'Lbrllw!w9th'L.e 

s( x) = Sn( x)+rn(x) 

Sn(x)=u1(x) + • · • + Un(x), 

ro(X)=ull+l(X)+unt 2(x)+un+3(X)+ • 

£. nLuwp 

lrn(x)l~sn 

'lfrmwplf•/n•L mpr"'t{clp P"L"I' x-brfr t.wJ'wrr 
U.Ju"fpunt/ 1 

ls(x) -sn(x)[<En 

• • • I 

[a, bJ t.wmtJwJfr P"l"l' x-brJr t.wJ'wr, l!'b'l nrnLJ' e
0
-.0, b/'P 0---+0t 

'}- p rn n 'l n L [<I 1 n L 'b 1r Umw9tfwJ wr'lt'n'bpf! ~wrhLfl ~ b1,~rw
'wtfrnrh'b l"' uwpw'Lbl t.brnb!wl ~bl'"l' 

1-frmwr.~b'L.e y=s(x) f/lm'i.dl9frwtfr 'lrwtf>Ml!' ll.!u ~nrfr Z"'N.l! 

~LUILnL.cJb'b.e ::.e ll /Wt'bntfltwJ'p zbrrn, LU!ufr'b.p'b' ~WILIIIsb'b.p y=s(x) + en 
"- Y=S(X) - sn ~nrbrr! ('b~ •• 163)r U.n 'lbUf.ptnJ' .'Jw'LI1wywJ En·fr t.w

l- J'wr Sn(x) t/>nL'L~9frwtf• 'lf'",f/lfrlll! mJ'fon'll'"ulbu t'L~wJ luf•'bf1 'lfrmwr~
tfn'l zhrmnulr ll.tu zbrmnuf tL f!'LllwJ ~Lfr~.b'L P"L"I' t.wp_nf''l J'wu'Lw~ft 
'I"' J'wp'Lhrfr 'lrwf/lfrl/iJbrl!' 

1-frmn'[nL{<IJnL'b 1r [a, bj i\wtntfwJtJt.J' 'l"''lwJ'fru11Jn'l nl_ 
wJ'b'b tfp tf>m'bhfrn'bwl Z"-'/'.[! ~ 
otl-tnqwJ w"lw9mywJ (<lbnrbJ'mJ 

, 'flz'lwJ f.wm~"' (J !wJ'pt f.w 19 'I" " 
JnL{<JJi1L'iJ tn'iJb'b 'hwb "l J'wd-n-

rw9'i"'l zwr.e"r· npn'h.p od-tnqwJ 

J.'f, 'LztfwJ r:.u,tn~nLfiJwJ'pt "izqwJ 

f>wtn/1"' {J JWtf I' ud-mqwJ mJ' b'b J'ft 

zwr.e ~nl_qtnJ' ~ fa, bJ fiwmtJ.w
c}-nuf flwtlmumpw~mtll q_m.qw
u}lmtJ.n'l' 

Utf "-'JUUfbu, 

U1(x) + U2( x)+ .. ·+ Un(x)+ ... 
. ~mGqgrn!imt 2WJIJ1~ qn~~mt.f k 
[a, bj flwmt)_wc}-nuf fiwtJ.wuw-

-u~~a~------------~~~~ 

t~. 363 

pw~wt}l qnt.qwurm~n'l, bp b gw 6 q wgw~- n pJ!wfi q mtfbGwGJ! ~mJ!p s >O 
6wtfwp qqmGtJ.~ WJfiUJrur N flwtfwp, np piltnp n~N flwuwp mb'l~ 

· \nt Gbfiw 

js(x)-sn(x)J<E 

wli6.wtJ. wuwpnt.pJntG~ 
llwtl'wpr 

[a, b J flwmtJ. wt\ftg tJbpgpw~- gwGqwgwt\ x-}t 

ll."lw9"'9wJ flbnplzJfr9 t.lzurl..nul t, 
·: IJ•uuwrwtw+ 'l"''lwJfrrntf.n'l zwr-1! tl 

nr Juulnrwgtfn'l zwr.ee r.w-

~ - 3 ~ -1. "'""fc--307 



§ t t. Cwp~~ qnuiwp~ wb(!bqhwmntp)Dtb(! 

1-fr9t1L.f nL'IJb'iJ.J! w'iJe'IJ'J-r:.wur lpnL'iJ~sf•w'iJb rf 9 ~UJ'fJ" IIUJ J 

u 1 (x)+u~(x)+···+un(x)+ · · 
2_111f.ff!~ flf'{! 'ft1L'fUJJ"frurm J" I; [a, b 1 r:.wurtj_wJmJ": r 

II 'llf"'L" (l t:.wur.) UJ"fW9m9bl b'iJ.f fclhnt•hJ" wl'iJ J"wuf'b, nr 

1_hflw1_nr fi/.fntj_ w'iJe'iJ'ft:.Wur lpnL'iJ~9frw'iJbrfr '[nLJ"Wf(! w'iJ(!'iJ1fr:,WU7 

/f>nL'iJ~9frw /;: &wr.fft lf:t1LJ"wrfr ( t1f(! pw'lffw9wJ I; w'iJ1_br2 fiJ.Jntj_ 'fnL

J"wrbtf'bbrfr9) f.wJ"wr w1u t:.wur/inL{il lnL'b[! ~fr "[wr:."lw'iJtj_nLJ": U.'iJf!'iJ'lt:,wur 

w'iJ'lwJ"'iJbftnl/ nrnz lpm'iJ~9fn'bwl zwr.fbrf 'lmJ"wr'iJ w'be'iJ'fr:.wur p•n'iJ~-

. sfrw L • UW~wl'iJ ~w'b w'be'iJ'l-t:.wur w'b'lw,/'iJbrntJ lpm'iJ~sfn'bwl zwr.fbr, 

nrn'iJ9 'fnLJ"Wff! fu'ft/_n'l lpm.'iJ~sfrw /;t 

0 l' f ~ w ~· 'J.fmwp~lr~l! r,/ilni..JW[ 2_WJ'.(!f! 

(xl /3-x)+(xl /5 -xl f3)+(xlf7-xl f5)+ ... +(xl / (2n+l)-xl /(2n-1J)+. 

u.,u 2WJ'.f!P W~'lwJ~bl'e (np•~ufu J"LJ'W.(!W~il"'l'~ wn~qwt) t pw~w'IJbpf Jh£) 

1.-/_. P"L"l' wpJb.e'b.bpp r.wJwp · w~{'_~'lr.wm :j>nL~~ufw~bp b~, lJ."lwunLub~l!• np w1u 

2WJ'.(!f! 'lnywJpmnLrl I; 4 ~pw 'I"LJwpe fu'l1"'1 :j>NL~•~sfw tr 

'lom~b~l! m</Jw/ 2wrl!f wnw£f~ n w'b'lw,f~1irf 'lnulwpf!. Sn=X?n+l- x, 
<].m~b~l! 2wrl'r '1"'-Jwrr..· 

bfJir x>O, wu1w 

s= lim sn(x)= lim ( x
2111

+- 1-x )=1-x, 
n--1CD n---+cxa •· 
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S= I im s 11(X)= lim ( -l·xl 211 + 1-x!=- 1-x, 
0--~'<XI O-iao 

hflb x= O, UW[W Sn=O, 1.. "' umf S= lim Sn=O· 
n-~co 

s(x) = -1--x bill' x< 0, 

s(x)c~O bl'l' x=O, 
s(x)=l-x brr x>O• 

U.J~"lbu, ,,,,/,,{~, pbp</wJ 2wf'l!P 'l"L,fwpf! /"'11"'1 :j>nL~~~u/_.w f;, 'ipw 'IJ'W

:j>f•~{! "lturn~bpqwJ f; ~~. 36-J . .,,.{, "['mb'l gnLJ9 b~ mp1wJ ~w4 s
1
(x), s

2
(x) 4 

.s3(x) ,fwu~•w~f 'f"Lrfwp~bt•f 'll'w:J>f~~bl'l!' 

ll wJnrw9t/_nrl zwr.fhrfr t:.wJ"w(' nfzur I; t:.burb IIUL [ilbnrhJ"e: 

fd'bnrbJ: npU [a, b] 6.tumtluu\-nuf uwhpwgtln'l wGeGq6.wm 
~ndiqg~ruGbpft 2mPI!ft qnLtfwpe WJq fimmqmt}nuf mGeGq6.rum ~ndiq-
1J~ru li: 

u. "I w 9, L B n L ,r, 1-ft9nL.f nL'iJh'iJ.f [a, b] r:.wurlfwJmJ" J"wrfn

rw!J1"'l w'iJe'iJ'J-C.wur :p,L'iJ~9frw'iJbrfr 

u1(x)+u 2(x)+ua{x)+ · 

f.Wf.fl!' 'brw qnLJ"wre 'iJb1.~a.~ 1w9'iJb'iJ.f 

s( x )=sn(x) +rn(X) 

rn(X)=Untt(x)+un+2(x)+ • · • 

(1) 

[a, b] r:.Uimtj_wJnLJ" 1_brs'iJb'iJ;e X lU(''[IILJ"b'burfr ~wJ"wlw~w'b wrrlbJJI!. 

h. 'ilrw'il urw'b.f wl'b"lfufr ~X wf., "l'"lbu'lf x t ~x ~burl! 'ilnrfr9 f!.'b~wf} 
: J.fr'iJf [ 3, b J t:.wurtj_wJnLJ"I 

llmurwrb'b.f f.burt, 1wl 'ilz~»'bw~nuf'ilbre• 

~s=s (x+t.x)-s(x), 

~S=~sn+rn ( x+t.x) -r n(x ), 

l~sl~l~sni+Jrn(x+~x )l+lr n( X )I: 

u.,ll w'iJt:.w1_wuwrnLfi'Jt1t'iJf! nfzm t- 9w'iJ~w9wtf fi f.w,/w{''' 

JJmJ: 

s(x)•fr utbf!'iJ'f{:,IUU7t1Lfi'J"L'iJ'iJ W"fU19fiL9blnL f.wJ"wr 



llrtu[ 1 "[' yw"b~w[JwJ "bmf"u' "/"u "'l't{wJ "f'.f"' "j, ~w ,//;"j,,"j,.J! ""'J!f' e> 0 
;.,,Jwr llqm'i"'" "'l""'r u r o> O flfuf, "l' fl"l"l' IAx j< o 'lh"f.pntJ ~tr"bJr 
j6sj<E• 

'f.w"bfr nr mrt{wJ ( 1) ('_Wf'J!{! J'uuJnrwy</n'/ t J Ul"fUI ,gw"b~wsrJ 

mrt{-J e>O t.w,/wl' hm"b•//1 WJ.-,"if"P N t,,,,IUI'• "I' P"l"f' n:>N 
f.wJwr, I. Jwu'bw•f"fiU'"fl' u , krr- n=N, mb'lfr ~m"bh"bw 

(3) 

,...-,r,.,..",uuwrmfit"'"bf! [a, b] f.wmtfmJfoy " " rsrwd ,gw"b~wyutt} x-fr f.w

Jwrr x+~x ,1,c~b.[!.-, c"b~wJ 1; 1 a, bJ ""'UI""'"'IL" " rnumJ, mluzfr 
nt"bp 

( 3' ) 
W "j,f,IU ""' UW f'IIL {tf JflL 'i1[! : 

u.,"butt.hmf., (!"j,III[IUI,} ~-~1 'f""f J) rii.IJ' S:-; (x) Jruu"bwfJp '{IIL,/W['{! 

w"bl!"b'lf,wm lpnt"b~yfrw t- ( "f'"'b" '{ /; l' !'_ ,, •L n r fi11 rr 1_ w"bl!"b'l- ~wur tp,t"b~

yfrw"bbt'P 'l"'-Jwt•) 1., t.burltwp•ur, ~"'f'btfo t e"bmrht wJ"b"'f•uJ• a 1:rw

~w"b {tfpt/_1 llf' j6x l< 0 "f"'J'f w~Ifr'it p :t11/_W{'IIIJ'.fl'[ wtfb"j, "" 6x-fr t:.wJwr 

w"bt.u.•fwuwr'" {J Jill "b['t 

( 2 ), ( 3 } 1 (1' } f. { 4) w~lif.u,f•u IIUI I'"' {J Jllt"b"bb /'f t.J,Jw"b •lf'tu UtnW• 

"b,tJ h"b.[! 

pull uw tl "bzou"bw~"ul 1;, "I' X lthmutJ ( 1., f.bmltwpwr'• [a, b] f.wm

t[wJfr yw"b~ovymJ f/bmm,/ ) s(x)-"b Ul"j,{!"j,'Jf,WUJ lpnt"b~yfrw /;t 

't fr m n 'l n t {J 1 n t "b: U."!wyut,gwd [Jbnl' hJ/ry f.bml.ruJ L nr 

b[ilb z wr.f!P 'flll"Wf'[! nrl.t La, b l t.wm'[wtJmJ fuqt/n'l t J WUfW zwrl!'b 

IUJ'f f.,..m•f,..JntJ JwJnrwyt/_n'l l_/;t lf,..u"btu111rw"ibu JwJnrwst/"'l tt 

(x=O ~bm"b, "'lufr"bl!'i.' z wl'l!P 'l"L""'rP fuqJw"b ~bme "l"'l'"'"b"'~"'l 
s-"b~wywJ- t.wurt[wJm " ) orfr t-~nl" ph r1-t} z wrJ!£!.1 

•l,b/'P_w"lhu, 'itz b'it.[! , "I' f.w~"''lwra h"bfi"''lrmfiJnt"b[! 6.frzm J.J• 
'l"J"LfiiJnL'it nt"bb'it WJ'it"lfrufr Z"'l'l!br, nrnt.[! f.wm•J-d-ntJ JwJnr-st/.n'l 

l_b"b J., "'J"buuuJb"i.,,..J'bfrt[, WJ'I- f.Uimt{wJmJ 'l"''l"'JJturmJ b"b Ul'it[!"j,'ff,..,u, 

l/>nti~sfr"'JPl ll UIU'bw'/n l'"'"lbu, [a, b l f.wmt{wdmJ f.wt[wuUirwtw+ 

'JRL'fUIJfrm'/n'l Ul,/b"j, "" 2_Wf'.[! ( b[ilb WJ"j, 'bm J'bfru~ ,/ UIJn rws'ln'l l_t) 
ll~ifr W'j,f!"j,'l-t,UIUI l/>nt"b~yfrUI f.w'it,fruUiyn'l 'fRL,/Wf'(! (pf.•ur~b, b[ilb zwr- ' , 

_ J!P P"l"f' ... t,_,..Jtbrt w"i.,l!'j,'lf,wur h"b)t \ 11 ,.;~{ ~L''fH 
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fJ' b n /' b J, trl1gnq! nL fi blil! wGr!i 'l fl uiUI !j>nL GljgllluGbpft 

u1(x)+ u2 (x) + · · · +Un(x) + · · · (1) 

2WN!J!• npJ! [a, bl fiwmtlmb-nul' tfmdnpUJ g ~nq };, )1_ •lJlgnt ~ s(x)-G 
UIJ'l zw pv ll qnLtfwpli k: lJ. j u qbun~nLU S(X )·Jt Jlfimbqptul(~ [a, b) 
fimm~w~Jlli UJwmlJ.m Gnq o. -[1g tf[1Gl_L. ~ u mf\ tfur GGlipnLtf fhutlwump k 
mti_Jml zm.PI!ft wuqmtffibpjl GtfwG jlGmb'JptutGhptl qn•tfwpl1G, tUJUllG~u' 

X J( 't X 

J s(t)dt= J u1(t) dt + J tt i t)dt+ ... + J U n(t)~t+ .. . -
a a a ,_ 

u. ., w 9 n L 9 n l Jr s(x) lpm'it~.'IP"''it 1/wrbtfr t- 'bbrltwJwy'i.bl 

s(x)==sn(x)+rn(x) 

X X X X X 

J s(t)dt:.._ J u1(t)dt+ J u2(t)dt+ .. ·+ J Un(t)dt+ J rn(t)dt 
a a ,_ ,_ a 

(2) 

( tJb nw'-Jn r - (it{nt{ lJnl "wrblfr'l.h rfr qm "u•rfr fo'i.mbqru•w t. ... 1_wu-r t 
UIJ'I 'l"' ""'l'btf!'i.brf! fr'itmb'lrw 1'i.hrfl 'lmJJU 1.f!'b }t 

~-"'fr nr (1} mrt[wt} 2_1Uf'J![' Jwc/-nrwst/"? t 1 W"fUI yw'b~UI9"'q 

X-/r 'lb"l..[!"'" m"bh"b.[! lrn(x)l<sn , nrmb'l En-> 0, brp 0->00t flLumfr* 

X X X IJ r n(t) dt ~ ~ ± J lrn(t) ldt < ± J Endt= ±En{X - et)~cn(b-et)r 
,_ a ,_ 

X 

" 
I lm J rn~t)dt=Ot 
n ~oo 

a 

X X X X J rn(t)dt= J s(t)dt- [ J U1(t)dt+ .. ·+ J Un (t)dt} 
(1. a a ,_ 

. 
"' UUonpk pltf'Y'"l 'l'l.tu,rutntu~w'L'I.Lpf• ofb£ a< X 'lb"' e "' ,/ ybps'l.nLJ U+ 

"'·: "~"'"'l!• ~u~ x<a 'lb"'I!"L'I'- 'bz..,'be, 
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X l< X 

lim J r s(t)dt- [J ul(t)dt+ .. ·+ r u,,(t) dt .Jl = 0, 
n _,"' l~ . ~ ~ . J 

X X X 

Jim [ r Ul(t)dt + .. ·+J' Uni(dt)]=j's (t)dt: 
11 ...... 00 t) (3} 

a. 

X X J U1(t)dt + ... + J Un(t)dt+ .. . ( 4) 

Z"'r.J!P J'wu'bw~fo 'lmJ'wr'h /;: ~"'tr nr 11117- zUir.J!P J'wut"'"" qnLJ'wr

'bhre n<'bh'b uwt;,f,..'iJ , "'"I"' "'It 'f."<Cf"'J'pumu! t {, (.'1) f,tut/wuwrn<-
.. 

fltw'b r.t,Jw'b 'Lrw 'iJrw 'fiiLJ'wf'l! r,,,,UIIIUJr t Is( t)dt, "'Jufrt.et' 

X X X X 

J s(t)df= J L1 1(t) dt + J uAt)dt+ .. ·+ J Un(t)ct.t+ ... , 

fru¥ uw /;f t.h'h9 "'It r.w'LwuwrmfiJ tm'h'b 1;, "l'f! "i"'r.w'brqnu! 'r w~w
sn<shL' 

?- fr 111" 'l n <fill n < t 1, G{Jh 2"'{'./!l! J'wcl"r'u9'l" '!l.L w"lw J'pz111 
tL n r tu'iii[LUJ' LUll tu'b'ILUJ' fo'h111h'frm J' [' t.'bturw'Ln r 1;: u w Ufh111.J! I; 

l.wu¥w'bwl "'l'b pJ'wu111""' nr (1) ztur.J!P 'lmJ'u,rf• frt111h'fr"'Ll!' 
1[ 

J s(t)dt J'p2111 tl;, nr r.wqwuwr t trw wt'I-J"bbrr fo'hll1b'fr'"'LMrfo 
(l 

(wJufr'b.J!'i/ (4) ztur•.J!/>) qmJ'turfo'b: 

/it'bnrbJ' 2 : bpb [a, b]liwml}_whufwfiefiqliwmw~wfigJWtfibp 
m.fibgnq !}lnt..fiqg~wfibppg qwqu~w~· 

U 1 (x)+u~(x)+··· + Un(x)+·•· (5) 

2mp~fi WJ'l flww~wffnt..u qnt..qwupmnLu k s(x) _qnufwp~fi L. fipw wfi• 
q.wufibp~ w~wfigJmtGbppg qwqu~wff 

ui(x)+u2(x)+ · · • +u~(x)+ · · • · · (6) 

2WPJ!e fimjli fiwm~Wffll\..U uwdnpmgtlnq Jo, WllllU w~wligjtutfibp~ 2Wp
IJI2 

~~ qnufwpe finnlmuUJp }; Ul(lllwi\ 2UIP~l~ qnu.fwpp tilffwfigJmtJlfi, 
WJUPfiJ!fi' 

s'(x)=u i(x)+u2(x) + u3(x) + · · · +u~(x)+ · • 

lJ. "I"' 9 n L 9 n L ,r, F(x)-n'L 'bzw'illul,h'b.J! (6) 2"'r.J!P 'f'IL""'r£! 

F(x)=ui(x)+u2(x)+ · · · + u~(x)+ · · · , 

F(x)=s' (x ): 

~wtp "I' (6) ?"'l'l!l! J'wclnpw!J'L'"l L "'"lw tu.funr'l [ilhnrhJ'p 

t.p J'"' t "{"" 
X X X X J F(t)dt=J u:(t)dt -1-J ul(t)ctt+ .. . + J u;,(t)ctt+ ... 

,. ::z. o: a 

X 

r F(t )dt= 
•' 

s(x)=u1(x)+u2(x )+ · • • +un(x)+ · · · , 

s(a ;= u1(cx)+u 2(a.) + · • +un(a)+ · · ·, 

/>tt"lfru/>'b tl tl,tht [n, b] r:.LU_II1,/tudp X b a f"•l''rf!.' flLu111p 

X J F(t)dt = s(x)-s(a. ): · 
a 

rJ..brrfot r,,JI""'""'l'"'f"tw'h brtflnt ,fwuhre wJwt9bln'L [!11111 X·fr· "UII1W .. 

ttu'b J!. 

F(x)=s' {x): 

u.1u"'frun"1 LU"f1U!JTIL9"9frt/!J nr [ilhnrhJ'p "fLUJJ'wttbrf! Ulh'Jfr 

nt'bbtwl'" '1-b"i.f!"<J' 2wl'.J!P 'f"'""'rP wJtut9JLU[{! r.w'Lwuwr I; 2"'r.J!P 

w'b'lwJ'tbrfo wJw'b9/"'ll,brr 'l"'""'rirt: 

'1-" 111 n 'l n l "' ·! n L t 2 : &wr.J!P J'wt1nrLU9""'l L/>'bhlnL "l"'r:.wtre 

{uftum twllw'iJ t, b t,,, zpw'/turtur'/bl(! ¥wrn'l t phrbt 2"'r.J!P tut'ltuJ 

wn ~~~t'I"'J' 'IP [/> brbtsb tf•n<{il(w'b wtC.twrfottt<{J JLUt[!: ']-.., C.w U111wUJhLnL 

r.wJ .. ,,, l'bl.btp J'wtlnrw9'ln'l Z"'r.J!r .if. orfo'iiwll, nrc {iJtt<JL l.P UIUJ• 

/P u tu'iul LUJ' tun wt'/w1/ 'lfrfl>b r" t9n<J' I 
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U.Ju 2tur.J'l! qnul:'u,ffrmrnJ' (- w'r.e'r.'l 'i.uun 

,/"'tl"l'w9'/"'l t, l•r"JJ• 9"''bt1w 9 wJ X·/• 
pw9"'l'a"'tl Jhdmftlt•u,fp 'r".J'l' b'r. 

f/>•n'blt9frwtfr• .['tu~:fr "r ruu 

'lb Uj.JJnl .r brill Wb'lwJ'r.bre 

1 1 1 1 - -+--+-+ ... +-+ ... 
1. n2 02 2 

L .J n 

'lr"'~w'b "'"''l·uJ'bbrn</ fJ1"'Jfr'b 'l""tu,Jf,.n</n'l 2u'r.tfr w'r.'IUJJ'bhrf91 

9-rhb.p UJriiUI(} 2Wrf!f1 IUb'lwJhfJr/r wJ Ulb9JU1Jbbrfr9 ftw'JJtfwd 2"'r.J'l!• 

cosx + 22cos 24x + · .. +n2cos n4x+ .. 

u.,u 2wr.J'f! UJUif1WJfrmm,/ /;! U.Ju"fl..u, ~rf'iJwf/, bf'P X:-0 IIIJb IJIU"-~ 
'kim,/ (- Ul /u"'frufr 2"'1'.[!• 

1-!-22+ 32 + · · · +n~+ · · 
(l'"'rhtfr t 9"'!9 u'"'L• "I' UIJ'~~ "'"'r"'"''"'"' .r ~ "l "fr"'!'~~ x=O 'I h"'~ 
~~~ h~i~~ 

(I) 

mhu.J'f' f/>m'b119frn'r.luf zwi'JJl!• "r"'"'l ao. al. 3z, ...• an , l.wumwmmb 

{tl'{br b'b, nrnb.[' ft"l'l"uf h'b 2lUJIJ!~ qnp~ru~ ~gfibp: 
ll.u~nfrD.w'bw 11> 'b 2"'rl'fr '1"' 'fwJ frmnLftl 1w'b mfrrm Jlr! l! Jfrzm n/'1.1; 

Jfr~w~wJ.[' ~~ "rl! · Jmu'b,.,qnrrw"'bu,'ttwrn'l (- t"wtfrn/u'{b[ ftbmfr: 1-rw

'r.nuf f\u,fuq'(bfnL f\wJw/1 bw/u 1UUfW!JIIL9hh.[' wumfrb~hwJfrb zwr.J'brfr 

"'"P"'ll mhunLflfmb l.wJ'•urr zwrn ftwrbnr t:.hmb/'ul fJlmrhJf!' • 

fil'hnt•bJ 1 (U.pbffr {JhnrbJe )r 1 ) bpb ruum~iiwliruJ~fi 
2rup~~ qn•qmtfl:mnLU ); nphh X 0 rupdbP-~ qbUJ~nd', np~ fiwtlrnuw)l 
~I; qpnJ~• rnu1m WJU ptugmporul) qnupuu~mmu };-X-~ gmfil}lugwb
wpdb~~ qbuno!ratf, np~ fiuuftup lxl.(ix0 j, 

2) bftb 2mrP-e mwpwtf]lUunu k- nphk x0 wpdb~p qlmiP-mlf, WU{w 
WJfi mmpwuJnnmu t. gmllltwgru~ x-]1 IJhllJP-nu.L np~ firuurup lxi>!Xo,' 

u. "flU 9 n L 9 n I ,r, I ) 'flw'bfr nr, f!UUI b'b(Jwu:.m ft!Jwb, 

a 0+1l 1X 0+al~~+ · • · +anx3+ · · · (2) 
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fil1wJfrb 2"'r.J'f! 'l_nL'fiU,/frLniiL.r 1;, Ul"fUI h["U f!b'lt:.wbm r Wb'fW.r(! \ 

3nX~-+O brp fl-+00r fruft UIU 'r.zrubw/JntJ 1;, nr 'f"JIIL{rJJULb m'r.fr ruj'r.~ 
"'r"r M 7rw~wt fr!Jt'( 1 "f zwrl'l' l'"t"r w'b'lw.rthre pw9 wrawft .rh

Jm{J 1wJ p fn.J'r h'b M- frsr 

( 1) 2."'1'1'1! 'frht" 

ao+alxO ( :J T a~ XA ( ~J
2

+· . 1 an Xo ( :0 r +··· (3) 

mhii.J'n1. " 7/rmrurfth'b.[' "'r"' wb'lmJ''bbrfr pw9wrawlt Jbdmflil"''~~"'brft 

!aol+la 1 Xoll!...l+la , x~; I_:_:_ I ~+···+ !anxo)~~ \
11+··· 

I x 0\ x 0 Xo I 
( 4) 

11./u 2wr.p/• w'iJtlwJ''bbre '""J!f /,'b 

M+.\'\l!...l +N\ ,~II~+ ... + M 131"+ ... 
Xo Xo I Xo 

(5) 

;wr.tfr 1\wJw"'wmwuJt,w'b w'b'1wJ''r.hrf>9' lx l< IXo! 'I''"'.J'mJ' qhrp,.il 

2u'r.J''~~ frrh'bfr9 'bhrftwlw9hllllf I; I ~J<t r.UI,mWI Ulf m'r.h9"'l br~
rwtwrfrmlturb "'r"'frbufrw b, 1\hmbwp•ur, '[11Llf,;,,lfrmm.t b . .P.w'r.fr nr 

{ 4) 2Wf1J'fr Ulb'fwJ•'I.hr'l! "'".J'r /,'JJ (.5) zwr.J'fr f\wJUI"fWLnUIUJuw'r. w'b

'lwJ'r.brfr9• ur"'w ( 4) 2wr.J!f! hnLJhUf.bu 'l"L'fwJfrmuLJ L Jtull uw tl 
'bzw'bwltn• J' t, nr (.'J ) ,,wJ' ( I ) 2"'rJ!l! f'IU9Uiraru~ 'l_rrL'fUIJ'frmriLJ' b 

2) u.,.J.r 'lJ'fwJ• zl; "'"1"'9"' 9''' {JbnrbJjt brllr"r'l J'wue· '1fr-

9,1LJ? "I''' I; Xo fthmmJ' ( I) 2wr.ve mwr•u.tfrmnLJ' b u.,, 'lb"'.J'"LJ' LUJ'il 

'tm•urwJfrm/• 'bwlr !X/ > jx6j "lwJJ;.,'bJt'b pwqwl'"'l'"'l yw'iiltw9ruJ X ~b
mnL,ft ''['".['• bfr!b WJU "i'"lJ'w'b/,iJ pwqwrwri"l Jt'~~t·nr X fthmrnJ' zwr-. 

${' Lfr'r.br 'l"''fwJ'bm, WUf.w 1 k.h'b9 bnl' "'"1"'9m9wtt fJbnrbJfr wnwpfr'b 

J' wuf> l\w,fw~mlh, w 1'1, U[hm.p t 'lm 'I u,J bm .l~'bfr bUlb Xo ftbmnLJ', 

.['IMb/r nr IX(I<IxJ· f/u,,9 UIU t..mftu~um.t I; WJh UfWJJw'bJtil, nr Xo fth~ 

m,,{ 2"'rl!l! mwrw•lfrm'(n'l (-, ~hml.wpwr1 X ~bmmJ 2."'['.[!{! mwrw~ 

. JfrmmJ' b IJ.!"Uf.Punq, {tJhnrh.lp trfr'l w"'w!J'IL.9'(wt1 b 

llpbtfr flibnr6J'{' {tlnt!L I; mwLfru 'lwmhl'" wuuofrbu·'ilwJfrb 2w[•.['/r 

qmqwJ/rwm{tl /'ub b ur•l•rwJfrrnm {rJ IUJb 1/bmbrfr 'louuwqnrnL{rlJwh J'w

ufr'r.: l'rn.J', bf1h x0-'b 'l""JwJfrmmfr!Jwb ~b., (-, w"'ur wJ'pnn (j-x01, 

· jx0[) Jf>pw~"'/l'l' Lfl'/wd t p;uswrawtl 'l"''fwJfru•m{tiJwh fthmhrn1• b(Jb 
Xo: {! IIIIU['"'"friRm /d.(wh ,,hm I; I WUfUI l.xni ftbm/•9 IU~ 'l'"iJ""'l wJpn'l~ 

w'byb['~ lfpummti/>'lf! /, -jX(ll·/r9 awfu 'furb'(n'l wJ'pn'll ftfrut,.nL'lfr'lf! 

pw,~wywd hit mmrwJfrmwfJJu•h fthmhrfrs• 
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Urw~J•:J '''"I'LL/> t- L'll''ull'11 9~bl, "I' 'I"!"'F'l'"~ ~~~~fr "'l~Uffr"fr R 
fill"/• nr IXI<R 'lbUf.j!IILd m'ub'b.j! pu•owrJ.w/l 'l"''lw.f,mmfcltmh ,,bmbl' 

h 1 xi > R 7 b Uf.J!'" J' mwruu!frmnr f"!w'h ~bml, r' u.1u ,1/run'l, wuw/> 6.w'hw

l/>~ 2W{'.j!" 'fllL'fWdfrmmfiiJwh Jfryw~W!JJfr ,,UIIllllf11UI()j1/t J'mufr~ ~W 
1',/IU,/IJU'l [ilbnpbdf!l . 

fil'hnpbJ' 2: J.um(diwG.mJ~G. 2lUPJ>r ·qn'-qmupmnt.pjud1 tfr2m
qwJlH! lpmpq(tG.mutGbpp ulplpGmqbmnttf l1bGmpnG. ntGbgn'l lflt2Ul
qwj}! );; 

U w 1', ,/ w h n < J' 2, IJ.umfr6.w'bwtfr~ ;•ur.J!fr qnt qtuUpmmf}JUdi tJp-

2WqWJI! h ~"11"' J' _:_R-frs J'/>'hth +R wt'hUf/>"fr J'/>2.w~wl.J'l!• "I'P 'hbr

ufr 9w~~w9w6 X I1LmmJ' ;wr'.J!l' 'l"''lwJ'frmnuf t h w1~ 1;1 P"'!lw/'J."'II, 

fru~ ~f' w'bfr9 '1'1Lf" qm~•/"'1 X ~·limbpn<J' 2'"/'.J!f! mwpw•lfrmmJ' t
(~~ • .'165 )t 

R fJ/>11! ''"l'l•nJ' I; w"mfr6.w'hwtfr~ 2"'/'.f!l' q m.qwutnntllPJl1!U ztu-
nwllll'l: · · .. 

llfrzw~"'IJll• 6wtrbrmJ (•"Juf.'b.J!h' bi'P x=R b brp x=-R) 
ur1Jwl zwp.j!p 'l"' qwJ'Jrmm fi'/w't, f/wJ' mwrwJ'f,mm {J ffwh J'wufr'i, J',Wf'fl{! 

l""'"IILIJ' t- JIILfWJ!WhlJm f /fnhf/(rbm 2Wf.j!/r t.wJ'wr WllW~J.,h: 

-· ~ 0 cz::::: : ' 
c wrt?r U'lWpwJpmmJ ~ c wr~~ IJ1WruurrU\m.U .~ 

tf[ .. 165 

t2b'b.j!, "I' nrn2 2U'f'.J!brfr 'fiiL'fwJfrrnmflJ"'h Jfrp_w~UJ[.j!/! tu,frnfu-

1mJ' /;' ~bmfr (R=O). "'II 2"'/'I!L!'fr l',wJ'UJr t l "'!'i, f!h'l'fr~mJ' t- d,J'

P"'lf Ox wtLwh!I.J!/! (R=co ) 1 

8ml!J mw'bc wumfrnwhmJ/>h 2"'!'J1fr 'l"''I"'J'frmmfJJmh 21UIIUI'/fr'lf! 

npn2b[nL h'fWhW~[!·I 

'tfr9m .J! 11< ~L'b.j! l',hurl,lw l 2"'/'.J!f!• 

(1) 

'tfrinwr~L'b.[! 'hpw Ulh'lwJ''hbrfr f1U'fl'ura,.,~ Jb<Jm fc!tm'h'b/, 1,/,9 ~wqJ'-

1w6 zwr.f!l!• 

(6) 

.Z.brp~~ ('1/'"'~"''j, ruh'lwJ''bhrn1) 2UI/'.[!f• 'l"''lwJfrmm{rltw'b •f~>£w
~..,J.fl! npn;blnL l',wJ'wp ~fl'wnh'b.j! '1-wlwJ'pbl'fr ~w[mw'b/r;[!' 
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fJ'h[ilm1rl•'l•.j! 'I"Jm{cl I"'~ n<hfr l',bml• !"'l uwt.J'w~l!• 

I. Un .;- 1 I' \8n+lxn+l/ - I' \an+l 1\ I L\ \ lffi ---;-Ifill ,= lffi --X= X I 

n--.oo Un n-+ao 3nX
11 

/ n-+:x:. 3n 

U.l" 'lb"f.J!""' l!"m '1-wlwJ'php/> "'"Jm•uhfr21• (H) 2'"1'.[!/! qn<'lmJ'frmmJ' 

t-, bf!b L\x!<L wlufh.j!~' b(clb lx l< +· h. '""'l'wJ'frmmJ' t, b[Jb 

1 
L\ xi> L "'l"/>'b.f!'l;~ b {Jb 1x I>L, 

. / I > 1 I' Un+l J > ( • 'lbUf.J!mJ: •uli bfrlb XI -, "'Ufw Im--=jxj ~ 1 h. 6) 2"'f'.f!f! mw-
L n--.ao Un 

rwJ'frmnuf t-. f!h'l npmJ' hpw [!~'ll',w'hnt[' Ulh'fwJ'e lfr a'lmm.l 'll'"tfr*l 

Fwts · UIJU h. m1J"'l (1) wum/>6.m'bwtfr'h Z"'r.J!/> l!'i,'lt,";;,,.r w'b.,.wJ'e ~" 
aqwnLJ' '(f"Jfr• />uf/ ULII 'f"''lw.f/lmlllf!Jwh W~rJ',pwJbzm J',UIJIIfWh/r?/r l',ft

J'wh 1JIW ~~zw~IUI~JHJ' /; 1 np "'J'/ wumfr6.mhwJ[•h zwr.J!f!, mwpwJ'ftmmJ' 
. 1 ' 

t- ( brp !xl > L} 
"uw/unr'l/'9 l',bml•m•f t, "/' ( __ l 1 -

1 
) J'frpiull"'l.f!l' (1) wumfr-

. L · L , 
6.whw J/>~• qn<'fruJ' frmm{rl JWh J•p l!w~.u J.j!h /;, UIJU/rh.j!h' 

iR=_.!_= lim~~~~ 
L n-.. .. art+! 

Qm'lwJfrmm{rJ ~UI~ J'frP.w/fWJ.j!(! nrn2b£'1L J',UIJ'Uif 'iJJ'wh ahn1 ~~W

rbtfr t o'lm'lbl t,,;/>/r "'"!"'wh/>2fr9· h "'1'1 'lbUf.J!'" ,r 

0 l' ~ ~ w ft 1, flpn2b1 l+x+x'1+x3+ • • • +xn+ • • ·. 2"'l'~l· •tn•'lwJft

.,n•f!Jw~ J{•fwft111JI'l~' 
/, n L .. n L ,(, O.~•Ff~w"lbu H•i•wnbl'"{ 'J.~I. "''fl'bf'[' f,"'J"'"'~'~21!.• urnw~nLJ b~e 

I xn + I l -
lim -- =IX\• 
n~.x- xn 

* :,~2b9~b~l', "l' 'J.u•JwJ[,b/'~ '"'J"'"'~f2~ "'"JWfinLObl~" (rnbu § I) rnbuw~e 1 

· Un+l 
"l' bfJb lim --> 1, "'"!"' ·2"'l'e[• f!~'l'w~n<p w~'l"'''~ wO.nLJ t £, f,brn£wl'"'l'• 

Un 
~/r J'frnnuf 'fl'"J~' 

317 



~hml .. upwp, 21M['~/!. 'l"'- 'l"''f~urnLJ I;, hpp jxj<:l I. mwpwof~m,Lof t, ltpp 

/X/"> J, -,.,~ (-1, I) J/rfw~wu!/• t}wJph['"LJ 'l-wtwJphp~ r.w,mw'bfr2~ ,,.1'bnLfJJwJp 

nLu,uf'l.wu~pnip J"L'b~ w~,r,~wr~~ 1; 1 Uw~w1'b w'ltof~fuu'lhu hpi.,LJ t, "l' brl' 

X=-1 I. "rl' x=l 2"'l'~l!. mwrwrfJrur .. LJ l;r 

or~~."'~ 2, nl'"t"' 

2x (2x) 2 (2 x)3 ----+--· 
I 2 3 

2'"1'1!/r 'f"L<I'uJ Jrm,LfJ l'u'b Jp fw~WJI!f!.• 

l." L ~" L J, '1/rrw•Lh'br 'J.w 1 wJphr~ t.w1mw'bhe• 

I (2x)n+ I I 
n-j-1 1 n l 

lim 2 \= llml-- l2xl='2xjr 
n~... ( x)n n ...... , n + l 

---- I . 

I n 

1 1 
t"'l'l!l!. 'l"''lwJJrmnuf t, hpb {2XI <: I, wJuJr~·~'b' hfJh /xl < -

2
-, hp[' X=2 2"'1'1!/!. 

1 . 
'l""l wJjrmnLJ t. "l'l' X= - -- 2"'1'~1!. mwrw·IJ•u,.,L,f b 

2 

. x2 xJ xn I 

X--j---21 + -31 -i- ... +-, T ... 
. . ll . 

~"'l'l'~ '["L'IwJfomnt.{J 1w'b .lf.fw~w/1!1!.• 

I," L ~ n L J, t,~l'"'"hi"o/ '1-wtwJphf'Jr r.w,mw~·~U'• ~uurw'bw~'l'• 

lim --=lim ---1= lim ---=0 < 1. I ttn+l I I xntln! 1 1 x 1 

n_,.., Un n->c xn(n-j-1)!1 n->~1 n-+ 1 ! 
~W~• Jr "[' ".w>ofw'be ~wfuofwt} 2t )(-~9 /1 ""'['(' t ofh~J.iJ 1 Ul <'fWI ~12w'bw~"LJ t 2"'/'/'f 

'f"L '/ "'J'"""uf t X-/r ['"["[' Ul('dh • 'bhrJr t.wJoupr 

Or~·,,w~ 4, 
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wuur/r6.w'i.wt""' zwt•.el! 'l"' 'lwJ'frmnuf tz Pu'l!J \xJ< r 'lb"i.[!'ILJ' (1) 
zwr.p" w'i.,wJ''i.bre pw9 wrawft .rLJm p1w.rp .ru tb<u (f J zwr.eft ~"'
.r ... "~u''"wufuw'i. w'i.'1wJ'<ubr,9' ~f,mf,upwp, {I} Z"'P.PI!. J'mrlnrmgt/n'l !; 

[--P, r1 ] t:.wmtJ.udmJI 
' ~ b m /,_ '" ';, .p 1 1 8nt.ptu~wft2JHLP fiunn~(uc}nuf, npfi unfpnq2wulbu 

Efi~m~ k <pnqmtfpmnt.pjmG tf\t2mqwJ~lt !ibpu~, wuwldiwllwjpft 2mp

l!P qnt.tfwpfi wfi~fiqfiwm :}>m !iqg pw k: 

0-~ 
-R " 0 p ,R . 

"f".[!J 1Uf'f t:.•urnt/LUJIIr rf zwrJ'f! J'LUJnrwg•/n'/ !;, ,ut, <uru.t w'i.

'f '~1J''iJbrf! x-, LU'i.f!';,'ll;wur q,,...,,,.'l,,..';,br L';,, :,bml.wpLUp, § 11-11 1-/r'i. 

pbnrbJ/r ~,J'w'i. 'lr'" run zwrJ!P 'f"LIIwp'i. LU'i.f!'u'lt:.wur q,,IL..,,,9,LU t• 
~burt. w ';, J! 2 1 bpb a, fJ pllmb<J(Hfw!i uw fhfwlifibp!i ~fiqwc} bfi 

wumpuwllwjpll 2wPl!P qnt.qwtfpmiHflJWG tfhwlpuJI.!P !ibpu(!, WUJUl 
2lllPJ!P qnt.tfwpp p!iwbqpmt~ fiwtl_muwp k 2wp~p wllqwtflibpp !lllutb
qpmtfibpp qnt.tfwppfi, .piU'i., np ,';,UJbqpJ'w'i. ur/rpu<tfrl[! 'fwrbl/r /; 

"iwrrr ·' ' 'tbl [ -p, p J ~wm'fwd, 'i.brue., "r'"b'l 2LUPJ!l! J'LUJnrwstfn'l !; 
('&~. 36i) ( urbu § 12,. 1-fr'i. ftlbnpbJc' JwJnpw,'J'l"'l zwr-Dir w'i.'lwJ' 

IU11_ ..,..,'l_LUJ ,..,urbqpb[tiL ~.,UI[ILUI/nrmf"JW.., J'wu,'b}t ,!{ z.s._)_)#;-t£?-

fJ' b n {' L J 1 1 bp b 

s( x)=a0+a1x+a2 x2 + a3 x3+a4x4+ · · · + anx" + · (1) 

mumpuwliwjpli 2wHfi mbp ( -R, R) qmqwupmnLpJwfi tfp2wqwJ~I!• 
WUJlU (1) 2WP~l' mliqmu wn. wliqwtf qp~bpb3gmtfpg ummgtl_wc} 

<p(X)=a1+2a2x t3a3 x2+ ~ • · nanx"- 1+ · (2) 

2mHG nt.filt !int.J!i ( -R, R) q_mqwtfpmnlpjwli 1.l'p~wqwJP-1!• ~fiq 
npntu 

<p(x)=s'(x), bpb lx i< R. 
WJUtlllJ!Il' <tnLqwupmnLpJWfi lfhtu~Wfi!P fibpuntlf (1) lUUutpUwlltujpfi 

· 2mp~lt qnt.Uwpp mc}wGgJmll! fim~wump k (1) 2wp~~ mfiqm1.f run. 
~-u1tf qp~bpblignt.tfpg ummgtl_lllc} 2WP1!l' qnt.tfwppll: 
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u. "l w 9 n L 9 n .. .rl u."l"'9"'-9b'b~, "l' (2) Z"'l'~l!. .fwrlnrws'I."'L t
w.!pntl?_UI"fbu '1"'-'f"'.fp,.nL{aJw'b J'pf_w~wJ.[!P 'bhpu'b f!'b~wt) 9w'b~w9wJ 

( -p1 p J f.u.m'l_wJm.fl 

'i.hrs'bh'b~ "'l'b"fpup ~ ltbm, "l' r<~<R ('b4 • .'J6S)1 11.1'1 ~bmuL.f 
( 1) 2"'{'.[!/! qnLqwJpmnL.f L t.bmk .. pwf'• lim an; "=O, IILUmp ~wrhLP t-

'bzbl UIJbutpufr M f.u.umwmrub Pl"l· nr 

lau;ni<M ( n= L 2, ... ) 1 

U.lu"fpuntf, ( 2) Z"'l'J!P w'b'lw.f'bbtl!. / X/~p 'lb"f.[!lll,r pwywrd.w~ 

JbJm{aJw.fp P".[!l' b'b 

M( 1+2q+3q2 + ... +nqn-I+ • .. } 
~ 

I I HI I 
0 . ;: 

1+ 3G8 

]I 

r:UIJ9 qb{'2p'b Z"'rl!f! Cf"Lqw.fpmm.J t-. nrnuf ltwrhtf> t- t.w.fn qw 

oJb1, ltfrrwn.b1nq 1-u,1w.fpbrp f.wtmw'bf> zc· 

nqn -1 
lit11 q<ll 
n-->..,(n-1 )q n-2 

~bm£wpwr, (2) zwr~c .rw<~nrms1"'l t- L --p, rl t.wmqwJnd, b.§ 12-fr _ 

2-r'l {JbnrbJfr f.pJ'w'b 'if"' 'brw qrr .. .fw('/! [ -p, pj f.wmqwdmJ mqlwl 

2_Wf'~P lf11L,/Wf'P wdmb!JJWlh t 1 UIJUfrb.fb' 

<p( x) = s'(x): 

~UJ'i.f> nr ( -R, R) .fr pm4•ut.[!P JnL(IWI'Wh}_JII•r 'bhret·"' ~bm 4w
rbfp t- tfmy'i.b[ "f'L_I; [ - p, p] f.UJm'/u•dp 'iJbf'"f!.• Ul"fW WJumh'fp9 t.b

mkm.f 1; , nr ( 2) zwr.fl!. qnLq•uJ'pmntJ' t ( - R, R) Jftlw~WJ.[!P yw'b- . 

~wywd 'bLr.ef>'i. ltbmmJ': 

U."lw 9m 9 b'b,e, "r ( -R, Rl Jf> 2wt1ruuf>t! 'l"'t'" ( 2) zwr~c mw-
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rw.fpmmJ tr bi.fiJw'lt'b'bf!, "t' (2) Z"'l'l?l! 'l"''lwJ'f.mmJ 1;, hrp x 1 > R~ 
• u.,b Wh'J w,/ WTI. WhiJ w.f pbmhq(•b[nq (0, X2) Jfttw~w J.f?lll J', n rmbq 

. R<x 2<x1 , .fb'b~ ~umw'bw1p'h11 , nr (1) zwr.pf!. 'l"''l"'Jpm,,f t- x2 

IJbmm.f, pull 11W f.w~wumJ t" [tlbnrh.fp "fWJJw'b'bbrJ>'bt IJ.!u"lpunoJ1 

( -R, R) "t•2wt1•"JI?l!. (2 ) zwr~P qmqw•lpmn•ftltw'b Jp2 w4wJ.e'il tr 
il'hnrLJe Lrfrt/ "'"i'".'J'IL9'/"'d /;1 -

(2) 2. "'('.[!/! ~UI(lbfp t- hnrp9 "'b'fWif WIL Wb'JIUij · 'JfrfP!.rb'bybl b_ 

WJ11"fbu 2_UI('1Uhlllff fJ1Ub/f"-'9Wd w'iJqmJt U.!u"fftunq, ULnwbmJ' b'iJ.[! t.b

UI£J1Uf b'lr"'ltw,'!m{tl !"''hi!. 

P.bnrb.f 2, bpb wum{liiwliwJ~Ii zwp~e £pnqunf~mnuf k 
( - R, R) uP2_m~WJ~Illl.l', WlllW liptu 'liiLUwp~ u~ !)>ndiqgpw k, npe 
qm. qmu~mnLpjwG ujt2m ltmJl!~ GbpuG •nG!1 gwGqwg~ui) lpupq~ m~wGg

JWtGbp, npnGg~g JllLtJlll)!LUGiJilLpG WJU zwp~~ qntliwpli 1;, npe 
__ UUl wgtl fl'l_ tf J; mlj J w l ( Ul p FE lhu tfw llltumutu]-um G lU (i qtu u udi q wu wn. 

mliqlllu' qlti>bpbGgbtn'- wpqJntG}!nLu. ~;Gq npmtf q~!j>bpbGgu'wG lib~ 

mhmGJ!ntl umwgtlw.\ _tllLptu}!w(iiJill p z utp~~ qnt <puu[lmnl..pJtllU u[l~w

!JwJI!e Gn'-JG (- R, H) ul12wltmJ~G k: 

§ t 5. Cwp,vlip {!Urn (x-a) -~ wum~~w\J\Jiip~ 

U.um]dimGmJrG ( tup~ t- 11"1'/m.f i.wl• 

ao-+ a1(x-a) +aix-a)~+ · · · +an(x-a)n+ · (1) 

..,bu.JJfr f/>m'b~yfw'b'"l Z"'fl?f!, nrmb'l a0 , a1, . .. , an·/! 'bmt'b"lbu ltntqmJ 

h'b 2wrl!r qnpbw~~glihp: 
UIU £1ULn x--a b(I~Wb'fWJifr wump6.w'b'bbrp 'lwuwqnrqwJ wuwp~ 

f.UJbW !Ph zw f'.[!'b t I 

a=Q 'lb"l.[!m.f umw'b,, J b'b$ l!um X·p wump6.w'b'bbrp 'lwuwqnrw 

qwJ WULnp6.wbw!frb 2W('.[!f! 1 n('f!.J f.bw/._wpw('l ( 1) 2_ Wf'J'P Jwubwqnr 

'Jh "f.[!b t I 

(1) 2_ Wf'~P l('IL'fUI.rpmnt{t/Jw'b Jp?_w~WJ.[!{! nrnzblm f.wJwr 'ilrww 
'bmJ ~wmw1,b~.[! 

.x-a=X 

pnpnfu-~w'bp •pnf,wrp'bmJt ll.Ju pnfuwrp'bm .fp9 t.bmn ( 1) zwr.fl!. 

(2) 

UIIIU.[![!I WJup'b.e'b' umw9wb~ f!ULn X-p wumfr6.w'b'bbrp 'lwuwqnrqwt) 

wumpf.w'bw Jfr'b 2"'['[!1 

'tpym.[! -R<X<R JpP_w~wl$£!. (2) 2Wf.[!P 'fnL'f'u.fpmmfaJw'b 
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J'frp_w~wu/iJ I; {'b~. 369, w)• u.,umb'lfr9 t:.bm£mJ 1;, nr ( 1) zwr.pf! 

~l{mlfwJ'frmfr X·fr wi'b wrJb.p'bbrfr 'lb"'.J!ntJ, nrn'l~J! pwtJwrwpmJ b'b 

-R<x-a<R ~wJ a-R<x < a+R w'bt:.w'l_wu•urm{J1mttbl'fr"'• ~wtfr 

nr (2) zwr.el! UJWI'WJ'frmmJ I; \XI>R 'fb"'J!"'"· W"'.W (1) t_Wf'.f!{! 

mwrwJ'bm ~tfr'bfr, brp \x - a\>R, wJuf,'b.p'b' mUJrwJ'bm t11fr'bfr a-R< 
<x<a+R J'frp_w~wJ.f!fr9 'lmru ('b~. 369, p}• 

t,bmfuupwrl (1) zwr.f!fr l(nLCfUIJ'frmntfiltw'IJ J'J•ywffWJ.P-{! fu/•b/1 3 

~bmmJ ~h'bmrn'b m'bbsn'l (a-R, a+R) ,ffrrw''"'l.f!£!1 f.um X·fr UIUUifr· 

f.w'btbrfr 'f111UUII{nr'l_wt) zwr.pfr P"l"r t..wm~m ft!Jm'b'bb('/! ( -R, R) 'JilL• 

'lwJ'frmm fiiJw'b J'frp_wllw!.f-"LJ' 

trfr'l ..,_..,t:...,_w'b'/m .r b'b f!"UJ 
-!? 0 .f' 

{r.i~·--~· 

tl[. 370 

(X- a )-fr UIUUJfri.w'b'bbrf. 'f1UUU11_n r1wd wumfri.w'bwJfr"' z•ur.pfr f,wJ "'r' 

(a-R. a+R) lf."L'f"'JfrmmfiiJ"''b J'frpw~wJJ!""'' IJ.I""ibu1 orf•'bw// 1 (1} 
Z"'r.f!l! w'b'I..,J' um w'b'I"'J fr'bmb'lrblnL9 1\bmn, b[ilb fr~mb'lrJ'w'b uwi\

Jw'b'bbr~ e'b~wJ b'b (a-H, a+R) 'l"''lwJ'frmnaftiJ"'~ J'frp__w~w!.f!,. 'bbr

"l!• UUJUI91n_•J' I; UIJ'IJ"'.frufr 2_1Ur.f!1 nr/• 'JIIIJ'Wrf! f\UI'(WuUir I; an'{JIUl 

( l) zwr.efr CfnLJ'Uirfr f.wJ'UI..,_UIUJUIUfuUI'IJ ,.~UJb'frUiff.'iJI ( 1) 2_Wfj!'IJ UI'IJ• 

'I"'J "'" "'"''1"',/ ,.'i,mb'frbtfru (a-R, a+R) qm'lwJ'frmmfiJw'b J'frp_w· 

~'"ll!fr P"L"r x-.brfr t:.wJ'wr umws'(nLJ' I; WJ"'"~""" zwr'l!• "!'" 'tnL
Jwre l',w'I_WUUir I; urr'(wt) (1) zwrl!fr 'lnLJ'wrfr wdw'IJ9JW[,'IJI 

0 l' "~ Ul It• fj. ... ~~.l 

(x-2)+(x-2)J+ (x-2)Lf- · .. + tx -2)n+ .•. 

2"'/'l'fr 'l"L'fwJfr,nLp JW~ "'"['"LJPC• 

l,n L~ .. L''' f:'b'fuL'r.ht'"' x-2=X, l[umw'r.w~,l! 

X+X2 t-XLf- ... + Xn+ • 

2"'l'l'C• "l'C •tnupuJfrmtnJ I; -1 <:X < +I 'l/"'ll!"Lif 1 ~l.,.l.wpwp 1 "'"J"'l 2"'/'J!C 

'l'n'lwJJr,nLJ I; P"l"l' "'J~ x-br~ ?h"U!"'-J, "l'"~fl r,.,Jwr -l<::x-2<::1, "'J"/r'r..!!'r.' 

l<:x<:3 '""uuJ ('1.1[, 370)• 

IV 'llfufr § 6-nLJ' (I 1\wm.) snL/9 urrr.Jbs, nr X=a ~bmfr zrp__w~WJ• 
.fiiLJ' {wJufr'li.e"i/ x=a ~£111(! Uf_UirnL'iJJU~n'l J'fr nrnz J'frp_cu~WJ.f11LJ') 
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Jfr~t"- (n+1 )-brnr'll! tbr"''"I"'L P"L"r ~"'r'lfr llldUI~9l"'l~br nL~bgntl 
, f(x) :f>nL'b~sfrwtfr f\..,J..,r l>frzm I; P'hJL"I'fr P"'"'"'abf!• 

~I . 

f(x)=f(a) + x 
1 

a f'(a)+ 

+ (x-a)~ f'(a) + ... + (x-a)nf(nl(a)+Rn(x), 
1 • 2 n! 

(1) 

"rmbq "'1""1"" ~nt'i"'l Rn(x) J't"'9"r'1wl""' w'b'lwJ'e ""'2'/'i_nLJ' t euur 

R =(x-a)_n+I f(n+ll la+O(x-a)l 0<6< 1 
n (n+1 )! 

pw'b w df, ,., 
f;[Jb f(x} :f>nL'lll,sfrw'b x=a ~bmfr 2ri"'~"'I'.J!mJ' nL~, P"L"r ~wr'lfr 

,J..,'bsJ"'ltbr· w"iw fd'bunrfr pw'bwJ.I.mJ' n {Jfr•lf! ~wrhlfr t 1_brg~hl 
"rl!"'"' ~ ... J'b'bw'b.[! J'bJ: f.t'lnL~h~.[!l nr .[!"'"'"'r~"-"'l Zri"'~"'l.f"LJ Rn 
J'bwanr'l"'t""' w'IJ'fwJ'{! J.'lUIIJLJ' t 'fr"l" n -00 'fb"i.fnLJ'• 

lim Rn( .x)=O• 

u,u 'lhUfj!nLJ'J {l) pw'IJwJ.fmLJ' w'IJs'IJht""- uwr..J'w~fr'IJ n~ co 'fb"i.fnLJ', 

wp_ 'ln'lJ'm J' ~umw'bwr,,e 

f(x)-f(a)+ x-a f'(a)+ ... + (x-a)n f(" l(a)+ ... 
1 n! 

(2) 

ut'b,/bfP. Z"'r.Pl!• "rl! ~n}_'I_IILJ t ~bJLnp~ (WJl}!l t/,br7.fr~ r..wqwuutrm-

- fllm'be 6.frzm t J'frwl'b "'I"' 'lbUf.enLJ, brp Rn(x)-+0, brp n~ooz u.,u 
'lb"'..[!"'-J' ut7._ ~111[J'nuJ' 'Jr'/utd zwr.ef! lf."LlfiUJ'frmmJ' t U trw 'fnLJwrl! 

f:,ut'/wuwr t Ulr1_w(} f(X) :f>nL'IJ~sfr•utfr~t IJ.Uf_W9n19b~.j!, nr '/ 111 frrn.[! 

, "'l'l"ibu ~, 
f( X )=Po( x )+Rn(X), 

Pn(x)=f(a)+~f'(a) + ... + (x--a)n fln>(a)• 
1! n! 

~"'"'" "r• euan Uf"'l.t"''bfr, lim Rn(x)=O, "'"'"' 
n--> X> 

f(x)= lim Pn(x)• 
n-<• 

Pwl9 Pn(X)·e (2) 2"'rl!fr n·n Jwu'bw~fr 'l"LJ'wr~ t. ~rut uwr..J'ut~f! 
r..wqwuutr I; (2) f.w'{wuutrnLfllut'IJ WI_ J'wumJ' 'lm'~Jqn'l_ zwrJ!fr lfnLJ'W• 

rfr'IJt t,b mfuupwr, (2) f:,ut'/UIUWrntftiJnL~(! i.frzur C 

f(x)=f(a)+~i'(a)+ (x-a)
2 

f''(a) + ... +(x-a)n f(n )(a)+·"' 
1 - 2 nl 
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'Lu•funr?/I,'J f.hm/,mJ' t1 "f' fiJ· b Jl n ( ' /1 L W {' J' r 1111/ J Ulf 1(x) 
:p n L h f/ ,'J f ur h ~ b f' fj Ul J U1 9 h tr L J' t J'" Ul J h U1 J h 'f b u/ J' n L J' I 

hrp li mRn( X)=Ot /;ph limR 0 (x) =f=O. 2wl'.J!£! t/t h'-ldtw!w9 hnuf uiiiJ"'l 

lpm.h~sftwh, [rlbrl•u ~"'f''"l I; qm'lw•ff>mf> nL['f2 lf.m'i.~,'Jftwtft' 
b[rJIJ frl'knnrft 2W['.J!'"" (!h'l'"hh'i..e a=O, UlriJIU ,,umwhwh.p frJ·hJ

J"{'" 2W['.J!f' .JuJUhwtJnr 'lbllf.p[! r "f£! ~"l•[tnJ' t lfml((npbG(l zmpg. 

x x2 x" 
f(x)= f(O) + -f'(O) t -f"(O)+ ... +~fC"l (O) + ... 

1 2! n! 
(3) 

GfrJb nrftt /j>nLh/I!JfWJ/• t.wJ'mr ~bw~whnrf;U 'f:f"JwJ I; fd-bunrfr 

zwrl'l'• "'UfW .IJ"LJ'J UlWfnL .. . ,,r,,,., ,,, 'fr•tw.t Z"'f'.[!£! "i.t. ,.t,mtws'i.rnJ' I; 

UJt/J"' l lpw'i.~y/•..,'!J, ,,h,_p I; Ifu.'J' wllf"'9"'9J.I, ' nr J'i.ms"r'fwlfth w'i.

'fwJ'l' ~'turmJ' t 'll'"JP• l1w'J' tl "r'• /; wtl brzw'!Jwt1n'/ f,.,J'n'ltJh 1, "{' 

llfrtJw<t ; w{'.[!.[' '{"' 'fwJ'fturm J' t mtJ/wl f/> nt 'i.II!Jf• w .rf''i.t 

"i2h'i..[!, ,,.· I 'f:LI"fr § 8-nLJ' (I t.wur.) u,uC.J'UJ'i.tjwJ Jm/'w.J!'"htJ"'(' 

UJW{'f'"f/wh /f>mh~fi,.Uitft f.wJ'wr 'f:"JnL{rJJnLh nLhfr WJhllff7Uft a U UIJh

"ff>uf> f{, "{' (a-R. a+R) J'ftlw~WJ.J!"' J' WJh tJbrw.Jtfnuf I; fd-hunt•i' 

zwri!i' ~~~~.r (bfrib a=O) If "'~L"rb'i.p 2wr•p/r: 

1. f{x)=sinx lpnL'i.~sf>wtft tfhrUJJ,7LJ'£! lfwhnrb'i.fr 

2 UJ I' I' , I 

IV 'lLI"/t (I r:.ww.) § 7-mJ' uurw9 bl b'i.J! 

xJ x5 x 2n- 1 
sinx=x-- +-+ .. ·+(-1)'' +1 +R2n(x) 

3! 5! (2n --- i)l 

pw'bwab£!: .Pw'i.fr "f' !JIILJ9 t Lnrtfbl, "I' lim R2n (x)=O, wllf•n 'i.w/unr•'l 
n-»a;~ 

UJLU('UI'f:f'"'lpnLJ' wutjw.Jfr t.ftJ'w'i. •lrw uww'i.nuf b'i..e sin X lpnLh~9ftwlfr 

'/brw.JmJ'c lf wltl"rb'i.p ?"'ri!P 
XJ XJ x2n-1 

si n x=x- - +-+ ... +( -- 1)nt 1 +... (1) 
3! S! (2n-1)! 

.Pw'i.f> "f' s·u'i.~w.'Jw.J X·/t 'lbllfj!"L" .rhwsnr'lwtf>'i. w'i.'lwJ'e ~1!'1:
Lnnt J' t 'll'"tl•· WilfUl mrtJw.J £_W['J!I! 'I"' qwJ'ftUJm J' I; I. sw'i.~wgw.t X·fr 

'lbllf.J!"L" ftprb qnLJ'wr nLh/t sin X :p,t~9ftw'i.: 

tt, .. 171-mJ' 9"'J9 h'i. ~~~r•Jw<t sin X lpm'i.LI9Pw!ft I. (1) Z"'l'.J!f> 

wnwtft'i. hr•b.[! J'wu'iiw~f> qnLJ'wr'i.hrft 'l:rwf/>p~'i..b['£!.1 . 

IJ.J" 2"'{'.[!P9 oqwqmJ' b'i. X·/> Lnwrpb1, Ulf'cfb.[!'i.brfr 'fbllf.J!"LJ 

Sin X·fr wrcfb.[!'i.brf! f.wztJblnL /)wJ'w[" · 
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1.wz•L"h.e, orfthwt1, sinlO·).L' J'fhtt. 10 - 5 6.zUI"'f't""';" "
1
w'i.f> nr 

~~~~·' nw1 pwh'hh 1,,t ~~o. 174533, w·•1•u 
18 

Uwf.Jw'i.w•f.w~tfhl'll/ """" 2/•h br~"' w'IJ'fw'f'i.!;l'n'l, ft ., ,,.'Jw,.,'i! f,f.,blwl 

,/ nLnW"n I' r:. w tjw u Ul r"' frl JilL h ['. 

l!h'f n /'nLJ' ~·uu;wr•nJ' b'i.p 0 
.pn.J!t' t 'lh'i. hhurtfw.J ""'"'lft'i. 

ufuwlf!• "{'£! pwymr~•u/1 

w'tufwJ'f>H• "'J"f'~• f.'j,' 

::;:~~0 \ ,, ·. '• \ 
/ . ,,/ I \ 

I ,' \ 
i ,' \ 

,' ' 
9 
I 
I 
I 

, , ; 
, , 
,' ' , 

o ,~ _!_ (~)" < - 1
-(0, 2)"<4 · IO- 6

: 

' 5! 18 uo 

f 

b[Jb si n JL •/> .. wJ'wr W('JJrWf,WJI.Irnlfr/Jwh Jby_ JIILf'W.j!UihlJIII(I LJnL-
18 

Jwl'blf> f.u,2'/b'i..[! •/b.'J 'i.·2wb'i.brn'/, WllfW ~uurw'i.w'i..[!• 

sin(:rr/ 18 )=0, 173647: 
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U.nwpfr~ t_nru ~2w~Jr flwJ'wr ~w/'blfr t brw;Jnw"-nrbl' 

~. f(x)=e tf> .. ,_~,,gfrwlf. ¥hrwdn•J'f! llw~L"rb'LJ. 
zwrJ'/rl 

IV 'ltfu/r (I tlUJur.) § ?~J• r.f.J'w~ "-rw ,,_u~,e 

x2 x3 n 
e-t + + + + x - .X--+ ... -+ .. , 

2! 3! n! (2) 

(3) 

3, f(x)=cosx tf.n,_~~gpw 1 p "-'rwdn,_J'l! llw~l"rb~fr 
2_wf'J'P' 

IV 'ltfuf. (! flwur} § 7-fr t:.pJ'w~ "-rw ,,_~b'i.J' 

4. 

x~ x 4 x6 

COSX=l ---+- --+ .. • 
2! 4! 6! 

e--e-x 
f(x)=sh X= · -2 I 

e'+e-x 
f(x)=ch x----

2 

(4) 

/f>n,_~~gpw~brJ. "-bru•dn,_J'p llw~l"rb~J. 2 wr.pf11 

IJ.1u /f> ,,_~l;gpw~bpp "-b f'l"' dllt{JI"'-'Lf! flb2ur uurwg".j ,,_J' t (2} /,_ ( 3} 

zwp.pbf'{! r.w~bftrL /, 'fi1LJ'wrbl"'- trL bp~nLup "-rw pwJw~bJnL ~W~w
"/.w('r.tr"l. lJ.!u"ibu, 

xJ xs x7 
sh x=x+- +-- +-+ .. 

3! 5! 7! ' 

xz x4 x6 
ch x=-:1+-- +- + -+···' 

2! 4! 6! 
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(5) 

(6) 

k?O--{'- vlfr~~· 

1/p~J.I'- w1cfJ' .p~twr~bl b'i.J' J'f.wl~ J.rw~w~ -~'lwJ'~br""- 2wr· 

J?hr, 't"r.t z.m~b'l.wtn¥ 11,J'"ilbJ'u "'~'lwJ'~br""- 2wrJ>brfr llbm: !lpbpb

. 1."1 ~"J'"ilbJ'u wfl'lwJ'~brn"- 2-rl!brJ. lf'P" urbuu'-fill"'-~l!• "f'l! 'l"'ru 

t 'fW[/rU Utrt/'JJ 'fWUW'f('J'/r 2f'P&U'!Jw~~brfr91 J'~'!Jwr~b'iJ,e W/'1 p"uw'fW"W-

11.,.9 J'frwJ~ "" ~wrh."r 0 ['/r"u-~· 
VII 'fl""''J' {I flwur,} 

ex+iY=e(cos y+i sin y) 

fliuqwuwrm{J!wJ'p uwr.J'w~"/;l tr eX+ 1Y /f>m~~gJ•w~t brp X=0 uurw

imJ' h~.p ~Jlbp~ pwliwaL~. 

e1Y=cos y+i sin y: 

G{ib ~b?d 9"'9/rtn'/ e1
Y 9"'91wlfr~ /f>nL~~!Ji'w~ uwUw~b'j,JJ 

§ 17•1• (2) pw'i1u1a/z.p O'fflm {Jjw.fp, "('{! UIW[~ U t e /f>mfl~gi'wJp f.hp• 

'twlw!Jm J'L' w~turp6.wfl.uJJ.fl ;wrl!fr 

J:ubrJ. r,,.,,,w .. wr"'-PJ"'-fll!' l•r".J!' 

UmJ' X·/r 1"'fuu•rbfl "-br.'l~bt""- iy 

urbu,e""' w"iw ~uurw~wfl,e "um 1'iJ 

nrn;bfl,e e1Y.l!, § 17-J, (2) pw~w· 
wrmw!Vulur"' (iJ /"''be. 

( 1) 

n,,_2w'lr"'fJJ"'-~ 'fwra~bl"'" "f' i~=-1, i 3~- i, i4= 1, i5=i, i6=-1 
£ w/l~• (1) p':'flwd.bf! ab•u<f,fub~,e 

. iy y2 iyJ y4 iy5 
elY=J+----- +-+-- .. 

1! 2! 3! 4! 5! 

Utbu,epz U.nw~a~wgflbtn"- WJU 2.W('J'P frrw~tU~ /, ~b?t) J'wub{'f!J hcur• 
'i.b~.p. 

eiY=(1-y2~! +4y~!- , .. )+i(·'j_ _C+~· .. )· 
1! 3! 5! 

. t/Jul~w,dbrmJ' wuurfrb.w~w,,.~ 2Uir.ebr b~. "rn'il ,q 'l"'"wrflbrl! flwqw

uwr b'iJ, fluiJ'W"fWUI&UU/u&Uf.wpW('I CQS y /, sin y (uobu ~W/z1nf'J "/W('W~ 

'lrwf/>f. (3) b (1) pwflwabbrc)• ~hurbwpwr, 

e1Y=cos y+i sin Y• 

U.lu"'P"""-' 'btrrJ.g bl1w~J' ~Jlbp~ l'wGw6.Lt~G: 

(2) 
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1. •f.i, rwcJb'il.[! II "''tL" rh'!Jft 2"'/'.[!f 

, f(x) =( 1 +x}m 

/f>m hltyftw'h J n.rurb 7 111·[' ~wJ' "'lw~wh t:.wuurwurmh p p q t; 
ll.!uurb'l J''iJUI,fJII r'l Ul ''' "' Wb'fwJ'ft lfhwf.wurmJ' [' "UI'IIIjwJ I; 11 rn l 

7-tl'iwrmftlttnbbb/'/' t:.Lm, nLuurft urqJwl {/>m'il~yftwtft qhl'l"'Jm{dJ1u'ill' 
"J'nurbbwh.[! J'p .ph_ wu ftLr"i' 

l,t,wmhlnq, "I' f(x)=( I+ x)m {/>nLh~yftwb pwqmrwrmJ' I; 

( 1+x)f'(x)=mf(x) (I) 

'IP:f>brh'iiypw[ t.w'f"'""'I'J'ru'lll' /, f(O) = 1 Uf"'J""' 'ilp'ii, "'Jurhhh.[! 

s(x)= I + a1x+a2x' + ... +a11 x11+ ... * (2) 
wuurfo6.wbwJflh 2"'{1J!['• "f'f s(x) 'jntJ'Uif'(! pwqmrwpnLJ' I; (1) t:.w<{w
UUJrJ'w'iJ[' h s(O)= 1 "i"'IJ'w<up_, 

lJ.{11 urb'l"''ll'blnq ( 1) t:.w•fmuw1,J'wb Jbl, "uurwbw'il.[!• 

( 1+x)(a1+2a2x+3a3x~t ... +nanxn - 1+ ·· )= 
=m( I +a1x+a2x2+ .. . +anxn + ... ): 

~w•Jwuwt•by'bbl"'/ t,.,,qwuwl'"'fclJwh urwrpbl' J'wul.pnul qur'uqn'l X·ft 

J'pb'ilml'il wuurf,6.w'ii'i~Lt'f IJ."t'dw"f-y'i~Lrl'• 'Ju•hn<J' h'ii.[!. 

al=m, al+2a2=mal, ... , nan+(n+1)an+l. man, 
u.,uurb tL/I9 2"'/'.[!f 'f" ['J UJ~"yhhrfo t.wJ' Wf1 liUJUJhiiLJ' hb.[! f;burf. JW [ Ulf'~ 
urw t.wJurnL{tl JnL'iJthrl'· 

a --1 , a1(m-1) m(m-1) o- I al=m, 8 0 = =--'---
• 2 2 

33
= 82(m-2) =m(m-1)(m-2) 

3 2·3 

m(m--1 ) ... [ m-n + 1] 

1 · 2 .. n . . . . . . . . . . . . 
Urw'il.[! hr~"'"''l"'""'tft'il 'l"rJw~f.y'ilhr'il b<u, 

lJ.1u 'l"l'd"'""s'ilbrl' urlul"''l-l'hlnt/. (2) pw'ilwJ.bft ,fbl, "uurw'ilw'b.[!• 

s(x)=1 + mx+ m(m -1) x2+ ... 
1 . 2 

.. . +rn(m-1) ... jrn-(n-l)Jxn+.. (3 ) 
. 1 • 2 ... n 

* U.'l"'"' "''b'l""'l!. l!'b'l"L'r.bofo'lle iw1"'""'l' Jb~fo' r.w,fwJ...,I'b s(O)=l uhl''h"'• 

l[w'h "l"'JJm"t/! 1 
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Ofdl. lll•[' wJ'f'"'IF 'f['W~w'il fdftq t. UIUfUI u~uwJ xm +I UfU1/'"'"'"''t"'l 

w'il'l-wJ'ft9• P"l"l' qnrcJw~fty'iihrl' t:.wqwuwr b'ii 'll'"!fJ f, 2"'/'.f.!l' qbrw6~ 
qmJ' I; P"''lJ'w'iuz-wJ'f, IJnurnrwltu•t/•'il m·ft '1-h"f.f.!mJ' ~wJ' wJ'pn•u pwyw~ 

uwl1w<u m·/• '1-h"f.f.!"',r m'iih'ii.f.! w'i11_hrl Z"'l'.f!' flrnzl.'ii.f.! (.'J) zwr.f.!ft 

'l"' '1"' J' pur m (cJ JWh 2 wnu•qf'll'• 

m(m-1) ... (m-n+I) n 
Un + 1= X , 

n! 
Un 

m(rn-1 ) .. (m-n+2) xn-l, 
(n-1)! 

tm ·-=tm x= 1·. lun+II 1. l m(m --1) .. . (m-n+t)(n-1)! I 
n·-><>'J Un I 11-+a>l m(m~ 1) ... (m --n+2)n! 

1 m-n+1 1 =liml · lxl=lxl' 
n ... "' n l 

O.Ju"fpunq, (3) 2."'1'-1'1!. 'l"' 'lmJ'f•u•mJ' I; jxl< 1 '1-h"f.[!"' ,r, 

(-1, 1) J'ftrwflu'J.[!"'J (3) zwr.pl' 'iihrltwtws'iimJ' I; s(x) {/>mh"~ 
· sJ.w'il, "['[' p•uqwrwrmJ' /; (1) '1/•:f>hrf.'ilypw[ t:.w1wuwi'J'wh[' f. S(0)=1 

"/"'!""'"'""'' 'llw'iift "I' ( 1) ,1p:ph1,h<uyftwl t:.wqwuwrJ'w'IJl' h s(0)=1 "f"'J"w~ 

"'""' pwqUI['UifiiiLJ' I; J'!1U1/f {/>mb"ypwbJ WUJW (3) 2Wf'J'f 'JnLJ'Wf'[' 
'ilmJhwpwr t:.w'fwuwr I; ( J+x)m {/>mh~yftwJph, h uurwhn11f Lb.[! t.b~ 

urbJ"'l •Jb/'l~ILdnt{cJJII<h['· 

( 1. )m_1+ + m(m-1) 2+m(m-l)(m-2) 3 + t X - ITIX X X ... 
1·2 1·2·3 

(3') 

1 1 + . 3 --=-X X-X t ... 
1+x 

(4) 

(5) 

(6) 

2. b,r ,, UJ b '1 w ,r" "b l n l J n l p J n L b l' ""I' <U n b b.[! n L r" l 

:p n L b ,,9" UJ b b I'" "b r l n ,L.) n L fil J w b b" UJ ur ,f UJ ,r p: oJ,bl'lnL~ 
db'ii.[! U'w~L"rl.'ilft t."'l'.f.!l• 

f{x)=arcsinx 
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:p .... ~~s/twiu (6) r.w"&uuwrmfJ JW~ Jbp_ X·fr .,.nfuwrh~ urb'lw'lrbl'·" 
-x2 wrurwr.w,urnt{J , ... ~{!1 ~umw~w~.p. 

1 1 1·3 1·3·5 
.r -1+- x~ + -- x4 +--x6+ ... 
y1-x2 2 2·4 2·4·6 

+
1.3.5 ... (2n-1) ~n+ 

• • • X • • • 
2 · 4 • 6 ... 2n 

U.uurfrD.w~w,/r~ zwr.phrfr ,.~mb'lrJ'w~ J'wuf'~ phnrbJ'fr 1\frJ'w~ 
tfrw !xl< 1 'lbUf.pm J' uurw~tnJ' b~.p. 

X dt 

J V 1-P 
. 1 x3 1 • 3 x5 1 • 3 · 5 x 7 

arcstnx=x+--+-- + - + ..• 
23 2·45 2·4·67 

0 

I 1 · 3 · 5 ... (2n-1) x2n+t + • 
2 · 4 · 6 ... 2n 2n+ 1 

u.,u zwr.el! 'l"''lwJ'frurmJ' t ( -1' 1) J'frt.wlfwlen&.J'I 'lwrhlfr tp 

LU"fwsmsbL, nr 2Wf.J!f! 'l .... l'f&UJ'frurntJ' t k X=± 1 wrclb.p~hrfr f..wJ'wr h. 

nr IUJU wrcfb.p~bf'f' f..wJ'wr tl zwr.pfr 'fiiLJ'LUf(! ~nLJ~"fbU f..ui"WUWf t 
arc sin x1 

11.1'1 'lb "'.f!n<J', t!~'lna.~b l"t/. X= 1, ~uurw~w~.p lt• f' f..wz1J' w~ r.w
J'wp f,hurl./wl pw~wat.t!• 

. n 1· 1 I · 3 1 1 · 3 · 5 1 
arcstnl=-=1 +- ·-+-- ·- + ·- + · 

2 2 3 2·4 5 2·4·6 7 

§ 20. In (1 +x) :(»nt\J4g~WJ~ af.J:aptntbntpJnLb[! wum~~w\JWJ~b 2WP.i!~: 
Lnqwp~.pu\Jtp~ hw2l{ntai[! 

f>~urbqrbL"1 § 19-fr (4) f..w1wuwrm{JJ"'~f! 0-fr!J J'~fltt. X (bl'P 
jxl<lJ uwr.J'w~~brmJ', ~uurw~w~.p •. 

ll: dt X J 1+t =J{l-t+t2
'-P+ · · • )dt 

0 0 

x2 xJ x4 xn 
In(1+x)=x--·· +---+ ••. +(-l)n+t-+ ... 

2 3 4 n 
(1) 
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r.f.brr/r~ pw~wd.bmJ' X·e -X-"1 .,.nfuutl'fr~btfw uurw!J1mJ t 

x2 x3 x4 

ln(1-x)=-x- 2 - 3 - 4 - ... (2) 

2.111['.[!{!• "N! 'l"''fwJ'frurmJ' f (-1, 1) J'fryw~wJ.pntJ't 

( 1) [, (2) zwr.pbrfr O'J~ntfJJwJ'p ~IU('blf> ~ l,wz1bl 'ffnJfr ft br

~m u/r Jf>y_b "'wr.,.w~1w<1 ft11brfr L"'lwrfrftlJ'IJh{'(!l U.uwhs W"fW911L9hlnt 

~zb~,c. "f' x=1 'lb"'Jl""f (1) · '/bnm.JmfiJ"'~f! ~"'l~"'bu -6frzur t: 
.Pw~fr nr br~nL qmqwJ'bur L1Uf.f!bf W~'lwJ' Wll Ul~'fwJ' r.wtblf>u 

UUJu19tfntJ t 'fnl'fwJ'frur1n'l zwr.p (urbu § 1, fJbnrbJ' fJ), W"fW (1) 

fuut[wuwrmfiJJm~fr9 w'l.'lu'J' wn w~'lwJ' r..w~bl"1 (2) r.w1wuwrmft1Jm
~[!1 qur~mJ' h~.p. 

In(1+x)-ln(1-x)=In-- =2 x+- +-+ ... : 1+x [ xJ x5 ] 
1-x . 3 5 

1+x n+1 1 
. a,~,.r.burt., l!~'lm~b~,c - . -. ~ ~--· WJU 'lb"'.f!"'J' X= _--: 

1 - x n 2n+1 
,• 8wfl~wsw,} n>O 'lb"'.J""J' n.~b~.p O<x<1. nLIIUI,. 

In 1+x =lnn+1 = 2[__!_ + 1 + I + .. ·]· 
1-x n .2n+ 1 3(2n+ 1)3 5(2n+I p 

nrurh'lfr9 

ln(n+I)-In n=2f _I_ + 1 + 1 +· .. ]: (3) 
2 n t- I 3(2n+1P 5(2n + l)5 

n= 1 '1/iUf.pntJ WJumb'l/'9 uurw~ntJ' b~.[!• 

. 1 1 1 ., 
ln2=2l- +- +-+· .. 1 

I · 3 3 · 3J 5 . 35 _ 

Jn2-l' tnr•Jwt} 0 -6.zmm!JJwJ'p f..wz1blnL f.wJ'wr Ufbm.p l; 1\wz-J.b l 

Sp J'wu~w~f> 'lmJ'wN!• {!~mrbLn-J. ~rw "'~'lwJ~bf'fr p ftlfriJ.'il w{IIUfhu, 

nr 'lb~ ~hmt[w.J w'il'lwJ'~hr/• qmJ'wrt! (wJuf>~.p~' S•[! Sp·nt{ 1f'nfuw

f~~blfru {Jmu urr1w<1 Rp ufuwLr) "'",JJf Lfr~/r I""'JLW"'f""'l 0 uJuw
wfl.p,B1 '1-rw l,wJ'wr 'l~wl\w,.b~.p Rp ufuwlf! 

·[ 1 . 1 1 ] 
Rp=2 -(2p+1)32H 1 + (2p + 3)32P+ 3 + (2pt5)32P+S +· .. I 

oflw~fr nr 2p+3, 2p+5, "' fJ'Ibf{! J'J,} h~ 2p+1-frs, W"fWI 'ffW~~ 
.,.nJuwr/tUtn-J. 2p+ 1-nt{1 ~Jhdwsi.b~.p J"'rw-6w'ilnmr ~nurnrw~l 
fluunfr . 

[ 
1 . 1 1 l 

Rp<2 (2p + 1 )32p+l + (2p+l )32pt3 + (2p+ 1 )32pts+" •-
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2 3 2p +l 

Rp<2· P+. 1 1 - I (2p+J )J2P- 14 
1-9 

(4) 

ll.trfJ' hfrlb "'qmJ' M.,J! t.wz1.bl In.~-[' 1 of'lt'i.Jw~, J'fi.J1 J... 0,000000001 

-6.zum•f'J"'J'p, ""'i"' UfbtnJ! 1; p-~ f!~tnrh1 "'l~"'bu , nr"'huqfr . Rr< 
<0,00000000 11 ?-(IIU~ ~W[tbLft t r.wu'ubl, bfrlh p•~ f!'utnr1.r IUJ~"fbu, 
nr IU~t;IU"WUIU['IIL{JJIII~ Ulj! J'wue 1/>nj!(' [pflp 1 .[!"'"' 0,000000001-f!l 

IJ.~J'frpw~UJ~ l'.,tn(rnLfrltu.Jp qtn'ilnul b~J!• nr P"'1."'~"'~' I; 1.hrofiht p=81 
lJ.Ju"/bu, mrbJ'u, Jp'ut_l, 0,000000001 6zu.wf'Ju.Jp nL~L',.[!• 

r
l 1 1 1 1 1 

ln2~ss-2 . ~ + 3 . 3a + 5 . 35 + 7 . 3, + W9 + 11 . 311 + 

+ t:3 .131J + 15 ·1315 ]=0,693147180, 

u.,u"ffrunt{, ln2=0,69314 71801 Ch'f n f nuf Ul JU f~{! ~ zw~~Uf'f! b2_'f['fllr 
bfJ, 

in 3=1 n 2+ 2 r: _!_ + - 1
- + - 1

- + .. ' J = L098612288 " WJL~; 
. 5 3 . 53 5 . 55 ' 

U.lu"'frunq1 lt"'f'"'l L'i,.[! umwflwl 8"'~'~w9u.J wJpnn [iJ 1Jbrfr p ~"' ~ w ~ 
l n lf"' rfrf" J~b ['{! ; 

filo"bf'fo UlUIII~rl("f'U~IU~ Lnlf"'('f{c/J'ubrf! UUJUI~UI£111 r.w.rUJ[' 
uihtn.[! 1;- or1tntJI'l (mbu I '>wtn, II 'l:Lfur § 8) 

lgN=MinN 

UJIL~J..nLf!Jm'uf.o, nr"'"'l M=0A3429 .t, u.,u 'fbUf.[!niJ', orf.fltu~, ~umu.
~"'~.[! 

lg 2=0A34294 · 0,693147=0,30103, 
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X " XI 'il"''"~brmJ' (l r.wm.) 9"'19 t urrtJb,, nr 'F'J'ILfiJJnL~ 
m'ub~ nf'"2J"'l p'umbtJf'wl~'bf', nrn~.[!l "['Ufbu tJI' I'P'l, uu.t;,fw'Lp f/>mfl~w 

of•u.~b['J tJ/;f'P."'''"f' mbu.[!ntJ }./,~ IU(IIIIW .. IUJU7tJIIUJ UTUif'f'"'f/tU'I.J lpmflfr 

ofrw~b[tnl[l tJ·w~ l•~m/i'f ['W[~h['f! f,(•pbJ''l, ""'{'J'"'f' 1;- lf~IILJ t;wz1.h£ 

· Z"'rJ!"rr 0'i~"' F' twJ' 111 

U.Jumbl[ .[!~~"'1''1"~.[! J'p .[!"'~" orf'~"'~~br· 
1, 11-fromJ! "1"''-"'~P.'i"'J t t;,..ztfbl 

Jt~mb'lt'"'/C!' U.1uu.b'l e-' 2
-nL ~i"fu~"''t"'~l! 111"'f'l'"'~w~ rp,'i,~ofrw tJ' 

ll.1u f•~u.blfl'"'ll! . t;wz•JhtnL t.wJ'u.r b~[rlwp~wb'll'wl"'JP~ lpnL~~9frw~ 
'l.brl"'ab~J! zwrJ!I•' e-r tJ.brtmamfciJw~ ,rh2 (,;,/;u § 17-fr (2) pwflw

ahe) x-l! '""'""'rr"'"t"'L -x~-"'1· 
~ x2 x4 xH x ~ n 

e-x =1--+- --+ ... + (-1)n-+. • . ' 
1! · 2! 3! nl 

lJ.1u t.u.1_wuwrmfl J"'~ hi'~"!;_ J'"'ubr~ fr'umb'll'bl"t/ 0-py J'p~J.I... a uwt.

J'u.'u~brmJ', 1/uu.w'uw~.[!· 

j". . ( x · x 3 x 5 x' ·. 
e- x-dx= - ---+-- ---+ · 

1 1! . 3 2! . 5 3! . 7 
u . 

.) I. • • -:=.. 

u 

a a3 a5 a7 

=---+--- ·-- - +. · .. 
1 1! . 3 2! . 5 3! . 7 

U.Ju '>u.tjwiiUJ(tnt{c/JW~ J'p pn9n1. 9"''l,~w9u.q a•p 'fb"f.[!nLJ' ~"'f'"'l b~J! 

i.ztnm fl J"'~ 9w~ll"'9"'tt u.umf f.u.~ntf t;,..ztJhl '"'JJwl p~tnb 'll'"'lf!' 
. 2, 11J,..t;,..'up1_nL J' ~ '>wzqbl t.burb l"'l p~mb'll'"'ll!• 

OJ • 

J'Sin X d 
-- X1 

X 
u 

~frlu.p~mb'll'"'l"'lf'~ f/>nL~IiBPw~ "bru.ttb~.[! 2."'/'J!P• 

x3 x5 x' 
sinx=x-- - +- --+ 

31 5J ·, 7! 
f.w1_u. u "'lrn' fl JilL~ p 9 /1 u tnu.'u w ~ .[!. 

si n x x2 x4 x6 

-~=l- 3! + '5,-7!~ ... ·' 
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[!'ii'J- "f'"' J' 'l"t'J'"'b /o'ilurh'lf'"'/f! '[llllf:WJ'J.urqmJ' t" X~/' P"l"f' wptlb.[!~ 
'ilbr/r '1-b Uf.[!nLJ' r f>'llurbqpb l'"[ w'b7 wJ' wn w'il'l-w .!, ~uurw'iJw'b.p. 

a 

J·sin x a3 a5 a7 

-dx=a--+----+ ... 
0 

X 3! • 3 5! • 5 "j! • 7 

l;wr.J!/r lf:IILJ'Wf'(! sw'iJ~wgwJ a~J. 'J-b"f;mJ' (,bzur f:.wz'{•/tn.f t sw'iJ~w~ 
swJ wuurJrb.w'iJft 6-zuriiLfilJW Jpr 

3, /.wzqbt t:.bu.I,Jwl ttft"iurH ft'ilurbqrwlf!. 

1t -~ 
(' 

I If} k2 .. '' d 
. I' - SIW<f <f 
0 

b'bpwf.'burbqrwlwJ/r'il /f>m'il~.9ftw'b ,,b,wJb'il.[! br~w'b'lwJwJft'il zwr-

1. C. C.£ 1 k2 • 2 ( b 9 l!t•• /!."'l"LU I"" m=-, X=- Sin <f ur u § 1 _, (5) pw'bwabe)· 
2 

V 1 k 2 • ~ 1 1 k2 . 2 1 1 . 1 1 3 - sm <p= -- sm <f- -- - k4 stn4 <f --- -k6sin8<p- •.. 
2 . 24 2.46 

U.1u zwr.J!f! qmqwJ'fturmJ' t tp·/t P"l"f' wrclb.[!'ilbrft 'lb"i.J!"'J' b filmll 
t urwlftu w'b7wJ' um •u'i,'l-wJ' ft'ilurhqpmJ'1 .J!"''iiJ. "I' w1'il Jwtlnpws'fn'l. 

t gw'il~wswJ J'ft2w~wunLJ'r flt~~urft 

'I' l' 

J V l-k2sin2t dt=<p - _!_ k~ fsin 2t dt-
o 2 'o 

1 1 " I 1 3 '~' 
-24 k4J sin4tdt-2 46 k 6Jsin6tdt-..• 

0 0 

fl2 J' wu/r ft'iJurbqrwl'iJb f' {! (,"'21'/nLJ' b'iJ lniUf'f'IU~W'iJ abn t/_t <f= 

Tt/2 

J sin211<fd'f' = 1 • 3 ... (2n-1) n: 

0 
2 • 4 ••. 2n 2 

{urbu I t.wur, XI 'li/uJt § 6) b, t.6urbwpwp, 

1< /2 f v~~d~=; [ t-(+ yk2
- (~:! y ~4 

_ (~·!·~y~
6 

- ... l 
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22. 'l-~:t»liplibg~wl hw!J.wuwpnufblip~ ~bmliqpntdJ! 2W(ll!li(lfl d~fngn!J. 

b[ilb '1-,.lf>brb'ilsftwl (,wqwuwrJ'w'b J.'ilurb'lr"'J'f! 1/t r,,;.'b'fnLJ' ~{!~ 
qw'lr•uurnLrwJfr• · ... "/.., '1-f•.lm.! b'il r.w'fw"wf'.!w'i. J•'ilurbqrJ'w'b J'nurw'{nr 
J'bfiln'l-'ilbrJ.'ilr 'tJ'wil J'bfiln'l-'ilbtftS J'b~f! r.w'fwuwr.!w'b tnLdnLJ'{! il'bJ

L"f'ft zwr.[!/r urbul!n'f 'ilbr~wlw9'ilbt'il t. "'1'1- zwr.J!ft '{bn.w'fnr fil'fnq 
m'iJ'J-wJ'iJbrft lf:RLJW('f! J'nurwtfnrw"fbu f\w'/_•uuwr fuJ.'ilft nrh'il'fn'J. J'wu-

flwt["(' l"'JJ'w'ilcr 
'1-frsiii.J! 1 orft'ilw~l UfW(,w'ilpt[m J' t 'lur'ilb l 

y"=F(x, y, y') (l) 

. uhp'ilw~w'b UfWJJ'u,'b'ilbpJ.'ilr 
C'ii'J-nL'ilb'b.[!, nr y=f(x) l"'J,LJ'f! lf"l"'fillnL'il m'iiJr b. WJ'il (,'iJwpwtfnr 

1: 'ilb['~"'l"'9'ilbt il'bunrft 2"'r.J!/r urbu.J!ntf (J'b'il.[! ~w'bq tb'il.[! wn'ilft w1fl 

f\wrsft tfrwl [ilb /r'ilt_ "fWJdw'iJ'iJbr/r '/b"f.J!IIIJ' '/UI urb'J.ft nL'iJft)• 

• ) f )+X-Xof'( )+(X-Xo)2f" ( )+ y=t(X = (X0 -- X0 X0 ... 
1 1 • 2 . 

(3) 

llbq "/bur.[! t qur'ilbt f(x0), f'(x0), f''(x0), ... , wlu/r'il.[!'il' Jwu'i.w

ifnr l"'JJ'w'i. wdw'ilsJwl'ilbpJ. •upclb.[!'ilbpf! X=Xo wpcfb.J!ft 'lb"il!"uft 

·f:w1s '1-"' ~wrbtJ. t IJwurwrbt (1) (,w4_wuwrJw'il b. (2 ) "iwl.!w'il'ilbrft 

Jft2"9""' 
"r".J!• (2) "iwJ.!w'b'ilbrfts (,burlLm.r t 

f(x 0)=Yo• f'(x(\)=y'0• 

(1) (,w1_wuwpmJ'ft9 uurw'ilnL.! b'il.[!• 

f"(x0)=(y")x=xo=F(xo' Yo• Y'o) 1 

(1) (,w'{wuwp.!w'iJ bp~nL .!wubp'iJ wdw'iJsbtntf f!Utn X-ft 

y"'=F'x (x. y, y')+F'y(x, y, y')y'+F'y·(x, Y• y')y" (4) 

b. LU2 .!wum.! urb'lw'lrbtntf x=Xo, ~qur'ul.'b.[! 

f"' (Xo )=(y" ')x=x0
1 

(4) (,wqwuwpntfi'JnL'il(! wdw'ilshln'f .!b~ w'bqw.! bu, hur'ilb'il.[! 

flY(xo)=(ylV)x:_xo 

b_ LU JL'iJI 



U.Jui~9J'u{IJhrf> 'fUJIU<J wrJ- bj!~brf! UJb'lw'JI'b~.J) ( 3) t.wt/_wu ,, rnL

filtw'il J'h p_ t X-/> WJ~ UlrJ-h,e~brf> r.wJ'w['' "1'"~9 'lhUf..J!IILJ' zwl'.J!f! lJ.IIL

'lwJ'fr~nmJ' !;, w!~ ~bp/Jw!u'9~""! !; J:.wt/_wuUipJ'w~ lm<JnLJ'[!t 

uhp'i.w~..,';, "f.WJJ..,'i.'i.bp[r 'i., 

~ n L,) U L J, /IL'i.b'i.l! 

y"=-yx2 

(Y)x=o=l, (y ')x ~O=O 

f(0)=y 0=1, f'(O)=y' 0=0• 

Sp-/..,,) r.w-/wuwpnLJ{rfJ 'lm'i.nLJ b'i.l! (y")x=O=f"(O)=O. WJ~•nLf.bmb., 

y' " =-y'x2- 2xy, (y"')x~ o=f' "(0)=0, 

ytV=-y"x2-4xy '-2y, (yiV)x= 0=-2. 

/,. 1 l!.'i.'l~w'i.pw"f.lru, r.w-/wuwl'Jw'i. lrp~lfL ,fwubpl!. wJw'i.gbtn-/ k w'i.'[w•f l!.um ~WJ{'

'i.[. sf. pw'i.wd.b.f,, 'l.,..,,LJ lt'i.i! (I r. "'"'. II I 'ltfu [. §22 ). 

y(k+ 2) =-y(kJx2-2kxy(k-I) -K(k-1)y(k -2J, 

f:'i.'lnL'i.btn-/ X=0, ~n._';,b'i.w ': • l!· 

ybK +2) = - k(k- 1)y6k-2) 

(n) (n-4) 
yo =-(n-3) (n- 2)yo • 

y~v=-1. 2 yb8>=·-5. 6Y~v=(-1)2(1. 2)(5 · 6), 

ya
12

) =-9. 10y6
8
>=<--1) 3(1. 2) (5. 6) (9. 10), 

• I I I I I I I I I I I I I I I I I .. • I I 

4k . 
yo = (-J)k( J. 2)(5. 6)(9. 10) ... [(4k-3)(4k-2)]. 

(5) 
Yo =0, 

(6) 
Yo =0, 

( 7) 
Yo =D. 

o I 1 1 I I I I I •• • • • • ' •• t 

(9) 
Yo =0, 

( 10) - (\ 
Yo =v, 

(II) 0 
Yo = • 

(4ktl) 0 
• • Yo = • 

... ' 

(4k + 2) 0 
Yo =' 

(4kt3) 0 
Yo = • 

... ' 
. , 
. ' 

1J.Ju"f.[•un1 1 '[('nJf.r ~/,'!, ~w1wuwp-/n• J Jf.wJ'b UIJ'j, wJw~'fJJWj'f,/,pf!, n{'n'i.9 

~IU(''f/!. 1npu/1 ('"''fJIU"f.W<~'"~'f, t• 
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1J.Jw'i.9Jw//! •f'nwJ wpJbl!'i.bt'l!. .,./r'l"''ll'/,1"1 lfw~l"l'b'l.[• 2Wf' l' /! .lb£ 1 umw'i.nu/: 

h'i.l! r.w1"'""'l''fw'i. l."u)n<Jl!. • 

x4 xB xu 
y=1-A! 1. 2+8!(1. 2) (5. 6)- 12!(1. 2) (5. 6) (9. 10)-t· ... 

x4k 
... -t-(-1)k--(l · 2) (5 · 6) ... [(4k- 3) (4k --2)] -L .. , 

(4k)! I 

'/owlwJpbp[. r.wJmw'i.h[. J[.£"9"1 ~wpbJ!• I; umn<'fbl , np WJU 2Wf'l!l!. 'f"L'IwJ{rmnuf; 

t x-[. P"L"l' W[•Jirl!~.bp[r '1/,"il'"L''· r.b.,.J. ... p ... ['. 'I"' ~ .... , ... uwp.t ... 'b ["LJn •. J't.. t• 

bfilh J:.w'fwuwrnLJ'f! 'l<Jw!f>~ !; 1 . WUf.w J'wu~wt/_np [nL<JJ'w~ 1_hp£nL-

6mfiJJIU~ 'f"p<Jwftf>y~hf{! wtf.hlfo J:.UipJ'UI[' !; "f'"~bl w~npnz 'l"l'<Ju,ftf>y

~hpf> J'hfiln'l"'i' '1-rw J:,UIJ'u.1, 

y=a0 + a 1x+a2x~+ · · · +a.~x "+ · 

2.wr.J!~ w~J'f>2.U1Uf.hu ll~nh'lU1'1f""j' b~~ :tJ '1ffPL 1,1.~yf• w£ J:.Uit/_wuwpJ'w"k. 

Jh2_ /,_ r.w'l.wuwphy~mJ' b~.J) J:.wtj_UiuwrJ'm~ UJWrflbp J'Uiubp,LJ' h'lwt) 

x-fr J'f>J.~"'I~ uiUUJ/>f.UI~~brf> 'l"r<Ju.ftf>B~"rc' 

Op {r 'i.w ~ 2, '/>.,'i.bt 

y"-2xy'+4y 

(y)x= O=O, 

uhp'i.,.,~..,';, "i"'JJw~.'i.bp[.'i. 1 

~ n L ,) n L ,{ 1 f.'b'fnL ';,b~lj! 

y=a 0+ a1x+a 2x2+a3xLf- • · · + a11x"+ · 

Ubp'i.w~w'i. "l"'JJ..,'t.'i.bt•f.r r.[rJw'i. -/rw 'l"''bnuf b'l.e 

y'=I + 2a 2x+ 3J3x2+ • · · +nanxn -1+ ... , 

y" =2a2+3 · 2a3x+ · · · +n(n-I)anxn-2+ •• 

'/>pwJ wpmwr.wJmnL[il J"L 'i.'bbpl!. mbqw 'll'hln1 mp-/wJ f.w-/ wuwprfw'b Jb£ 4 

f.w•[wuwplig~•btn1 X- /! J[.h'l.nLJ'b wum{r6.w'b'bbp[. 'fnpJw~{rg'blrpl!_, umw'bnLJ b'bf!• 

2a2=0, 

3. 2a3=2+4, 

np.nb'lf•o a2=0, 

npmh•tf.r9 a3= 1. 

2an- 2 
n(n-l)an =(n-2)2an- 2+4an-2. npmb'lf.9 an=-

n-1 
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J,hmluupwp 1 

1 
2·-

2 . 1 2 1 
a~=-4-=Tt• a7=-

6 
-=3i, a,=4!• ... , a2K+I 

2·---
(k-1)! 

2k 

f]mwow~ 2,.l'el!. 'l"L'lwJf!mn.,( t X·/! P"l"l' wpJite'blipf! 'llt"lt""J' 

k!' • · •I 

l,~wmh'be 1 np 'l"'"'~ ofwu'bw{nt• l"",)"' Jl!. ~wph 1/! t "'l'~"'r,"'l"'ltl mwppw~w'b 
!f.u'l.bf!w'blip~ ,f/!!"O"Y. X•t! 'l"'-l'" pltp lti"Y pw~w'l,)/!9 1 -l!w~w'tMrpf! 'b/;punLJ · 

~umw'bw'be ex2 fnL'l.~Of"'lf yltplnL~n•PJnL'l.l!.l ~ltml.wpwp, 

§ 23. ~liulit~ hwaJ.wuwpnufJ! 

Pbubtlt nwqwuwpm.J k ~nt_qmJ 

x2y"+xy'+(x 2-p2 )y=O (p=const) 

uobuJ!p 'lfrfbpb'bsf.wL (,UJI[wuwpn•J'e: 

( 1 ) 

IJ.1u (,wl[wuwpJw'b 1 ptt."'ibu "- fmfrnfuw~w'b 'lnpd-w~J.s'bbpnlj J'p 

.j!Ul"j,f ntpf2_ f.wqwuUJpnLJ'i.,J.pp [nL flnLJ(! "'Jb"'J! t npn'bb[ nz [Jb UJII"' 

urp~w'bwJp"ii 2"'PJ!P mbu.enq1 "'/l X-fr npht wump~w'bp J, wumJr~w .. 
~"'IP"j, 2"'PJ!P "'P"'"''Irl"'LP mbu.j!at[' 

(2) 

f gmgpl_p w'bnrnzmf'JUI'i., "'JUIUIC.wnnq ~~wrn'l h"j,J! f!t'lm'i.,J.[I np 

a0 'lnrd"'~PBI! qpn t,/;t 

(2) wpmwf.wJmnLf'JnL~'I! 'lrh'b.j! 

0<0 

y"= L (r+kHr+k-1)akxr+K-2
' 

k-0 
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IJ.1u "'P 1"wt.UJJ""" {rltn•'b'hltN! mb'l"''lrhi'J! { 1) f.w 1Jwuwi'Jw'b Jbp 

X2 E(r+k)(r+k-l)akxr+k-2 + 
k-0 

= = +x L (r+k)akx'+k - I+ (x2-p2
) L akx'+k=O: 

k-0 k= O 

x-J. r, r+L r+2, -.... r+k wumJ.6.w'b'llbr" 'lnrdw~J.sthre t.w. 

qwuwrb9'hbt"t/ 'll'nJp, umw'bmJ b'b.j! f.bmbl"'l f.wqwuwrn•J'bhpp f.w• 

. J'w~wr'il!· 

· [r(r-l)+r-p2 ja0=0 ~.,,r 

[(r+t)r+(r+t)-p2 ]a1=0 ~wJ 
[ (r+2)(r+I) + (r+2)- p2]a2+a0=0 ~wJ 

(r2- p2)ao=0, 

[(r+ 1)2
- p~]a1=0, 

[ (r-t-2) 2- p2 ]a~+a0=0. . . . . . . . . . ' . . . . . . . . . . . . . . . . . . . . . 

[ (r+ k )2- P2
] ak+aa-2=0 

f.w•JwuwpmfJ I'" 'be: U.t'b ~wph1, t 'IPhl "'l'"'ibu. 

[ (r+k-p )(r+k+ p) ]ak+ak-2-=0: 

/!um "''"'JJw'bJ. a0=f=O. t.bmbwpwr, 

r2-p2=Q, 
ftLUurp f 1 =p ~·u.f [ 2=-pt 

t,;.fu tnt d ,,.,rll J!'b'bwp~h'b.J! r1=p >O 'lb"f.J!nL ,r, 

(3) 

(3') 

(3) >,wqwuUJpnLJ'bbpp f.w.fwii"'P'IPB >,wpnr'I-P"'P npnzqmJ' hi. 

pnlnr a1 1 a2, ... 'lnrdw~J.s'~~bre · a0-'b J'bmJ t ~"'""'I"'~"'"'' Or""'"''~' 
~. , e'b'lnL'bb'b.J! a0=1• U.1u 'lb"''J!nLJ 

3k-2 ak=-·· _......;;__;;.._ 
k(2p+k) 

, .k·Jr"b liiUI[nt{ mwppbp wptlb.j!'bbp 1 hm'hli'bJJ• 

3 1=0, a3=0 h, e'b'fr.-'llr-"'ihu, a2m+r=0, 

1 
2 ° 4(2p+2)(2p+4) I 

0 

"I 

82v =( -1)•+1 1 
2 • 4 • 6 ... 2v(2p+2)(2p+4).,, (2p+2v)

1 

(4) 
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~nlnr 32·· 'f"l'c)wlt/>s'ilht'l! "f'"2t/n,/ h'i., .Qw'i.ft nr sw'illtwswo k-ft 
'l'"f.j!nLd (fJ) "wtJwuwrt!w'il t!bz ak-1> 'l"rdwlr/>91!' 

(rt+k)2-p2 

Lff'"Jf-9 UJW[•pbp ~Jph/>t 

U.Ju"lf'"ntf, y
1
-e (1) "wtJwuwptlw'i. dtuu'i.tuq"l' [nLdtttJ'i. l;t 

U. t 'ilntf.bmiL "wumwmb'ii,Q "'!';. ."iwttfw'i.'iibr/!., "1"'"'9 'lb"i.Q"',f IL 

r2= - p hpltl'"l''l wrt!wmf t.wJwr l;l "1'"2'Jmt! b'i. P"l"l' ak 'f"f'dw

lt/>s'ilbrer ?-w ,,,,.5,, , hflh sw'ilitwswd wt!r"'ll 'l"'l'i k-p 'lb"l.Q"~,f mb'lft 

m'ilb'b 

4Mht.wt/_wuw1,,[rJJ"t'il'ill•rr..' ~w/9 p=rl' t./,mL wpwp 1 

r2+k=fr1r 

(6) 

U.lu"iftunt/_ , (6) "fWJdw'i.'i. w1u 'lbUf.QmJ t.wJwpJb.Q I; t.bmbjwlft'ii. 

r1-r2=f= k, 

"'l'"'b'l k·'h wtfpn'l?. qml'i 'lrwltw'i. {rlpt/ b ~w19 

rl=p, r2=-p, 

r1-r2=2pt 

IJ.J '' "iftun'f. lifJh p-'i. J. w'fwuw(' }.f. tudpnq ~ {rlt//• 1 w"iw ltwrbLft 1;

LirbL Lr~l'"f''l tfwu'i.wt.Jnr tntdmtf£!, "l'l! umwstf.nttf 1;- (5) wpmwt:.wr 

..,,p1w'b Jbz p-'i. -p-nq pnfuwpft'ilbtftu. 

Y~=x-P 1- I -[ 
x2 x4 

. 2( -2p+2) 2. 4(-2p+2)(-2p+4) 

X G +• • •]I 
2.4.6( -2p + 2)( -2p+4)( -2p+G) 

(5') 

,340 

'· 

wrJh.e'ilhttft 'lh"f.[!""l, "('[! f.bpur I; 9"' /9 mwl '/·wlwJpbff ""'J"'"''i.fr-

2/.t "f.!w'i. tf.rull twb w~'i.t.wlm 1;:, nr y 1-e t. y~-f! 'ld"rb'i. "''i.~wfu b'i.*, 

Y1-f! ["' dntd(!\ pwqtflU"fWUJ~wd "" nrnz "UIUUJWLnmhnt/_, ~n~tf.ntd 
I; mn.ui2pG ubn.!1 p-pq. qwpqlt ~bubt!1 :}m--Gqg!1ru h h2_ruhwlltf.mt! I; J.P 
uftt!<f_ntntf.t y 2 l'ILOmd[! 'i. z w'itwftnuf b'ii J_p ufJ'tj_n1ntj: 

11/u"'.ftunt/_, brp p-'i. t.w'fwuwr }_/; wdJU"Jt. {<' tff, ( 1) ""''f~»uwr
. ' J~»'il l ' 'iJ'I/)w'illnp l"' dnuf'il m'ilft 

y=CIJ P+C2J -p 

hpp p= _l (5) zwr.fl!. 
2 

jl/ 2 rbublJIUh f/>nthfJs/>w • <j. (/wmbh,e 1 nr tfrw/fUIIjOh[IIIL,j' nt'bhh,Q "" 

2W('.[!• nrft 'JnldW('f! f.wtJWIIwr 1;- si n Xt ~bmb.wpwr 

V-
'1 J_.,. (x)= ....::_cos xr 

:rrx 

. • fhnL"h~o[•w"hbpfr '1Ju•;fr1• w"h~wfun<fJJ"L"hf!. uum<'l•/n• ,( t "'Juu1bu, 'lfrrn•ur-

. <tbtl1 r.bmf.J"'/ r.w{'wpb('nLfJJnL"hf!.• 

x2 x1 1- ----+ ---
.l!=x-2p :l(-2p+2) 2 · 4(-2p--j-2)(-2p+ 4) . - ' 

._0.1" r.wrwrbru•fJ;nL'tf!. >u•urnu•rnnL1, }t, J!"'1'fr np l.t'P X --->0 w 1t J"I:"'"LJ t w"h•Jbr

. J.•HflJw"h , ~1;,/,wl'u'l'• y 1 l.t y 2 :f.nL"hft.s[•wt£-l'l~ 'IJnpb"h w"hft.wfu bt, 

84'1 



(1) t:.,..'{wu~»rJ"''b l!'b'l \w~lll<f• Jr'burlr'lf'Wf(! p=~ '1/,UfJ>."'·J_ ~Lfr'bJr 
2 

y=C1J •12(x )+C2J _. ;2 ( x )' 

U.(i.m.t:.J..,h, 1"s"'.P p-'h wJpn'Jt. ftll"l t, "rl! *bzw'bwt1t.*bl! n-ntJ 
(n:>O)t (5) lmdm.J'b w1u 'JbUf.pmJ frJ'mum m'bJr b ( 1) l.mt/_UIIIW[•Jw"b 

wnwp_Jr'b Jwu'i.wtJnr l"' dmJ'b tt 
p LUJ9 ( 5') [mJnLJ'iJ frJw UW Jfr nL "'lb'bru 1 .pw"'l,. nr t.WJ'fr1UfWf•fr 

pw'lJwUfwLn~frt_'i.brJr9 Jhl/f! •JhrtnLtlmpJw'b Jhp ~7-wn'bw 'll'n' 

'1-ru·~w"b p=n 'lhUf.pn.J f.hubl,. Jn {/>m'b~9~w'i. nrn2t/_mJ t (5) 

1 
2."'f.J>.fr £ -- t.wuurw,.,,'iJ PUI'lJwu1wur~Jr:Jr "'f'Lnw'lrlwlnt/. (brp 

211n! 
n=0 pU1qJwUf_~»ur~qmJ I; 1-n•f). 

Jntx)=~~- 1- X~ + x4 
211nl _ · 2(2n+2) 2. 4('2n+2)(2n+4J 

(7) 

"wrhffr I; 9nlJf llrUI[• nr WJU 'Jb"fj,!'IIJ br~rnf' 'l Jwu'iJwqnp [IILw 

JmJe Ufhur.p t n(tn'i.ht 

. . -
Kn(X )=Jn( x)lnx+x-n 2; bkxk 

k~O 

ur b u J! m/.t 

ll.Ju wrurwf..wJ<nn•PJ"''i.l! urb'lw'l-ri.Lnt/. ( 1) t.wqwuwrJw'b ,/hpJ 

nrn2m,/ b'b.e bk qnrdw~Jrs'i.brl'' 

u.J, ~t.n'[ nrnz'{wJ qnrJw~Jrsi.hrn'l Kn(x) 1/>m"'lh,.w'h' pw'lJw

Uf"'"'~wd Jfr nrn2 t.wuurwurm'i.n.J, ~nJqmJ t bpf]_pnp'} ubn~ n- pq 
f]_wpq~ ~bubt~ ~nfiqg~w: 

Uw (1) f.wqwuwrJw"b br~rnr'f tnLtlmJ'i. t' nr'b wnwffr'i./t l,bur 

I,_w'lJmJ I; qJnrhi. w'i.~wJu uJruuohJt 
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f."'b'lf.wi.mr /t'i.urb'lrwll! ~nL'i.b'i.w t.hurblwl mbuJ!l!• 

y=ClJ n( X )+C2Kn{X )t 

limKn{x)=oot 
x->0 

(8) 

'I 

1_/i,.J,wpwr, b[Jb x=O 'lbUf.emJ m qmJ h'bl! 'lfrurwr~hl qbrp_ww 

4nr lnLJnLJilbr, wUfw (8) pw'bwAbm J Uflun.p I; qbr9 '1.b'i..p C2=01 

0 I' f ~,. ~· 'lorn~bl p=O 'llr"'l!"•" 
I y"+- y '-t Y=-"0 
X 

flb.,lrlf r.w•{wuwp.!w~ "'I~' ["LJ,.Lrlp, "PI! t•wrfmp"'l"'LJ I;, ltl'P x=0 

uht•~w~w~ "t"'l""'~~bpf~ 1 
~" L,)" L .!, (1) pw~wlb.[• r,f,l•u~• o/rtu 'lur~nul /;~1' .!k~ .!wu~wrf"P l"L

~"L.!f!' 

Jo(x)=~o(~~:: (; Y'=l- (1!
1
)2 (; Y+ (;!)2 (; Y
-(3!\;-( + Y+ ... 

Otu•rfbl"rf "'I" l,..,),.LJfs, ~wrlrtf I; 'lPbl urprfw~ "hP~"'~"'~ "t"'IJ,~111tpf11 
l'wrfwpwpn'l l"L,)nLJf!, "'I~ 1;, 

y=2J0 (x)• 
'}of.,. n '1 n L f/1 n L ~' bflk ,fb'l w~r.rwJit2ur l~~ltp 'lur~bl mrfl"'l r.wojtuuwp

Jw~ [!~'ff,w~nLp f~rn/i'ffUI/f!l W"fW ltp~{'"f'l Jwu~wrfnl' l"L~nLJf! ~npn~bft~l! f,lt

utb.J"'J urltuenrf. -K0(x)=l0(x)lnx + 2; bkxk, 
k=O 

!Jqwrnwplt,nrf P"I."P r.wt rfnL.!~Itrl! I snJo "'"'~/}. np ltp~l'"l''l Jwu~wrfnp 
l"L,),.,f/! 1 "l'l! 1t~2w~w~b~e K 0 (x)-n.f 1 nL~f 

Ko(x)=Jo(x)ln x+~ - - 1
-( .!_)4(t+.]_) + __}_( -~)6(1 +- _l · + _!_)- . 

. 22 (2! )2 \. 2 2 (3!)2 \ 2 2 3 •• 

.,.ltul!l!• U.1u lf>nL~~sfw~' P"''l''"'"'"'"'~"'~ Jf "1'"2 P"''l""'"t"'"'~f1nrf' ~n1rfnLJ I; 

Lp~pnpq ubn~ qpnJW~wG ~·upq~ f\huh1~ ~n,G~g~wl 

§ 23· tmdtqtli~u wbq.wublipnrt ~wp~lip 

'7-Jrurwr~h'i..p 

Zt' z2, .. ~, Zjl , • ., 

,,J"'lh.J>.u ft!.f.brfr t.wt_nr'lw~w'bmft!Jn•'i.l!, "f"'h'l 

Zn=an+ib11 (n=l, 2, ... ), 

U Ul f, J Ul i. n L J 1, z0=a+ib ~nJUflhl!u Pf</l! ~nt</nul I; 

+lbn ~n,/Uflbl!u P'lhr,. llw2_npqu1f]_wGntpjwfi uwlluwfi , b[lb 

lim lz11- z0I=O, (1) 
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Z0 -Z0=(an t ib 11 ) - (a + ib )=(a,·-· a)+i ( bn-·b ), 

lim iz11 -- Z01= lim V(a0-a)~+(b0-b)2==0: 
n_,OQ n~= 

(
0 \ 
-"') 

(2) f.~ntfwu~nr•n[dJ"'b '-t.fw'it t/r~n f.bmbmJ 1;, "I' (1) "lwlJ"''i'l! mbq/_1 

~nL'isbisw JtwJis tUJh '11'"/.j!.IILJ, brp mlulf> m bbbwb f..bmb !"'l UJ"'!Jw-

isbrf!• 

(3) 
n~ co n -; c:c 

lJ~nq.lb'h.e ~u.!unb.eu fdtJbrft 

w1+w2 + .. +wn+ .. , (4) 

Wn=U 0+ivn (n=L 2, ... ): 

'J-JIIItUI{'~hh.j! (4) zwf'.[!P n ~nis'/ru.J'ishpft Cf11L,j'Lll{'{! 1 nf'f! ~'itzwis~n~Lb.j! 

50 -n•/· 

Sn·l! ~nJ"ilb.f!" [JfrtJ 1;. 

Sn= c~I uk )+i Ctl v k )' 

Uwf.,/whnLJ 2t G{Jb 't"J"'{JJuLis mbft 

lim S0 =s=A+ iB 
n-.o:o 

(5 ) 

(6) 

UUICJwhf!, UI"'_W (4) zwr.el! ""ttfnL.I t q_nLqwtfpmnq 2WPJ! b S·[! 

~nt•fnLJ I; ispw qnLUlU(lF;• 

s= ~ wi<=A+iB: (7) 
k= l 

n 

A=lim ~ uk, 
n--! CD ~\ =: l 

n 

B=lim ~ vk 
n_, = k=l 

(S) 

f.wt/utUUI('III{JJ"Lisisb('{!l b[Jh liffiSn~{! 'fnJnLfiltntis J_ntispJ W"'_W (4) zwr

.j!(! ~nJ.t/nLJ I; mwpwJpur"'l' 
(4 ) ZWf•.j!/_1 qnLCfWtfpurnLfdtwis IILIJnLJhwUpfntfJJw'iJ f.w.!wr IU['-

'fJnL'iJW'{hur I; '-hmL/wl [rJbnphJ{!: 

Iii' b, r b J It bpb (4) 2wPFP wG'IwtfGbp~ tfnqnqGbp~g qwq_tf· 

t\ \U~ 2W{l}!F;' 
\w1j+jw2\+ • • • +lwnl + o o · ;, npmb'l lwni=V u~+v~ , (9) 

qnt.qmtfpuunJ' k, wu1w qnLqmtfp.uuntf }; ftwh (4) 2WPJ!J:l.! 

i> ll 

11 "i In !JIlL 9 n uf: (9) Z"'r.el• 'l"''l'"J"mnL{JJIIL'bfts (, 

/Un\ '( V u~ + vg=IWn\• jv"\~ V uri + v,~=lwnl 
. "'_lnJJinh'blirfrs r.bmt.fiL,/ bh (8) t..~ntJUJIIIU('fff[il,m'bisbrf! f/trm~Wis w'b~ 

'fwtfhhf''"' zwr.f!bf'P pw9w('a"'~ 'l"L'fw'fftnmfdtwis ,fwuf•is r.uJtfw"fw~ 
mwufuwh [Jhnrh.!fr '-J,fwis t/.t•w ) 1., r.bmbw(Jwr 1 (7) '-w•fwu~nf'nLfiltnahf!: · 

u. "i_UI[Jnt 9wd fd li n rbJ {! {J fll Jl t IIIW Lftu ,,,,/ "'_(b.j!ll WhiJ:W,fisbrntJ 

z•ur.ehrf• 'l."L'fUJ.lfrmnLfJ tut'il nLUIILJ'bw "''t"nfd Jwis t..w·J IU I' lt/t rwnb l 'I rw

~UJb IUh•llutf~lbf""' zwr.ebt•/t 'l."L'fUIJ,.mmfd JW'b pnlnr P""'"'f'LUI' '-wr 

mwbpzisl·t'l!' 

U.td,/ wis,'Jbhh.j! ~n.r"flb.eu wis'lwJisbrntf IIIIJIII,.6..LUbwJph zwreb

f'P .eisisw/'~Jwb£!1 

U w '- J w is n L J 1: 

(1) 

zwrJ>L'· "t•mb'l z=.x+iy t,n.r"llbJ>u tpntpufuwlt"'is t, X·[! " Y·f! frrw

~wb {dtJbr his, Cn·[! r.wumwmnLis ~nJ"Ilb.f!u l1wJ J•rw~wis filtJhr bis 1 

'fn1•J,uf ~ ~ ntfunbl!u tpn~In}uwqwGnq wum\diwllwJ !tG 2WJl}o!! 

U.J""iPufr zwreLt•f. r.~n.!wr 'l"tmfdJmis tnisp mhun~fi1J"Lis 1 nrl! 

'btf~n'is t f•rw~mh utb'[wJ'hhrn•l wump6.w'iswtf'is Z'"l'.f!hf'p mbunL{dJwisf!t 

llwr.Jw'bnt J .2: lJnJ"Ilb.[!u tJrn•pnf.tw~w'bft '-wt•{JtrL{dJwis "'Jh 

Z Wf>flhJ:bbf'p pwqJmfrJJtiLis{!, n(rnh[J '[b"f.j!IIL,/ (1) zwf'.j!{! '["''lwJp

tnfllJ /; 1 1/nz.t/_mJ t (1) wum/t6.u1iswJ/tis zwt•.f!ft q_nLqwtf~mlllpJWfi m~· 

. jliiLJP (Z-f• !"' rwJ>w'blJ"Lf llnis~rbur wrJL J.'P '1b"l.[!"uf ( 1) zwp.p[! 

4_hpunhfuul I; § 24-ft (4) mp"fp fJ,J"Ilbl'u wis'lwJisbrn•f [J•Jwtfo'is 

zw r e/t J' 
1/wr.JwisiiL,/ 3: (1) ZWf'.j!f! ~nj_tftnJ I; J!W9Ul(lUlUlj_ q_m.qw~ 

d'Jnntlll'lr bfiJb bfW Wh'J Wtf'bbrfr Jn'[IIL('j_,b{'/t9 /fw'[,/IJtuJ 

. (2) 

l_wf'.j!{! 1(111 'f111JpmmJ I; I 

ll..nwis9 w"lw9 m 9 Jwis pbrb'b.e r.buri.Jwl (Jhnph.fe: 

fil'hnrb.l 1: (1) qnuunbl!u mGqwtfGbpnq wumpuwliwJldi 2wp· 
.}!p <j_lllqwtfjtumtpjw!i mppnLJP~ z lp1tfunbl!u tpmpn)lJwlj_wGp liwppnL
PJWG 1lpw tf)l 2P~wG k, np~ qblimpnGE; qmG~m. tf k ~nn1iqpGwmGbp)l 
u~qplimqbmnLtf; UJG ~ni_qnLtf k q_mqwtf!tum t.pjw!i 2P~wG: QnLqmtfr· 
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mmpjmli 2P2.wli!1 Gbpup l1bmbpnuf (1) 2mP~E. pwgwpowq q_mqwup
mmu k: 

~nL'fwJ'fwriiLPJ-~ 2fl"'~'' R zwnw'lfr'lf! ,,nt_'lmJ' t wuwJ.r6w~w
J/r~ 2-rpfr qn._qwupmn._ppuli zwnunlh: bpb R·e (1) wuwfrt.-~-

tfr~ 2wr.e" l(IIL'fWJ'frwmfJJW~ 2WRIUl/f11J~ t, WUJW 'f(lnLJ' b~J nr 2wr.ef! 

'l_nL'fwJ'frurt~LJ' t Jz\<R "'J.rrnLJftlmJ'z 

(1/J.rpw~w/1!/• dw!f•brwJ' frrw~w~ •fnpnfrHul{w'b~brnq uJuwJ.fi.w

ilwlfr~ zwrl!brfr qnL'fwJ'fr"'mfltw~ '>wrsfr 'hJ'w~ hqrw'lt:Jfr \zi=R ~b
"'brnLJ' 2-r.e/r l[nL'fWJ'frLnmftllw~ t,."'£'91! tmJ'InLJ' t Lrwsmsfrl fiLUnLJ'

ilwufrrnL{tlJwJ'p}t bffwLnb~./!J nr t'n 'fnrJw~fr9~brfr p'iulLJPfr9 ~wfrllfwt) 
'l_liL'fWJ'frLnnLI"JIU~ R 2wnw•ffr'lf! llu'r"'l t- no~b~wl R=O·frs J',,~,,._ 
R=OO sw'h~wswq wrJhJ!: U.nwl_f•~ 'lb"ifnLJ' zwr.ef! qm.qwllfiLnnLJ' t 
J'frw(ll z=0 Jlh"'mJ', qhf'lfr~ 'lhUJ,emJ'' Z·/r 9w~~w9wJ wrclbJ!fr '>wJ'wrt 

CJ•rh~,e t:..burbJwl t.wqwuwrmP!"'-~{!• 

(3) 

h[Jb Z•f! l[nl'fUIJ'frLnnt{tlJw~ urfrrnLJf"fr ~bru~ l'~'lm'bfr u•wrphr wrJb.r 

~hr, wu/w f(z) /f>m~~9~w~ 11l!'il'fm~fr mwrphf' u•rcib.JJ'ilbr: U.l""'frunq, 

JnLfW.JJW~lJ"'f ~;,J"ilbJ!u Jfrn•frn[uw~w~fr wumf>6w'llwJ,.'il 2."'£'1! 'lm'lu'

Jfru•nL{JJw~ 2.f2_1U~fr ~brunuf urnzmJ' t t:.wJ'UIUJWLnWU,IIUI'iJ ynJ'"Jl/;.J!u 

pnrftnfr•w~w~fr /f>nL'il~sfrwt 'tw ~nJ'"ilb,eu pt~pnfr•wllw'bfr mliwtpmp 4 
~n._fiqgpm k: ~hrb~,e ~nJ'UJib.J!u pnpnfr•w~w~fr /f>nL'I.II9friu'l.brf• oT•I•~u·~
ilhr, ll('ll~.j! II(' II 2 "- UJ J b . ~ ,, n J' "J [ U .e U "'n '" II /u Ul ff W ~I /r UJ u

UI /r -& W ~ W J /r ~ 2 UJ (' .j! /, (' n '/t 

z2 z2 zn 
ez=l+z+- +-+· · ·+ -+ ... 
· 2! 3! n! 

1) { 4) 

Uw qnuunbl!u t}tnl}tn}uwlpulip gJng~mJpli ~n"liqgpw };, bfrlb y=O, 
WUJW (4) pw~wabe qbrwtJqnLJ' t- § 17-fr (2) pw.,lw<l.l.frt b[Jh x=O, 

w"iw uLnw'ilnLJ· b'u.p § 18-fr { 1} t:.w•Jwuwrm{tlJnL'ilf!' 

2) 
z~ z5 z7 

sin z=l-- +- --+:· .. 
3! 5! 7! 

(5) 

Uw qnuunb11u ~uH}wlnm~mGp ui1Grnuli I;: y=O 'fbUJpuuf (5) pu,'iJw

~l.f! t/l.rwJ'/nLJ' t- § 17-fr ( 1) pw'llwa!tfrt 

3) 
z2 z4 z6 

cosz=t-- --+---+ ... 
2! 4! 6! 

(6) 

llw qnuunbl!u ~lllqtn~mtlpuli(t ~nultGnLnli k: bph (-1-J pu•~w<t.b.fr w2_ b. 

348 

~W/u J'uJUbrmJ' Z•fr pn/IIW(Ib~ mh'lw'lrl.'ilJ! iz, WUJW ~J'W~ ~r-~1 

/rflt_UJflu wrqb[ t § 18•nLJ', ~umwbW~J! 

(7) 

llw I;:JLhpp pmliwohli k' ~nuunbl!u l}tmpn}uw~mlip fhuump: b[Jb Z·[! 

Jrrw~w'll {Jfr'{ L w"/w w1u pw'llw<l.!,[! /:,wJ'e'll~~mJ' t § 18-fr (2 J pw

ilwal•f• '>l.ur: 

4) 

5) 

. zl z" 
shz=z+~ -.-+-+· .. 

3l.. 5! 

z2 z4 zG 
chz=l~-1-- +-+ ... 
. 2! I 4! 6! 

/ 

(8) 

(9) 

•{brffr~ briJnL pw~w<l.bbn "l,J'w'll h'll § 17-fr (ii) b (6) pw'llw<l.!tbl'fr~ b. 

f.wJ'e~y~mJ' b~ ~l'w~9 '>bur, b(Jb Z=X-e frrw~·u~ fJ/•1 tz 

(4), (S), (fl), (~} b. (9)-J.r t.frJ'w~ •Jrw zwr•.JJbrfr 'lndwrJ'wil 1 

f,UJ~J'-~1 l•(! iZ•n'l lfn/UW[Ifr~b[IIL -(}.UJ~UI"JW('r:.l,, 'uLnUI!J"IILJ' /,~ t.b

urb JUI L r.u,.Jw u Ul rm {J I nt 'il~b ('{!. 

e'=ch z + sh z, 

chz shz 

. . e-z_ez 
SIOIZ=---

2 2! 

(10) 

( 11) 

( 12) 

( 13) 

. 'tywurb'h,e. "f' (1-), (.i), (6 ), (8), (9) zwr.e!Jrl! IJ."''l"'J'fruriiLd bil z-J.r 

pn[fl(' wrdb.Jj'iJbrfr 'fbUJ/JnLJ', n(IIILJ' t:.bzur t t:.wJnqtJbl § 24-fr 1-f>il 

{JbnrhJfr t:.frJ'w~ 'l_rw: tJw~ ~rw~, fr'ht_..,_hu wn •ur•'lhl t frrw~w'iJ 

+nrftnfuw~wbfr WULn/rf.w'iJwlfr'iJ 2Wf.JJ"rfr f>wJ'w('l lffrmwr~t/nLJ' b~ f!UUI 

Z-Zn·fr wuLnfr-&w'll'hbrfr ~nJ'"11b,eu •frn•frnfuwflw~fr zwr,ehr, "l'urb'l z0.iJ 

"" n rn 2. ynJ' "il b.J!u ftl "" t. 
co+c1(Z-z0)+c,{z-z0r+ · · · +cn(z - z0)

11+ • · · , (14) 

. Cn.~~nJ'"ilbJ!u ~-J' frrwy·u~ :.mui/IWLnm~'hhr /,~, (1-l) zwr.J!l! (1) urbu

.[!p t phr'luLJ' z --Zo=z ·:+ urb'lw'lf'J'wJ'p: (I) mbu.J!fr 2Wf.[!P l>wJ'wr 

/rr-•fwgf• P"L"f t.wur~nLPJIIL~'llbr'h nL [ilhnrbJ'tbrf! mwrwJqmJ' bil 

fiwl.. (14) mbu.J!fr zwr.JJfr '/rw, J'frwJ~ (14) 2wr_gfr 'f111'fLUJJ.rLnuLfJJwfl 

znw~J.r Jfb~m(ln~(! 'fln~l,trLJ' t Ill_ [rJf. ~nnr'lfr~wm~brfr uhp'f.w~bLnmJ', 

LU1f z0 ~bmmJ't 

bfilb R-l' (1-l) 2wr.efr 'l'IL'fUIJ'ftmwfiiJW~ zwnwt/fr'l~ t, WUJW 

frnLJ bit. zwr.J!f! 'lnL'fwJ'pmnuf t lz -z0\<R mfrruLJ{JmJ't 
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§ 26. U.nw~~b Itwpq.~ q)t:j>hphug~wl hwt[wuwpLiwb tntbnufl! hm;;_np;pul.jmu 
tfnmhgnu{\Jl;p~ J..ihpnl}DI( (~mhpwg~WJ~ J..ih~Dl}Dil) 

XIII qlfuf• §§ .'J~, 33 /, 34-nuf .e'b'twrlt1byp't 'fplf>brb'ty/tu•t '.w-

1w U LU ('ni J'iJb f' p /)wJ wffw f''fb rl• Ju LnW t/11{' /• 'flmb lff' IILJ {' tnUJ ('p /, [1111 {d j nL'fl

'tbpp tfh(rln'l'bbpn~/: (J,Iumht[ ~zwrw'l- l'b'b.[! 'fplf>brh'byftu•t t.w'/wumr.fw'il 

Jnmw'/nr p'bmbqp.fw'b mJL ,Jb(dn'l: t:_h'bp 1 "/' m11ml .e','bml'~mJ{! 

Jjtwdw,fw'bw/1 t.w'b'fputu'bttL.f I; 'lf.f/>br,h'byftwl t.w'/""""l'Jw'b l'ndJw'b 

'lnJmftiJw'b J'wujt'b (dhnrb,fJ. mui"'9mymJf! (mhu XIII 'ILf"P § 2): 
'J-pym.j! "1"''-•u'bj!_•J,.,f I; 'lm'bbl 

(1) 

Y=Yo• "N' x ==X 0 

u~'lp'luu/1w'b "lwJ.fu,'bft~ll /·~tmhqrhtn'/_ ( 1) ',,,,,,,,JJ{'tfw'b w'b'lwJ'I,bp[! 

x0-jty Jp'bflt X uu,!)Jw'IJ~thpmJ IL '.wz'/1• mn'bbtn•l• "I' Y\ x=x,=y0J, uww

'bm J b'bJ! 
X 

y= Jt( x-. y)dx+Yo' (3) 
>o 

'{b{'j!_p'iJ '.wt/_wuwpJ'w'iJ J[;j!_ nrn'iJJjn'l_ y f/>nL'iJf(ypw'iJ lfUl'iJtjlllJ t p'iJmb

Cf:f'WLil 'bzw'bfr ,,t,, f, nu.,nf• WJ'I '.w,fwuwpt1L.ff! ~nt•fuuf I; ~Gm!Jqpwt 

llm~mumpnuf: 

( 1) f.w,fwuwrJw'bl! k ( 2) u~qp'bw~w'b "fWJJw'b'bhpp'b pw'/wl""

rn'l y=y(x) f/>m'b~yf.w't pm1wrwr•nJ I; (3) - f.w'/wuwpJw'bet w,et

J:.wJLn /;, nr (3) f.w'/wUIIl(t.fw'iJ{! pw1Wf1Wf'n'l y=y(x) f/>nL'iJff.'Jpw'iJ pw

"LU{'WfmLJ I; (1) f.m'/wuwp.fw'bf! k (2) u~'lP'bw~w'b UfutJ.fw'b'bbtrl''t: 

twjt1 .[!'t'bwpl[b't.[! (2) uiJqp'bwltru'b UJLUJJw'b'bhpp 'lh"i.en'J (1) 

J:.w'{wuwpJ'w'b Jnmw'/"1' fnLdm,f'bbpp umwy.fw'b Jb(rln'll!' 

y0-t ~t;.u,J'wrbt J! lno JJ,'iJ q_pnjmqmfi J'nmw'/nrm{rl !'"'tf!: (1 ) 
f.wqmuwpnL{rlJw'b Wj!__ Jwu,ILJ b'b(clwfr'bmbqpwf'"Jf•'t /[>nL'bl/9/•wJ"' J y-/r 
tfrnftlwpb'b mbtzw'lrhtn1 Yo wpd:b.f!f!• ll"mw'b,u't.[!• 

X 

( 4) 

Uw (1) '1Pf/>hpb'byf•wl f.u,JtUuwr.fw'b wnm~]1£i JnutwtJnt• lmdmJ'b t, 
nrf! pw1wrwrnLJ I; ( 2) U~'fp'iJw~w'Lt UJWJifw~'iJbrft'iJ: 
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y1(X) wnlllj!_f.'iJ J""""'/npm{<IJ"''t[! mbt[Ut'ff'hl'"/ (.'J) /) 11uj11111 wpnL

[rlJ"L'b'bbrf, b'b(clwp'brnbqpw[tUJp'b f/>m 'b~yfrwJmtf, umm'bm ,f b't.e. 
X 

y 8(x)=Jf[x, y1 (x) ]dx + y 0: (5) 
xo 

y,(x)~ J:t[ x. ~,(~) ~d~ ~ '.' .1 

Yn(x)= \'t[x, Yu-t(x)]dx+Yo• ( 
(6) 

~" I . . . . . . . . . . . . I 
U.1't Jwuf•'b, [clb p'tl_ufpup Jnmw1nr•m{c1Jm'b "Ibm.[! I; •/b('y'bbll 

nr"ib"'lP WJ, pwlJwrwrf• JLq w'bt:.pwdb2"' -6{'_tnlll Pttu'b "i"' t;.,~, ~ 'bhrft'il, 
~'bz,l/• ,,n1.k: 

Orf_.~'"'~' '/-u•~•/;1 y'=xtyl ~uufu•uwrJut'b w;'b ,fnmwqnt• 1nu)nuf{!_, npf!. 

pwqwpwpnLJ t 

(nL.)nLJt f:uur (4) pw~•wJ.J.f_. umur~111vf /;~'{!• 

X 
. ~ 2 

Y1= 1 (x-j-l)ct x+ 1 =~-t- x+L 
.) 2 
0 

§ 27. 'l-~:j>hphug~wl hwl{wuwpuwu tntbLiwu q.nJDL~JWU WUJWgntgntLil!: 
\f nmwl{np tntbLiwu dwllw\Jwlt 'ltwmwpwb uJumtm\J~~ q.uwhwmwitmul! 

_U.I'LnLf.hmk '~~"1"'9nLyh'bp t.bmi•JmL (clhnrb.ff!t 

/l'hnt•hJ't (\-pgrnl! mptlm~- }; 

dy =f(x , y) 
dx 

qp~bpbfigrwt fim~wuwpn·tf~ lt 

Y=Yo' bpp X=Xo 
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u'IJqpliwqwfi UJWJtfwfiGI:!pp_: rt~gnLj! f(x, y) L. f' y(X, y) wlip_Gqfiwm bli 
D .pwq m~ pnLJ('HlLU 

D{x0-a~x <; x0+a, y0-b~y~y0tb} (ir~. 372), (3) 

U.ju qbUJI!DLU tfl• npn2 
( 4) 

tflt_!!WqUlJ}!IlLU qnJDL(tJilLU nLfi~ {1) fiw~wumpuwfi tf~wq tnL~IllUp_, 

npe: pwtlwpwpnttf k (2) uqqplimqwli UJWJtfwlilibppli: l ~~~~P. qnpn2-
tl_]t uwopk: 

U."/"'9"'-Y"'-J'' t~wurht,e. "r "'.(t pwtfs, "I' f(x, y) lt 

f' y(X, y) :f>mt~9pwtbrt wtl!t'ff.wur Lt D •/>wlf ur/>rmJ{JmJ', f.bU.t.m J' 

t, nr 'l"l"'f"l"'t tiLtbt ... ,t"i/JU/> M> O Lt. N>O f.wuurwurnLttbr, "r 

urprmJfilP P"I"P ~bu,brJ. f.wJ'wr urb'lp bt nLtbtmJ' 

ji(x, y)I~M. (o) 

If' y(x. y)\~N ( 6) 
wttt2"'-fiiJ"Lttbrl!' (U.ju 1\wurlfn'-fill"'tl! tJ'wt I; II '11/ufr § 10-nLJ' 9nLJ .'} 
mrqwJ f.wurf/nL{JJWtf!)l (4) f\wiJwuwrm {Jtwt J'hp l {tift/{! a h 
b 
- {ti1Jhr/rs UIJ'htwJ'bf}t /; 1 UIJIIJ.t,et' 
M 

't rw,t 
&·----~~.v;rT?X;&l- {r,+a,y,J 

l=min(a, ~ )' (7) 
M 

{u.'lrwtrlp filbnrbJ'f!. ~"riJlnbte 

f(x, y) :f>mtb/>"'IP tl,wmJ'wJ'p' D 
urJ•r"' Jfrlpt "'"'"'~wtn'l br~"'- ,qwt

""'9UI0 AI( x, Yt) '' Al(x, Y2) lfh
UJhr/> ~wJ'wr· 

D 

I 

z, f(x, y2)-f(x, Y1)=f'y(x. Y;)(y2-Yt)• 
l,~. 372 "l'urb'l y 1<YJ<Y~1 f.bml.wpwr, jf'y(x, 

"fl) I ~N ' lhuurp awt~wawtJ br"nL 

"burbrr f.wJ'•ur npzur t-
if(x, y~)-f(x . y])j~N \ y 2-Y1\* (8) 

• * l,~w..,l.-'be, np 1.-fll.- ,f j. npn2 f(y) :fon•'I.~!J/o"'J/! ~w,fwp pwywpwpyn<J t' 
fF(y 2)-F(y l) i~ K/ y2-YlJ . 

"l"'IJ...,'be, "t"nl.-, y
2
-e 1t y l-e nrn 2 urfor"•JPfo 8 ...,o;,~..., 9 w.t ~1.-ml.r'b b'b, K-'i. .;...,.,_ 

uowmn L~I P/oo/ t, UJ"'"' WJ'l "l"'J'f'u~'l! ~n11'"'' I; l1•"17l•91• "I"'JdwG : ll.J""tfoun<f , 
~wuurwurlt1ny (8) wn'l.l_n<f/JnL'b[! , qn LJ9 m•fbsfo'bp, np bfJb f(x, Y) :fon•. 'b~.9J.w'b n<'b/! 

Of I · < L 
- wJw~'!IJ"'fl!• np[! uwr.Jw'bw.j•wt t' npnt u•fopn LJfln« 1 IU"f.W "'I" "'J'l "'t•l'n<J• 
oy . 
pnL•f l'"'Y...,l'"'l'nuf t {fr."t?/o!ll! "l"'JJ,'I.f!'b• ~ w~"''l...,l"t ;.,'l.'ln<Jf! ~wpn'l I; ~Zfotm 

11f!'bltl' 

:150 

wtf.wqwuwrm[JJn'-'i'l!' oJ.brw'fwntwt,e § 26~p (-1) f.wqwuwrmfi1Jw'bf!t 

~wzt//> wtttbln1. (5), (4), (7) wtf.ouJuiUUifltiL{iJJntttbrf! WJturluz/>s 
uurwtnu/' ht,e 

X X 

IYt-Yol=jSt(x, Yo)dx ~~ S Mdx=M\x --- x0j -<Ml~b' (9) 
Xo Xo 

u.,u,punq, § 26-p (1) 1\•uqwuwrn<-{JJwJ'p (4) f.wur1;urhnJ' nrnz1wt} 

y=y1 (x) l/>n'-tbpwt 'l"'ru 2/> 'I"'Liw D ur/>r"'JfiiPs' 

U.rJJ' wt,'Jtht,e § 26~p (1)) f.w1_wLJwrmfr1Jwte, f[x, y
1
(x)J lpnL1i~-

9P"'IP "'P'l"'-J'btmtbre '1"'-ru tbt 'I"'LPu D ur/>r"'-Jfilrs' Z,burl.wpwr, 
~"'r"'l bt.e 'frbL , 

X 

\Y2 - Yo\=ISf[ x. Yt(x) Jdx,~M\x - x0j~Ml,;;;;b, (10) 
xo 

{r/>1 l>t'f"'~SP"'JP J'bfrln'1"1 ~"'rht/> I; "'"i"'9"'9bl, "r swt~wsw~ n-ft 
f.wJ'wr 

\Yn-Yo\~b. 

b[Jb X·f! "JLUur~wtm J' I; ( 4) J'plw"u'J.f!/>tt 

IJ.riJ' "'"''U9"'-9btJ!, nr 'l"l"'-friJnLt nLt,. 

lim Yn(X)=y(x) 
n_,co 

( 11) 

( 12) 

uwf.J' Ultf! /, y( X) !f.,, t"sfrw'b P"'1"'r"'t"''-J' I; ( 1) '1/r tf.b1.bt9pwl 1\wqw~ 
uwrJ'wtt tiL ('!) uftqptwf(wt "JWJJ'wttbrptt lJ."JW911'-sJ'wt f\wJ'wp 
7:/>urwr~bt,e 

;_ zwr.ee· nrf> l!t'fr.wtmr wt'lwJ't t Un=Yn-Yn-1, l!t'f nr,J' Uo-Yt' 
U.~tr.wlur 1;, nr LUJU zwr~ft n+ 1 wt'fwJ'tbrJ' 'I"' J'u'N! f\w1wuwr t 

n 

Su+J=~Ui=Yn' 
. i-0 

X 

IY1-Yol=12(x, Yo)dx~~Mjx-x0 1' 

(14) 

( 15} 
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X X 

Jy2--y1\=lt [f(x, Y1)-f( x, Yo) ]dx\ =\I f' y(x, -rb )(y2 - y1)dxl ~ 

(;uJfiiL~w/1/;ln'/ wtuUfbu, 11'1~';,/,~.p 
N"-1 

\Yn-Yn- d S:: lv\-
1
-Jx- Xo\" 1 

n. 

( 16) 

( 18) 

U.J"Uff•un1, Jx -x
0
\<l JfrpuA1wJI'r t.wJ'UJr ( Ul) q,,,_~lt'IP"~UJl 2_Wf.ff! 

JUJdnrwY'/"'l 1;: 1-rw~w~ wb'J-rnJ'bbrn•f t:.IUdUJUfwuru•ufrlw'il frlqwJfril 

2-"'f'.ff!• nrfr wb'J-wJbbf(! J'bt1 b~ ( J.'J) 2_Wf.ffr f,IUJWUfWUJutUfuw'il mil~ 
#JwJ'bbrfr pwywrd.w~ JbJm fillm~'bbrr9• lllfr~·fr 

Nf2 N Z[J Nn-1[n 
y+,\\l+M -1

- + M 1 

- +· .. + 1V\--+... (19) 
0 2! 3! n! 

1 
Nn-1[ n 

nrfr £!~'1-"w~ntl' Ul~,wJ~ I; Vll= ·"''l I U.Ju 2_Wf.f{! 'l"''fwJfrurmJ' 
n! 

t, "I'£! r:.b2_w t l:,wuwwurbl '1-wlUJJ'pbrr '>u•Jmw~fr2n1_. 

Nn-l[n 
M--- l 

I 
. v n I ' , n ! I ' N _(\< 1 
1m-- =1m Nn-"[n-I = 1m --=v ' 

11 ->CO Vn-1 n~ c.o M - rl->::0 n 
(n-1)! 

b1 WJ"Ufbu, ( 13} 2_W('ff! J'wdnrw91"'l 1;, 1\burbwpu•['• WJ~ 'l"'-'fwJ'fr~ 
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urm.,J /;1 .PUJ~fr nr ~rUJ W~'J-WJ~b,.b W~(!~'f .. WUJ f/>m~~yfrw~br b~l 

W"fLU w!~ 'l""lwJ'frurnLJ' I; y(x) w~[!b'lt:.UJur lpnL~~yfrwJfr~l btf. w!uUfbu 1 

lim Sn-1= lim Yn = y(x), (20) 
n~co n---.oo . 

nrurb'f y(x)-~ W~(!t'Jf\wur lpnL~~yfrw b U.ju lpm~/19/rUJ~ pm1wrwf•11Ld 

I; '{.f(qp~wi(W~ UfW!Jw~fr~ • .pw~fr "r P"l"f n-hrfr 1\wJ'wr 

Yn( Xo)=Y,/ 

U.Ufw9m.'Jb~.p, "I' umw,qu.J y(x) f/>m'b~yfrw'b PJU'IwrwrmJ I; (1) t.ww 

1wuUJrJu.'li[!' 'tnrfr9 'll'bt,e § 26-1, (6 j r:.w'/wuwrm fi!Jm~'bbrfry 1bNfr~l!• 

Yn=Yo+j f(x, Yn - HdX• (21) 
Xo 

X X 

~~~Jfl x, Yn-1(x)dx=.ff(x, y)dx, (22) 
Xo Xo 

nrurbrl y(x)·e "f"21wJ I; (20) f.w,fwuwrmfriJwJpt 

'twfnu~Ufbu ~l1wurb~.p t:.burt.JUJf{!' 11w'bfr "f { 13} 2_Wf.ff! J'wtlnw 

fU'9""'J 1;, ILIIJfUI (20 ) -1•9 t,/,,{,,_J'!;, "r wJb~ J'fr z>O t:.wdUJf ~'f{!Uiw 

~(!•//• "'t'u''tfrufr n, "I' 

\Y-Y r. \<Er 

. ~w21fr 1Un~l.Ln1 (2.'1}-{! ""'P"'l'l. (4) J'frlw~wf.pfr 
$f('bl 

X X X 

ISf(x, y)dx--Jf(x, Yn)dx j< ± j'\f(x, y)-f(x, Yn)Jdx~ 
X 0 Xg Xo 

X 

~:±: SN JY-Yn\dx~N s!x-:-x 0j: 
Xo 

f:w19 lim E-0, ~hurLwpwr, 
n__,oo 

X X 

~~00 ll f(x, y)dx- 2(x, Yn)dx i=O• 

(23) 

'{bflfrb 1\u•tf.wuwrmfriJnLbfry '-hurbmJ I; (22) t:.wtf.wuwrmfi/Jm~(!l 
U.Jt!J', (2} t.w'lwuwr"'fillw~ br~nL J'wubrn,_J w'by~blntf uwi\J'w-·' 
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"bft"b, hrp n -oo, ~umw~w"bl!, nr y(x)·e· nre n,.nz'/nuf I; (20) f.wtJw

UIIIfnL{JJwJ'p, pwqwpwrmJ' I; f.lrmi.Jwl f.wqwuwrJ,.,"j,L'• 

X 

y=y0+ .ft(x, y)dx1 (24) 

Xo 

f>"b1~bu "i.zqhl I; 1_11rb..mJ', wlumb'lft9 t.bmb..uiJ' 1;, nt• qwwJ- y(x) 
[j.nL"b~sftw~ pw'{wpwpmJ' I; (1) 'Jftl/>brb~yftwl t.w'lwuwrJ'w~L' b.. (2) 

ul/'lP"bw~w"b UJWJJ'w'i,'bbrftln 

1-ftmn'fiiL{JJnL"i. lt OqmtJhtn1_ "'"lw9"'9J'w"j, W[l J'bfiln'l-~b

rfts1 ~wrbtft I; f.wumwmh[l np 'fnJm fiiJnL"j, nL'bft ( 1) f.wqruuwrJ'w"j, 

J'wu<j,wqnp fntdntJ'['t nr[' pwtJwrwrnLJ' I; (2) uhp"j,W~W"j, UfWJJ'W"j,~b

rft"j,, b[ilb f(x,' y) lj.nL"j,~9ftw"j, w"j,c"j,'fr,WIII I; D mftrmJfrlm J' (fTJbw"j,nJft 

(ilbnrhJ'e)t* 

.. 

. 1-" Ill n 'In L pIn L "j, 2t 'iJ'w"j, b'lw"j,wftn1_, nrn'i umws1_bi I; ( 18) 

wn"j,tm{JJnL"j,L'J 4wrbtft I; ynLJ9 111111[• nr y(x)-e ftr Yn n-r'l- J'nmwqn

rm/JtwJ'p rfrnfuwrft"j,blftu ~wmwpwJ- . ufuwlw"j,.fl' mr1_rnJ' I; t.bmi.Jwl 

pw~wat.n1• 

(25) 

y'=x+ y2 

r.w<fwuwpJw'l.' Yo=l, bpp x=O uhp'l.ut~w'l. "'...,J,fw'l.'l.bpfr'l. pw1wputpnq ,., .. JJw'l. Yo 
r.fr'l.'tbl'"l''l J,.urwp~Jw'l. r.w,fwtrr ' 

'/ofront.l! D "'frpnt.JP'l. IIIJU"f.frufr'l. t' 

D{-l j2::Sx ::S l/2, -l::::; y::::;l), 

1 . 3 
WJufr'l.i!'l.' a= 2' b= 1, U.Ju 'l""li?."L'' M=2 I N=2· fl.J'l.ndbrnt. "l'"2"LJ ""I!· 

l=min (a ~)=min (-
1 .;__)=__!__, 

' M 2' 3 2 

+·c+r I 
I Y-Ysl::::; -----;;6c:-! ---= 

960 

25. 

• Sbu, opfr'l. ... ~, H. r. nerpOBCKHH, cJleKUHII no reopHH o6bi!<IIOBeHHb!X 

JlHq,q,epeHUII3J!bHb!X ypaBfieHRi!J, 113..'1--BO cHayKa> 'lfrl'l!l!. r 
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f,~wurHr/!, np ( 25) 'l'l...,r.wonw~w'i.l! pw1.,~w'l.fr'l. ~""lfrrn b '/l'l.'l.wpHw! opfr'l.IU

tn•J "'JI ,1/,pn.,'l.bpn<f ~wpbffr t 9"'J9 rnw1 1 np uf-wlw'l./?.l! rn•u~'J"'~ w'l.y..,J 

-frr•n t. 

ll.t~mt.bml. wUfw9nL9b~l! >.bml.l"'l fJbnrbJ'{!t 

fil' h n r b J'1 bpb § 27-nllf uwfiuwliw.} D mftpntJ(tn\.u f(x, y) 
of 

~mGIJgftw!i wG~G'lfi.wm k h m.Gft - wG~G'}fiwm tl'wufiwltwli wa-u.Gg-
iJy 

dy =f(x, Y) 
dx 

I} ft~bpb!ig r !Ul fiwtl wuwpuwli pn.b m. tf~ 

(1) 

Y=Yo• bpp x=xo (2) 

, .. · u~q_pliw~wG UJWJUwGGbpft 'lbUJ}!nl.l( tl'flw~G· k, WJuftGf!.G' (x0 , Yo) ltb
r 1,11n4_ wligGnLu }; (1) nw4_wuwpuwG ftGmbqpwtwJftG ~npbpftg uftwJii 
.. -~~lt~: 

>: U.Ufwfin<snt.J'I fJb(ilw'frb"j,j!l nr 'fnJnL/JJIIL'j, RL'i,ft (1) f.w<[w-

:: llwrJ'w"j, br~,. tnLdnLJ', npn"j,l! pw'{wrwrmJ' b"j, ( 2) UJWJJ'w<j,"i.bpft'L, 

/· w1ul•~~~· A(x0 , y0 ) ~l•m/os '1-mru b~n'l y(x) "- z(x) bp~nL ~npt t,b

: ur/..LUpw1,, "'!'f b/'ltnL [j.R<"j,~sftw"j,brf! pw1_wrwrnLJ' bit § 27-ft (24) f.w. 

X l 

Y=Yo+ St(x, y)dx, Z=Yo+Jf(x, z) _~xz 

X 

y(x)-z(x)= s[f(x. y)-f(x, z)Jdxt 

xo 

1,LUz1_/P wn~bln'i § 27-ft (6 )-£!, b"j,(ilwft"j,mb'lrwl"'Jft"j, 

a.kwrfrnfub~J! f!""' {w'fpiU"j,clft pw"j,wd.l.ft• 

f(x, y)-f(x, z)= iJf(x, 'YI)(y-z)t 
oy 

ji(x, y)-f(x, z)l < Niy-zlz 

(3) 

(4) 

(5) 
HI 



~w2</} wn'bbln</ (5)·r, (3)·f. t.f.J'w'b </rw ftwrn'l b'b.[! 'lrbl t.l.mltJwl 

w'b'.uu[wuwrm (ciJnL'b(! • 

X 

· (y- z)dx ~± JNiy-zJdx, (6) 

>o 

1 
'1-f.mwpftb'iJ.[! X· f. WJ'iJUJf. uf. w{'Jb.pf!' n/'"fbuq/t IX-- Xol<- I flpn zw-

N 
ftf.nLPJw'b t.wJ'wr ft'.wJ'wpb'b.[!, nr Xo<x , x<xo '1buu/• f.wJ'wr WUJ;.._ 

911L9nufl' ftwurwrl/_mJ' I; 'bJ'w'b C.bnq: 

1 
'1-f>sm.e ly-z\ J'J. p_wftwum J' x-xo< -·'il f.r J'bdwqmJ'il wr

N 
rlb.e'il l!.'b'fnL'iiiiLJ' I; X = X 7.· 'fbUJ.[!nuf b. f.wqwuwp I; ).·f. t U.n 'f:bUJ.enul 

( 6) w'bf.wqwuwpm{1 J'n'bf! x* /Ibm f. _ f.w,fwr f!h'lm'ilm J' I; 

X* 
0 

I.~N J'-dx=Nl,(x*--x0)< Nf.. ~ <'· 
>o 

).<'A 

UlhU.[!f!l lJrft"' mwppbr [Ill ,)IILJ'thrf. qnJ11Lfc/Jt1L'iJ(! b'iJfc/w'frhlnL 'fbUJ.[!ntJ' 

bftw'b.[! f.wllwum{1Jwhl ~bmkwpwp1 [m.!mJ'f! J'f.wll'b l; t 

'1-,. U1 n 'l n L ftl J n L 'iJ 1t '-lwrblf. I; 9"' J9 UlfU[, nr [nLdiiLJ(! J'I1Wftf! 

ftlf.'bp f(x. y) f/>nL'ilftsf.wJ/> •Jrw wqblf. .[!Pt UJwf.w'bp_'bhpp '1bUJ.emJ' t 

Sbu, orf.'bwft, 11. r . n e Tp O BCKHll . d1e KI..{HH ITO TeOpHH 0 6 biK· 

HOBeHHblX .LJ.HcpcpepeH I..{Ha JibHblX y paBHeHHli» qf.t'.[!f! ' 

'Jo f. urn 'l n L fJ J n L 'b 2, bpb f( X, y) f/>nL'blJ9f>w'il rnf.rm JfJuLJ' 1/L~tf. 
of ·-
-. - w'buwf.J'w'bwpwft J'wu'Uwftw'b wdwh9J"'l' WUJW ftwf'n'l b'il qnJnL-
~ .· 

fcltm'il m'bb'bwl (1 ) f.wqu.•uwpJ'w'b[! b ( 2) uftttp'bwllw'il UJWJJ'w'b'bhpf.'il 

pwqwpwrn'l J'f. .ew'bp l"' .tm J''bbpt 

l>rn.Jl, 'lf.urwrftb'b.e 
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, 3 ~r
y = xv y (7) 

(8) 

IJ,Ju 'lb"/.[!"'J' q nJ"'f1Jm~l IIL'bb'b ( 'I ) f. u,./wumpJ'w'b brftiiL [nLdnul

'bbl', nrnh.[! pw.J.wrwrnLJ' b'iJ (8 ) ufttfp 'iJwfJm'iJ UfWJJ'u.'iJ'iJb{'fh' 

y=O, y=x3
: 

flr f.rn.e "'!" f/>m'bftsf.w~thpf! (7) f.,uqwuwrJ'w'b L'ndmJ'th,.t b'b, f.w

,/nqqmJ' b'b.p. 'fpw'b.[! f.w•fwuwpJ'w'b J'h2 mh'lw.'lrh· 

[n'{ t '-lnnr'lf.'bw,j,'b/;rf> ult'l l' 'bwllhmntf w'bs"'buuf b'b 

brlf~ f.'bmhqr"'L"'tf>'b ftnrbr ( 'bt1• 37~ ), 

olwpdntpJntbblip XVI q.1Ju~ tJ.IipwplipJW! 

£:um mp4_w~ t:('"l ~ w"bn, p w "b'lunf/• '/Pl./ 2wr1!/r Jfr /! w~•p 

wnwffr"b w~"l"'''""l.rl!• 

1 
I. Un= ·--- , 

n(n-t l ) 

n 3 
2. Un=--• 

n-]- 1 

( n!)2 
8. Un==--· 

(2n)! 

SwpwJ[,nn&. .1 ~ 1 

x.n 
4. lin= (- J) n+l --, 

nk 

l, ~. 373 

II. , 2 , 3 4 -l- 11 
2-.-5 ··:-~o ,--17 I • • • + n2+ i+··· fll u~:n . Sm,uwfpmnL J 1;.. 

· 12 . . ++ ~ +fat~ -1- ••• + ]~!\ 2 + .. . ql 111m . ~nu/ uulf•mn uf (, 
I. 

rtnL 'I u1J/rmnL-
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,. 

20. 'lfrrumltl~· t "'l''lJ"e {wJp'~•fofr pbnrbJe 1;/t.,.t.Jwl 2"'refr 'b~wurJwJp. 

I I I I I 

y'2-I f 2+1 1- I" 3-1 f 3+I + · · ·+ f"T!-I { n+1 + ··• 

• ~Wtn• lffrwn/tJfr ~t. [!W'bfr "f' 2Wf'f'fr w'r•'fw•J'f,/t{'f!. {'W9Wf•J.w~ Jb.)n~PJwJp 

'byw'/nLJ /t'f, n ~ ofn'bnurn'bo (;W('{'f!. llrW{'WJfmnLJ to 
{lw'bf w .. wff'b w'!.'lwJ'b/t{' ulh"'l! t qlt{'/J'i.bf, "f'"{bu'ff 'bpw'b9 'f"LJwpf!. ,,.._ 

I 
Jw"{wurw"fuw'b 2Wf'ffr '/nLofwpf9 l"'"'f'pltp•/fr wqlt/frl l'w'!. 106"-f!.• 

21. 
I 1 I I I 

2-22+23-24 +··· + (-1) n+l2n+··• ~wm. n=20, 

_1 __ I ...L-I _ _ _!_+,.·+(-1)"-1 +•" 
2 3 ' 4. 5 n 

__! __ _!_+_1 __ 1 + ......... ( -1)"-1 + .. 
22 32 42 52 , n2 

lllw1n. n=IQJ, 

•1 1 
---+···-H-1)" - + ... 
2.3.4.5 . n! 

411wm. n= 10. 

30. 

X . X X 
34. sin x+2 sin 3'-f- 4 sing + ···+ 2"sin 3n+ ... lllu•m· - co< x<cc• 
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· . 3~. x x2 x" 
---==-+ + 1- 1-· .. 1+ {1 2-+-{2 ... n t f' n 

22 (1 · 2. 3)2 (n! )2 
3S. x+-x2+ xJ+ ... -t --xn+ ... U)wm . -4<x<4• 

4! 6! (2n)! · 

X .39. '1-m'ltbl x+2x2+ . • . +nx" + ... (pel<: I) 2"'1'l'fr 'l"<Jwre• "lwm. (l-x)
2

• 

flrn2bl, pb 'bbl'l'"'hJwl 21ul'l!bl'fr9 npn'bl! b'!. '!.2qw,) r.wm•Jw.)'!.bpn• ,f JwJn-

X x2 x" 
·· two1"'1' 40. I+-+-+ · .. + -+ ... (O ~ x ~ 1)• lllwm. UwJnpws1"'1 t. J2 22 n2 . 

•. _42. sin x sin 2x sin 3x s in nx 
-~-2- +~t-32-+ ... +7"+. lllwm. UwJnpwo-[0, 2n] • 

; AnL'b~sfw'bltrfr ybpfnL.)nLPJn<'!.f! 2"'1'1'brfr 

I 
43. -- -e q/r/'f"L,)/tl f!""' X· f wuurfrGw'b'!./rpf f. "l'"2bi 'I"L<;w•l~urnL. IO+x 

. P1w'b Jffw~wJI'I!• "twm. !J..n«JwJfmn•J t -IO<:x'-..10 'lb"{I!"<J
1 

44. cos x-e ·l"rL"_' .)b, I!""' (X- +) ." UIU mfrGw'l/'bbrf. fltwm. ; 2 -

·· " I ( 1t ) I ( n )2 I ( n )3 
- y2 X - 4 - :!{2 X- 4 + 6{-:J . X-4 +·" 

x2 xJ 
45. e-'-e ybp[n<.)bl f!""' X· f wumfrGw'!.'bltpfrt lllwm, 1-x +---+ ... 

2! 3! 
46, eX- f! qbpfnL,)/,f f!Uur (x-2)-f wumfr6uo'io'zoltpfro ~)Win, e2+e2(x-2)+ 

e2 e2 • +-
2 

(x-2)2+ -(x-2)3+ ... 
! 3! 

4'7. x3- 2x2+5x -7 1bi'L'",)/tl /!""' (x-I)-" wumfrGw'!.'!.bpfrt 4lwm. -3+ 
+4(x-l)+(x-J)2-t (x-1 )3• 

4S. x
10

+ 2x
9
-3x7-6x6+3x4+6xJ-x-2 l''"'IJw'b'l""'l!. 11ti'L"'~bl ~ltJL"I'/• 

:•rl!/r /!.""' (x-1)-fr wumfrGw'b'!.ltpfr. r.wJn'lofb,, nr 1 Pfr·l~· "'J'l pw•J·fw'!.'lwJfr 

h.w~f "'l' J,...,.'b t. "lmm. f(x)=BI (x-1)3+ 270 (l1-I) 4 t 40.S( x- IJ5+351 ( x-1)6+ 
·.·. + 189(x-I )1 + 63(x-I )8+J2(x-l)9+ (x-l )1o , 

49. COS(x+a)-'1. qhp[nL.)bl /!.'"" X-Jt wumfrGw'!.'bltpfrt fllwm. COS a-X Sin a-
·xa xJ x4 

--2, cosa+-'- si na+ -cosa-... 
0 3! 4' 
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ilJwm. (x-1)-

( 

1! ) 211--1 
_!_+ 1; (-1)" 4n-l x- 4 Uxj<:co )• 
2 (2n-l)! 

n-1 

I oo 
53. --~ .J.bp[nL~bll!.u"' (xfl)-p wump&.w~•~bpp 2Wf'l!f• ~lwm. L ( 11 + 

xl n - O 

tl)(x+l)", (-2<:xc:::O)• 

54. tgx-e .J.bp[nL~lrl !!.""' ( x- :)-/• wump/;w~~brfo 2wnfo• fllwm. 

1+2( X-: )+2( X-:)\ ... 
<J.pb( ·r.bonftJW[ lj>nL~~~ofw~b['f\ f!.UUI x-1! WU."'f0Wb~/s{1/t 2W('{!f 1"rtnL~nL

PJn'-'J.~/r['f wn.wj}'l. i"l'" w~'lwJ~bl'l!.• 

55. tg x. fllwm. 

+ 4x4_ 3Jx6 - ... )· 
4! 720 

fllwm. 

xJ 2x; 17x1 

x+--+-+-- t ... 
3 15 315 

57. earctgx , fllwm. 

x xz x4 
ln2+-+ --- t ... 

2 8 192 

(
. x3 

56. ecosx , qlwm. e 1-
21 

+ 
x2 xJ 7x4 ." 

l + x+ 2--6- 24-T ... 

59. e> in x , "!wen. l+x + 

xz x4 x6 
62. In cos X• "'wm. - - ------- ... 

2 12 45 

6:1. s lnkx-e 

(kx)5 . (kx)1 · 

+--5,. ----, -+ ... 
. I. 

(kx)3 

Cllwm. kx----+ 
3! 

6 ·.:1. Sill2X·f!. ,,b['["L~/;[ f!."'n X-/r wurn.frb.w~~/rpp b. npn2b1 . 'l"L'lwJpwnLfl Jw'J. 

2x2 2Jx4 25x6 22n-lx2n 
_,fi.Ow'·wJ{!l!.• fllwm. ----· - +---... +(- l )n -l + · • • &wue 

lL "t 2! 4! . 6! (2il)! 

'f"L~w·lfrmnLJ I; X·/! l"'t"P wpJbi!~•brf• 'lb"lf!"LJr 

I • 
f•5· -- fn•~~gpw~ 1bl'l"LIIht !!.""' X·p wumpC.w~~bpfr 2W('i!/!• f!luom. 

I + X2 

1-x2 tx4 -x6+ ... 
360 

(-1 ~ x ~ l). 

I 
6'7 • (ltx) 2 /j>nL~~gpw~ 1bl'["L~bt eum X-p wumJ•& w~.~bl'f 2W['{!f• fllwm • 

l-2x+3x2 -4xL . ... (-1 <:X <:: I)• 

O'lmtfbtn•J e', s inx, cosx In(!+ x), ( I+ x)m /j>nL~hfow~bpp wuutfdw~wJp'h 
. 2Wf'{!f 1bl'lnL,!nLfl .t w~• pw~wd.l.bppg b. ~ppwnb1 ,1 mwppb1, b'l'"~w~~bp, fJH•L~~OfW
~bl'l!. 1bl'lnLIJbl wump&w~•w;p~ 2wppbpp b. "l'"2bt 'l"L'IwJpwnLfiJw~ 2 ,unw•ff'l~bl'l!.; 

. ' . xJ x; . xz x4 
68. shx, qwm. x-t--3, +~+· .. (-<:>o <:x < co)• 69. ch X• fllwm. 1+- +-+ .. • 

. 0 . 2! 4! 

I oo (- I )"(2x)2n 
'70. cos2x. fllwm. I+ - 2:; 1- co <: x <: co )• 

. 2 n- l (211 )! 

~ xn · 
. '71. (l + x )ln(l t x)• Cllmcn. x+ l: (--l)n (lx l ~ l)• 
· n= 2 (n-l)n 

00 n-1 I 
fllwm: I+ l; (-J)n-1--xn ( - co <:x<:co)• 73. --, 

n-2 n! 4-x4 
c'-1 

'72. O+ x)e-x, 

~-x4n fllwm. LJ 
n=O 4n+l 

{\xj <: f2). '7cl, --, 11iuun. 
X 

x x3 xn-t 
I +-2, +-3, + ... +--+ ... (-CD <:X<: CX! )• . . n! 

I oo 
75. --~, Cllwm. 2:; (n + l)x" 

· (1-x) n= O 

' 4x5 _ nn xn 
--. - + · · · + f2 11sin- - ...L 

5! 4 n! ' ... 
I x3 I • 3 x5 

flwm ; x--- +-- f-
2 3 2-4 5 

' ~ s ln(ltx) ~ I)• '7130• dx, fll!l'm. 
X 

0 

2x3 
( jxj < I)• '76. e's in X• 41lwm. xtx2+---

3! 

(- CD <: X <: oo )• ;;. ln(x+r I+xz;, 

1·3 ... (2n-l) x2n + l . · 
+ (-I)" 

2 
- -- t ... (-l~x~ 

. 
11 

• n! 2n + I 
X 

f (-l)n+l x: I \XI~ I)• '79. s~dx. 
n~ l n X 

0 ' 
~ x2n+l J cos x ~won. n~(-1)" (2n t l)2 (-kx ~ l) • SO. -x-dx. 41lwon. C + ln ixl+ 

00 
x2n • 

+ l; (-1)"(-2. )-
2 

)i. (-oo <:x <:O b. O<:x<:oo)• 
n=l n ( 11 . 

I 

St. 
X 

j·~. l--x9 

0 

oo x•n-8 
Cllwm. L --, 

n=l 911-8 

S2. ll."lwgnLgb{ 

sln(atx)=sin a cos x+ cos a s in x, 

cos(atx)=cos a cos x-sin a sin x 

~IU1UIUW[InLf1JnL~~bf'f!.t ~('W~Q J.w[11 Jwub['[' 1"f'["L~/;{'"' (!UUI X-/• lwuu•f• • W~I~tb('/!"1 
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o,~n1hin1 r,.,,r"'"l"'"'"'""""'b 2"'l'l!"rfro• r.w21"t· S3. cos! 0°-e Jf'bit.. o ,0001 
&.2.,n.p1wJp• lllwm. 0,9848, S<l· sinl 0 -e' Jfr'bit.. o,ooo1 &.2"'"•£1;wJp, 

tllwm. 0,0175, Sa. slnl8"-e' .tfr'bi£. 0,001 f.2u•n•fl;wJl', flwm. 0,3090 

86, S IJl~-c Jfr'b't_/,. 0,0001 0.2utnLfJJWJpt Q)UJUJ, 0,7071t 
4 

1 s;. arctgs--c 

.tfr'bit.. O,OIJ01 f.:mn•fl;wJl'' tllwm. 0,1973• SS. ln5-e Jfr'bit.. 0,001 £.2mnL£1JwJl'' 

tllwm. 1,609• S9. l g 105-e Jfr'bit.. 0,001 '2"'"Lp;wJp• lllwm. 0 ,699 , 90. arcsin1·e 

Jfr'bit.. 0,0001 G.2m"L£1JwJp• fllmm. 1,5708, 91. ye Jfr'bif' 0,0001 G.lmnLfJJwJp• · 

fllwm. 1,6487· 92. lge-'b Jfr'bit.. 0,00001 (.2mn•fl;wJpt lllwon. 0,43429· 93. cosl-e 
Jfr'bi_l.. 0,00001 £.2mnL£1Jwtfpt tqWIII• 0,5403, 

o.,m1hln1 f(x)=va 11+x lf?nL'b~sfrw;/r' Um~t"rh'bfr 2"'l'l'/r 1"rt"'~nL£1JnL'bfro 

Jfr'bit.. O,OOL £.2mn•£1;wtf{' r.w:1"t• 94, fl 30 fllwm. 3,107, 9;>, .-J 70• 

~Will• 4,1~1• 96. fl500, fllwm. 8,367• 9'7. V250t ll,lultn• 3.017• 9S. -{84, 
411wm. 9,165• 99. f12, Q)wm. 1 ,2598• 

lJ'b p wft'bmh'fpw JW ;/r'b lf?n L 'b~o/r w'b "" r [nLJ "L"1 2"'PI!/r' r, "'2"" l r,ls uri.. JlU l fr'b-

l 

10-5 f.:mnLflJwJp, lllwuo. 0 ,94608, 101 .. fe-x 2dX Jf,'bit.. 

0 

" ' 4 

0,0001 £.2mn•fl;w.!p, lllwm· 0,7468• 102 .. I s in(x2)dx Jfr'bit.. 0,0001 f.2urnL-

O 

0 .5 

103. / /xdx •'l!'bit.. 0,01 '2"'"'PiwJp, 411wm. 0,81• 

0,5 

[
arctgx 

10~·. --x-dx Jfr'bit.. 0,001 

0 

lllwm· 0,487• 

0.25 

I 

lOa. I cosix dx 

0 

Jfr'bi_£. 0,001 £.2urn•f1 ;wJp • fllwm · 0,764 • 106. J It t( I+ -{x) dx ·'fr'bit.. 0,001 

0 

I x2 

G.2urnL£1JwJpt lllwm. 0.071· 10'7. I e-
4 

dx .rfr'bit.. 0,0001 (.2mn•f1;w•fpt 

f!wm• 0 ,9226• 

0. 5 

J 
dx 

109. -
l+x4 

n2 
~uun. -, 

12 

362 

0 

8, L 9 n L J, U.;u t.. r.u•f"l''l hp~nL Of•f•'bw~'blsre L"'~bi/•u o'l"'"'~wp t r.w21/! 

· .w,.'bht r,/s.,t..Jw[ r.w1wUWf'"' fl J"''b'bbre• npn'bl! ~r.wutnwm11'b X VJI '11/u/r § 2. nt J 

f (-l)n- 1 

11=I n2 

I 

111. J ln(l~x) 
tlllUIII• 

n2 
-, 

6 
0 

112. 

00 

~ 1 =~· 
n =- 1 (:.?n-1)2 8 

I 

j. l+ x dx 
In---, 

1-x x 4 

'/o /r ~ /s [' £ 'L fJ /r IU[ f, w 1w u ut p n L ,/ 'b /s ('I! f ~. m /s 'I [' n t ,( C 2 w ['I' /s ['I! 
. rfr£non•f 

113. 9· m'blsl y"=xy r.w1wuwpJw'b w;'b I"'~'" •le , "I'C pw1wrwpn• ,( t y=l• 
y'=O, hrp x=O uhr'""~"''' "i"'IJw'b'bhrft'b• 

x3 xs 
BnLonLtft {n•JnaJe npu'J.bl2"'PI'/r mlsul!n•f• Cllwm. 1+-+ + 

2.3 2 . 3. 5. 6 

+ ... + 2.3.5.6 ... (31<-1)31< + ... 
- 114. <J.m'bht x"-i-xy'+ y=O r,"'""''""rJu.'b w;'t• ,,,J,,.Je, "l' l! rw1wpwpn•J 

x3 xs 
t y=IJ, y'=1, brr ).=0 "~'11''""'1"'.,' "I"'JJw'b,,brJ•~•• flwm . x-- -,.- ---

3 1 . 3. 5 
l-I)n..-lx2n- I 

~--·+ ' . ].3.5 ... (2n-1) 

Ita. 9-ur~·"t 

x2y"+xy' + ( x2-+ )y-0 

r.w1wuwpJw'b e'b'lr.w'bnLfl jnt~nLJft 

8nL :/" LJ, {naJnaJe npn'bht y=xf(A0+A 1x+A 2x2+ .. ·) mls~l!"'/• 

~wm. C1xl f2 [1-~+~-~+···] +C 2x-+[1-~+~- ... ]-
, 3! 5! 7! 2! 4! -

. sin x cosx 
=C 1 -=-+C 2 --=- • 

y X • ' X 

ff6, fJ.!"'b/sl XJ" -+ J'+xy=0 r,,u1wuwptfw'b WJ'b tn•~nLJJ!, "f'f! pw1wpwpnLJ 
x2 x4 

t y=l, Y'=O, hpp x=O U~'lp'bw~w'b "i"'JJw'b'bhpfr'b, ~WID• 1- -+----
22 (I • 2)224 

xe x2k 
(1 • 2. 3)228+ .. ·(-))k (k!)222k +· .. 

'1- /! m n 'In • £1 1, L 'b, ol,hp£fr'b hp~nL 'lfr~bph<;,qfwt r.w1wuwpnLJ'bltl'l! 

x2y" +xy' +(x2-n2)y=0 
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8 n L 9 n L J, ~nL~nLJ/! npn'bbl XP(ao+a 1x+a2x2+•••) u.fTU.fntf, fllw IDo 

C1cos fx+C 2sln{x. 
liS. 9-on'bbl (1-x2)y"-xy'=<l t;wqwu_wptlw'b WJ'b ln~inLJ/!.1 nre l'"'"wrw-

1 xJ 
f'ULJ t y=O, y' ~ 1 bpp x-0 uhr'bwft.w'b UlWJJw"i.'bbpf'bt ~WIDo x+ 2 3+ 

1 3 xs 1 3 5 x7 

+ ---+----+··· 
245 2467 

119, 9-on'bbl (l+x2)y"+2xy'=0 t;wqwuwpJw'IJ WJ'b lnLJ-nLJf!., nrc pwtfw-

{'Uif'nLj t y-0, y'=L bpp x=0 uft.7p'bwl1w'b "lwJ•fw'b~,bpf'b, llj.i.,ID• X--

x3 xs x7 
-3+ ---.;--7 + ··· 

120. 9-on'bbl y"=xyy' r.wqwuwpJw'b wJ'b 

Y=L y '=L "''l' X . 0 ull'll''bwft.w~• "[WJJw'b'bbl'r"'· 

121. 'j.m'bb[ (1-x)y'=l + x-y r.wqwuwpJw'b JU~~ULJf!.t npf!. pwtfwpW('IiLJ 

t y=0, bpp x=0 uft.'Jp'bwft.w'b "lwJJ1u'b'bbpp'b k 9n~JS "'"'l uwwstjwJ- 2Wf.fP '(nL'lw-
X3 .xJ x4 · 

Jfomn<fJJw'b JfiwftWJI!f!.o flloum, x+ -+-·+-+ .,•(-1 <i;X<i; l)o 
}.2 2.3 3.4 

122• <J.m~I/;J XJ"+y=0 r.wqwuwpJw'b wJ'b ln~J-nLJf!., npf!. pwtfwpwpnLJ t 
y=O I y '=L bpp x=O uft.'lp'bwftw'b "[IUJ•Iw'b'bbpf'b r. sn•s "'"'l 'fnL'fwJfmnL p '"'"' 

x2 xJ x4 xn 
Jf>lwftwJ~l!• lllwm. x-( 1!)22 + (:l1)23 - (3!)24 +· .. f( -1]'1+1 [(n-1)!]2n + • • • 

... (- = <x< = )• 

1 
12<1, tj.u,'bb/ y"-j--y'+y-0 r.uttfwuwp.fw'b WJ'b ln~J-nLJf!.l npf!. pwtfwpw

X 

pnJ t )'=1, y' 0, bl'l' x=0 uhi•'bwftw'b "l"'J'Iw'b'bbrf'b t. snLJ!J "'"'l umwsw~· 
x2 x4 x 6 

2Wf.fP 'fnL'JwJfonn<fJJw'b Jflwftwu•f!.• lllwm. J-22+ 22' 42 22 • 42 • 62 + ... + (-

. x2n 
-1) 0 + ... (jx/<= )• 

22n(n!)2 

tj.,..'bbt 'bzqwJ- uft'fp'bwftw~o ulwJJw'b'b/;1'{' 'Jbu[l!nuf 'bbpent;p2JWf 'lPfJ>bpb'bsfwl 

r.wqwuwpnLJ'bbpf lnLJ-n~ J'bbpf• wumfoC.w'bw Jp'b 2"'l'l!P t/br lnLJ-nLfJ JW'b ·wnw £f'b 

4x3 
ltrbe w'b'l""'"'"re· 12a. y'=x2+ y2, y=l I "rr x=O· fllwm. I +x+x2+3 + ... 

ex2 tt3 
126. y''=cY+x, y=l, y'-0, bpp x=O• lllwon. I+ -+-+••• 

2 6 
xa x3 

127. y'=sin y-sin x, y=O, brr X=O• 4qwm. -2-6-... 

131. y'=x2y2.;.....}, Y=L "rr x=O~ fll ,um. 
xJ x4 x3 

1 --x...;-~-2-f-s-··· 

x2 2xJ 1 1 x4 
132. y'=eY+xy, y=O, "rr x=O• Ill tum. x+-+-+--+ ... 

2 j 2.3.4 

i -'. 



XVII '1-l n fl. lu 

§ 1. Uwfidwbnul: lubqp~ qpt[wbp(! 

(I) 

,.bu.[_!fr f/>m'hbfrn'hwl ZW{'.f_!/! ~ntr.J.nLJ' /; bnruUliJnl.UWiW'itWqWU 2mpp: 
8o, an I. b0 (0=L 2, ... ) r..wut.nwt.nnL'ii ftlr.J.bpf! ~n}_'[nLJ' b';, bnmfi~J-m.fim 

l_W'itmqmG. 2wpp~ qnp~wHgG.bpt 

bpb ( 1) zwr.f.!l! 'l"''twJ'fr.,mJ' 1;, wUfw 'hpw 't"'J'wre 2n Ufwr 

phpnLfJJwJ'p f(x) U/_W{'pbpw~w';, f/>nL'h~sfrw 1;, .[_!w'hfr If{' SiflflX-f! fA_ 

COS fiX-/! 21t UfU1ppbpnLPJU1J'p UfW{'pbpw~UI';, f/>nL'h~sfrw'hbr b'h: 

IJ.JuUffrunr.J., 

'1-'hbfl.f.! r..b.,l..lwl frt'h'1frrl!' 

s,.qwq /; 21t UfU1ppbpmfilnt,';, nL'iibsn'l f(x) UfU1f'pbf'w~wfl fnLfi~-
•JriUflt ,. fl t ..,_ /r u /r"' ..,_ Ul I J', fl s, ~ r /r 'I b ..,_ .[! n L J' f( X )-Jr r., J', r 

""'r'Lir I; 't"'flbl mr.J.Iwl f/>n Lfl"sJrwlfr" 'l"Lil"'J'""'"'l 
bnlllfi"JnL'hllltUI "'IU"UI';, 2Uif.f_!1 

ll.1u frt'h'lfrril l;l "lnuJr.J.fr um 1';, -rufrtnLJ'r 

t Ul r .[! /r 'l n r 6- Ul ~ /r 9 ';, b r /r n r , 2 n L J' I! :b n L r I b /r I' Ul fl ,_ 

J. fA. b {' n '[I 'Jop9nL.f_! 21t "/wf'pbpnLfllwJ'p f(X) Uf"'f'P'f'"'""'fl lj>nLfi"

Sfr"'';, "'l""lfrufril /;, "I' UIJ';, flbr~UIIUJSr.J.nLJ' t ( -n, n) J'frtw+"'IJ!"LJ' 

866 

Ufii.JWL f/>nt'h~sfrwtfr'h lllfLifWJ'frt.nn'l bnw'b~JtiL'hw}_wpw~w'h zrur.f.!n'[l WJ

ufr'h.[_!'h\ r..w'h'ffruw'hnLJ' I; Wl'f 2Wf'.f_!P 'fiiLJ'Wf'f!• 

a co 
i(x)=-t+ ~ (ancos nx+bnsin nx)' 

2 n=l 

(2) 

b'hftlw'1f1b';,.f_!, np WJU r..wr.J.wuwpn<filJw'h awJu J'wufr f/>m'h~sfrwJfr 

fr'ht.nh'trrull! r..wr.J.wuwr I; (2) zwr.f.!fr w'h,.wJ''hbrfr fr'ht.nb'trwl'hbrfr 't"'

J'wrfr'ht 'tw, opfr'hw~ 1 t.nb'fp ~nL'iib'hw 1 b[Jb b';,[iJw'fpqfr, "{' t.nr.J.Jwl 

hn.w'h~t"''hwtw.frw~w'h zwr.f.!fr 't"rtJw~frs'hhrfrs ~UJ'IJ'r.J.wct pqwtfr'h zwr

.[!f! pwawpJ.w~ 'l"L'twJ'frt.nnuf 1;, wlufr'h.[!';,' 'l"L'fwJ'frt.nnLJ' I; 

I ~ol+laii+ tb 1t+la21+lb2'+ ··: +lan:+lbnl+ ... 

'll'w~ru'h fri1.wJfr'h zwr.f.!f!' 

(3) 

IJ.n 'f/,"f.[_!nLJ' (1) 2Wf'.f_!/! J'wJ-nrws1n'f I; /11 r..b.,{,wpw{'l WJfl 

~W(Iblfr I; w'h,.wJ' Wtr. w'h'fwJ' fr'ht.nb'frhl -1f.•/rs J'fr'ii}_b 1f. J'frp_w~WI.f_!ntJ'I 

'1-w O'{UJW'fnptJh';,.f_! a0 'fnrtJw~frsf! r..wzqblm r..wJ'wpt 

(2) r..wr.J.wuwpnaftllw'h hr~nL Jwubr'h fr'h"'b'trh'h.[! -1t·/rs J'fr'htl. 

+n uwr..J,u'h'hhpnLJ'. 

'7t 1i: 1t h 

Jt(x)dx= J ~0 ctx+ n~l (j'ancos nx dx+ J bnsin nx dx )' 

-1< -It 

f" j~ · cos nx: I" b
0
sin nx dx=bn sin nx dx=-bn =Ot 

n _, 
-1t 

J f(x )dx=na0, 
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" 
1 j' a0=;- f(x)dxz (4) 

If JIILU 'J" {'.tw~p9'bb {'/! f.wztfbtnL f.wJ'w /' J'b '[ Ufbm.p ~'fw'b J'p .pww 

'bp n("'2Jwl p'bmb'll'wl'bbr1 nrn'b.p hJ.mwp~b'b.p 'bwfuorn.pz 
b[Jb fl•f!_ b k-'iJ wJ'pnrz2 {rJ</br b'b, WUfW mbrzft nL'bb'b f.bmkJW£ 

r.uu[wuwrmfJJnt 'iJ'iJbrf!• bfrJb n=f=k, WUfW 

J cosnx cos kx dx=O, 

- 7: 

Jcosnx sin kx dx=O, (I) 

- 7t 

jsinnx sin kx dx=O. J · 

" \ J cos2 kx dx=rr. 

is in kx coskx dx=O, (ll) 

-r. 

-it 

l cos nx cos kx=-[ cos(n+k)x+cos(n-k)x], w"lw 
2 . . ~ . ~ 

[
cos nx cos kx dx=~Jcos(n+k)x ctx+-

1 
Jcos(n- -k)x dx-'J: 

~ • 2 2 
-1t -ot 

'i.Jw'b J.bnt{ ·llwrbfp t' umw'bwl b (I}-fr J'bwswJ p•u'bwo./1 b
1
;,1!*1 (II ) 

fuJpp p'bmb'lrwl'bbrl! f.wzqt{nLJ b'b w'bJ'p2w~w'burb'b ( mbu I t.wm . 

X 'tJiumJ'), ._ 

U.!'JJ' ~wrnrz b'b,e t:.wztfbl (2) zwr.er ak IL bk 'l"!'JwltJ.B'bbl'f!. : 

k=FO "r"t nrnzw~p u•r<lb,ep 'lb''i.emJ' ak 'l"rdw~PBl! "l'"Zbl"L 
r.wJ' W (I ( 2) f.wt[IUUUI('IIL{rJ JW'b b ('/filL J' wub ('{! pw'[J'IU"fWlnfJb'iJ.p COSk X· nq. 

f(x)cos kx= ~0 coskx + n~1(a ncos nx cos k x + b11sin nx coskx)' (2' ) 

Z.wqwuwrmfJJw'b Wj! J'wuiiLJ' umwstJw6 zwr.pf! .rwJn['W!JIIurz 1;, ,ew'bfr 

np 'ilrw w'b'lwJ''bbrl! . pwuwraw~ J'bdmf'twJ'p th'b 'lbrw'lw'h,'}utJ t 3) 
'[nL'fWJ'pmnrz 'lf'W't"''b zwr.er w'b'lw.r'bbrJ.'iu flu .. np WJ'b ~wl'/;LP t 
sw'b~wsw.t f.w'mt[wdnLJ' w'b'lwJ' WIL w'iJ'/',J' p'I.Ulb'f{'bl' . 

(2' J r.wtJwuwr"'Pt"''b'il J.'bmb!i£'"'b.e - rt-/•u ·'f' 'b liL rr uw t:,Jw'b

'iibrnL.r. 

" 1t 

{t(x)cos kx d x= ~0 J coskxdx+ 
- - 1t 

~ ~ 

+ ~~( anJcos nx cos kx dx+bn Jsin nx cos kx dx } 
_, 

fl,zw'lf'"'fJJnL'b 'lwr&'bbln1. ( II ) b ( I} pw'bwJ.bbr"'b, mbu'bnLJ b'b.JJ> 

nr ak 'l"rJw~r9 m'bbunrz J.'bmb'lrwLfrB pwgp, W2 J'wup P"L"r p'bmbw 

·· 'lrwL'bbrl! t:,wt/_wuwr b'b 'll'"!P' 
Z,bmkwpwr, 

• 

7t " 

Jt(x)cos kx dx=ak Jcos2kx dx= akr:: , 

7t 

ak=-; Jt(x)cos kx dxz 
- 1t 

cos n x sin kx=l / 2(sin(n+ k)x-sin( n- k)x], 

sin nx sin kx= 1/J- cos(n -j- k)x+ c.os(n-k)xl • 

(5) 
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(2) t..wt{IMUUI[Intfi/JW~ br~nL J'wubf'{! pwqJ'wUJWUJ~btnt/ sin kx-nt{ 

' ~n rfrs fr~urbqrb l"" -n·frs J'J>fltb. 1t, ~'l"'~"~ ,D• 
., 

1t 1t 

Jt(x)sinkxdx==bkJ sin~kx dx=bk'lt, 

-· lt -lt 

1t 

. bk- ~ Jt(x)sin kx dxt (6) 

, (4), (5) J.. (6) pu.~wab.hpnt/ "1'"21"'1 'f"fH)w~frs~hre ~nJ.tjmJ' h'b 

f(x) ~ndi~gi'mJ~ funl.pJb~ qnpc}wqpglibJl, fru~ wl'l-"lfrufr 'l"fdw~i's~ 
fJbpnt{ (1) buw'iJ~~nt~Wl_WTW~W<j, ZWf.f{! fJn~tjmJ' t" f(x) f/>m~~sfrwJfr 
~nl.pJbi' 7WPFI _ J' 

.. U.lJJ' t[b('IU'fWfl~W~J! J'br ~n'lJ'fra WJU UJWfW'lfW:Pfr uhpnL 

*lftfwJ- t..wrs/>~• J>~t"'frufr"' t..wmltn•{J J"L~~br"'"- UJhUJ,e t" oJUJt{wd Li'~fr 
fn•~~sfrw~, "f"/huqfr ~rw t..wJ'wf• ~wnmst{wJ- :hmpJhfr 2wr.p~ Lfr~fr 
'f.nL'l..,J'bur ,_ "f"'huqfr UIJ'l- zwr.pfr qntJ'wrc t.wt[wuwr Lfr~fr wJ'w .. 

"lwmwufr•w~ ~bUJbpnLJ' urtfJwl lf.nt'b~si'wlfr wpcfb.p~hrfr';,, 
u.

1
uurb'l ~aLw~brUJb~,e J'fr (JhnpbJ', "fl!. ~UJw f(x) tf>n•'b~sfrw't 

:IJnLflbfr zwp,efr fJbp~WJIU8~btfrmfiiJw~ pU1tjwpwp "/wJJ'w';.~bp[!l 
Uwt.J'w~nLJ'I f(x) fj>uL~~yfrw~ ~nl_t{ntJ' t" [a, b] t.wurt{wdmJ' 

lpnnp mn. qulDJl unfimnnfi, b(Jb t..wurt{wil(!. X1, X2, ... , Xn-1 t[hpp_wt{np 

[ilt/nt{ ~bmbpnt{ ~wrbtfr I; urpnt..bl (a, x1), (x1, X2 ), .. . , {Xn-1• b) ~fr
w~wJ.pbrfr WJ~"/bu, nr lUlU J'pf1U~WJ,Db['fr9 JnlfW,DW~lJnLfnLJ' tf>nL ~· 

~frw't:J'n~nUJn~ t, WJU~~J!"b' ~u/J' nl_ .. wf.n'l f- 1 ~w'J' nl_ 'Lt[wqn'll 

Uwt..J'w~n•J'frs t..bml.nLJ' t, "I' h[ilh~ f(X) f/>n•~bfrw~ [a, b}t..wm
t[wdntJ' ~urnp wn ~UJnf Jn~nUJn~ t /._ uwt..J'w~wt[•w~, w"'w WJ~ ~w· 
l'"'llt" ,..f,b'i.wl J'frwl~ um.wp_~~ ubnfr P"lmJ'~kpt . f•rn.e• h[ilb X=C-'t 

f( X) f/>nL~~sfrwJfr frlqJ'w~ ~bUJ fl., UI"/W J'n~ 
~ ~nUJ n~nL p JUI~ z'r.nrt..fr1 'l" JnL Pl"'., m ~b~ 

f(c+O) 
f(t:-0) 

0 t: 

t~. 374 
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lim f(x)-f(c-0), 
X-> C- 0 

lim f(x)=f(c + O) 
X-+ c+O 

uwt.J'w~~hrf!.• wlu~~,e'i.' C ~burf! wnw2fr~ 
ubnfr fuqJ'w~ ~bUJ t" ('b~. 3i4}t 

u,1cf,f pw~waLbfJ,e t:.bmbJwl [ilbnpbJ'ct 

fJ' b n f b J' 1 bpb 2n 1ljWJlpbpn1.flJWUp. 
f(x) 1ljmppbpwqmfi ~mfilJgl'wfi [ -n, n] 

:· fiwm~wc}nl.U ~mnp mn. l1mnp unGnmnfi .. ll uwfiuwGmtfnull• UlUJlll WJ~ 

~n~.G~gftwJr liwuwp ~nmmgwc} :bntpJbr zwPFE q_n~.qwuftmmu l• pn
l"Jl ~bmbpntu: Umwgqw~ zwrvl~ s(x) qn•uwp~ wliEfiqfiwmnl.pJmli 
qbmbpmu nwqwuwp .. f(x) !l>ndiqgrwJJl mpdbpftli: f(x) ~ntfi~grwJ~ 

'Juq_tfw[i 4bmbpmU zmppr !)ntUUl)1~ fiwttmuwp j; f(X) ~rnfi~gfltUj~ 

w~w~n'luJwG u owJuwlln'luJwfi uwfiuw6Gbpft tfhl1G pqwJ•mliwllwli!Jfi, 
mJuftGpfi' bph x=c-fi f(x) ~ndi.~grwJr JuquwG qbm. };, um1w 

f(c-O)+f(c +0) 
s(x )x~c r 

2 

U.~u [JhnphJ'frs t:.bur/,,;,J' t, nr WJ'b q,IILL~sJ.w~hrfr 'flUU(!I npn'b.e 

~br~wJwstfriLJ' b'b .'b, rJhfr zwr,ehpnt[, pwt{w~w'bfr'b LWJ'b b U.J1 "'WLn" 

-6.wnnt{ :hm rJbfr zwr.pbrl! J'bJ IJfrrwnmfiiJ•IL't b'b qurbl J'w[JbJ'wmfr~wJ/> 

mwppbf' pwrlfr~'thpmJ't :J)furlbf, zwr.phf[' t:.wm~w"'hu t:.wl"'l"'f"JwJ'p 

b'b ~frrwn1mJ' J'w[tlbJ'wUJfr~w~w'b f/>frqfr~wi'"J' J. 'brou ~frr•wnm(tl.tn•'b-' 
'bbpn•J' .!hfrlw'i.J.~wlfr m f/>frqfrltwlfr ~~~~~r•btn /u'b•Jfrp'bht'P 'bltwurJ'wJ'p 

(urbu XVUI Cflfrmul)r 

St/Jwl [ilh,phJ'c phpm J' h'b.p wnw'b9 w"'w9m9J'w~t § B-10-nul 

urrtfbtriL f" f/>11t'i.ft9f'wJfr' 3JmpJbfr zwr.pbfp <Jhf'lmJmfiiJw'b J'fr WJL pw

.· 'l.wrwr "/WJ,/Wbp WUJWSnl9nLJ'f! , nrc 1"rwpbpmJ' t" nrnz frJ'wuUJn'l 

wtfbtfr 'bb'l f/>"' 'b~sfrw~brfr 'lwufr'bt 

fll.pl.-,1! ~"'-.,~flf"'-,l,l'fo' :bnc.pJI.fr 2"'l'.f!l.pfr ojl.p[n<~nLfJJw., opfr~,w~.,lrp, 

0 I' /•., w ~ I, 2 rt "l"'l'l'kf'nLfiJwJp f(x) "l"'l'l'bl''"~w., ~nL.,~fli'"'~' npn2ofw~ 

~ bmb.J'"l ~l.l'"l• . 

f(x)=x, · -lt<::x~n. 

l/.1u ~nL"'bfrw"' ftmnp lUI< ~mnp J.,-,.,UJ.,-, b. uw~Jw.,wpw~ !; ("'~· 37J }t 
~·mb.wpwp, '"J"' p "'-Jl t mwlfru oJ.I.l'lnc.~nc.p 1"'-"' a,,._l'll.fr 2'"l'tbrJt' 

f:um § 1-fr (4) pu..,wJ.I.fr 'luo.,,c.J 1,-,l!• 

1t 

a0 _...!.... S xdx=..!_ ~~" =O, 
1t 11 2 -lt 

- lt 

1t [ 1t 1 I sin kx ~ 1 . 
ak=- Sxcos kx d x=- x--1 --5 sin kx dx]=o, 

1t 1t. k -lt I{ 
• -r.: -lt 
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" 1t "] 
I 1 cos k X 1t 1 " 2 b~=- \ x s in kx dx=-[-x--1 + - I cos kx dx = ( -l)k+ 1 -, 

1t J It k ·-lt )( j k 
- x . -~ 

IJ.Juulfurr4_ 1 umw~rr LJ It~[! ~bmi.Jwl 2"'l'l!/!.• 

l si n x si n 2x sin 3x s in kx ·] 
f(x)=2 -

1
---

2
- + -

3
- - ... (--l)k+l-k- + ... . 1 

u,1u ~wqwuwprrLfJJrrL~f!. mlr'lft n•~/t [lnf"l' ~bmlrprrLJ, l'"'9P fu'IJw~ ~lrmlrpftol BrrL
l'"'i"'~iJ"'l' [u'[Jw~ ~b,~nLJ 2Wf'I!P 'l"LJwpi!_ ~wqwuwp t ~['"' w£w~n'lJJw~ k .lw

ju wi1: '1J J"'~ uw ~.!w~~bpft _ J/tf fr~ fj1 4. wpw~w~w~•fr~, "'J"P~l!~' 'll'"Jf" 

!I 

l,~. 376 

0 l' ft ~ 111 ~ 21 2n "l."'l'Pirf'nLfJJwJp f(x} "i"'l'Pirl'w~w~ lpnL~~9P"'~ "l'"2'Jw~ 

. f(x)=-x, lrpp -n~ x~ O, 

f(x)=x, lrrp O <::x~ n 

WJUt~/!~' f(x)=\XI) (~~. 376) I {).Ju lpnL ~~9[tu1~ ~mnp wn f[mnp 

Jw~w.f.w~ t . -1t~ X .Z 1t ~wm4_w~•ILJ, 

flrn2b~l! ~rw /hnLpJbft 'l"l'""''tfta~brl!.· 

, -= ~ J,(,)d<- :rJ~ --x)dx+ I''}'. 
ak ! \ 5(-x}<o,i<x dx+fxoo;kxdx] 

- Tt 0 

=2..[-~1° +~ r sin kx dx + X si n kx I tt-~ r sin kx ·dx]= 
1t k -Tt k J k 0 k .J 

- 11: 0 

372 

=- -- +- = 1 l. coskx 1° cos kx 'ln] 
nk k - -;: k · 0 

2 ( 0, ./r['p k-~ 'f"LJ'f (- 1 

=---;(cos k::-11= _i_ •. k • '-b• L n k2 - , "I'P -u .,_ um "' 
;-;k2 

. 0 1t 

Jk= ~ I J(-x)sinkxdx+ Jxsinkxdx J = o, 
1t 0 . 

IJ.Ju"lfturr4_ 1 umw~rrL1f b~l!- ~bmkJwl 2"'['.(!/!.• 

X=--- --+--+-- + "· + -+-· .. I 
f( ) " 4 [ cos x cos 3x cos 5x c"os(2p_. t- 1 )x . ] 

2 n 12 3~ 52 ( 2p ~ I )2 

·U.Ju 2"'l'lJt!. _ 'I"L'Iw'l!ftu•rr LJ (; P"l"fl ~bmlr['rrLJ 1 k ~pw 'I"Lifwpf!. ~ w4_wuwp t m4.Jwl 

lj>rrL~~oftwJft~. 

{I 

f -"l 
I --

-ol' -2 rr -rr 0 rr ~ 
·• J'f_ f.. 

l -- -· 

t~. 377 

Op ft1• w ~ 31 2n: "[wprlrfln•fJJw•fp f(x) U[W['[I bf' "'llw~• !f>rrL~~aftw~ "l'"24.w.). 
t ~lrmf.Jwf /lbl'ul • 

f(x)= - L brp -n<x<::O, 
f(x)=L hpp O~x~n:· 

IJ.J ,u lpnL~If9[•w~l (~~. 377) ~"'"f wn ~mnp ,f,·'Lrronrr~ f, uw,Jw~w.f•w~ t -1t~X~:t 
. l,wm4_w~rrLJ , 

~wt4_lr1,e ~pw :hrr•pJb[• 'l"r .tw~ftll~' "l'r..• 

t f It· ?, - (~] 
a0=-;;-~~f (x) dx=-;;- · ~~( -1 )d x +-J dx _ =01 

ak . 2_l J0(-l)coxkx dx+Jr; cos kx dx]=-1. si n kxlo +sin kxln=O, 
n . k n: -n . kn 0 · 

- lt 0 . . 

1 [ so r" l 1 [ cos kxlo cos kxln ] bk=~ (-l)sink x dx+ . si nkxdx :== -;;- -k--n--k-
0 

= 
- lt 0 

2 ( 0, /.pp k-~ 'J"LJ'f t, 
=-(1 -cos~k)---: _! lr k ~ lb~ t 

:tk nk • l'P - t "' • 

~lrmiLwpwp, 'lftmwp~•frr'l f/>nL'l.~IIP'"JP ~wJwp :hrr•pJbft 2"'l'l!~ rrL~/t ~lrm!.Jwl 

:: -""1!1!.· 
f( ) -~[ s in x ~3x sin 5x ~ sirr( ?P + I)x , ·] . 

X - + + + .. •+ - ... ' 
Tt l 3 5 2p + l ' 
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t~. 378 

1f.;u ~w.JumwpnLp J"L~f'. G.frtUJ I; pn[np ~/sm/spnL1f, pwofr fu '[.Jut .~ ~bmb ffr91 

t~. ' 378-nLJ W~~WIIIrL 9"LJ9 I; mp1_w/!J 1 pis n-/r Jbt}woJw~ 'f/,Ufj!IILJ fr~1"fbU 
b~ 2"'1'1!/r Sn Jwu~~~~~Jr 'l"LJwp~bl'l'. w.Jbij, nL w{ltlfr G.2'il'"'"l'b~ ~bl'~"'J"'9~nLJ 
f(x) f!.nL ~h/rw~ • 

0 I' Jr ~ w ~ 4, .?.n "l"'l'Pbrn•fl;w•fp f(x) "l"'Pplrpw~w~ fnL~bfrw~ npn2.Jw,} 

t ~'"'"-J"'l +11r"l· . 

f(x)=xa, -7t ~ X<.:7t (~~. 3'19), 

flrn2b~e ~I'"' /hul'Jb[, 'l"l't}w~fr9 'J.bpf'.. 

1t 

a =~·Jx2dx=_!_ ~~It _2n2, 0 
It 31 3 -11 3 _,. 

1 I" 1 [ x2sin kx I"' 2 j" ] ak=- x2coskx dx~- -- x sin kx dx = 
11 n k -1t k 

-1t 
-1t 

374 

=-n~[ 
1t 

X COS k.'l.l.lt 1 J~ ] 4 +- co s kx dx =- fn cos kn]= k -···-lt k nka 

( 

_!, brr k-~ 'fnLJ'l t-, k2 

4 
--I "{'(' k-~ ~/,~UJ t-, k2 

1 1~ 1 [ x2cos kx In ? '~ ] bk=- x2sin kx dx=- - +...:::.) x co~ kx dx = 
It ,, k -![ k 

- it 

• 
= "2k[ x sl11 kx 'n 1 j' ] 

.. · k /- ;: --; sin kx dx -o, 
-it 

'Ltw~w~nLJ t- Ul.JJW[ lf>n• ~hfrwJfr /hnLpJirfr 2"'l'l'~ nL ~/.r r,t, .,f..Jwl UJbui!l'.• 

x2= !t
2 
-4c~- cos 2x i- ~os 3~- ···)· 

3 1 22 - . J2 

flw~Jr np f!.nL~~OJrw~ ~"'"I' wn ~"'"I' J_,~nUJ•~, uwr.Jw~wpw~ [, w~l'.~'lr,'""' t 
1 

"'"l"' •Jbpffr~ ~w.Jwuwpn•fJJnL~l'. .,Is'lfr nL'J.fr P"l"l' ~bUJbpnL11 1 

t~. 319 

t+. 380 

Ummoyw,} ~w.J.wuwpnLp JW~ J.b f. l!.~'f"L 'J.b L"1 X=!t 1 +u<~~w'l."'~l!• 

~= f _!_, 
6 n = l 11 2 
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0 l' f> 'j, w ~ 5 , 2:n: "l "'l'f'bpnr£l ,l wrlp f ( x) :p ro r5dud"""' "l'" 2 '/ 11"~ I; q, ,.,[,J"'I 

ljl.p "/_• 

f (x)=x, bl't' O c::: x ~ :n: ( 'i.~. 3 80 ) • 

flt"' 2l.'i.l! !hn<pJbf, 'l"l")ru~f•y'i.bpc 
-
1 ~ . 1 (~ r. ] 1 jl ~ :n: 

a0=- Jf(x)dx=-\ j O· dx + lx dx = - - = - , 
7t !l - j 7t 2 2 

·- 1t - •. 0 

1 ir. 1 l X S i ll kx 11t 1 ,~ . ] ak=- x coskx dx=- - - . sin k x d x = 
r. :n: k O k • 
• 0 ,' . . 0 

=..!... .~OS I\ X \rt=(- ::~ 2' /; {'{' k-~1 lj b'i.r.n t , 
:n:k k 0 0, /if'{' k-'i. IJ IILJ'f t 1 

xcos kx 

k 

l1 {1 jk, bp(' 'k--~ tl b'i.r.n t, 
= - - coskn= 

n k -1 k, bl'l' k-'i. 'l " LJ'/ tr 

U.Ju"ffrunrf, !h"Lf'JI.f> 2'"1' 1!1!. lj,L'i.b'i.w ~ bmi<J"'l '" ~ "#?/!. • 

l1 2 ( cos x cos 3:; cos 5x ·l (s i n x si n~ ' i11 3x ) 
f(x)=4--; 7+~+~+· ·· ;+ -~--- 2 + 3 - . .. ' 

f(x) fJ>trL'Lljy/•ruJ/> fuyrlw'i. ~hrnbtrnul 2"'1'1'/> 'l""'"'l'/!. 'wrfwuw[• t 'i.t" " m~ urfJ'''l~fJw'i. 
b. d.wfuwljn'lJJw'i. uw , tfur~t'i.£· pfr Jfr t f>'i. flrfwpw~wljw'bfr'i. (,.Jufr'b l! 'i.' m•/Jwl 'lb"f.{! " L'f 

1t 2 Pr/f•'i.}r . 

Umwyrfw~ r.wrfwuwpnLfiJw'i. Jbt f!.'i.'lnL'i.blnrf x=O, urnw'i. n Lrl ~.~'1! 

§ 3. lf~ 'l~mn'l.nLp!nLlJ tqwpphpw~w\J :JlnLll~g~wll !hnL[IIh~ 2W(1l!~ 
tlhpLnu')hLnL tJ.hpwph(l!WL 

t 2btJ! 2:rt 
9~w1fr f,burb!wl 

Ufu•rpbr"'-{J J"'-'iJ'iJ "''Ub9"'l H x) 
/:,wur~IJI {J J"'-h(!• 

7t A+ 21t 

I ·;> (x) dx= I tJi (x) d x. 
- 7t ), 

frtl"'J."f>il tl lf>tt· ), PHI! ' 
376 

WUfWJ f!'h'lm'iJblntf x='; - 2:rt, 9w'hf[W!JWd C·fo /1 d-fo 'lbUf.[!nlJ ~wrn'l 

bt-l! 'lrbl. 
d d+ 21t d + 2~ tlt 2 ;: 

S ·~(x) dx= J •1(<- 2:rt) d ~= J 'l (qd ~= J tJ! (x) dx, 
c t 2Jt c + 2~ c + 2;: 

f!wu'&wtfnrtUpwr , c'iJ'I"''iJbl"" C= -~, r1 . ),, I[UUtW'hm'iJJ! 
A A+ h 

J · ~ ( x ) dx = J ·i(x) dx . 

1t 

+ 21t - lt 1t A+ 2r. 

J ·~ (x)dx=J ·¥( x) dx +J 'f( x) dx + J '((x)d x= 
A A -~ 1t 

- ~ " A " 

= J tJ! (x)dx + J ·.;, (x)dx t J ·~ (x )dx . J ·f(x )dx , 
- lt 

l.ztfm tl '.wu./1"'-{JJ"'-'iJI' ilzw'&wft"'-'' t . nr ·~( x ) urwrpbpmqwu. 
~n diljglltll J !t p Cimhqplll L [i (!lllll gw!i 4 wgwl'l li lUilllllU~ Jt, nr r. br lpur n L
P" i mGe fiunjmuwr I; U(WPI'brn ltJJWU~. uJt zm OLUjl tfjtltlinLJU wpdbJ?e: 
IJ.1u •f•w""'l' A.bzur l"'·u"'f"''il'f"' ,j' t J.. h1,ftrwi w•frnrbt. 'hit . 38 1-nul 

· 'ilrpw•tcl-•fm r} Jmftbrb,<;.,(, /'1! J f,Jtw'il9 l:,u,fwuwr b'& t 

.. 
t~ . 381 

IJ.Ufwym gwd r.wu./,, p J'IL 'iJf>9 p/rtnLJ L nr :n,._rJbf> qnrd w~[>yilb

rl! '.wztfblfru ~Wrntl b'iJJ! (-1:, n) J.'ilurhqrJw'iJ Jfop_w~WJ.[!(! •fonfuwrfrw 

tbl ()_, ),+ 2:rt) foilurb'lrJw'iJ Jfrpw~wuntf , wJufo'iJJ!'i.' ~·urn'l bil.[! f!b'lnL

'bbl. 



).+2,; l- +27t 

a0=-;- J f(x)dx~ an=-; J f(x)cos nx dx, 

' ' 
l- f 2c. (1) 

bn =_!_· J f(x )sin n x dx 1 

nrurh'l f.. -it gw'b~wgiU, {Jf.'i b 
'},.. f.hurf.nuf I; 'iJr,..'iJftsl nr f!UUJ UJ_WJJwit/r f( x) tf.nL'iJb/rw'i. 2:Jl 

UJ.WrphrmfJJnLitit nL'iJhsn'[ UJ.Uirphrw~IUi, tf.',L'iJ~9,UI /; . f.bmf..wpwr 1 h 

f(x)C0Sf1X nL f(X)Sif1f1X f/>uLitf/9/riU'iJhrit b'iJ 2rt UJ.wrpbrnLfJJwJp UJ.Wr~ 

phrw~ ... 'i. q.,L'i.~g/rw'bbr: Or/r'i.w~ft 'ir"' gnLJ9 urw'i..e~ {J~ /r'htUJ.hu I; 

nrnt. 'fbUf,ehrmJ WUJ.U19nL9WJ f,UIUJ~nLfJJnt'bf! UJ_Wf'lbs'iJnLJ 'fnrJw~/rs~ . 

Lhrl! nrn'i.b[nL [!'i.f/UI9.[!l!' . 

Ol'fr'bw~~ 'J.f•s"~l! ulwr.w'b f yn••f t 2Jt Uf."'l'Pbl'n•fiJ"~'b'b nt.'bbU"'l f(x) 
lj>nL 'blts~w'b 1 "l'l'. 0 <X < 2.rt ~w.,ywJ ., ~,/ "'l'Y"'~ I; 

f(x)=X 

~wo[wuwpn<.£1 JwJp 1 o[bl'l"'-~/; l fbn~pJb/• 2"'l't>f• 

fb, ... ~,hfw1f> 'IL'"'lf>HI!. u1 wmfcbr•l"'•~ 1; 'b~. 382- n • .r. u.1'l ~"·"'ltof>w'b [-n, n] 
~-mo[w~n.J mpo[nul t bp~nt. rw'bw.H,ny. f(x)=x + 2rt ' [ -!'!, OJ ~IUUio{wJnul r. 
f( x)=x' [0, n] ~wmo[w~nt.JI lJ'[>I..'bnLJ'b Jw,fu,'bw~ IUJ'b (01 2n] ~wmyw~nuf "'l'Y"'-'' 
I; ,.,'bf,wJlrJwm Uf.1Uf''l f(x.)= x Jbl( pw~•wJ.J...,,,, flt.um[> "'.l'l lj>nt.''bit .'Tf>w~l fbnt.pJirfr 

1_1M['I!/.r o[bl'wJlr[nL ~w.rwp O'f'""'lt"'l' t 0'/"'''"l ( l ) pou'bwa/,bp[>,.,. e"' 'L"' ~'"'"" A=O· 

1 2r. 1 27t 

ao=- Jr (x) dx.= - r xd ~=21l· 
1t 1t .) 

0 0 

1 21t 1 2r: 1 r 
an=-Jf(x)cos nx dx=- \' x cos li X dx=-

n 1l , . n 
0 0 

1 
2
" 1 

2
" 1 [ 

b0=- r f(x) Sin llX dx=- l XS ill ll X dx-:--
1t .J . 1t J 1t 

0 0 

~btnl..wpw(' 1 

x si n nx 

n 

cos n x]21t +-- =0. 
n2 o 

x cos nx + sin nx J2n =-2, 
n n2 0 n 

2 2 2 2 
f(x)=it-2 si n x--sin 2x--- s!H 3x-- sin4x--sin 5x- . . . 

2 3 4 5 

U.;u 2"'l'l!l!. "'l'Y"'~ fJ>nt.'b't u fw.,1 'bbpftw;w,'f'bnuf I; P"l"l' ltb.,/;l'"•J, f''"Ufo Ju'l•f,..<u 
~bmlrpf>u ( w;rrf'bi!'b' pwof> x=O, 2rt, 4:rt 1 ••• ~b.,bl'!•s ) • ll.;u ~brnbpn•J 1"'l't>f '1"'--, 

Jwl'l!. ~wo[wulllf' t f(X) fj>nt.'b'tsf>wJ/• w~w~n'lJJw'b 1.. J.wfnw~'"l'f;u•'b uw r. Jw"l.w;f'b 

wpJb4!'blrpfr .lf£1/'h flo[wp,..'bw~w'bf~• ( w;nf'b4!'b' m •/J"'l 'lh"ll'" ... '' n flo[f>'b ) , 

31.1 

1t 

J~ (x)dx~2 J"H x) dx: 
- 7t u 

" 0 . 7t £ •) (x) dx £ 'l(x) dx+ J Hx) dx /l( -x)d x+ / i (x) dx~ 

7t 

au=~ J f( x) d x= O, 

7t 

ak= !_Jf( x)cos kx dx=O. 
r: (1) 

- :: 

_I : · . 2 " bk---=:-j f(x) stn kx dx=-Jf(x)sin kx dx, ,, n 

' · 

-7t 0 

379 



71: 

a0 ' ! jt(x) dx, 
0 

7: 

ak= ~ Jt(x)cos kx dx, 
II . 

( 

J 

(2) 

" 
bk=_!_Jt( x )sin kx dx=O, 

:rt. . 

wJufrhJ!h
1 

qm!'t f/>m'hlt!Jfrwtfr .'h,,tbfr Z"'fJ!l! Ufwrm'iiw~m.t I; <r .t /r u1 t'ii 

lf.nufr'iJnLtl'lzhr J> (tnhu §2-fr orfrbw~ 2-f!)z 

llmw9wJ pwi.md.t.h1,l! ftlm !l b'b mwLf"' :hmnhfr qnrdmltfr9'hbt'l! 

nrnbhlfru UfU1(1'(b9'lzb{ f.w ztJ.IIL,/hhr'lz UIJ'lz 'fh"IJ!b(IULJf, hrp U7fi'Uit} 

f/>m'b~9frw'b 'l"' !'I I; ,,w.r ~bhtnl. W,i.t.UIJU7 1;, nr nt UII!Lb .tfr "/.Uir

P~rw~wh f/>•nit~9/•w I; 'l"'/'1 ~w.t ~bi.m ( mbu § 2-fr orfri.w/1 l'i.·e): 

0 l' r 'b w ~, '1·/•s"'l' "t"''"'~'£•/nLJ t :h•arJbfo 2.url'll .fbtll"' Jkt f(x) 'l"LJ't 

:j.nL'b~!J/ILu'i., nf'l' nL~I,. 2:t U[OU{'[>b(''ILPJnL'i. U [O, it] :.,UUI<{wJnLJ Ulf' •fwJ t 

Y=X 
r.w.fwu W('nt {J JWif ['I 

U.JU fj.nL 'i.b[IUI';, :J,nLf'Jbr 2'U['('/! /;';,(' .fb['JIIl Jh{ § 2-r opf!'bwf{ 2- <ILif· ( UJUU 

'b~. 37C)• "b"rl•s r.wz•fb~~l' w 1u fj.nL'LI~ .'IflwJ/1 :hnLpJbp 'l"l'Jwltf!!J'bblll!.• o7"'w'l·"l'Jb

l"'l UIJ'b 1{>wuml!. 1 "I' mpqwJ. fj.nt. 'b~qpw'b 'l"' J'i' t• 
(2) put~1u1J.f.h['p r.wJwJ.wJ'b 9w'i.~w9m~ k-f. qhu[('"L'f bk=0• 

'- 2 " 2 " 
a0=-J xdx=rr 1 ak=;-J xcos kx dx= 

1't 0 0 

2 [ x sm kx _ co;; kx]" _ _!_ (-l k_O _ 4 
. ( o, &rp k-'i. 'l" ' J'l t. 

=-:- k + k3 - ! ~ ~ ) ]- -- 1 bpp k-'b ~b'bm !;, 
- o n { nk2 

Umw9w'bl! ';,.,, 1-;, 'l"l'Jw~fz:/'ilkrl!., f·'b~ "l' § 2-f opf•'bw~ 2-nL,f, pwJ!J •u•fbLf• ~~~~l'.; 

O.w~<W"fW['r.nq o 

'J-fr9m.p f( X) •f! UftUJ'f'bfW~IUb f/>mhfJ911UJ /;, nrfr UJUifflf'r"'fJjnth(! 

2\ /; ( nrf!. 1 · [!h'ft.w'brmuJLII mumJ, tnUiff'bf /; 2:rr~f.9)' lJ.Ji, tJ.bfl["' Jbi,J! 

·:hmrtbfr zwrJ!P' 
3811 

It 
X=-;- pw'bwd.!.n-J ~wuuurh'ii.j! .ftR•pnfuwl1w'bfr 1fn/uwrfr'huofz lJ.n 

'fh"iJ!"',r t( ~) f/>m'bll9frw'b ~tfr'hJr t·/r Ufwrpbrwltwh fj.m'b~9/rw' 2n 

71: 

a0=-;.Jf( ~ t)dt. 

71: 

ak=-;-Jt( ~ t)cos kt dt. 
- r. 

-1t 

71: 

1 !'( l) bk=-;;-, f -;t sinktdtz 

l 
X=-t. 

'It 

I 

1 (' 
Bo=-

1 
J f(x)dx, 

- I 

I 

:rt 
t=x-, 

l 
n 

dt=-dx: 
I 

I ' 

1 s :rtkx \ a ~:=- f(x) cos- dx ' 
l l ' 

-1 

1 J . nkx bk=[ f(x) sln-
1 

dxz 

- I 

( 1) pw'iimd/,1! ~uurwhUJ >.bmk/wl mbu.j![!• 

f( ) 
3
o + ~( kn kn ) x =-2 ,.t:.; akcos-x + bk sin -x , 

k=L f [ 

(I) 

(2) 

(3) 

;r~:: 8o• ak, bk 'l"rJw~fr9i.hre t;wz-J'fm.t hi. (2) pUJhwd.t.hrn'/z Uw 
l 9 -2J Uf"'fPbrmft!JtiLbb mhb9"'[ UfWfpbrwffUJh f/>mt~9/zw fr .\w~ 

. Jwr :h,.rthfr z.wr.p'k l;r ! 

Ill !~wmb'iJ.j!, "f WJh pn[nf [Uhnrb,/'i,bf'f!• nrnh.j! "''"'" tnbhb 2ot 
"i rP rmfJJu,Jp q,,IL'j,f/9/rruj,brfr :hm[IJhf, ;_w[IJ!bt'fr >.w.tm{'l "l"'r.,Ufwh~ 

381 = 



4fnuf b'b ~w/, yw~//w9wc) nrJ./; nLrf.z 21 "fwrpbrnL{JJwJ'p "fwrpbrww 

~W~ fnL~//fJf.w'J.brf. 3mtrtbf. zwrJ?brf. f>wJ'wrr lfwu~w'lnrw"/.bu, f.r 

nul(! "iwf>"lw~nLJ' I; f/>m'b11yf.•uJf.' :hmrJbfr Z'f rJ?f. rJbrtnLdnLfiJJw~ pw-

4fwrwr "lwiJ'w'bf! (rnbu § 3 ) , f.~t"ibu 'bwl. q,,;Lb~flfw'b qnLJ'f ~wJ' ~h'bm 
Lf.'bhtnL 'lb"I.~"LI' zwrJ?f. 'lnrrdw~f.s"-"r" l>w z qmJ'I! "fWr'l.bs'hbLnL t>'bww 

rwt/nftiL{J JWb J' wu/r'b ']/rmn 'fnLfJ J"L ~(! t 

0 [' ~ 'j, W ~I oJ.Is['["Lt)/I J [bn Ll'Jirft t Wf'{!/t 21 "{Wf'f'ls(t" L'JJW<fft f(x ) I'{W['{'/s['w 

ltiU~' tfouL~tb[uu'ir , "l'f!. [-1, I] t:.w •m[w~nuf in['ynLt! t f(x)=\ XI t:.w •[wuw['"LfJJw•fp 

1~+ 383)• 

t~ . 383 

2 I 

a a=-r xdx=l, 
I J 

0 

1 " f 0, brr k- 'i. 'l "L J'f 
2 J k r. x 21 J . . 41 < 

ak=- x cos-dx =- xcos kx dx=t--· brp k- 'i. ~"""' l;r 
I . I n 2 ~ k 2 0 0 r. • 

§ 6. 0~ UiWPJ!I:ifl w4wu :j>ntultg~WI~ !bnLpJh~ zwp~~ qhllLnL4'1PL!IIlWU 

uwu~u 

'1-f.snL.[! nrltl; la, b] f>wrn'/wdmtf mr<Jult} I; f(x) ~mnr wn ~mrrr 
J'n~ntnn~ f/>m'b//9ftu ( 'iJ~, 3 8 4 ) t 811L'JfJ tnWb.J'.I nr rnr'/WJ f( x) f/>nLb~
sf.wb f.r• w'J.c~''Jf>wurnL{JJ•nb ~btnbrmtf ~wrblfr /; ~b/'//wJw9'bbl :hmrJbf. 

2.Wr.f!f. tnbu.[!nl/t 

382 

D A a 

t~. 384 

1-rw f>wJ'wr 'lf.rnwr~b'b.[! ~~wrlwlw~w~ 2L "l"'l'PbrnrfJim'b qt'bbsn'l 

~mnr wn ~rnnr J'n'bnmn'b "lwrpbrw~w~ fl(x) f/>m'b119f.w'b, nrc [a, bJ 
l.wmtjwJnLJ' t.w.l[!'b~'bmJ' I; f(x) lpmt~9P"'!f. l>bmz 

f1(x) q,,,'b~yfr•u~ rJbr1md ht .p :J,mrtbf. 2"'r.f!P' ll.1u zwr.f!f. 'lm

J'wrl! [a, b] t.wrnrJwdf. r"L"r ~bmbrwJ' ( pwyf. fu'I.J'w~ ~brnbr/rs) l>wJ'

l!t~~nL.t I; mr'/wJ f(x) f/>m'iJ//9f.wJft f>bm, WJIIf.tJ!'iJ\ .tb'iJ.p f( x) f/>nLt~w 
sf.wt [a, b] l>wm'/wJnLJ' "b rLnLdhyftiiJ! .'hnLrJbf. Z"'rJ>f.• 

llt~ml>hmt.;· 'lf.tnuzri/J.'b~ t>bmlrtwl ~wrt.nr 7-b"IJ?C ' '1-f.sm.f! f(x) 
:f.nLb~fJ"W" mrt/wd I; [0, l] f>wmrfwdmJ' z lln :pmt~y/rwJf. uwf>J'wiJnL., 

.tc ~wJ'w1w~w'b at.nq Lrruy~hlnt/ [ - / , 0] f>wwqwdm.t ( "lrul>"iw'bblnrJ 

~mnr wn ~rnnr rlnilntnnilnLftltmil[! ) , l1wrn'l b~.[! "'!'1 lpnL'h~yf.w~ tJ.br

Lm dbl :hnLrJbf. z wrJ>f.• If wu'l.wtfnrw"lbu, b[Jh -rtfwd lpnLt~gf.w'" 
uwf>Jtu~mJ't! Lrwy~h~.[! "'l~"lbu, nr -· t.<. x<O 'lb"i~nLJ' Lfr'I.Jr f(x) = 
=f(-x), "'r7-l"~ 'b.[!,,J' umwyqmJ' I; 'l"LJ'f lf.m'I.~.'Jf.w (~~. 38li)z (llJu 

7-b"fj!ntJ' UIUIILJ' b'b, nr f(x) lpnL~~sf.w~ U:z mrttL~W~tJ.rud I; 'I.IILJ'f ~!Jr-

. "I"", ) z ll17- lpnL~~fJPW~ tfhrLnt dnLJ' b'b :hnLrJbfr z rurJ?f. J nrc "fwrnL~Ww 
. l(nL.f I; . J'f.wt~ ~nu/rbnLubbrt llJu"ff.unq, [0, l] t.wmqwJIIL.f mrtfwJ 

f(x) f/>m~~y/rcu~ rJbrLnrdhyp~.[! cum ~nuf.~rrLu'hbrf.• 

/>u~ b[Jb f( X) lpnL~~yf.w tfr uwf>.fw~nL.! C l~x<O 7-b"IJ?."L.! z ww 

·. rnL~UI~b~.[! WJU"fbu' f(x) = -f( -:'( )• Ul"fW ~UtnW~Wt.[! ~b~m f/>mil~w 

sf.w, nrf! rJbrfnLdtjmJ' /; cum u/rbnLubbrf. ('iJ~ . 38fJ )z (f(X) :f.nL~IJ-

s/rwb u: zwriiLbw~rJwd I; ~b~tn ~br"lnt/») z lllu"i/runq. b[Jb [0, L] f>wtnw 

. 1wdnvf mrrJwd ·1; nrnz f( x) ~tnnr wn ~mnr J'11~nmniJ f/>miJ~yf.w, W"fUI 

: IMIJ~ ~wrb/f. I; tfbrf11Lc)bf :hnr rJhf. 2_ UirJ!f. f.~l''fhu (lULn ~nuf."itnLuthrf.• 

: IMIJ'b"lbu I;L cutn uf~nLuthrf.• 

183 
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l~ i'-, I \.._ 

I"-- I ~ 
I I 

1 01 l ~ 
( 

• ) . 

• "+ 385 t~. 386 

0 ['I·~."' 't 1 , ?-rs"'-/! "[OU~W~•Nn._J I; f(x)=x :pn._t~gf•wt [0, n ] r.ouon•fwJn• J 

<Jbrt•n<>ht r"'" uf•"'"' .. tbt•fo 2w 1•eJ.• 
/, n L ,) "L .{, fJ.;u /j>nt t~9{"to'l. zuopon'l.w~/;£'"' ~btm ~/;f'"£"4 (~'~• :J75) 0 ~e.u

UJilJiij,,uh1~' ~ bwlt.~wl zw['#l!.· 

.2r ~ill x sin2x si 11 3x J 
X= --- -·- - +---... 

. 1 2 3 
( wb1• § ~. D J•{•~•w~ 1): 

(I r/•~• m ~:.!' f(X)=X :p ... t~g{oou'b [0, :rt) '"'""jwJouJ '//;PI"'')/;l l'""' ~""[•-

I. u L <>."I. ,{ j ll..rn :pnl ~~~~-'lf'w~l z u,pnL ~,, u,/lbln'/ 'l"'-J'f ~brul" ''' lrumw~lUI,.,I.[!• 

• 

§ 7. Sr-:iwo :pnLliiHJi'wlllll lili2 ~u j1tiwuun111_ tinu•wrltnul[! tnwtJlnnLIJw
i W ll' W !1 U!U ptr l{ U WiH}UJli 11 U ~2ngnq 

,'!, ;ubii!Ji•wh w'liiJbrp zwr'J!"" ( 8•mr thfr, {rl-hu·•rl• " mu'b ) 'hbr~w
JLU!Jbi,,L, lfn('u'iJ,,/fw'iJ,,j m'iJfr W j b /llfwuut{!o np 2Wf'.[!f! D·ptJ w'iJIJW

Jilluf f!'iJ'J~LUIJOblfr" umws1wfJ tf b (' l LU IL n (' LJIIIIilllf'(! /fo'iJmJ! t ""f'IIIU)w 

t/n'l :plltld/yfrwtfr J'nutuJtfnr UJ('UIIU~W~UJmfdJIII. 'b(!• WJU J' nUl Ill" n f' 

w r Ul uo "LUI m n [ (tl l n L 'b £! n-fr pw'/w~w'hwt•uf Jb,J Utr<fb.[!fr e'hmpm

Ptw'b f.w'bwulwl'::."" 1/•urbl/, t ~wu,rJ'bbl nzmmfdtm'h 9wit~w9w,J wuwfr

f.w'bfu Um~wJ 'b ,/nmw'{"r 'hbr~wtwsJ'w'b p'bmt{d£! ~wrn'l I; tfr'hbl 

UIWf'f'"r' 
38-1 

IJ./u"'.bu, orfr'bw~, fl'bJLnt•fr zwp.Jlfr wnwlfr'b n wb'lwJ'bLrp S11 'JnL• 

J.ure 'lfrutwr~tfn'l :pn._'iJ~sfrwJfr !\but 1\wJ'e'b~'bmJ t .J'b~ ftbmmJ J. w/'1 

IJbmmJ nt'bfr Jfr'bth n-r'l ~wrqfr wtJw'bsJwl'bbr, nrn'h.[! 1\wJ'e'bft'bmJ' bit 

'Jfutwpft1n'I f/>m 'hftsftwtfr "'""'""9/wl'hbrfr 1\hmt l.w'Jrw'b<lfr D•r'J wumfrw 

·f.w'bfr P"''l.'fw'b'I'"Jl! (mbu I 1\wmn!'fr VIII 'llfufr , § 9) 'lfrmwr~tfn'l 
q,,._'b~sftwtfr 1\bm 1\wJe'h~'bmJ I; :1 +1 ~bmbl'mJ, 

Sb u'bb'b.[!, fdb fr'bl p'bm Jfd nt'hfr i( X) UJ.U'fl:'b rw~w'b f/>nL'hltsfrw tfr 
J'nmw'{nr 'bhp~w 1w9,._J£! 

utbu.fft /inwbfiJnL'iJtutwtfrw~wb pw'{J!utb'lwJ'iJbrn11 nrmb'l 80 1 3 1, b1, 

a~, b21 l••r a,, btl <'hiiLfJbf qnpJm~frs'bbr'h b'b, WJllf'b.Jlb\ :hmrtbfr zwr

( .Jlfr utnwyfr'b n w'b'lruJ''hhrfr qmdtupntf/ "iwfl ftwmwrb'b$ Jfr .[!witfr 'lfr
; utn?ti<[Jtm'h'bbpt 

b'bfd"''ll'b'b.[!, "r [a, b] 1\utur-

. tfutJm ,J' ?frmwr~mJ' b'b.[! nr"2 

Y= f(x) f/>m'hlt9ftw h 9w'bltw'bmJ' 

h'b.[! 'l'bw~wmbt w/'1 [/>m 'b~!Jfrw'b 

Jfr uoll q; (x) q,,._'i.~.'lfrwtn'/ ,Pn

/u '"l'fr'bbi/tu {drtLJL "'1''/wd ufuw

lutb f!l" fl/.ulbu uf-.•fw'b.f!fr tw,P 

. 'Jwr"ll· t 'l"r!Jtb1, orfr'bwt1, l a, b 1 
f.wu.'/wJ,._J max lf(x) -<p (x)j-,, 

· WJ"fr'b.#'b' i(x) f/>m'b~ .'lfrwtfr9 

" 0 v 
t~. 31:17 

. lfJ(X)·fr, WJUUJ.bu ~n}ojwd 1 wtfb(iwtfbc) zb'lnl-U~I f."'J9 brpbJ'iJ 1111/bffr 

pitw~ut'h t nrUJ.bU ufo1WfU1'b.ffr lWP tJbrshb[ J lliJliUJ.bu ~nttfwJ, 0 ur2rfi 
J!IDnUl~llLUUljpU 2 b'lnuf~, "('{! npnztfmJ t 

', t.wtfw"wf•"'{dJwJ!pt 

b 
1 . • 

02 = ---J [I(x)- Cf(x)] 2dx 
(b-a) 

b~, 387-fr 1f'U1 UJ."'f''/Wf'UJ'iJhbJ! J!frpfrb .JlUtnUJ~niUWJfrb zh'JJ'wb fL 

wJ'b'butJhJ zb ?J w'b 'lw'bw'lw~w· fd Jnl ""£!' 
. '1-frym .f ~nJ qf•tJ£! UJ.wut~brmli t y = f(x) [/>m 'h~sfrut'b, fr"'t ltbmw• 

. 'lt)brl! UJ.wutl1b,..,J· b'b <p1(x) iL <p2(x) J'nurw'l"l'"'{dJn'-'b'Lbrer Y .=cp1(X) 
.• lfnrfr utlib'bwJb,J zb'lm Je i/•n.[!r t' .JlUib y=cp2(x) ~nrp'b[! , PWJ9 wnwffrit 

·. ltnrfr J'h_fo'b .fUtTLWI0 nLUWJfrb zb?m J{! Jb,j t 1 ,ewb br//f'nf"'fr'iJ£!1 .fwbfr 

nr y=<p
2
(x) ~"('{! b~wmbffrnpb'ft UIUJf'pbr'/.IILJ' I; y= f(x) ~nrfrs 
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, fuu /u it '"z UJ b 'I w ,/ w II uul ,, "' u Ill,. ""' b tl• l w ., t 1' itm I" w 'I r '"' , y = f ( X) 
~nrJ•it, .[!"'it w"wl/•it[!l 

U.ri.J tJ.brw'l-"'".~"'it t' J'b 1, fuit'lr•ftit• 

'r~gnt~ mptlw~ k 2rt "lmppbpnl.{3JIH-fifi ndibgml f(x) "lwppb-. 
pwqw6. !pndil]gpruli: ~nJnp 

a n -;;--+ ~ (cx kco s kx+~k sin kx) 
... ~ -.1 

n-lll} qrupqp bnwfiqJmfiw~tut~wlpufi pwq_uwli'lruufibpp ub~ U]Wfiwfi~

tl_mu k cxk h ~k qripc)-wq}lgfibpp EfimpmfJJWG. -fiwliw"lmpfiml qmfibt 
mJii pwqumfiqmuE, npp fiwump 

fiwt[wurupmpJwup npn2qnq tihf.!i J!WnruqnutwJ\lfi 2b~tntufi IHii{1 
mtfbfiwt}ln-1-!p wpdbJ!E: 

luit'lftrl! ph(''{mJ' t CX0 • 0:1 , ... , 0: 11 , ~1 ~2 ... ~ n 2n+ 1 <fn.pnfuw~ 
llwititLrft lpmit~9/"-"/P J'fritft.!nufp nl'nit.!,;.it{!: 

f!wsbtn'/ f•'i,mb'lr"'IP itzwitfr mwlt b'lwo .[!wnmt1;,.ufr'l,; It friturb

'll'bl"'l w'b'lwJ' wn wit_'l wJ', ltuurw'l.w'bp . 

'IT r. 7t 

=- f2(x)dx -~ f(x)dx-- ~ ak f(x)coskx t:lx-lj' a\" }n j' 
2;-c :_2;-c J r! k= l 

-r. 

':\; • 1t 7t 

1 
11 J 1 cxi\ r 1 n f -- ~~k f(x)sin l<x ctx+-- dx+ ---=~ o.~ cos1 kx dx+ 

rt k ~ J - 2n 4 • 2 - - k =~ 
- .. -:t -:t 
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-1< - 1t 

k">"' i 

1t " 
l.Jt(x )dx=a0 , 

r! - -

1 n -; j f(x)cos kx dx=ak. 

- r. 
1t 

--; jt(x )cos kx dx=bk 

- :t 

· . f(x) lpm it~sfrwJfr :hmrJbft qnrc)w~fts'bbr'b b'b, 
U.1itm t:,bu;t., § t-ft (I) t. (II) pw'bwal•brft t..fr.!wit '/r"' m itbit.p• 

-.k=j 'lb"'.J!ntJ'' 

J cos2 kxd1e =n, Jsin2 kx dx=rc, 

• 

Jsinkxcosjxdx 0 
- - Tt 

. li k=fj 'lb"'.J!"'" 

J cos kx cos j x bx==O, J sink x sin jx dx=O• 
i . 

- ':': - 1t 
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" 
~2 1 Jf~( )d a6 1 ~ ( 2+ 2) I ( " On=- x X----L. ak bk +- a0-a0)·+ 

2r: 4 2 k - I 4 
- r. 

ll.1u 'f"<J'wl'ft wnw2r'zl bph.p 7 ,njwrhtfr'bb1,f! ltru/ut/wo t_b'b o:0, 

o:l, .. . , a.", B1, ... , B, 'lnrJw~rB"'"l'r e'iunr"" f"l'""'l·s• U''zlw9wu 

qrnJ'ru,.blftilbre "! pwywuw~wh b'b: ?-rw~y qm .. Jwrc uufb'bwrftn.pr 

. urrifb.pfb (nrc . r:,,,,wuwr t '1/'ntf• ) ,,r:.wu'kft, bfilb e'L'Im'bb'b.p 17o=ao, 
a l= al' ... , an=an, Bl=bp ... , Bn=bnt aG, a l, 

J,,ft/•.9'~~hrf• wlu"lftufr [!hutpn<{iltmb '1/'"I.J!"',j' 

buurh~J"L'limtw·;rw~u'~' t•mqJur'b7wJe P"tnrft.'! .fff t1murt•pbr'lr i(x) 
q,,, tlt9f"'!P .'! WJh ftJ'mumnq, n,. o;i .P"''""'JnLUIIIJph zb'l'" ''I! ~Lr'~~ft 
wJ' bbLUr{tn .Pff!l 

U.t u L'jf un "' LU Uflll ,'JnL 9b9 ""' .[! f)b U1 b I W[ fcl b n ,.b ,r {!. 
~npl(l n-pq ~wpqp. bnmG.~Jm .. fimpu~lw~mG. p.mquwfiqmufibpp. tfb~ 

f(x) ~nLfiqgflmJ~9 mtfbfirut~n}!p up~flfi J!mnm~m.UtuJflG. zbiJnltffi m.G.p 
WJU pwqtfwG.qwtf~, npp. qnpc)-wq~gG.bpJ:l. i(x) ~n'-G.I]g~mJ~ funtpjbp 
qnpc)-m~flgG.bpG. bG: 

lJ.,fb'bw,Pn.pr .pwtLw~muwfph ?h'lJm'b J'bdm{cltmh[! f.w<Jwuwf' I; 

(2) 
- -:t 

388 

/..bu,/,,pwf'J "'2 J'wunuf qm'i11/n'l 2."'/'J!£! 'l"''l'uJ' {tmru J' I;, hpp 

n~oo. ,, ~wrn'l b'b.e '1/'bl. 

" 
_l Jf2(x)dx~~ a&+ £ (a ~ + b~)• 
n 2 k -J 

(3) 

- 11: 

ll.1u runht_mfrltrrL ~{' ltntoJmJ' I; ~bubd1 wGfiunlmumpn'-pjndi: 
ll.nurh,IJ U'Uf"'B"'.'!J'urh 'bzh'b.p 1 np wJ'b'b J'f. uwr:.J'w"iiw,Pw/1 /, ftmnp 

wn ~mnp r/nhnrnnh f/> mhlt9P'u!ft /)wJ'urp m•fJ'ul f/>•n~•lt9f"'h :JJm f'tbft 

zrur.vr n-r'l J'wuhw~" 'lruJ'wrn•/ •ftnpJwrft'lib'"" runwyoJwJ Jf•pfr'b .pw

nw~nLUWJf.'b zbr[n<J£! dqrnm ,j' /; qpnJf• b('p fl-r001 "'J"ph.ph' 0~-rQ, 

brp n -+ oo: f!w/9 "'1'1 '1b"I.P""' (2) pwhwa!Jfy r:.bmluuJ' I; 

(3') 

- r. 

t.w ""' u Ulf• •nfrl !'" ~ {! J II rl! ,, n} •/m J' I; l.J liiUJ nt Gntl- Olmp u L mlll fi Ill qmu w

pmpJndi: b~rumfit.J', np lt"'Uf11Lhmj-"Ju,pubwff r:.wrfwiiWf•nL{rJJnLh(! 

wL'jwymy•jwJ I; ,,,b1r L"'t"' 'l'""f q,,'zl~yftw'kbrr r:.w,fwr•• .e•u~• w 1t, 
nre ,fbh.p tU[UUt~'l_ .phhtup~m J' hb.p: 

IJ.L'jwym ywdf.y f)bmlrm J' I; , nr• /.J'U"fllthnqp /)wrjwuwpn<{J JW'b(! 

pm "UJ f' Ulf'n'l_ f/>m h// ,9/Hu tft ( rf UJU~IIU"tT f"ll "fh U J mJ'bb J'" UUJ t:,,j' Whw,Pwf/ 

IJm"f' wrr. ltrnnp J'n'b " rnr.h q,,,tJ19ftu•tr ) /)wJ'w1 • .'b,, 1,!1;ft r:.w,fw"lu•mwu

ft•w'b zruf'J!{! tnWffU t rift p ~h ,[!IIIIIIUffN• IIUJ[/th zbr/nl rf , "f'{! r:.mqmuwr 

I; 'll'"!f' 
"'"IN t1 'l n L ta .( 11 I. ~. I /.. wutnwlnf,'zl.e .'bnr (' ibr lf11f'dWfff9hhrr J'ft 

f.wmlt•nfrlttn'b 1 n1,'b wh\J'wJb zw I; t:.hmruq•uJ""'' ),u,/u mw'b./,! uwr:.Jw

'Lm ,j' £!' 

f(x) f/>m'Lhftw'it ~n}_qtnJ I; 4ump Uln llmnp lllUJ:l.UI)fiU!m ra. b) 
f.wm<Jwduuf , bfclb "'!'1 r:.wmqmdn<J' m1'b m'itf. •/br2.m1nt• p<Jn<J wnw2ft"ii 

ubn.fr fu qJ' Wh ~bmb r ( fJwJ' wJ'bhm ('/l .J! Wh(!h'J t:.wut I;): 

u."I"'9"L9b'b.[! f)lllllll JtUL UJ~"I'" J'{! l 

bpb f(x) ~ndi~g]1wfi ~ump wn ~mnp mG[l_!iqfiwm k [ - :rr, n] 
fiunn4mbnttf, lUUJm G.p tu fumpJbr qnpbm~l1gGbpJ:l. llqullld btl qpnJ~• 

bpp. fl-;., 00, WJUJlllJ!fi' 

(4) 
ll-+ (X) 

lJ. u1 wy n < 9 n L J z I:[Jb f(x) f/>nrhlt.'Jf.w'b ~""'/' wn. limn/' w'ke'b'l

f.ww ~- [ - n , :1] r:.wwrfwdmJ, WUJUI F( x) f/>•nhii!Jpwh "''" !t"lbu ,,Uinf' 
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11: 

wn. ~urnr witc'b'l'.wu t WJ'I f'.wuu{uHhuJ: U.n 'lb"IJ!"'J jP(x) dx·e 
·-;: 

'lnJmfJJmit mitfr /, t/bN_ruqnp fJJ.-/ l;*t IJ.1u 'lbUf.[!'ILJ (3} PbubJ!• w'h

t;wt/wuwpmfJJmitfr9 t;burbmJ' L nr f(a,i+b~) 2Wt'l!l! 'l"L'fwJ'frUJm.ur 
n-l 

l;t Pwl9 b[Jb zwrJ!l! •tmqwJ'frUJmJ 1; , WUf.W itrw cit'Jf.witmt• wit'lwJe 

~'furmJ /; qrnJfr, tuJufoitJ!it' wiiJw'l 'Jf."[Jl"'J lim (a~+b~)={): IJ.juuriJ-

'llr9 witJ fr2wUfbu UUIWlft/IILJ' bit ( 4) "IUI,WUWf'IIL{tftnt it 'IJ£rf!1 u.,u Uffru nt{> 

~urn[• wn ~urnr w'hc'h'lt:.wur b. uwC.Jw.hwqrUJ~ tj.m'hltsfrwJfr "wJ"'r ilfrzut 
bil 

lim Jt(x)cos nx dx=O, 
n__. ex:> 

lim (t(x)sin nx dx=O 
II -to ct.:> .... 

-'rt 

r.wqwuwrmfllm 'h'hbrl!' 

b[Jb f{x)·e 2n "'"'rPbrmftltwJp "l"'rPbl'"'~w'h 
wllfw oJbnfril l'.wtjwuwrnr fJtmite ~"'rbtf• I; 'lrbl wl""l"" 

a-fr f'.wJ'wr}· 

a+h a+ ~r. 

fJw• 'h 119j.w I; 

( su.'h~usw6 

lim J f(x)cosnxdx=O, 
n--+oo 

lim J f(x)sin nx dx=O: 
n-+oo 

t~wurbitj!t nr WJU r.wqwuwrnrfJJnLititbrf! J'itmJ' bit mJfr J/12 1 b[Jb J.it

UJb'friULitbrtuJ' rJbrsitbitJ! 9wit~w9wJ fa, b j friturb'll'J'wb Jfr2.w~WJJ!• 
WJu/ril.l}it' 

b b 

Jt(x)cos nx dx /, ·Ji(x)sinnxdx 

fritUJb'frwlitbrl! a'fUJmJ' £'iJ 'lf'nJf' fl·[! wituwf'.J'witwtfrw~nrbit w6.b[nL 

'lh"l.flnrJ', b[Jb f(x) f/>m'hl1s,.•uh uwf'.J'w'hwrpu•~ J. li"'n[• wtt ~urnp wit

C!it'l l'.wur t 1 

l>rnJ!, nrn2wl,frmftllwit r.wJ'wr ct'lmitb,ntj b-a<2:r, 'lfrmwr~bitl! 
2n Uf.Wrpbrm[iiJmbit ntitbsn'l tp(x) odwitiJW~ q.mitftsfrutit, nrf! nrn2-

qw6 t f'.buri•J'"l ~l'l'Uf• 

* U.1u p'l.,.l.'ll""ll! ~wrlstft I; 'b!.r+w1w 9'bbt "l'"ilru w'be'inlr.wm :fnL 'l.bpw'l.bpf 

npn2JW( ""'"'"'f('UIJbbpf 'f"l dW(' fUUJ WJb :.wuro{w.}'bbpf 1 "('".,if "'l'"'of•nd I; [ -1t > 1't 1 
r, ruuuj w.} e' 
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<f'(x)=i(x), brp a~x~b . 

r.p(x)-=0, bn• b<x~a+2n: 

b a+2'-

Jf(x)COS nx dx= J tp(x)cos nx dx, 

b a+ ~'-

Jt(x)sin nx dx= J tp(x)sin nx dx: 

a 

.PUJb/t nr· tp(x)·e UUJ (:,JUJbwtfow// b ~Uifl(• UJfl (/Uiflr Ulit(!b'j-{:,UJUI lflmb~

sfrw L "'Uf"' UJl_W~n'lJ!wb J.'hmbqru•thb['[! d'lmmJ bit 'll'nl/tJ brp 

fl-:"_OO: ~buri'"'P"'r• 'll'nlfr bit d'lur"' J 'Uwlt dUJJu"'~"'lJ'lwit J,'hurb'lru•L-

ilbrf!' ll.t"Ufr"n•f· Uf'h'l"' J'l, "'Ufw9"<9r{"'J L "'t"r~'.J''h. 
b b 

lim J:(x)cus nx dx=O, lim [t(x)sin nx dx=O (5) 
n_,.~ n-Joo t.. 

sw'h~wywJ a,, b P1.'•rr ,, [a, bl r.wm•/.,,J,,.r 11urn 1• "'" 11u"'t "''ht!it'l

r.wm II< uwt:.Jwiturr/tw~ yw'bl1m.'JwJ f(x) f/>r1Lit 1t9/t"'tr t:.wJ'wl" 

U.(u UfW('"''tru•f/>nul 't"'{"muJbit.c J'f• pwitwolt, nrc :hnt[•t"" 

zwrJ!/t fl•r'f J'wubut~,. CfnLJUif'~l WflUIW::,IUJUHILJ' I; J'f nr112 friturb'frW

Ifr d'/tt.ns ot/_: U.n p•uhwdl•[! J'bq "'b"'.J' ~'1, f'.w2"r'l "'wrw'lrwfP'hbrmJ'r 

'1-,.urwr'fb'h.J' 2.rt "lwrphr•IL/tltu"fp f(x) Uf'urpbrw~u.it f/>ru'h/19/twJJ. 

:bmrt"l• 2wr.J'/t n·r'l Jwuitm~/t 'I,.J'..,f'{!· 

S 11 (x)=~~+ ~ (a,cos kx+bksin kx). 
.:.. 

" bk=.; Jf(t)sin kt dt: 
-i. 

E.lu wrurwt:.wttnm{rlim'b'b!.rf! urlitlW'If'"l"'' Sn(x)·fr f.wJ'wr pwitw~b,. 
J'£2, ltuurwitwit.J'• 

391 



sn(x)= 

=~n j~f(t)dt+k~ll co:kx sf(t)cosktdt+si:kx j;f(t)sinkt cttJ 
-~ -n -~ 

~WJ'J CQSkX-[! /,_ Sinkx-e mw'iJbln'L p'iJmb'f(IUit/1 'iJ2_w'iJp UlW~ ( nr£! t.'iJw

rw'l.nr !;, .ew'iJp "f CQSkX•£! b. SirJkX•e /{m/Jlljwc} thh /•hwbqrJ'w'iJ tpn

pnfuw~w'iJpsJ b., t.bmltwpwr, ~wl'"'l L~, tl/•m'l.l,l "f"lbu t.wummmtn'U

'itbr), ~umw'iJw'iJJ!• 

1 1t 

Sn (x) =- sf(t)dt+ 
21t 

-1t 

+--;-k~J sf(t)cos kx cosktctt+ J f(t)sinkx sinktdt 1, 
-11; -1: 

U.1JJ' 1jn-'iJ 'l"'r" pbrhtn'L •pw~wqJps IL />'iimbqrwL'iJhrJ. 'l"'J'"'rl! 

pn fuw rfr'Ubln" qm J' IU rP ,, 'hmbqrwl'"'' ,, u mw'iJw'iJ.e· 

1 ~[f(t) n 1 
sn (x) =- \ -· + ~[f(t)cos kx cos kt+f(t) sin kx sin kt]fdt 

'It J l 2 k~l 
-1t 

ftwJ' 

sn(x)=-
1 ~~ f(t)l-

1 
+±(cos kt cos kx+sin kfsin kx)Jdt= 

1t J 2 k-l 
-1t 

UIJU 'fh"fJ!nL J' 

1 1t 

=- S f(t)l-
1 +~cos k(t-x)Jdt: 

1t l 2 k=l 
-1C . 

1 
::;n(z)=-+cos z+cos 2z+. -+cos nz, 

2 

(1) 

2Jn(z)cos z=eos z+2 cos z cos z t2 co~rz cos 2z + , .. + 2 cos z cos m=' 
=:=cos z+(l+cos 2z)+( cos z +cos 3z)+( cos 2z+ cos 4z)+ ... 
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... +[cos(n-1 )z+cos(n+t )z]=1+2 cos z+2 cos 2z + ... 
···+2 cos(n-1 )z +cos nz+cos(n+ l )z 

2an(z )cos z=2::;"(z) -cos nz + cos(n+ l )z, 

an(z)=COS n~~=~os(n L-1 )z, 
2(1-cos z) 

cos nz-cos(n+ 1 )z=2 sin(2n+1 )_:_sin !:.._, 
2 2 

an(z) 
sin(2n+1)~ 

2 . z 
Sl02 

U.lu"i/"""'' (1) t.w1w"u•rm{c1Jm'ite llwrhLI• !; 'll'bl wlu"lhu. 

" t-x 
1 I' sin(2n+ l )-2-

sn(x)=- f(t) dt• 
n . t-x 

'::1t 2 SlOT 

.Pw'iJp "I' b'iJfclw/>'iimh'lt'wlwJ/>'ii f/>m'iJfts,w'iJ "i"'rPbrw~w'iJ !; (2n "iwr

pbrmf'JwJ'p), UIUfiU />'iJmb'ff'UI/£! UfUI~"fiU'[,IIIJ' t i'r wrrfb.[!f! 2n br~w
rmfd Jill 'iJ nL 'iJbsnl[ sw'i,ftw,qw.t ,'iJmbqrtfwb t.wm1.mJp •lrW/ nL~JUl" ~IU-

f"'l b'iJe ttr·"t· 
x+o. t-- X 

1 
n sin (2n+ 1)-

2
-

s n (X )=-,\ f (!) ·· · d t: 
n 

2 
. t-x 
sm-

2 

IJ',L c}J.'iJ.e (X 'iJnr •pnpnfuw~w'iJe, f!'iJ'l'"'iJblntJ t-X=:X, 
U.1u 'IL"i.[!mJ' ltumw'iJw'iJ.e t.bml'l"'l pw'iJwaJ,l!• 

r. a 

1 j'~ sin(2n+t)2 
Sn(x)=- f (x + :x) d?:• . n a 

2sin2 
f:w'J.wat.p UIJ! J'wup p'iJmbqrwl£! ~nt'/nLJ' !; '1-rpr Jutbr rfimbqpmt: 

(2) 

' U.n pw'iiwab.nLJ' e'iJ'Im'hb'iJ.e f(x)-L WJ'f 'lb"i.emJ' 8o=2, bk=(), 

ak=O, brp k>O· r.hmb.wpwr, sn(x)=1 sw'iJ~wsw.t n-p r.wJ'wr, b. UUlUI"' 

'hnLJ' b'it.[!• 

(3) 
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b"bfrlw'lrb'k,e, "r f(x) fm'kltsfrw"b [ -:n:, :n:] ::.,uur</•u<Juul ~urnr 
Ulfl -~;, n f W 'iJ (! 'j,'f f,w UJ b 

"LUifunr'l' §8-ft (3) 'b,t'kmfulw"b br~"' J'wubrl! pwqJ'w"'urur~b
L"'l f(x) -nq b i(x)·e urw'bbt"'l fr'lllnbqrwlf• 'bzw'bfr urw~, ltuurw'bw'b.e 

t.burb J Ul[ t..w.;w u Ul rm (ri !"' h(!. 

1t • ll 
1 j stn(2n+J)T 

S0(x)-f(x)=- [f( x+ll) -l(x)] dll: 
:n: 2 . ll 

_" s1n2 
ll.Ju"'frunq, :hmrtbfr zw!•JJfr t;"t.'fwJ'fu,,J'l! ur'flwl 1/burnt.J' f(x) f/>m'b~-

9P"'IP "'rtlb,efr~ ~·ufuqwd _ t r;,·rw'bfrs• fJb "'2 .!wufr fr'bmb'fr"'ll! ~d.e'f-

urfr "'f'll"$ 'lrnJfr, brp n~oo: -
•l.brpfr'b fr'burb'frwll! "'r"t..l.'k.e br~nt. fr~urb'fru'l'bbrfr 

l 1 s" +"2-;- [f(x+ll)-f(x)]cos nlldll, 
- 1t 

o'lur4.btn4. 'brw'kfrs, "r sin (:2n+ 1) ~=sin fill cos~ +cos na. sin_:_, 
2 2 2 

'{hrlfr'b t..wqwuwrmfllw~ wp J'wufr UI/LUipfr'b fr'burll'frWlf! urrtlt..b'b,e b(1b.e 

fr'kurb'f r wl'bb rr. 

1 j" . cos; 
S0 (X)-f(x)=- [f(xt ll)-f(x)] sin na da + 

n a 
2 sin-o 

--o ~ 

3!)4 

1 j" cos~ 
+-_ [f(x ta.)- f(x)] sin Olld~+ 

n 2 I ,_ 
' s "2 
0 

1t 1 
+-

1 S [f(x+:x) -f(x)] -cos fill da., 
n 2 

- 1t 

f(x-f-a) - l(x) 
C'k'lnt..,hhp <t>icx.) I of.w~fr nr i(x)·e uu.t..Jw~wqrw~ ~e~ 

2 . 
urn r wn ~urn r w'ke'b1 t..wur f/>m 'bl;yfrw L "'"/"' ¢ 1 ( ll )- 'b 'bm t'h"'bu uwt..

J',utw•rw~ ~urnr WIL //urnr w'i,£''j,7f,wur, il-f• "fWfpbrw~w'i, f/>m'iJ~sfrw b 

~burl ... upUir' qhryf"u p'bur1.,1rwtl! iJ.'f"'"'" t 'lr"tfr• brp n~oo. ,ew'bfr · 

nr m(ll ur.;lwl f/>m'bt,yf•u'l" :hmrtbfr_ 'f"r•lw~/·y'b t: ~buri.Jwl f/>m'b~sfrw'b' 

jcD 2(o.)[ ::::; [M+Ml 
0 

2sin2 

nrurb., M·c lf(x)\ JhJm{UJW'b ,,brfr'b b'lr~ tz ~"'9" UIJ7J <P2(a.) q, ... ~,,
sfrw'b 'bw/, -~mnr lUll ~urnr w'ke'b'l~UIUI tz ~bur/1WpW[I1 § 7-p (5) pw~ 

'kwal.brfr t..frJw'b 'ir"' brlll'"f'l fr'burb'frw1'bbre iJ.qurmJ' b~ qrntfr• brp 

. n'-'"ooz 

IJ.iu"'punq, 'lwrbtr t lfr"t· 

0 a. 

1 j-. cos2 
llm[s,,(x)-f(x))=lim- [l(x+ll)-f (x)] sin na da: 
n-+oo n-+cx:> n 2 . a 

Slfi2 

(1) 

- a 
:!95 



Upw~n'l.fJw'b wl'mwt:.w!urm{rlJw'iJ J£p_ fr'bmb'tl'nLtf[! ltwmwr•fw.l I; 

cum -o~a.,;;;o .IJrp_w~•uuf>· t:.bml.wp.wr, ft'bmbqr•wll! f(x) /f>m'b~yf'wtft 
wrcfb.p'iJbrfr!J ~w[uqwJ /; .fJrwJh X-0-fr!J .f/r'iJ}_h x+o Jfrp_w~Wf.{_!IIL,/: 

UJuUffrunt/J qbrp_fr'iJ r.wqwuw(tnL{rJ JIIL'hfrs f,.(,UI/IIIL,/ I; ~IU['ftnr WIJ.W2_W

'1ftnL{t/ JilL h. funLpjb~ zrupl!brr q m.qwu~mnLpjnLG~ uliiJUI[ X llbrnm u 
"'IwJu•1mb- ,J, urruJG WJI} qbm!l llJl}!WG qwubtiruGI! tltn}!p 2P2tuqtuJP-DLU 

f(x) ~nLGqgllwJr tl_mpl!llg: 

Urw'uuu.l I; 'JWJWLIIL,/ :bnLrJ"fr zwt'.f!bl'P IILUIIL,f';,,uufrrmftlJw-.,;~':;;;:: 
Jw'bw~, w 1u"'bu IJn}_qwt), wb'lluJGwguwG (tn!Jrnt!Jqmgrru) uqqp11LG.{!~: 
bpb f1(x) L. fix) bp!J.HL ~ndiqgrruGbpe fiwu~GqGnLu b!i npnz X qh
lllr ?Pl!_WqWJl;!DlU, WUJ.W !ipmfig funLpJbr zrup}!bpe mtl_JWl qbmHLU 

urwdmurufiruq qw'tf qnLqruu~mm.u b!i, qru'u mrupwu!JmnLU: 

btU/IIn(''f Uf_WfW'f('UJ:pnL,/ 9nLJ!J mr'l_by, n(' b[tJh f(x) /f>m'iJ~yf>w'iJ 

( -n, nj r:.wmqwdm.l ~11111[' lUlL ~tnnt• w'b[!'b'lr.wm 1;, WUf_IU mrqwd X.o 

~bmm.l zwr.pfr 'lnLqw•lfrmm{J tnLh(! f( Xo) u•rclb.[!J•'b IJwfuqwJ I; Xo t,b

um~J ,,b'itmrn'b nL'bby"'l "r'·t ,,w.fwtw"'b,, ':' •frn.f!l' [xo-0, Xo+o]' 2f!r-

2.W~IUJ.[!'"" /f>nL'bimftwJfr •fwt•.f!frs• 

u,'bnLr.hmlt WUf_Ul,'JIIL9b'iJ.p, nr bpb Xo·r zp~wqruj}!D'-U f(x) ~nLGq-
gl_lwG WJfiUJ.rurfi };, np qnJnLpjnLfi nLfibfi ' 

(I) 

I
. f(~0+o:)-f(x0 ) tm -.-..:_.;:,.:.. 

0 -+ +0 a. 
(2) 

qbpj!_wqnp uwfiuwGGbp~l ruq Xo qbmnt..U :}lnt.Gllg~wfi wG~Gqfhum k 
{fiq. 388), WUJ.W* lUJI} qbmnLlf funLpJbr ZWP}!E q_m.qutu!Jmnt.tt'); f(x) 

~nLGqg rwJ r lirutfwUJ.WU1lUUlu wfi wpdh!!l• G: 

* bfJb urb'l~ nL'itb'it (l) It (2) "l"'J'fw'b'itbl'f!. 1 "'"l"' wunul /;~,, "l' f(X) lf>uL'it~

g/!w~• X ~lrurnLJ rn'it~ .,Jw'ita"'L rufro It wJw~19J"'l J.wfu~9' t~. 388-nuf "'."'"'~bl'

.[wJ. I; !f>nL~'~9~"', "L""b'l k 1=1g'j' 11 k 2= tg 'j' 21 k,=k 2: l;flb k 1=k 2 , IUJU~'itp'it' bfllr 

wJw'it9J"'l'itbl''it w£~9 It J.wfu~9 r,.,,f,uwr &·,, 1 m"'.'" ut['.["'J ~butn LJ !f>n• 'b~9~w'it 

~~~'it[• 'l~!f>brt.~. u"L~ 1 
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U Uf w 9 n L 9 n L .l1 '1-frmwr~b'i..p 'bwfun/"1 "tmrw'tr"'/f>"ul uwt:..fw

ilu•t) ¢
2

( a) /f>m 'i.IJ9frw'b. 
(!. 

cos -!f 
<P

2
(a)=[f(x0 +a )-I(x0)]---; 

~. a :::stn-
2 

.Pw'bfr nr f(x) /f>m'ir~yfrm'b ltmnr wn. ~mnr w'b[!'b'ft:.'um I; [-"I 1t l t:.wm

.J.wdnL.I /1 w'b[!'iJ'fl:,'um I; x0 ~hmnui, wUf_ru w!'i' u•'ii[!'b'f::.wm I; Xo ~bmft 
nrnz[Xo-0, Xo+oJ 2f2W'JWJ.[!"L"I nLumfr <P~(a) :pnL'it~sfrw'b w'b[!'b'r 

,r.J!'m I; IU,.., pntnr ~bmbrnLJ, nrmlilz a=f=O b. la:~O/ a=O '1-bUf.pm.l 

¢
2
(a) :PnLhfJy/tw'iJ nrnzqwJ }_/;1 

CJ•m'bb'iJ.{_! lim ¢
2
(a) h lim ¢ 2(a) UIUt:,,f,.,'JJ'iJbrf!J O'fUIIU'fnrJblnq 

a -->0-0 a. ->0+0 

(1) " (2) ,.,_w1J,.,'b'bhre· 
a. 

cos-
2 

lim <P
2
(a) =lim [f(x0 +a )-f(x0])~--

a.--->o-u a--->0-0 . 2 . a 
Sll12 

a 

=lim 
a. --->0-0 

a 

U.tuUffrunq, h[Jh 'iJw{unrnzh'iJ.p <P2(a) :j>m'iJ~,'Jfrw'iJI (!'iJ'fnLhh[ntf. 

<PiO)=kv WUf_W w!'b w'bc'it'fi:,Uim 'ufr- v 
ilfr [ -0, OJ r.wuu[wdm.f 1 r.bm/,w

pwr1 ' 'iJwiL uwf\.fw'bwrfrw~ : 'l.Jw'b altnt{ 

9"' /9 llmwii.IJ, nr• 
lim_ <D 2( a )=1<2• 

a.-+0+0 

~hml•wpwr, <Pla) /f>m'b~yfrw'b 
uwf\,/ w'bw,Jrw~ /, mh(!h'f l:,wm I; [ 0, .o] 
J'frp_w~wJ.pn..ll llJu"ifrunq, [-o, o] , 

• 
H· 388 

r.wmqwJnuf ¢~( ::l) :p rn 'blt.'Jfrw'b uwr:.Jw'bwtfrw~ b. ~tnn(' wn. ~mnl' 

W'fl(!'j,'f~WUI t1 u,J,f 'l_hf'W'fiU<lhUI"iJ.{_! § 9-fr (1) r:.wtJ.wuwpn<{tlJWhf? ('iJzw

'flw~b lnq x-c x0-nq). 
397. 



a 
. 1 J~ cos 2 

flm [sn(X0)-f(x0)]=ltm- [f(x0+a)-f(x0 )] sin na da 
n---tOO n---ooOCj[ Ct 

-• 2sin-
2 

0 

lim [s(x0)-f(x0)J= lim-
1 {<t>2(a) sin na da1 

n ~ oc: n-+ oo 1t , 

§ 7 -/r ( /j) pw'bwJ./,b f'P r:.pJ w'i_, t/rw b'lrw~ws'bmJ bfl.f! J n [' Wt ~~~ 'l
JmJ 'lm'btfn'l uUir:.Jw'bc r:.w</wuwp I; 'li'"JP• mum/r 

fil'hn[•b,['iJ Ul"f"'9"'9tfw6 b 
IJ."fW!JIIL!JWd (dbnpbJe § 1-mJ aftw~bf'U[Wd [rJbnpbJf>s mwr

phpt/_m.d I; 'bpw'rtn'/, nr b[ilb UIJbmb'l Xo ~butmJ .'bmrJhfr zwrl!l' \ 

f/>ut'b~yfru•JP f(x 0) •upd-h.j!pb qntqw.fJrurbluL t..w.iwr "'"'~w'bt•/mJ l;p, 

nr"'huq/r [ -n, 7.] r:.wurtfw6mJ Xo ~bme Wb(!b'ft;.UIUJnLfdtw'b ~bm tfr'bbl'• 

Jru~ f/>nt'b~gfrw'b tfr'bbp ~urnr wtt ~mnr Jn'b .. um/, , w"'w w 1uurt111 "1 111 _ 

t..w'bp.'fmJ I;, np Xo ~burt111f f/>m'b~gJ•wil tf>}Jfr w<ul,'i.,'l ~wurmfilt•u'b ~bur 

ft. "!' mb'lfr 1nhbbU1b ( 1) /, (2) Uf"'IJ.w'b'bbl'f!• Jru~ w.fpnn [ --.:, Jt] 
Jfrt_w~"'ll!mJ f/>nL'b~gfrw'b tfr'bJt ~urnp um ~urnp ,,'i.,f!'b'f~wur Lt. uwr:.Jw

'bw•f•w~l (lfJbt;,UijUJ /;, "/' UIJU "fUIJJwhbbpf! urwrpbp b'i.,1 

1- /r urn 'In • p 1 n • 'b 11 b[ilh ~mnp mn ~mnp w'bf!'b'l'.wtn f/>m<u~
sfrw'b 'lfrfl>brh'bgblfr I; Xo ~bmmJ, lU"fUI w~Mwtur L nr ( 1) " (2) 
"'wiJ,'iJ'bbrl! urb'lfr m'bb'b1 IJ.n 'lb"'l!mJ k1=k2: ~bmbwpwp, wl'b l[b

urbpnLJ, II['UJb'l f(x) f/>m'b~gpw<u 'fpfl>brbbsbffr 1;, :hmi'Jbfr 2111['.[!{! 'f_IIL

'fUIJfrmmJ I; r:.wJw"flllmwu/uw'b ~bmmJ lJ.ntbl[g/rwJJr wpd-b.[!Jr'b1 

1-" Ul n 'l n L pIn L ..,_, 2. 1° . § 2-Jr orfr'bw~ 2-mJ .j!<ui.wrlt1w6 

g,,.<ullsfrw'b ('b~ . 376) 0, ±2rr, ± 4n, ... ~burbrnLJ pwt/wrwrnLJ l; 

(1) b (2) "'.wl.fw'b'bbrfr'b: lftm.u P"L"r 11burbpntJ w 1<u 'l~fl>hrb<u9b 1 Jr /;1 

~bm!.wpwp, 'bpw r:.wJwp ~"'nmswd :hntrlbfr /"L['W.j!w'it}J"•r ~bmntJ 
'lntqwJpurnLJ I; r:.wJw"fwtn:uu~w'b ~bmnLJ lJ.m.'b~g/rwJfr wpd-b.j!p'b: 

2°. § 2-p opp'bw~ 4., ,r ('b~. 379) .[!'b'bwr~'lwd f/>m 'b~gfrw'b ± n, 
+3n, ±5~ ~bmhpmJ pwt/_wpwpnLJ I; (1) Lt. (2) UfLUJJw'iJ'bbpfr'b 1 lf<uw

sw6 pnf"l' ~bmbpmJ .,1<;_, 'lfrfl>brb'bsbLfr /;1 11.1'1 f/>nt'b~gfrw'b :hmrtbfr 

2wp.pn'1 'bbp~wJws'lmJ I; l"'l'wl!w'bumr ~burmJ1 

3°. § 2-Jr orfr<uw~ 1-nLd .j!'j_,'j_,W['~"Uit} 1/>m'b~sfrw'i_, ('iJ~, 375) ±tt, 
3!JS 

+3n, ±5n ~bmbt•"Lif {uq</n'l 1;: lFJIILU I"'L"r l,tiullir,J w{b ?Jrfi>brb'b

sht/r ~~ l.,bmlrwpwp, fuqJw'b ~burbrfrs P"'9P• J1mu pnlnl' ~burb/'mJ 
'bpw'b t;.wJW"fiUinWUfuw'bn'l :IJmpJbp 2_111['.[!{! 1f11LlfWJ/rur•nJ /; r:.wJwUfw

UIWll~wb l[bmhpnLJ f/>nL'b~!JP'"J/r wpclb.[!'bhpph1 luqJw'b ~burlipmJ :h,np

lbJr 2_W[•.[!/I qmJwri! r:.wt/_wuwr I; g,,,'i.,~9/""JP "'i"'ft"'l'ljw'b [, J.w~w

~"'l'J'Iw'b uwr:.Jwt'bbpJr JJ•t}'b {i/.{wpw'bw~m'bVu, "l' f! ""flwl 'lb"'.f!"' J 

t:.wt/_wuwr I; 'li'"J/rl 

§ t t . Q.npbuw~wu hwpunu~~ wbwt~q 

:hnt'b~9/rw'bbrJr' :J,mrJbfr 2wr.J!brfr t/·:,['lnLdhl"' urbuwfdtm'bc ~nt,

t/_mJ I; fhupunG~q mGru1~q: U.riJ :hmr~hJr 2'"/'.f!/r qurdwli/•9'bhrJr 

Jnurwt{nl' r:.wzi{Jw'b qb[•wpb1,1wl, wluf>'b.j!'b' qnrdhiii~UJb r:.w[•Jn'bJr~ 

w'bwl/r'll' </hpwpbpJ'"l 1/wurwph'b.j! JJr .[!w'bf> 'lfrurn'lmPtnt'b'ubl" 

f>'bt."'bu r:.wlm'bfr 1;, 2rr ."fwppbrmfiltm'b'b m'bbgn'[ f(x) f/>m'b~-

9/r"'JP r:.wJwr :hnLrJhfr qnrdwllfr9'bhre "1'"2'1"' J b<u r:.burl.twl pw'bw

af,bpn</ . 

a0=_!_ { f(x)dx, ak= _!__ (t(x) coskx dx. bk=_!_ ( 'f(x)sin kx dx1 
n. n.. n •. 

- 1t 

CJ.npdbw~w'bmJ t;.w'b'IP"f"'l zu•ur 'lb"'..J!bf1nuf f(x) f/>nt'bii!Jfrw'b urp1/mJ 

t' ~, ' J w'lJmuwllfr mbu.j!n•/ (hpp f/>nth~gfrn'bwt ~wfr~ntJ{! uurwg'lmJ I; 

l;.f!""f/'/'PJb'bmp mt/Jwl~'b/'P!J) , ~,.,> J ~npp mbu.j! ""' "['{! 'fd'/nuf !;' 

i''bt·nr qnrd/r.[!nt/.1 IJ.I" 'lb"'l!brmJ :hmi'Jbfr qnpdw~J•ghli['f! r:.m2tNmJ 

/,'i., fr'b :nbqrJw'b Jnmw'f"f' Jbfcln'l'bbpn'l (urbu I r:.wm. XI 'lLfufr § 8)1 

1-J,mwr~bl"L b'bl! 2r: bp~wrm{iJJ,Jp -:1 ~ xoSr; JJ.t.w~"'I.J!£!1 
1-pw'b Jfrzur ~wrbL/• I; r:,,,.,'i.,bl l!"m Ox wnu,'bg,e/r r:.wJm"'.wurwu~_u,'i., 

Jwuzmwpfr c'burpmp 1wJ p1 

[ -·- n, n] J fr 2~~~~, l.f!f! 
- r.=x0, X]! X", ••• X11=IT 

~bmbpn1 pru<fw'j_,/,'j_,.j! 0 t;,.,"WUUI[' Jwubpf'1 IJ.J'I '//; Uf.Jilll t f fHu<fm'l.JUI'j_, 

J!WJL{! \ 

2n 
D.x= -1 

n 

f(X) f/>mil~g/rwJft mpd-b.j!'bbp[! x0 , x1 • x2 , •• • , X 11 ~bml.['mJ h2_w

'bw~b'b.j!, ~wJ WU[Uitnwufuw'bwp"'r• 

ll.1u wrtfb.e.'itbrf! 11[1112_111 J ''b.j! ~111
1 

J f!UUJ "''JJIIlUWfjfr, ~111
1 

,/ /;f (!ULn 

399 



uufJwl f/>m'b~yfrwtfr 'lrwf/>frllfr' f)wtfw"iwurwufuw'b OJ•'IJ.'iuuur'bhf'fr t_w.Jrrn
tfnt[r 

u.,'l 'lb"i.f!"' ,r, oqur</b l n "' orfr'hw ~. "''l'lw'blum 'b'bb rfr pw'bwa£ fro 
( urbu I r:..wur. XI 'ftfufr § 8-fr (1 ° ) pw'bwd.Lf!) nrnznd b'b.f! :hmrJhfr 

'l"rJw~fry'b b f'l!.· 
2 n 2 n• 2 n . 

a0=- }_: Y1• ak=-" V1 cos kxi, bk=- ~ Y1 s1n kx1 • 
n i= I n ~~~· n ~~~ 

If zw~rfwJ L'b ufu btl w'bb ('• n r""'.[! UfWr'lb y'hm ,r b'b :hnLrJbfr 'l" rJ w~frs

'hbrfr r:..wzt[nLtlf!. (urbu; orfr'bw~, B. l1. c M H pH 0 B nKypc BbiCUieH 

MaTeMaTHI<H, T. II; A. M. JlonlliHIJ, nllia6JIOHbi .li.JIH rapMOHH4eC

KOro 3H8JIH38")• IJ.Juurb'l. tb'b.[! ~wpn'J. l1w'bq wn'bbl tfw'bf""tfwu'bnL• 

(JJnL'b'tlhr•fr .fpw, pwJ9 'bzb'h.[! 1 "I' ~w'b 'l"f'dfr.f!'hbrr (wJuUfbu ~nJ_tfn'L 

f.w1rtln'bfr11 w'bwlfr'lwurnr'ilbr) 1 nrn'h.[! fJ"'Jl b'b urwlfru l!"ur urt[Jwl 

f/>nL'IJfJ9frwJfr 'ff'wf/>frltfr f)wztfbl :/Jmrtbfr 'f"f'Jw~fry'~Jbrfr ,/tiUJtlllfnr wr

Jfr.[!'~Jbf'{!.' 

'1-frym.[! "'tbt.f! 2rr; "iwrphrm p 1m til , 'JJh !J"'l f( x) "iwf'pb l''"'lw'b 

tf.rn'b~yfrwJfr :hmr~bfr zwr•.f!l!.' 

a ct:J 

f(x)=__Q_ +}: ancosnx + bnsinnxl (1) 
2 n ~ I 

cos n X •[!. L sin n x-e wrurwr:..w Jurb'b.[! 9"L[Jl.LU tfr"' f/>nL 'b~yfrw'hbrfr 
tlfrp_nsn.J.r '1-rw r:..wtfwr oqm</b'h.[! r:..wJur'hfr pw'bwd.!..brfr9 ( urb u 'I r:..wur . 
VIII 'llfufr § .5-f• (3) pw'bwat~hre)· 

cosy 
elY +e-iY . elY -e- iY 
---'---, s1n y= 1 

2 2i 

lltu"fb U 1 t1Lf'b,/'IJ 
el"'+e-lnx . ein x_e-inx 

cosnx= , sm nx=----
.elnx_e- lnx 
I · I 

2 2i 2 
COS nX•/r £. Sin flX•/r LUJU wrJ-b.[!'~Jbrf!. urbtfW'Jf'nL,/ b'IJ.[! (1} pw• 

Lwd.Lfr ,/bp_ £. ~wurwrnLtf r:..wJwUftuurwu{uw'b d.Lw.JmfunLflJnLil'ilbr• 

ao 00 elnx+e-lnx . elnx_e-lnx 
f(x)=- +}: 8n -Ibn = 

2 n - I 2 2 

= ao + f (an-ibn ei nx+an+ibn e-lnx )· 
2 n=l 2 2 

(2) 

400 

2 
(3) 

a,-ibn 

U.Ju 'bzw'bwllnLtl'bbrfr 'lb"i.f!""' (2) t•w'hwd.L[! ~l!'b'lm.'I.Jf, . t.hur/,lwl 

urbu.[![!• 
00 

f(x)=co+ L (cneinx+cr.e-lnx )1 

r. =l 

00 

f( x)= L Cneinx, (4) 
n = - ct:J 

Uw l;l f)b'by funl.pJbll 2wH(• ~mfllJlbP-u mbu;.!ll h: 
Cn L C_ 11 'l"rJw~fry'bl,ril wrurw'.wtmb'b.[! fr'bwb'lrwl'i.Jl,rf• tlfrp_nynt{l 

Oqur.J.btnt{ § 1-fr (4), (.5) L (6) pw'uwalrhrfry, (.1! tw'bwaf,bpf!. ~"'l'"'l 

b<j_,J! 'ff'bl LUJII"fbu. 

c.~f;[ ):;(x)cos nx dx-i J:r(x);in ''xdx ] = 

1'!: 7. ' 
' 1 :'1 

-
2

rt jf(x)(cOS ilX-isinnx)dx= ~~ ji(x )c-l"xdxr 
- ;-: 

7t 

C11=_!_ sf(x)e -i nx ct x ~ 
2rt 

_ , 

{5') 

( 5'') 

(5') L (5" ) pw'i.Jwd.Lbrf! t. Co·fr wrurwt:.WJUlfiLPJIILilf!. ~wrbtfr I; 

tlfrws'bbl 

1 ~ 
C0=- \ f(x)elnxctx (n-'), ± 1, ±2, ±3, ... ) 

2n J 
(6) 

tlb~ pw'bwd.Lfr tlhp_1 Cn L Cn ~nJ_.J.ud b'b f(x) ~nt-fi~g~mJ~ 6mtfrnp 
3lnt.pJb~ l:jnuunb~u qnp~wq~gfibpJ 

bpb f(x) fj.nLilbfrw'b 21 "iwrlabrrnfJJwJp Ufw{'pbrwllw'b f/>nL'h~~ 

sfrw t. UIUfW f( X )-/r t.wJ'wr :hnLrJhfr zwr.ee ~tfrilfr. 
40l 



a rJ:) nn . n n 
f(x)=..1..+ 2: a r.COS- x+b n Stn -x 

2 n ~ 1 l l 
(7) 

(UJbu § 5-f: fS) P"''"""'a"c): 

lJ.fi.I\~»JUJ 1;, "l' ~»Ju 'lh"i.[!."'J ~ml"'.lb.[!.u UJbu.f.n1 :bm rJbfr 2."'r

.f.l! . ( .J) pw'i11uO.Lfr rf,/nwrL'iJ ~wrurw'.~»JUJ1/r 
:::o nr. 

f(x)= ~ Cne 
1
1x (8) 

n = -· oo 

pw'i.Jwa/,nrf: &wr.f.fr Cn 'l:"rdwltfrs'i.Jhrc ~wrUJwi\UJJUJrfb'iJ t.bUJb.jwl pm'i.Jw-

d.b..br"1· 

1 I -i'!.:.x 

Cn=,,.- l'!(x)e 
1 

dx (n=O, ± L ±2, .. ·)• 
.. t j 

- I 

(9) 

C'iJ'Im'iJrfUJd t" ( >.UJmll"'"'bu l;lb~UJfWUJbfu'iJfr~wJmJ' b. llw'lfrnUJhfu-
. r,;; 
I I X 

"'.Jfr~"'J"'J') t.hmLJUJL UJbrJ'fo'I.mln'lfrw'iJ: e "'fur"'t."'i"'"'fUJm'iJ'iJbrf!. 
fl1t . 

'JirJ.r[m.J' b'iJ fiw[Hfnli[l~Gbp, 8n=-(n=0, ± 1, ±2, ... ) f11brl! ~nt
l 

00 

f( X)= ~ C" e lnnx ( 10) 
n ~ -. oo 

~ndi~g[lWJjl Wl~J,!WJJIU [it tjbp: 
U.lP.J!"'Jfo'iJ fi11brfr p~»qJmf'JnL'iJ(! ~nJ.•/mJ I; UU[b~mp: Gflb I#J'f 

[J tJ.hrl! mb'lw'lrh'iJ.[!. {J 1w lfr'b ~»rtw'bsJ!/r t/.1'"', w "l"' ~umw'iJw'iJ.p wn"''iJ

A[>'iJ. 1/bmbrfr pUif.Jnt{JJnL'bt 11/'l"'frufr ftbUJbrJ• P"''lJ'mfUJm'iJ{! w'iJ1w'iJmJ 

b'iJ q[mqpbm, fruit t.UJJ'UJ"/.UIUJIUU/uw'iJ u"'bllrnrc' . q~u~pbm UU[b~mp: 

(9) p~»'i.Jwd.lrbrnt/. nrnzrfn'l Cn 'l"fdudlf9'iJb/''iJ w'i.Jrfwbnuf b'iJ ~nuunb~u 

WUllllJlUtnL!}: t;b'iJ.[!., nr /;lbf/urfwurbfu'bf~wtft /, ""''lpnmbp,'iJfrftwJfr 1J'p 

2_W('.[!. "'2./u"'urnLfiJJm'iJ'iJbrnLJ 1cnl wJ'"'lfrmuul'iJbf'P J'n'lmt'i.Jb!'f' P"''lJ'nL

fJtm'iJl!. 'iJmJ'iJ"'.bu "''b1.,'iJmJ h'iJ f(x) /f>m'll~yfr~»Jfr UU[b~mp: 

§ 13. ~nqlJii~ ~uUJhqpww 

'1-frsfiL.[!. f(x) /f>nL'iJftsf.w'IJ nrnzrfwd I; ( -QOJ 00) ~»'i.Jrfbr2. J'fr2_UJ

~WJj!nrJ'1 "l'"'"'L 'II"'/' 1'"'9u'rd."'ll fr'burb'lrbtfr 1; 1 UIJ"f•'~~.f.'~~' 'I"J'ILfUJ'IL'iJ 
nL 'bfr 

J f(x) !dx=Q (1) 
- 00 

I 

1 s knt ak=- f(t) cos --dt, 
l l 

- I 

I 
1 ' knt 

bk= - \ f(t) sin --dt: 
l <· l 

-I 

I I 

f(x)=J_ Jt(t)dt+ _I ~ s f(t) CO ' h(t-- x )dt 2/ l ~ . - . I 
_ 1 k ~ I_ 1 L 

fl <unrJ'i.tuJUf.rh'iJ.p rut'iJ t,"'f9l'' {clb J•'z,l"J/•ufr .,hu.p 

[nrdm{ljtiL'iJ{! uwt:.Jw'iJfr'iJ w'iJy'iJb1pu 1 bf'P l~OOI 
llurs'i.tb'iJ.[!. t.burblwl bzw'i.t"'ftmJ'iJbrc· 

" 2rc kn CGl=-, , CG2=-, I • • • C!. k= l I • • • ,, 

Sb'l"''lfbln1 (4) -/r J'hp, uurw'i.Jnttf b'iJ.p. 

(3) 

(4) 



ilw'b~msu") fpfr.f!uwJ l-fr 'ILuu~nuf •frwli""JM'l'P 'bbrufr "'f""u~ 

""'turm[rl/"'tl! a.. k-fr f/>tn'bltsfrw t (urbu (5) pw'bwtl!.c). nr'b wrcfb.[!tbr 

n 
.t- [!'i.J'J"<'i.JmJ --p9 rfJ.'blh OOt U.nw'b9 '""J"'9m9Jw'iJ 'b2b~'.f!• "{' b(rlb 

l 

f( X) f/>m tl,y[ .. u'b ,,mn r Ulll ~mn r Jn'bnurn'b t I"' fW.J!W'iilJ"' r "b {' p_w"nr J 

Jfrp_w~"'f.J!111Ii' 1 rwr!:,Jw'bwrftur~ t" w'brJbf'2. Jp2."'~"'/.f!"Llf /, pw""'f"'f"'J 

t" (I) "'"'J'lw'b[,'b, u'"'"' l ~+oo 7b"'.f!"'J (6} P"''kwtll.'b [!'b'l-'tt'bmJ 

t 1\bur!tJWL urbu.[!/! • 

f( x )~: I(If(t) coso (t- x) dt }a' (7) 

ll2. ~n'l.fmt{ 'fur'btJ.n'l "'f'""'""'l"'"'(rii"L'b[! ~"l"-'ILJ t" f(x) fPm'b~9P"'JP 
3Jmpjhp JlGmbqpru[' (7) f.u,"wuwpm{tJJ"'~'l! urbt[p m'bfr P"l"l' UIJ'J ~bw 
urbrmJ, nrmh'l fPm'b~sfw'b w'bl!t'lf."'ur h luqJw'b IJburbrmJ urbtzp 

m'bp 

: r( l f(t) cos a(t- x) dt }x~ f( x+O);f(x-O) . (7') 

f,"'"-"'"'"rm{riJm 'ill!' 
!l£wtfrnfub'b.f! (7) f.wrJUiuwrm(rl !"''b "'2 Jwuft p'burb'lf"'ll!• pwyb~ 

Lnt/ cosa..(t-x)~c· 

cos a..(t- x)=cos at cos a..x+sin at sin ax' 

lJ.Ju wrurwf.wjurm{iJjnL'b[! urb'lw'Jfbln" (7) pw'bwJ.£p Jb2._ £ COSa..X-'b 
nL Sin a. X-[! 'fnL[IU pbfb[niJ. "'/'iJ fr'burb'ff'"'l'iJbrfr 'i.J2w'iJ'bbpp9, nrurh'f p'b ~ 

,b'll'mJc ~UIUIUir"-mJ t- cuur . t P"•rnfuw~w'bf., ltuurw'bw'b.[!. 

1

00

(

00 

) f(x)=;-- ~ jo:>f(t)cosatdt cos ax da.+ 

l co(co )' +-;) jo:>f(t)sina..tdt sina..x da.., (8) 

</Jw~w'fJiJ.pmJ 'f"''iJ""'f [!Uur {-fr fr'burfilffwl'i.Jbrf'9 J"' f"'.f!"''bltm.f[! 'J"

J"'{tJJnL'iJ m'bp , .[!"''bp up f(t) f/>m"ltiJ9P'u'b (-00, oo) Jp2._w~w!.f!"'J pm~ 

9'"l'tlur~ ft'burluu•bJp t" 1. 1 f.bur£wpwf'' P"'B"'l'tl"'~ f•i.wb•u•hLJ. b'b ~1wh 

f( t )cos at NL f( t )sin at :Pm 'i.Jbfw"ltbf{!l 

•f!'b'bwr~bt.[! (8) pw'bwtlLfr Jwu'bw"-nr 'fb"l.:Jbfl!' 
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1 . 'rfrsm~J f(x) f/>nL'biJyfrw'b qm/'1 t, U.Ju 'fb"'.f!'IL.r f(t)cosa..t 
lpm'b~sf.w'b 'l"'l'l t, J.u~ f(x)sina.t-t' ~b'bm !. uurw'bmJ J,iJ.f!• 

00 00 CXl 
J f(t)cosa..tdt=2 Jf(t) cos utdt. 

-00 0 
( f(t) sina.t dt=O, 

_::C):) 

f(x )~: J ([ f(t)cos at dl }as ax da, (9) 

2. 'rf.sm.f! f(x)~c ~b'bur b of.'b'bwrltbl""- (8) pw'bwJ.I.fr f'bmb'lf"'lw 

'SJbpp p'iimJ{tl[! "'Ju 'lh"'.f!""'• ~uurw'bw'b.[!• 

2 CXl(OO ) f(x)=-;J 1' f(t)slna..tdt sincixda.., ( \0) 

b(rlb f(x) fpnL'bltsf•w'b "l"' 2"-wJ t- Jpw1t (0, oo) .rp2wJ1wJ.f!"'.r, 

'""!"' x>O 'lb"f.f!nt.f "'J'b 'J"'t'blf. t- 'bbr~"'I"'!J'bbl J.'bt"'bu (9) pw'bww 

AJ.n", "'J~'"fbu t"l (IO) pw'bwtlLnt[t U.nw2._,.'b 'lb"l.f!"'J Jb'b.[! w1'b 

ll'"'9'bmJ b'b.f!~ 2"'f'"L'bw~bln<J 'l"'l'l ~bl'"'""-• fruiJ br~r"r'lmJ' ~b'kur 
'J"r"'"t/.' 

ll'fr w'b'lwJ t"l 'k2b'b.f!, "f {'"LJ~'b ~burbrnttf (9) £ ( 10} f.w"1uuw

pnL{tJ[mh~thpfr tlwfu .fwubrmJ f(x)-p wpurtuf.wJmm[riJw'b tfrnfrtwpb'b 

"'b"'.f! t- 'll'bL 

<»fin utf.UIJ urnL{rJ /"' 'b[!l 

f(x+O)+f(x -0) 
2 

oJ.bpw'Jwn'iJw'b.f! (8) put'bwtllrp'b, cp"''l'"'lJbrmJ 'l"''k"n'l piJurbw 

lff"'ltbl'l! a-p f/>nL'b~sJ.w'bbp b'b, ll'w9'bb'b.f! f.buri.J"'L t2w'bw~nLJ'bbrl!• 
co 00 

A(a)=~ sf(t)cosatdt, 
-00 

. 1 (' 
B(et: )=-;- J f(t) sin atdb 

f(x)=J [A( a. ) cos :J. X +B(~) sin a. x]M' ( 11) 
() 

U.unLJ h'b, np (11) pw'bwd./,l! mwJ!"' I; f(x) f/>m'b~9P"'JP tJ.bt'L'"JnL

·. fltnL'il[! 0-J.s Jp'bl_J. w'bf!'b'lf\'umnt'b~, tfrn"-rnfr"l"'l a. >.wi.wfr•nL{rljutrfp 

r..wpJn'bfr~tbrf.' ll.J"ILP"'"''l'bbt'P J. ull'lfl'bw~w'b •/tntLbrJ. P"'2{u.fw'b 
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orb~,ec' J1,ufrnJ.wtJ a t.wl.wfump1n,~/rs "'f"nwr..w1m,fmJ ~ A(a) J.. E(a) 
q.,,_'iJ~y/rw'ilbr/r "l'l"9'"'' 

a/.br"''l"'"~"''iJJ! (9) pw'iJwdl./r'ilt C'iJ'Im'iJb'b,e 

'Jj(2 ao 
F(a)=JI --;Jf(t)cosatdt, (12) 

0 

20C) {
-

f(x)= -;JF(a)cosaxda (13) 

0 

urbu,e(!' F(a) q.,,_f,~yfrw'iJ ~"2"-'"" I; f(x) q.,,f,~SP"'If t.wJwr &m.pJbfl 
1Jnu}llintu-ah.wtlm]un1.pJnLii: · 

fJ[ilb (12) t.wtJ.wuwrmfiltw'b Jbp_ F(a)-'1.. t.wJwrb'bl! urr<f'udJ rult 

f(t)wf,' nrn'bbt/r lpnL'bbfrw, "'"/."' wJ'iJ t.w'iuiJIUw'bnuf /; f(t) f/>m'b~9f"'JP 
J',wJwr rfim!JqpwlWJ[lfi fiwtJmuwpnuft (13) pw'bwaJ.(! urwJpu ~ "'/'1 
l',wtJ.wuwr.fw'b I"' dnoff!.t 

(10) pw'bwal./r t.frJw'iJ 1rw IJ"'I'"'l b'b,e '!:rbl J',bmi•J"'l t.wt.Jwuw

r"' I" J"' 'b'ilbl'r • 

( 14) 

f2 oo. 
f(x) = l / ....,..- \ <P(a)sinax da, 

f 1t ,) . 

(1 5) 

0 

<l>(a) q,,,_fi~g/rw'b ~ut_t.Jm.f ~ fum .. pjb}l ujl[inLu-nL.uit~n}uDLf>JIHfi: 

Opft''bw~t '1-/•unL[! 

f(x)=e- ?x ( ~ >OJ x ;> O)t 

~uur ( 12) P"''b"'d.bfr npn 2""' b'lrt S,nLrl' fr ~n,/_r'lJ nLu-<ilrwpnJ-n.fJrL'lt(!• 

. VTOO. VT ~ F(a)= - I e---;, t cos at d t= - -,- • 
" J 1t f>+a2 

0 

2~ v2 a <P (a)=• f - \ e -~ tsin at dt= ---, V n • 1t ~2+a2 
0 
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,,. 
' 

(x~ O ), 

:bm f'JL/r /r'z.,,b'lf"ulmd' (§ 12-/r (7} pw~wdl.) 'f"'~'"'fdhrn'-J' 'lf!"'w 

fll!_t/.nt J ~ IJ. -/r . '1"'1'1 q,,,_'z.~sfrw, t.bml.wpwr, "'J'il nrnztJ.wd t " :!·/· pww 

swuw~w~ wrrlbJ!'iiLrr t,,,r.,1,, U.utJ.wd/r t.rtfw'il <frw (7) pw'bwd/.c 

'fwrbt/r ~ 'lrbl u'J""i""· 

llJ'iJmt.burl._ 'lfrmwr~/,'z,.[! ~llrLJ'z.wpwr 'frnJf t.uuJwuwr f,bm/,JW[ wrmutw 
'Ow JUrtiL{<J.(nL'bf!., 

!lwfu ~nrz.fn,_.f '{t.n'iltJ.n'l '"rmwr.w1mmf<lt'" 'bc 'z,,. J'bmpwr t.wqw

uw {' ~ rzrnJft "'I~ pw'bft r..u,fw r· n (' tpw~w'ldb("" J' 'fl.ninJn'l :;,.,, q,,~ 'b~w 
s/rwfi ~b'bm q,,,_'z.~.'lf"' ~ J /•n~ ltb'bm /f>m 'b~gfrwtft /r'bml,'frlll[(! -M-/rs 
Jfr~tiL +M· uwr..fu,'z.'bbrm.f t.wqwu"'f' t 'lrnJf" U11tr..,1,_, ~. nr 

lim :\\~ ( oo\. !(t) sin a (t ·- x) dt\d1=0 
M-+ ao ,_ ~ } 

- .'.\ ·-:f) I 

(2) 

't fr, n 'l nL[d 1" ,_ t, U.1uurL'l ,.,'z,t.rwdbzm ~ 'bzbL t.hu.bJ"'l t,.,'iJ_ 
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'fwJ'w"ii.p[!t U."i11_br2 uw~J'w'b'bhrn1_ 'l"''lwJbur p'innb'ffWif! uu.~1fw"it1_mJ' 
!; WJUUfbU, 

oo, c co 

J Cf( a )da= S Cf( a )da+ J Cf( a )d?.-
-oo -co 

c M 

=lim S Cf(a)da 4;\~i~ J Cf(a)dcx ("'') 
-.''>\ c 

"fUIJ,/w'iJnq, nr U/2 J'wuft J11LfU1.[!UI'iJ}_JIILr uwr.J'w'iJe 'fn JIILfiJnL'iJ nL'iJp 

(urlw I 1\LUur, XI 'fLfup § 7), />u~ J'b'b.[! (2) 1\wtJwuwrmfiiJ"''bmJ' 'lfhL 

b'iJ.[! WJU"fhu, 

oo M 

S Cf(a.) d7.= lim r Cf(cx)da, 
M--> co j 

-00 -M 

(**) 

U.~"iit;wJur /;. "f ~LU['"'l !; "/wurwt;bl, "f r:·*j uw~J'w'bf! lfnJmftljm'b m'bfr 

fru~ {*) 1\wqwuwl'"'{t!Ju•'b wp_ tftuumJ' 'lur'b1_ntl uu.I\J'w'l,'bbrf! 'l"JIIlw 

fiJJm"ii l_nL'b/,'iJ: (**) 1\wqwuutrm{tltw'b wp_ J'1uu{t LU[•urwl\wJutiiL{rlJ•n'bf! 

~nl_1_mJ'!; ~fimbqpmJ]l q)~llutjnp wpdbv: G1_ w!u"ibu, ( 1) f\,uqwuwrnL

fiiJ"' 'btnJ' '1frurwr~1_mJ' /; m'bfu~LU/Jw"it ('bb/'.f!Vu) f•'bmb'ffLULf• 'llf"LU""I' 

LUfclb.[!l!' U.tu fr•f,uuurn~[ l;l 'lf''I"L"L L'b ,, J'b Uf"'f"''lf"'fl>/• ""'2"1"1 

J> 'burb'ffLU 1'bb fl!' 

i 
(2) I\LU1_LUuLUrmftlt" ' 'b .,-;,,1wJ''bbrl! P"''lJ'u,"fLUurJ1bt.[! -- -nq 

2n 
h. 'fmJ'wrb"it.[! (1) 1\m.jwuwrm[iltw'b (,,,Jw"'wmmuptw'b _ J'wulirfr 1\bur 

UIJ1 '1b U[.[!lll J' ~uurut'bLU'b.[!• 

f(x )~ ;n 1 Ll f( l)(cos .(1-x)- i sino( t-x))dt } ' 

f(x)=_!_ jc:; [ Jco f(t)e -la(l-xldt] 
2n dcx ' 

- 00 _OCJ • 

(3) 

(3) pLU"itw.lbfr "'2 J'wul! ~nl_qm. J' !; f(x) ~nL!i~g~wJJl fiunfm11 
l}nuunbpu utbupml :bmpJb-Jt ~limbqpw1: 

(3) pw'bw.lbe 'f:rb"ii.p "'!'"'lbu. 

f(x)~ II ;.lf(t)e''"' dt }"'do ( 4) 

408 

co 

f(x)= I C(a ) e 1 ~xda, 
-00 

1 co 

C( a)=-- J f( t ) e-~>tdt' 
21': 

-CO 

(5) 

(6) 

(ii) pw'bw.lbe 'bJ'w'b t § 12-p ( 10) p•u'bw.ll•ft'b. WJuurb'l I;L a-"ii 

~nt"- '"'r I; Wl\l}!lUJ[lli p~q. P"'/9 WJUurL?_ wl'b e"ii'111L'hllllr!; -00·/ts 

J'ft'bt"- +oo pnLnr wrclb.[!'bLrf!· "- W[P.[!"'JP'b fil1_hrft u"ibvurrl! ~"JAmJ' 
!; rnGeGqflUim uu1b-qmp: (5) pw'bw.lkf' "- § li!-fr (10) pw'bw.lbfr w'bw

ln'ff•w'b ~wrbLfr I; zwrm'bw~bl' bfilb § 12-fr (10) pw'bw.lbmJ' Cln "'Lfrw 

.pwJf>'b {tlqp'b 1\wJ'w"iwurwufuw'bmJ' !; Cn /lnJ'Uf/b.[!u wtf"ilfrurm'1l!J W"fW 

.uuuLJ' L'b, "f ( i) } pw'bw.lb,LJ' (ct11 cx 1 +ll.ct) J'fr2"'~"'J.[!""f Ufwr•frwllqwJ 

"'IP.J>WJp'b {tl1_fr'b t;wJ'w"iwurwtJP,w"hmJ' !; C(a1 ) ~nJ'"'lb.[!u wJ'"llfw 

urm '11! 1 

C(a) q,n'bi/,'JJ>w'b u.'bqLU'bm,/ L'b UUJ.bqmpml Jumn~pjni._!i l1wJ' 

UUJ.bqmpmJ ~nL!iqg~w: (U.luurb'l fuurm{tlJ"''b urhrJ'fr'b'b o'f:urLU'fnrJ1_mJ' 

t 'bnLf'b f'•i'wuurnq, f'bt"ibu XIV 'llP'P § 8wmJ', nrurb'l P,nu1_mJ' tr 

bt•~l_LU•frw"itp urfrrmJfiJmJ' fuurm{t!JLU"ii pLU;{uJ'LU"it J'u111J>'b}t 

(4) ;,IUt/WUWf•IIL{flJIIL'iJ'iJ UlfUIW'f(IIILJ' b'iJ f\/unhJLUf br~nL f\w1_LUUU/w 

rmft!JnL"it'bbtfr utb".[!""-· 

F*(a. )=V 1 r f(t)e-i~tdt, 
2n . 

_QO 

00 

f(x)=Vl J F*(a)ei~xdcx. 
2Jt 

_ co 

(7) 

(8) 

(7) pw'bLU.lhn1_ nrnz1_n'f F"(cx) f/>m'bhfrul'b ~~~t1_mJ' I; f(x) ~nt.U~-
- 1j~UlJ\1 l)tuJ'wf' :bnLpjb-~ fikmtlmJunt.pjllLUI (8) pw'iJLUJ.ft_n1_ nrnzt/n'[ 

f(:x) f/>m'biJyfrw'b ~nt1_mJ'!; F*(a) f/>m'b~s/rLUJfr 1\w,/wr :bmpjbp fim~w
qwpn . liL.wlpnJunt.pjnL!i (.lbwfufrmLfiiJ"''b'bhrf! urLUrPLr1_mJ' b"ii i-fr 
LUII.Wf. '11'1"'1 'b2w'bnq}t F*(:x) :pnL'bysfrLU'b C(a) f/>m'b~sfwJfs urwrphr-

1 
'[tnJ' I; -= 1\LUuurwurm'b pw'lJ'w"iwur~/>l_nqt 

V2" 
(1) It (8) .lkwfn/umftltm'h'bbrfa 1\bur/w,J' b'b § 13-fr (12), (14), 
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(13} b (15} d.l.unfrn/um{.JJm'b'iJbrl! ( ~ f.wumwutut'b pwrlJ'""'i'"mltf•if< 

ii.zu•n•f<lJu>J'p } (1<!) L (14) d.luu.frufunL{JJ"''b'bhl'l! ~umws•Jh'b, hfiJb 

(i}·/r J'b'l m/,'lw'lrb'b~ 

e- 1"1=cos o:t-1 sin at, F*(:c)=~F(a) -i<P(o:) 

L f.wtJwuu.rb y•/'·"' l•rw~LU'b L 't'iiLJ J'wubrt!' &J' w'i.. a:. 11" (8) aftLUt{rr•

{umfrlJ"'"'".'I umwst/mJ' b'b (t:J) L (H) d.l·wfnfuuLfdJnL'h'iJbrl!' 
&zb'ii~, nr :hmr.lbfr J.Lwfnr:mfilJm'ii'bhrfr'b f.u,J'w'iJJ'.,'iJ J.!,w,/>n

r""fii!"L~,'iihrfrs O'fm'i.bt"L b'b~ IX 'ftiUIJLJ'' trU~br.,sfrn~l r..,;_r•/[! ,, bf U6 

J'fr ~w'iifr ~/rr!l"'"' fitn•'ii'bhrt!J>' 

(1) 

f/>m'b~sJ•w'bbrfo w'l,qbf'l_ f.wJu.tlwr'lf' ~ntt/mJ' I; . oppnqnGtut [a, b} 
Bmuntwom.u, b[rJL sm'b~wymJ n=fk rzh"'J!"LJ' "'"rzfr nL'bfr 

b 

J<f,(l)<fk(x)dx=O (:?) 

f.LU"UIIIUI ('IJLP tnt h(!l 

f.''/.,'f n,.,.J' b'bf.Jw'll'""' J' t. nr 
b 

Jl<fn(x) JYdx =f=O• 

Opft'hw~ 1, 

I, cos x, sin x, cos 2x, sin 2x, ... , cos nx, sin nx, • (3) 

:jtnL'h~ofuu'hkp~ f.w,fw~W[''/f!. opf!n9n'J,Wf t [ --1t, Jt] ;,IUUH/wJnLJt '/oul f./swbnLJ t 
§ 1-~ (I) It (II} f.u•qwu~'l'nLf!JnL"b~.br~B' 

Opfr'hwl[ 2, 

7t ~ 

I, cosl x, sin lx, 
1t Jt 

COS 2 -x, Sill 2- X, • 
l l 

nr:x .nrrx 
. , cos-

1 
, sin -

1
-, • • · 0 ' ) 

:jtnL'h"9P"'~'kr/w f.uulwftwp9f!. Of•fln'ln'hwl t [-/, /) f.wm•fwJ,..,/, 7l''""""•J 

f,/s~.,. t f.wJn'lqb[ w"b,f[t£wftw"b umnL'Inulnq: 

or I•""., It 3, 

I, cos x, cos 2x, cos 3x, ••• , cos nx, •• 

:j.uL~I~gfrw'hbpfo r.wt!wftwr'll! opfl.u'f"""Ulf t [0, rt) '.wutofwJ,LJ: 
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(4) 

sin x, sin 2x, ••• , sin nx, .•• (5) 

~nL"b~gfllu'hbr/w f.wJw~W[''ff!. opfi/n'fu"bUif t [0, 1!) f.wtn11U .. nLJt 

UmnrL 9"'19 b'b mrt/hlnL f/>nL'ii~yfrm'bhrfr mrfrz orftln'lniJ'.,l r..,

J' w~.,r'lbrr 

'1-frsiiL~ [a, bJ f.wur'i.LUJu.J' nrnz'{LU,j f(x) f/>n<'ii~sfrwb IUJb"ffrufrb 

tJ nr LUJ'ii {!Ullf ( 1) orfiln'ln'iJwl f.LUJ'LUifLUr'lfr f/>m'ii~sfrLUbbf'fr 'iJbrltUIJIU9w 

4.•1LJ' t ZIUf~""' nrf! [a. b ]-11LJ' qn<'lwJ'ftntiLJ' t mt/_JLUl f/>nL'iJbfrwJfrb. 

f(x)= ~ Cn<fn (x)• (6) 
n-0 

flrnzb'ii~ Cn 'lnrJ.,~f.y'bht'l!' b'ii[J.,,_rb'b~, nr (6) zwr~l! yw'b~wsLUJ 
<fk( X) flo IIL'ii~sr IU Jn'{ pwqJ' LUUf1ULn~blnL9 f.bmn ULnW st/_LUJ zwr.el! filn•u t 
UJLU"IU w'ii'flUJ' LUll. LUb'JLUJ' Jtburb'lrnLJ'I 

(6) f.,t/_.,u.,rmfilt.,'ii br~n• J'wubrl! pw'lJ'"'Ufw<n~b'b,e <f'k(x)-n'i. L 

J.'bmb'lrb'ii~ a·frs J'friltiL b ,,,t:,J','ii'bbr"• J', Z.wz•lfr tun.'bbln'l. (2) r..,

qwu•",t"'LfilJ"' 'b[!, ~umwi.w'b~. 
b b 

Jt(x)<f'k(x)dx=Ck S <f;(x)dx, 

Ck=-• ---;-b-----, (7) 

J <f'~(x)dx 
(t} pw'btudJ.b(ln" f.wztf'i.n'l Ck 'fnrJw~frs'iJhrf! ~n}.'{IILJ' b'iJ f(x) f/>nL'iJ~
sfrwtfr :bm .. pJb~ qnpt\'wq~gGbp eum (1) ~nLGqglHuGbp~ oppnqnGu1l 
UUllfutqUl[lqp: (6) 2."'fJ!f! ~nt'l.n.J' t :hnLrthfr zwr~ J!Ullf (1) f/>nL'iJ~sfrw-
'iJbrfr f.wJ'w~LUr'lfr' . 

U w r. J' w 'b n L J' 2, 

<f'1(x), <p2(x), ... , 'fn(x). 

/f>nLbft9~w'i..brfr orfiln'ln'iJwl f.wJ'u,~wr'lfr llnJ'i.mJ' t' l[l~q, bfilb you'b~wgwJ 
,ewnLUitnLunt/_ fr'bmb'lrbL/r f(x) fi. ... t~s/•wJfr r.wJ'wr 1 wlufr'h,e'b' wl'b"lfr

ufr'b, nr 

4! 1 



lim J~[ f(x)- ± Cic.p 1(x) ]. ~dx=O: 
~~~ 00 i=O 

. a 

(8) 

§ 7-fr u~nt.J'w iwvf.,ht'P t.w.fwaw(ll (8) t;UJ'/wu~nrmfJJnLh[! ~wrbLfr I; 
n 

Jbfkwpw'bbt 'bwiL w!uu1bu: ~ Ci<fi(x) 'lm.fwrfr' f(x) f/>m'llltsfrwtfr!J m'llh
i - 0 

QUI c) Jf12_J.'lJ .(!WilUI~IJLUUI Jp'lJ zb'fnLJ f! a'fLnnLif t' Cf('11 '" 1 h f'P 11 --+ 001 

b[Jb Lnb'ffr m'ufr {8} t.wqwuLUf111L{JJmhf! 1 Ul"fW wunuf b'b, "{' (6} 
3JnLrJhp ('_W('.(!{! UP2P(j frJuiULnntj Cf11L1fW.fpLn1111f /; f(x) lpnL'iJbf•UIJpht 

ll.'f'bt.w('n 1;, nr ,lJtlr'~~ fr.!muLnntJ qwqwJfr,m p1m'bfr9 lfr t.hmt.nur 

[a, b] t.wLntfwJf, !'IL{'W.[lwhltmr ~hLnnuf 'l""lw.fpLnm{JJnLhf!' 

ll.tuuh!J LU"fW!J11LtJ.fw'lJ 'bzb'lJ.p, 11(1 1-4 orfr'iJwff'lJbrmJ 'i121UIJ 

hnw'lllt.rm'bwzuuJ.w~w'i., r..uufu,~wr'fhf'f! trfr.1 b'b t;UJJUJ"fUILnUJ"P'm'b t;,uLn

qwJ'bh ['IILJ' J 

'Ifrrw"m.fJJm'll'bbrn"J' /_wt'll"l'b'b oqmwilnt•J,Jm.! I; f!IJUbtr ~nLG.It
gpwGbpr nwtl'tuqwpq(l , 

Jn().1x), Jn(/.2x), .. · , Jn().1x), ... , (9) 

nrwt~ .p'b'b wr"f'JLt h'b XVI 'Ill" I' § 2.1-m .r, U.1umb'L ).1 , / •• 1 

f!bubtr :)>nLGlw!lwJ It mr.fwLn'bbr'b h'b, "'lufr'b.p'll' 

(i=L 2 ••• . ). 

UJTL'iJl_m p JWbf! pwtfrurmf'n'f {J tjh ('h b hi 

U.nwh!J LU"fW!JI1L,fJ.fiUt ~~zb'b.[l, nr 

JxJ n( J.kx ).J n ().ix)dx--0* (k =f=j)' 

0 

• .. • J 

( 1 0) 

( 11) 

''l'l' '" "nLfJJ"L'b'lll.rnLJ o'fLn""lnr•J•J•nJ b'b 'i1wh lhdud1f]-pp opran-

* lJ[il/; Cfk( x), <; j(X) tf>n< 'b~!l~w'bbp~ ~~u~J"'I' mlulf nL'I•p 

b 

\" r(x) 'fk(x)'fi(x)dx=O (j + k) 
,) 

a 

wn'bi_n LfiiJ'rL'bf!, w"lw wunuf /;'!,, np :r;(X) {/>nL'I,~g[•w'bbpe_ ot-fln•l"'bwl /;'!, p(X) 

hnn>[, ~bmLwr•up, Jil()•i-') {/>n L'bltgpu•'l•/;p[! (bpp k=fo,j} opfln'ln'bu,l /;'!, X ~2"""' 
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qnG.\Uj pwquwG'lunfGbpp 6muwqwpqbp(l, 11[1T1h.[! uwt..,fm'b•Jm ,j' L'b IUJU
"ib u. 

(n= 1, 2, ... ): 

trUJ'i•.p p~ntfmrw1,m.r h'b 

(x~-1 )y" +2xy'-n(n +I )y=O 
t;wqwuUJ ['IlL J'bh rfr'b J 

O'fLnmqn[•dtfmJ h'b 'bw!. "'Jl pwq•fw'iJ'l,..,f'iJb!'fr orfrl 111[nhm[ t;UJ_ 
J wf[UI {''f/; ['I 

§ 16. <).w'lwiflwp qOWJ~h :flnLblJg~nbwL mwpwbnLpJwiJ uwu~b: 4w• 

UWbtiwbnLpJnLb :JlnLl.tlJg~wbl:ip~ ~nlpJI:i~ Z.WflV~ ql:i[lLHLI'lntpJWb lJ. 
tlli4mnpbl:ip~ tll:iptnLOnLpJWb u~~!J. 

/J.'bUJtfrmfr~ hr.ltrwl•urfmLfJJ•ILhnLJ u'wt.Jw'b'{LL l;r bnwl_UJ•f LnUJ
r Ul c) mfill Ul 'b 

A=AJ+Aj+Azk 

·J"~Lnll(l{!l 11f1Lnb'f i, ;, k•h JfrUJ'{n('l •/~<1/!JIIL'f'fUI;:,UIJUI,'J •JhffLnll['h/;f' h'iJ, 

n rn'b.p m 'l'l'fUIJ b'b ~nn r'lfr'bLULnUI Jfr'b wnmh!Jj!hli[111tJ: ~IJmw'lw I"',, i, j. 
k '/hf[Lnn['thrf! h('_IU'iJUJffhfnL b'iJ.p e]J e

2
, eJ•ntj1 

~UJJUI'iJJ,u'b akml. ftwf'blfr /; UWt..Jw'bbl n•}_Wptnhfr LnUI[IUIJIILfJJW~ 

i-1 

qbt1Lnnrl!' 

A ,.hu.pfr ""''mnl''bhrf• pw•L""'-PJnLh[! l[iuh'/UJ'bb'bJ! n-iWtllmfir 
ktlqlPI}JWfi mwpmbnLpJndi t. ~'bzUJ'bwl[h'b.[l E11 ·ntJ: A tJh~Lnnr'bbr'b UJh· 

tfw'bbl"L b'b.p n·}_w1•w'kfr bl.ftLP'Itw'b Lnlu rUJJm {J Jtnh LnUI{'f,/' I' ~~~~J ~h
Lnll[,*: tzh'b.p En LnwrwJnLfdJw'k t;UJLnt1m[JJ!'Lhhb[•[!t 

'fp!Jm .[l LnrtfwJ h'b En LnwrwJ m [J JWh h r~IIL ·Jb~wnr'bbr \ 
·n 

H B=~Biei' 
1~1 

bpb C1·e " c 2-l! rrw~w'b Ptfhr h'b, W"fiU b,.wtw•f· LnmrwJmfJJUI'il 
t.w.fw'b.fw'bm[il JUIJ p 

" C1A + C2B (1) 

tfh~Lnnre En LnwrUJJmfJJUI'b tjb~Lnnr t 1 ~\ 



n 

(AB)=~AtBt (2) 
l~l 

u•rmw ~w1 utm {1 !"''he 1 

el' e2' .•• en t/_hf[mnr'itbrc "i"'urt,w'itnLJ' hit En mwpwdno{J lwitc, 

11rw'it,'! i.L,wmtlwJ'p 'bmt'it"ibu t,/•rwnhlfr I; (2) pw'itwAb[!l 

i,bmbwpwr, i=f=j 'lh"i.P"' J' umw'itm J bit ,e. 

(2') 

u.
1
t qbt,mnr'itbrc' nrn'its ut,wuwr utpmw'lrlW[(! ~wtJutuutp I; 

'lrnt/t
1 

lfnl_'{IILif b'j, O!lflJlqJlU\Ul' ~bmJ.wpwrl ell e2' • • • I en qbf[mnr• 

itbrit o1,[Jn'ln'itwl h'it1 

f>flt"fhu U hnwtwtfr mwrwcJm[rftnL'iJnLJ', ~b;mnLfilJwJ'p r.wumwtn~ 

tJ.n<J b'iJ ulfwuwr utrtnW'Jrl'"l" r.bmbJWl ~uttnf[nofi/lnL'it'iJhr£!• 

(AB)=(BA), l 
(A+B. C)=(AC)+(BC). f 

(i.A, B)="-(AB)~ 

(3) 

A tJ.u"t!mnpr bp"t!wplllpjnt.G~ f[wtf Ufii)D\.l~ uwr.Jw'ht/_mJ' 1;. ft'itt

utbu /, bnwlu"/t tnw('wJn<filtn<'itmJ, WJU"fbu. 

\AI= V(AA)={~~~A~ I 
(4) 

brlfrr< t/_bltmnr'itbrfr mtUrP"r'"Plw'it hrlt ... f'"'PJ"L'itf!, p'itwllw'itwpwr' 

uw~Jw'itt[n<J I; '"!""ibu. 

r n 

IA-A!=v ~1(A;-At}z=O, . 

brlfn< t/_hf[mn[titbrfr ftwqJwd <f · w'iti[Jn<hf! uwC..Jw'itt/_mJ I; wlu"ibu. 

(AB) 
cos <f iAI . iBII 

(5) 

(6) 

1-frmwpl[hi.,e l a, b I ~IIIUt'/utdnul f'"l"l' ""'"r wn f[mnr J'n'itnmn'it 
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•uw~Jw'itw,ft~nf[ lptn'itL,y/•w~di['/' pwqJmptm '&(!'~: flt" 1-'""l'f, (J[ttL'itf! 

ilzw'itwt,h'il.p cf>·nt/_ [,_ w'itt[witb'it.f! cp ljmdl.q!] !nurr!Jpp U\\Uptu.\nt.J'~jllt.Ut 

U.n "''"runJmfiJwh(! "iwmL,w'itn'l lpmi.L,,9/""'ithf'[! lfw'itt/_witbit.f!. cp u11u~ 
pwcJmfJtuth mwppbJl t,wJ lJbmbp: '-tw{tbtft I; {,WltUiuttnli{ ct> lllW[IUic}ttL

[il JWh lpnt 'itff!Jfr1Uhh rfr 'itf[wmJwJ p f" rdntznt frJ tnt it'ith r I II rnit.p i.J' uth bfl 

En "'"'l'wdtn{iJJw'it 'ht,wmJwJp J'bq >.wlthhp 'l"rdntzm{il!m'ititbl'fr"t: 

bfdb Co! " C.-c 9 wtt,w,9 wJ frrwl1wit fd·f"l' bit 1, f.(x)-c, f:{x)-e 
<I> mmrwrJ, frl 1w'it "'"'rrh /'it b'it 1 "'"!"' 

(7} 

<I> UlW[tutdm(Jtw'it UlW['f' /;1 

b[Jb f(x)-c b <f(X)·c cj) mwrwrJ,,fdtw"u b/,/1"' :p,,'j,f:Hf•w'itf•[''it bit, 

W"fut f(X) h <f(X) ~nt.6l]grwfii.Jpp ul}llJlJHljl Uljlllllllf}(ljW[/; t1 n~tfmJ' 

W[IUlW~W,UliiLI" J'IL h[!l 

b 

(L <p)= \ f(x) · <p(x)dx 
o/ 

a 

(8) 

u.,u WrUlW~UIJtnlllfriJIIL'itf! r.wJ'w'itJw'!J I; (<! ) wrmwr.W£tnlllfdtut'ilf!_t 

i,bzm I; UUliiL'fbl, nr (8) "''"'IJ"'I' wrmw'l-rJ'"l'it od-mt{wd I; <l.hltm"r'itb
' pfr ~w,fwr ( 3) ~unu/[,L{J[n<hhbf'fr~t ~wJ'w'itJ'w'iJ t..wmlf•nfd J"<it'ithpn•{· 

( f, <f)= ( <f' f). 

(fl+t. •. <f}=(il. <f)+f~ . <f), 
(i.L 'f )=I.( L <f): 

(9) 

Cum (4} pw'itwdl•fr t/_hL,mnr•/t J'n'fll<tfl uwC..Jw'i1Jw'it[! C.wJwi.Jw'i# 

uu.~J,u'itt/_n<J I; w 1u"ib" ll"l'i"'l ¢ "'"'l""""<fiiJw'it f( x ) "'"'rf•fr !inputuli. 
r 

I b 

II t II =V(L f)= V Jrr( ~)]'' ctx, ( 10) 

a 

<I> mtuptu«)·nt.pJtuG f(x) k <f(X) mmppbp~ libnwllnpn'p-Jnt.G (5) 

pw'ilwal,fr ~wtftU'i.Jw'itn<filJwdp w'itt/_w'itbl~JL b'it.JJ 

II t-~ II ~,1/lf(x) -- ~(x)l "d: (II) 

,.. r"''" ~"' !"', p 1m i.e, 

* {hnL'k'tuf-w'kbpf- "'Juutf-uf- 'I""'/! l!'l,'l,..,l'~4bt t § ~-f- fJlrnt•b,fnt ,/, 'twrbtf- I;_ 

l!~.,""P'tbl fj>nL'I.'tqf-w'l.ht•f- w4/;tfr I"'J'k 'I"'" • npp ::.w,fu'[' :;- 1-f- l'"l"l' "I~''I" L •f',/;1'1'. 

"l"''"i"'"'4"'J b'k, 
41;) 



Sw1•.u•hn{JJu''b mwrl'bl'p t:.bnw•{nrmfJ1w'b (11) wrurwt:.wJu•mf/JnL~ 

11e ''"l'l""' 1; mwrw.Jm{J1u.'b ubmp~IJ.uu 11.1-;, {b-a pruqJw"iwur~f.lP 
l.zurnL{J/u"lp. t.wJe'bf{lmLJ I; § 1·nLJ uwr.Jw'bw6 0 Jpp_p'b .[!wn.wftnL~ 

""'tf.'b ?b'lJut'b :.bur: 

lll/il \ wlur 1;, "/' bfJb f(x)= <p(X), wlufr'b.[!'b' f(x) /, <p(x) :p,,<;,~~ 

sf.u.'ul.l'(! t:.wJ'e'b~'bnLJ b'b I a. b l t:.wtnl/wJp P"l"l' ~burbrnLJ, "'"I"' 
II f - <p II a=O: Pw/9 b[Jh II f-<p II =0, "'Uf"' f(x)=<p(x) [a, b] t:.w~n~ 

4wJp 1u' l"l' ftLurbrmJ, pw9 p '(hf'l."'<l"r {J</n</ !1burbrp9*, f!w 19 w 1u 

'Jb"f.j!rlLlt Ullllll .d' h'b 'bwb 1 nr <P lfll.llf'UlJIIt{dJW'b UlWf'flbf'f! 'bml'bwftw'b 

b'b: 
' U.1'b ftmnp wtL ~urnr Jn'bnurn'b uwt:.Jw'bu,Jrw~ lpm'bltsf.w'bbrf. mw~ 

pw.Jm{JJ"L<;,f!, "f'"LJ uw:.Jw'bt[w.J b'b (7) , (8) 'l"l',J"'l"'filJ"L'il'bbre Lt.. 

Jbmr/rftw'b uwt.Jw'bt[mJ I; (11) t:.wt{wuwrmfJJwJp, ftnl_t{mJ I; :v_wn_m~ 

qruumJ{lfi ·ulnnp{1qwjntJ. q~wJ[lu ~n~Gqg~nGwt mmpm3~np-j1H.li: <P 
mwrwJm {Jtw'b UlWf'l'brl! ~"l""' .r L'b mwpu11)rnpjm6 qhmbp qwu tlb!J.~ 

Ulllllfibp: 
U.J'iluLr.bur/, 'IPu•wrltL'b.[! ¢ urwrwJmfJJw'bi! Uf"'m~w'bn'l 

(1 2) 

:PilL 'bit.'! I• w'ub l'P ~UI t" r'l UI~UJbnL{J I"' h(!l 

(1:!) :p,.'uft9"tu'ubrf. r:."' '!"f''l"'ftw'bnLp 1,.<;,1! ftnl•Jm.! I; oppnqnfiwt 
[a, b] fhuulllwbnuf, bpb yw'bftw9wJ i-p, j-p (i of=j) 'lb"'J!""' urb'lf. 

riL'i.J!,'i.J t:.hmJ./"'l :.w<Jwuw('nL{J l"''u'bbf'l! ' 
b 

(<;;i• 9i)= J cp ;(x)f j(x)dx=O: ( 13) 

L cos x, sin x, cos 2x. sin 2x, cos 3x, sin 3x, ... 

/j>mbff9"W<j,brft :.wJwftutf''lf! or{Jn'lnbW[ I; [ -Jt, Jt] t:.wur</wJnLJI 

u.JbULt:.bm/1 .'1'"19 UIWb.[!r "!' f/>m'bltsf•wJ" :bmr~bft Z"'l'J!" t.JhrtnL~ 
Jm{JJIIL~I<j, f!UUI orfJn'lnhwl :p;7L'bft,9f.w'bbrf. t:.wJw'bJwb . 1;- </hffmnrf. 

"bfi[IILJ.m{J jlu'b ir f!ULn or{JII'fn'bwl .Jbfttnllrhbf'"' '}"9"'.[! Ulf'tfwJ t 

A=A 1e1+ A 2e2+ · · · +A kel< + · · · +Anen (14) 

t[bffUJ"f'f!' /;'iJflw'f('"Lif J.<j,J!• "[' e 1, e2, • • 1 en tjb~rnnr'iJbr<j, or{Jn~ 

qn'bw/ b'b, w!uf.'bJ!'u' h[Jb iof=j, "'"'"' 

(e lei)=O: (15) 
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Ak "1/'"lbftsf.w'b nrnzbtnL t:.w.!wr (14) t:.wt{wuwpmfltw'b "'l Lt.. 

dw/11 Jwubrl! ultwuwrw"'bu P"''l"~'~llfUlUl~IIL.r b'b.[! ek t[b~urnrnt{: (2) 

I. (3) t:.wur~mfiJmb'bbl'P t:."Jw'b </rw uurw'bmJ bfl.[! 

(Aek := i\(eiek)+A2(e2ek)+ · · · +Ak(ekek)+ · • +AnCenek)' 
Z,wz</p wn'bbl"</ (15}~1!, uurw'bmJ bil.p. 

( Aek)=Ak( ekek), 

(k=L 2, ... , n)z ( 16) 

U.l'b,. t:.burt.. b'bfiw'l rb'h.[! f( X) lpnL'bbf.w'b t.Jbrl"' .Jt{w.J I; f!Utn or

Pn'ln'bwl f/>m'bhf.w'bbrf. t:.wJw~"'l''l"' 

"' f(x)=~ ak<fk(x)• (17) 
k= l 

(17) t:.wtjruuwrnLp1w'b br~nL Jwubp[! 

"f•uur~btn</ <fk(X)·n~J /, t:.wz'(P wn.ilbl"'l (9) J. 

"iibrf!• ftuurw'bw'bJ!*· 

uftwLJ"'l'"'Ufbu pwqJw

( 13) t:.w</wuwrm{IJnL'b~ 

b 

.ff(x)f(x)dx 

a 

( 18) pw'bwab I! t:.wJw'bJ w'b I; ( 16) pw'bwabp'b: 

IJ.l'bm.r.b urb 1 'bzm'bw~b<;,.[! 

II 

S0 = ~ ak<fk(x), 
k~ l 

On= II f -Sn II (n=1, 2. · • ·)• 

n -:.-• 

* b'tpunll'Y-"ul I;, "l' c'h'hwr~·fw"b l!.'tpw9l!"Lrl ""'"'9'fwt} l"'l'l!bl'f!. 
J[rmnu( b~1 ft w"b'luu( UUL <u"bLfLU<f [r~rmby('nLrf't O('[r'tu,~w"b /;1 

( 18) 

( 19) 

(20) 

11i 



WilfUl (12) orfilnqn'hwt lf>nL'hltsf.w"hbrf. r.wJ'w~wr'll! lPlnt I; [a, b] 
r.wLntjw6m J'r 

(17 ) :IJnLpjbf. 2_Wp.J!f!. f(x} /f>nL'h~yf>wJf>'j, qtn'fwJ'f.LnriLJ' l; uhrfi 
JrJ'wuLnn•/r 

t. ( -rr , n) Jfr!w~•"JI! " .. i thnLpJ£[, 2wrefr •/brl"' ~b 1 

f(x)=x, bpp -!t<::x ::%; 0 , 

f(x)=2 x, bpp 0 ::%; x ::%; n 

. n 
,fwrf!..' Cllwm • -, 

4 

3. O·t"'.fbt"ri f (x)=x 2 f/orrL'b~f!P"'lP fhn•pJbfr 2"'l'I'P .fbPl''L~rr•fl J"L 'bfru' r.w2-
n2 

1 I l l 
__:._ ---- ..-L---+ · • · 2"'1'/!P 'l"L''"'l'/!. ' 
Il 22 I 3' 42 

lllwm. \2' 

!J. _ (-n, rr) 

cos 2x cos 3)( _ cos 4x -+·· 
f/orrL'bbfrw'b, lllwm. COS X- 22 + 32 42 

[), (-n, n) Jfr!"'~"'JI!"LJ {hnL('Jbfr 2"'1'1'{' .fbl't"L~bl 

:n: +x . 
f(x)=---, bpp -:t ::%;x<:: O• 

2 
1!-- X 

f(x)= - , bpp O<; x < n 
2 

I 1 
f/orrL'bbfrU.'b, illwm. sinx + 2 s ln2x + 3sin 3x -t- • 
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6. (-n, n) Jfr!"'~"'Jf!"'J fhrr•pJbfr 2"'l'l'P .fbl't " •~bl 
f(x)=-X, bpp -n< x ::%; 0, 

f(x) = O, bpp O<::x::%;n 

Tt 2 "' cos (2m+l)x .;..,"", si ll nx 
f/o~tL'b~flfrw'bt ~WID• --- ~ (2 + I)2 - ,2. (-I)n-1 -ll-' 

4 Tt m = O m n= l 

7. (-n, n) ''P!"'~"'Jl!"•J {hrrtp1bfr 2"'P~fr .fbp1 ,,~b 1 

f{x)=I, ltpp -n<::x::%;0, 

f{x)=-~, bpp O<::x ::%; n 

1 6 .. s in {2n + I)x 
frr•'b~IIP"'~'' illwon. ---- ~ • 

2 r. n= O 2n+I 

~- f{x)=x2 frrL'i.~~~frw'b (0, n) Jfriw~IU~~~ rrLJ .fbf'/"L~/,~ ufr'brrLU~Ib['fr 2W(',p1 

nnx 
el-e-1 "" (-I)0 cos-

41wm. -----H(e1-e-1) ~ l + 
2/ n ~ l [2+n2n2 

n1tX 
2/ "" sin--
~ l 41wm. - ,.6.1 (-I)A+I 

11 n - 1 11 

IIJ, (~ 2) Jfr!w~"'Je"d 
f x, bpp O<::x ::%; 1, 

f(x)= \ 
l 2-x, bpp I <::x <::2 

fnL'bhfrw'b .fbl'l"L~b( w) up'brrLU'bbpfr 2"'l'l'P• p) ~rrup'brrLU'bbpfr 2_tu['~/r• 

(2n+ I )Jtx 
· · 8 "" s in 

' 4lw1n. wJ -;-;~(-1)" 2 
- n=u (2n -t-IP 
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XVIII ~ l n fl. lu 

lfU.IiH;lfllSfl~U~U 'tJ !bfl~tt~U8t- -'.Uti,UUU.P Ofllf\JtP 

lfw[JbJwurplf'"~w'b lppql1 ~wJp t.pJ'bw~.,,h r:.w.;wuwf'"uf'iihr b'u w'b_

qw'bntJ (hr11n, .f.nfn/um~w'b'ubrp /f>n•hiJ9Pw'iihrr 'fb"'J!P t.wJwr) t.b

LnfLJ"'l I{UIU'bWf(wh wJw'iist'"1\,b(•Nt/ brft('Nf1'1 //Wf'lill 'lrlf.brb'I.,IJrUJl t.w

tjWUIU('IU J'iib{'(!l 
) , - IJ. l p .p w ! J• h t. u1 •{ w u w {' n L ,f. 

(1) 

U.tu "'"'/"'""'l'Jw'b nLu11LrfhwupruL{J !w'ii/! f.w't.,Ib!Jh"' J I; l"'f'P 

JUIJ'iiW~f UJWUIUI'bmJ!i..brr • a"'ff br~wJ'iiWfJp INIUINUJb111JhhJ'r• '-w'JIIf'

lfiU[WIIIIlJ f;JhfJIIIIIIUfjui'IJ IIIWLniU'iinLJhb{'f • Jfll/ill" 11f11('1J'Wh UIIIIUJUI~IIILJ-
< l l. I < J<br'- ,, '"!L wrunbu'iibrl. n't.~,,,.~,,,r,: U.tu 
1.1 j ('f" , 1fU1 lf I Ul IIIUHU Uflt. U t• • --1 11 t• "F , L 

""'""' ""' £''" J c fi r UJ. bppn 1m lpu u m r UJ.Il "~"' r'l"' •1m '"' t.w ,,, , w rm J t; , 
rr. .5? b {' J w .. UJ 'l n r '1 IU ~ tu 'ii n L I" I IU ~. .. UJ ,, Ul II UJ r ,, I J ,, w J 

:11 11 l (' J b " .. IU IJ W II IU (' N L J • 

au " azu 
-=a· -- : ut a x~ 

(2) 

fl J u t.w •Jw u m f''f wh 111 u m•l hw u r 1m frl !"' h[' t,, ;, 'tb y 'iim ,{ I; lbt"f m

{JJwh urwrwJJw'ii, Jw~11mt1b'ii Jrtu•tJwu•md t.h'lnt!Jfl b 'l"'ttr lf.rL"'I' 

Jw'ii ( orr'uwlt • 'bw'lfdl• b 't"''IP lf.I•Lwl'""lf! "mnrhr~r!'" . wtjw •Jw

zb rwb I'"' J) "ll'n gb u 'ub f'P . t.w tjw'bw~IU hm fr' I"' t'llb l'P wl. ,, frl I"' 'ii J I• 
.pw'iir t.wrs"rr .fJ'b'iiwrlt''"'~" u.1, t.wtjwuwr"'''L' UJtuptupntmlpuri m\1ulp 

"'"'l''lw'lmJ'ii t,,,JwuwrmJ I;: 
I II . { w Uf 1 u1 u ,. t. w q w u "' /' n L J . 

(3) 
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IJ.J, t,,,,,,,,u1,Jw'ii m ,, J'bwurr"' {tl Jwhf! pl' l'"' J I; t; 1 b~"'l'w~m'ii 
/, J'w'f'iiruUJ~W.., 'fW( Uibf'r• IIUIW,9rnhU1[' r '•rJmt{th •/rC..wf{" 1Jbrwpbr

JWLJ '-r'll.nrJf.'uwJ/tf;urtfr ,,..,'lfrrthrfr, 'Jfrlf.m '"""tfr /, wu ""'rshrfr .J'[~t
'j,wri/Jwtz U.J" t.u•t/""'"'1'"'''1! lqJmpnU1lpuli m\IUJll Ufwpqw'I."'- J~' t.w

q UJ u UJ {' Ill J f;, 
(1), ( 2) U ( .'J ) ;;IU I,IUIIW(IIILJilb(INIJ N('lllll/n'f U lpuL~Ilt.'Jfrw'b 

ltwfuqwJ I; br~m fn•frn{uwltw'ii'iibrfrsz •f.'Lt'iiwt•~qm ,f b'b 'bw;, ""/blfr JbJ 

fii<Jnq •frn.frnfuw~w~,'bbrfr t.wJmr t.wJw"lwmwufu w'b t.urtjmuwr••n•fl,brz 

U.lu"lhu, brb.fJ w'iilt"'P' •fm•frufuwll"'~'~'br"'/ "'Lfrf!wJfr'ii t.w•f•nuw rm J~ 

· n•'bfr t.bwbi"'L mbu.['l!' 

--= 8" - -- +---a2u ., ( a2u a~u ) 
dt:J iJx2 iJy2 . ' 

( 1') 

hr,b.fJ Wh~w/u 1"111/tn/uw/f'Uhbh fiN •/ '/_!, f'JIU .. IU'fn f''fWfJIU ,/JJJL{rf ~UI~I t.wtjlu

UUJ('IIIJh 111~1/r t.bm/1/Uil 111bu.p{!\ 

au . ., ( a· u a2u ' 
Tt = a" ' ax~ + ay2 )· 

bfobf! w'iilt•u/u •frn•/, /••mftwhbbrn•J /,w"ll"'"P t.w 1Jwu 1111,,J'b 

mbtwl mb u.pc' 

§ 2· Lwp j1 u11umm\niw\J hmtJmuwpumu W[Hnmbnui[!: 

nWJ[IWJ~\J Ju\Ulfl~ .\hw~li[IUJUUI[!: 

(2') 

(3') 

<wqnpqwlwptpnui l:th~mpmltw\J mwmw\mui'u!lp!t hml{wumpnui\JlipJt 
wpmwl)mli[! 

lfw{rJbJwurf.l/w//wll lp/ni,/I'"J"''f JIUI' wufJ/ r"J'-wuf/m'lmllf f1 ~1 t\!l"'h, 

wnwa'lw~wi. frlbu.: d•wJ'w'bwiJfr s•u~,/1"'9'"" "1"''-fr'ii 'iiztJwa frlblm J 

wnwlwswJ L"'l'mJ'uhr'ii Ill 'l'l""'" L'u trw utrnlf.frtfr znzw•fm'lnrlt '"fr- . 
sm.f] I /;f.tl lUfllll{rltw•fp f'Uf'{! "'t'I P'bw~wh "1"' '- fr'ii '"'l'L"'uJ I; Ox 
wnw'iig.pf. 0 ,, I ,,/;,/; rl• J'fr ph [!bifiUQ t.wm•Jmd ,,,, b'u(rJ "''fl'bt .fJI n ,. 

t•urr tJ-wu•bl,t mJrw q•fwJ L t x=O /, x=l ~bmb 1,,,r , /;frJh L"'l'l! 2b .. 

'lb'l..fJ PI' ul1qphwll"''b '1PI'.PI'9 /, W"f"' w'lu"" {rlnr1t b'Lt.J! 11 .. ,r, ;z i•rLbLn•/ 

l"'r£!' ult 'tP'ii "' lt"''i' "'w'-[•h 'bl"" li bwht•frh mw'up n1,nz "'!'"''!'" fltn•h , 

/lwJ zb?_bh.fJ l"'f'{! f< hlllll fthmirf.h IIIIUh.fJ 11('112 " ' I'W'flllf"JIIIh 1 W"fW 

Lu•rfr 1/bmh{'(! ~lfwurwt • hh z_mrrluul'. wumJ b~,, "I' lwf'l! t1ut1uf• mw

Lnmh'/hi: hl'ii'f~I'L' ~"'Jw~•m•f I; Ju,lwhu•~f· !J"''LI;wgwJ "1"''-fr'ii Lwrfr 

d.L.fr n I' nzJ wh '· J Ullr wh ''' 'l fr9 ~·uJ•uJ•u,} \ I'"'''' !'"f'"'.fJUI'i.um I' ,,,.,, fr 
z_wrJJw'u orb'iit'l' "r" ; ,f w'u ,fl.p_: 
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'1-frmwl'~bl"'· b'b.[! ult'lP'ilw~w'b 'ffl'J!P9 Lwrf• ~£mbrfr •/•".[![' ;_L

'l"ul'bbrl! ' ~w.fwaw(ll 'lrw'b ~wrhtfr I; b'b(rlw'frbL, "l' pnrf•. ~lunbt•l• 
zwrc!m.le ~wmwr•t/m ,/ t- Ox wnw'ba.J'~ 'b "'-'l 'l wt.utJW.'I £ ,/hit t. w rfdtn• 

friJwiJ Jbp_t lJ.Ju b'bfiJw•ff""{rJJw'b 

'Jb"fJ!IILij' LW('f UIWintU'iJ,L.fbb('{! 'j,{!. 

~wrw'lrt/nL.I b'b u(x, t) Jblt f/>tn'b~

Bfr"'JP .lfrp_usnq, "['{! mwlfru I; Lwf'fr 

X wpusfru'b nL'bhyn'l 'thmfr mh'lw• 

.Jrn{rJ.JwiJ JUtnfJJnL'bf! clwJw'bw~fr 

t "fwt.fr'b ('"11~. 38 9 } : 

__ .,.., . 
• J' 

'llwilfr nr ( x , u) t.wr{rJIIL{rl JW'h 'lrw .e'b'hw[tff"Lll b'b.e Lwr·fr '''"J!l' 

mwmw'ilnL.I'h'brel WilfUl b'b(rlwtl:rhtnL b'bJ!, "I' l"'l'P v j\11M 2 mwrrfr 

br~wf"IL{rJJnL'fl(! t.utt/wuwr I; Ox wnw'ila,e/r 1_rw '"~~1•w "if'"Jb~9f'wlft'b, 

wJufr'bJ!'b* vM1M~=x2 -x1 : b'bflLU'ff'blnL b'b.[! 'bwl~, "I' J.'fnLJ{! Lwrf• 

P"l"r ~bwbrnL.I Jfrb'btrLJ'b'b t-. w1'b ilzw'bw~b'bJ! T·nt/_: 

'1-frmwr~b'bJ! Lwrfr lv\;V\' mwrrl! ('bit • .':J90 j : ll.J'f mmrrf. JwJr"r•mtf, 

Lwrfr znzwtfrn'lfo IIL'l'l"LfiiJwJp, LU'flf11L11 b'b T IILCfbrl!' '1-f.'I"L.[! ?"2W• 

.frn'lilbrc Ox wnw'bs.efr t.bm ~w'l.l nul b"b cp b cp -t ilcp w'b'tJnL'b'iihre' 

t~. 390 

U.n 'lb"'.P"' J MM' mwrrfr •Jrw 

W'l'f17'l m Jbrfr "if'" Jh~sl· wb Ot t 

wnw'ils[!/r •Jrw f. wqwuwr ~lfr"bjt 

Tsin( cr+flcp) - Tsi ncp' ·f.m'iif• , r 

cp w'bfiJIIL'h[! 'P".[![' I; I W"fW r,w. 

rbtfr t- c'b'fnL'bbl tg cp :~sin :p. b 

ftm 'iJI, 'bw'b[!• 

Tsi n( cr+b.cr)-Tsincp~ 

f
au(x+t.x ,t). ou( x. t) I 

;::::;Tta(co+b.:p)-Tta'f'=T . -. - 1= 
t:> T t:> . () X ax j 

= 
.. 
1
, o'1u(x+Ob.x. t) a'!u(x, t) 

1x~T ---'--~t. x . 
dx'~ . dx 2 

0<6<1 
{wJumb'l ,ewnwlt""''' tput~w'IJbrn•J qm'bt/_ntt wrtnwt.wJmlltfiiJw'b 'ii'twut• 

.lwtfp J1frrw"bsfr'b.e {wqrwl.tlfr fdbnrbtlf!)' 
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&wrJ.ILU'it t.•utjwuwf''" ,/l' tJmw'bwl"' t..u.tu'l' "Ibm[! I; '"w{'/'P t/r•w 

~frl'wtr•fmd- w1rmw.efr'b ,.JL('l' t,,,,""'utl'1' .9'bhl f•'bhry/•"'Jfr mdf,'in '1-fr-

9'"'.f! p-"b twrfr 'lr)"'JP' /t~mmfdJ'""b'IJ 1;: U.J" 'fb"'[!n••f lwr•fr m•urrfr 
a~u 

qw'btl'/ ••Jd[! 'trVujt r,t.x , Swrrl• "'f'W'f.W9UL11f! t.rut{wnwr t- dt2 ' ~h-

url.wpwr , l!. " m '7-wlruJphf'f' ultrzPnLhJ!ft 1 't,,'iJb'bw'b[!. 

ifu d2
U 

pt. x--=T--f:lx, 
a t~ ax~ 

T - ==a 2 , ,,,,ut,,.,f 2W[Icfdut'b 
p 

a2u ,, a2u 
- -=a· --· 

at2 ax" 
(1) 

Uw t"t f.b'b ,'f UIJ~~U!Jpli fiwtlmuwpnufli f>' lu'l'P mmmw'btfw'b f.wtjwuw• 

rmtf f!l (w f'P UIWinW'iJnuf (! tfrntffr b n ('" (' " l"L t.m.f W(' tf/1 W {lt ( 1) t,IU •lw• 

uwrmtf, pwt/_w'tw'b 11;: flr"'"~~"-"'1 u( x. t ) f!. ... ~.,,.'!r"'"" "'bm,e 1;· pwtjw .. 

rwrfr "bwb bqptujpli l1Jil1Jlfnd11ibp[di. nl'"h.J! 9"'19 "~' tnwtfru, {Jb ""'~ 
t" l;~mwf"{"'J' lwf'fr Jwll'f.f'""f (Xc--=0 (, X=l ) , (, ul}qpliwlpuli UJWJ

uwGiibppli, "{'""'./! 'b'twr•w'J.r"'tf b"u L"'rl• tjf>l.w/1£! u~qp~•W4UI'b Ufutt.fr'Lt 

(t=O) , t: q r"' Jr ~. '' u t19, ~w t1w ~. .., ,., 1.r ,, 't.t ,.,,/r t,,,t "',.,LJ p l! ,,, 1 "-"' J t
~ruJ pmj ]1 !t npu Jtfmfi G bp: 

'1-Jr.'l"'J!• orft~lwff, fohJU[bu h'LtfJm'l['b~ b'b.j!, l'"f'fr J"'Jl'brf' X=0 1~ 
X=l 'f""f.P"' ,, w'b; wrd b'b: Un 'I" "'f!"'·,/ sw'bllw.9mJ t-t· f.wrlwr 

Ufb117J! t f'IU''"'f'Wf'•l/.;~ (,fTmL J"'f t.wtfiUIIW('rtL{rJJ trt 'iJ'IJh('/.!• 

u(O, t)=O, 

u(t, t)=O: 

(2') 

(2'') 

U.Ju t.wqmuwf"" fi1 Jm'b'tbf'f' ,fbr fu"u'ff'P t.wtfwr t.w"b'lfrum'bmtf h'u bqpw· 
J ~~ UJ UIJUWGfibp: 

t=O "'l'fp'but't"!'i. "l"'t.fr'b Lwr'b "' "bf. "f'" P"''Ifr ar,, "l'f! JL'LtJ! 'brw'b 

urqbl b"b,e: '1-Jryru .J' "'!'f al,{! nrnzt/_nuf I; f( x) f/>m 'ufr'Jfr•uJnt/t li.J""'frun•f, 

u(x, O)=u\ ~ o=f(x)• (3') 

u.,t,ILt,fJtn/1, uf('{f''iJWffwh llJIU~fr'b "/"'".{! I; UI(II/WJ L/t~t/r IUf'Wif'ILid J11L'bf! 

L~»r/• J',.'f""f!"'"'Jf"'l' 11Ltnwtf, "I ' £! "1'" 2t/"'tf t cp (x) !p,,'u/1!1/'"'J"-1• 

ll.I"Uf/:un•/, UfLtn.f! 1; , nr 

au I - . - = cp(x): at i k O 

(3") 
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1- fr m n 'l n L (J 1 n L ~. lfuw~w'/rrrw"'.lw, f[wf'"'l I; tfr~bl f(x):.=Q 
~wJ <p ( x)=O• fo,~ bftlb f(x) ==O /, <p(x) = O, wul'" [UI['l! ~'lur~'//r w~
zwr.J qfrb.w~mJ, t.bmbwpwr, u(x, t)==O, 

f>'bt"'.bu 'b zqby '{bplwLJ, (1} t.w'/wuwpJw~'IJ I; phpmJ 'llwt.. f.w

'ln/''lwlwrbrnuf l;lb~mpwt,'"'IJ urwurw<;.mJ'llbrfr l"~'lfrret 8m19 mtu~l! 
'ftul 1,'"'l"f'IUI[IUJ'IIt,j l;lb~mptuiJw'll f.,utu'b,e{! P~"I'"Z'{mJ I; i( x , t) Jb

d-nL{J Jw,/p /, v(x, t) L'"rtJwdm fJJwJp . npn'll,e '''"""'w,J. b~ f.w'I"P'I"'

LWrfr X ~butp ~""l"IP'~~'"urfrs h t <fwJw'LILu~J•y• '1-frm'"r~btntJ t.w,1nr'l'" 

lwrfr llx "'wrrl!• ~'"rn'l b'IJI! 'lrb1, "r ~X ur'"rl'P 1wr•Jwdmp1w'IJ 

av 
wf.~ntJ{! f.w'{wuLUr I; v( x, t)- v(x+~x, t)::::o:--.c\xz {wr'{LUdm[J/w't.J . ax 
'"I" w'll~nLJ[! 'lmJ'"r'{mJ I; o.!w~w'bmftl !"L'lifr9• "l'l! f.wtJwuwr I; i R~ x , 

ai 
b. /•~7"'~"'P'iP9• "rl! t.w"'""'"l' I; -L.lx: btj wl""'.bu, at 

av . a1 
--ll X=l R llx+-L ·~x. ax at (4) 

nrurbtt R-e I. L-e fr'b'lnL~utfr'lmfillw~ 'lfrJw'lrmfJtnL'bl! /, 'lnrdtu~f>y'll 
b'b' t.wztJUid f.wrznr'lwlwrfr Jfr'"•l"r br~wrmftlJ'""' t.wJwr: llp~mu 
'hzw'lle 'lhrstJwd I; wlt PLII~" t.wJLUr• nr :..nuLU'bJ!l! 'J~IILJ I; V·p w-6.

JLU'b[! f.w/JwnLU~ nL'll[mfJJtuJp: "rb.LU mb[n'{ ~X-n'/ 1 Utntu'zlmJ b~J! 

(5) 

U.t'ilml:.butl., M JLUJtu'llw~mJ ~ X UlLII('['/r9 7mpu b/1"'1 /, wJ~"'/;'l Jl!w

'bnrz t.rruwt,e~brfr utwrpbf'"' fJ!"''~~l! ~~/r~/•· 

[t(x, t)-i(xt~x. t))M:::::o:- oi ~x~t. ax 
U.J'il JLUfuu'/.nuf I; urwrf•f• l,.!J[!LU'{nrJw'zl t/r•'", "1'1! r:.. wqwuwr I; 

av C ~X-'- Mwp /, Jb~rr• UL119Jw'b w'zl4www['Jw/ tfr'zlb[nL "'wmb.wnn'/ t. w -
at 

'l"r'lwl'"rfr ~n'lJ'IJ"'!P'~~ Jw~hp/,, tftln•J r.nu-l!fr '/rw, "1'1! t.wqwuwr I; 

Av~xM (LUJ"'!'b'l A-<;. r.nu.efr 'l"rdw~fls'b /;)• ~wtjtuuwrbs'llhtnt/ '"I" 
LU('IIfLUf,IUJUllll{JJnLhhlz('l! f. ~f'f.ututlz[rrt/ D.x~t-n'/, IJUUiwhwh.j! 

~+Cdv +Av=O (G) 
ax dt 

. f.w"WUIU('IIL,j(!l ( 5) /1 (6) r.w'{tuUIU[IIII,/~br'zl (!h'/IIL ~'{tud I; wh'/w'zlb[ 

fibnwqptuJJlG liwtJ.mumpnufGup: 
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( 5 } /, ( 6 } f.urtjwuW[IIILJ~bl'f> f.wJw//w/"ffr!J lfWf•bL/r I; umwhw[ 

f.w'{UIUIU(•III J, N('(! "/W('NL'IJWt,uLJ I; tffrwJ~ nrn'zltJ,'l i(x, t) /f>m hJJsfrw'b 

h f.w'{wuwrnLJ, N('(! UJIUpnt~W~nt,/ I; JfrwJh "J'nhtJn'l v(x, t) /f>nL'iJ~

!JPUI~I (6) f.u.,JwuwpJw'll w'b'lwJ''llbrl! 'lfrfPbrb'llyb'll,e euur X· fr , { 5} 

faw'/wuwrJ'"'b '"'b'lwJ'bbrl! 'lfrfPbrb'llsb'll,e euur t-p I. 'lrw'll,e pw.,Jww 

"'.wur~b'b,e C·ntJ: 'Iwurwrhin'/ f.w'bmJ, IJ""""~w'b,e . 

a2t a~ i a1 
- = CL --:- +( CR + AL)-+ARi· 
ax ~ d t~ at (7) 

azv azv av 
- _ =CL-_ -+ (CR + AL) -+ARv• ax" d l~ at (8) 

f;{rJb //wf'b[p /; whu,/; ,, b[ tfb/J"' uw9mJn q ~wmwp'/n'l t. ,u.pp ~nw 

( ' "' Utn[! ( A= O) /, 'IPJ'"'I ,., {J l"' ~{! ( R=O), IU"''" ( 7) h ( 8) r:..UI,,UIUW

rmJ~Itl'l! 'l"'n~mJ 1;~ '"IP.P"'tP'h >. w'/wuwrruJ'~'·r · 

§ 3. lwp~ mwmw\.muiblip~ hwt[wuwpuwb tntbDLU[! tfimlmfuw~wbblipft 
wb~wmuwb uliJ<tnqnt[ (.'bmpJii~ uliJ<tnqnt[) 

tPn•frnfuw~w'IJ'llbrfr wbpwlllJw'll JbfJn7l! (~wJ :h"'rtbfr Jl.fJn7l!}• 

nt,'b w1JJ ,e'bliwrllmJ b'll,e, u.fr"lwliw'b I; Jw{JbJwmfr~w~wh lf>fr'lfr~wJfr 
zwur /u'~~'lfrr'zlhrfr [nLdJw'JJ f.wJwrl '1-frgnL.j! "J.W~w'ilp_'/mJ I; 'ftnhb[ 

a2u azu 
at2 =a2 ax~ (I) 
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t:,IU'/WUW rJ' wt WJt f11U)IILJ' {!1 nrc pu11jwf' W{'nLJ' !; t,btnb.Jw f r)WJrW ,,.t 
"iwiJ'wttbrftt. 

u(O, t)=O 

u(l, t)=O, 

u(x. O)=f(x), 

au I =cp(x)· 
.at t-o 

(2) 

(3) 

(4) 

(5) 

(1) l>uHjwuw(tJ'w'IJ w{IJ 1fwutw~" fnl Jn<J'c, nrc 'IJm,twpw(' t..uuJwuwp 

tJ qrnJf• b. puuJwr'urn•J' I; (2) b. (3) bqpmtfo'll "iwiJ'"'ttbrftt, , 1.n

tbLn• bt.f X(x) b.. T(t) brlt"• f/>m'll~yftwthrft wpurw'lrlwlfr urbu..[!n'{. 

l/>n·t~yftw'ilb,.,9 Wlltutft'ile ~w/lltjwJ t J'ftwlb x-fty, ftult "r'lrnr•H•' 

,fJ.w1t t-J.y• 
u(x, t)=X(x) T(t)• (6) 

Sh,1w•trbLnt/. ( 1) 

=a2X"( x )T(t) b., 

t:.wtjwuwpJ'w'b J' b2 1 IIUiru'llnuf h'b p X( X )T'' ( t )= 
t:.w'{ruuwrm{rl1ru'll wt'lwJ'i..bre pwJwtbtn'l a ~ XT-ft 

'{pw, 

T" X'' 
-=··-1 
a2T X 

(7) 

IJ.l" t:.w'{uiUwrmfiltw'b awfu J'un•f' X·/•y ~wfumJ' l"'tL9nrz f/>n.'bl,

sftru !;, ""'t wl J'u•ue.' t·/' .9 4w/umJ' 1-"'tbynrz f/>m'llltyfrw• (7) t:.w
,,UJIJUirmfdtn•~•(! t:.'btU('UI"-nr t J'fm{IJ UIJ'IJ 'fbUJ.fntJ'J brp awfu ' t.. UIJ'. 

J' lU ub re ~ut/•,,;..,t t ''"' "t X.,. !1 J n 1 I; l t ~" .'1 J Ul J u I• '~~.f'b \ r:.w tjw UUI r b'iJ 

l;wuutwuttn'b {drjftl IJ./~' 'bzwtwltb'll.p --A·rr'{1 "l'mb'l f->0 (1uqblft mz 

~.pttwrlltJft 'i,wb. ),<O 'fb"J.i!(! ): IJ.l""lbu, mrf,J''b1 

T'' X'' 
- = - = - ),, 
a ~T X 

IJ.1u t:.w1_wuwrm frltnL'b'ilbf'fr9 umw'imul 1.'11.[! t:.butl'l"'l br~"L t:.wtfwuw• 

rn.J'tbre· 

X''+ 1-X=0. 

T'' +a2AT=0, 

(8) 

(9) 

U.Ju r:.w1UIU 'Uf111LJ'th,.,. [''b'ft:.ru'bm r l'" ,,ILJ'bbre ~Lf,tbt ( utbu XIII qLfuft 

§ 21). 

X( x)=AcosVf:x-t-Bsin V)~x, 

T(t)= C cos aVf t+ DsinaVf t. 

nrutbrz A-'b, B-'11, C-'11, 0-t ltwtfutJUII[wt t.wuUJUIUtnL~I'b bl' b'b: 
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( lO) 

(II) 

X(x)·ft b. T(t)-ft wpurwt:.wlu.mfrll"''il'bbrf!. ml.,lw'lrhtnrJ. (6) t..w-

4.wuwpmfillw'b J'bl1 ~uutw'bw'L.f. 

u(x. t)=(A cos V~ x+BsinV[ x)(C cos a Jl f t+D si na J/ f t), 

IJ.rlj A. t.. B r:, .,umwrnm'h'llbr'll e'~~UJrbt.f w 1t"ibu, nr pwtJwrwrtJht 

(2) b.. (3} UJWJJ'w'b'bbp[ll .Pw'bft nr T(t) ¢ 0 (t:.w~wnwlt 'lbUJ.fniJ! ~nL
~btwtp u(x, t)=:O, nrc t:.wl,wumJ' t 'l-rtJwd UJUIJiru.~•ftt), UIUJUI X(x) 
f/>nL'b~yftw'b "ibut,f !; pu11Jwrwrft (2) b (3} "1'"/J'w'i..'·brf•'b, wJuft'b.pt' 

. Uf.bUJ.f t, nr tf.'bf· X(O)=O. X(1)='1· x=O [., X=l wrilb.p'bbrc uth

'I.IU'Jrhtnt/. (10) t:.wrjwuw[••u{rltw'b J'bF_ 1 (2)-J. b. (3 }·ft t:.ftJ'w'b tjpw umw

'bn<J' b'b.f. 

O=A · t+B · 0, O=A cos v~ t+B sin{~ [ 1 

ll.nwtft'b t:.wtjwuwpmJ'fty qut'llmJ' L'b$' A=Ot brltrnr'lftf/ t:.butb.uu!!; 

B sin V~l=O' 

B=f=O, .fwi.ft nr t:.wt1.uuwt1 'lb"u'"' " . ~tft'~~hr X=O " u==O. nre t:.w~w
un&J' I; UJWJJ'w'bft~n ~butflurpw[', u/•m.p !; Lf.'IIJ. 

sinj/ ~ l=O, 

V- nrc ),=-
t 

(n=L 2, .. ) (l2) 

(n=O "'l'cH..f!p 11.';. 'lbr .9 'bmJ', J>w'llft "r wi 'l 'lb''t.fmJ' ~Lft'~~br X==O b.. 

u:=O): t;,, WJUUJ(;u, uurwyw~•p' 

n:c 
X=B sin-x, 

l 
( 13) 

1..-J. qutwd wl'tlb,t'llli 1,, ut<Jtwl du•uwlft'b fu'b'l-rft r;wJ'wl' 1/nttJm J' bt 

ub~wl1wli mpdbpGbp, trw'h9 t:.wJw"iwUJwuft•u,'i.Jn'l X(x) f/>m'btrsfrw'bb

f'f! ~nJ.'/"' J' J.'b ub~wqwli ~ndiqgjnu6bp: 

,.,. " UJ n 'I n L frl In L "'' b[ilb -A·" fn/uwr'· 'b tjb rs'bhf,'b.p +"=k
2

, 

iuUJW (8) t:.wtjwuwrmJe ~l!.'b'lm'bbl' 

X''-k2X=O 

.,£"I' L'' u.,u t:.u "UIIJ wrJ"' t f!.'b'f r:.u. 'bm I' tnLJ nult I; 

X=Aekx+Be-kx, 

~f'n~f9 111 u ppbp lmJm J'b w1u u.l.u,fn'/ ;ft ~wrn? pw'{wr"'f'J,/ ( 2) h 

9) btlrwlftt "fwiJ'w'bthrft~u 
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/•J'uJ'bwtnaf. VA-'b b O'fmqbl'"[ { 11} 

i'b.e 'll'bl. 

ann . ann 
T(t) =C cos---t+D s1n --t 

l L 
n·p JnLf'w.pw'blJntf' wrrJb.e" t:.wJ'wf't t:.bmfiW[l-W[' JIIL(IW.JJW'b}_JIIL[' 

/..." t:.wJ'wr, (13) b (14) W["nwt:.wJmm[clJ"'-'b'bbre mb'lw'lrmJ' h'b.e (6) 
f.waf.wuwr"•f<JJw'b J'bl It umm'bmJ' b'b.e (1) t>waf.wuwr.fw'b w1'b l"uJm

J'e, "rf! pwaf.wrwrmJ' I; (2) /, (3) bqrwtfr'b "JWJ•fw'b'bbrfr'bt u.17 L"L~ 
~mJ' [! 'bzw'bwt/bi..-1! U11 ( X1 t )· naf.• 

un(x, t)=Sln - X encos--t+Dnstn-- t I 
. nrc ( ann . anrr ) 

L L L 
( 15) 

n-" !mrw.ew'btJ"'l' wrrlb.J!!> t:.wJ'wr ~wr"'l L'b.J! tJhry'bbt frr e It D 
f.wumwmnt'b'bh['[! · nLum" ~'tl'bi.J! en b 0 11 _ (B t:.w11mwmm'b'b [!'b'f'lfltaf.wtt 

.· I; C11-f• It 0 11-/> J'hp_)1 ~w'b" "I' {1) t>wt[wuwrrn.f[! 'ldwJfr'b It t:.wJ'wuhit 

1;, w"iw lmdnt.f'bbrfr 'lmJ'wre 'bntl'b"ibu l'"dmJ I; b, t:.hmbwpwr 
00 

u(x, t) =~ U11 (x, t) 
n = l 

u(x, t)= L e "cos --t+D11Sin --t sin -X (16) oo ( anc. an11: ) nrc 
n-t l L L . 

ZW['_J!nt{ 'bhpffWJW91.Uif} f/>m'bfJ.9"W'j, 'bmt'b"Jbu 'n"'b" ( 1) 'J":f>brh'bsfrwl 

f.uujwuwrJ'w'b tmdmJ'l!, ''l'l! 'w•ut[mrwr" (2) It (3) b'lrwJfr'b "JWJ• 

J'w'b'bbr"'bt Y.l{'bt:.wJLn 1;, nr ( 1(J) ZWf'_J!f! ( 1) t:.wtjwuwrJ'w'b f11LttnLJ"f! 

lufr'bfr J'frwt'b WJ'b 'lb"i.e"LJ', hrp ell b Dn 'l"rttwllf·y'bbr'b WJ'b"lfru"'b 

b'b, ltf UIJ'f 2_Wfti'f! '[nL'fWJ'frmmJ' 1;, '[IIL'fWJ'"miiiJ'_ h'b 'bwlt WJ'b zwr• 

.f!brl!• "r"'b.J! umwyaf.mJ' b'b [!IIUI X·" b. [!ULn t-" brll'"'-· w'b'lwJ' w'b,fw.r 

wn. 'w'b'lwJ' '1frtf>bl'b'bym tl'py t:.bmn/ 

( 16} l"' dtn.f[! "ibm.p t ';,,..,(, pu11[m/'w {'" ( 4} f, ( ;')} u~qp'Lw~w'b 

"l"'JJ'w'b'bbrJ•'bt lfb'b.J! 'fl'w'b !).wu'bbl"L b'b.e Cn b D11 t:.wumwmm 'b'bbr" 

eilmrn•P lw'b {uu'bUI"JUI rr,""' ( 16) t>wtJwuwrm [J Jw'b .r bp_ Lllh'lw'frh 1"1 
t=O, ltumw'bw'b_J! ( ,,£" (4) "i"'J.fw'be}· 
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(17) 

J"{ll_UiffWJ.IJIILJ' WJ'b ~W

'lfl"/1 §1), Wl'fW (12) 

( 18) 

:-··. 

l 

0 --=- <p(x)stn -x x an-r: 2 J . nrc d 
n L l L 

0 

1 

Dnr~J <f(x)sin ~x dx1 
ann L 

( 19) 

0 

bq WJ""lbu, W"JW9"'9b9fr'b.e, "r (16) zwr.ee• nrmhtl en" Dn 
'l"r"w~,9.-, 6re "r"zrl.wd b'b (18)" (19) pw'bwdf,br""' bfH w1.-, Pn•u 

I; mwtfru ~~~~'bwuiwm"/1 w'b'lw.f wn. w'b'lwJ' 'lf':f>brl,'byn<J, 'bhr~wJw9w 
flm J" 1; u(X, t) :PIIL'j,~[j"UI'j, 1 llf{! (1) t:.wtjwuwr.fw'b fNLdnufb I; b pw• 

tjwrwrn•J 1; (2)-(5) b'lfwl"'b nL u~qp'bm~w'b "iwl.fw'b'bbr"'bt 

'} i' m n ?." L pI" • ';,, ll.l"J!wlfr'b !).wtjwuwr.fw'b f.w.fwr J!'b'bwr.-

1/wd fu'b'l"f'f! l'" t}blntJ IILf'PZ .fh[cln'fnt[, ~wrbl" I; w"'.wy•nyb[, "I' (16) 
ZWf'J!(' [IIL,}IILJ" I; 'i,b{,//WJIIty'bnuf 'bw/J WJ'j, 'ffJ"J

1

.pnt.f, brp wlb {JIILJl 

1./r mwLfw w'br1w.r wn w'b'lw'f 'l"f/>brb'bym .ft t,'b'l npnt.f f(,x) f/>nL'b~-
9"w'i1 "~""'.{! I; tf"th" hrf(IIL IU'b'fwJ' 'fr:f>brh~l9bf"t "U~ <p(X)·c J"b~ w'b

'fWJ" 'ff':f>bf;h'zryb[/>* t 

§ 4. 2nrtnui ~h:ufnqaJWU mwpwMwu hw!J.muwpnufi!: 

uw1pw1~u (uuqp~ !ltwlJ.lipUJnufl! 

'1-t>mwrllb'zr.p L Ltdtwr•u{rlJIIL'b ,.'l,b9"'1 . r.w.fwuLn a"'lf!' b'lrpwru.b~ 
[IlL L'b.p, "I' a,,," ''"'l.f'bwJ,.., ,fwlfbri""JfJe whp_b{'.fw[cJw,"wh9"~ I; ,, 

"f' a"'l" lwl'i"u~f· f.wmm Jlil/t P"l"f lthmbru•J yb[,JUium"-G.w'zre ,{fb

'bmt'b'b l;t fhutnJhtuU"('h'!,./J J.rl'[llllf 2bf1frufJJu''b LnWf'wJ.fwb "Jf"9/.;U(!t 

Ox wnw'II[J.[!l! 'I'UliUIILIIf'/;~.1! WJh"ibu, "[' a ... l,. ,,,, J 111 ll'f! !),UJJ~ 

195-t r., 'lfl'-"u!, 
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C!'j,~'IJ/_t x=O ~b.,,. t.bur} fu~ J'l"'"C!' X=l ~burJ. 1\bur ('~+ 391)t ?/_t-
9"'.1! u(x, q.'j, dn?J.' X '"P"BP"'"' r..wurmlfrl/t 2brJ'wuurf'f.w'b'i, t t 

X I 

"lwfi./_t'j,t 4lnra'hw~w'i, -6.w'bw"l.wrt:.n'[ fi.wuUJwurtj_wt} t. nr y_br,/nafillw'il 

urwpwt}J' ..,'j, Wf'W'#I.'LP JIIL'j,/!' W JU,.<j,.j!'!,' y_bpJ'nL{iJ JW'j, W l'j, ·.ew'i,w~tlL

fltnt'il{!l np'i, w'i,,'J'i,n,_J' I; J'/_tw'/nr <fwJ',.,'i,w~nLJ' X wpusJ.u n~.'bbsn'l .t;.w

"'"'lfiJn</1 nrnz'lm.J' I; 

au 
q=-k-S ox (1) 

pw'i,wa/uu/., npurb'l S-e '1:/'"''"l'~'/n'l dn'lJ. r..wurmlfiJ/t Jw~brbu'il 1;, k-'i,' 
y_brJwf.W'l_Nf'IW~W"'JnL{iJ JW'j, lf"f', W~/tse*1 

?purwr~b'h.e dn'l_p WJ'j, UJW['['f!• "f'f! "J.Wrfw~'[wJ I; x1 /,_ Xll 

(x 2-X1=Ax) wpu!IJ.,'i,b 1, m'bbgn'l t:.wurmJ{tl'bbrJ. J'/_t2.L 1 Lit <fwJ'w'i,w

IJna,/ X wp.,gJ.u nL'i,bgn'J t:.wur"'l[tln'/ w'bg'bn'l 2.brJ'mfJJw'i, .ew'bw4rr'-~ 

f1tnL'j,f! r.w'lwuwp 1/Lf'i,J. 

LIQ1=-k
0ul SLit, 
OX X=X t 

(2) 

ilnLJ'hl! X~ wpugf'"'i, ,,_'hb,'Jn'l 1\wmmJfJ/• r.wJ'wr ~LJ.'i,J. 

LIQ.= -k- S Mz au' 
• QX X =Xz 

(3) 

!J,,'l,. urwrr/t Jf>2."" LIQ]-LIQ2 2.brJnl.{iJJW~I . 'bbpt:.nu.ee Lit dwJ'm'bw

~ ... J r.wqwuwr ~L,.'bft 

• !l,bp,fn• fJ J"''b uuMpw~Jw'b Wf'W'fnLfJ JnL 'bf!. twJ £bpJwlfr'b (nul'fr wpu.~nL

fJ J"L 'b/!. uw~J,.'b-/nLJ (; "'l""lbu, 

llQ 
q= lim - - , 

<"> '---+0 llt 

"f'"'b'f llQ-'b £bpJn<fJJw'b "'J'J, i!w'bwtnLfJJnL'J,'J, (;, np'b w'bs'bnlJ (; S (w~"'&.JfJio 

JJo£n1 L.\t JwJw'bwtn•J, 
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uul au\ 
((W'f[IW'j,q" [JbnrbJ'f! ~f'rwtJbsf' ';IJ! - --- UIUJf'Pbrruf.Jiw'i, 

dX 1x=x, OXix =x1 

· <;.~wurJ'wJ'p}• 6! <fwJ'w'i,JU~IIl J' y_brJ'm frJ JW'j, '"I" 'i,brr..nu.el! t}u•fuUI/hl t 
an'l_p urwrr/t y_brJ'wuur,.ii".u<;,l! LIU J'bJm fiJJw•fp pwrd.rw.9'i,bl"' '/rw• 

tiQ 1-~Q.,=cp ~xs Llu 

~wJ' 
(5) 

npUJb'l_ (-'j, dn'l_f' 'i,JnL{J/_t y_bpJ'nL'j,W~nl [JJnL'h'!, /; 1 p-'h' dn'Jf' bJnafJ/_t 

JuUJnL{t!JnL'b[! (pLix S-e ~"'l" urwrrJ. 'l"''j,'f'Lwd'b l;}t 

l,wtJwuwrbgilbLntf. LIQ
1
-LIQ2 2brJ'm{J l"''b •lfrL'i,ml'j, .ew~,w~m {Jiw'i, 

(4} L (5} wrmwr..'"J"'"'-fciJna'b'i,bf'f!• 1/umw'i,u,'i,.p. 

o'u au 
k- LlxS'Lit = cpLixS -Lit 
ax~ at 

uu k 02
U ---=--· 

at cp ox 2 

k Q -=a-, 
cp 

(6) 

Uw /;[ r..bii!J r.wJ'ruubn. a,'lnul 2.brJ'nLfiltw'j, urwrwJJ'w'b r.wtJ.wuwrnLJ'il 

!; ( ~ bp u'tufim'l 11 prpuq lU fi 111. fl' J Ul G. fi wlt wu w pnu.f~} t 
n('"l.buttf' (6) r:.IU"WUW('J'w'i, Lrrt,nLJ'e LP"""~' nrnz'[w, LP'i,fl, u(x. t) 

f/>n~.'hlfyfru•'i, u1bur.e !; pw'/"'l''"rP fu'h•uf' /1>/''1/t~w~rub "i"'IJ'w'b'bbrf.'il 

1\wtfw"l.uiUJWU/IIw'rtn'l_ , wu•wJJ.'i, "f'" JJ'w'b'bbrf''bt (6) t:.w'[w u " ' /''' W~l Lnt d

J..,'i, t:.wJ'wr t}'"lf'"Jf''b "i"'lJw'b ~l'f[! ~"'rn'l , b'i, "'"'l'Pbr Lft'irbl' O~t~ T 
,//_ty_wii'"JfP t:.wJ'wr, '"J""il;u J1nt'[wt}, umw~pfi bruJpWJpfi Jufiqppfi t:.w-

J w "/.'""'"' u ''"" 'b n 'l "/.'" i J w'b'b /, ['<;, L 'b, 

u(x, O)"=<f(x). 

u(O, t)=·11(t). 

u(l, t)=·~,(t)r 

(7) 

(8) 

(9) 

,'JJi'•lf'ltwiJUih urbuJUI/bur/•g (i} "l.wJJ'w'h[! ( uljq_pfimllmfi ll!lUJUWfi) 
r.wJ'"'"i"""wufu,'bmJ' I; tr"''h, "r t=O 'l:b"i.emJ' i!n•Ji• mwrphr t:.w-

- UlnlJid'iJbrnuf urr'/wt} t 2.bf'J'/.IlUUf/_tf.w'i,, N('f!. t:.wt/_UIUW{' t c.p(x)·/l/ (8} 

J. (9) "I."'JJ..,'b'i,brl!. (bq_pwj pfi UlWJUUififibp} t:.wtfw"l.wmwufuw'i,m J' bil 
431 



~!'"'~' "I' ~""If <>wtrbrnul, brp x=O t.. brp x=l Uf"'t:,UJ."''ht/m J' b~ 
t:.w,fwUJ.wmtuufuw~wpwr ~j~ 1(t)-p~ L <f2(t)-r~ t:.wt/wuwr r.hrJ'mumft-6.tu~

~hrt 

§ 6-mJ' "'UJ."'9"LB-JnLJ' !;, "I' (6} t:.wt/_UiuturJtLJ'f! O~x~[, O<t~T 
t:.wLnt/_wc}-mJ' nL~f J'pw~ L"Lc}-•PLJ'f!, "!'£!. pwtJwrwrtiLJ' !; (7 ), (8), (9} 

UJ."' ,.r UJ~~b l'f~l 

• § 5· ~hpUDLFJJWU mwpwbnLUJ! mwpwbUL(lJWU Uhl'_ 

~~'bwlt!lh~.[! bnwl_wp Lnwpwc}-m{JJ"'-~"LJ' p_hpJ'm{JJw'k LNUJ['WJJ'w'b 

UJ.rn9 hu£!.' '}f9"L.f! u(x, y, z, t)-~ t UJ.wr:.p"b (x, y, z) ~hLnnLJ' p_brJ'wu

urp-6.w~~ !;t lPn ra~w~w~ -6.w~WUJ.W r""" t:.tuULtJWLntJwc)- !; I n r t:J.S ""'I'

filw~p J'pp_nt/_ p_h[rJ'nL{JJtu~ W~9J'w~ Ulf'W'ff1Lfi'JnL~f!.J WJUf~.[!~\ p_bf'J'11L

fi'JUI~ "'!~ .ew~w~mfiiJ"L~£!., "!'£!. f.nunLJ' I; tff_.wtJ.nr rfwtfw~tu~mJ', 

nrnztj_nLJ !; f.bmLJwl pw~wJ.Lnt/_ (n!'£!. ~J'w~ I; ~"'f'"l''l Uf"'l'"''ll'"'fPfr 

(1) pw~wJ.bp~) 

( l) 

npLnh'l k-~ 'fpmwrltt/"'l J'frp_tut/.ut[['f p_hpJ'wt:.u"l"l''fL"Ilw~,LfdJw~ qnr-

c}-wllfB~ !;, "'!'I- Jpp_tut/.~»Jf'l! f.wJ'wrnLJ' _ h'b.[! f.wJ'wubrt L f'l""'l'"UJ.• · 

n-e J'pwtJ.nr tjb~Lnnr !;, "I'~ "''l'ltJ.wc}- !; !:J.s "=!'[dm~p ~,rJ'mlntJ.' p_hr

J'nL{iJJw~ Z"'rriJ'w~ nL'l'lmfiJJwJ'pt VIII qlfup § 14-p f.pJ'w~ •/rm ~w-

l'"'l h~.e 'lr"L· 
au au au au 
-- =-cos a+- cos~+ -cos.,, 
an ax ay az 

nrLn4'l cos a-t, cos~-~. COS 'I-~ n tJ.hltLn"f'f nL'l'l"l''l ~""f~""'~br~ b~, 

~tuJ' 
au --- =n grad ur on 

au •p W[trfh.ef!. Lnh'lW'ff'hlntJ (1) pm~wJ.J.fr J'hp_, UUJW~mJ' b~.[!• 
an 

!:J.Q=- k ngrad u !:J.sr 

6s f.wr[Jw~p J'frp_ntj M rfwJ'w~u,~wJ'frp_nenLJ' "'~9~"'l 2hrJm fill"'~ 

.[!"'~w~mfi'Jm~[! t:.wtjwuwr ~lf~f• 

~QM==-k n grad u M ~sr 

·~b ['W'fWII.~tu~l! UJ.W['W'ff'"':Pfr uff'fpmJ' 'fpt/_wc}- f>'iJ'ff'fr~t ~~~UI['~
t/_n'l J'p'l_wt/_wtrnLJ' wnw~J.~w9~b~.[! V T"./!1' dwtJ.wL, "!'£! uwf.J'w~w-
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fw*tjwc}- I; S J'mfth[,/"" !fiJ"t/t S J"wfJbf'/""!{tlft J'pp_nt/_ w'b9~'"l 'l/'f"fuL• 

-{d !'"~ .ew'Ltw*e ""'"-"'""'!' ~tr'hft. 

Q=- t.tJ.f k n grad ucls, (2) 
s 

"f'Lnh'l n-e S ,fwL1hr!'"L!fiJI• "'J'LnUI.f!f~ 'iJ,r,f"'L""- "'-'l'ltJ.u:d J'p"'t/"J' 

tJh~m"l'~ 1;: li.JL~ilwJLn J;, "!' (2) pw~walt[! "'"'If" !; p_brJ'm{dJwb "'If, 
'.ew~m/1"'- fiJJ•IL'h£!., "I'£! M rfw.fm~wllmJ'pp_n9JtLJ' J'Ln~nLJ' I; V c}w,rf"'L 

(~wJ' 'I"Ll'u I; 'l"'lf" V c}-wtJwLP9)' V <>wtJwL ,fm~n'l p_hrJ'n<{iiJ"'~ .ew

~"'*'tL{dJnL'hf!. <>wft•utJnLJ' t "'1'1 d"'"-"'lf ~JnL{iJp 2brJ'"'uLnp-6."'~f P"'ra
rw9J' tub tjpwt 

'}pmwr~b'it.p !:J. v Lnwf'l""~'u'it dwtJ.wL£!.1 '}f911L.f! !:J.t rfwJ'w~wflwJ'p-
2"9"',/' ~I'"' 'lbt,fmumfr-6.w'he pwrJ.rw9bl I; !:J.U-n•ft U.~~r:.wJLn 1;, "I" 
2brJ'mfiJJw'i, "'J'h .[!"'~w~mfrltnL~£!. 1 "1'1! c}-wP,utJ.bL !; 6v Ln"'l'l'f p_brJ'"'u

Lnf-6."'~£! P'"l'al''"!J~'Ll'IL •Jrw, f.wtj_wuwr lllft'hp. 

nrLnh'l C-~ 'iJJ111{df_. 2_/ifH,.III'iJLU~ttL~J~nL~~ 1;, p-~' fuumLfiJJnL'iJ£!. 1 t>t rftuJ'ut

~tulf'uJ'fr2_f19tiLJ' \1 c}u"f'"Lf p_brtftuttLnp-6.w~f• P"'l'al'wBJ'"'~ tJ.L'w <>wfuu

tjmc} p_brJ'"' fiiJwb .f!"'"bmll'" filtm'h£!. ~Lfr'hfr. 

j 'j'J au M cpatdy, 

v 

f1u'J9 utu w(it p_bpJ'tiLfiJJ•tL'h~ J;, "!'£! !:J.t rfmJ'w~w~"'J'P'l"911Ltf {!~

'f"L~hl I; V <>"'tJ."'Ll!· "'J~ "1'"2t/_wc} I; (2) p.tu'bwJ.I.t.ntjl U.J"UJ.f"""-• Lnh'lp 
nL~fr f.hmflJtU[ f.UitJmuLU[IIIl{iJJnLb(!• 

-Ms s k n grad uds= Mf J'f cp ~~: dvr 
s v 

'Ir-6.wLnbL"'f M-ntj, umw~nLJ' b~.[!• 

-J J k n grad u ds = J J J cp ~~ dvr ( 3) 
s v 

U.Ju t:.wt/_wuwrnL{iJJw~ J.wf. ,fwufr .fw~brLnLJfilwJfr~ fr~mh'ff'"'l£! 
at..wfnf.b~.[! f!.ULn OuLnr"'ll'"''l"~nL pw~wJ.bp ( mbu XV 'llP'f § 8), f!.~
'f"L~btnt/. F-k grad u. 

J J (k grad u)n ds= J J J div (k grad u)dvr 

s v 
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(3) t.m'fwuwpm[t!Jmh awJu .lwufr ~rlt'hm~fr fr'iunbqputLf! •frn/uwrfr'hbln'f 

bnm~fr fr'hmhtffUILnt.f, ~umm'bwil,e. 

-j"j' r di v ( k grad u)dv= \" \ r C? OU dV 
J ~ v J at 

v v 
IJ.w.f 

JJ j'[cti v ( k gradu)+cp aa~]dv== O, (4) 

v 
!lwfu ~n'lJ' 11LJ qm'b'fn'l b,w/[p fr~"nl.rtrwLit 'hftw~a.ft:UJp lffrpwnblnt/ .lfrw 

2./r'hfr Jwufr'h fJhnt•h.ff!. ( mltu, Xl \1 lflp.f' § 12 ), ~umw'bw'h,e. 

[
- au\ div(kgradu)+cr - . =0, (5) 

dt x ~x 1 , y - y 1 • z- z, 

nt•"'"'l P( x
1

, y 1 , z1)-e V Jw'fwtfr nrnz ~bmt 1;t 
~w'hfr nr bnwt_w•p mwrwdnr PJnL'hnt.f ~wrn'l h'h,e w'hp_wmbl ~w-

J'mJUI~Uih v dw'fUIJr npmb'l mh'lp /; mhhhnL.f p_hpJntfJJwh LnUifUidnL• 

"c' /,_ ,ew'hfr n r btpw'lrm.l h'h,e , nr ( 4) - r.w'fullrutpnr p J"''h .fh P. b'bw 

[t!wfr'hmhqpwLmJfr'h f[.m'h~sfrm'h w'hf!.'h'lt.wm (; , ""'I"' (5) ""''fwumpnLw 

fiiJmh(! mh'lfr ltnL'hb'hw mwpwdnLfJJm'h J"Lf"'.J!"'h.J!J"'f ~bmnLJt ll~u-
"'bu1 mph.r'h , 

/,_ (6) 
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au . 
cp - =-div(kgradu)' at 

a u "+kau "+kau k kgradu=k -t -J --ax oy az 

di v(k gradu) =~ ( k au)+ _q_ ( k ~u )+ d_a ( k ~) ax ax oy uY z U £ 

(6) 

XV 'ltfr•fr § B) t Sb'l"''lrhtn</ (6} . r.w'fwutup.fw'h Jbp_, umw'hmJ 

-co 0u= j_ ( kau)+~(k au)+~(k~)' (7) 
I at OX ax dy oy az OZ 

~,J f!h'lm'hbl'"' -~=a~. 
cp 

au = 32 (a~u + ()?!_!__ + a2u ) ' 
ot ax~ ay~ az~ 

(8) 

k uwpmJ'h (;l f,b'h9 mwptu .) ntpjlufi t.fb£ ~ hp J'w fi LUI]Hpqw~mlint.pjluli fiw
-,_t(wumpnuffi li: '1-r'f•ud p•h'fpfr'h C.w,fw"iwmwu/u<»hn'l 'hr"' Jfr,lt LnL

~ ,)"'Jl!. qm'hhtnL ""'""'r "ibw,e ~ "'"'! du•Jr"'JPh "iwJ.fw'h'hbpf!.' 

,_· . . '1-frs;,L.J! nL'hb'h,e u ,f urlt h rl· Ill t fl'h Ill 'iJ/; 9 " 'l g ,, Ul r.lfr'he, Un J UJ r"

t 'fmLJ 'lfrm"'r~'ft1LJ I; p_hpJm {cl tw'b mi1tpwJ,fw'h "lf"Shuf!.' U~t[phm~m~ 

? 

"JUit.Jr'h tfmpJh/t thrJwumpnuJh f! ln f l/utq /;: 
1tm t_UI,/UI"JUIInU1UptU1hiiL,/ /; 

mJh pw'hJr'h, nf' t-mt m'hJr /; ["Ldrfm'it "'f'd-h ,e/! t = 0 'lb"i.J!'IL,{' 

u(x , y, z. 0) = <p( x, y, z) (9) 

' u~qrliwltwfi UJU!jll'tuli~ : f:w 9 Jr u'l 'l • ,fwp.r'hJr cr .fw~brt,, JPI• .lJIIIh~ww 

t-mJmhp _flwd M ~bmnLJ rfwJw'bwl[p y w 'itfi"'!J ut d t "im t. fr'h "ibm,e /; 

1/r'hJr p_hpJwumpnw'i'l!• wtuJr'h,et' 

ti(M, t) =t(M. t) ( 10) 

bqpmJ~Ii UJmJlrmli~: (~'hwl'"'""r h'h "- uLrJ• z b'lr"'Jl''h "i"'l.tw'h'hbr)' 

bpb npnh'frt'l u(x1 Y• ZJ t) f[.uLh'fspwh ~wfu'fwd l_/; Z-/rsr UI"JIU 

'; UlirwhnLJ b'h,e. 

(11} 

:1imppmpJmli. t{pm ~bptCmpJrufi mwpw"tCwli liwt{mumpm.tCI!' bpb

i:.o~flt"'r~'/nLJ I; p_hpJnLf!Jwh mt:UpwJnLJf!. C b'lr"''ld-m/ 0 r.wrf! mJrw 

~ f"nLJfJmJ , "'"iw.J9)~Jr'h "- (10 )~Jr'b r.w.tw'hJw'h , d"'Jf"'IP'h "i"'l,r,<;,<;,/z. 

~;/JI! pm'hwab4_nLJ b'h "'l""ibu. 

u(>.. y. O)=<p(x, y), u(M, t)=IJI(M, t), 

-trpurh'l <p-'h J.. tj! ~t mp4_wJ f[.nL'h~sJrw'hbp bt, Mwe' C b'lf"''IJJr ~/,n'h /;1 
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du d"u 
-=a2-
ot OX2 

J' ' J. ·' ~b11 .r·,ttpjwG mwpmb LtluG fhm\mumjlnlll'E;: lluu[un•wr"' /!. un'ln'-u L u 

·§ 6. .2l:iJnlwhwqnpq.wlfwumpJWU hwlj_wuwpuwu hwtlwp wnw~~u ()mJpw

J~b tuuq.p~ tnL()null! Ij_lip~wlj_np mwp(!.lipmpJDLUUlijl~ utpnq.n!J. 

f•'hf.UJbu b. unt/_nrw~w'b •ffrfl>brb'hyf•mt t:.wt/_1111'"'/''tLJ''hhrfr '1-hUJJ!"LJ', 

4brfw<f"r mwrpL['m{rlJ 11L'b'hhrfo ,fbfJn'fn<f J'wu'b"'~"'b wd"'b9J"'l'bbr"t/. 
"h 'b , • " 'bh 1!. ·"nfumr"'h•fiiLJ' b'b t:.wJ'"'-Ilw1Jwuwr"ufu ['/!. tnLa ll'" wumuyJwl [' . '1.' I' 

UJ_WtnLUU,UU<b mwrphrmf'JilLbbhrnt/. ('iJf[• ,'J92). 

ou(x, t)_ u(xth. t)-u(x. t) , (1) 
dx - h 

c)tu(x, t) :::::::;_.!__[ u(x -t- h, t) - u(X, t) _ U\X• t)-u(x-h, t) .] 
oxz h _ h · h · 

cJ"U(X
1 

t) U( x+h, t_)-2U(X, t) + U(X-h, t) I 

:::::::; h~ 
(2) 

ou(x, t) ~ u(x . t+Ll-u(x, t) (3) 
at ~ L 

~brJ'wt:."''l"r'fw~witnL{rlJwb t:.wt/_wuw[rJ'w'b t:,,u,fmr mn.w'l.fr'b dwJ• 
'l l.h [ J' L (mhu § 4) "'l""'/"'1 'iJwr:.w'up_t/_nLJ' /; rwJfrb [ubtffrrf!. Q LW"'. -r"f' IlL .. . L 

lfm'itl•t 

t:.urt/_urUIII[IIfWb IUJb £liLJnLJ'f!.r 

Uf."'l'fw'b'hhr~'b. 
u( x, O)=IJ' (x), 
u(O, t)=-~ 1 (t). 
u(l. t)=·i.,(t). 

O~x~L. 
0 -:s;;. ts:;TJ 
O~t:;;;;T, 

(4) 

(5) 
(G) 
(I) 

"'Jufr'b.[!'ii_' "f"'t:.w'up_<fnLJ' !; qLn'bbt u(xJ t) t"'J,LJ'f!. t-0, X=0, x=L 
t=T nL'lfr'l'hhrnt/ uwt:.J'wbmtfrwltt/_wd- nL'l'l"'bl/J'ILbiiLJ', hflb b['"' ''['[;./! 
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l[n'lJ'brft t/JIII; ln[t'/WJ b'iJ nrnb<fll'l [/>tiLbftyfrw Jfr wrrfhJ!bhf/!.\ t =0, 
x=O, x=L (~+ 393), lfh1, u.frr"'JF'l!. d-wd-ftb'hJ! 

x=ihl i=l, 2, .. 'I 

t=kl, k=ll 2, • • 'I 

nulfr'l'hf.r,,/ wnwl_wyrud- ,'Jm'b,'J"t/ IL "l'"2b'b.[! lnu}J'w'b J'nmw 1Jnr "'r

Jh.[!'bL/'1'. ,ljwb,'ff' r:.w'bqmJy'hbl'mJ', "'Jufo'bJ!'b' 'b2tf.wd- m'lfr'L'bhrfr t:.uJLn-

.... 
~-J 

I 
J 

'!+ 392 

t 
r 

~ 

r=t=· . .-..- . _,_ 
(i, k•l) 

t-l.k) ·_ur 'i<!,£} 

,. 
'!,~. 393 

JUJb lth"'ht""J'' lfwy'bh'b.[! bzw'bwlf."Lil'hhr' u(ih, kl)=lli,k: (4) t:.wt/_111-

UIUrlfw'b •ftn/,wrb'h qrh'b.[! (ih, kl\ fthmf• t:.wJ'wl' 'bl'w'b t:.UJJ'w"fwufu"'

it•tz t/_b/''l.""fnr wf.hrn'/ t:.w'/u"'"'rmJ'l!.' (•'J) /, (2) pw'bwaLhrfr t:,"'J'"'~ 
.lUJJb ''"""JJbUJb.[!· . 

l 
a2 u;+l . k- 2u;, k+u1- 1. k, 

h~ 
(8) 

(9) 

(9) P"''b"'at'fr9 t:.hmLrJLJ' /; 1 nr h[rlb k-r'f 2"'1'-l!'"J' t:.wlm'bfr h'b 

brbJ! wrrfb.[!'bhr' Ui, k • Ui + l, kt U i-1 , k • WUJIU (k + l )-r'f 2'"l'J!"Lif "1'"2-

. . 4_rrLJ' I; U;, ktl "'l'rlb.f!l!.' lfb'l ~wlm'bfr b'b t= O "uff•?fr <ft•w P"l"l' wr
JbJ!'hbrl!. ( wf.11 pwbwafL ( 0 )-f!)t £: UUI (9) pwbmafL,, nrn 2/;b.[! Ul rrf /;.[!~ 

'bbrl!. i=l t:.wurt/_wd-fr P"l"l' 'h&r.JJfo'b IJbmhrmJ't U.n t:.wmt/_wJfr JurJrb

rmJ' W[lrfL.[!'bb rl!. J' b'l t:.mtLn'ilft /i'i,' t:.wJ' wam Jb (6) b. (7) pwbw alibrfrt 

lJ.JuuJbu 2"'1'./!1!. 2"'rJ!ft LmiLf•!J ~"!'"2/''b.[! "l"''bt/."'1 £'1LJ,J'w'b w1rrfb.[!'bb~ 
/'/!. yw~•yfr P"l"l' t:.w'iJq, J.'l'bbr,LJ' , . 

lJwrhtfr I; "'"i"'!J"L.Cfhl , "I' (9) pw'bwafJ.J,/ r:.'hw1,w<fnp I; LnLJ.fwit 

dnmur<fnr wrrJ-bJ!b UtnWblll£ h h l J!'"!/brfr nl_ fturJ'wJwf/wb t.wrwpbrnL
h2 

ft1tw'b '1-b"te-"'J', w!l ,ffrwl'b wl'i' 'lb"iJ!mJ', hflh ! :;;;;- : (9) pw'bwaLf!. 
2a~ 
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1\wur*w"ilru "fWf'l_ url.u.e t" uurtu'bmJ', 

e'hurr'{ft WJ'j,"lbu, "I' Lft'bft 

1-2a2[=0 
h~ 

h~ 
l=--: 

2a2 

ll1u 'fb"i.f!"LJ' (9) t:.wt[wuwrnLJ'/! f!'h'lm'htnJ' I; t:.bur!.lu'l wbu.pe· 

1 
llJ, k+ I=2(Ut +l, k+U;.J, k): (10) 

ll1u pm'bwa£ {!. Wntut[b[ f\wrJ' wr I; ""' 2_t{11LJ''iJb rft ""'" 1U [' ('iJ~. ,'Jf}4 )1 
"t_,zqwJ- J'hfln'fnt{ [rtUJnLJ'/! nrnzt{nLJ' t- sw'iJsft 

1\w'bqnLJs'iibrnLJ': !Jw'bsf• t:.w'hqnLJ!J'hbrft J'fty_IL 

[rtLd-J'w'b wrrlb.[!f! ~"'r*LI• t- uurw'bwl, Of•ft'iiw~, 
/;.[!uurrw"frllJW9/tWJnt[, (X, t, u' urW[IWJ-tnfiJw'iJ 

J'by_ JfiL['W.[!UI'j,}.JrtL[' "''".(! ~burnt{ urw'bbtrtt/ t:.mr-

0,h1) 

flnL{iJ JnLilt f.'uur ( 10} pw'b ... ak.ft uuru;stjwJ /,_ (L-1,4) (.+1,1!) 

'hzqwJ- a/,q t",f!uurr"'"i''Lms1.w" l"'J"'J'I! 'bzw-

tw~h'h.e llh(X, t)-nq: lfut/'blft t" "'''iw9nLyb[, "[' t~. 394 

lim u11 (x, t)=u( x, 1), 
h--->0 

\ 
j 

npurb'[ u(x, t)-'iJ ,jf.f' fullllf'" [IIU}m,/'iJ t: 1/wpfi[/t I; WUJU19fii!J/;l 'i:wh*,· 

"I' 

iu ,(x, t)-u(x. t)I<Mh2
, 

nrurh'l M·e h-fty ~wfumJ' l_nL'hbyn'[ t:,,.,,urmurm'h t: 

§ 7 . .2tptfmpJWU mmpw()nLtf(! wuuwhuwuwtjlwlt !nqmtf 

?-ft911L.(! ll*'l_p'iJw~w'iJ "fw/:,ft'IJ urr'/.mJ- t- l_hp.Jwumftf.w'iJ{! w'iJuwl;,

diU'iJuupw~ an'lft urwrpbf l;,mtniiLJ{iJ'iJhpmJ': f!Jwf\w'by_qlluf t "['"2./,[ J>hp

dnL[il Jw'iJ pwzfunLJ'f! anrzmJ' dwJ'w'iJw~ft ""'2."[''/ "f"'f\bpft'iJ: (U.'iJuwf\

,/w'iJwtfrw~ an'[rtLJ' l_bp.JnLfi'Jw'iJ mwpwJJw'iJ fu~•'frft'iJ b'iJ t:.w'iJqmJ' f/>/t-

11./t*w~w'iJ fu'iJ'fftr'iJhp'iJ WJ'iJ 'fb"f.pnL.J, hpp amz'b WJ'iJ.f!w'iJ "r*wr t, nr 

thrJ'wuurftl.w'hl! an'lft 'hbr.eft'h ~hurhptnJ' 'lfturwr*"-"'l "iwl\brf·'h ,J!/tl. t 
~wfut[wtt dn'lft JwJrhpnLJ' b'lwt} "f«~JJw'b'bb1,fs}: 

* (}.JU ~UIJ'fll! wtfbJf Jw'i.pwJwu"b 21Uf'IU'lJ'W'j,f!{! uobu 1 opfr~IW~j ,n, 10. n a• 
HoB, CnpaEO'IHHK no 'IIIC.1eHHOMY peweHHIO .IlH<jlcjlepem.(Ha.~bHhtX ypasHeHuii s 

ttacTHbiX npO!i3BO.IlHhlX, rocrexu3.Ilar, 1951; Jl. K on n a r u., 4HcneHHbl.e Mero.D.hl 

peWeHHH .IlH<jJ<jlepeHU,HaJIItHbiX ypaBHeHHiJ, J1JI, 195}. 
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l;[Jb a'"ll! r,,,J'e'hfi111LII t Ox wnw'by.[!/t !\bur, W"fUJ fu'h'lft['{! J'w

pbJ'wurft~rtrb'h tlkw~hl'"it/.nLJ' t" UIJu"lbu: 9•ur'bhl 

du =a2 d2u ( l) 
dt dx2 

-l;,w,Jwumt"fw'b l'nJnLJ'/! -oo<x< C".) 1 t>O u•ftt'"'lfi'"' J, "!'I! pwt[w~ 

r w '"" " t-
u(x, O)==~(x) (2) 

Uf"'!J'mJ,ft'b: 

(nLJmJe qurilb["L 1\wJ"'l' 1/ftt•wnbil.[! tftn•ftnfuw~w'b'bhpft wilt_wur~ 

Jw'b .!b[iJmlf! ( urbu § 3 ), tuJuftil.f!'h' (1) 1\wqtuuwpt!w'b J'wu'hwt[np [nL

~ntJ'{! npniJbl'n /,';,.[! "r*"L f/>nL'iJ~sftm'iJbpft wpurm'f['JU1[/t urbu.[!nt[' 

u (x, t)=X( x)T(t): (3) 

~luzw'll'b[n•J (1) 1\w'/.wuwl',/wil .!bp_, *nL'hl.ilw'h.[! 

X( x)T'( t)=a·' X"( x )T( t) 

T' X" --=-=--),2, 
a2T X 

(4) 

U.1u l\w1•wphpmfiiJnLil'ubrfts J"Lrw.f!w'humre tft ~"'l'"'l *wfut[wJ . 

i/t'iiht N}_ x.-fty, "l /;[ t-fts• rtLuurft IUJ'j, f\wqwuutrhs'iJmJ' b'iJ.(! -A2 1\mu

UJUiurnt'b/t'iJ*: (4)-/ts uurw'bmJ' J.'j,.[! 1\bmbJ'wl "r*"'· 1\wt[wuwrmJ''hhre' 

l,mdhJnq 'lf"u'bl!, ~qur'hb'u.e. 

T' +a21.T=0, 

X'' +1.2X =0, 

T=Ce- a''-'1, X= 1\cosl,x+B sinl.x: 

Sf,'ltu'lrktn1. ( 3 )-/t ,fby_, uurw'i,, J' b'i.,.f!-• 

(C ;:,wumwwm~tf! J'uro'/.wJ- t- 1\(1,)·/t /1 8(1. )-/t Jbp_ ) : 

(5) 

{6) 

(7) 

1-.-ft J"' rw.ew'hum r utrrfb.eft >.w.!"'J' uurw'bnul' L'h.g ( 7) mbu.f!ft L"' J,, ,/1 

_A·/t J"Lf'W.f!U1'hl£nLr wrJh.[!/• c,,,fwt• A _b B ,,w,J'mtu"t·u'h 1\u.JUtnluurnL'h

'frlrr'h tn'hb'h "l'"Z"'~'' wrdh.f.!~"''" fluiUt/t A-'b " 8-'h llwrbtft t- 1\w-

* '{/w'uf.r np f!.UU: fu~''l['/.r f.rdwrrrn/r T(!)-'b t-[• fl"''b~wlfu'J- '"l''J/;1,/.r 'l/;"/1!"'-J 

" . T' 
;_ Uf.l""l! I; lf•'bf.r uwiJw'bwpwfc, bf!lt 'f'(X)-e ,,..\Jw'bmpw~ 1;, wu1w T-'b "llt'"lt I; 

lJ."bf ['UI[JUIIIUI~IU~Ir nLUinf h 'ff'IJl J b'bj! -/,2, 
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J.urbl Awp /f>tn'b~yfrw'bbl'' (7) mhu.[!p l"'t),LJ'bbrfr 't'"J"'I'l! 'iJ 111 !'bUfhu 

tnLJtnJ I; (z'bnpr:.pq (1) r:.wqwuwlrtfou'b 'lt}"'JPh Lf•'bblm'b) 1 

~ e-a2
''

2
t [A('A)cosl.x+B(I- )sin/,x]' 

A 

(7) .upm.ur:.outmnt{rlJrn'b'b f•'bmbqpb[nq eum A Uf"'l'"'Jbml'f,' 0 - fry Jfr'b~/.. 

w'bqbp2_ u.ur:.Jw'b'bbptnJ, bnLJbUJbu umou'bmJ h'b.[! l"t o 111 ,f' 
(;t) 

u(x. t)= Je-"2
'

2
t [A(I-)cosi,x+R(I.)sin/.x ]di., (8) 

0 

b[ilb A('A )w'b k B(A)w'b IUJbUJP"f''b b'b, "[' "'l" fr'bmbq['"'lf!• f!'".n \·p 

'bpw wttw'b9J"'ll! "- f!UIII X"p br¥_r"r'f wJou'bst"'ll! 'l"JIII-fdJIIL'h uL'bb'b "
UIIIU19"11LJ b'iJ pbm/.ilf['W[b f!UIII twp k X-p 'lfrfi>bf'bb!Ji/UJb (uubwufUJ['w 

"""' A(l.)w'b "- B(l-)-'b c'bur[lbb.[! wt'b"ibu, "[' u(x , t) [III.Jnul'c flUJI,/liW 

l'"'I'P (2) Uf"'J'fwtfr'b: (8 ) r:.IUqwuoup,Lfrlt"''b ,fb ~ e'i,,_w'bl;l " 'L t =0, 
(2) "i"'IJw'bfr l;.frJw'b •/r"' umou'buuf b'b.[!• 

00 

u(x, O)=~(x)= JlA().)cosl-x+ B('-)sin),xjcl)., (9) 
0 

fl'bpw'lrb'b.[!1 pb lftX) :p,L'ui/9Pw'b wi 'b"ffr"/''b I; , "I' w!'i' 1/'"l'blfr ·I; 

'bbr¥_"'!"'9'bbl ''b"'l'l"fr fr'bmbq{'"'l""- (ud;u XVII lf:tfufr § 1.1) 

~mJ 

~(x)= 

tp(x)=~J(Jtp(a)cos i.(a - x)da)d), 
0 - 00 

= ~ J[ (I ~(a) cos) ad a )codx + ( 1 ~(a) sin )ada ) sin >x]d' ' (10) 

!,wJbJ.umblnq (9)·/r /._ (10)-/r IU2_ Jwubrl!• umwbrtLJ b'b.[!• 

I oo 

A(),)=-;- S ~(a)cos Aa da, 

. 1 00 

B('-)=n s <f(a)sin/,adar 

(11) 

A( 'A )-/r "- B(!-wfr 'lmwJ oupurwr:.IUJ"'"LfiiJnt'b'bbre urb'l"''lrblnq (8) p.u
twab.p Jb2_1 ~um.u'bwt.[!• 
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~· 

u(x, l)=.-!t I e ~•''' ' [ (._t ~(a )cos >ada )'os >x + 

+ (I~(a)s in ka da ) sin>x ldb 

1 ::/J 
=-\' e :rt 

(} 

lJou /;l 'JI"L"'J /u'b'l/'P [n<JmJ'h /;r 

(12) 

fllu~'fm/ub'b.[! ( 12) pou'bouaf,er !,ouzql•'b.[! ~l"l' P"''I""IJbrfr Jb2. 

b'lwtt ft'bwh'fl'Uiff!• 

00 . 1 ~ 

fe "' ·' tcos"(a -x)di.=-y== fe z 'cos ~zdzr (13) 
. a~· t . 
0 • 

/>'bmhlfr"'Lf' wl" J.i..mfn/utn{rljuLbf! 

fit IlL bbU ['/I f.wb IU "J U1 (I C. n "-' 

CY:> 

a-·X 
-:::.=~1 
aV t 

K(~)= \ e-'2 cos~z dzr 
,) 
0 

00 

K'(~)=- \ e-z' z sin ~z dzr 
0 

(14) 

(15) 



I ~ !('(~)= -le-·z' sin ~z Jtr - i_ ( e- z2COS ~z dz 
2 2 .l 

0 

~w,/ 

f.s 2 

K(~)=Ce- ~, ( 16) 

00 -

K(O)= J e-z'dl= V 11 

0 2 

(urhu XIV rufu/r § 5): ~hurl .. upw[• , (16) r. w"UIUIU['IIIfltu:'i. ,ff,l "il.mc 
!; lf'i.p. 

Vr. 
C=--' 2 

I - .-,~ 

K( A) ~ lT -!:.. "=-ye 4: (17) 

(15) p'i.urh'll'wl/r (17) wrJ_LJ'l! urb'L"''Il'm,/ h'i..[! (13)-p ,j'/,5: 

C? . . - /- _ ii' 

J e-a
2 '-' 1cos/,(a-x)d '-=~ _!~e 4 , 

o aV t 2 

~-p •pnfuwrh'iJ urh'[UI'f·rblut/_ 'i.['tu (14) wrmwJ>UJ[UWL/UJIIl'ill!. , t/_hrY_hW 

~UI'iJw"f.kU uurw'i.m .. J h'i.J! ( 15) p'i.mb,1rwl/r •ur<lh.[!l!' 
00 

r - (a - x)' 

Se- a'i·"1cos),(a --x)di .. =J...l/ 2e -4:i2r, (1 8') 
0 2a Jl t 

fo'i.urb'lrwJp WJU w1,~nwt:.wiUJ"'{rltm'i•[! mb'l'"'ll'kln'f ( 12) l"'Jtfw'i. J'b
2

, 
1_hrl'i.w~w'i.w"f.ku ~u~nw'i.w'll.[!• 

t) = I 
00 -- < ~-x)' 

u( x, J tp (a)e 
4<>2t 

dJ: (19) 2a 11 nt 
-co 

IJ.Ju pwLwd.J.[!, "rl! ,,, l ""'-,/ t %nwunG~ pGmbqpmt, l•rh'~~f.s 
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'ilkr~-~wg'imuf t w'iofbrl dn'[nLif 2.brJmfllw'iJ UJwrw.J,/~'iJ tf_hrwpbr

IWL wntul"''l-rtl.-" fu'i.'lrP [nL<),._,j(!l 

'Jopmn'[n'-fJJnL'iJ: ""'rhfp t IIIUf.Wgnt.g/'l• nr U(X, t) /f.nL'iJ~-
9fWh1 nrf! nrnzt/_md t ( 19) p'iJurb'frW[nt/_, ( 1) (,wt/_wuwrtfw'iJ f11L.JnLd'iJ 

t- iL pw•fwrwrmtf t" (2) ul"'ltfw'i.p'i., h[Jb <p(x) /f.nt.'il~gpw'i. uw(,,/w

'ilwrfrw~ t" ( --001 oo) w'i.t/_hrt. tfpt_tultwJJ!"',f' 

''lwr'lb'i.J! ( L9) pw'i.waLp lf.f.'IH"'~"''i. ptfwum(!l 1-p~nwr~h'i.J! 

1
0, hrp-oo<x< x 0, 

<p*(x)= <p (x), ht•pX 0 ~x~x0+ t.x, 
0, hrp x0+t.x< x<oo 

_ (~-xJ' 

u*(x, 1)=--- soo <p* (a) e 4
a

2
t M 

2aV nt 
-oo 

(2Q) 

(21) 

4o nL'iJ~gpw'iJ ( / ) t:.wt/_WUUifdUI'iJ [IIL<Jnt.J'iJ t I nrf! t==O 'Jb"f.J!IILd uurw

'iJmJ' t <p(x) wrJb.[!f!. l lhzw'lrmfi'lm'i. 'lwrd.'i.hlnt/_ (20)-p t/_rw, ~wrh

j_p !; 'irh L· 

(22) pw'i.wd/1{! lnW[fU t lhf1dWUU1f-6.w'iJp wrdh.[!{! dn'[p ~burnLd Jw

~lw'iJUI"" gw'i,~wgw.J "f.wr.p'i., h{Jh 1=0 'lb"i.J!"'-,f dn'ln'-J wtfh'i.mrb-1! 

lkrtfwump-6.w'i.l!' u*=O, P"'9P [xo. Xo+6x] (,wur'l.wdf.s· nrurhtl WJ'i. 

(,wqwuwr t cr(x)-p: (22) urbu.[!p y_hrtfwuurp-6.w'b'i.hf'p '1"'-J'ur'i. !;l urw

LP" {; (19) l"'-""'df!t t~wmh'i..[!, nr h[tlh r-'i. dn'lp 'l.Jwlf.'i. fumnt.fdJnL'i.'iJ 

!;, c-t' 'i.tn'-fiJP p_bf'Jwr:.w'l"f'JIU~w'i.n'-fdln'-'i.(!, WUf.W [xo, Xo+t.x] (,wm

'iwdnL,/ y_b[,fm{JI"''i. J!w'i.r"ltn'-ftlln'-'i.l! t=O •th"f..[!""f ~L/•'i.f.. 

L'.~Q~<p (Ot. xpc: 

/lJ'iJnLJ>bmf. 'ffUJW{'~b'iJJ! (,bm/IJW[ /f. nL'iJ~gpw'b , 

2aV -:-::t 

(~-x)' 
--:wt 

e 

(23) 

(24) 
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U.!'iJ flu1J'/11J'unnbl1"/ (22) flw'iJ,,J.I,ft w~> J'wufl fl/,m /, {:, 1112•L/• wn~ 
'kh[nlj (64 )·c, wum J' b'b, np w!'iJ mwlfr" I; r_hptfwu.nfduu'itf. mpJb.f!{! 

J.ntzfr JnLI'"'.fwh}_JIIL{' ~hmmJ' JwJ'w'iJwlffr yw'iJ~w ,qtutt t u1mt:.f1'iJ, b(rlb 

1=0 'lb"f.[''ILJ' !; flwmm tflnuf ( uwflJ'm'itwJf.'ii 'lh"f.['/!. 1 b/'1' LlX --+0) b'lbl 

I; Q=cp p_hpJ'nL{rlJwh .pw'iJw~nL{rltnL'iJ'iJ 1n'ithyn'l r_hp1fm{rl!'uh ;u!l~'{rlmp
(rl w Jfr'iJ w 'lP J"L£'1 

§ 8- lubfl~pblip, npn\t-P. l!lipnuf tb lwunwu~ hwl{wuwpuwb tntbnui~tpjJ 
hlimwqmnntpJWU[!: U'WJPWJ~b fubiJ~pblip~ !hw~hpUJntU[! 

U.t" ul"'f'W'frwf/>,LJ' ~.p'b'i,wl'~tfb'ii ,!fr .J]m'bf, fr''iJ'If't'"'''''' "r""'.JJ 
pl.pnul b'iJ 

(I ) 

lwunmu p fiutt{ wuwpumli L"LJJ'm'i'l!' f>'ht_u1b, w1,7 !i'iJ ~, 2 ,JbL 1;, ( 1) t:.m

tJwuwp.r,,t J.wfu 1fwuc 'uzm'bwl/t/_"' J' I; 

<J2u a2u a2u _;-:, + ,~ - ., + -::;--:.---~ u, 
ux· C1y' uZ" 

npmb'l t.~t ~nJ_tj1nJ' I; lmUJtmull oujbpmmnp: l.m"itutn/1 r;.,,,,,,,fJ'Iu'itc · 

pwt/_wl'wf'"'l u f/>IIL'it~ypw'iibrc ~nttfmJ' b<u fimptfnlir!l ~mGl1glm1G.bp: 

I. J? b {' J' UJ u Ill fr (, w 'it II II Ill Illy II n 'iJ w r (~ Ul!" L ·, Ill.'! t/w,}) 
P UJ z/u II L J' I! r; UJ J' UJ II/; ll ,j' IU (' J' b II~ J'1 '1-frynL./] nL'iJhbJ' [J t;luJ'w

uhn J'wptfj1h, "{'/!. umt;J',u'bw,Pw~tfwJ I; '::1 1fw~bplu11 !fi"'f: § 6~nuf 
911LJ9 I; ln('l/h[l II[' Jmf11f'i1p lnUJf'f'h(' f/.iu,/l[tiiLJ' r_f•pttllllllllfri.m~ ! (! flW•· 

"'" {'UJ ('."LJ' I; 

au =a~ (d2U + a2
u + (J2U) 

at iJx 2 dy 2 Dz2 

flwtj_wuwptfut'bl!.' f:(rl/:; "if"19huf! f[WJnLbUJyl{ruJ 1;, WJufr'it.p'i.' h[rlh p_h[1-

J'wumfr6.m'bl!. ~ulfrJI/_mJ t_l; <fwJ'w'bud/f..'J• IUJ[ f[w{rtljwJ I; t!frmt'it ,f1u11J''iJ{t 

J.hmhrfr '"l"l'"'l'bwm'bh,··fry, au ~o I "h l I f I .., 1 -r WUJ'" u~ " 1n ••npwJI, l."P' wum 1 .... 

dt 

{w"f[Wup t;III"WIIUJ(Itfut'iJ{!I flpt'f_filn[p ut [" 

p_hpJ'wumfr{,w'iJc "1'"21//t 11frwtttfl;.p1 Ufhm.p 
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(I) 

r;""'"'""'f'"l ~rt~9 ~r"'I''J''i.t,l 1! 

I; frll w'iJ UJ[ l''lltfllttttnfr{,ut'b[! 

a J'wflbrl""!flf• '"'"" Ut""'P"'"{' (1) r:,,"f"'uw1,J'w'iJ t:.wJ'mp Jwu•wJfr'it 

fu'ii'ffrrc J.bwqb['Uf'/111 J' I; mtu"fbu: 
CJ•m'iJhl wJhu[pufr u(x, _y, z) f/>nL'iJ~yftw, "{'/!. C Jun/_•u[p hUpunuf' 

pwt/_wl''"I"'LJ' 1; (1) t;wtjm.umptfw'bc b a ,fwllbf'l""!flfr tmrw.pw'llumr 

M qhmuLJ' c'iJ'l'"'iJnLJ' I; lniiiLwJ IU['Jb.[''i'hl'l!.• 

(2) 

U.Ju fu'll'ffrrl!. qni•/_1nJ' I; (1) t;wt/_wumrJ'w'iJ t..wJ'wl' '1--!IJlll!ntbll !nliql111 

~wJ' UHHU2PU ~WJ(lWJ!lli )uliqpp: 
f:[rlb J'mp1l'ufr J'111 ~bltf<mJflfr t/_pw ~b,,f wumfr(.w~tb wV>wtm I;, 

fru~ Jut!ibf1bm lflfr JnLIIW.J!'!.''bl!"'f ~bmmJ' 2brtfwtfr'll ;:,,,.['/!. r:.mtm'llfr 1;, 

' au ( h § - l f ll 
['';,_'1, "f"LJ' w(ll r:.wJ'hJ'wmmfttuh I; on -frb m '" ~>,~, Ul"(lll Cl I UJ I i-

pfliiLJflfr t/_pw (2) JluJpwJfrh UfWJJ'.,,'bfr 1pn{uwpb'iJ fttnbli'iJw'iJ-1) t;hmiLtwl 

UfWJJ'w'itl!.• 

au\ =·;;*(M): 
dn!, 

(3) 

(1) t;wtj_wulup.fw'it (3) Jmu•wt/>'b l'{tu!lfm'iJ'i,bpfr'i. ptut/_111 ['"'11"'1 [ 111 ,},L,rf! 

'l:m'hbl"'- fu'h'ffrrc !1nt_IJrnJ' 1; vbJtfwGp )11Gq[tp t1wJ bpqpnpq .)mJpmJpfi 

Juliqpp: 
b[rlb- r1frmwplf'/nLJ' ~ p_hf'J'wurnfr{,w'b'bbl'fr f•wzlumJI!. C hllf"'"f:J11t{ 

uwt;J'whmrflw~r[mtt D t;wfr{IJ "'Pf""Jfllluf , tuU(IU U f/>mhfJyfrwb ~ut{ut[wd
~Lfr'ufr x h y hp~nL fnr[m{uwffluh'ilbrfr.'l m lwmt/_mpwpfr 

a'u rJ" u (4) - +-= 0 
dx ~ ' oy l 

l;,w•fwuiupJ'w'bc, "llfl fl"l'/_"uf I; l,mullw'1/• t;u,[tuuw['IILJ' f.w!'{IJin{IJtm'i. 

tfrw: (2) ~wJ (3) OIUJrwtfr'b UfW!J'uJ'b'hhre "~""'.[! I; mhrlfr IIL'l,l.tw'b c 
luzrw'lo fr '{rw' 

II. ~ h 'l n L ~ fr ~ w J' '1: w q II "{II , b t .'] fr Ul l r; n u .[) e: u. 'iJ-

[u 'f h [ /r n L{rJ! W t r; UJ "UJ II W f II L J' (!I 'l•frym[! ::l rfw~hpfuntfdllll uwfl

J'w'iJwtfrm~t/_wJ Q Jwtfwlfr 'bhpuf! {J'wu'bwtfnl""Ufbu ~J~'iJ f[tU['"'l /; Jfr'hhl 

iL w'buwr:.Jwhmlfrwl_,) 111urnwl"f""l ~- t;hlf"'~P 2"1/'dmJ't '1-p.fJIIL,f] r;~'iJ t:.h

'l"L~fr fumm {rJ JIILh'iJ /;t ~h'lnL~fr WfW'f:l"-[rJ f"L'i.,/!. '1, zw'iJtu~},'iJJ' 

r • '+ r .~ . T ;"'} \=\,! 'v yJ i- vzn, (5) 

V tj_Lf["'"{'/' Uif'"!/;1/HP"''iJbp'iJ L'iJ f/rtri["J-P'illumtu
~~ J,,,ftnLJ' Ulllut'i!J.'iJwy'iJh'iJJ! W fn.pp arut/_•u[, 

I; S J'wftbl'I"'L.t{rin'/.: S J'wlfhpbnL[{rJ/• J"'f'w-

npmh'l Vx~l!, Vy-1!. Vz-{! 

Jfr'ii mnwhg.p'bf,p/1 tfrw: 

"f'l!. uwt;J'w'ututfrwl/tfwJ 

.[!w'iium r t-s mwppn1/ ~t J wJ' wh wf[wJ' fr 'l" ,'/"L J ~wh y'i1 /r 
t.Q=? r n t.s t.t 
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lib'l"dtfr .pw'bw~nL{JJm.'b, nrmb'l n~e S J'w~br!..nLJ{Jfr wrmw.pfr'b 'bnr

Jw{nq nL'l'lqwJ- J'frw'lnr 'l.bitmnp'b l,;z Z,b'lnL~fr Q L!'~~'lflw'bmp .pw

"kw~nLfiiJnL'it[!, nre J'ur'untJ' !; (l) dw'lwl {~wtf flnunLJ' !; (l) dwqw{fr9)• 

oupmwC.wJmqmJ' !; t;.bmi.Jwl fr'bmL'Ir'"L""-• 

Q=M \('pvn ds 
. s (6) 

{ mbu XV 'ILfuP §§ ;j /.. 6 }: (0 Jw'lwlnLJ' flb'[nL~P .pw'bw~nLfiJJnL'b[! 

t "lwC.[t'it b'lbl I; 

lomnLfJJw'b tfrnfnfutri.[rJ/w'it z'bnrt;,[tq t:.t JwJ'wiJw~wJ'pp_n911LU f.b'lnL~" 

$"' iJ wff"L fiJ 1 tiL 'it L! /1 tfrn /u 'ifr 

JhJ-mfJJwJ'p: 

f;'bfrlw'll'bln'l.• "r w .)w1_wtmJ' t~w'it w'l.PJ'nr'bbp, hqpf»~ws'bnLJ. 
b'iJ.p, 1/r WJ'f tfrnfn/UnLfJJnL'ul!. '-'f1UJJ'w'itw1_nr1_u.d I; {:,b'/.nL~fr flnu.pnq, 

nr/t .pw'btu//1!. nrnzt[m J' !; (6) flw'I.WuwrnL{JiwJpt 4wqwuwrbs'bbtn1_ 

(6) /.. (7) r:.wq/UuwpnL[rltnL'it'itbrfr •u2. J'wubrl!. /.. ~r-6.wmbtn'/.. M-nq, ~eu·-

\) p -vn ds = (' (' (' op dw: . ,,. J J J at s w ' 

(2) 

!Jwfttw~n'lJ'Iw'it ftr~'bwU[wmfolt p'itmb'lrwll! ~h.wtfrnfuh'it.p cum Oumrn

qpw'JuftnL pw'itw~!.ft (XV 'ltfu/t § 8): /11'1 'lbUJ.pnLJ' (8) t:.w'lwuwrm

fllm 'i.e fte'i''l"L""/t 

. C \\(Up - di v(?v) )ctw=O 
J"" at 

'" 

urbu.ee: Ul J-wqwlfr 'ftwtfwJwllw'it Lfr\,b['ll.. /.. b\,[rlwp'itmb'lr'"Lwlfr'b lf>m'bltw 

gfrwtfr Whf!'b'J~WinfiLP.JW'z., z'itnr;fr"- uurw'itrJLJ' bh.p. 

Oo 
-' -div(pv)-0 
ilL 

(9) 
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ar a a a ---(PYx)-- -(pvy) ·- -. (~ vz)=O• at ax oy dz 
(9') 

Uw I;L t;.b'its ubtpftlniJ. Rb'l"'-~~ nnu~{1 wGj1Jq_LtpmpJmfi fimtlwum· 

pm.!IG li: 
?-" In, 'l n L (rl In L. 'b: lfp .pw'itfr Ju'it'fl•r'~~hrmJ', orf•~JWif, Ulnllr-

brltri/U ,}w~ntnltb'b Jpp_w<Jwtr"LJ' 'fbUJfr r:.nrwmw'bs.f!l!. 'itunJ(rlft ~w.i 
'fW'{P zwrifJ'w'b '-'fr"shu[! .p'it'itwr~h~pu, ~wrhtfo I; f/lllfnL'b/;l 

k 
v=--grad p, 

p 
nrmbrl p-'it f.'bztrLJ'b I;, k-'i.' {Jwtfrw'it,'Jblft"t{rlJwh 'f"rdwi/P9/!• h 

op , o P 
-.:=:::::;A-, 
at at 

A=cons t: Sb'lw'frbln'l ( 9) w'bfurlbLJ.tmfJtw'b r:.w.JwuwrJ'w'b Jb2., ~eu
urw'l.w'it.p . 

- ap I.-+ di v( ko- radp )=0 at "" 

-}_ap =!._( k ap) + ~( k ap) +a ( k op )' (tO) 
ot ox ox oy oy oz oz 

bfrJb k•'b r:.wUtniUinfll 'it I; I WUJW LUJU :r:./UtjtU<IWfltiLJ'~I f!.t'frll'bfltJ I; t:.h-

11>/._t w L mh.u ./!['· 

ap k (o2p a?p · o2p) 
at= ---:; OX2 + Oy~ + OZ 2 1 • 

(11) 

/._ ' J'h'b.p 'fW/Jtu h'b.p 2.hrJ'wC.w'l"r'f'"ft•u~tm{rllw'b f.wtjwuwrJ'w'it(!t 

'1-wn'i.tut'i.t.p (9) :.w,JwuwrJ'w'bl!' l;frJ!. t:.b'lnLftf! l"b'l,f'/"'l I;, WUJIU 

p=CQOS t, Op -0 f. ( 9) r:.w'l.wUW['fiLJb f!'z.,'/m'bnLJ' I; 
. at 

divv =0 (12) 

tnbUJ!f!l bpb ;wrd11Uf(! Uft1111b'it ,'JPWf1UJ(r'b I; 1 Wlllftil.p'iJ' V tjltlftn"('{! J'[t 

"r"Z tf' lf>m'itlls/•wtf• 'IP""Jfrb'bm'b I;' 

t '=grad tp, 

&ULIJIU (12) f.wqUIIIW[IIILJ'b {!'z.,'/m'itmJ' I; 

di\·(grad <p )=0 · 
!47 



a·, o1, a~, 

~+ iJy2 +~-0 ( 13) 

mbu.J!/!J "'J"P'j,J!'j,' ' "'f"''lm{JJw'b "inmb'b9/t"'L"'J/>'b q,,._t/19/t"''b "ibur.g 

t P"''l"'f'"'l'f {w"il"'"/' t:.w'/wu"'rJ'w'b[!r (;"'"' fu'b'l/>r'hbrmJ', f'bt."ibu 

or/>"'"'~' lf>frL"'f"'9J'"''b fu'b'lftt•'hbpntJ, 11"'f''lf t f!h'l'"'bbl 

'l:=- k1grad p, 

nrurb'f p•t 6.'b;mJ''b (-, k1•[!\ r,UIUU.UIU.nt'b(!• UIJU '1""/.j!"'J' -6.'bzmJ'(! npn-

2hJnt- r.w,fwp uurUI'bmJ' b';,J!• 

()7p iJ2p ' iJ2p 
()x2 + ()y2 ~-~ 0 ( 13') 

I."'"il"'"" ""'""'""'f'nLJ[!t 
(13) 't"'J' (13') r,"'""'""'l'J'"''b r."'J'wr f1.wJr"'JI•'b "i"'JJ'w'lt'bbp 

LJ"'r"'l b'b Lft'bbl t:.bm£J"'L'bbrf!• 

1. o J'wt,brl.ntJfrJ/• •/r"' urrtJmJ' b';, 6.'b2J"''b p lpm'b~9f>"'J/> "'f" 

Jb.J!'hbrf! ("lwJJ'w'b (12))r U"' '1-frr/>fttlhfr fr•'b'lff''b t: 
up 

2. o J'wl1br""'JIJ/> '/£'"' wrtJmJ' bt-:- 'i.nrJ'"'L "'"w'i.sJ"'LP "'r
dn 

Jb.J!tb1.f!, "'Jufr'be'it' -r•Jn"l I; """J!f! J'"'i/bri,,'-Jftlfr •lf'pnt/ ("I'"JJ'ut'b 

(3)): u"' tb1""'"'" fuil'lfrt b ·• 
3. o J'w'fbpl.ntJfi/1> J'fr J'"'u/> 'lr"' "'r"-"L'f b'b "l'"'btJn'l l.'ilzJ'"''b 

p lpnt'b/wfrwJfl wrcJb.j!hbpf! 1 fU~ J',u/fbp/LnLJ!Jf JJnLU J'UIUf t/r•il "'(!('" 

(}p 
"mJ' b'b -- 'bn,.J'wl wdUib9J"'IP wrclb.J!"''('{!, UIJufr'b.J!'b' r.nu_fp J'UI .. on 
'tbr£m Jfll> J'frpn•J: Uw '1-f.r/>/>•Jb· th1,r,,'ltfr fu'h•Jfrr'b b 

G(tlb 2"'rclnLJ'f! ""'rfJ-q"L'fwC.Im t, "'Jufr'beh' ' (1/"'J p) lpnL'i.~
Sfr"''b 'tw/utJwd tl; Z·f,'l• "'"I"' IILNUI9tJ.nuf (- (w"ilwufr f,"'tJwu•urnLJ'f! 

C b'll'w'lfrd m'bb9"'l D hf•'tl"''P "/>rmi[Jm_J', 

(}J' ' az, - -·- -=0: 
ax~ ' ay 2 

( 14) 

(2) "'P"IP J"'!I'"'Jft'i. "i"'JJ',,t'i.hrr. (?-f•rfrfttLbfr /"'b'ffrrl!) 1L"'J' ( 3 ) 
"i"'JJ'"''b'bbf'l! (tbl,f"''bfr fu'b'lfrrl!) urrtJmJ' J,'b C b'II'"''IJfr •fpwt 

III. u.,"'9frn'bwr tlb'ttnrUI~W'j, t:.nuUI'befr "i""'b'b9fr"'

lf!' 'tfr9"'J! nr£1; v dwtJUit m'bb9"'l r:, .. ,J'wubn J'/>pwtJwum•J' w'b9 .mJ' 

t tlb'tmrUI~UI'j, r.nuUI'b.[!t nr/> /uwm{tiJtN.h(! jnl('UI.[!W'bl.Jmr ~bmntJ Ln(!('

'/mJ' I; J(x. y. z)=J xi+J )'j + Jzk ""''"'"('""' b'bfdut'fpb'i.J!· "r r.n
IIUih.j!f /uLnmfdJIII h(! ,,UI,IIILUJJ zl; t clw.lw'bw/lft91 IJ.J'hlll t:.hLnfL b'bfilw'l-
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pbh.j!J nr 'fftur1Uf~1n'f f1.wt/UIJnLJ' f_,~Uih t,,uwh.J!/t "''fPJntphbpt l_bm£UI

I'"'('• J ""~-nrfr r.n"J!f! v ,."'""''" 'bbpu'b f!'b~wJ. 9"''b~w9wf1. s "'"'~ 
.t"'~brltmJ(tlfr J'frpuJ r,"'""'""'r ~Lfr'bfr 'll'"Jf· 

JJJnds=O, 
s 

"r"'"'f n-{! J'UI~bpfLntJ{iJ/t UIJIU.UI.j!f'j, 'bnrJ'wJnt/ nL'f'ft/wJ J'frwtJnr tJb~
U1Nfh t: Ouurpnlfriii'JU~nL pw'bwai.Lfr9 b'lf'"'~"'9'bmJ' b'b.j!, nr 

divJ='), (15) 

Ot:.J'fr l!'j,'lt;"''j,l'"'9""',. opb'i.J!fr t.frJ'w'b tJpw nrnztJmJ' I; 'lf"'W[I~
•Jn'l r.w'l"l''l"'l J'frp_uttJ"'JpiiLJ' E /;Jb~"'l'"'ltw'b nLcl[!• 

E=Jj'A ( 16) 

"l'"'b'l A·'b J'frp_"'t/"'JI'f r,"''l"l''l"'~w'bmfi'Jmh'b /; 1 "l'f! t.wJ'wpbJnL b'il.[! 

fl"' uur UILn "'-ht 

{•Jbf/Ln('UIJ'UI'f'j,fUUI~UI'j, 'J U12Lnf {!'j,'ff,UI'j,NL(' r,UI"UIUIU['IILJ'bhpf•9 t:.b

Uif.ntJ' t, "r bf!b -,pn9 buf! ""'"'9 frn'i."'r 1;, "'"I"' E tJb~"'"l""~"'-;, 'lwz

"'l! w'bJ'rri"J"'Jf'j, 1;, "'Juft'b.J!'j,' rot£=01 ll.Ju 'fb"/.j!nLJ' t:.wJ'w'bJ'w'il 

'bp"''b, fr'bt J'b'b.J! mtbfr'bl! t:.b'lm~fr "'1'"''1"'-fiiJnLt'bbrfr '1"'2."'1! 'lf"'wr

'LhLfru, tJbll"'"l'"'~'u'b 'f"'21nf! "inurb'b9f"'L"'Jf'b I; ( .,bu XV 'lLfu/• §9): 

<J•nJtnfi'JnL'b m'bfr UIJ'j,"/fUf ' lpmb~9f"'J nr 

E=grad,, 

( 16 )~/r f.pJ'w'b 1_pw uww'b11LJ' h'b.[!• 

J=Agrad,, 

(15)~fr9 L (18)~fr9 t:.bur£mJ' t 

Adiv(gract,)=O 

""'"'9"'';,.[! {w"il"'"f r,;,""'""'rmJ'f!' 

(17) 

( 18) 

( 19) 

{mdblnt/ "'J" t:,"'""'""'('"LJ'f! t,"'J'w"i"'"'wufrtUI'b J"'JI'"'J~'j, "i"'J

J'"''i.'i.brfr 'lb"i.J!"LJ'1 hur'bi,';,J!' lpm'i.'tsfrw'b, fru/1 (18) L (17) pw'b"'

at.bpnt/ ,,'lm'bl.,';,.j! J t.nu_f[! " E ~Lb~Ln[IW~wb mel{!/ 
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§ 9. lwunwult hwqwuwpnui[! qtw'umJ(l'u lJnnpq(l'uwm'utpnq: 'l!lp(lJuttJl 
Ju'uqplt lnLbnui'u WJ'ulll(lu(l ortmltlt hwliwp, npJl 'utp~(l'u I.I wpmlil~(l'u 2P£111· 
'uwqbtplt qpw npn'uqnrt :JlnL'ultgltw'u m'u(l hwumwmm'u wpdt~'utp 

'~-I•!JnL.J! u( x, y, z)-e Lrh.e ·frn•f•n{uwl,wi/id•rfr r:.w,.J','j,,, ~ :PIIL~,, 

sJuu /;t 

ll.Ju 'lhuunul 

tPu + u~u + D2
u =O• 

Jx2 ay' az2 

1/mJ-h~,e (r , ~' z) 'llw~wJft~ ~nnr'IP~wm~lirl!· 

x=r cos~, y=rsin~, z=-=z, 

x, y " 
1/'lm~b~.e u* 

~ '-=arctgl, Z=Z• 
X 

z w~~w{u •/•ntfr~ {uw~w~~brf! •frn/•""1'/'~blnt/ 
t/> m ~lfypw~. 

u( x, y, z)=u*(r, ~~ z): 

(1 ) 

(2) 

'I• Ln~b~.e W~~ f;wqwuwrllllf(! t nrfr~ ~pwtfwrWf•fr u*(r, ~ - z) 
:f>nL~ffyf>w~' nr"fbu f, ~ /,_ Z LUr'flltlfb~m~brfr :f>m~fjyfrw : 

n .. tb~e 
au au* ar a u* a~ 
-=-- - - +- --- - , 
OX a r a x U~ 0 X 

a2u azu* 
--=--: (.5) 

az2 ()z2 

a r a r a~r ()2r 0<!( a~ a"~ a2~ 
-, - , 

iJx 2' ay~' 
- -, --::- J -· ay2 · ax ay ux oy ax~ 
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, f..w.l~r •urLnwC.wJLnntfiiJ"L ~~/s1,e 'fLn'iJtuJ' b'i..,e (2) r:.w'l.wuwrm{JJm~~b-
t.91 9-mJ'wrbln'l (.1), (4) £. (5) t:.w'l.wuw('nLfill"'~~brfr wp J'wubre £. rt· _ 

'lnt..loure f;UI"UIUUirbs'iJhln'l 'lrnJfr (,ew'i..fr nr(ll • fr (,UIJ'LUaLU,..,_, LUJ'I f.w-

"LUuLUrnLfi/Jnt'i..~brfr d.wfr. J',..ubrfr 'lmJ'wre t:.wqwu"'r t 'lrntfr), uLnw

flnLJ' b~,e. 

a2u* 1 au* 1 a~u * a2u* 
--:;-2 -! · - - .::.- + 2 ---:;--:;- + -_;-2- =0: ( 6) 
ur r ur r u~ uz 

Uw t 1 r:.b~IJ lwuuwup. fiwqmuwpnu.lli k' <nlUGwJldi qnnpqr
llwmGbpml: 

b[Jh u :pnL~~yfru.~ ltu•{u'l.wJ J.t z-frs " ~wfu'l.wd- t X-frs ,, y-frs· 

LU~ J'fru'J~ r-frs " ~-frg ~"'"'"wJ- u* :fom~~sfr ... ~ P"'tfwrwrmJ' t 

o2u* 1 au* 1 a~u* -+--+---· =() 
dr2 r ar r2 a~~~ 

(7) 

"UI"LUULU(IJ'UI~{!t nrLnb'l f-~ /,_ ~-~ f.wrfilnLfiiJW~ 'lrLU pl.t.bnUIJfr~ ftnnr

'JfrflwLn~br~ h~, 

lJ.JdJ' 'fLn~b~.e ( ... uuwufr r:. ... "IUUwrJ' ... ~ lmJ-nLJ'(! KI' x2 + y 2=R12 

£. K2' X~+ y 2= R/ 2rl"'~UJ'lJb rn'l uwf.J' ... ~ ... "' ... ~",...,. D LnfrruLJ{J~ .. J' 

(o'lw~nuf), "r~ [!~'l'lf'~nuf t f;I.Lni.t.J"'l dwJrwJfr~ wrfib,e~brf!• 

ulk1=ul' 

u ! k ~=u2 , 

nrLnb'l tJ 1 ft u2 f.UIULnWLnnL.~~br b~1 

(8) 

(9) 

lu'i.'lfrf'f! /flntdb~,e pf1b11wJfr~ ~nn'lfr~LULn~brn'l.t f!Jwrq t-, nr ~UfLU

LnLU~Uif.LUrJ'wr t nrn~bl WJ~ LnLJnuf'i.brel nre ~wfu'l.wJ- l_t" ~· frs1 ll.Ju 

'1-b"f.J!nLJ' ( 7) f.w"wuUtrmJ'~ [!'i.'lnL~ntJ' t f;bLn/..Jwl UlbU.J!(!• 

a~u +~1 au =0: 
iN• r ar 

ft~Lnb'lf'bln•J "'Ju t:.w'l.wuwrm J'e, YlfLn~b~,e• 

u=C1lnr + C2: 

(8) ,, (9) UfWJJ'w~'i.brfrs nrnzl.~.e Cl·f! b c2~ 1!· 

u1=C1luR1 + C2, u2=C11nR2 + C2 : 

U.JuLnb'lfr9 'fLn~m J' b'b,e. 

(10) 
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C1-/r h Cz·fr WfU wr<lbJ!'ubre UJL'lw'll'bl'"' (10) pUJ'huraL.p .n2, 

.Jbr{tuu~"''i"u"lbu uUJtu'bnuf b'bJ_J• 

( 11) 

't fr m n 'l n 1 (cl! n t 'b: <Pw,tnnrb'b JL'b.[! L"' Jb9fr'b.f! f.bUJit !wl /ue'b

'lfrl'f!' 9-m'bb1 "'t"""lfrufr u /f>m'ht19r"'• nre r=R1 • r=R 2, z=O, z=H 
.r w~b r"-m tP"" b rntf ( 'ftw'hw tfr"" 11nn r'l frtwm'h b rnt/) u w c..r "'""w'fr"'~tfwJ 
tnfrrmJfJmJ pm'{wrwrn•J I; t.bmlt!wl bqrwJfr~' "lmt'l"''b'bbrfr'b. 

au! - -0: 
OZ z ~ H 

('1-frrfrfutb-tb!J"''b" /u'b'lfrr}t U.~'hC.wttn 1;, "I' nrn'bqnrz lnu)m,fe ltwfu

qwd J./; nJ. z. p,IJJ nJ. l;l cp·fr.'l h tnrt[tn.f I; ( 11) pw'bwd.bn'{t 

§ t 0. 'l-~p~luth~ lu\nl(l~ [DU~OUIJ! 2_(12_WU~ hwtfwp 

·~frymp Oxy >."'rfJm/Jtm'h •trw nt'bb'u,e R zUJnwt{rznt[ Zl'2w'b, nrfr 

llb'umrn'bf! ltnnr'lfr'bUJut'bbrf• IJ~lfp'bmltbm'b 1;, [, nrfr zt'2w'bwqdfr t{pw 

urr'{"'J I; nrnz f(cp) /f>m'bltyfrm, nrUJb'l cp-'b p/,bnUJ.Ifr'u w'b~t"'"""" l;t 

f!Jw>.w'bpt/"'" I; qm'bbt u(r, cp) /f>w'b~yfrw, nr'b w'be'b'lf,"''n I; 21'2"'""" 
Jb7., tbrwn!"'L trw bqrw'ffrrJ£!, zr2w'ufr 'bhf'"l!. P"'tfwrwrnuf I; {w"J

lwufr f,UJ"WU wr.fw'iJ/!• 

[, zrtw'ba~'IJfr t{rw e""'l"'"""' .r I; 

Ulr =R=f(cp) 

tnrtfwd wrrfb,e'bbrf!' lu'ti'lfrre III'ILJb'ti.p pltbJLwJfr'b 

( 1) t.wqwuUJrm•fe qrb'b.p "'!'l ltnnr'lf•'bwUJ'ubr•"'{• 

iJ
2
u +-1 au + l ~~=0 

or 2 r or r~ Ocp2 
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(1) 

(2) 

( 1') 

{~tuJuuf(! ltnrn'bh'b.[! •/.nrfm/umllw'b'bbrfr w'b7.wUJ.ftu~t Jb(cln'lntf, l!u'lm'bb

Ln'{ 

U=<P( <f )R(r): (3) 

r2<P( cp) R"( r )+r<P( cp )R'( r )+<P'' ( cp )R( r )-0 

(4) 

.Pwtfr nr WJU t.wtfwuwrttt/Jtw'it d.wfu .ftuu{! ,,,,.ll,tud J./; r-fry, fru/f Ull_ 

t!wue' <f•fry, t.bUJ!Jmptu('J 'J/'W'b.f! t.wt/muwr b'b f,WUUJWUJitt'b flqfr, nrf! 

Jb'itp 'hzw'bwl{trL.f b'h.[! -k2-ntf: U.tu"lfrumJ, (4) t.wtfwuwpm/Jtm'h{! tnw

lfru I; br~nL t:.wtfmuwrrnJ'bbr. 

<P''( <f )+k2<P( <f )=0, 

r2R''(r)+rR'(r)-k2R(r)=0: 

(5) 

(5') 

(6) 

(5') /;wtfmtJut,..fm'b 1mJm.fr ~n,.n'bb'bJ! R(r)=rm UJ!w.pnqr (!j')·fr Jbp_ 

tnb'l'wlrbtntf R(r)=rm, ~uUJw'iuu'b,e. 

r2m(m -- 1 )r'11-~ +rmrm- 1-k2rm=0 

{;,/ IUJ""I"", ~Ill L,.~,. 'fdn,.L'b w'lt~w/u .rw .. 'bu,fnr /.nl J,ul'bbr' rK " 
r-~, (5') t;"'qwuwr•f-u,t 1_,t'lt."'t"'r 1,,,),,fl! 111 fr'bfr. 

R=Crk+Dr-k, (7) 

(6} [, (7) wrrtnmt.mtm mfltnt'b'bbrr mb'lw'lrm J b'b,e (:J )-fr Jb2 

u,=(Akcos kcp+ Bk sin k<f)(Ckrk+ Dkr- k), , , ._(~) 

(8) /f>m'b~gfr"''h lufr'bfr (1') t.u,Ju,,wr•fw'b 1mdmJ k-fr 'll'"!frtl mwppbr 

9"''b~w,qwd w(tJb.f!fr 'lb"IJ!""'' hflh k=O, (•i) /, (5') /;a~•fmu.;,r;;;~f-._ 
'bbr'b f!'b'lm'bmJ h'h' 

<P'' ==0, rR''(r)+R'(r)=O, 

(8') 
mbuJ!f!' 

{n.Jn.JI! "lbm,e I; tf'ifr ~-ft "1 111 /'Phf'"'~w'b q,,,'iJ~yfrw, ,ew'bfr nl' f·/r Jfr!.

'bmJ'b wrJb.pfr t.w.ru.,. 'f·fr h 'f+2n-fr 'lb"IJ!""' ,f/;'b.f-1 "lbUJJ! t-m'Lh-
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'hw'b.e J'p£. hnt. Jh lnuh.t.J' [!, n rn.[f..l,n/._ ,, .. nw r~1, .. J' I; 2rl_w'hJr J'pb.'hm 1';, 

~bu.er flt.umJr w~'bf.wtm b nr (8') pw'hwdb.nt.J' "ibm,e I; tJr'hJr B0=0r 
IJ.Jhnt.f.hmf.., J'b'j,./J nrnhm.J' b'j,.[! 2f'1_w'hp J'b2_ Whf!.'h'Jf.wm J.. <{b("l_w<{nr 

lnu},._J'[!l ~burl..wpw[', 2['p_w'hp ~b'hurrn'hnt.J', brp r=0, [lll<j,._J'[! "ibm.e /; 

Lfr"bp qbpt_w</.nr I.. m ump (8'} pw'bwd.l...nt.J' "ibm.[! I; Jphp D0=0, Jru~ 
(8) pw'bwUmJ'' Dk=Or 

u.l""iP"""-· (8)-Jr Wl_ J'wue. 'lwn'b, .. J' I; AoCo wrmw'lrl"'l• nre 

Ao I; 'hzw"bw~b'h.e --n1.z •1 "'l""ibu, 
2 

Ao 
U0=-r 

2 
(8)" 

l!br fu'it'fl'P lm.dnt.J'f!. ~w'l.J'bl"'- b'it.[j (8) mbu.eJr lnuh~t.J''hbrJr 
qmJ'wrJr mbu,enq, .pw'bp nr l"'-J, .. J'"bbrJr qmJ'wre lnulm J' /;t 9-nt~ 
J'wrf!. "ibm.() I; LJr'itJr 'f·l• "iwrpbr,.~w'h q,.,._'hltsJrwr '1-w "'J'I"ibu ~tJr'hJr, 
bfib 1"'-l'w./Jw'hlJmr qnt.J'w('blJr lfbp 'f•p "f_UI['Pb rwllw"b f/>nt.'b~spwr 
'1-pw f.wJ' "'[' k· 'b "ihm,e I; l!'b'fm 'bp wJ'pn'f?. •urJI,.e'hbrr (fAtwmb'h.e, 

nr b[ib (4) f.w'{wuwrmfllw'b J'wubrl! f.w<{wuwrhs'hbi''h.() +K 2 
{tl1.Jr'h, 

w"iw "iwrpbrw~w'b Lnt.J,._J' tt""'h.f) umw'bw )r ltwrn•f £';,.() ,,wr:.J' w"b"'~ 

qrw~qbl J'pw1'b 

k=L 2, ... , n, ... , 

wJ'pnn wrJb.e'hbrn1, .ew'bp nr A, B, c. D qnrdw~i's'hhrp ~wJ'wlw
t,w'h LJr'hbt"'- z'hnrf./,[ k·Jr pws•uuw~w'h wrifb.f)'hht'l!. 'hnr J'wu'bwq"r 

tnt.dnt.J''blit' tb'h <nWJfUl b<{ wlu..,_hu, 

u(r, (9) 

(Cn f.wumwurnt.'hf!. J'ms1.wJ I; A11 -Jr I.. Bu-Jr J'bp_)r IJ.1JJ' An 1.. Bn r:.wu• 

tnnt.urrlt.'h'hbr'h c'iJmrb'h.p WJ'j,"fi,UJ n{' pw<{wrwr1Jr (2) dw lf'WJf'iJ Uf.WI

J'w'hf!.l 
(9) t;wr{wuwrn'-filwb J'bl mb'lw'lrbl"" r=~. (2) "iwiJ'w'hJr f.Jr-

J' w'b 1t•w uurw'b11LJ' b'h.e• 

( 1 0) 

(10) f.wr{wutU('nL{JJriL'iJ{! mfz'fp llt.'hf.'iJrulnL f,wJ'wr "f_fiUJ,JJ I; t nr f('f) 
lpnt.'h~!Ji'w'b ( -Jt, 7:) J'frt_wflwJ.[!"'-J' <{b['liLJ<{p :/J"'-f'/bp 2_Wf'.f)f /. "[' 
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AnR"·e b. BnR"-e ,,..'hll'i, 'hrw 3Jmrlhp 'l"rdu,~Jrs~'bl'l!' ~bwl'mf'"'l'• An·e 
/. Bn·[! "ibur.e I; "1'"2lJb'h f.bm!JII.UJ f''"'j,,,d,/,h/""1• 

1 \ 1 zr 
An=-,-. \ f(t)cosntdt, Bn=- f(t)sinntdtr 

rrK." L :n:R" .. 
(11) 

-T. · · ;"(' 

bq wlu"ibu, (9) ;wf'l!l!• "I'P 'l"f•dw~Jrs'hbre "('";1.nt.J' b';, ( 11) pw'hw~ 

aJ...brnq, 'll"'uJr zfhr Ju'hiJ-rP £11LdmJ'c, bfcJb WJ'h fi'ntJLWUl('IILJ' I; bt''t"'

w'h'l'"J' whiJ-•uJ' wu w"b'fu'J' ?-PfPbrb'hymJ' ( uw J'b'b.[! ~b'b.f) w"iursnt.~ 

9 111): £L.w.frnfub'h.f) (9 J pw'i,wd.L.cr An-/' 1.. Bn·/r 'P" f" wrb'h urb'lw'ft•b-

1nzJ 'hrw'hs (11) UI('UJWf.IIIJUIIII-fcJJmhhb('{! k ~WU1Wf'b£nl/ bnUI'h~~m'hw~ 

l_wpw~w'h dl..w,Jr n/unt.{i l"' 'b'hbr, 1/uurw'hw'b.e• 

I ~ 1 
00 ~. ( r )" 

u (r. f)= 2,, j_ f(t)dt-! ~n~I j f(t)cos n(l -·'f )df R. = 
- .~ -~ 

" [ . 1 ) • «> r 11 =-j f(t) 1+2.:E(~)cosn(t··'f)]dtr 
2:n: n~I 1\ 

- 7t 

( 12) 

, ~ ( r ) n 
00 

( r )" h -2 ~ - cos n (t - 'f) =1 + L - [ ein(t 'fl + e -ln i t- 'f'l]= 
n = l R . nd R · 

=1+11~1 f ( ~ ei(t-'f'J )" +(; e-i(t-~l )" 1 = 

!__ei<t -'f'> 

=1+ R ·+ r 1- -- e'< t - 'f'J 
R 

1- (1;)2 

1-2 ; cos(l-'f)+( ~ y 

_!:__e-i( t -'f'J 
R 

r 1-- e-t(t-cpJ 

R 

R~ 2 --r 
(13) 

• lJ.pmwJ,fw'b e'bfJwfJl!"L.! npn~n< J b'br. wJ'b w'btJht•£ bp~('w~w.pwlt"'~' "ll'"'l

('bupwJp 'ln<ofwp{'_, npp r,"'J"'"'f'"'l'f!. ,fb~pfJ •J•"I'f' Jn'lnL[ n< '1,/sfl"'l ~nJ "1/bl!u fJ/u/ 
(-, bp~pw~w.pw~w'b "ll'n'I !' ''"P"'J/• 'ln<ofwpp WJU pur~•wJ.Le wrmwJr{n<ol I; WJ.,UJbu, 

/:t'ripljbu 1.. ppw~w'b [Jtjbpp 'lb"ll!nLJ: f:'b'l upn<J "lh"'l! (- r.w2r/P wn.'bbt frt•w~w'b 

"'l''lnLJb'bu.p ~"J"llbl!u :j>nL ~~~fJP"'JP uwr.,fw'bn<Jf!.' lJ.;uwb'l "'l''l nr Jb~'"' (- n-e 
{anbu J ;,..,.,, Vii 'llfuP § 4): 
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{ 12) pw'bwd.£mJ' pwnwii"Lup tf•w~w'ldbp"Lif h'lwJ W[rrnw~wJurmfiJJnLh(! 
pn{uwpp'bbtntf. ( 13) wpurw t. wJmm{tiJmJ'p, ~uurwhwhp . 

( 14) 

( 14) pw'bwd.£e I/"1'L•nJ' I; ([)nuuunfip llfimhqpw[' U.Ju pw'bwilltft J!(!h

'kwt'~"•J'J.s ht'hhtntf. W"fWStny•fuuf L "I' /;{tl b f{ <p ) lpnLhlf9Pwh whf!h'l

r,wur I;, WUf1U ( 14) ""'"'"'lrwtn<J "P"Z<fUid u(r, <f>) :p mh~y/>Uih pwrjw

r"'t'"LJ' t- { l' ) r.wtf.UiuwrJ'w'he lr r-> R 'lb"IJJ"Lir u(r, <p ) ... f{ <p ), UIJ U

p'is,e'h' u(r, <p )-'b 2r 2wi.p r.wJ'w1, '1-t·rf.futbr fa,'iJ,11,t• l"u}uuf'b b 

'l-f.gm./1 Oxy r.u•rft1m{t11w'h 1.rw wr<Jwtl 

'kwfw~'/_Uid D urJ•rmJ[tll!. lr C b'll"u'id/r 1f•U1 
:[. nLh~ypwht fTJw~w'h21."u/ I; 'fur't.bl 

bqrwJ pi. "lwJJ' w'hp'b: 

d2u o2u - +- =() 
ax2 iJy2 

Swi.bu.J! "''LI''l'hhr/r hl'llm ei.mw'bf•.e' 

x=ih Lr y= kh, 

t" C hqpw'fJnq uwt.J'01w 

urptf.UIJ t- f W~l(!h'l \01ur 

( l) 

(3) 

"P"'b'l h · f! urrtf.wd (rJf,/ t, i-'b IL k-i. t.w2nr'I"'IIUJ'h wJ'pn'f2frlqtt r/_ wp

clh~'bbr: t,wubi..e, nr D urJ.r"LJftlf! JUJJ~r/_wu t gmlignl{_: flui/r'li.brJ. 

t:,;umJ'w'b ~bmhre llw'h,fw'hbi..e gwfigp fiwfiqmjglibp: 

flpn'btf.n'l :p,Li.~yJ.wJ[• ,(,urUJtf.nr UJrclb.ee 

X= ih, y=kh 

~hurmJ ~'t.zw'bUJ~b'b[! Ui,k"""' WJuJ.i..ei.' u(ih, kh)=llJ .kl D urf.rmtftle 

J'nmwp~h'it.j! D* y ru'uswJ[•h urprmJfl"•/• n1 (! llw'IJ'tf.w,} t" 01Jh P"Lnr 

.j!wnw~muf.i.br/>9• nrn'h.J! e'bllwl} bi. D mp[rnLJ{JnLJ' lr J'p .j! 01hpu't. Lt 

r.wmnrJ' hi. C L'll'UJ'lPt!e (•fhi'2P't,'t,hl'u 1/w/'blp t" t.wz •l/• 1wn~.ht)' U.n 

'14"1-i"'J' C bqrw•JPdf! J'nrnwrlltf.nLJ' t C* b'fr"''lt!ntj , "rl! llw'l.J'tf.wd t" 
( 3) "'P"Ifr IIL'ffr'li.brf• t.w m tf.ruJ't.b/'"9' C* bq[•UI 't ()fr <fru• ei.l,ruu J"Lrw-
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.J!Wh}Jnr f f.wh'lnr J9nl J' urWh.J! f* wpd b JJf!r tl['(! t.wtfwuwp t- c byrw

'f,)" mJ'!JiiJuJ'nur ~burnrJ' f f/Hnh~y/>wJJ. wrcJb.efrh ('iJ~ . 395)t 

flr,·;,.,,, f/>tnh~yf .. ut/> wpclb.[!'ubt'l! ,,,pmmplfb'u./1 J'f.wJh sw'byp 

t.w'h'lmJ9'hbrnLJ't />'b}_ufbu wp7h'b wutf.bl L § 6-tnJ' phhwf./ltf."'l J'nw 

urwtf.nr JL{<Jm1nuf w J w'ity jw/'bb/'1! •pn{uwr•f•h•/nLJ' b'b qbp2u"fnp urwp

pllrmftl J"' 'b'hbrntf.• 

Gl
2

ul 
,2 d] x- ih , y=kh 

ll i +I . k- 2ul,1<+ Ui-1, k 

h~ 

ll 1, k+I -2UI. k -l- Ui , k - 1 

h2 

( 1) 'JPtf>brbi.yJ.•ut r:. wqwuwpnufe 

fiw tlmuwpnufn4_ l1wJ' tJbptw4_np 
un4_ ( h~-nq '"'6.u1Urhl'n9 t.buru ) 

,,, ,, wr ''"''LmJ' I; mw rr bpw ~ WJ r [i 
mwprbllHLfl Jllt. GGbp r fi wtl wuwpnt--

u;+ I• k-- 2 u i•k+u i-t ' k+u i•k + 1- 2u ,,k + U;.k- 1 0 

(4) 

8w't.yl• Jlllf'UI.J!U'~'U"'- 1' r;,,'iJ'I"'l.'JI• L,r. ... .rw,., "f'l! 't '"'iufuuf t- D urrt'"' ~

. ,"" 't.hp u[! ( '· ci.IJ•uc) }.t C' b'l/'W'f ''" tJrw) , ,,urqJ'uuf h'h p ( 4) r:. w,fw-

!1. 

v 
!L 

~ 
I""' 

IJ 

c• ~ .. uw,.mJ'l! : l; frJb ( x=ih, y= k h) 
1/hurc C* '"tr"''fJp IJburf• '- wt•b 

</"'~' /1/unh t" 1 mu1w ( 4} t. rutfw· 

UW / '"' fd j "'h Ul J' rf Ill I. IIJ J' n ('" 2 

i I 
I =ax~ j_...J..Io ........... 

. I ~~~ 
II 

~ ·~ l/ r.--j --Hu 
~ -8 

il - -
v 

I,... 

t~. 395 . 

'fniJ'wphfphb[' f*-p "UJJurhp wrclh.ei.ht,'h h'b: u.l""l"""'', umw't.mJ' bi,.j! 

N w'ht.w1urn•/ N t.wtf.wu"'rnulthrr w't.t.wJ'wubn r.w.rw~wr'l ( N-l! 9 w'h

s/r w1t t.wi.'lmJsi.h,.f. ftlf.q't. t, nr""'J! l!t~wJ bt D* mfrrm 1pmJ') : 

IJ.UfW9nLyhhJJJ ttp (1 ) f.wJw~Wplfh nL 'itp tntdnLJ'1 J. (!h'l nrmJ'' 
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. Jpw~f!l U.Ju N w'b>.w[mn'f N 'IJ"'JP'b f.wqwuwpm J'bbrfr f.wJ"'~"'f'l /;: 

Uw Jp ... ~ Lntdm .. J m.'bfr "'J'b '1k"f.[!UL.J 1 bfJb t, ... Jwllwl''lP 'lburbpJfr'b ... 'b

UJ{! rurnJfr9 "'"'rPbr 1; : l,wJru~"'r'lfr 'lburbpJJ.'b ... 'bme 'll'ntfr9 mwppbp 

1;, b[Jb f.wJ ... ubn. r. ... J ... ~wl''l'b nL'bfr """'J'b mrfr•lfr"'l ( 'lf'"J"'~ 'u'b) [trL

Jm ,r, l_,utf ... ~wr'll! ~Lfr'bfr >.wtfwuhn, bfJb C* bqpw'fJfr 1l'"' sw'bgfr 

f.w'b'f"LJ!J'bbrm" f*=Ot ffb'b,e r..b'b9 'bnr W"f"'9"' ~Jbsfr"'.e· nr wn 'lb"'

.emtf Ui 'k P"l"f wpJb.e'bbrl! yru'b ,CJJ> P"l"f 'bbp,ef•'b f\w'b'f'1LJ9'bhpmJ 

r:. ... qwuwr b'b q1mlfr' 'tfrsm I! mfrrmtfi'fr 'bhpumtf ~u• 'lf"!P9 mwppb~ 

u;. ~ , flrnzw~frmfJt"''b r..LUJ"'r b'b(J"''Irb'b.e, "I' ~'l'w'b ,'Jp!J wtfh'btutfbJe 

'1/'tu~w'b b lJ.(11 'bztu'bwt1L'b.[! U1,k>O: 
(4) P"''bwtH.fr l.frJw'b 1.r•w ~'lrb'b,e. 

(4') 

U.1u r:. ... qwuwpm.Jl! lttupn'J I; rnb'lf' nL'bb'bwl J'frwJ'b wl'b 'lb"'J!nLJ, 

bpb LU't tfwunuf 'fiiJ'br[n'l u-fr P"l"f wpJb,e'bbre r:..LUqwuwr b'b ( tutfb-

'buufbJ) u1, k·fr'b· u.1J,r mtb'b.e C.fr'i.'lt1bmbr, nrn'b9 mJ "r""'"-"'l :PnL'bt1-

sfr"'Jr LU1rrfb,e'l.h1.f! ui, k b'b: hfiJb "'l'f ~bmhrfrs "i .tb~f! b7rLU'fJfr'b tfr 
"'"'"'~'u'bmJ', W"fUJ• •Jbr9'bbln'l. 'bpru'bs/•y J'b~f! b. 'bi'UJ r:..wJ'wr 'll'htnq 

(4) r:..wqwuwpnLPJIIL'bf!, W"fiU,CJnLyb'b,e, nr "" ,ew'bfr mrfrz ~hrnbrn~J' 
npn'bq'"l tj>m'b~sfrwlfr wpJb./.!1! >.w,Jwuwr 1/lfr'bfr U ; 1 1, -/r~l/ l';urpm'bwllb

ln1 LUJU"fbu, ~f.tuuhb'iJ,e JJo'II J!J b'ff'"'f'" ' /. ~UI"fUI!JnL!Jf,'iJ,e, nr . h'frUI

IJJp J1bmm.J' tj>m'b~!J,.u'lP mrrfh.['.f! C.w•/wurup lufr'bfr Ui , k-/•'bt fltu f.tu~w
um..J' 1; "'t"' pw'bfr'b, "I' h'fr•uqttfr ~bmbrnuf f*=O· 

b'b(il "''11' L l n1. n r mfr rIlL J fcl" 'trh I' urnJ' 'ln !"' p l'" 'iJ nL 'bfr P"'!JLU ULU

~w'b wJ'b'bwpn.[!p wrrfb./} 1 /lu"'/"'.'Jn<yb'iJ.[!, nr b'lf"''fJp qptu :j>m'IJ/1-

!Jpwifr turrfb.[![! pwywuw~ru'b /;: Uw >.m!lw"mJ' I; mpqwrt UJLUJJ'w'bp'b: 

bq LUJU"fbu, (4) r:..wJ'wiJWJ"f'iJ fiL~'P [nLJrnJ', "'l'b l;l J'frwlif!t 

( -1) r:., w J' w fpu I' 'f /• 9 , f' n z 'I UJ J u i, k w r rf b J! 'b b r 'iJ I; L 

r:.. b 'iJ 9 " b {' {! a b IU ,, " r "I " Ul J 't " r " [u I " " fu 'iJ '11' "- I n L , ) J' w 'b 
J'nurtu•Jnr• wrrrfh.f!'bbr'b b'b: IJ."l"'.CJ"L.9'i'"J 1;, np bfilb urq.(rul 

urfrrnLJP" ,, m1.twl :p "'-~''1!1" IU !I• r:.. ·urf '"(' ' l-fr r•t fu l bfr fi•'b'lrfr L"Ld IILJ'(! 

'l"t"'fJJ'IL"' m'bfr f "'t"' ~z,'u wl,b'b.[! u( x. y -rr•L) ,, h(Jb U ; · ~c·h ( 4 ) f.w

J'u.~wr"l'' [nLJnLJ''b 1;, W"f"' wk'l(' nLhp r:.. •unf•J•Ul '·""b f. t~LfiJJ"''bl! • 

npurb'l .\-'b h-fry l1w/u:nJ l'IL'bhy•"l r:.wuurwmmh 1;: 
't pur n 'l n L fill 11 L ~, ; fY/rum "'L'JIU,IItiL ,') '/w c) .'lh'bblnq 

frpb'b LUf'l'ur•wg'briLJ I; J'nmtur/"i' u{"'"lw'b,efr 'f'bwC.ruonJ'w'l. 

b'lw'btuf/(!1 1-frsrr<,e u f,2 ~) •f! J'llmw;Jnr l"' dm.J''b I; 2h .[!LUJLfr 

4;>8 

(5) 

>.w'b'lb I' a, 
r:..bmlt J"'l 

'fb"fJ!nLJJ 

u l,h~·e' Jnm tuqnp lmJmtfe h -l!wJlfr '11"'1-l!n"l, Eh(x : · y)·e' u fh ~ L"'-'

tftu'b ufuLU[W'b.[!'iJ tr U.tu 'J/,"fJ!nl,{ ow'iJobrfr f!'b'Jf.w'iJmr ~burh1rmJ" urb'Jfr 
nL'bp 

E ( ) 1 ( (2h) ( h) 
h X, Y -~3 U I, k - UJ , k) 

J'nurtuqnp f.tuqwuturnrfJtm'b[!t f;,J wlu"'bu, h J!LUJLP 'lb"'J!"L,r Jnurw

qnr_ [nu}J'LU'iJ u/u LUfLU'iJJ!/!. npnzh[nL r:.,LU,{LUf "f£U1J! /; 'fUJ'iJhf [nLdntJ'/!. 

2h ,etuJLfr 'lb"'J!"L,r, l,h'by LUJ'l Jnurtu1nr l'"JmJ''bbrfr mtuppbpmp1.u'b 

J'b~ hppnp'f'b /;[ h J!LUJip 'fb"fJ!nl tf [IILJtfw'iJ ufuLUf 'f'iJLUf.WtnLU~w'b'b /;t 

U.Ju 'ffrlnn'Jm.:p JnL'iJ/!. ~LUf'blfr I; ~frrwn.bl 'bwb qbf'2LU1nr UJWfphpm

fltnL'iJ'bbrfr J'bfJn'ln1 tbrJ'w~w'lnr'lw~w'bmflJw'b f.wtjwuwrJ'w'b tmdJ'w'b 
'b~wmJ' wtf pt 

'-lwpdnLp)ntbblip XVIII IJIJU~ tJ.Iipwpli)I)WJ 

J, lJ.prn wtHil ,,.,Jurubn •uw'zrw;/•~r J.n'lfr "l"l'Jru~r rnwuiw'zrnLrf~rbpfr 'wrJwuw

pn•Jer 

8" L 9 n L J, S/n'lfr X wpurlf•u'b nL'lr/;9"'1 ' wrnnL1pn,J "l"l'"'l JnJh'brnl!. "l'"l" 

a a 
rJnLJ I; M . 0 I;;;: pw'zrwJ.hnrJ, nprnh'l O(x, t) - ~. t "i"' ' fr'zr X "'1'"9 [ru'b nL 'z,/;9"'1 

r,.,,,,JP/r "1"1''1 w'b ur1r~;n L ~r 'b I; , 0 -'zr' rnb'l"'2"'l'JJw'b Jn'l"'ll!.• J-'b' J.n'lfr l"'l'bur

~fr r.wrnnL;P/r fr'zrbp9fru•J/r phbnw;fr'lr rlnJh1rtnf!.r 

a26 a26 OJ 
lllwm. at 2 = a2 'dx2 , "l'"'b'l a2=k· k-'zr a,'lfr Jf•wrJnr bpft.wrn•P;w'zr fr'zrlrr-

9frw 1/r J nr!h'zrrn~r 1;. 

a2Q a2D 
2, '/orn'bb/ --=a2-- 'wrJwuwpJur~r ur;'lr J"LIJnLJf!., "1'1!. pw·'wpwpn 4 J I; 

at~ ax2 't 

aO(x , 0) 
6(0, t) = O, 6(1, !)=0, O(x,O)='f' (X), 0 "lwjJ,,'b'zrbpfr'zr , "l'"'/;'1 at 

200 x l 
~(x)=-, hpp O~x ~-, 

l 2 

200x l 
'f'( X)=--+200 , bpp -~x~f, 

l 2 

Swl Ju'zr'Jp/r J, l'ft.f"'l"'r/· w~w'b o!hft.'lrwpw1rntPJnL~f!.r 
flwm . 

0( ) 
800 ~ (-f)k . (2k+ l) ~ x (2kt l):tat 

JC ,t =--~ s•n cos:.....:..-~~.:... 
n2 k= O (2k-f-1)2 l 

3. lJ.p~nw/J/.1 r.wrlwubn 'llu.\w;fr'b J.n'lfr bp~w;1rw~fr lnWJnur1.nt.n.bpfo '"'r/•

• wpnLJf!.t 

8, L 9, L J, bpb u(x, t)-'zr J.n'lfr X "'l'"9fru'b nL'zrb9"'I '"'"'"LJPfr "'"'1"'"'"-
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d.n'lfr I"'J'bw~fr ~ wurnLJf/fr 
()2u ()2u 

"'wm. -=a2 - , 
ilt2 i)x 2 

E 
a2-

- ' p 
p-'b 

II. 2l /;p~wpnL{J J"L"'"" nL'b/;:J"'l J.n'l'b l•r JwJp/;pfr'b ~[·pwa•[wJ. nLJirpfr wrnlr

unLfl J"'"' urw~ ~wpC.wuoJ./; I I; 2/.. ,(bJnLfl J"'''r' t=O '1/;"l i!"LI' ..,,., "''I"'"'""',) I; 

'f"l' ,)"'l wpmwe fr'b nLJirp[•s• flt"'21rt J.n'lfr X wpnafru'b nL'blr9 "'l '"uurnLJflfr 2/r'lnLJf!. 

t "l"'~fr'b ( J.n'lf' waw'buefr J[•i.~·w~lrm'b nL'bfr x=O wpuafrn )• 

8/.. ~ (-1)k+1 (2k _J_ l) "X (2 k+ 1)1t«lt 
41)uom . u( x, t)=-~ ----sin cos -'---'---

n2 k~ O (2k+ 1)3 2l 2l 

:'). { hp~wpnLfiJw•ft' J.n'l{• •lfr ,)"'Jl''b w.!pwaoJ.w,) I;, [•u~ JJ"Lu{r ojpw "''l'l" LJ 

t p J.'l"'l uJ/!.' 'j.ur'b/r[ J.n'lf.r /;p~wJ'bw~fr urwurw'bnLJ~,/;pf!. 1 lrfl/r t= 0 '1/,"/./!"uf p 
nLJf!. d·· 'l"l'JnLJ, 

8Pl ~ (-1) 11 (2 n +1)~t x (2n + 1)nat 
41)wm. ---4-J sin cos -'--'--'---

ES:t2 n=o(2n+ l)2 2l 2l 
(E·fr /.. S-fr frJwuure 

ml.u Ju'b'lf.rl' ·~- nLif )• 

()2 u ()2 u 
'j.ur'blrt -=a2 - ~ wojwu11Up•fw'b w1'b ["LJnLJf!., "l'l!. pwojwpwpnLJ I; 

ot2 i) x2 

U( x' 0)= 0, ou< : ·t 0) =0 u=(O, t)=O, u( l , t)=A s in wt, u 

w 

A sin-;- x s in wt 2Awa ~oo (-1)n-1 . nnat . nllx 
"' ( t) --------- + --- s1n---s 1n-, 
,wm. U x , = w l n= l I n1t a )3 l l 

s in--;-t w2-\-
1
-

w 
Asin- x si n wt 

a 
u=v+ w, "l'"'"'l W = -----w- --

s in~l 

v(O, t)=O, 

v(x, 0)=-w(x, 0), 

( b'bflw'll'i"L'' I;, "l' s in : l=j;O} 

4~0 , 

a 

v (l, t)=O 

ov(x, 0) 

at 
ow (x , 0) 

at 

ou ()2u 

'7, 'J.ur'!J/;[ Ot=a2
i)xZ ~wojwuwp./u,'!J wJ'!J [nLJnL•ff!., "f'f!. pwojwpwpnLJ t ~b-

..,[,J"'/ "l"'JJw'b'blrpfr'b, 

u(O, t)=O , u(l , 1)=0 , 1> 0 , 

u( x, 

I { 

I x, lrpp O ~ x ~2 . 

0)= 

ll-x, lrpp+<: x < l• 

41)uun. 

8 n L 9 n L J, 

u(O, t)= u(l , 1) = 0 , u( x , 0)= x(l-x) , 
p 

8 00 1 
t)=- ~ e 

1t 3 n=O (2n -j- 1)3 

( 2n + l) 2,2 a2t 
J• s in (2n+1)1lx 

l 

tlruon . u(x, 

au I - = 0, 
OX X= O 

u(l, t)=u 0 , u(x, O)='f(X) 

"l"'J.!w'b'blrpfr'l., BnLJ9 "'"'l fu'b'll'fr :Pf'lfr~w~w'b frJwuure• 

00 

41lwm . u(x , t)=uo+ ~ Ane -a2J.~t cos(2n+1)1t x, 
II= U 2{ 

2 I ' 
An= - J 'f (x) cos (:?n+ 1 )nxck: ( -1 )n4uo' 

l 0 2l ,(2n+ 1) 
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I 
2 ( f'·nX IJ, 

An -=- cp (x) sin- dx, P=HL p.1, fl-2• • • •• P.n-e tgp.=- -' -r.w-Jw-
1 0 J p 

""'I'Jw'b 'ff'W~w'b wpJwuo'blrp~• b'b, 
au iJ2u 

(t. <J..,'bb j ( 1!."., § 6 -fr ( 10) pw'b wJ.£f, e"''I'"-;,Jsi"Y h=0,2) -=2--
0t ax2 

r.wywuwpJw'b w1'b l"L~nLJL!, "1'1!. pw<jwpwpn<rf I; r,/;.,f.Jwl "fWJJw'b'bbp[t'h· 

u(x:, 0)=:<:( +-x} u(O, 1)=0, u(l, t) - ~ O~t~4J, 

IIUif'JUI'f, WJ'f, f"L~IILJL!, "f'/!. pwrfwpwpn<J /; f,b.,£JWJ "fWIJw~t'j,bp[t'b. 

u(O, y)=O, u(a, y)=O, u(x, 0=A(t-~} u(x, oo)=O• 

n" 
2A 00 l - -; Y . n~tx 

Gluun. u(x, t)= n ~ _-e Sin--· 
n= l n a 

8 n L 9 n L .!, {n•JnLdl!. "l'"'bbl rfrnrfr,Juw~w'btbp{t w'b£w.,Jw'b .!bp,'I"Y' 
iJ2u iJ2u 

13· O:<x:<a, O<:y~b ""l'l"''b~lw'b .!b£ ,,'bbl - +-=0 {wuuwu[t r.wyw-
, --- --- ox2 iJy2 
•wprfw'b w;'b 1,,J,.,!I'_, "I' I!. pwywpwpn• J I; r,b.,£1"'1 "fWJJw'b'blspfr'b. 

u(x, 0)=0, u(x, b)=O, u(O,v)=Ay(b-y), u(a, y)=O• 

(2n+ l)rr(a-x) . (2n + I)ny 
b2 00 sh s111 

!)=~~ b . b 
Jt3 n= O (2n+J)3 sh (2n + I)7ta 

41wut· u(x, 

b 
14- x2+y2=R i l x2+y2=R! zp£w'bwqJbpny UUI~Ifw'bu,frwHwJ O'lw~n.J 'll!UI-

c)2u iJ2u 
"'*"l - + -=0 r.wywuwp.!w'b WJ'h J"LJn<Jf! 1 "I' I!. pwywpwpnLJ 1; 

axa 6y2 

~~ - =+-
0-, u\ =u 2 or r = R 1 /.:.:!nR1 r=R1 

"l"'IJ w'b~1bp{t'br Swl Ju'b'lf'ft r.fr'll'"'lfrtw.!Hw~w'b Jls~'bwpw1unp JnL 'be• 

8 n L 8 n L J, J/'b'lf.tf'/!. J"'~"[ pf.bnwlft'b ~""f''ffr'bw.,'j,bpnyt 

lrt. U."l"'9"•8"L • "I' u(x , y)=e- Ysinx f/>nL'hbfrw'b O ~ x~J. O~ y ~l 41 ... ,,.,~ 

aau iJ2u 
oinLunL Jb£ - + -d) r,"'Y"'""'l"!w'b J"LJnLir;, I;, "1'1!. pwywpwf11Ld t r.ls.,lr;wl 

iJx2 aya 

"'l"'IJ w'b'bls pfr'b • 

u(O, y)=01 u(l 1 y)=e-Y sin I, u(x, OJ=sinx, u(x, l)=e-t s inx• 

(6. 12-1/J Ju'b'lfl''bbpn.,f I"LJbl {•"[["'"" r.wywuwpn.Je mpyw.t- b'fp•;{t'b 

"'l"'IJw'b'bhpfr 'lb"ll'"'J' oJbp£wrfnp "'"'f'pbpnLp ;n•'btbpfr Jbpn'lnlf, lspp h=0 125r 
~.,JirJwurb1 ,f.,urwynp I. O.t'II'f.ur l"' J, , ,f'bbpe• 
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XIX <l-l.lllt In 

O"iht•w.9fn'b r:.wzfr11! 'bbr~wlm Ju JwpbJwmfllw~w'b w'bwlfqfr 

~wr'• nr p'Lwqw'fwn'bh/'P9 Jhlt'b b :hf"l~~"'JnLJ I Jhfuw'bMwJnLII , tthltw 

UJf'WLnb fu'bfr~WJIILJ {, nL{'~ 2_ qf Ulfll ftltm 'i.J'i.Jhrnuf UJIUf'ph f' fu'b'lftr'bbr 

l"' -'"LI"' oq.,wqnr-''/mJ h'b o"i'-rwsf.n'ir t..w2'1.fr Jhftln'l'bbrf!' OU,brw

gfrn'ir f)w2f1f! mnw'lbl lwl'b 1/Pt"'""'PJnL'b !; 'l.,'irn~J JwJw'bw~w~fr9 
wqmn./wmjrl;w J"' J L mblhJbpow'bp~wJnLJt lJ.1u lflP"" J ('lruuwqr.e/t 

'bwfu"l''f .lflnt~l'irhrfr C.frJw'b •lt•w) urr'/w<l h'b o"ibrwsfrn'b t..w2'1fr* f.pJ

'bwl,w'b r.wu~wsnLftJ [nL'J,'i.Jhrf! (, 2WfW'If'fwl} h'i.J unqnrw~w'i.J '/ffbrb'L.:. 

sfwl f:. w r,wuwrnr .r~.bt'P f'IL,jJw'b O"JbrwsJ.n'b .rbp,,.'bhrf!' 

'tfr9nL.f! mr'I.UI" t t "r"'''"''ir rpnrfrnfuw~LU'i.Jp f/>nL'biJsftwJ "rf! nrn2-

t[w.t I; t ~0 'fb"f.ernrf (brfAbJ'b l''b'lm'bblm b'ir.e, "I' f(t) f/>nL'il~sfw'b 
nrn2'/w.t /; -oo<t< co Jf.pw/JLUJJ.!"LJ, P"'l9 f(t)=0 t<O 'lb"l.f!mJ): 

b'bftlw,.rhJnL L'ir.e · nr f(t) lpuL'il~ ,gpur'il ''"'"(' IU/1 ~mur w'bet,.r.w., 1;, 

IUJuf.'i.J.f!r;_,' UIJ'ir"//•uf.'ir, nf' .'/w'i.J//wsw<} tfbf'rw'lnf' Jf•r_w/("'f.J.!IIllj W_('i.J nL'i.Jfr 

qbr2w•fnr fiJ•fn'/ 1-fr'ir ul~np fuyJUJ'b 111Imhr ( mbu I f.u,m. II 1tfufr § 9 ) : 

* Oulbl'w!J(~ n~ .::, w 2:/f. /, 1'l'w ~/'i'UJitii L JJJnL'i,..,bpf. ::. tmwiJW nlunLif~wuJtpnL-

P;ru'b r.w.rwp ~mpbJft ~ 'b zbl r.II ml'./ wl '11'1' /; I'f!• J\. ~1. /] y p I. e, Onep?.l\I IO HIIOe 

HC411C!leHHe II ero llj) 1!.10iKC WIH J{ :J JJ; J'l il)l ~; e:; a H H KII, M.-.Il, rocTe XII3;(3T, 1950; 
B. A, .. ll 11 T K II H II n . vi. K y 3 II e n 0 fl, CnpaB0 4 Hl il( no onep ~U l!O li ! I CJ \lY HC411 C.~e
l!HIO, M.--JJ ., f o CTC X! I 3;( J T, 19.51; B. !\. l liiT KI ! H II A. n. n py JlHfiKO ll , YIH

rerpa !l bHb!e npe o 6p a30B3Hll!l 11 o nepa rr iiOHHoe ur•I r!C.leHne , <l>n3 ~ 1 aT rrl3 , 19GI, 
51 . M 11 K y c 1111 c K H ii , O ,ie J)illll iOIIHOe uc •w c.~e Hue . .'>\., Y! Jl , 1956. 

463 



0 ~t<oo w'i,.lbrp_ .1/>p_u•~tut-Enul .lfr J!tu'L{• />'lw,h'lrtut'Lhrfr 'l"i"'filA"''b'b 

"'"l.tut:.nqb l"L t>tu.!tur f( 1) lf>nL'b~yfrtuJfr •Jrw 'J'bm ,/ b'b.J! ll'"'B"LQ/>l uwt:.

.!w'bwfw~,L,/ 1 u.J'b t' b'bftJw'lrbLnL b'b.e, "l' 'l"J"'{iiJnL'I. nL'bb'b M b So 

WJ'il"'.fru/t t:.wumwurnL'b 'll'UJ~tu'b {rh/.h£• 1 "I' 0 ~t<oo .lfrl.w~WJJ!P9 
'l.hrsrwd t-Jr sw'b~wsUJ.l wrclbJ!f> t:.w.!wr 

(1) 
t 

'JopmUJ['~b'iJ.p f(t) lpnL'iJ~gp..,Jp k t p{'w//w'iJ •pnfnp•w~w'iJp e-P 
~n.i"/.tb.p_u f/>nL'iJ~9f'"'JP* wrur"''Jf'l"'lf!, "f'"'b'l p=a+ib (a>O) nrbt 

~"""~lb.pu PI"'- b 
t2) 

(2) f/>nL'b~gfrw~ 'bnLJ'il"'.hu t Jr [''!'~w'h T"T"P'UJ~w'bf, ~n.!uub.p.u f/>m 'b~-

9P"' t-. 
e-rtj( t) = e-Ca+ib ll f( 1 )=e-atf( t )e- 1 b 1e- ~ 1 f( t )cosbt- ie-a1f( t )sinbt. 

U.{rmLr:.burb 1 'lfrurwrllh~.[! t:.burbttul w'bftul(w~w'b f.'bmb'f['Wlf!• 

J e - Plf(t)dt=J e-di(t)cos bt dt-ife-a1f(t)sin bt dt: (3) 
0 0 0 

8nLJS mw~.[!• "(' bfdb f(t) lpnL'b~yfrw ~• ptu•Jwrwt'"',J t" ,·1) "1."'1,/w'bf>~ 
/._ a>So• WUfW (3) t:..wqwuw(I11L{iJJwb. "''f. ~nrz,/,L,/ 'fmbq11rl pburb'f['UJJ• 

'bbrl! 'I" lm{tJ J"'~ m'hlr'h I. f.'burbql'wl'bbrJ• 'JilL •twt! f. w, fl J"' 'he pUJgu•f•- . 

aw~ t• 1wf.• 'l'btut:.wurh'h,e "'J'l "~"""'ll'wl '!•"rt·s mnUJy,h[!· 

~ 00~ 

IJ.e-'-a1f(t)co s bt ctti < J le-" 1f(t)c os btjctt< 
u u 

oo oc M 

<·"'I e- "tes t ctt= lv\J e- ( a - s,)tctt=--~ 
o o v a--so 

1.!w~ d.bnq 'l'bwt:.wurt/nLd t 'bmiL /,1,/fl'"l''l f.'bmh•tf'"'ll!' O•J ·WJ""'bu, 

l e-P1f(t)dt fr'hurh'll'wll! 'l"J"'fi!Am'b m'b/11 U.t'h "£'"2"',/ {; p·/• t!Jr "1'"2 
0 

f/>nL'h~ .9 Jrw, "l'l! ~~zw'bw~b'hJ!*"' F(p)·"'/• 

"' 
F(p)=J e - P1f(t)dt: (4) 

0 

* J>{'w~w'b fn •J•nfuw~w'b~ ~nJulli.J!u :j>nL.'b'aJ~w'blzl'f' Jwu[•~' tnlzu ·Vll 'ltfu/! 

§ 4-c• 
** f(p) :j>nt..'bb~w'b p ioO 'llz"t i! "'-'1 ~n.ruulzl!u fnofmfuw~w'bf! :J>nt..'b~fJf•w t 

( ... lru, o{'f!'r.w~' B. H c M H p H 0 D. "Kypc Dbi CllJ eli MaTeMaTHKH"' T . III' 'l . 2); 
(4) altwfnfuu£1 J"'-"'1!. 'bJw'b t XVII 'l!ful! § 14-nLJ J!"'~'"'l'~i"'~ :bn'-l'Jizf< J.l.wfn-

funt..£1J"'"'i!.' 
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f(p) lf>m'b~gfrw'b ~nJ.fm.l t" lUlU!lUlUJUl!i 1qmmqbp 

~w.! t"t "'"'l''l'""'bu f(t) l/>m'bl/9/>wJf. lllmmqbp: f(t) 
qw'bm,/ h'b ultqpliwllwli ~nLGqg{1m ~w.! op{1q~Gmt: 

l/un'b/19/>wJ[• "'wmllb[''b 1;, UJ"fW 'If'"',/ /;'b "'.(""/bu. 

F(p)~f(t) 

f(t) ~F(p) 

~w.! 

L{ i( t) }=F(p ): 

""'" L· utmmqbp 
lpm 'b/19{""'11 ..,'iJ_ 

bpb F(p)-'b f(t) 

(5) 

(6) 

(7) 

l•'bl"'.bu t:.hurw'l"'l"' ,/ 1/mbu'bh'b.J!, "'"'m~br'hl.rJ. .lmtlt!w'b Jrt!wuur~ 

"'l'b I;, "I' 'hrw'by ,ffrl.".'l'"/ t:.wp_n'l'f"L" t "'"'l''lby'bbl z_wm J"'b'lf>r'bbrfr 

[IILd Ill,/(! 1 ,/ w "~' w'l.n ['"' u1h u, 'If> !ph ('b'byf•w l t>wtfw uw !'"' ,/'bb t•/• l'uJm ,/I! 

t:.w'b'lb!J'hbl "'wml/b/'1! 't"''t..bl"' l:,u,Jwr "i"'l''l"''lm!'b t:.w'hrwC.w2oJwl1w'ii 

'l"t'.d"'tmPt"' 'h'bbl'fll r.!"''h"'t"t/ "~"'"'''bN! . ~"'rhtf. t 'lur'h"t orf>'lfr'hwll! 

~w,/ 'bwf.IO['n.J! IJWli' f,,,} cr O, , f,ff•'iJwl-"f"'"'~/lfl :D uuumuw//'t.,bf'"'' ~wJ' 
uurnrb 2"'['"''1-t"/"'l ,ff.{J,,t~'b(ln'{l 'o'w'fiiL" b'b t:.hmbtwl p'bwl,m'b C.wr

sh/'1!1 

'f/tyn•.p. urrqwJ I; "1"'2 F(p) lpm'hlf9frw: 9·nJIILfiJm'b '"~'" "'r'1-

J".P. "'J'hLlffruf. f(t) tp .. ,'b/I!Jf•w , "t• i• t:.wJ'mr F(p)-'b "1."""'1"1' 1;: b{Jb 

'f"Jlll{dJ'"b '"~•{• , ""'/"' .l/>wll~' I; "'l''IJ"J! "'J'f"'f'u/t lpm'b~,gfrw'h F(p} 
b f(t) :p,.'bftuf.UJ~,/; r·!• l.ll"""'fw.r,, "f"'2"''1fr l.'bfclw'lf"'LfdJ'"'b'hl•r· fr 'f"Uf

.J!""f '"l" bi'~"L t:.wry br f.'b l;l wr"l"',/ I; '1/'wfJtu'il Ll(ruurmufuw5.: lf wu

'bw'f"l'"'"'bu , Llfwur11hrf• ,r, .. ,,l"' fill"' 'be ~'"""'"'"'""L" t t:,/,.,t, J"'l f!hn

rbt!n,f , "{'{! (!h(1111.1f b'iJJ! IIIIIUJ'by WUfW.CJliL _lJ ,/UI'bl 

If f."'''" • {J 1 "' 'b fcl h "I' IJ ,f , bpb <.p (i) h y(t) bpqn'- w'i ~u q.liwm 
~ndiqg!Jwliup[i ~Lubli tf{Jh ftnLJ fl F(p) L-ulUtmqbpJ1.. wu.p.u WJIJ. ~nLfili
g{nuG bpe (i n '·J Gmp w p fiwtjn.\ u1u p bG: 

U.lu [<Jh,rh,/1! t:.bmuHfUJI"',/ .,,Jh'lilurb.p. ~wuru'('IJL,J t z_wur ~w~ 

r''"l' 'lbr: l•r"J!• bpb 'l"rll'hUJ/Iw'h /u'b'lf>r'bbt' tmllbtfru f.'hl-"l' J.bnq 
11 f'"2bl h'iJJ! nrn'hoJnri lpm bffyf>UJJfr "fwm//brf!J fru~ WJ'iJmt:.bm/1 f!UUI 

"fwml;l.rfr 'lmbt h'b.p. ul1qp'bwl1w1, lpnL'b~yf.w'it, "'Uf"' J.bw~bl'"i"'.} [tJhn-

- r""Jr t>Jr,fw'iJ '/['UJ bqrw~wy'bm,/ h'iJJ!, nr 'furwJ lpm"JJ~yf>m'iJ WfiWl_W

'ff''iUJJ fu'iJ'/['P [nLJIILdh f; k 111 rl>z [nLdnLJ'iJb[' 'f"J"LPJ"L'iJ tnL'iJb'iJ: 
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f(t)= 1, brp t~O. 

f(t)=O, hrp t<O, 

ltnt'{nul t t,bq~UUIJI}~ tfpru~np ~ndi~gpru L 'iizw'iiw~l{nuf t c0(t)~n•l• 
U1u q.nL'IIIIsf•wJfr 'lrwq.Ml! Uf_Wm~hr'[wd- t 'l"J. 397.,.,/~ 9-m'i.th'i.tJ.! ~b~ · 

4[_ftuwnfr q.nL'i.t~sftwtft L·Ufwm~bre· 
co co 

I e-Pt I 1 
L{a0(t)}= e-rtctt=--- =-t 

0 p 0 p 

1 
. 1 
~-

p 

. 1 
a0(t) 7--• 

p 

(8) 

0 "ib t•wsf•n'ii r..wzl{fo .!fr l!w'i.tfr Ahn'i.tw r~'i.tb1,na J f( t) tpm 'i.t~sftwJfr 
"/.Ulln~b r w'iil[w'iinui b'u 

fT~(t~ltJ 
F*(p)=PJ e-P1f(t) dt 

0 

t wrmwr:.w,mm{tiJnt'i.t(!t 
UJuUffruft uwr.Jw'i.tJw'u '1-b"/.J.!nLif ~nL~ 

'(,~. 397 'i.th'iiw'i.t.[! 
o0(t)+- L b., t.bmb.wpwr, C+;c, wi[I.Lfr 

"lrzm Cao(t)~Ct n. '1-/rsn•.p f(t)=sinL WJU '1-h"i.enL.! 

fro e - 1'1( - ps in t-cos t_)_j"' ____ 1_, 
L{sin t}= e- rt sin t dt o P~+ 1 o p2 t- 1 

u1u"lb,, m 1,hJ'i.t, 

. . 1 
sin t<E---z 

. P2+ 1 

Ill. '1-/rym.[! f(t)=cost. w1u 'Jb"/..pmrl 

(9) 

. J e-P1d I ,.'bu.li'll'"'ll! '"'2o[blfw ..,,., ~UI['bi. l;p 'bkl'~"'J"'!J'bbt "l'"llru fl'"'· 

0 
~w'b f[>n L 'b ~!lfow'b b l'f fo'burb'll'"'l'iJb l'P 'lnLdiU[', ~ u uo w'b "'.IP'j, I' · ~'"< J'z, "'l''l J" L 'b J!(!l lJ.Ju 

'lfr""''l"' (il J"L'bf. o[b pwpbpnLd I; 'bw£ r,.., £"L''l bl'~nL f''buok'll'"'l'bb pf.'b, 
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L{ cos t }= f e -rtcos t dt 
0 

cos t~-P_, 
. P2+1 

(10) 

§ 3. !bntb4g~wl~ UJWIII41ip(!, lipJ! wb4wlu lflnlflntuw4wb~ dwu2111WJ!(! 
lf!nlflnjuqwb ~: sin at, cos at ~ntb4g~wblip~ UJW1114Iifll! 

'1-frmwr~b'i.tl! f(at) (nrmh'l a)>O) q.m'ii~s/rwJfr Uf_wm~brl!• 

L{f(at)}=j e-P1f(at)dt: 
0 

t/..br£/r'i.t /r'i.tmb'lrwtm.! ~wmwrh'i.tJ.! fnfnfrlwf(w'iifr fnfuwrfr'i.tm.!,l!'ii'lnL• 

'iibtno/ Z=at, fabmb.wpwr 1 dz=adt. w1u 'lh"iJ!nL.! 

1 ""J _r, L{f(at)}=- e a - f(z) dz 
a o 

L{ f( at)}=_!_ F(_£_ )· 
a a · 

. 1 1 
sin at+-- ----

. a (:)\I 

( 11) 

(12) 
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• 1 
cos at<-. a 

..£._ 
a ---

( ..E_ y -tl 
a / 

(13) 

/i} h n r b J', 1,wumwmm.lilibpntl pw<p.fwlllwmlpl we)- tf~ .pwli~ 

~ntliqg~wlibp~ qm.tfwp~ tqwm~bp~; fiw~wuwp }; WJI} ~m.liqg~w!ibp~ 

lllwmq bp Gbp~ h fiwtfwlllwmwu Juwli fiwumwmm !iii bp ~ m pmwi}PJWl Gbp ~ 

<inll.fwp~fi, UIJU~!i.p!i' bpb 

n 

f(t)= L C jf;(t) (14) 
i= l 

(C1-fiwumwmndllibp b!i) L 

F(p)-ff(t)J Fi(p)-fqt), 

n 

F(p)~ ~ C;Fi(P)' ( 14') 
I= I 

11."' w 9 n L9" L ,/, (14) t..wt/_wuw[•m{d JWU pnlnr wt'lwJ''khrr! 

pw'lJ'W"'fWUI~h~nq e-pt~nq /._ 0-ps J'pkl_f. 00 UW~J'wt'LhrmJ' frkrnhq('b~ 

Ln'{ euur t-p (Ci t..wuuuumm'k'kbt'l! t:.w'hhln'l Jr'hmhqrwLfl 'hzw'k,s)J eu

urw'kmJ' bt.[! (14') f.uHJwuwt•mfiiJm'ke• 
0 l' fr ir w ~ 1, 'J.rnirbt f(t)=3sin4t-2cm;5t :j>n• ir~u/rw;r "i."'"'~bN!.' 
(n LJ- nL J, (12) 1 (13) £ (14') pwirwJ.L.bpfr _r.prfwir -/pw urr.wirnLJ J.ir~. 

4 p 12 2p 
L (f (t )} = 3 p2+15-2 p2+25= p2+ 15-p2+25' 

0 l' fr ~' w It 2 , 'J.,.~,bl w;ir "~'ll'~'w~wir :j>nLirlwfrwir, "l'P "i."'"'~l.pir "'["nw
r.,uJrn-/n&.J I; 

5 20p 
f(p)=--+ -

p2+4 p2 -f 9 

• 

5 2 p 
F(p)=- + 20---, 

2 p2+(2)2 p2 t (3 )2 

~brnl.wl""{'l (1 2), (13) " (14') ewirwJ.L.kt•r f,JrJwir rfrw rrurwirntrf kir~ . 

5 
f(t)=2 sin 2t+ :?Ocos 3i: 

§ I-[• dfrw~rrLfJ J"'ir fjlknpbJfrg r.kurl.rrLJ L "I' 'l '" rnr!Jwl f(p) - pir r.unfurr'l wurwu

Juwirn'l .![rwll " ~'ll'irw~wir :j>nLir~g{rwir tr 

§ 5. Slirtmzwfl<hhub plinflliU[! 

P. h n r b J': bpb F (p)-!i f(t) ~1nli~g~wJ~ "lwmqbpli k, w"lw 
F(p+cx )-t I;L e- •tf(t) ~ndiqgflwJr "lwmqbpli J;, UIJuflli.pli' 

h('}b F(p)-ff(t), } 
w"lw F(p+:x) ~ e-•1f(t): ( 

15
) 

(U.1nwb'l htfi1"''1r1"'" 1;, nl' Re(p + ex )>s0J, 
11. U[IU 9 n. g n L " ' 9-ur'kl.tJ! e- "1f(t) lpm'klt9P"'Jfr "'fWLn~hrl!• 

. 00 00 

L{ e -•1f(l)}=J e-rt - •lf(t)dt=J e-(r+•)tf(t)dt: 
0 0 

L{ e- "1f( t) }=F(p + cx ) • 

IJ."'i"'9"'9"'J filhnrhJ'p J'pp_nsnq ~wrblfl !; 'k z"''kw~w1pn;biJ f!'h'l;. 

l"'Jtb[ "'['IJ UJ.~»rnlth['th['p 'fWUf! 1 nrnhy u~qpiJ~»~~»iJ f/>m'k//9P"'hbff! 

It_ "'l'blfl !; 'lm'khl i;bzurnLfiiJ"'"P' 

§ 6. e- at, shat, chat, e-atsinat, e-atcosat :t>mb4g~wbiJflll U{mm4lif1-
blip[! 

(1.'5) rm'hwat,hrfl !:.frJ'w'k 1r"' (8) p~»'kwJ.Lfls "''kJ'pp_~»Ufhu t.h
urk,, J' t . 

( 16) 

( 16') 
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l.J'w1. dl.nt/, (16)-J.r 1.. ( 16')·/o 
h'b.p. 

p • 
~ ~ -t ch7.C p -7. 

(12) pw'bwdl.fo9 (15) pw'bwalt/1 t:.pJw'b 1.r'"' t:.bmt.. 111 J' {;-. 

a • 
---- ~e- •1 s in at: 
(p+7.)2+ a2 · 

(13) pw'kwJ.I,fo9 ( 15 ) p,;.,'bwdt..p l:,f,Jw'b '{pw ~bm/,mJ' ~. 

P+7. ..,;.e-at cos at: 
(p +a )2+a~ • 

( 17) 

( 18) 

(19) 

(20) 

0 [' /t 'b,., ~ 1, 9-an'bbl w;'b u~yp'bw~"'~' f/>nL'b~q{tw'b , npfr "fiUUJ~bl'l! mp.jnLJ (: 
~lllnhJIUf pw'bwJ.kn<f• 

{ n ._ .J- n L J, F(p)-'b J.kwpn[un•J b'bl! ( 19) ""'-~'inLfJJw'b J.w[u Jwu{t 
~,..,.,,, fJ ,,..-;. mbul!ft• 

7 7 

<P+-5P+ 16 
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0 l' p ~~ w ~ 2, fJ.rn't.bl w;'b uhri.u,~w'b {~'" ~•hJ..wi. 1 npf. Ufwm~bp[! mp.jnL J 

(; (buok;u'/ pw'bwJ.bn.j' 

p i- 3 
pL j-2p +IO 

(p+I )+2 

(p--t- J) Z+9 

(19) 1.. ( !0) pw i,wdl.hpf• t:.pJ'w'b J/pw 'l"''b,L;/ b'b.[J uhp'bw~w~ f/>m'k~

g~w'b . 

. 2 t • 3t F(p):-e - 1cos 31-!- 3 e- stn 1 

§ 7. (i}wm~lip~ l)~:jll:iplillgnui~ 

f3' b n p b tf: bpb F(p)~f(t), WUJW 

( - 1 ) 0 ~F( p)·H"f(t): (21) 
dpn 

U. UliU g n 1. g n L tf: l.wfu "'"i"'9"'9b'l,.[J , "{' b[rlb f(t) fj.m'b~9f!w'il 

pwsfu,rwr nul t" ( 1) "i"'IJ'w'bp'b , "'"iu' 

J e-rt( - t) n[ (t)dt (22) 
0 

p'bmb'f('"·'/f! 'f"JtiL{rJJIIL'iJ IIL'i,f.; 

f. um "'"'l'fw'bfo lf(t)!( .V1 e'ot, p= "l + ib, a> 3o· £!'117- "f"'L" a>i), 
1 0> 0: 1~11tr:.wlm t "£' ~'tUit1_f1 •u{ll,1puf• c>O, "l' Lnhtzfo 4m'bb'bw 

a>so+ c wht:.w1_w11Wf.nL{rJJnLbf'1 />'iJ,•utfru b § 1-m J', WUJ.W,'J'" 91.mJ t, 
"(' 

J e -(a- eJ! !f( t )Jdt 
0 

"'bmb'lf'"'Ll! 'lnJnL{tJJnL'b fiL'bp: U.t'l.nLt:.budt, 'l'bwt:.wLnb'b.[J ( 22} f!'bLnb~ 

'f('Wff! • 

00 "" • 

J {e- rt tnf(t)\dt= J le lp-< )te -<~tn f (t)ldt: 
0 0 . 
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~w'iifr "r t>O 9 wt~w9 w.t ,.,1.Jh.ef• '~""f.l!""' e-.ttn lpw~''tsfrw'h uwr.~ 

J'w'iimfw~ !; b. fl"'9"'rdw~ ,J'b6w frltm•fp •fr"er !; "f'"Z N [rl•/l•s, "'"ftH 

~wrhJfr t 'lrbl. 

00 00 ~ 

J le -ptt"f( t )ldt<N J je-(p-s) lf( t)!dt=N J e- (a-• lll f(t )ldt< COt 
0 0 0 

U.luutfrumJ, "'Uf."'S"'-St.Jhg, nr (22) J•'iJUJb'l:r"'L 'l:"!"'fi!"'-"' m'iifu Uw

~w1'U "'1'1 frilmbqpwuj ~wrbtfr !; 'lfr"'bl "f'Uf.hu 

"" J e - P1f(t)dt 
0 

p'ilmbqpwlfr fl~(''l fJWf''ffr mJw'iJ.IJf"'lf! [!UUI P 11fiii('IU,J'bm(rf>*t 

ll.Ju"fbu, "'rbJ'h 

F(p)=f e-P1f(t)dt 
0 

"'Jufr'itJ!'iJ' (2l) pm'iJur J.b[!t 

(22) pw'loudlrb orlmwqnpdb'iJJ! wuUJJ•-G..wbwfp~t q.,, _~di,'J/""t/' Uf'""'
~bp[! 'lm'ilhl"'- f.wJwrt 9·rh'hp (8j l"""umd'•£!. 

1 . 
- ""':L 
p 

lJ.1u pw'iiwdl,fr9 (21) pw'bwdltfr f.Jr,fw'iJ 1r•w uUJw'iJmJ b'iJJ!• 

d ( 1 . ( -1)- - )-tt 
dp p 

* U.4btfo 1w'f UUIW(Jb{ /,'j,j! npU2JW( p'iJon/;'ffW['j, (!UUI ppw1w'iJ U(Wpw,fbtnpp 

'1/•~bpb'bsJw'b pw'bwJ.L.e ( mhu I r.wonnpp IX 'flfuf• § 10 )• U.1umb'l d u[wp,;, ·;;;::;;:e 

ftnJu/i/;l!u £11!1 t, pw/9 'l/'~hphi.9Jw'b pw'bwJ.b(! J'bn,,f t &.f.2on• 
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2 . _...,.e, 
a • p 

!Jw'b~w9wJ 11·/r '1-b"IJ!"',f umw'iJnL,J' b'iJJ!• 

.E.!_...;.tn, 
pn+l · 

00 

(23) 

0 p p 'b w 1 r, _a_= J e-P1sin at d t l'.:.'bwJ.L.f•fl ( mbu ( 12)) w£ /.. J.wfu 
pz + az o 

Jwubpf!. pum p "f.wpw•lhonpp '/p~hph'bo•lw'b &.w'iuu"lwr'n4 umw'b,.,_J h'bl!• 

2pa • 
· -;>t sin at: 

(p2 t a2)2 

! • t --at 
-->c ' 

(P+~)2 • 

~ b n p bu: bpb F(p)-+f(t), wupu 

(24) 

(26) 

pF(p)- f(O)~f'(t), (27) 

u. upu g n L g n L u: (J}wmq bp r uwfiuw Gumfi fi pumfi tj pw qwpn'l 

bGJ! qpbt. 

L{f'(t)}=f e-P1f'(t)dt: (28) 
0 

b'iifiw'lrhtm h'b.e, "f' f'(t), f"(t), ... , f<nl(t) P"L"r ut6w'iJ9I"'l'iJbpf!, 

"r"'hJ! ''"'~ c. ... t 7,."fhl"'- b'b, P"'''"'t'"f'"''' h'iJ ( t) "f"'l""'"'""' J., '-h--
111hwpwp, (28) fr'itmb'll'"'ll! J, f.w,J'w'bJw'iJ fr'iimh'l:r"'L'iJbpf! r,"'l"f''l-
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wJw'ilstw/i,bl'fr t:.w.!wr 'lnJm{J-Jmb mtLt, (28) ~wlfwuwl'·"'p-Jwb wl 

Jwu/t /t'ilmbqrwll!. r..w2'{b[""- .fwubl.nlf, hurilht.e, 

L{f'{t)}=f e - P1f'(t)dt=e-r 1f(t)I:+PJ e-r1f(t)dt: 
0 0 

Pwl~ eu~n (1) UfWJdw'bfr 

I i me -:-P1f( t )=0. 
t~:::o 

ao 

J e - P1f(t)dt=F(p)1 
0 

L{ f( t) }=-f( 0) + pF( p ): 

fil'bnrbJ'il WUf1119nLslfwJ t: U.tbllt t.buriL 'lfrurwr~bile swb~UI9WJ ~Wr'll> 
wJwtsJwltbrfo Ufwu.~hr(!t (27) pm'bwd.bmJ F(p )· fr •/.nfuwrbt mb'lw

'lrhln'f pF(p)-f(O) wrmwr.w,mmfJl,tl!, fru~ f(t)·/r •frnfuwrbt' f(t)·/t 
Ill r-wr..wJurnt ftl l nt tl!.' ,,uurwtw'b.e. 

· p[pF(p)-i(O)J-f'(O)-tf''(t) 
ftw.l, pw.9bln1 +wftw'lJhre' 

p2F(p) -pf(O)-f'(O)-+f''(t): 

fl•(''f ftwr'ffr wJuriJyJw[fr t:.w.fwf' UfWUiffb('f! fttfr'ilfr, 

p"F(p )- [ p0
-

1f(O) +p"-2f'(O) +· .. 
... +pf(n- 2l(O}+f(n-1)(0) J-+ fCn)( t )• 

(29) 

(30) 

'l-/turr,1 nL{J-JnL'ilt (27), (29), (30) pwtwd.Ure ulwrqbslfr:•" 

ht, b[ib flO}=f'(O)= ... =f(n-lJ(O)=Ot IJ.1u 'lbUJJJntd uurwilmJ b'h.[!• 

F(p)~ f(t), 
pF(p)-+f'(t), 

UurwswJ UJwml1hrtbl'J. o'l"'"''l"rJ.Iwt t:.mr.lwrmftJJw'h t:.wJwr 

trwt.e ~nbrlw1.nrh"ii.e .tb~ ""lJnLuw~fr Jbyt 
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I 

IJ.'lJnL u 1U ~ 1 

.MM 
·oo 

1!/ t 
f(p)= J e-P1f(t)dt f(t) 

0 

1 
l - I p 

a 
2 -- sin at p2 + a2 

3 
_P_ 
p2 + a2 cos at 

I 
4 -- e-at 

~>"+" 

5 
Cl -- - sh at p2-a2 

6 " -- ch at pl-:t2 

7 a 

(pta)2+a2 e-"1sin at 

8 P+ ' 
(p-f-:t )3+a2 e - at cos at 

-
9 

n! 
pn+l ttl 

10 2pa ---
(p2+a2)2 t sin at 

11 
p2-a2 ·• -

(p2-f-a2)2 t cos at 

12 I 

(P+ a)2 te-at 

13 1 1 
(p2-t-a2)2 - 2a3 (sin. at-at cos at) 

14 d" 
(-1)0 - · F(p) 

t"f( t) dp" 

15 F J(p)F2(P) t 

f fk>:)f2(t-'t)d't 
0 

11' W 'j, n fl" L p 1 n L 'i., IJ.1u "''IJ"Luwfdr 1.1 I. 15 l'"''i.wJ.£bl'l! twl'urw<h{b'i. 
wojl..lp nLzo 
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'1-frmnrznLfrltnL~: 

•fhrs'~~h'~~.f! 

00 

F*(p)=pf e · rtf(t)dC 
u 

LU"fW "''[JIILULU~" l-13 ptu'hUia/,/J[I/1 wnm2ft'~~ U{III~IU~nJJ' 1f111~"'"f LU('

UfLU(,WJUIIIL[i/JnL'h~hf'{! "'bm.[! /; P'"'lJ'w"'wmltl,l p-n.;: f>u/1 U /,_ 15 

pw'bwa!Lhl'£! ~2"'~"''t"'tfr ~·rnfr•1.b'h: 'fiw'bfr "I' F*(p)=pF(p), "'"!"' 14 
F""( ) 

pw'b"'aLf1 awfu ..r,w,.J' F(p)-fr •fm/uw1.h'b urbrz ... 'lrbint/ __:::__E__ '"l'"'"'-

>.wJmmfill"'-~1! [,_ P"''IJ'"'"''"'mltl'l"t/ p·nt/1 ~uurw'b"''b.[!• 

( - 1)0p~(F*(p) ') ~tnf(i): 
dpll p . 

14'. 

15 p"''bwabfr a"'"' J'wumJ' mbrz"''ll'bln1. 

Fip)=F;(p) 
p 

f. pw'fJ'UIUJUHn~hln1. WJ'I WfUIW'/fJIIlf(! P· ""' ~UUIUJ~UJ~J'• 

t 

15'. ~ F~(p)F;(p)...;. ~ f1 (c)f ~(t:-'t)d:: 

p 

§ 10. Splfw6 'l~~bpbllgi•WI liwlfwuwpuwll llwuwp odwllqwl1 ftwlfwuw-
pnut 

?fr,IJ"'.[! m.~b'b.[! 3o• 3 1, ... , 3n-I, 3 11 t:. ... umwmm'b 'l:"f',Jw/Jf19'bbf'"'f 

n·t•'f ~"'l''lfr 'lJ"'tfr'b 'lf'fi>bl' h'i.sfr"'l ""''l"'u"'l'"' J'' 

ctnx ctn- lx dx 
30-. - +a1 , + .. . +an-1-+anx(t)=f(t), (31) 

dt11 otn·- l dt . 

ffJwt:.w~2•fmJ' /; t~O 'lb"'J.""J' 'lm~bl "'!'f """'"'""'l'J'"'~ "'J~ x=X(t) 
l"'-cJnufe, "l'l' P"'1."'1'"'l'"'J' !; 

(0) ' (0) ' (n-1 ) O) ( n - 1) 
X =X0, X =Xo""' X ( =Xo (32) 

U~'f.p'i.Uii[UI'j, "''"!J'w~~brf>'b, U.t" "l"''ftl'£! w•Jblf1 ""''l l""Hl b'i..[! "'1"

"'hu. 'lmb1 h'i.p (11) t:.,u1."'""'f'J',,~ l!~'l~"'~"'l' 1mcJmJ'e: "l'l! "l"'rm

'b"'~"',r /; ~"''''"tw~w~ r,.,.,umwmnLi,~b['• WJ~mt:.bmlJ "'!'1 t:.wumwurnL'h-
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'hbr'h e'~~mr"L b'b.[! "'t"""hu, "{' P"'""'l'"'l''l'·'b (32) "'l'lf''bUI~UI'b "1"'1-

J' ... 'b'bb {'£!' 

IJ. 1umbr1 ~2."'f'"''fl'b'b.e "'lu fu~'ll'fr l"' cJ,f ... 'b "'1.blfr "1"'{''1 J'bfd "'f' 

o"'hr"'gfrn~ t:. ... 21.fr J'bfil"'H!' '''lUI'bb'b.[! (31) t:,,.,1 ... ""'rJ'w'b' (32) "'"'r 
,t ... 'b'bbrfr'b P"''l"'rmrnrz x(t) l'ucJJ'wi. L-"'wml1hrf!' U.n L-"'"'m~hre 

'bz ... 'bw~b'~~i! x(p)·n1.. "'l""'fruntj, x(p)~ X (t): 

h~fil"''ll'b~.J! • "I' 'l"!"'fdtnL'b nL'bhi. (31) ""'""'""'f'J'"'i' lmcJJ'w'u 

iL 'hr ... ' ,ffri.}_b. n-r'l ~"'r'lfr "'cJ"'~9l"'l~brfr "'"'m~br'bbrf! (•utu '•~[il•u

'lf'"L{t!t ... ~ i.zfiJII'filJIIL'h(! //u'f"''f b~J! UUIIIL'f/;l f"'c}IILJ'{! nrn~blnL9 

t:.bm, }: (31) t:.•u•J•uuwr•"'-fill"'~ P"l"f' w'b'I"'J''bbr£! P"''IJ'"'"''"""'tb~.J! 

. e-P1-n.;, "rmhrz p=a+ib, /, 0-frs J'fri.z.IL co uUJt:.J'wM,h1,,uf fr~mb

qrb'hp eum t·/J· 

,.., 

= J e-rtf( t)dt: 
0 

(33) 

z. ... ,,.uuwr·mft!Jw'b awfr• ,fwumJ' x(t) q,,,_'bltgfrUJt/r [, ~!'"' wJUJ~9l"'l .. 

~brfr L·UJwm~br~br'b /;i,, "'P ~n'IJ'nuf' f(t) f/>m5'~9fr"'ti' L-"'"'m~hrl! 

"l'£! ~2."'~"'~1.~[! F(p)·n•J: l,bm!."'P"'l'• (3.'J) t:. ... qwu"'rm{rll'"'bl! ~w

r6Jfr t 'lrhL "'!""!""· 

jdnx } jdn - Ix( . 
aaL~-- + a1L 1- . -f + ... + anL{x(t)}=L{f(t) }: 

dtn tdtn-1 

ll.1u r..w,fwu•urmfrlt"''b J'bz f/>nt'i.~yfr"'tfr [,_ ~f'"' "'cJ"'i,9lwl'i.hr/r UJ"'Ln

lthri.brfr fnfr•"'rb~ u.brzw1rh1,,t ( 27 ) , (29) , (30) "'rmwt:.,u1mmft!JnL~W 
'hhrl!• um"'~"'J' h~p-

a0{pnx(p )-(pn-1 xa+Pn-2x~+pn-3x~+ .. ·+x&n- IJ) }+ 

+a1{ pn- lx( p) _ (pn- 2xo+ pn - 3,\~+· . ·+x6n- 2J) }+ 

(34) 

(34) f,UJ"WULU('IILif(! ~"},•jmJ' /; odmftrpu(} fhut!Ult\lU[Jnltf ~,.,J' UlUIUil}U

Pil'l fiwt!mumpnuf: ll.t" ""'"WIIUJrJ',.,'iJ J'£2 UJ~t:.wl"'£! x(p) "'"'ml,hr'ir 
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t, nr'iJ tl nrnz'lmJ' t l\w¥wuwrnLJ'f'yt !lbwpnftlbt~ wJ'iJ, aw[u J'w

flnLJ' fJn'f'iJbtntf x(p) "fiU('nL'iJw~n'f w'b'JwJ'tb('{!• 

x(p)(aop"+a1p"-1+ ... +an-IP+an)= 

=ao( pn-Jxo+P"-2 x~+ ... +x&n- 1))+ 

+ al(p"-2xo+P"-ax~+ ···+x&n-2))+ 

(34') 1\wtfwuwrni.fdlwt am[u J'wumJ' x(p)-J. 'l"r"w~ftsl! 
wumft-b.w'ilft pw'lJ'wt,wJ' t, nrc uurws'lm .r L b[Jb (31) 

J'wt aw[u J'wum J' wdwtsJwt'ilbrft t[rn{uwpbt urb'lw'lr'l.b'il 

"iwurwufuw'b wu urft-b.w'btbrf!t U.Jt 'll2w'bw~b'll.[! <pn ( p )· n '1.• 

<fn(P )=3oP" +a 1P"-1+ -.. +an-1 p+an: 

{34'} 1\w'lwowr,!wt wp J'wuc ~w'lJ'tfmJ' !; 1\bur/.Jw/ 1/bf'"i• 

3n- 1 'i"l't},..~ft9l! pw'l_J'w"iwurltt/."' J' t x0- ""-• 

(34') 

p-ft n- 1''1 
l\w¥wuwr~ 

p·/t 1\w•fw• 

(35) 

3n-2 'f"f'J W~P9f! pw'l_J'W"fWur~'{m J' t PXo+Xo·n~{, 

al 'l"rdw~fr9l! pw'lJ'w"iw"''t'lmJ' t p"- 2 x0+p"-3x~+ ... +x&"-
2
)·n'l., 

ao 'l"rJw~frsc pwr,.rw..,wm~tfnul t; p"-lxo+P"-2x~+ ... +x&"-'>.,,,, 
f:ntnr wlu '"'rurw'TrJwl'bbre 'lmJ'wrt/nLJ' b'b: 'l>nLJ'wrt/mJ' t- 'bwl• 'Jft

fbrLtsf.wl 1\w'l.wuwrJ'w'b w2 J'wuft F(p) "iwur~bl'l!' (34') 1\w'l.wuw· 

rm{J,wt wp_ J'wuft P"l"l' w'b'lwJtbreJ pwsft F(p)-fts· 'bJ'wt w'b,_w.r~ 

thrJ. .!J.wsmJ'fts 1\burn, J1w'lJ'mJ' b'b r..w1ur'b/> 'l"l'Jw1Jft9'bbrn'l. P·fr 
n-1 utuurJ.-b.w'bJ. pwqJ'u.t1 u,J', 11.1'b t2w'bw~b'b.e <.\Jn-t(P)·n'l.' U.l""lfr

untf, (34') 1\w'l.wuwrm.!e ~~~~l'blft !; 'lrbl "'J""ibu. 

x(p)rpn(P)=·~n-l(P) t F(p)' 

U.Ju 1\wtfwuwrm.!fts tl "1'"2"'" bt.[! x(p)· t. 

x(p) •?n-I(P) +F(p) ' 
Yn( P) <fn(P) 

(36) 

U.l""ibu n I'" z'l.wt} x( p )·'II ( 31) t;w'lwuwl'J' w'b w 1t x( t) LmdJ' w'b 

"iwur~brt t", "1'1! pw'lwrwrmJ' t (32) u~qp'bwltw'b "iwiJ'w'b'bbrft'ilt 

bpb WJtfJ' 'fur'iJb'iJ.[! UIJh x*(t) f/tm'bft9ftw'iJ, nrft "fWIII~b('{! (36) 1\w

'[wuwrmJ'n'l. "/'"2'1"'1 ~(p) f/>m'b~sftw'b t, w"iw § 1-uul dbw~l.r"i-
418 

""'J J'ftw~'"l"t'"t {JbnrbJ'ft l.ftJ'w'b 1rw t,r.burbft, "I' x*(t)-'b (31) t.w

"wuwrJ'w'b wJ'b l"LdnLJ't t-, "l'f! pw'lwrwrmJ' t" (12) ''i"'JJ',.,'IJ'hbrft''il. 

"'l"""'J'"' \ 

· • ( n I) 
(31) 1\w'lwuwrJ'wt l"' JmJ'e x0=x6=Xo =·· = Xo - =0 'll'"lw~ 

l1w'b uhp'bw~w'b Uf'"!J'w'b'hbrft 'lb"iiJ'"J' 'lur'bbtftu (36) 1\w'lwuwrm• 

fJJw'h ,Jb2 ~tft'hfr t\lu-l(P)=O, £. wJ'b lf[/lul'tL'i.ft ~ burblwl urb".[!l!• 

x(p)= F(p) 
<fn (p) 

x(p )== F(p) , 
3oP"+ alp"-1+- .. +an 

dx 

(36') 

'1-m't.ltl dl+x=l r.woJouuwpJw'b w;1' l~L~rnJe 1 "1'1!. pwofwpw-

pnlJ I; x=O, ltp,. t=O U~'/p'bw~w'b UJw;Jw'b'blrpfo1·· 

{" L J n L J, 'tw'/JnLJ b'be 

- I - I 
x(p)(p+ 1)=0+-- ~wJ 

p x(p)= (p + l)p 

- I I 
x(p)=---, 

p p -f- 1 

x(t)=l-e-1
: 

poupn<J I; Xo=X ~=O, f=O 'lb"li!"Lrf u~'fp'bw~w'b "lw;Jw'b'bltpfo'bt 

{ n L <) n L J, 9•plt~,l! (34'} oJw'brlw~ r.woJwuwpn•Jf!.• 

- I 
x(p)(p2~9)=---, p 

- 1 
x(p)= ( U-9) , p p I 

I I 
--p -

- g 9 
x(p)=--+ -· · 

p2 + 9 p 

479 



l b. 3 l'w'bwJ.I.b['p r. pJw'b 1l'w 'l"'~'nul &'be lnu)nuf['_. 

I I 
)(t)=--gcos 3t+ -g· 

'bbl'r, ~umw~'"'"'l!· 

480 

- 11 3 1 , 1 
x(p)= 2 p;--4 -p-t·p+l 

4 

4(p+2) 

1 b. 4 pw'bwJ.l.bfn•/ 'l"''bn<J b'b ,(! l"'~nLJ['_• 

1 3 -t I -"t 
x(t)=2t-4+ e - 4e , 

1 
x( r)<r2 +2r+ 5)=r+4+ p2+1' 

~uul 

- II . p-f- 1 2i! 2 
x(p)-10' (p -j-1)2 + 22 + 10.:.! · -(P-+-1)-2+-22- . 

I p 1 1 
10 . p2t 1+5. pz+ I' 

11 29 I I 
x(t)=-

10 
e- 1cos 2t+ - e- 1sin 2t--cos t+ - s in t 

20 lO 5 

11 :i9 ) 1 I 
x( t)=e- 1(-cos 2tf- -sin 2t --cos t+-sin t• 

10 20 10 5 

twfunr'1 Uf"'r"''ir"':PI! ( 36) pw'bwa'·l!s t:.bur!,,,r L nr ,,"'tr'il 
'JP:f.brh'ilypw[ t:.wtfwuwru'w'b lmdJw'b "i"'"'~brl! ~wqJtfwrt (; br~nL 

wb'lwJ'bhrfS• wnw~,.'it wb'1"',fl! p-/• ~w'i.n'i.w'/.nr nwyfn'i.wl ~nurnrw~ 

(;, brtlf'"f"f "'"''1:"',/1! Jp ~nmnrw~ !;, nr" t:.wJwrhl! t:.wt{wuwrJw'b 

~~~~ J"wu,. F(p) "i"'"'~br'i. L pull t:.wl"'"'f'"'rt!.' cp 0 (p) pwqJw'i.'1wJl!.' 

IJ[rlb F(p)·'b nwy,.n'itwt ~""'nf'"'~ t, "'"!"' br~r"f''l "'"''1"',/1! 1/l,...,.,. 

nwypn'uwl ~nururwqt U.Ju"ipuntf, "/burp I; ~wrn'lw'i.wl 'lur'l.bl "'!b 

U~'/p'iJw~w'iJ lpnL'i./Jypmb1 n{'p "fwur~b{'{! "wimbwtfnf' nw!J,.nbw[ ~nurnw 

,....,,, !;t U.!" t:.w,.yn'( !;l 'lP"''lr/.binL J.'b.f! 'l.br~w "iu'f'"''lf'"'lpnuft '1-pw 

ym.p "r'·~ lpm'hqs"""!" L-•'fu.ur4bre p-,. 
'in - J( p) 

Cfn( P) 

nwypnbw[ 1/.wbnbwtfnr ~nurnrw~ !;t f!Jwt:.w'l.'l.tfmJ I; 'lur'l.ht uhp'bw~w'it 

lpnL'l.~gpw'l. ( or"'l""'"'ll!.) I l t:.wur nrl! X 'ltful! § 7 -m ,f D"' J9 (; urr'lhb 

nr wJb'l. Jp ~w'i.n'ilw'l"r nw9 pn'i.wl ~nurnr"''l ~wrhll! 1; 'ilbr'J"'I"'S"~~bL 
f.burbJwl l"f'u urbu.[!p urwrrw~w'b !1 nurnrw~'l.brl! 'l"',f"'f'P urbu.pntf. 

h'b, 
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u. r' ,r 'II"" w r Jlh 'b .e 

!/rn """ fil J"' 'b'itb r. 
Ap+B 

482 

(37) 

(38) 

IV urbul'fr ur~.~~rrw'f"''b "nurnr1.1111fr 'lhUJJ'I! wJuurb'l1hh.(! ,e'h'b~.~~r~fr, 
,ewtfr nr '/'U 'f1UUJ'/wd t- Jb(} (,1.112.'/mJ'iJhfp !)bun ll'p j'IUh/1 JwuhiU-

-Jnr '1-hUJ.J!brfr l)lUJwr "'Ju C."'f91! .p'b'bwr'fb'b.e u.,npln ll.'b ~1 .... <Jb
2

urn•

friJ"'h '1-bUJIJmJ' l!~'P"rsn'l£! 'fwrn'l t- ?J.Jbl "'Ju '111"/t "'f'lpmJ 'bez.-
. 1"'" 'l-lU"f!'b(tlw9'bbrJt9 tfh"f>'b, 

§ 12. OUJiirwg~nll lflipni'J.n~ 'l~.'f»brbllg~wl fiw~wuwrnLiilllifl~ It 'l~.'f»li
. plillg~wl fiw~wuwflnLiillbr~ fiwuw~wflqlifl~ [nLOiiwll Ofl~llw~lllifl 

/;uufw UUIJ" Iw'h w,'h /"LJn.,fl', "I'L' pw<fwl'wpn, ,f t Xo=O, xo=O, brp 1=0 "~l!'l{'-
1,wtw~. "JWJtfw'h'hbpf.'h

1 

~ n 1.. .. " • ,f, r,w'l'!,,.,f b'h e ( 3 4' ) oJw'h'lw~ ~wofwu"!f'"Llll!• 
- 3 
x(p)(p2~4)=-;---9 • 

P + 
- 3 
X(P)= (p3 +9)(p3 + 4) 

~wJ 

3 3 

_ -5 5 I 3 3 2 
x(p)= p2-j g ~p2+4=-S. ra+9+JO. p2~4 ' 

3 I 
x( t)=-sin 21--sin 3t. 

10 5 

. . 
"-1wuwpJw'l, wJ'h l"• .. n•Je, "1'1! pwofwpwl'"'" t Xo=l , xo=3, xo=B, lrpp 1=0 
•t'lP~,,.,~w'h ''lw/Jw'b'hbpf.'h, 
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{ n L J n L J, ftw~ofnLJ b'b~ (31') oJ·w'h'lwf[ ~w{wuwpnLJJ! 

x<rl<r3+1l=r2. I+ r. 3-J--8. 

(p-j--1 )(pLp--f-1) 

o,m{hJn{ LU'JJNLUW~ I -fs· 'lf'"L'' h'bp lnLJnLJf!. 

I ( yJ lJ {3) 
-t 2 1 -cos--t+-r-:-sln --- t • 

x(t)=?e + e 2 l' 3 2 

0 [' f. 'b w ~ 3, 9-m 'b b l 

d2x 
- + x=t cos 2t 
dt 2 

'wofwuwpJw'b WJ'b JnLJnL•'e· "1'1! pw{wpwpnLI/ I; x=O, x~O. bpp t=O u~~p'bw
~w'b "(WJJw'b'bbpf'b 1 

1, n, J n L ,/, fJ.ph'bl! (34') ~Jw'b'lw~ ~w{wuwpn<Jf! 

I 8 
x<r><r2+1l= p2 +4 -(-p2_+_4_)_2 · 

npmb'lf.9 npn2 Uuu•pnfunL£1 JnL'b'bhp{rg 'bmn ~umw'bw'bl! 
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- 5 1 5 l ·~--
x(p)=--g r2+ 1 +--g p2+4 -:-- 5 (p2+4l3 

dx dy 
3--j--2x+ -=l, 

dt dt 

dx dy 
0 d(+4dj+3y= 

~w•fwuw[<nL,.,bpf ~wJw~wf''IP WJ~' L"'JnLJf! , npc pw•fwpwl"'"' I; x=O, y=O, 
lrpp !=0 uhp'bw~w'b "(WJ•f..,'b'bbpf

1
'b, 

{ n L J n L J, 'f-;w'bw~b'j,/! X(t)-7 X(p), y(f)~ y(p) ft 'l['fi'b/! oJw'b'fW~ ~ w•fw
uwpnL,.,bpf• :.wJw~"'f''ll!• 

(3r+2>x<rl+r"Y<rl=-1 . 
p 

rx<rH<4r+ 3> Y(r)=o. 

- 4p+3 1 1 
x(p)=--= - ----

p(p-j--l)(llp--j-6) 2p 5tp+I) 
33 

lO(llp-j--6) 

I 1 ( 1 11 ) 
(11 pf6)(Pt l) 5 P+l -llpf6 I 

f:um "(Wm~bp'bbt•f 'l"''bnL,f b'b~ uhp'bw~wl. :pnL'l.hfw'r.bp/!
1 

wluf'bl!'b' ,w,fw~w['
'1/:r npn'i•{n'l [nLJnLJ'bbpf!_. 

1 I 1 :; -..!fr t x(t)= ---e- --e 
2 5 10 

y(t)=+(e-t-e -i-t). 

l.,Jw'b J./.,,1 JnLJ•fn• J b'b f, f'LU['Jp ~Wf''l/o 'ltlw,1p'b ~w,fw~wp~bl'[~ l 

1-frf/>hr,h'usfrwl t.wqwuwrmJ''bhrl! ou1h/'w.9frn'b J'h[Jn1nt/ lm Jblfru 
o'lurw/1wr !; lfr'bmJ' t.hLnl..lwll!· 

tfJ w P w {il J w 'b {il h n r h J'r bpb P1(p )-fi L. P2(p )-fi f1(t) L. fit) 
~ntG~gluufibp~ UJWmljhpGbpG b6 , wlufr'h.e'b' 

Pl(p)-H1(t) I. F2(P)-+f
2
(t), 

wupu P1( p )F
2

( p )- G 

t 

J fl(-:)f;(t- t)dt 
0 

1/>m'bhfrwJfr "JWLn11hr'b t, w
1

ufr'h.p'b' 

I 

F1(p)F2(r)-+ J f1(-r)f2
(t-t)d, , 

0 (39) 
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( 

U, "'w 1 n L 9" ulz 9-u.'bl.'b.[! J f1( t)f2(t--t)dt /f>nL'b~s/owJ/o 
0 

"'."'ur-

~~~rl! 1 b f'b£lnt/ "'.WUJ~b r/r rJW/:,J' w'bnt~f/os, 

LlJ f1(t)f2(t-- t )dt =f e-Pt J f1(t)f2(t-t)dt dt: 
f t } . [ ( .j 
l 0 . 0 0 

U.2 ~n'lJfr fr'burlulrul[£! ~rll'b"'"i"'uofr~ fr'IJ~nh'lr"'L t, "fl! t.nw1.wt}'fu,.J t" 
t=01 t=t nL'l~'l'bbt•"t/ .. ..,t:.,/w'bwtfrw~t/wt} u.frrm/Pn•{z U.n fr'brnh'lrw-

l,~. 398 

1mJ' tpn(..bt.[! fr'innb'lrJ'w'b ~w f'll!, 1/umw'bw'IJ.[! . 

. L\.t f1(t)f2(t-t)dt)= 

~t l tkl1 e-,•t,<t-,)ctt jct" 
'tbri!/o'b /o'bu.b'lf'"'LmJ' 11wrnwrbl"t/ t-c= Z 
tfrntpn,'llwf/w'IJfr tpn fu &II f "'bm J' (! 1 ~Ut.n w'bwb.[!• 

co co QO 

J e- P1f (t-t)dt=J e-p(z+•li2(z)dz=e- po Se- pz f~,(z)d z= 
< 2 0 0 

=e-P'f2(p )r 

QO 

= F2(p )J e-P:f1( t )dt= F2(p )F1(p )r 
0 

( 

J f 1 (t)f~(t-t)d-;~F1 (p)F2 (p) r 
0 

Uw "''lJ"L"w~ 1-fr 1J pw'itwaL'b b 
t 

?-" ur n 'l n L {rJ In L.,. 1t f fl( 't )f2( t -'t )dt wru.w'>w JUIIII {J J"' 'b[! ~nl_-
0 

t{mJ t f1(t) f.. f2(t) br~nL /f>m~119frw'bbt'P t}lwpnt.Jf>' f/JwpnL/Pl! l!uu.w

'bwtnL .,;.1,t}n'lnLPJnL'bf! ~nl_t/•uJ' t br~nL :p ... t~9frw'bbrfo t}lwp wpmu, 

f!.'IJ'I II(' IlL J' 
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( ( 

I f1(t)f 2(t-t)dt= J f 1 {t - t)f~ ( ;: )dcz 
0 0 

if.br 2./o'b t:.wt/_wuw f"' p Jw'IJ i..zurrnp JilL 'bp t:.wutnwurtfnul t "'2."''1"'lJ'Jw'b 

fr'brnb'f[IW~IILJ' t-;:=z •/•n•fmfuwll'u'bfr rfrnfuwrfr'IJJ'w'b i..w'bw "i"'rt:.ntfz 

d2x 
0 r" ~. Ul ~ · <J.m'bbl - - f-x=f ( t). ~.u.JwuwpJm'b "'J~' l'" ~.n.le., "I' I!. pw1wrw

dt2 

pnLJ t x0= xo=0, bpp t=O ull'll''br.u~w~• "l'u;•lw'b'bbpfo'b • 

~ n L ~ n L J, <J.pb'bl! (3-1') o·lw~''f"'~ ~w1uouwpo1LJf!. • 

- 1 
npmb'l F( p )- 'b f(t) !pn L'bftsfowJ,. U£W"'~"t·~· t · ~ bml.wl'wp , x(p)= p2 -J- 1 F(p), P"'Jfl 

P~+ 
1 

7-sin ! !. f~p ) ;-.f(t) • 'Tf.pwub 1'"/ ( :19) •fowflwfJ,Iu,~• pw't.w J. Ite. !. 'b 2 w'bw~IJ1no/. 
I 

- = f 2(p) . F( p)= f 1(p), ~"'""'~' "'~'/'• 
p2+1 

( 

x(t)=r J f(1:) sin(t ·-1:)d1: • (40) 
0 

?- fr t.n n 7 , L pIn L 'b 2r f/Jw{dwfdJ'ut'b pbnrhJ'f• r,frJ'w'b tfrw t:.hz

urm {rJ JUIJ' P 'f'n'b t/_m ,/ t fP Ill h~ _9/r111 Jfr fr'illll/:;'f("J.Jt/1 UJUIUI{jh fl! 1 b frl /; r,WJUI'bfr 

t "'J'I lpm'bllsfrwJ/r Uf•um~brl! · wJ'b t' h[JI, F(p) -?- f(t), "'"i"' 
t 

1 . 
PF(p) -f.~ f(;:)d tl 

/> (' n .[! • b {rl b ~' 2 "' 'b w/1 b'b.[! 

1 
f1(t)= l(t). f~ (t)=l, "'"'"' F1 (P) = F(p), F2(p)=-t 

p 

( 41) 

U.!" lpmt~sfrw'bbrl! u.h7"''lrbtn•J (.'19 ) pw'bwal•/• J'h 2. , ~urnw'bw'be (41) 
pw'bwa/1(!1 

§ 14. lfl:ituwu~IJW ~wf• mw mwunu.iuhp~ ll~:Jlhptugt•wl fiwl{wuwpnulbhp: 
I::Lh~mpwltwll 2't~muhp~ mh unqaJwll ll~:Jlhphug!lWL fiwt[wuwpnu.iuhp 

lfhfuw'bfr~UI J/r,9 f\wJ'n'b/o t, nr trl qw'b'Jtflu<}b m'hhyn7 'bJmfrlw~w'b 

~bmfr mmrnw'bm J''ub rf! t~"'r"''lrt/"' J' Lt 

dzx A dx k I - +- -+-k=- f (t) 
df m dt m m 1 (42) 
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'>w4.wuwrntJ'nq* IUJ''Ulbtt X•[! "r'·l; 'ffrr•i!P9 fthmfr zb'lm'l'b 1;, k-'b 
wnw~lflll'tw'iJ t:.wJ'u.~m('IJfr• orfr'bw~, 'lU"fUI'iJUifffr ( 'lU"fw~fr ) ftnzmnL

fiiJnL'iJ'iJ /;, zwrcfJ'w'b[! 'ffrJ'w'ffln'J. ntif(! C.wJ'bJ'UJurw~w'iJ /; (A t:.wJ'bJ'UJ

urw'tw'iJ,<fJJw'iJ 'l"l'"'u~9"'/ ) '"f"''lm/JJ'"'b wn.wl.f>'b wuurfr f:.UJ'bf'b , f1(t)-'b 
wrmw.j!fr'b 'twJ' 'lf''ln."'l mcl'it b 

(42) urfr"'fr 1\wtj'""'"I'J''"'b l'nJJ',u'b J'frl." .'J"t/. 'bt1wru''lf1mJ' b'b 

fn.pr mwurw'bmJ''hbrl' h "''l'"ur"'fJJw'b J'b't wumJ•f:.w'b m'bh9'"l J'b

{uw'i.fr'twlt'"'b t:.wJ'JU'tUJr'lbrfr· orfr'bwl,, zfruhnfr t/.rw, fJwtfrw'bft[fr "l"l'"'l 

<nwmJU'bruJ''bbrl!• b{Jh X•[! {J'"tfr'"'bf>o/_fr Uf"'mdJUb w'blt/"'-'b'i. I;, m-e' 
filwfw'bf•'lfr fr"'hrsfrUJJr ,r,,rbiture.- k-'b' tfrubufr "L"r.r ... 'b 't"zmnt.-

fiJm 'b[!t fuft mf](t)-'iJ' IU('UliU.J!fr'iJ Ill cfhrfr J'mJ'bhur(! "(UlUJdw'iJ WILW'iJS.J!fr 

'it~wurJ'wtfpt ( 42 ) mfr"'fr t:.'""-'""'"l'"'-J'itbrl! 'b~'"l'w'lrm J' L'b "l. J'f>UJJ'b 

J'hfuw'bfr'twftw'b UIJUUJUJhlll J'bb ['l! I JU JLU I; zbllm l'UJ ~UJ'it 2'LfJ w 'bb r nL J' mb 'I fr 
m'bb9"'1 hrbmJfil'bbre• 

'1-frsn<.p nt'bb'bp l;zbftwrwftw'b 2'lfil'", "1'1! ~'"'lJ'4.wJ I; L fr'b'fm't

urft4.n<filJn<'bfrs1 R 'lfrt!w'fr"•filJuL'Iifr .lJ h c m'bw't•n{JJm'bfry, nrfr 'b'twm

JwJ'p ftlrr'"'"/'"4 I; E 1;. 2· m-'b ( 'bt1. 399), i-uq 'bzru'bwl1b'b.p 2 ,,[Jw -

t: l J"!J' b'lwJ t:.nuw'bJ!l! • fru~ Q-nq' lt"'b'lb'i.uw-

_J~ 111"('/r tfr91!l'• '"!1- 'lbUfp ·nJ' ' fr'bl.Ufhu t:.w!m'bft 1. • I; l;zbltrnrwmbfu'ilfrltwJfr 9• i-'b h Q-'b pwtjwru.· 

b ru<J' h'iJ t,l,,/,i"'l t.. wq'"""'l'"'- J''bL t·J·'b' 
Ec. , i? d' Q 

~ lr L d; +R l+c=E, (43) 

t~ . 399 

dQ . 
-=It 

dt 
(44) 

(44 ) 1\ouo/_wuw('"'-./fr.'l umw'i.uuf L'b.p. 

d2Q di 
df = d t l ( 

44,) 

Sb'l.w'lrbLn4. ( .U) -1! b. (4-1/ )-c (43) t:.tut/UJuwpJ'w'b J'II 2 , i-fr f.wJ'UJr 

umw'b ... J h'b.j! ( 42 ) UlfrUffr t:.wt{JU uwrm J'. 

Ld
2

Q+RdQ +~O=E, (45) 
dt2 dt c 

'1-frtf.hrb'bsiiL'''l ( 4 3) f.wt[UJuwpJ'w'b b 1.ftn< J'wubrl! I< o'l u•wqnrJbl""-

• Sk ' u orfo'bw~ , XIII '""'" § 26 , "l'"'"'l WJ'l"t}up >w•fwuwr nLJ uurwoofkl t 
'l""l"'~f o/l'"' pkn.p mwurw'r.nLJf!. l''r.'r.wr ~kif " ' 
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(44 ) £.wrfwu W(niJ'f!, j f.nuu.'h.[f! nrn;b[nL t:.wJ'wr l. utu/LmJ' b'iJ.j! t,J.. 

111/.JUJl t,,,,IIIUUJ(InLJ'f!• 

(46) 

d~x , d x 1 ( 
- 1 a - -- a.,x=f t) 
dt~ ] d t I -

(47) 

urhu./!""' nrmb'l "l'"~"'"'l X f/>m 'blt!JfrUJtfr· a], 32 t:.UJUUJUJUllrt'b'bbrJt b. 

f(t) /f.m'blf9fwi/• Jb{utu~JJ> IJ,,f/"''b /i ,J' tf.r'lfr~w~UJ'iJ frJ'UJuUJf! UJ'"(''I.UJ

pw'btjmJ' I; UJI/JWJ >.w<fuu•wt"''! l' (4 2), (4 J ), (46 ) f.UJo/_wuUJI'mJ'bbrJt 

t:.hm fuutfbJ'wurhl'" Jr 'L"!J'"'' 9·w'bM • .[! (47 ) t:.wo/_UJuwrJ'w'b WJ'b zm-

4ntJ' l! I n ('/! f! w<fw I'"' (' m..J' I; X= Xo, x' =x~:-= b rr t=O u/1'/P'bw~w'b 
"flU JJ'"' 'b<ub rf'b. 

fJw'IJ'b'b.[! ( 47 } """'""""r 'f,,~, f.u,f'"l' odw'briUJ't t:.wrJUJuwrm tfe' 

x( P )( p~+ D 1 p+a 2 )=X 0p+ x~+ a 1 x 0+ F( p ), ( 48) 

"f'UlL'J F( p)·'b f(t) /f.m'blt !l l ' "'r/' uiwmlll' (''b t t (48) t:.w'i"'"wl'mfilJnr'b/ty 

'IUJ'bnt J' h'b /! • 

x(p) x 0p+x ~+ a 1 x 0 + F(p) 
P~+ a1p + a? P~+a lp+az 

(49) 

U.J'bUfbu, f'bz_Ufbu (4 6 ) f.w•Ju,, w 1.Jw'b Q= Q0 , Q'= Qo1 brp t=O, 
u~qp'bw~w'b UJWJJ'UJ~, 'b/,('/ 'b p w•/"'[' u' ['n'l Q(t) lmJJ'UJ'b t:.wJ'u'l'• UJ.UJUl

ltbl'l! ftm 'bb'bw 

u.bu.pf!' {nti)J'w'b p'bmtfilr ~w"ihu ~w{u.;wJ I; w{lt pw'bfr9• {Jb p2+ 
+a1p+a2 bnUJ'b'IUJJfr UJr; UJm'bhrc ~nJ'UJLh.pu h'b, ~wJ' frUJI,w'b ~nwr

pbr, ftwJ' frrw'tUJ'iJ ~UJ"IUUUJ('I 11 w'iJrwJ'wu'iJ ./!iJtiUr~b'iJ.p WJ'iJ '1/;"f.j!f!t 

4S!t 



. · + x0a1 Xo --
2 

+ 2 

Va-~ 
a 4 

sin tV ai J~ a - -
2 4 

F(p) 

p2+a1p+a2 

(50) 

ltn~nnrtu~/t'b r.wJ'wUftuurwuf.•w'bn'l "~'fp'bw~w'b f/>m t~sJ.tu'bt U.JuUJb.'l 

o'lurt/mJ' hit tptu{Jtu{Jrlw'b {J .bnrbJ'f.9• 'b~tuurbln"' nl' 

~b~nb wpw r, f! '"n ( 39) pw'btuJ.Lp uurw'iJ,LJ' b 'iJ J!• 

t "1 
F(p) _;. - ~--=I f( ~ ) e -- :t- ~ti;;\t-t ) v 

p2+ a1 p+a2 · V aT J 
a~-- o - 4 . 

(51) 

IJ.!"Uflw , mpbJ''b , l; urz r(J. wn.'bbln" (iJOJ- e L ( lJ1 )-e. ( 49 )-rs u~nw'bmJ 

bb.[!. 

x(tP,e-'; '[x0 cos tV 
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+ 1 

Va- ai 
2 4 

t, -~(!-< ) 
~ f('t) e 2 sin(t-'trv 

0 (52) 

G(Jb W('UJW.[!p'iJ mcf[!' f(t):=O, WJup'iJj!'iJ' b[Jb nL'iJb'iJ.[! Ul'fWUJ Jb~ 
fuw'bp~tu~w'iJ ~w,/ l;~b~mr W~W'iJ UJUIUJW'iJn11f'iJbr, WUfUI [nl JmJ{! urer~ 
"mJ J;- (52) wrurw/;wJ~nnt{JJw'b tup_ J'wup wnwpp'iJ qmJwrbJpn1.t 

G[Jb u~'fp'bw~w'b ~ntfJwL'bbrl! l;w,fwuwf• h'b 'lrnJp' Xo=X~O, wUfw tnt~ 
~mJ{! ~nrt{mJ' I; ( 52) /;w"tuuwrmftJJw'b wp_ J'wup br~1.nr'f qnLJwpb~ 
[pnt/t lfw'brwJ'wu'b .[!'b'bwr~b*b.e wn 'l'"'f.f!br£!1 

§ 16. U.qwm UJWiliwbnuibhp~ litarwqnmnLf'l"Lb(! 

1-f.!Jm.f! (4 7) l;w,fwuurrmJl! 'bl;wrw'lrmJ' I; wqwm mwmw6nuf
llbp(!. wJuf.'b.f!~'' f(t)5;;0, Fw'bwd.l.br,Jr 'lrnrftiJw'b ·r.wrJ'wrmftiJw'b f.w~ 
Jw(' ~~tlh'iJ.[! t:.J,nLJ"'L 'bz w'luulimJ'i. ('{! • a

1
= n, a;,= 

1 
t= -n 1 /., 2 k ~ k2 k2 . 2 

.IJ.Iu 'lhUf.[!mJ' (41} ~w"wuwrmJ'e ~[!'b'JnL'bp l;burLJwL urbu.[!l! • 

d
2
x +2 dx +k2 , _ 0 - - n- X-, 

dt2 dt (53) 

u.,u " IU"WUI.Urrlw'b X w~ [nl dm ,rl'• nrl! P""/.turi.Urnt" I; X=Xo, x'= 

=X~. bi'P t=O "~'IP "" tuJ,w'b "ituJ.fu,t'bbrf.*b, wrt.fm J' I; ( 50 ) ptu'bw~ 
J.Ln•f t1wJ' ( 5 2 ) ptu'bwal•f. umw2f·'b 'lmJ'wrhLf.n" . 

Xw~(t)=e-nt[x0 cos k1t+ x~t1X00s in k
1
tl (54) 

t;w'bw~h~.[! X0=a, 
~ 

'lb"l.[!nLJ' ~wl'hl,., I; 

x~+x0n 
--7----"-=b• W/,,r,I.U!ur 1;, su·'b~w9wd a~ I.. k] 
r'i.Jurrbt "'!it"'r " P 1\1 " o, nr 1r*br a=Msino, 

x .. ~=e-n 1 [ Mcosk1tsino+ Msink
1
tcoso] , 

'twJ '[hpp_'bw~witwUfhu lnLdmJ'I! ~wrbtf.. 1;- 'lrbt "'J"Ufbu, 

b= 

x .. ,= Va2+b2 e- "1sin(k1t+o), (55) 
(55) lnLdmJe r.wJ'uiUfWUJWUfuwitmJ 1;- uwpnq UIUlUJW6nuffibp~6: 
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bpb 2n=a1=0, IUJufb.f!'b' b[Jft bbp.[!pb z•fuuff! pw9UJ ~IUJnL J' !; 1 

UlllfUI LnL<)nLJ'f! ~nL h bi.w 

xwt=Va2+b~ sin(k1t+o) 

~nbu.ef!.' U.n 'lb"l.f!"uf urb'lfo n<i.bi. bpqpmtw~wllwG mmmwGnufGbp: 
(XIII '11/up § 27~nuf, h~. 276~m J' b. i.~. 278-mJ' u.rtJ.w,j bi. t.wpJ'n~ 

'bfo~ "- J'wrn'l urwurwbn<Ji.brf• 'lf'"'~fo~i.bre.) : 

§ 17. lfl:ituw11~4w4w11 11 ~tl:i4mpwllwli mw :nwunuiul:ip~ lilimwqnmnL-
f)JnLllf! UfW[lf!l:ipw4w11 wpmwJ!~u nutlip~ 'llillJJ!nui 

1f bfuwbp~w~Wb t..uJ IUffWf''fb rfo UlrtUJa 'fUI~UJb UIIUUIUJbnt J'i.bre 1 

J'wubwt/nrw"'bu l;lh~urrwlf"'b ur.uur.ui.mtli.bp'b n<UnLdh.uuforbLfou t.wr~ 

I; Lfo'btnJ' .ei.i.wp~bl f( t) .urur"'.e"i. nulfo ur•uppbr urbu.u~'bbpl' 1f .u'b~ 
pwJ'.uu'b J!hh.up~bi..e "i"'f'Pbrw~w'b "'l'"'w.efoi. 1ndp '1'"'1.[!1!' ?-fosn<.f_! 
( 47} l:,.utJ..uu.upmJ''b n<hp 

(56) 
d2x dx q -

-+2n-+k·x=Asin wt 
d t2 d t2 

~nbu.e: &wpJJwi. p'bmi!Jf!. "iwr'lhlnL f.wJIUr pwtfw~w'b I; .e'b'bwp~bl 

"'Jb 'lb"f.[!£!. 1 hpp X0=X~0: ~.utJ.wuwpJwi. ln<dmJ'e. ~wrbt" l;p . e.u~ 
~nw'bwl (!Uur (52) pwi.wat.p, P"'l9 w1uurb'l JbfJn'lw~wi. urbu-...~burfos 
"-"'l'J'wp I; lmJnLJ'f!. uur.u'bwl 1 ~.uurwrbtntf pnl"f J'foz.ui.~l"'l t.w2tJ.n• J'

'bbpf!.t 

t~. 400 

if!J2 

CJ.pl.'b.[! .upurw"iwur~brn'l t:.wtJ..uuw~ 

rmJ'e.' 

.1\.w -----------------: 
(p2+2np + k2)(P2+w2) 

x(p) (57) 

ofli.i..url1bi..p "'J'b 'lb"l.f!f!.• brp 2n=f= 

t =f=O (n2 < k 2
): U.z ~n'lJ'ntJ' 'lur'btfn'l ~n

u.nr"'~l! t/brtn<Jb'b.e ur.url:u'~"'i. ~nurn~· 

r"'~'hbrfo· 

Aw (58) 

N, B. C. D t.wuurwurm i.i.bre. nrnzn• J' hi..e wi.nrnz. ,n1., ... ~fo9i.brJ• 

J'bfJn'lnt/t O'lurtfblnt/. (38) p.ui.wal,f.9• (.57 ) ·foy lt'luri.b'b.f! u~qp'b.u~w'b 

:f>mi.~sf.w'b. 

x(t) A {(k2
- UJ

2 )sin wt-2nw cos wt+ 
( k 2-w~ )2+4n2w• 

+ e - "t(2 n '!-k2 +w~) ~1 sin k1t+2nw cos k1!]}· (59) 

~1uurb'l 'bnrfos k 1=Vk~-n": U.u tl 1\bi.s '(56) t..ut/.uuwpJ'w'b "'J'b 

ln<dJuJ"b 1;, npf! pwt/.ur.uruLtf !; x0=x~0, bpp t=0 u~'fp'b.u~.u'b 
"i"' JJ' ... 'b'bb rf.'b: 

ofli.'b.urlth'h.e "'t'b J'wu'bwt/nr 'lb"i.Jl£!• brp 2n=0: U.u t..uJ'.u"iw~ 
lnUIU,UUibiiLJ' I; IUJh p.ubph, npl oppbwff, J'bfuwbp~UJ~UJh t.unfUJ~IUf'fnlJ' 

J_~w 'bbrl!foi. 'lfoJ'w'lrn<PJm'b, l~w J'b'ltlf't (aMopn13arop): /;lb~urriU~ 
~Ulb f[nhurn<r/o 'lb"f.[!mJ 'I"' 1\wJw"iwurwuptwhnLJ' I; bpw'b, nr R=O, 
utJufo'b.e'b' P"'9"'~"'Jn<J' !: Z'lfrlwJfo 'bbr.ef''lt 'lfotlw'frmPJn<h£!.1 (56) t.w~ 

ofwuwpnLdh wlu 'l''"l.f!m J f!.h'lm'bmJ' I; 

(60) 

~nbu.ee.· pu~ Ul[U t:.wtJ.wuwpJ'.u'b WJh Lnt,nLJ'f!, nre. pwtJ.wr.urnLJ' I; 

x0=x~0, bf'p t=O uii'IP'b"'~wi. "f"'IJ'"''b'bbpf>'b, uurwstfn<J' (;, bfrlb 

(59/ p.u'bwaf•n<J' f!.hiJIILhhh.f_! fl=(}. 

x( t) (61) 

IJ.1uurb'l nti.l.'b.e bp~m t:..uptfni.folt m.uurw'bmJ''bbpp 'lmJ'wp' ubtf.u~.u'b, 

np'b n<hp k t:..u6..ufum{tl Jilt 'b 

A. lll 
Xc(t)=----- - s in kt 

kt-0)2 k . 

[,_ t:.wr~"''lr"''l"''b, np'b ~nbp lO t..u6.wp~n<{t1Jmb 

A 
XB(t)=---sin wt: 

k~-w2 

IJ.J'b 'lb"IJ!P t:.UJJ'wp1 hpp k )) tll , urwurw'bm Ji.f•rfo pbm[{<J£!. "JWur~b/'tJ.uu} 

!; 'j,~, 400. nLd I 
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(62) 

A M= I 

V(k2-w~)2+4n2w~ 

(62) tmdmJ'e ~wrblfr I; lf:l'bl "'l""lbu. 

A 
x(t)= v z • sir:(<•Jt+~)~ k2 (t-~)~+4n2~ . 

k~ k4 

(64) 

(64) ptu'hwaltfrs t:.bmJ..,.J' 1;, "r t.wrllm'lr"'''IIJ'h urtuurtu'hmJ'hbrfr k t.w. 

i'.tufrm~fiiJm'he lfr t.wJ'e'h~'hnul "'1''-""'J!fr'h "'-Jfr <•> f.tub.wfun'-filt"''hl!,b!Jb 

n P'/•"1 p'hnrnz'l"'l 'hbr.pfr'h """"''11'"'-Ptmlif! 'r"er 1;, fru~ w t.wb.w~ 
/umfJJn'-'hl! J'nur I; k t:.wf.w/un'-fJJw'he, "'"fur urwurwf1mJ''hbrfr "'J'"l~ 
Lfr 111111 'll! ~'"l'"'l I; "'rt/b l t:.'hwrru1_" f'/r'h l"' t/• J'bJ 1 .[!"''hfr "I' t."'Jurtu

l'"'l'l! ~"'l'"'l I; L,.'hbl t:.'h"'r"'"-" l'fr'h l"''r tfrn.er' brp n=O, m2= k2 lll'-~ 
dnLJ'f! (64) ptu'hwafLn1_ l_/> W('UJUI(,WJIIIIjntJ't 

§ 18. Swtnwbnulblip~ fiwt(w uwpuwb (nL~nLUf! nliqnbwbu~ flliuwnLu 

fl'b'h"'r~L'h.e "'J'h J'tuu'htuq ,,. 'lb"ll!l!• brp a
1
=2n=0, 

brp '~"""'71'"'-Pl"'-'hl! P"'9"'~'"!"'-" 1;, fru~ wrurwl!fr'h ,._.,, 
filtn•'be t.tu.!e'h~'hnt~l I; ubfw~w'h mwmw'hn._,/tbrfr k=m 
fiiJ"''b{!t U.1u 7b"l/!'"J' t:.w,Jtuu"'l'"'-J' t m'hfr 

d2x 
-+k2x=A sin kt 
cte 
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Ul J II fr'h .[! 'h \ 
f.wb.wfunL

t.tub.wfunL~ 

(65) 

urbU.J!I 'lnrn'hb'h.p ~»JU t.tu1_tuuturJ'tu'h ~»J'h Jnl JmJ'{!I "f'f! ptuq~»fiU~ 

rmJ' I; Xo=O. x~O. brp t=O "ft'lp'htu~tu'h "l"'t""''h'hl.rfr'ht 0Jw'h1u'~ 
f.w1_ "'""' rm J'e IJLfr'hfr 

- k 
x(p )(pz+ kz)=A7+ k ~ ' 

(p2+k2)2 
x(p) 

Ak 
(66) 

Um"'s"''hJ! IV mfr"LI• ~"''h"'h"'1"r ""'sfr"'h"'l t1nmnriu~1 "rl! J'h'h.p e'h'r 

f.tu'hmr mbu.pn1_ tb'h.p .p'h'htudbLt (66) "l"'mllbrfr t."'J'"'r uhp'h"'~"''h 

f/>tiL'h~sfr"''h 'lm'hbl"'- t.tutftur o'lm1_b'h.p t.bml..l"'l h'l"''h"'~"B' 9-rriLJ' b'b.p 

f.bml.!"'l 'hu'-l"mfiltm'he (wrunLuwlt 1., (2) ptu'bwat.e)• 

k J e-Ptsin kt dt: 
0 

00 

2k~ J 
P~+k~ (p~+k~y 0 e-vttcos kt db 

(67) 

O'lm1.btn1_ (67) 'h,._!'hmfdtn'-'hfrs• "'/" ""'";._""'l'"'fJJnL'hf!. ~"'f'blfr I; 'II!~ 
rbl w !" "lbu, 

( "'!" pw'h ... aJ,frs nur~»s1_rruf I; "''ll"'-""'~ 1-f. 13 pw'htua!Lf!)' U.tu"lbu 1 

mrbtl'iJ, (6/J ) r:,,UI,WUUI('J'wb nrn'hqrr'[ ['ILJntJ'{! ~~fr'hft. 

· x(t)=~(--1 sin kt-t cos kt)' 
2k k 

(68) 

$ IJ.f ft~'l.fnuf lfur'bqn'l fr'brnb'll""f/!. ftutpbfp t 'bfrp~tUJW[J'bbl frpwftw'b tfrn•/•n

Juu•~m'bp b(t~nL /t'bmbypw['bbpf• '1"'-Jwpfr urbu/!"4• "['""'[J/!9 J '"f'Wj!W'liiJ"'-l'/!. ~wJu

-Jw.} t k "'"'l'"'Jbrn[tJ.'[Jr 
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A 
x2(t)=--t cos kt, 

2k 
(68') 

t~ h ,fbJ WhUI[f. U W JU JbdnL{J.(nt h(! U Ulfld Ulhtut/rUI~ t._b ( 68') pUihUIJ.f.J.~ 

t,.UI,/UIUfWUIUI ufuw'fln '[ UIUIUituhnLdhb r/> Ullf Uf/ J.urm 'If! UlhUUit.d WhUI tfrw~n~ 

rb~ u.-6.tltd /;, brp t•h UlhuwfldUihUI"'IU~nrbh Ul6.nLd l;z Z,burf.UipUI('I 

flu./,. (68) ptuhu.J.£fh f.wdUIUfWUIWU/uUihn'l UIUIUJUihntdhb['" Ul.r"flfr~ 

urnLtfh t whuwf.du.hwfw~nrbh w-6.ntd l U,!u brf.m"J[J/!1 · n('(! urb'lfr n<hfr, 

brp ubtfrw~wi. urwuru.hnLdhhrfr f.w6.u.fum fJJnLhf!. t..wdf!h~hm.f I; "'r~ 

uru..pfrh nHibrfr t:.UI-6.wfunL{riJ"'hf! 1 ~nt._tfui.d I; nbqnliwliu (urbu hUib. XIII 
'ltfufr § 28, h~. 280): 

'1-frgm.p t<O "'rtlbphhrfr t:.wJwr f(t) /jJnLh~gfu.h h"'-!hu.p"'r 

t.UI'I.wuUI{' {; 'lf'"JP {hi/• .JOt, u•) : IJ..('l- 'fbUf.pmJ f(t-f0 ) /jJmh~gJ.w'il 

hnLJ'ku.p"'r 'lf'"JP t.w</wu"'l' luf•hf. t<tu 'f''"f.J'"'" (i.~. 401, p ) • O.Ufw~ 
gn'-gbhJ! t..burblu.l n'-Z"'B'I"'i. ftlbnf•lufe. 

r 
I 

Ill} 

l.~. 40l 

fil' b n r b "' b~ b F(p)-li f(t) .tmL!iqgp.wJP. utmmqbpli };, mutm 
e-P1oF(p)-li l;l f(t-to) f/>mh~9P"'JP UfUiur~brh 1;, WJufh.pi.' h[Jb 

f(t)...;.F(p ), WUl\U 

f(t - t0) fe-P1oF(p): (69) 

<X> ! 0 oo 

L{f(t-to)J=f e-P1f(t - t0)dt= J e-P 1f(t-t0)dt+ J e-P1f(t-t0)dt: 
0 0 I • 
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l,wtfwuwrnLftiJwh wj JUiufr u.nwl/>h f'i,urb'fl"ulf!. t..w•Jwuwr I; 'lr"Jl•, 
· .f!"'ilfr nr t<to 'fb~.pm J f(t - t0 )=0• o/.br2trt /oilurb9rwtnuf 11wurwrbtp 

tfrntfrn[uw~Uih/r •pn{uwrfri.m ,f, [!h'fm 'i,bl'"/ 

tfJ!) t-to=z 
~~--~g 00 

L{f(t-t0)}=J e- P(7. +1olf(z)dz= 
0 

~+ 402 
=e-P1oJ e-Plf(z)dz=e-P 1oF(p)• 

0 

llJuUfJ.un'{1 

f( t-t0)*e-P1oF(p )• 

0 p" ~ W ~I § 2-nLJ o•LJ[J ~ mp{lrf, np ~& '(f!uwJ'll' Jf•w{np fpn< 'l,f(.7hUIJ/! 

• 1 
. ~u,/wp a0(t)+;--• lJ."l'"!J"L!J{w.~ fJirnpbJf•u ~bm!.nul ~ ~ np ~~ . 402-nL•f "l'""'~lrp

p 

1 
""'~ a0(t-h) .'f>nL~br"'J~ r.w,fwp L-utwrn~lrl' ~ : r"'l· -e-P

11-e, '" .l"l•~c~' 
. p 

(70) 

l 
0, brp t< O. 

1 1 
cr1(t, h)=h[cr0(t)-cr0(t - h)]= h-, bl'P O~t<h , 

0, brp h~t 

(71} 

1/>nL'il~s/rUihJ "('(! UfWUI~brtfwJ {; h~. 40fJ~nLdl 

bfiJb UIJU 1/>uLh~,'JJ.wh 'fl>ur</fr n ('"fbu fiL<f t n {'[! qn rdnLJ ~; /; 0-frs 

.!frhJ.& h J"'J"'ilwllwJfrp_nsn'-J, fu~ J'b"'swJ ti"'JwhUilfnLJ fl,u</wuwr 

t' 'lf'" 1/>• "'Ufu., -~tt:,"'Jur {;, "'1'1 nulfr fr.!Uf"'-lul! f.w</wuwr ~Lfrhfr 
.!Jrw</nrfr• 

(8) £. (70) pu.hUIJ.t.brfr flJ..!Uih -lr"' "'l'f /jJttLhb/>"'JI> Ufwur~brl! 
IILJ.hfr 
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wlufr'b,e'b' 

o
1
(L h)~~c -~-rh } 

u.
1
, lf?nL'b~sfrw'b w'btfw'bmrf h'i., tfpw~np \HfulnquwJpG ~ntGq

gpw, ~wrf 'lblurw-f/>m'b~sfrw: 

~'i#w~w'b I; L''b'lnLhb[ 

j o(t)dt=lt (74) 
- oo 

0 

J o(t)dt=l' 
0 

(75) 

"izb'b,e. np o(x) lf>m'b~sfrw'b ~frrwtuJmrf I; _ nl_ rlfrwl'b Jbfuw'bfr-

~wlnLJ , WJ//. ,J'w(Jbrfw urp~wlfr zwur pwJfr'i.,'iJbrm J, J'wu'iJwt/_nru'Ufbu 

Jw(rlbJwurMw~w'h f/>frqfr''u'tfr t:.wtJwuwr"' J'bbtf· zwur ,,...,,'lfrl''bbr tnt-

ttbtfr"' 
'"fruru•r~b'iJ _p o(t)· fr IUIJ'Jb9m{JJn• 'iJ{', b[Jb wl'iJ UfWU,/Jb['W!Jijfr nr-

(76) 

• f/lsurf t 'b~wua[t IIL'j,/s'j,UifJ ntl O(t) - 'b fJ>nL'h~of_.w ~t· unqnpwftw'b /!_Jpn.'bJwJpl 

(twur f/>r'/rftnu-r.ls,[t'bw~'bbp 0(t ) fJ>nL'h~ofrw'b w'b<[w'hnLJ #;'j, '/ofrpw~{t fJ>n L'h~uf_.w ) • 
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t=O "'.wJJw'b'bbpfr'b : ( 76) t:.u,JwumpmJfr,'J• t:.wpt/fr wn'bhtn•f ( i !jJ-l! • 

qm'bm ,/ b'b,e 

v= ds =f ~(, ) dt=l 
dt 0 

77) 

9w'b~w9wt) t-/_r 'lb"i,e"LII, Jwu'bwtfnf'w"'.Lu, bpp t=0: (,burl.wpwf', (7.'J) 
t:.wt/wuwpnt{rlj•uJp npnzbtnt/_ o(x )·[> 1 ~wpLLfr /; "'J'l- f/>nL'ii~9frw'b ,Jb~'bw~ 

pw'bbl "r"lb" '"J'b"'.frufr nLJ-, "f'L' t=O "iw;:,/,'b rlfrwrl_np qwhqt/wd'i# 

nL'iJb,'Jn'[ 'iJJnLfcJwfJw'b ~burfrh /:,UI'[NflfNL,j' t- Jfrwt/nr UlfUI'fiiL{rljiiLht o(t) 
lf?nLh~sfrwJfr L-U[wurt,bre uwi:,Jw'bb'b,e "r"lbu ol(t, h) f/>nLhftsfrwJfr 

"iwurllbrfr uwt:.Jw'b, brp h-+0. 

1 1-e- Pil 
L{0(x)}=l im -. ---

h ->(1 p h 
1 
-·p=1 
p 

{wJuurb'l oqur'fbgfr'b,e uwt:.Jur'bl'. qm'irbl"'- rfbtrwpbrJ"'l {n"lfrmwlfr ltw

'bn'bfrs}: f;,[ "'J""lbu, 

0(t ) + 1: 

u.,'iJnLt:.bur/. npnztJuuf I; o(t - to) f/>m 'iJ~gfrw'iJ, "f'[' ,J'bffhwpwhtjrnrf I; 

"f'"ibu wl'b"lfru/• m.J- , np"ir wll'bfrlru{'(r/"fbh, t=t0 , "i"'t:.fr'b rlfrrutJnp

qw'bqt/_wt)Jr'b /:,w'l"f''l"',j' I; 1-ft t:.wr[wiiW{' wpwqnL{rJJm'b r lJ.~'bt:,wJm 1;, 

np nLzwsrfw'iJ (rlbnr/uffr /:,fllfuJ'il tff'w ffnrhbhurh,e. 

o(t -t0) +-e- P1r 

"iJur'b at.,,, ~"'f"'l h'b,e qpbf 

to 

(79} 

J o(t - t0)dt=l : (80} 
t o 

?-h l"' W• lpnL'iihJrw 1/r Jbf" w'bMwllw'b Jbil'b wpw'b,J w'b t:.fr,/ urb t/rw 

t:.bur/.nL,/ I; 1 N(' t:.w.JwuwpJ,u'iJ UIJ! JwunL,j' 'lbturw-1/>nL'iJ~sfrwJfr wnfttu

JNL(r/JnLh[' llwrn'l I; •Jrnfuwrfr'iit/bl u~t[p'iiw~w'b "iw!Jw'b'bbrfr t:.uulw"iw .. 

urwufuw 'b fn•Jrn ptnL{rJ JW,j' p 1 ?-fr !l"'.f m 'i.,b'b,e 

(81} 

'lfrlf>brb'iisfrwl t:.wt/_wuwrn.Je' Xo=O, X~=O, brp t=O u~qp'bw~w'b "lwr 

Jw'b'ilbrnt/r OJ-w'b'lw~ t:.wt/_wuwrmJe ~Lfr'bfr 

(82) 
499· 



x(p)= F(p)+l.~ 
p2 p2 

o'flnll/;lntf UUIJnLIIW~fr 9 h 15 pu,'bwd.hbrfr!JI llurW'bnuf' h'b.p 

t • 

x(t)=f f( t)(t-t)dt + t~ 
0 

IJ./" ';,, J'j, "'f''IJ'n'b.pfr'b ~'I"'Jfr'b.p, b[Jb 'fm'bbfr'b.p 

d2x =f(t) 
dt2 

(83) 

f.wtJwuwrJ'w'il "'1';, ,,,,,,rl!, nre pw1wrwrnuf I; Xo=O, Xo=L hrp 

t=O ull'lP'ilw~w'il "i"'!J'w'b'bbrfr'i.: U.!u 'lb"fpnLJ' oJw'b'l'"~ t..w1_wuwrm.fe 

~m'bh'bwr 

(84) 

urbu.pf!' U.t'b t:.wJ'wrtlb.p I; ( 82) oJw'b'lw~ t..wqwuwr.fw'be £, t..bml..w

pwr J 'brw [nLJnuf' f! J/f,wJ' (!'j,~'i,fr (83) [Ill t)J' w'be: 

rJ.br'lmJ', "r"ib" bqrwrfrw~nuf, 'bzb'il.p 'lhlmw-lpnL'h~!Jfr"'J~ t..h-

UJb!wl ~wrbnr t..wm~nLfJ !nLt(!' (74) 1.. (75) t..wqwuwrnL{iJ !"''b'bbrfi 

t..frJ'w'b tfrw 1/"'f".'l b'il.p 'frbl. 

t ( 0, hrp -oo<t<O, 
f""o('t)d= _ 1, brp O~t<oo, 

UJJufr'b.p'b' "'l" fr'bmh'lrwlf! t..wqwuwr I; 1,hqfruw!'lfr 

1prn'b~yfrwtfr'tu /;1_ "'!""ibu, 

t 

o0(t)=J ~(t)dt: 

(85) 

(86) 

1.,wqwuwrnLfi'Ju''b "''l iL d.wfu J'wubre 'lfrfl>bc,b'il,9blntf eum t-fr1 

uurw'bnLJ' b'b .p 

o~t)=o(t) (87) 
"i"' 1J'w'bw~w'b t..wqwuwrnL{iJ JnLt[!l 

(87) "i"'!J'w'bwftw'b t..rutj_wuwr,Lfrlt"''b frJ'w,me "iwr'lbln' t..w,fwr 

'lP'""' rllb'il.p ';,~. 404- nL J U[IULn~hr•Jwrl ;-o( t, h) :p,LtfaJfrtu'bt U.~'bt..w !'" 

1;, nr 

(88) 
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(pmsfr t=O J.. t=h ~bmhrfrs): (88) t..wtj_wuwr•~LfJJw'il J'by_ w'bs'bhlntf 

uwt..,fw'ilfr, hrp h~O, urbu'ilnLJ' b'il.p, nr -;(t, h)_,.o0(t), /, ~qrb'il.p 

~~(t, h)~o~(t), brp h~O: 

(88) t..wqwuwrnL{rltw'b "'l J'wue' o1(t, h)~~(t), bf'l' h--;..0: U.Ju

Uffrun'/, {88) t..w1_wlfturnLf'l"'';,';, w'ily'ii,LJ' I; (87) "i"'JJ'w'ilw~w'il t..w

l{wuwr•nL{d !"''ill!: 

tlwpchllpJDLbbbp XIX cuJti~ tlbpwpbpJW( 

'J .. n'bl.l r./t,,(,JWL r·,.u {wuwr ·•ufl,bpfr lnL_.nufe' ~'l 'fw I "'l'll' 5"ufl'u~• "l 'uJdw'll -

1.bpfr 'll.''ll!nLJ, 

d2x dx 
1. - + 3-+ 2x=0, X=L x' = 2, bpp t=O. fllmm. x-,· c.Je - 1- Je-21, 

dt2 dt 
d3x d2x 

2.- -- -=01 X=2, 
d t3 dt2 

d2x dx · 
3. dt 2 -2ad[+(a2+ b2)x=0, x=x0 • x'=xr , bpp 1=0· 

X [x0b cos ht -t- (xo- x0a)si n bt]: 

X=l, 

>=Xo, 
a 

x=m2- n2 X -

Xo 
X (cos nt-cos mt) + x0 cos mt+ms in mt. 

7. - -Lx=-t2c1, x= x'=x"=O, bpp t=O• fllmUl. x=- t2 - -3t -l-- Y 
d3x I · 1 ( 3 ) 
dtJ I 2 4 . ' 2 . , 

1 1 _ 1 t q 3 · - . tV 3 -;t { 
r - ·-} ( 

Xe -24e -;r- cos 2 v 3 Sl n - 2- e ' 

d3x . " 1 _ 1 S. dtJ + x=l , x0=x 0=x0=0, bpp t=O• fllouon. x=l-3-e -

t 
2 2 tv""3 -3e cos - -2-, 
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d4x d2x 
9._ d-t4-2d(i"+ x=sin t, Xo=X~=x;=x ;'=O , bpp t=O, I!Ju .. n. x= 

I 
=s-re•(t-2) +e- 1(t+2l+2sin IJ• 

10. 9-uo'hh1 

d 2x 
- + y- 1 dt 2 -' 

XX <l-lfl~lu 

4U.'-lU \JU.'-IU unt ... f()-Sfll'uutPfl StUflflfil'SU u ttl. 
. _ U'Uf<H;lfUSfl'-IU'-IUu tl.fl6U~.Juq.rnl'f3·su-u surrtre 

U.J'b'iJorJUI tfrnrae J'bq t:.mJ'n'l_ntJ' t- UIJ'iJ pm'bnt_J', nr Ullf.O-rJUI 

lnw'iiJ!nLJ', 'lnr.)'bw~m'b frrwt/_frbwfl'bbrnLJ' 1 frilt"lbu 'bw!t 'lfrurw~•uil t:.b

urw'lnuruLp JnL'"h'hbrmJ' t:.wrll t" tfr'hnLJ' t:.w'b'lfr"lbl wl'b"lfrufr ?:rmfd l""'b

'i,brfr, brp J'w'b~nL{iJ JnLilfrs J'bq t:.mJ'wr u"'/nrm~wt 'lwrawt) fufruur 

'lburbrJ'L•'~~I·'IJ'i' orfrilwlmfmPJnt'b'bhre urh'lfr lb'b m'bhtm ,r, Phrb'hJ! J'fr 

./!w'bfr orJ>'hw~'bhrt "'mur~brms'bb'b./!, nr J'b 'l t:.burw./!r./!rmJ' t- ~m'btbrfr 
IUJ'iJ J!UI'iJIU~{!I nrn'iJJ! ortfw e'iJfiJw9J!nLJ' UtnUist[nuf b'iJ 2_UIUI"f O'f'ilnt_

Ptm'b ~m!tu'buult 

br~wrmurb. 'JfrurmJ''iJhre 9"LJ9 b'iJ UIUI Lf•u 1 nr t:.'iJwrmtfn rnL{iJ JnL'iJ 

.tJ/w -b.zqrfrur 'fnL2_W~b{nL J'nurwf{UI orbf'fr e'hfilmsJ!nLJ' ~WJW'iJmJ' UUIUI9• 

t[blfr./! ~wilth1.fr ./!w'bw~e: U.l'l fdfrtle b'b[iJwr~tfmJ t- 'bzw'bm~"'LP9 b. w 1'b 

tl "lwurwt:.ml/w'b urwurm'bmJ''bbrfrr zifrzur UIJ'l"ibu t"t "lwurmt:.mftm'b t 
w1'b rfwJ'w'bw~[! 1 "r£! ~Jmfuu/r t:.J>t/_w'b?:fr 1/w'blnt[ cfwJ'w'bwJ ptlJ>z~f!t 

bfdh fnrawrt1J'w'b 'lr1/r nr"-t- N filt/.,,l fr'ht·nr wrurw'lrwt./!, 

;,rn'hJ!, {rJt/_mJ' t" [iJb, "lwmrmuurqw.) b'b J'fr!.'ilnLJ'b "i"'IJ'm'bilbrmJ' "

JfrL'b,l'b 'bfnLfiJ/rs, IU"fUI •frnrawr~J'w'b ull'lPP9 J'fr'btb. 'h,,u.ts w'bwz· 

/umurm'bwll qfr-b.wlJf•'il t:.wu'bblnL rfwJ'w'bw~e ( "'I"Pu./!'il' J'J>'btl• J''iimsnLJ! 

-" 'IWil'iJwlf!) 'iJnLJ'iJ"fbU "fUIUIWt:.w~UJ'iJ t-1 h'iJ[iJwrfJ</.llld t- /ufruur srJ'w'iJ1 

Z.rw'iJnfrJ/rs 'bzw'iJw~burfr'iJ t:.wfi"UJJb[nL e'iJfilw9J!I'LJ' 1fpmtJnLJ' I; I 

IMJU"ffiU fJnl<fwJ, mr~b('p 9('J'w'iJ brLnLtfd£!.1 t"fwurw/fp ~b'iturrn'iJp9 

IU('~p UJ'iJ~J'm'iJ ~burbrfr zbrznLJ'f!_ 'iJwfuornJ! t:.'iJwrw1nr l l; 'bzb{• WJ'iJ 

"fWUJwl)ru~w'b t"t 
qlwurw>.w~w'bnLfJJw'b wn.flw/mfiJJw'il fwt~urp J'J>wJ'b t:.wq~nuurmJ'l! 

pilnLfiJJw'il brb.mJfiJ'hbrfr ~wJ' urhfrr'i"'l"'lfrw~w'b "il'"9bu'hhrfr t/_uurwt:. 

oqurm'lnrJ,fw'b t:.mJ'mr tlfrw'b'l:mJ'wl'b m'bpwtfmrmr 1;, w'b>.rwJbzur t 
u"'{nrbl J!w'hw~w"lbu 'l'bmt:.wurbl "iwurwt:.w~m'b brLuLJfiJ'iibre, qnLzw~bl 
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'iipw'iis e'iifJws.ee: U.td.l t:.w.lwnupb'ii UIJ'l Li, UfUit:.wby_riL,/ fr'ii~"ihu ~nb
UUI~wb, wlil"ibu ( l qnpJilw~w'ii fu'ii'lfrr'hbre: U.1u ~w"iw~smfiiJw•lp Jw

'1'"1 t:.wrshrfr [nLJJruJp /._ (!b'ft:.UI"bntp .lw[cJbJwmfr~w~w'ii mhumfJJw'ii 

u~nb'lJJw.lp 'l.Pw'lqn<J hi, JwfJb.lwmp~wJfr hp~nr boJm'l' f.wqrubw~w
"bm I" tnL"hbb rfr urb unLp !nLbf! t.. ,/ w[tlbJ wmp~w~wb ljfrb.w~wqpnLftiJnL"h l! l 

ll.tu 'JL/u""' zwrw'lrqwJ b';, r;.w1whw~wbtn{J I"' ililhrfr mbum p JUI'ii 

"- .lw[clh.lwmfr~w~wb 1fr6.w~w'lf''IL{JJwh ~nwppb['l!' 

§ 1. CllwmwhnLJ(<l: Cllwmwhmna~ hwpwp.lipwlfwu hw~w)unqt)flLUJ!: Cllwmw
hnLJp~ hwitwuwlfwunL(<lJnLUJ!: <witwuwlfwbm(<lJmbulip~ mlium(<lJWb 
wnwplfwu · 

l.,wt/wbw~w'iimfJJmbilbrfr urburnf"!wb l;.f,J'hw~wb 'lw'lw 1frwre UiUl• 

mmlimJpG k: "'wmwt:,,l Jfil I; ~nJ'/m.l w!b bpl..riLJfclf!, "f'l! npnz UJWJ

.J'whbhpfr frrw'l"f'(JJmil dw.lm'iiw~ ~wf'"'l I; mb'lfr ,i,hi~wl ~w,/ wb'lfr 
l_mbhbwl: 

0 p /1 "b w ~ 2, 8•/JUIJ t.pw'ltnPfra m11Jw1 OJIJk~ulfr ~wJ mfrpnLJPfr 4pw ~pw
~kLf, wn OPJk~mfr'b ~w.r mf.JI"LJPfr"b t.wp4u,Jk/{!_ "JWmwhLJfJ b 

0 r"., IU ~ 31 Sp4wJ 20 uti mpw.rw'IJ"" 1/JLII"j,f! "[W•I•pwumkLfw 012 JJ-frfl 

4_.n[!p U~IIIIJW~I.J! umu,c;IWJL!_ l'f_UJtnw~nLJ{J 1;1 

U w r:, J w b" L ,/ 1: A UftUUJUI <:.m tfrl fr p* fitu pwphp mlpu G lituti.w
Jump-JnLG ltm.l fim6mJumq ~nLp-JnLG ~n~tjriLJ I; .lfrl•bm(u .,.[wJ.Iiu"bilb

f'"L,/ ftw~nwpqwJ rfrnpJ.hf'fr [!h{Jw!JJ!"',/ ~n'/J"'l IIJUIUlrui:,,ILJ{Jfr b['f.."''iJ 

'fUI[IlL m* P1/i /)wpwphpm/Jtnth[' "'!'1 •frnt•abrfr n* f!b'l/)wbml' filt/fr'ii. 

•frnrJ.brfs Jmt•w.ewiiU"'f'"LJ w•IJwt UJUIUl"''""tf"l! ~wf1"'l 1;- '·r!..w'ii 
'fW[ ftutJ bpftwb ~'JWfl Cj.f,b[tiL bbJ! UIJUUJhu . 

m* 
P*(A)=p*= --: (1) 

n* 
0 p fr 'It w ~ -i1 'Jof~a"•{' m4Ju11 op1k~mfr 4rw m4Jwl t.pw~"'Pfra Jf.t.~~"'J~I UJWJ-

ofw'lt"bkpn•.r ~wmu1p4wJ I; ~pw~lly'ltbpfr 6 ukp[rw. 

1-[r'lt ukpfrwJnLJ ~wp 5 ~pw~n 9 1 fu"!J"L J'ltkp[r fJ J .. / l!.' 2 1 

2-p'l ulrpf.wJnLJ ~wp 10 ~pw~n9 1 funan•J'ltkpfr Pfr4e' 6, 

3-p'f ukpfrwJnLif ~wp 12 ~pw~n9 1 fu"9"'J'ltkpJ1 p fr4l!.' 7 1 
4-p'l ukpfrwJnLif ~wp 50 ~pw~n 91 Jun 9 1.,J'blspfr Pfr4r' 27 1 

IJ-p'l ukpf.wJnLif ~wp 10!) ~ptu~"9' /_rlnsnuf~lkpfr P/·4e' 49' 

6-p'l ukpfrwJI"J ~wp 200 ~pw~n9, Jun 9 nLd"bhpfr Pfr•/e' 1021 

A "lwmwt.n•JP!!. "butwmw~w~lsme fun9k1'lt 1;. Ukpfrw"bkpnL1f Junyk["L r.wpw

pkpw~w"b t.wC.wJunLp J"L~If!_ ~Jfr"b[r 
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2 
1-fr"b ulrpfrwJ"' 1! - = 0,40, 

5 

6 
2-p'l ukpfrtuJ"L,f !o=o~6ol 

ukpfrwJnLJ 
7 

3-p'l 12=0158, 

4-p'l ukpfrtuJRLif 
27 
.:o=0154, 

5-p'l ukp[rluJnL J 
49 

100=0,49, 

102 
6-[l'l ukpfrwJnLJ - =051: 

200 ' 

Swpphr brt.."LJfililhrfr 'lfrmnLJfrs C.bmbnuf I; 1 "f' b[rlb 1mrw.ew'iit

tnr-r ubrfrwJnLJ •fmrJ.wr~·ILJilhrfr Pfr1.1!. Jht} f_/;, WUJUI JnLf'UIJ!W'iitJnLr 

ubrfrwtnt.l A UJWIIlwC.nLJPfr hpl..w'ii 'l"'L"L t:.wpwpbrrwltwb flw6.wfunL

filrLbbhpe ~wpn'f hb Jh~f! JfnLufr9 /; w"/bu UJW[tpbp'/h[l f>u/f h[cJb 

uhrfrwilhpnLJ •/"•rahrfr {Jpq(! ,/bJ 1;, wUJw 1 "f'"'hu ~wilnil, A UJw~nw
li.mtfJfr hpbw'ii 'fUI[nL llwpwpbpw~wb llw6.wfum[clJ"Lbhhpf!. .efrl bi, ~nwr

phrtJ.uul ,/fr,/Jwb9fr9J h Ul/'1 lllUI('ph('tiL{cJJIIL h(! ""'J!f' I; UIJbJ!w'iJ1 
nr.ewb ,//,t} I; uhrfowilbpm.l •frnrawt·~mJilbrfr [clfuje: U.um.l h'fl, "[' 

.J'bt} {Jqnq fnpJ.wp~m.lilhrfr 'lh"'J!"',/ r:.wpwphpw~wb /)w6.w[umfJinL'ii/!. 

wtJhtfr IlL wqhtfr I; 'lw'lwrm.l "'w~nwr:.w~rub pbnLJicl ~r"L"L9' Uw~wl'ii 

'i.rzhbj!J 11(' 'f11JIILI"t"'b ntbbb UIJbUJfrufr UJUIU1Wr:,IILJ{Jhbp 1 nttn'ii,'J t:.wb.w

[unLfiltntb(! ~wlmb pilmlfcl J_mbfr t.. hpw J'hJm[clJ"Lhf! mrupphr• 'iirnr· 

'i.rfru~ 2_1UU1 ,/bt} uhpfrwbhpnLJ ~W('Il'[ I; ('Will UlW('phpqb[ ,/b/f/!. ,/JnLufr91 

tP,,,al! 9"LJ,'J I; ~nwtfru, nr 'lhUJ.ehrfr 't!.rw~znn'l .lwufr f.w,fwr 

'l"J"LPJ"'h nLbp wlbUJfru/• p fifrt./1 "[' Jht} [rlqn'/ fnpJ.wp~nLJ'iihrfr 

'lbUJp•nJ, p•usfr r:.w•L1w'lJ"Lm 'fbUJ.ehrfrs~ A "'wurwr:.nLtPfr hpkw'ii qw

l"'- t:.wpwphpw~urb r:.w6.wfur1Lf"Jmbbbpf! .e/rt hi, ~nwpphpq•n.l wl'l p 
P11•!!' 

ll.1u fnpJ.'iJw~wb rfrwULnf! ufrJ'/ntfr~ J.f..uq 'f('IIL,/ bb UIJUUJhu. 

m* 
---; -- ~ p: 
n n*---+(X) 

(2) 

p [clfrqe 't"J.qnLJ I; A "'wmwr:.nLtfrlfr bpkwil qw["L limlJmGmqm

Gntp-JnLG: ·~br~frb 'lwrJ.qwJ.ee ufrrlt/_ntfr~ at..nq '11"",/ bil w!u"'hu. 

P(A)=p: (3) 

P r:.ruqwilwltwhm/Jtm'ii(! A "JUIIIllllt;,nL!Pfr pbmtfclf!. "f'"Z"'l mt/lwl 

pnrJ.wr~nLrlilbr,ILrl "'!'1 "'wmw/)nLJ{tlfr brbwil 'lw[nL t:.'iir.urw'/rrrmf"lw'ii. 

oplh~~nfr'/ phn<{clw'lfrril /;: 

lfhJ {Jqm/ pnpd.wp~mrfilhrfr 'lb"'J!"Llf t:.wpwpbpur~wb flwb.wfunL-
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fJJm 'be .f!frl I; ur"'rPbt"'-"' J' t;u,,/_u,'bwlt"''bmfJ i,'n'ilfry. (' {""Bfr t.w'Jt./.,'lt"'"' 

'fh"f.f!brf•y J> , nrn'by Cf"I"'/JI"'-'j,f! t.u.-6.wfu fJ"'fhlfr /; uc'burbuhl' 

(2) wn'btmfJ !"'-';,{! pwnbrm'/_ l;u.J'wttnut a/,w~br"'•Jm J' I; "'!"'UJ'"'· 

!l>np t\h p ~ n* r H G. ruG mufi uwG.untrw lfnp b!i mtl htmg!ibttn• A UJW-

mwfimJp]t fimpwpbpw4mli fiwU.m]unLpJnL!i~ qm.qmu]Hnnnr }; WJ'} 

UIWmudinLJfl]l bph wli qw [n 1.. p fi wt[ wG.m4m Grnp J w G~: 
1
/-" .Inn 'J If L {J! If L 'bt f:Jt('l/_wJ 'fUIUIII'JIIL{d J'IL'j,'j,/,[tlfL,{ t/tn['CJ.brfr 

t.j,Jw'b <fr"' uwt.J'w'bhyfr'b.f! (2) tutt'btmfdtm"i,{!t .f.w!.'l uwC.tf,'bmJ' b'b 

pnpdfrg pfu"'l 'i.u.t.. '"'!L p'bmltw'b "i"'!J'm'b'bhp: bpm'bgfrg tupurwd<fmJ' 

I; (2) wn'btmP!"''bf!, "r'b ..,,1.., 'l""i.emJ' . "'r'lb'b 'llfr'ilf• ph"r'"'' ?w 
t.w<fw'bw~w'bmp !"' 'b'bb rfr mbunLft! I"' 'j,,Lif t.w tm'bfr Bw. f.L{' hmtfrfr 

(1654-1705) fdbnrbtf'b 1;: 

.Pw'bfr np t:.wtjut'but~w'iJmfJJuL'iJf! "{'f../; "fWUIWC.m JF'I• hpf..w'b 'fWfnL 

t.'bwru.tfnrn'-fJiw'b oplb~urfr•l p'bntfJw'lfrr'b 1;, ..,,"1.., nwqJu.lt"''b 'l"rJmJ', 

wpmwtl{tnt{J 1w'b ~m'lJ'w~hpufJ'"''j, J'bl, l;ltn'bn.!fr~w tn'-J' 1.. Wff {''bwqu.

tju.n'bhrnLJ 'lfrurw!'~tfn'l zwur Uff" .9hu'bbpfr e'bfJwg.f!fr p'ilm t/Jf! 'l"'zw• 

~hln'- t:.u.Jwr "ihur.[! I; IJwrn'lw'bwl t.u.z•JbL "P"2 P-r'l "i"'urwr;, 1p'bhrfr 

bpl..u.'b lfUlf.nL t.u.tjw'bw!, ... 'biufJt'"'b'bbrf!' S<flwl pu•r'l "fWUIUit;nLJPl! nrn

zn'l mwprw~w'b UfWmwt:.mJfJ~b{'P t:.w<fut'bw~u.'butfJtnt'b'bbrn•f WJ'f UfWurw

f,,ILJPfr brluu'b qw[nL t.wqw'bw~w'bm ftllw'b "f"2"'J'f!, ururpp.bp Uf•umw

f.w~w'b h r" m lfJ'bbrfr t:.wqw'bwltw'bw.(f.'b orfr'bwiw•fwtfJ !"'-'b'bhrfr m.um.J'- . 

ilwufrrmfJtn<'b'b I;L fiml\wfimltruGnLf3JillG.Gbp{t mbunLpjmG wuurrltw'b 1;t 

§ 2. <wt{w\Jwi.tw\JntpJW\i qwuwltw\J uwhlfw\Jnu.i(! It 
hwt{w\JwltwbnLpJnL\J\Jtp~ w\Jt.i~j!wltw\J hw2t{nu.i(! 

&wur 'lb"'.[!hpmJ' .[!'b'bwr~if"'l UfWurwt:.mJ{iJf, f.wqw'bw~w'b,, [t! l"'-'b[! 

~wrhLfr I; t:.wz<fbl, bl'bbtn1. 'lfrmwplf'in'l fnrawp~J'w'b qbl'L""J"'[t! 1m'b

'bhrfrsz 

~hurw'lw zwrw'fl""''j,.[Jf! t.wullu''bwl'''- r:..u.!UJr .[!'b'bwl'~bt.[! opfr'bw~t 

0 p f 'i. w ~ J, ~wJwulw. junpw'bwp'J£!.• "f'f '!tfruonbpp'b '11''/w•~ b~, 1-ft:J t!J.'blf. 

6 """f'l'bf' p'bwltw'b P•fbp£!1 w'b•fw'bbl"'- b~'C Juw'l""~f'' 'Jopmwp~nt ,/ b'b(! [uw'l""~f'P. 

'i.bwktr" 'bpw •fbl'[,'b 'bfruonf• •/p•u l(l :% 1:% 6) P•fr bpbw'b '"'!"'- "lwu•w\n•Jfll!. ' oflw'b[• 

np (uw'l""~f'f uptfbwp[.ffnL{iJ Jw'b f.bml.w~'f"•/ 1-/• ,'J tfp'b~/, 6 ,'Jw'blfu'!I"'J. fJ•II• bpl.w~• 

'1-"'L"L Uf_WUJW~nL.fp~kpe Jf,wmbuwll ~~"'l'"'r{np b'b, WUl_W ~'!'"'~' .'] ,,..,'infu/bru 1( h'b 

fiwqwuwpwlitiwpw"n[" /uw'l""~f'f 11 JbJ. P•/"1 'bb,,,.J'bbpft """tf'"•'' 't"'f'btr I; 

""lwub,, np l Pfr·h· ~-~·~"1£- , I. 1-ro J[,'b~t. 6 1"'/'"'f'W..,~J"Lf' n•t•/•2 fJ[uf ·fbt·fr~· 

11 
,/nu•w1upwUJ_bu b 'lb"l.f"' J, 'J.w ~UJIItnwmtJIIl. ,/ t .jtnp-

I 
~"'f'wl'bt''"~"'.., r.wO.wf-n•f'JnL'b£!. Jn, ~~~-~·r p*= - P•fr'b, //LU"'f l!...,'l"L-

6 
.-,,.,, b'b, nr tfbrr.., ..,r""'r 1l'w l P1r· />'bz"tb" 'bwt. 1-ro ·'r..,lt. 6 sw..,~wsw~ 

1 
n•pfrz fl•fl•, bpkw'b 'lw["L r.wtfw'b•u~w'bnLfiJ"''j,f!. r.w,fwuwp I; --/>• 

6 

Uurnrt.. hPw'ltJb'b.e wl'b"i~"'P UfLUurwf.n'-JfJ'bbrfr •LhrtmJn'-fJiwJp, 
npu'bg t.wqUJ'bw~w'bn'-fJJnL'b{! t.wzqqmJ' t' UJ'bJ'frpw~wimpbiu 

1J 1.11 t, J' w 'j, n L J 1t lfJUJurwt.u'-/fJ'bb['{! fJni_'/_nLJ' J.'j, ur<fJwl pnpd.

wrFUJ'j, e'b{Jwg.[!mJ' wGfiwuwmbqbt~• h[Jb 'bpw'bgfrg nJ_ J'fr bp~n'-uf! 

JfrwtlwJ'w'bw/1 t_li'b ~wrn'l bpl..w'b 't"'L' ' 
u Ul (, J' W 'j, n L J' 2t L,UJulr'b,el nr "fWIIIUJf:,nLJfJ'bbrf! ~wqJ'mJ' h'iJ 

lP~tl ]umup, h[Jh J"'rw.f!w'bil"'r P"rawp~J'w'b clwJw'bw~ ~wrn'l I; 

brf..w'b 'fUll 'brLU'iJsfrs gw'b~wswJ{! f... l_p ~wrn'l brf..w'b 'fLU[ n<rfrz nrt...t 

UlJL UfU1.1nUJt.n,_J{J, nre 'brw"s t.bur J:.wJ'wurb'lblfr }_l;t 

'l-frurwp~b'b.[! t;,uqwuwpwt:.'bwpwr/.np, UJ'br.wJ'wurb'lbLfr UfWurUJf.wp-

'tbpfr L/'"'' fumJ'p(!t U.n"ffrufr UfLUmwt:.mlfJiJbr'j, w'bqw'bbfnL b'il,e qbUJ• 
}!bp {~u11.i' 2wGubp)z 

U.J'I"'frufr pnlpfr UfUiutwt:.mlfJf! ('lb"f.[!{!} ~nitfn,_J' I; A UfWmwf.mJ

. Pfr t:.w'b7bu 'lwlm'b UUJWUmnq, b[Jb w_J'1 'lb"'JJP brt...w'b qw['b frr f.lrur 

phpm J' I; A UfWmwt:.wrfr brt.. w'b 'fUll£!' 

0 I' f• 'b w ~ 2, Uw.pnpft ,fbi_ 'l"'.-,1"'-'' b'b 8 'f~",w~ 1 npn'b9~9 J"Lf'Wj!tu'bU"'-

f'f •/i•w '11''/"'J- I; 1-ft..J ,fft'b1t. 8 P•fw'b2w'b'bbpp9 Jb~l!.' 1, 2, 3 fltfw'btw'b~,bpntf 

'l'b'lwll~'bf'l! ~wpJpp b'b 1 pu~ ,f'bwswJ. 'l'b'lw~'bbpf!.' u£, 1 fltfw'b2w'bntf ( J.'b1"lbu 'bwk 

.2 I. .'1 P•fw~•~w'b,<() 'l~''lwlfp bpkw~• 'fWI£!. ''lwonw:.nLJP 1;, "f'l!. pwph'b"l"'""' I; ~wp
Jf•p lf'j,'fUI~ bftbw~l ?W(nL~II 

'{/'i,~, "['~'/"'! 'lb"ll!f r.w,ftup ltwrbtr I; mw1 r.wtfw'bw~w~'"'-f/Jw'b' § 1-nLtf 

mtfwJf!g "'Jl uw;Jw~n• J, 

11 UJ t; ,f w 1," '- J' ,), A "iwurwt:.mJfJfr p fiwqm!iwlfw!im.pJnLG ~nl_• 

-J.mJ' I; 'bUfwUurn'l 'fbUf.pbrfr m P1.fr t.w(IUipbf,nLfJJnL'b£! P"L"r t:.'bwpw-

4_nr 'fiJ"f.[!hpp 0 {Jqfr'b, npu'b.[! ~wqJ'nLJ' Jr'j, t.w<fwuwpwt.'bUJpwt/.nr w'iJ

f.wJ'wurb'[bffr "iwmwt:.ntlfJ'bhpfr IPP1. fumJ'p, ~wJ' ufrJ't/.ntfrll altnq' 

P(A)=P-m, 
n 

(1) 

U w t; J', ~~ n ,_ J' 4t f:pb fr'bj_-11(' UfWurwt:.mJ{Jfr 'b"iwuurnLJ' b'b f.w

-J.wumrmt.'bwrw<fnt• w'bt:.wJ'wurb'lbtfr UfU1urUJt:.m tfl'blrrfr trfr1. fun .. Jp 

~mq.fn'l P"L"r n 'fb"'J!brf!J WUfW Ull'f"'frufr "iwurwt.nL!Pf! ''"it/.nLJ I; 
fiwqmum{t. t:.w<fwuurfr "iwurwr.mJ{Jfr f.wtfw'bw~w'bm{JJnL'bf!' p=lz 

lJ.J'j, Ufwurw'.m /fJ£!• npfr'b iP 'bUfwuurmJ' f.wqwuwpwf.'bwrwt/.nr 

w'b~wJwmb'lblfr UfW.Inw:..n .. JfJ'bbrfr Lr~1. fr1mJ'p liw'IJ'n'l n 'lb"i.ehrfrs t... 

n}_ J'b/1£!• ~nit/."'-,)' I; w!ififiwp~!i. 'bpw t:.w-J.w'bw~tu'bn'-fJJm'b(!' p=Oz 
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?- fr m n 'ln._ fill n ._ ~ 1, Sqlwl 'lh"i.[!nul l',w~w'lfrr "i'il'lm.t'ilbpf! 

"hmJ'il"ibu frrw1.wsfr b'in Pwi!J b wJ"h"f.bu "'-l'P2. 'lb"f..[!bpm.t, opfr'ilw~, 
w'ilc'il'l r.wur "iwmwr.w~w'il .tbJmfiiJw'il (§ 12) 'lb"'J!"'-"' r.w~w'ffrr "1.{!~
'fnt.t'ilbp[! ~wrn'l b'iJ /, 6frzm ufr'iJbfl WJuft'iJ.e'iJ' 'iJpm'iJfrs 1 np fr'iJl_•np 

"f.WUJwr.mJfilfr r.u,./_w'ilw~w'ilmfiJJnL'il(! l',wqwuwp t 1·fr ~w,/ 0-fr, 'I-bn lP 
l',hmbmJ, np WJ'I "lwmwt:.mJfi/1! r.wqwuiRp t ~w,/ w'ilr.'iJwpfr'iJ b 

Z.w•/_w'iJw~w'iJmfiltw'iJ uwt:.Jw'iJmJfrs l',burhnt,/ t, np WJ'iJ puujwpw

pnt ,/ t t:.bmb JWf W"~tl_nt{il Jlll'iJ[!' 

O~p .:s;: l, 

0 p p ., w ~ 3, 36 fuuurwfl'lfJbpf.9 ~"''l''•fw~ ~n.fuub~"'P9 r.wclufnL,f I; ,!bft 

fuw'lwfln•'lfl• T•~•1/•'b I; r.w•/wuwp "''l""''fw'b;w'b "'"'"'~bl'"'l fuw'lwfi'TPP bpb

•/w~ 'lwl"'- liw•Jw~wll'u'bn, fJ J"'-~'1!..' 
t n L ~ n L J, IJ.Juuob'T wn~w /; 'lb"[l!b['p ufub.!w~" A "f."'"'"'~"' If/ I!. W'[fiW

qw'b2w~mq fu"''l"'fl'lfll- br""'., 'l"'t"' 1;. u.1 ... nb'l 4'bwpw1"P 1; e"''l"'''b"'e :16 

'lb"'l'' A U[W"'"'''"Jflr~· "'"~"'""'"' J L'b m-9 'lb"'J!bp. 

• 1 
~banbwpwp, p= - =-• 

36 4 
0 p p 'b w ~ 4, TfpwJwJw'bwll 'bban4nLJ lz'b bp~nL 'If'"'''' f>'b~"'P"f" ... I; b1•~na. 

'll'"'J'I.bpf• 1t•w 'lbf'P bpLwlnL r.w1w'bw~uo~mLf/JnL'bf" 

t n L ~· n L ,{, IJw'lo!l.'bi' r.'bwpw1n, 'lb"tl!b['p ufubafw"bo 

II U.nwfP'b '1/'"'J I bp~f'"l''l '11'"''' 

1-p"b 'lbuu I '1 bp[• 'lbl'l' 

2-1''1 'lb"ll? 'lbf'p "2 ,bpp 

3 -L''l 'llr"ll? "2 ,hpp .,bpp 

4-p'f 'l""'l! "2 'lhf'p "2 'lbf'p 

I 

f:'b'lw'/Js~,l!. 4 'lb"ll! /;o 'l,u,uoumn'l I; 1 'lb"fl'• 

~lt,.l..wpwp 1 bp~n • 'lf'"'Jfo •/t•w 'lbl'l' Jf.'bl. I"'· r.w-fw'bw~w'bn•fl J'"-"bl!. ~11.-'bl.-

1 
P=4• 

()['I· t w t 5, ;l""J'I"'PJ"'"' e'bflu•IJI?"'J "l'bl; "b"'wmw~w~bwp r.wpqwJbtnL 

r.wqw"bwllw'l.n•fJ 1"'"'1!. wnw2fo"b ~pu,"bnflp r.wJwp ~wqwuwp I;~ -p 7 JJnLU ~f!W-
10 

' 'bnflp r.wJwp' --r• '/o ... ~,/;1 bi'~"L r.pw"bnflrs ,fpu,dwJ ... ~ .... ~J"' ~f"'~"!i"'l ~'"1"'-
10 

anw~w~bml!. n ~ .,~ "'9"bL·InL r.w•fw"bw~w~ .... p J"L "'e· 'l.u[WU•w~w~bane ~ .. 2.,~ "'9'il•' Lpb 

1ptf• 'ln"bb JL~ fun 9 ,. .. r npbl; ~t•w'~>nflfos• 

t n L J n L J..• U.1u fu'b'lf'l'l!. Ju'ILI"'9'/n.,f.l; r.Lanbl"'l llbl'"t• bp~nL uwq•npnLJ 
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~..,., 10-w~w"b 'l.,'Tf~ ... ~., •• "1'".,1! r.w.!wpw~w£1w~ h~. l·f9 ·'!·"'~'· 10, U.n.wtr'h uw-
1_.npnLol ~w 8 ~wpJpp b 2 ub, Jw~ hp~f'"l''I"LJ' 7 ~wpofpp b 3 ub 'l"b'fp~'bhp, 8nL

l'"'l!"'"bUnLp uwpnpp9 r.w'bqnLJ I; Jh~w~w"b 'I"~~'IP~• l•'bp'[puf.""b I; r.w1w~owftw'bnL

PJ•«'hl!. w1"b pw'hp 1 np r.uo"bqw~ hp~nL 'l"b'Jfltf9 'ln"bh o!h~l!. ~wpJpp b 
•f!uo"bp np wnwfp'b uwpupf• J"LI'"'I!"''t.Un•p 'l"b't/•~ ~"'/'"'[ I; r.w"bqL·I hi'J/l'"l''IP 

9"'"'~"'9"'~ .,.,,IP~" r.bm 1 UI"(UI l!.'b'luufb"be ~'".," 100 'l"''li'• n=IOO. 
~w21b'itl! "bulw""'"'l 'lb"'l!h['l!.• 

IJ,nw£lo"b uw•f.npp 8 ~wpJpp 'l'b'1/•~'bbpp9 J"'l'"'i'"'iU"'i'l!. ,fpwJunfw'bwft 

bp~['"l''l uwpnpp 9"'"'~"'9"'J '1"''1"~" r.b.., r.w"bh,fu1 r.w'b1w~"bltpp fJof1 .. J ~~~-~·[> 
wn."b1w'l~' Jb~ ~wpJpp •t'h'lf.'t• ,,p"bb"b "'J't"t/•"f lO X8=80 'lb"'l!hl'' U.uw2J•"b uw-

1_.npp 2 ul. 'l"b'lfo~"bhpp9 J"'l'"' ·""'"bU"'l'l'. JpwdwJw~ ..... ~ hp~f'"l'? uw1"'l'f sw"b~w-

6...,,) 1 ~"'~'''rP .,.,'IH.,"Prs 9 w'hl1w 9 .... ~t- r.b ... r....,-,.,., .. , 'll"u""' '"'.,""'~ .,t'TH.,"
Pr P1 "' J ~'".," Jh ~ ~wp•lpp 'l.,'IP~' IJ Jf."blr"b w I 'I utf•u/• 2 X 7=14 '1 /; "1/!LI'' U.J""I.P

un•f 1 et'lwJb"be ~J!.tb"b m=80+14=94 "'"~"'""'"'[ 'lb"JI!bl', 

U.1'b pw"bp r.w1w"bwllw'bnLf/Jn''bf!., np r.wanqu.~'bbpp Jb£ ~Jp"bp wn"bofw•t'b ,Jbft 

~wpJpp 'It 'If~, r.w1wuwp I; 

!Tl 94 
p=-=-· 

n 100 

?- fr urn 'l n L [i1 J n ._ 'iJ 2, IJ.1u opfr'ilw~m,/ l',l'wd'l"'fllw'b tlw.tw'ilw't 

r.wqw'ilw~w'iJnL{il Jw'iJ ,/ wufr'iJ fu'iJ'fPr'f! l',w'iJ'fh!Jpfr'iJJ! uwfn f'P9 'f'i,'ffr~'iJbp 
l',w'iiblfru WJu;~wJ w1'il 'f'~~'IHP /spbw'il 'fWL"'- l',wqw'ilw~w'ilmfiJJw'il ,/wufr'il 

fu'ii'fpfr'iJ1 l..wqw'iJw~w'iJnL[il JW'j, mh Unl filtw'il zwm fu'iJ'Jfrp'iJb p ~wphff< t l',w'il

'lb!/'iJbf ([uwfnp'IJbpfr ufubJwtf<'iJIJI fl<ump uwfnpllbpfrs 'f'iJ'ffo/J'bbp f,w'bb

fnL fu'b'lfrr'ilbr/•'il "ib"'.f! t 'ilwJbl np"f.hu ~Gq.liwfiprug~w"" ~'G'll1pGbpl1: 

0 p p "b w ~ 6, 100 •tbmwl'bhpp fu•fpweuo"bw~p pqnLJ 10 r.wme. funanw'b I; t 

f>t2"1P"f""b I; "'J"b pou"bp ~w1w'hw~w"bn• f'Jn''bf!., np •fhl'91'"'~ 4 'llr"'wl"bhf'f9 3-[! 

f,r.,~.~. "2 "'"'""'"'· 
t n L ~ n L J, 100 'lb"'"'l"bbpf.9 4 'lb.""'l ~wpbjp I; ·fbp9~.1r, n=C7oo b'lw"bw~-

tbpn•f• IJ, 1t 'lb"'l!bpp p f4l!.• bpp •fb l'9l'"'~ 4 'lbmw1'hbpf•9 3-e. ~Jp'bb'i.: n ~ f•n anw'it, 

~"'i"'""'i' I; m=C~0 • Clo• 
/lpn'bofn'l ~w1w'bw~w'bno p JnL'bf!. ~Jp'ltp 

P= ~= do· C1b = 1424 ;:::0, 3, 
n ctoo 4753 

§ 3. <wa[wbwl}wbmpJULbblip~ qnufwpnufl!: <wl}wq~p 111wmwhnqpblip 

U wr.Jw'iJn,J 11 A1 b A2 

1.mJ t WJ'il C "l.wmwl',mJfi/l!• np[! 

'lni.b Jb~fr bpb.w'il 'fWfnL Jbp_1 

bp~m- "lwmwr.m 1[ilr qmtfwp ~nt

t1w1w'bm.t t w!'l "fWUJUJI',mJfil'ilbrfrs 

Umnpl.. ~.[!'iJ"hwpiJ1fr A1 1.. A2 bp~nL w"i.t:.w,/wmh'lhlfr 



flbrfr 'f"'·J'"'rfr· f.u"f"''b"'"w'bnt.{<J !"'-ill!' Un "iruur"'~"'-JP'ilhrfr 'l"'J'"'N! 

"bz,u'bru"'l.nul !; 

AI ''"',}' A2*t 

l•rw1."'!J/• !; f,/,urb/"'1 [ilbnpbJ'c, "N! lf"l•{nuf !; liwl[wftw~m!im.

f>JIIL!iGbp~ qnufwptfwfi tfwupfi pbnpbtf: 
fl'llnrbJ' 1: 'l-pgm}! mtlJtuL t}ll\phwp~uwG (bphnt.jp[t, tjmphp) 

:eGpwg}!nt.U qmpn'l bG mb'l~ nt.6.bfimt A1 utmmwlint.jp~' P(A1 ) liun[m
umqmlintpjwtfp h. A2 uttUmwlint.jp~' P(A2) liwl[wGw~mGntJC> JWUp: A, 
L. A

2 
ulmmwlim.JpGbpG wfilimtfwmbq hLP b!it lLJu l}b"JI!mu utmmw-

6.nt.Jplibpp qnt.tfwpp. WjupfiJ!G' mJ!i pwGfl, np mbqp ltndib!im ~mtf 
A

1 
lllwmm~n• JP~ qwtf A~ ll)Wmm fint.Jp~, flwl[mGwqmGnt.pjnt.G~ liwzq

tJnt.U k 
( l) 

p. w 'll w alw 1.1 
u"/."'9"'9 nLJ't '1-fr9111J! 

~"''b[r "[' A1 IL A2 "i"'urwf.nLJ{J'bbr'b "''b~"'J'"'urb'lblfr b'u, "'"/."' · 

'lb"i.f!brfr n f!'b'lf,"''bmr fil'l.fr 'lb"i.f!"LJ' J'pwdUIJ'w'bLU" Al ,, A2 "iUIUJUI

r,,LJfiJ'bbrfr'u 'b"'."'u"'"'l. '1b"i.f!brfr {Jfr1.e t,"'"-"'"wr t 0-[r, {"''' A 1 Uf1U" 

urw~m J{J[r ""',}' A2 "'.WUIUI~IILJ{J[r brb"''b 't"'l"L~I 'bUf"'ULnll'J. 'lb"il.!brfr 

Jilf1.e r. ... tJwuwr t rnl + m2' ~burbwpwr, 

P(Al ''"',r A ~)= m~+m2 
n 

/t"itt "i"'f\w'iJ2_'i_mJ' tr "'"1."'9"'9bt 1 

'bJ'w'b d.bn1. ""'rb1p !; "'I" f!bnrbJ''b "'"1."'8"' 9b1 9"'..,""'9"'6 

fJ4nt/ 'l"ulwrb1p'bbrfr f.wJ'wr· 

P(A ''"',r A ~ ""',r ... ""',r An)=P(A 1 )+P(A2)+·. ·+Pt(An)' ( 1' ) 

( 1 '') 

* "i~wmb'b/' J nr WJ" wrmw ~ WJUOn<ft!Jw'b tfbi_ ({~WJJ /'WRf!. ~RL"'" rwqwn ,fw'b 

(''bn<JPJ tUJ[ 'b2w~•w~nLJ t , n[• brbw'b ~'flU WJ'f "'.wmw r. nLJp'bbrf9 'ln'bb Jb~/'.\ 
tHil f, J,u~nLif J-[1 :.wJwJ.IUJ~H 
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?- [r urn 'l"' [rl J n L <;. , 1fb"it.[! 'lmJ'wrtfw'b fi!bnphJ'j, mu1w9 nL9b

g[r"it.[! LUJ'I 'lb"/..pbpp ufubJ'"'!P f\wd"'f' bpp t:."'t{LU'iJ"'"w'iJmfilJ"'~'f! "£'"2-

·"'IL,j' t "''uJ'[ry_"'""''j, f.wz1.J'"'J'pt ~b,"''l"'J"' J' l!'iJ'In<'bb1nL b'iJ.[!, "r f,"'

"-"'.-,."'"'u'bnL{J JIIL'u'llb rfr '1"'-,j' "'[',}' Ul'b [<Jbn rhJ'b- PI'"'""'9P t ..,"'" "'Jb 
'lb"i.f!"' J', h fP f\"''["''b,u[l"''j,"' [il JnL 'j,'j, h /'P "''j,,j' [r 2."'/lw'b ;:,w z '{m ,[ 'iJ w~t;.'j, w

p[r"it f;, U1u Uf'i.t'lmJ'l! t:.pJ'iJ'[LUc) I; t:.bwhl"'l " 2""''l"'u•mftll"''j,'j,J.rf. 

1.rLU' lfbc) [<Jqnt{ tfwrd."'I'""'J'bbrfr 'l·LUf.pmJ' (~'btl•~ P"'f/'lill"'{" JLUJ'p) 
"fwuru.t;., Jfil'bhp[r '-uJ1.t.u~LU"w'bm[iiJnL'iJ'bbp[! tfnur h~ t:.wpLUpbrwt1w~ t:.LU~ 

bUI{JI fll p JllL~hb rfr~ I ""'' t;.UI fLU ph rLU"UI'j, f.w f.w[um {" JllL~~"rfr t;.UI,r LUr 
UlUfLU9fltt9f! "LUUJUI['"IIt.J' t LU['u"ibu, fr'bt"ibu urpt[LU(} I; tJh[,/J/11 tft 1/.JU 

'IPLn"'J.'"[JJ"'r;,l! ""-br"'Phrt/fr ~LUI, t:.bur"''l"' "'lr;, [Jbnrbt!~b1,p "'"i"'-

9"'9'/lUr;,l!, nrn'b.[! ""'"fLU9"'9b~.[!\ OlfurtJ.btnt/ IJUirfrnr~brfr ufuhtfwJI•.'J' 

Q r f '!, W ~ 1t l,w,;,wr<f•t< ,( t r.rwdqnLp J"L'I, 3 ~ :.wu,.fn'f '/nmfr'blrrf•H r"''f~w-
8"'~5 nr1•t D urfrrn•Jflf •/rw• I 'lnmp~• f!.'b~'bb1 nL r.w•Jw'b•u~w'bn•PJ"''bf!.' P( A 1)= 

= l OO' II 'lnmp~·' P(A z) -= _!.?, Ill ? ""'P"'' P( A3)=_!!, ·,~, P'IP"l' · ~. t D mp-
- 100 100 

['n<;P'b f!.'blt'b/;1"'- r,.,,,"'~' "'~w~m•PJn< 'bl!.' f.um ( 1') l'w'bwJ.I,p n< ~.b'bl! • 

P(A Jl -i- P( A 2H-P( A3)::!!!: 
5 10 17 32 

=100 .J..IOO+ 100= 100' 

[ b b :wt:.J'LU<;,,._,r 2 : br~"'- "'."'w"'~nLJ{J~bl'""l"-"L,r b~ lju.J1mqpp, 
' fl t•tu~.[! LU~~w,[wu,b?btft b~ /, "'"'lJ'mJ' b~ trfrt/ fumJ'l'' 

Cpb UfLUUJLU~"•Jfl'bbpf'g Jb"l! ~2 LU'iJLUt1 b~l.! A-nt[, LUu1., t:.w"LU'IPP 

"fJUtniLI~rt<JfJ I! ~ 2"'~"uf1 ,, ,f b ~~ A • n tf: 

'1-J.gnL .[! A UfLULnur ~ uLJfJP b l'b "'<;. qm[nL 

/;, A "(wurLUf.nLffJP bpLw~ ~'t"'l"L' "'J"P'~~I.!~' 

A "~"'"'"'~,._ 1p fr b r'' LU'i. 'I"'L'IL ~"'''"'~"''t•u
t,LpJ"L'be ~2 LU'u'u"b'b.J! P(A)=q, 

'f!u..'iJ[r nr t.fnrd"'r"dtU~ f!~fr/LUg.pm ,j' 
111~"/.LUtJ" w~ "rLU"LU~LU'i.ru J' t "LUJ' A Uf"'-

"'"'~"L IPI! l1wJ' A UfLUwwf.m J{Jl!, tu"/."' ( 1} 
fiJbnrbJ"p f.pJ'"''u 1.r•u uurUI~nLJ b~.p. 

P(A) + PiA}=L 
111Ju~G.~G' llu1"41UI}PP H}\umm fl nt.jpGbp]l fl m-
1J.ruGru l}u1li n Lf'l JnL G li bp J• q111 u tu pp limtl wum p 
}; ub~r. -

P+q=lr (2) 
"i~. 405 

· 0 I' P 'b "'~ :?, fil'pr"'/ufr •Jrw ~wmwrt/n<J I; Jbft ~t•wl/n9' A "'.wmw>n•JfJI! 

c ~~rw,;l!. /u":Jb/'b t"t Nv9~tnL r.wrfw~'"''I"'~' "'PJ"''j,l!. ;,w•/wnwr t p-/• • P(A)=pr 
·, ('n2 I t/l'f''lbln'- r.w•fw'bw~w'bnLP!" ' ~'C.• 
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t/.t•/"'th/1!. A u1u.urwl;n•Jfilfo'b l;w~w'l/>l' A "lwu.wl;nLJfil'b (;, nLuurf> o/rJ.o"lb-fnL 

~w1u.'bw~w'bn<fJ I"' 'bf!. 0 q= J-p• 
0 r II~. w ~ 3 I lfwurwpofn• J (; "l't.l; 1 lUI""' Jl A "f.Wurwl;nLJfili!. 1 w•J•Jw'b [!_'b

pwg[!nLJ ).-/>9 P"l'l' ufuwt/> u<nw~•wt'b (;, 'J.f~sn•l'- P( A)=P• ~w~w'lfor "lwurwl;n•J

Pl!.' ),-f>S 1(/,.,} ~w,f ), __ ,,'j, r.wo[wuwp ujuwi/> uurw'bwtl!. A U[wu.wl;n•Jfl'b (;, lJ.J'l "Lw

u.wr.n.1{Jf> l;w1w'bw~w'bn•fJrL'bf!.' P(A)= q= l-pt 

~ b 111 /, w j. ./! 1, bp b A1 • A2, ••• , A11 UJmmmfinLJf<l Gbpe 'I wq_-
unuf bfi U{WIDWfint.wubpp L(lllll. Junufp, U\UlW mb'}{t m.uft fibmh.JWl 
fiwt{ wuwpm.p JOLU(! 

P(A1)+P(A2 ) + • • • +P(An)=! 1 (3) 

ll."'."'.'J"L9nt.JI -f.w'bJ, nr Al, A., ... ,An "1."' 111"'""LJfd:b:e 
~UI'I_,rlll. J b'iJ "'.WUlUir;llLtfiJ'bb1tp frf1. /llut.Jp, W"fUI 'iJ[IW'bypg J'b~p f • 

qw'b '1'"1/! t;w1wump "fWIIlwt:,n•Jfd b ~bml.twpwp, 

• P(A 1 ~"'" A2 ~wJ ... ~w,r An)=lr 

!lwfu Jwuc J.bwtpnfuhtn'{ f!utn (1') pw'bwJ.bp1 ~llmw'bw'b.[! (3) 
1\unJwuwpw {J J"L 'itc: 

"Ill r; J' Ul 'it n I ,f :;, A IL B "fUIUlWt:,mJfcJ'bb/'1! 't"l""' ,r b'b fiwuw
mbqbt\1, bfcJb m'{JW[ tfmrJ.wrffJ'w'iJ c'it[ilw!J.j!lll,{ hrl1m "fUIUlUir;IJLj{d'itbr'iJ 

t l ft"'l'"'l b'b brt.u,'b 'lwl, wJup'b.[!'b tnb'lf ~m'bb'bw A b. B "'.wmw

l.nLJ{J'itbrf. fiwtfwmbqm tf: 
ll.J'b "iwmwJ:.,, Jfdl!• "[I{! ll"'!"''bnt.J !; A /, B "fwmwf.mJfd'bbrf. r;IU_ 

JwrnbrzJ'w'b Jb 2 ~'bzw'bw~b'b.[! (A b B) l1wJ (AB): A b B "'.wmw

f.nLJfd'bbrJ• t;wJ wmb'IJ' w'b t;wq~<~'bwl1 w'bm fJ J"L 'it/! 1/'bzw'bw~b'b.[! P(A I. B )t 
fiJ'bnpbJ 2 1 1,wtfwmb'}bt~ UJWUHUfim.Jpfibp~ qnLUW(l~ fiwtJ_w

fimlpufiOLftJ11Lfi~ fiwztltlnLtf I; fibmhJmt pwliwaltntJ_. 

P(A ~wJ B)=P(A)+PlB) - P(A "- B) 

(4) pw'bwJ.bp frwq•ugpnL{JJnL'bf! l'"uwpw'bb'b.[! hrllrwlwfnrb'itt 

'LwJuarnJ! mw'b.[! t;bmi•Jiul uwt;Jw'bn, df!· 

u w ~ ,r Ul 'it n L ,r 4t '1-fsiiLJ! -r'lm<1 !; "r'·t D mfrnLJfJ, nr/r Jw

lfbrbuc r:.w•fwuwr !; S-pt '1-f.mwr~b'b./! D·r Jbl Jm'bn'l d mf•r"t.Jf/1!~ 

nr'b m'bf s J'wltf•rbu: u.,u 'lb"f.[!nld ~bmp' d 111 ff"'Jfd'b c'b~'b:tnt. 
f.wqw'btu~lll'bm {J J"' 'be' b[cJb r:.wJ wrh'it.j!l n r t,hmp \ D mf f"LJ{Jil e'b~'b ll! 

s s 
l\w1wuurp !; ' f!UU1 IIUir;,r w'bJ w'b, r:.w'lwuwr !; sl Ul J"P'b.[!'b' P= s I 

UJu r:.wqw'bwlltu'bmfiJnL'b'b w'bqw'bmJ b'b bpqpw~wt~mqmu fiwtJ_w!iw
qmGnl.{'>JitLU; 

u.,U 'lb"'.J!IILU', ''"Ill" e'b/,'bb/1! ,fh/ff t:.wqwuwr ~n'ld IlL 'bb9n'l .j!Ww 

IIW~IIL UIJL ,{bt r:.w.r wrb L"'l r:.wt{WUUlf J ~IJL 'iJh'bw'b.j!• 
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P(A l1wJ B)=Jw/1, abed a, ) 
P(A) =Jwl,. abfd a. 
PtB) =Jw~. bcdeb, 
P(A b i3) =""'~· debfd, 

lll/'bt:,wJm !;, "l' mhr1Jr ,'bp f.b.,f,Jwl C.wqwuwpnL{iiJm'ite 

Jwl1. abcda=Jw/1. abfda+Jw/1. bcdeb-Jw~. debfdt 

(5) 

lJ.1u t;w•fwuwrm{JJw'b 

J.wfu J w uhrl! 1 ~umw'bw'it.[! 

pnL{iJ_(nL'bf!t 

Jb2 t.nb'l"''ll'btn1. (5) r:.w1wuwrm{JJm'b'£brJr 
( 4} r:.wqwuw-

'LJw'b J.bn'/ !1wrbtf. !; r:.wzqhl gw'b

~w9wtJ pqnq t;.,JwUJb'lblf. "fwurw~mJ{J

tbrfi 'filL,{ Ulff r;.,,,W'iJw/fW'£111 [J JilL 'i,/!1 

'Lzb'bl!, "I' {JbnrbJ 2.1! ~wrbtf. !; 

"'"1"'9"'9bl• bt'bbl"'/ qbrb,J mr'/w6 

u Ill ~,r w'bm J'bb rf 9 " 'I" rd n ?"'fcl l"' 'b'bbrfr 

~w'bn'b'bbrf!J' 

a 
~---~ 

U w t; J w 'it n L J 1, A "fwmwt;mJfdl! ~nt'{m J !; B "'.wmwl\nLJ{J/r9 

mGqm}u. b[Jb A "fUitnwt;mJfdp brbw'b 'l"'l"L t:.wqw'bw~w'bnL{iJJnL'b[! 
~w/uqwt) 1_!; wJ'b pw'bpg. fib B "fwmwt;nLJfdl! Lnb'jp !; ut.'bb9bl l1wJ' 
mb'lf. 1r "'r,b9 ht ' 

fiJo b,. r b J' 1t bpb A ll 8 tqmmmfinl.JJ3Gbpu mGqmJu bli, WUJW A 
h B upummfint.wubpft fimtfwmbqtfmG fiwt{wGmqwlimpjmGe firut{wuwp 
k A It B UJW~mllnt.wGbpft bpltwG qmJnt. lwtjwGwqwGnq~JnGGbp~ 
lUJllllWq (lJlUJ p", 

P(A "- B)=P(A) · P(B): (I) 
11. "I "'9 n L 9 n L ,r, ll.Ju {JbnrbJp "'"i"'i"'.'J'IL,rf! ~wmwrb'it.[! uw

fnr'bbrf ufuhJ'wJp r:.wJwr: br~IIL uwfnr'itbrf9 JlllfWJ!W'blJnLrmJ 

~w'iJ, r;.,,rUI"fWUlUJU/IIw'bwpwr, fll /, fl.! 'f'iJ?f~'iJbr: U.nwlf'iJ uwfnfonLJ 

~w m1 llwr•f/•r 'l'b'fP~• pull J'bwgw6'bbrl! ul.t h'b: br~f"f'l uwfnrnLJ 

~UI m? ~wrJ'f.r 'l'b?f'l· ""'' J''bw9w.J'bbl'l! ut... b'b: Bmrw.[!•u'itunLr UW• 
'frnrf.'J r:.w'btfm.J !; Jb~u+.u'b 'I'£?M: f''it1/r • !; t;w'{wuwl' wJ'b pw'bp ~w
t{w'bw~w'bnL{iJ J"' 'i.e 1 n f t;,..'i,'/Ulf1 hf'~IIL 'f'b'fw~'bbf'f! ~Lfo'bb'£ ~Ulr"hll 

'1-Jr9"LJ! A "fwmwt;, 1p I! 1-J•'b ""''P" rf9 11wr.!f r 'I 'it 'If¥ t:.w'bb(i, !; • . 
513 



B UJUIUfUir,IILJPl!' 2-r'l- uwfnrfry ~wr•'frr '1~'1-~,, r.w~bl~ b u.,u 
"iwurwt>mlfJ~hr~ w~l1mfu b'iu lJ.4'bf.w1ur f;, "I' 

P(A)= ml' P(B)= mz, (2) 
ni n2 

c 1. I. Jhl /, ';, u'b'll./1 f.w'bb[nL 
llfrwJwJwhW~ Jn1fUI$WUlJ11Lf UUIII'"f1'9 - /UI'fUI l I' 

"r 
-----,r-----~--~------------, 

tl,. 407 

t.wqwuwrriL{JJwh wr'l-wrb tf''bb[£! 1 

0 l' fr 'b w ~ I • lit•~"'- """~~/•11 ~rw~n• J 

u .... u£/r~ rn.U~·~l·9 ~'"lwrnwlt"'~brnfr~ f.wr•fw~bl"'-

514 

9 5 3 
P(A b. B)= -·-=-· 

10 6 4 

0 r I• ~,,It 2, Uwr•·fr .... ~, ...... .p .... ~ ""2"'"""'""~1'£!. "1'"2""' J t ""J'l """l'l!l!. ~w'l
Jn'l .1 {,...,~'1"'-J{l~'br/•{1 J"'-fW[!""~U"'I'P w~rfuoupw~ ""2/" wrnw~'/!"1• flpt.l; 9/rlufr f!_~
flw91!"'-J f.w~''1"'J9~krfr w~fuwpw~ w2fuwrnw~'I!P f...,</...,~•w~w~nLfJJn'-~'l!. f.wJwulw

mwufuw~•wrwr f.w<fwuwr t p1-0,6; p2=0, 7; p3 0, 9· lJ.m~b1 ~2 1wJ ofr~tfr c~P w 9 -

I!"'-J UWfj!fr W~rfrowpw~ 1U2frrw<nW~/!p f.w<fw~w~w~nLp J"'-~f!.' 

{ rr L J n L J, ~w•fw~tultw~rr•fJJnL'b~rkpfr. P""'fJW"LW"'~'fw~ (3) pw~•wJ.Ln<f 

P= P1 · P2 · PJ=0,6 · 0, 7 · 1},9=0,378, 

'1- fr rn n 'l n • {J 1" L 'br l,wJwurbrzhLfr Ufwura~f.nLJfrJ'bbrfr 'lmJa~rfr 

f.wtfn~'bur~w'bm(dJurh Jwufr'b § 3-fr {JhnrbJ 2-e (pa~'bural, (4)) (1) pn~

'bwaf,/• f.wz•JwnJwJp ~'fl"Lfr "'J""'bu. 

P(A ~wJ' B)=P(A)+P(B) -P(A) · P(B)r (4) 

"'r I·.., IU ~ 3, § 2-[• orf·~ .... ~ 5-f• fu~'lfrre ,,,_Jkt, O'fm<fkt"1 (4) pw~wJ.I.fro• 

{ n L J n L J, A "lwrnw~"'-JPl!. 1-f•~ f.pw~nfl/•o ~"lwmw~w~bmfr~ f.wp<fU.Jbl~ 

t: B .. ,...,.,...,,,, Jfde.' 2-r•t 'rw~rrflfro ~'"fWinUI~MI~ku·Jr~ f.wr<fwJbll!.• 11.~~,...,,., t, nr 

8 7 
P(AJ= -- P(B)=-

10' 10' 

8 7 8 7 94 
P(A ~...,J BJ=1o7 1o-10 ·w=IOo' 

fl'bwl, ... ~ t' "f ""'IUIJIU~/! ~wfuH·~,. ,, u urwnwJ Wf'lJ"'- ~'/!£!.• 

0 I' fr ~ w ~ 4, t"lwmw~u,~bme. Jb~ ~f""~"9"1 "i~i""9~bl"'- f.w<fw~w~w~nL

fJJ"'-~f!. r. .... <fwuwr t p-fr· 11r"2"t ~r...,~"o~krfr .... ,~ n Pfr1e. "r ...,~r.rwJbz., t Q-fr~ 
f.w<fwuwr ~wJ ~fw~fro JkJ f.ru<[ w~w~w~n• p JWJ p ~"lwmw~w~k,e. n 1 ~ i.'"9~/; l"'

f.wrfwt• 

{ n L,) n • rf, ~•u•fw~wllw~n•fJJ"'-~'~brfr '1"'-J...,fJw~ L P""'l'fw"lwur~J...,~, Jw 

ufr'h pbnpi.J~bt•fr f. frrlw~ <frw ~""f ''l b~l! 'lfkl. 

lJ.J""IP"fr w'btulfrrnfrll 

ufruurbJfrJ! url.prffr~~kl'""' 

Q >- 1-(1-p)n, 

1g( 1-Q) 
n ~ · , 

1g(l-p) 

§ 5. liwJuJWt UJWmWhnLJftUhp: tllutJUWUW~WU hwt{wuw~wunLftJnLU: 
~P~t{ hwt{wuw~w\JntftJnt\J 

Ua~f.Jwhn;..J J, A UfUJurwf.mJf/l! lt"l'/nLJ I; qtu]UJllll B llllU

U\\ufim .. Jp}lg, bfiJh A u[iurnwf.nLJ{Jfr hrbw~ qw[nL f.wqw'bwl1w'bnL{dJ"Lh(! 
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~w/ut/wd t w(b pw'br.9• f"b urb'lr t m'bb9hl ~wJ wb,,. 1r .... 'bb9bL A 
UfUIUlW t:.nLJ{iJ (!I , . 

A UfWurwt:.nLJ{Jp brl.w'b 'fW/nL f.mt/w'bwftw'bm{J JnL'j,'b wJ'b Uf"'JJw~ 

'bnt/., nr B UfWUJw'>m!fcJI! urh'll> t tn'bb!Jkl, fil;w'bUI!th'b.j! P(A/B)·nt/ b 

~w'bt/.IU'I.£'bJ! A upumwnntJ~P UJWJifwGwlpuG fiwtJmGwqwlintpjntli B 

UfUJ/J "'"'" 'I h"'J!'" J: 

0 l' f ~. "'~ 1, Uw•f"f'"' ,( 11w 3 rwJ/•mwll It :! ub 7'b'lf.lt'hb-p, 1/unfnrf.B t;w'b

{•-.J I; Jb/l 'l'b'l~~ (wuw)'f>'h t;u,~<n• .!), /, w/tmdb-w/, bp~f'"f'?l!. (bl'~l'"f''l 'iw'£n LJ) , 

B "{Wmw".n<JPI'. wnw£1•~• f.,u~nfru'l. Jnnlw'!.w~ u"'~wur~ 7'b'lf~f lrpf..w'b '/"'[~' 1;. A 
Uf.UHnw>n•JPf!. b-p~{'"f''l t:.w~rJw'b JwJw~ w~ uuJ! .. nw/1 '1'1.'1~/Jf hpf..w'b 'l"'l'b 1;. 

lJ.It'b'iwJm 1;, np A UJWmw'in•,tfJ/• t:.w{w~. w~w'hu<fJJ"L~'l'.• bfJb B~'b mb-'lf. ~ 

nL '!.b-ob I ' ~If~· I· 

2 1 
P( A. D)=-=- I 

' 4 2 

A "{UJLnWt;IILJfJ{• 'iw{w~•w~w'l.nr fJJnL'hf'., wl'b ''I"',IJw'bnrf, "(' [3 Uf.wmw'in<.IP/! 

urb'lf. :f. u'bb!/' i (wnwJ/•~• :.w~nlm~• Juufw~,..,~ l. plrw'h I; b~/; l ult 'l~''li'~) , 11/>~•f. 

3 
P(A. 15) = 4' 

P(A.B =;b P(Ai il)• 

fil'b,rbJ 1, bpqnL "lwununnLJtlGbpp StUtfwmbqtfwli flwtlwGw

q m Gm p J n G ~ lhmJwmu p I. lip 111 G g f•g tfb ltl• tiwtl wliw q w Grn ~ JW li~' r wq_
UWUJ wmqwO bpqp n P'l p upujlftuliw q m6. fi wtlwG m q wlinLfl J wd'p, fim2~ w~ 

Wjli lllWJtfwGritl, np mn w~Jtli utmmwHnLJPI! mbq p }; nLGbgbt, WjupG}!Ii' 

P(A I. B)=P(B) · P(A/B)' ( 1) 

n 

'i,~. 408 

U. "1. w 9 n L 9 n L .r, IJ.Ufw!J'"-.IJ"'-,[1! ~wurwrh'b.j! w1'b Uf1Uwwt.m JP

tbr/r f.w.fwr, urn'b.{J f.w'b'fb9t/nt tf b'b UW111,nr'bhrr ufubJ'w,ft'b (IUJuf>'iJ.e'b' 

hrp ~rrwnb,,. t f.wt/w'bw~w'bmfjJwh 'lwuw~w'it uwf.J'w'bm.fe}t 

'tr9"'Jl uwtpnfHLJ' ~w'b n fdtjnt/. 'l'h'lr'''bbr, nrn'b9P9 nJ·C! UUfr~ 

mwlt t, puft n2·e' ulll 1-ft!Jnt.j! n~ uu,,urw/1 'l'b'l/>ft'b.bpr9 nl* 'l'b''"?'bbre 

l!.'wuur'lwhpt_nt/.» [;~,, f•u~ 1lJm u'bb{;{! L/>ntj/r'b UUfpurw/1 L'b {'b/1, 408)t 

u wfnrrs t:,UJ'btjm J (- ,[btl 'l'b'lf+ l'bt"'lr"r • .,. t l!wuur'lw'bpzut/.» 

'l'h'lft~ f.w'bhlnL Ufwurw~mJ(dp J,.u,fw'bw~w'im'-fJJnL'il(!t 
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1-!r9"'-J! 8·'1. uUfputw~ 'l'b'lr~ hrt,w'b 'lwln'- UfUJurw~"'-J{tl'iJ 1;, puft· 

A~'b <rwuur'lw'bpznt/J> 'l'b'lr/1 brl.w'b 'lwln'- Ufwurw'>mJftlf!t 11~'bt:.w1w t. nr 

(2) 

ll'IJ.uurrlw'bpznt/~ uUfpurw~ 'l'b'lr~l> brbw'b 'lwL"'- f.wt/w'bw~w'l.n'-~ 
fJJnL'b'b "'J'b Uf '"J"w'l.nt[, nr brkw'b (- bttbL UUfpurw~ 'l'b'IM· ~LI·'b/r 

P(A/8)=01•, 

nJ 
( 3) 

l!:fl.uur'lw'bpznt/.1> uUfpurw~ 'l'l.'lrllr brk•u'l. 'fWL"' f.wt/ur'bw~w'bnL
fJJn'-'bl! ~Lr'br P(A t, 8)-'b, IJ.~'bt:.w!ur 1;, nr 

n· 
P(A L. B)=-I.: 

n (4) 

n n (5) 

(5)·/r Jbt_ urh'lw'lrbLnt/ (2), (3) b (4} wrurwfowJurmfJJnL'b'bbrp 
d.w/u J'wuhre, uurw'hn,_J h'IJ.j! 

P(A L. B)=P(B) · P(A/B), 

(1) :.wqufUwrtnfjJn'-'b'b WUfUJ9n'-9'fwd /;: 

bpi, 'lru•wr~t/.n'l UfWurwf.mlfJ'I.h/'1! 1b'b f.wJ'wUfwurwu/uw'bmJ' 

'fUJUw~w'b u/ubJwjp'b, W"fW ( 1) f'w'bwM'I' dwnwJnL•f (- Uf"'JJ'w~ 
' 'bw~w'h f.w-/w'bw~w'btnfJJw'l. nprr;.!w'b f.wJ'wr: 1/.J'b (-, A- p "IWJICUIGm-

qwli fiunJ.wGruqiuGm.pjmG~' B UJWmwfinLJf'P ppwqwliwgtfrnli UJWJ-
tfruiintJ. npnztl.mtf }; fibmL.Jml pmGruaL.p oqlimfJJwtfp. 

P(A/B) P( A b B) (b P( B) --'--') ), 
P(B) rP , 

't, urn 'l n L fd J n L 'b 1, •{brt/>'b ptu'bwabe ~rriUnb'b~ P(B ,, A) 
wpurw t:.wlurm fJ J"''iJ 'b~wurJ' w.! P• 

P(B I. A)=P(A) · P(I;3/A)· (6) 

(1) "- (6) f.wt/.wuwrm.fJJn'-'b'bb,., awp• .fwubrl! f.wtfwuwr b'b' 

'"rUfbu J/>b'bmJ'b f.u,/w'bw~w'bn'-fJJm'b, f.hurbwpwr, f.w•/wu"'r b'b 'bw!L 

..,2 .fwubre: flLuur/> ftwrn'l h'b.p 'lrhL t.bur£ 1w1 f.wt/wuwr•nP Jn'-'bl!' 

P(A L. B)=P(B) · P(A/B)=P(A) · P(B/A)• (7) 
il7 



3 
P(8)=-, 

5 

P(A I. 8)=0,9 · 0,8=0,72. 

fiJ' b n r b J 2, bpb A UJWmwfint.JPE qwpnq }; rrmqwliwliwt 
tfpmJii wliflwtfwmbqbtr UJWIDWfin._wfibp~ trrtl. Junufp qwqtfnq BI' 
B2 .... J Bn lliWIDwfimJF>Iibppg ubqp fibm, WUJW A UIWtnWfimwlt 
fiwtlwliwqwfint_pjmlie fiwztl_qnt.tf J. fibmhJUil pwliwc\L.nq. 

P(A)=P(B 1) • P(A/B1)+P(B2)P(A/B2)+ · • • 

... +P(B~)P(A/Bn)• (8) 

(8) pw'ilwa£1!. ~nltfnul t lP~tl fimtl_UJ!iwqwfint_pjlUU pw'ilwaL.t 

U "'w 9 n L 9 n L J, A Ufwmwr.m!fJI!. ~wrn'l !; mb'l, mtb'ii'wl 

w£Jwl "'wm•ur.•nJfJ'ilbr,S gwt~wgwtl, "rw~wtwg.!wt 'lb"i.[!"LJ 

(B
1 

£ A), (B2 1. A), ... , (Bn £ A)• 

1,bmlrwpwr, \ruqw'ilw~w'inufiJJm'i..'i..br, qm.!wr.!w'i.. .!wu,'i.. pbnrb.!fr 

f.wJwawJ'il umw'ilnLJ b'il.[! 

. P(A)=P(B1 !. A)+P(B2 '' A)+· · · +P(Bn £ A)· . 
U.2. Jw,, qrrLJwpbLf>'i..brl! •rn/uwr,'i..blntf f!"m (1) pw'i..wab,, ~umw

'ilw'i..,e (8) f.wqwuwl""-fJJnL'il(!t 
O [' p 'j, w ~ 4 1 'iutwmw~w~bmp'i. ~wmwp•fw~ t bJ'bl! r.wi_up'lw~w'i. ~pwl1n9 1 

lJ.~<wi/r'L f[['W~"IJ"4 'i."lwmw~w~bmp'i. r.wp•/wc)-bfnL f,LU.Jw'i.w~LU'Iwr..f'Jn'-~'1!.' P1=0,3, 
bp~pnp'J"1' p2=0,6, bppnp'ln4' p3= 0,8r Ub~ r.wp.Jw~n.J 'i.r'fLUmw~w~bme ni'i.iw9~ 
';,/; nr.. r.w.Jw'i.LU~w'Ln<fJ;nr..'i.p' A1=0,4, bp~nr.. r.wp.JLU~n.J' A2=0,7, bpbl} r,LUp.Jw~n.J 

AJ I 1 ,Q, flpntbl bpbl} ~{'LU~nq'i.bpp ,1b,ll!nLJ ~'"lwmw~LU~bml!. ni'i.2LU9't,blnr.. r.w.JUI

'i.w~w'Ln• fl ;nL 'Ler 
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{ n L c)- n L ,/, 'J.funwp~b'i.l! f,/un/,JW[ w'i.r.wJwmb'lblfr U[W"'wr.nr..;fJ'LI.f'[• Lf'/r•{ 
funr..J Pl!.• 

B 1-l,lbl t ,/b~ fun,nLJ, 

8 2 -b'l/;/ t bp~nr.. fuuonr..J, 

8 3 - b'lbl t bpbl! funonLJ, 

84-i/r b'lbl ni Jf, /ungnufr 

fltm; b~'l! J'"l'wl!w'Luu,p "lwmwr.n,Jflr r.w.Jw~.w~w'i.n•P;nr..'i.e• Ub~ /unonLJ 

~~wmwp-fp, bpb LUnu•ffr~• ~pw~n9e "''" /un9"'-J, f•u~ bp~pnl''ll!. t. ls{'['nf''ll!.' 4rfr

u1n,J, ~wJ W><wif•'i. ~['LU~n9f!.' -fpp"/n<o/, bp~pn[''ff!.' fronon<J, b['i'"f''l£!.' -ff'p"/nLI/
1 ~wJ w•uu!f'i. ~pw~"ol!.' 4Pfr"ln"l, bp~pnp'll!' •/Pr"lnul, bppnp'lf!. /unon"/, (/Lumfr 

I!""' r.w•fw'i.w~w~m<fJJnL~>'i.bpfr pw'fJw"/LULn~Jw'i. £ 'f"LJu•pJw'i. flbupbJ~•bpp Jb~ 
JunsJm'i. r.w.Jw'i.w~w~•n• fJ;w'i. r.wJnup llnr..'i.b'i.w~'l! f,bu,I.Jw/ wpmLUr,WJLnnr..fJJnL 'i.l!.• 

P(82 )=plp2( 1-pJ)+Pl( l-p2)PJ+ ( l-p
1
)P2PJ=0.468, 

P(83)=p1p2p3=0,144, 

P(B4)=( l- p1)( 1- p2)( 1-p3)=0,056, 

Y,pb'i.l! 'i.uJwmw~w~bme ni'i.2wu'Lb[nr.. ''lwJIIw'Lw~w~• r.w.Jw'Lw~w'Lnr..fiJnr..'i.~.b
l'l!.' LUJu "lwmw>u1fi'Lbpfu ;nr..pwl!w'Lun'pf' f•pwtw'L:UuJw'i. 'lb"ll!"'J· 

P(A;8 3 )=1 ,0, 

Umw9w~ wpmwr.LUJmnr..fl JnL ~.'i.bpf!. mb'lw'fpbLn.J ( 8) pw'LwJ.kf• Jbf, ~umw
'i.w'i.l! 'i.u[WLnLU~Ut~bLnf!. u i 'j,2 w9'i.b[nr.. r.w.Jw'i.w~w'i.nr..£1 JnL ~'/!.• 

P(A)=P(B1 ) • P( A.'B1l+ P(8 2) • P(A/ 8 2) + P(83 ) • P(A/ 8
3

) 1-P(8
4

) • P( A; B
4
)= 

= 0,332. 0,4+0,468 . 0,7t0,144. 1,0t0.056. 0=0,6044· 

P(A/8)=P(A), 

P(A £ B)=P(B) · P(A) 

/u'i..'ll', a" w~b I'"' n L J (!1 /•'iit"'hu " § 5., flbnrbJ' 2-nLJ', 

h,m wr~b'i..,e BJ, B~ , ... ' Bn w'b\wJLUmb'lbl, UJ.LULntu\nLJ(rJ'i..br, Lr"" 

/unL Jpf!.. nrn'i..y brbw'il 'fUI[IIL r.uuJw'i..wl,w'ilnLfJJm'h'ilbt,'i.. h'b P(Bl), 
P(B 2), ••• , P(Bn)• A "JWmw\rrLJ{df! ~"'f"'l !; mb'l" m'ilb'bLUl BJ' 
B2' ... ' Bil UfWUiw\nL!fl'i..br,s nr£t Jb~, t;bm, "l'"'ils Jh'i...p w'i..tJw
'i..blm b'i...[! llp"Inpbqlibpt 
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§ 5-p (8) pwiJw,Hp f,UtJwawJ'it A "l.wmwr..uLJPP br!Lw'it 'lwl'IL 

f..wqw'itw~w'itnt.{J JnL 'it[! ~Lfr'itp 

P(A )=P(BJP(A/B
1
)+P(B2)P(A/B2) +· .. +P(Bn)P( A/Bn)l (I) 

C'it'fnL'itb'it,e. nr A "I_JUUIJUr..nLJ{Jl! "'"'I" t m'itbsbu U.J'it, nr A 
"I_JUUIJUr..nLJ£1£! .,b'lp I; nL'ithsht , ~fnfu/o P~B 1), • • • 1 P(Bn) f,wqw'ilw

~w'itmfiJnL~'ithrf!l fi}Uif,JU'it'l_q;,uf t nrnzbl IUJ'I r..p"l_tr{Jbq'itbrJ. J.rw~JU
ilws.!w'it "'iwl.!w'itw~w'it r..a.qw'itw~w'itnL {IJnL'it'itbr'it w1'it b'b[ilw'1r"L£1Jw.!p 1 

nr A "I_IUinJU~trLJ(c/l! .,b'lp t ,,_'itbsbt, wJuJr'i.6'it' nrnzbt 

f..wqw'itw~w 'itm [il Jltl'it'bb ['£! 1 

ll'it'lrP l"Lt)nL.I[!I Cu~n § 5-p (i) p•u'itwabp 'lm'itl.'it,e P(A 
l.t 8

1
) f,wl{w'itw%w'itmfiiJnL'b[!• 

P(A £ B
1
)==P(B1) • PtA/B 1)=P(A) • P(B 1/A), 

P(A)-p fnfuwrb'it .,b'lw'lr"t""- 'itrw (1) wrUIJUr..WJinnLPJnL'it[! I 

~umw'i,w'b,e• 

tJ...,'j, a£ntj nrnzl{nd bil P(B2/A), P(B3/AI ... I P(Bn/A) 
l{wilw~..AitJLP JtrL <j.'j,b rf!l 

btj &UJU"I_J.U I 

P(Bk/ A)-= n P(Bk) • P( A/Bk) 1 

~ P(B1) • P(A/8 ;) 
i = l 

(3) 

(2) pw'itwJ.be 11"1'1""' t ~wJbult pwfiwO.li ~w,/ filtUJ.npbqGbpll 

pbnpbu: 
'""Ill n 'ln ... ,,; I" L ~:. ( 3) pw'bwat.hr"B r..bwlun.! t-1 nr P(Bk/A) 

f.,,.l{w'itu:~~w'itnL{tJJ•u'it, wlu,'it.g'it' Bk r,""l"fJbqp J.rw~w'itws.!w'b (A Ufw

mw>.m JfiP mh•t, m 'itb'bwlnL "lw 1.! w'bntj) t. wl{w'itw~w'bm [I Jw'it wrmw

f,wJmmflJw'it .!bt f.wlmwrwrl! k >.w.!wr,B ~wfuqwt) 1,/;t 

0 l' [• ~ w ~ 1, ?-[r9 rr•e .pnpd[•s wn.w£ b'l/;l /;'j, i"l'" '"'Y"'"'"l'"' ~"'"'l'""/ " l' 
t.ft"l"Pb'l~"l'· 
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A "l"'"'"''"'-JPf. ,,.,.,., 'lu't"'- "l"'J""'"'"'~"'"' '"'""'"'"'~..,.,,.p,,,_.,.,brc t;.,J.,"l.w

"'"'""'"'"'"'P"'l' f.wywuwp £-'b, 

P(AB 1)=0 ,7 P(A / B2)=0,1, 

PIA 8 3 )=0,1, P( A/8 4 )=0,02, 

'J.f.9rr•e .prrpJ.w,.~Jw'b l'.'bfJw91!"'-J A "'"'"''"'"•.tPI! .,b'lf. t ,.'bblbl' 
l/.17 '1[;"11!"'-J /'.""' (3) pw'bwdl.brf. uutw'brrt.l £-'be, 

0,25. 0,7 

0,25 . 0,7 + 0.25. 0,1+ 0,2.). 0 .1+0,25. 0,02 

P(8 2/A)= 
0,25. 0, I 

=0,11, 
0,23 

P(83 'A) 
0,25. 0.1 

0,23 
= 0,11. 

P(B 'A) 0 ,25. O.D2 
41 0,23 0,02· 

0,175 

0,23 
0,76, 

li.J""'"'I lt'lbl t P(B1)=0 ,25 · P(Bl 'A)=0,76 J£-~ .. 9"'Y .,,., "l"""'"'n."if , "l' A 
"l"'u"~,r,,,_Jf/1! "'"'If. ,,_'J,b9wif• f:'b'l "l'"'-J P( A/ B1) l; wifw'bw~w'b•"-fll"'-"'1! Jl"'-u 
"f1MJJw1tw~w'l. r.wyw'l.w~w'l.rr•fJJ"'-'I.'bbpf. f,u;JbJwutnt.EJJw.!p Jb.)- t 1 

0 l' f'il "'~ 2 • Sw'l.~bl'f.9 1"'-f'"'t"'"'U"'l'l! Jf.JJw'b9fofl w'il~wfu npt.l; 'il"fw
.,,~,~brnf. .fp• 1'"'9bl b'l. ~l'"'~' t~wrnw~w~b"'/! wn.w£f.'l. urw'l.~f. f.wpyw.)-ny 

"i "'i"'fl'l.bl"'- f.wyw'l.w~w'l.nt.fJ J"'-'ill!' P 1=0 ,8, bp~f'"l''l urw'b~n.f' p 2={},4 1 0pJ·~"'I!. 

•:. 'b~ws.fbs Jb~ f.wpy .. ~""' nl'"2" I ... ,, P"'"'" f.wyw'il .. ~w'bnt.fJ 1"'-"'1!., "I' Ol'J"~"'I!. 
•t'f.l."'B1"t t wn.w£f."' .,,.,~f. '"'l'Y"',."Y' 

~" '-,)." '- J, A "1."'"'"'""'1£11! 0P/b~urf. n~'l.!"'fi"'-J'j, t Jl.~ l;wpywt).nyt Uf.'l.l.L. 
r.p,.a,, ... p J"'-"'1'. f.'l.wpw.fnp b'il t.brnl.J"'l "f."lnflby'l.l. I' I!• 

8~-"l'~"'- ,.,-,~-, tt 11'/r"l.bl ""', 

82-£-l'~"'- ,.,-,~-, tt f-nsbt lr'l., 

BJ_.,,,.£""' .,,-,~/! i-"9"L t , bp~f'"l''ll!' 1Pfr"l"t• 

84 -wn.w!fr'l. .,.,'l.~l! Yl'f."lbl L bp~f'"l''ll!' f-n!lbl' 

U.,u f, />"'. nfl £- 9'l.b pf. t;.,y w'l.w~w'bnt.fJ I",_ 'l.'bbpc n l'"2b'ile 1!.""' t;,.,y w'ilw~w'l.nt.-

JI Jnt.'b'L/rp" l'"''l""'"f.,..,~Jw'il fJbnpbJ[r. • 

P(B 1l=(1-p 1)(1 - p2 )=0,2 · 0,6=0,12, 

P(B 2l=P 1P2=0 .8 · 0;4=0,32, 

P(BJ)=p1(1-p2 )=0,8 · 0,6=0,48, 

P(B4)=(1-p1)p2=0,2 · 0,4=0,08. 

. flpn2b'ile "1."'"'"'""'-lfJfr bpl.w'b 'l"'l"'- "l"'IJ..,..,.,~,.., t.:Uy,.,'blllltw'l.n,_p ,,,_-,_ 

"",.c· 
P( A/8 1)=0, P( A/8 2)-0, P(AjB3J=i, P( A/84)=1, 

£:urn (2) pw'itwJ.t.[r .,,..,,,_J b'ile f.[r"lnfJir'l'l.bp,. "!"'IJwlrw~w'b f.wyw'l.w~~~~-

1.n< fl 1"'-'ilc· 
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0,12·0 0 
P(B

1
/ A)= =--- 0, 

0,12. 0+ 0,32 · 0 t 0,48 · l t 0;08 ·I 0 .56 

0,32 . 0 

0,55 
o, 

0,48 · I 6 
P(B /A)=- - =-

3 0 ,56 7 ' 

0,08 . 1 

0,5i 7 

0 f fr ';, w ~ 3, Uwp~lrpfr 3() %·e ~w1•ul!n'-J t P"'l"lf npw~w1nrn..J n~..'i.ksn'l 
J,.,u-,.w'l:kme

1 
f'u~ 70 %-e' ol[rj[r~• npwltw•fnpn'-J n,_'i.k!J"'lC• PwpJ.p nl'w~w1npn'-J 

n~..'blrsn'l Jwu'bw.,lrm[r ~"'1"'1!"',} uwfi!P •u ; fuwmw'i.l!f' ~ nLuwlfr"'-flln'-'be 0 ,90 (-, [ru~ 
Jfr ffr'b nl'w~w1n pnuf n1-'i.bsn'l J wu'bw'l:lunfr ~ "'1"'1!"',} ""'fl!fr'i.e' 0,80, of.bf!Jf"',} 

uWfi!C ~n .. uwlfr (or 1/pnzbl ~w1w'i.w~tu'i.n'-fiJnL';,"J. "'J'j, pw'i.[r, np "'J'i. ~ •u1wl!bl I; 

pwpJ.p npw~w1npn,_J n~..'bbsn'l ofuou'i.w'lbme• 

~ n ,_,} n ,_ J, A "lwmw~n'-JfJC uwp~[r w'bfuw•~w'b w;fuwmlrl'i. l;o lf/_.'i. )_ L_ ump~ 

efr umn'-'1"'-Je ~'bwrw1nr k'b ~bmL.J"'I ~fr"'nflb'l'bht•e· . 

B
1
-uwree ~w1wehl t pwpJ.p npw~w1npnul n1-'bkon'l Jwu'bw'lkme , 

B
2
- uwpi!C ~w1wl!hl (- olfr j fr'b npw~w1npn,_J n~..'bk!J"'l olwu'bwyhme• 

9-pk'b~ "'I" ~fr"'"flk'l'bkpfr ~w1w'i.w~w'i.n~..fJ Jn'-'b'l.kre• 

flpn zk'b/.! 8
1 

L. B2 ~ /r"lnfJb'l'bkpp ~w1ou'l.w~w'bn,_p Jn'-'i.'bkp'i. "'J';, "[UIJJw'bnof 1 

np A "'"'mwr.n'-JfJC mh'lfr (- n~..'i.k:thl' 

eum ( 2) pw'bwJ.!..fr n~..'bk'i.l!· 

0,3 . 0 ,9 P(B 
1
/ A)= __ _:_ _ _:_ __ 

U,3 · 0,9+ 0,7 · 0 ,8 

0 ,7 . 0,8 
P(B2/A ) 0, 3 . 0 ,9+ 0,7 . 0 ,8 

0,27 
--= 0,325, 
0 ,83 

0 ,56 

3 
=0,675· 

0. 8 

§ 7. '\.~uljpl:im 111wmwhwljw\t ulic)nLp]ntb: '\.~uljpl:im lllwmwbwljw\t 
ul:ic)nLp]Wb (!W2:tuuw\t opl:ibJ!I! 

u w r,,r w'b n L J' l t X •J.nfnfuw~W~f!• nre •J.nrawr~J'w'b l!'b(rlws

.[!"'-J' f!'b'lm'bnLJ' {; xl, x 2, •• • , X ~t • ••• wrJbJ!.~brJ. 'l_br2.w'l.nr ~wJ' 
w~'l.br2. f.wp_nr'lwllw'bnLfiiJnL'bfrs Jbltf! • ~nt'l.nLJ' t q~uqpbut ntwmwliw

qwfi tfb~nLpjnLfi, b[Jb JnLrW$Wfil.JnLr Xk wr.fb.j!p~ f,wJ'WUfUILnUJU,IW

"j,nLJ' {; wl'b pw'bp Pk "l'"lw~J. f.w'l.w'bw~w'bnLfJJm'i.(!, nr X •J.nfn/uw

~UI~ J'bJnLf/Jn&fi(! /l/!'iJ'fnLfip Xk wrJb.JJf!l 
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Uwt:,J'w~nLJ'f'g r.bur£nul t. nr J"Lrw.ew~l_JnL[I xk wrtlb.ef'~ t:.w

J'wUJWLnwU/U .. ~IILJ' t Pk r.w'l.w~w~w~nLfJJnL~t 

x k-1'9 Pk·l' /j>nL~'Jofrn~wl ltwfunLJ'f! ltnt'l.nLJ' t X q~uqpbm UJ.Ill
mw6wqwli Lfb~nq>-Jwfi 6wqwG.wqwlinLpJn•lilibp~ pw2]uiwG. opbG.J!*: 

,..,,;,.., ~ ..,~ ... '1. JUnLp 1..,.,,, 

~'i.wrw1nr wpJk~'i.kre xl l X a l· · ·I· · ·I· · ·I Xk I· · ·I 
U.n wpJk~'i.hpfr ~w1u•- II P1 I P2 I· · ·I· · ·I· · ·I Pk I· · ·I ~ .... ~w'i.nLFJ 1n,_ 'b'blrre 

-
Pw2/uJ'w~ •rb~.JJI! ~wrn'l {; urt•'Lbl 'bwL 'lrwf/>Hnrh~' 6.wqwG.w

\wlhnpJnLiiG.bp~ pw2]uLfwG. pwq_iwliqJwfi urhu.en¥.1 brp ~nnr'IJ.~wur

~brJ. "'- 'l'l"'~~!nL~ r.wJ'w~wr'lnLJ' ltw"-nLs'fnLJ' b~ (xk, Pk) 'Jnnr'l-J.~wur
'bbr~ nL~bsn'l ~burbrf! £ '1-rW~./J J'J.wo¥.mJ' h~ pb~JUI£n'l. (~~• 409)t 

Pw2fu.iw_~ orb~.ef! ~wr.,'l {; -r'ibl ~Wh u•~wtJ.urJ.Iinrb~' 

pl{= f(xk), 

u.J~• "I' X UfWLnwilw~w~ J'b~nLfiiJIIL~f! ~l!~'lllt~" xl. x 2, ••• , 

Xkl o • • 1 r.w2.nr'lwffW~m-flJw~ wr.fh.e~brJ.s J'b~f! • r.w'l.wuurf' UfUJLnW

f.mtfl {;, £. muurp Ufbur~ {; ~wurwr'l.fr 

N 

~p,=l 
i= l 

Uf_WJJ'w~e' N wrJb.e~hrJ. ¥.br2."''inr 

r.w p_ nr'l"'llw~n'-fil!w~ 'lbUf.JJnLJ' L 

( 1 ' ) 

wfi¥.br2. r.w2.nr'lw~W~nLfJJw~ 'lbUf

.j!nLJ't t~wurb~./JI nr Uf_UILnUI{:,W~UI~ 

J'bJnLfJJW~ WJfi X1 wrJb~{!l nrfi 
m.'bp wJ'bfi,uJ'b,} r.w'l.w'bw~w~nL

fiiJnL~£!1 ~nl_'l.mJ' t Unqt t~. 409-tU-J' 0 
UfWur~hr'l.wr) "iwur•ut:.wltw'b J'bdnL

fiiJnL'b'b nLfiJ. X 2 J' "'l-£!1 

(I) 

'L~. 409 

0 f fr 'i. w ~ 1, x "'wmw~w~w'i. Jb,}n'-flln'-'be Jk~ w'btwJ f'"''lnu~re 'bkmktfu 

,,..., 11tp[r'i. 'i.[rum[r Yl'"' 1'"'9'/w,} Jjtw1np'l.lrpfr P/tof'i. t• X .jonpnfuw~w'l.l! ~wpnq'' l; 

e'b'fnl..'l.lil ~bmi.JIUJ wpJke'i.kp[tg Jk~e' 1' 2, 3' 4' lJ ' 6. Bn'-l'"'~"'..,U"'-1' -rJkef• 

* 1JppkJ'b ~wJw.nnm wun1-J k'b C:.WmUI~w~w'b Jb,}n ,_p 1..,';, pw;fuJ111'1. opk'i.~>• 
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1 
l'"'O<fblnt r.w<fw'bw~w'bn<f/JnL'b[!_ 6 b ~burl.wpwp, ~'~J'l "l"'"'"''"'~w'b ,/b.)n<f/Jw'!. 

pw;JuJ.u'b "''II"'""'~£!. ~n<'bb~ow r,/i,.ltJ"'I urhul!f!.• 

X II 1 I 2 I 3 
\ 4 I 5 I 6 

1 ~! 1 1 1 1 
p - - - - -

6 6 6 6 6 

Pr-P(A t.. A)=(1-p)P• 

u.,., rw'~~fr p
3 

r.w</.u'llw~w'b .... p , .... 'be, "l' A "l"'"'"''"•Jfll!. "'"'lfr 1fr .... 'bb'llw 

.,
2 

wn.wifo'b, .,
2 

bp~l'"l''l +np.lwp~.lw'b JouJu,'bw~, "'Jl .nh'lfr ~n<'bb~.w bppnp'ln<J, 

~lfr'bfr 
PJ=P(A b A b A)=(1 - p)(1-p)p=(1-P)

2
P 

(2) 

~.u</w'bw~w'b.,, p , .... ~.'bbpfr P"'2fu Jw~' "''lJ"LU"'~£!. ~tfr'bfr 

\\ 
2 3 \ .. ·I· . ·I k 

X 

Pk 
\I 

p (1-p)p (1-p)2p \···1" ·\ (1-p)k-lp 1 

.. .. 
~ Pk= ~(1-p)'<-Ip 
k= l k= l 

p =1· 
1-(1-p) 

liJ 'j, 'f ,. r J,. 'j, l_ £. W n. W 2 p 'j, fu n 9 n L ,/ [! 't W UJ W f 1. n 'l r. f w

a I! "1: n L PI LU 'j, .r LU u" 'bt -/l'b'bwrft1.wJ fu'i.'IJ>r'h nL'hp 'tJ.rwnnt (iljnL'i., 

Jwu'i.w1,nrwUJ.bu, t:.rw<lllJ:mf1Jw'i. t:.wrolsrp 'bftwurJwJpz 
'1-psnL.f! ftwurMJr1.nLJ I; t:.r.,a'lmfltnL'b Jp'i.t!.. wn•u2fr'L funsnLJl!' 
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fJnLpwpw'hu•ur 1Jr"''J"9P JUJ,/w'bw/1 {tt,.9h[nL t:.w1_w'bwl1w'bmfiiJnL'bf! p b 
X UJ.·Wmwt:.wl,w'b Jluhnft!Jnt'h'b "'l'b 'u·w~ns/t t:.w#wt·'h t. nrp rlw

,/ w'hw/1 IJwmwpqhl t funsm J I!' U.1u UJ.wmwr.w~w'b JbJ,L{J l"''b t:.-..1_w

!bwftw'btiL{1Jm'b'bbrJ. pw;{t,Ju,'IJ "''11""'"'~1! ltLfo'bp 'hnLJ'bf!, pill_ £. opp

'i.wft 2- nLJ t 

0 l' /• 'b "'~ 3, Bn•r"'l'"''bu"•l' ~l'"'~"9P Juufw'bw~ funohtn• C..u<fm'bw~w'bnL

f'J"'-'~~t' p=0,8o 4w "r"e W('~l fl{'"l"l UIJ'lJ (0 w'bfr 'w1w'bw~w'lJn<fiiJnL'lJ(!o np 

~,)wfuu</p J/i/1 wp~o /ip~nL Wf~ , /ii,LJ' wp~, /ifJb r.pwJ.'fn<fJJnL'b[! ~wuHupofn<J t 
Jfr'bll' wnw£fr'b funon•Je ~wJ bpbj! ~pw~no'b&pfr <fpfruln .. Je. ~"' 'JJbl .)wfuu<fw.)- "'L'

'tbpf• fl</fr' X "l"'"''"r,w~uo'b Jb.)n<f/Jw~• pw;fuofw'b w'lJnLuw~£!. : 

{ n L,) n L ,(, 'J.fron•e X·£!. "lwmwr.wltw'b ofb.)n•fJJnL'b 1;, .)wfuu<fw.)- "'l'~bpfr 

p[ufe. P(x=xl)-'11 WJ'll rw'llfr r..u</w'bw~w'b .... p, ... .,., 1;, "l' ~Jwfuu</fr X ] wrt• u.,, 
'lb"li!"'J P(x=1)= p=0,8 r.w</wnwp I; <hi/ (wn.wffr'b) lll'"'~"9"'/funob1 ., .. r..u<fw'llw

~w'bn•fl J"''b£!. 1 

P( x= 2)= (1-p)p= (l-0,8) · 0 ,8=0 ,16 

mJ'b pw'bp r.w•/w~ou•~wbnLflJu<'b'll I;, "I' wnwffr'b ~pw~nofr Jw,fw'bw~ h'lbl 1; </rfr

"l"•J, hp~{'"l''lP J,,fw'bw~' funonuf, 

P(x=3i=(l-p)2= (1-0,8) · (1 - 0,8)1=0,2. 0,2=0,04, 

j!<U'lJfr np ~UI ('~II~Wifb'lJ[!_ bp/ij! Ul{'~ fL r.pwJ.'fnLflJnL'lJ'lJ f!.'~~'f'Wo.nnLJ b'lJ w'lJ~wfu LUJ'i. 

l'"''~~fro , fib bppnp'f ~pw~nofr J,,,/w'bw~ Junon•J ~tl•'~~fr llwJ 1rfr"ln••'• '{bpffr'b r.w-

4_w'b.u~w'b., .. p,., .. 'bf!. ~wpb1fr I; r.w;</kl b "l'"lku urwpphpn<f/Jn<'ll' 

1-P(x= I )- P(x=2)=1-0,8-0, 16=0.04• 

X '2 3 

0,16 0,04 

'J. fr "'" 'l" • fJ J" L 'b, 8</J"'I Ju'b'lfrPI!. ~wphlfr I; .llow~ltpUfhl cuw+np'bbpfr 

u/ouo.nl.Jfr• mhrJfr'b'bhpn</, r,b,.luupwp, "'I'll ~"'l'"'l I; . 'b 2 w'b..,~., .. p1., .. 'b nL'llb'bwl b 

n•rh r.wr.7br e'~~~•wr~b1 fru. 11.1 .. 'lP"'"'l" .. p ,, .. .,c. <fbpwpbp, .. J 1; t.. Jf, ew'~~fr ,•rfr2. 

fu'~~'lfrr'liLr rfr, 

'1-,onL$ ftwmwp1_rnJ /; fi tfrnfld.wrftnLJ'ii/srp ubrJ>wt 8nLf1U$W'iil_

JnLf tfrnr<lwrft#w'b clwJw'bwft lt"'f"'l I; J.rwftw'bw'bwl A UJ.wmwt:.nLJfJl!' 

p t:.w1,w'bwftw'hnL(i/ !"' ,/ pt '1-p D'IL$ X •[! UJ.Wmwr.wftw'b JbJnL{J J"L 'j, I; I n rl! 

'i.zw'bwftmJ I; n tftnr<lwrftnLJ'i.lsrJ. uhrJ.wtmJ A UJ.Wmwt:.nLJfJP hr£w'i. 

525 



'f"'[nL t:.u.ru1phru.//u1f. t:.w-6.mfr111t{JJnL'b[! l 'flu.t:.u.'b p_qnuf !; nrnzhl fl "'"('• 

J.u.rt1 t~t.t!'hbrfr ,b1.Jru.J'ntf x "i"'mu.t:.u.~u.L tfbdnL{JJw'b pu.zfut!u.'b 

orb'illl£!1 
IJ.Il'bt:.u.Jm !;, nr n •Jrnr,J.u.p~nuf'ilbrft 'lb"i,enuf X "iu.mu.t:.u.ltu.'il 

tfhdmfi/JnL'il'il [!~11/llt'ilnuf /; t:.bmJ..J"'l wrJb,e'ilbrJr9 J'J.ft[!' 

0 1 2 n -, -, -, . . ·,-z 
n n n n 

fil'hnrht! 1: UJG pwur P (x=:)nwtJ.wliwqwlim p JRtliE, np 

m 
X qm~ml\Jmqwli ubbm .. pJnl..GE IJEGqn"Llir - wpdbi!E• IDJurGI!li' np n 

n 
tp.npllwp~nt.tflibpr 'lbUI}!nt u A U}Wmmlln1..J(3E bphwli q qw m mliqwtf, 

puq A lllwmwfinLwe ( A lllwmwfintwr bphwli 2qw1e) n-m mGqwtf 
liunlmuwp I; C:;' p'"qn- m, npmbq C'~-e n mwppbp'[Ig m-wqwG qnl..qnp
qnt.pjn"LliGbpr p'[ItJ.G k, p-G' A lllwmwfi nLjf}r bphwli qmtnL fiwtJ.wGw
qwGnt.p-Jmlie' p=P(A), q-G' A lJlWmmfintjf)]l bpL.wli 2qw[nL llanlw-

GwqwGnt.pJn"LGE • mJurlii!G' q = 1-p=P(A): 
u. "'LU 9 n L 9 n L til A "i"'m-".ut:.ntJfJl!. n fnrJ.tur~nLt!LbrJr l!.'bfiJtus-

.enLtf brbu.'b 't'lLU m u.Lqu.tf , or,.-u ... ~ . b[Jb A b A UJ"'Lnwr..nLJfJ'ilbrfo 

f.,brfJLU'fWJntfJJnL'ilf! [/r'iiJr fuJUUJJruJr'il' 

AA · • · AA A ·A, 
m n-m 

LUJuJr'il,e'il' LUILLUJ'.JrL m tftnrJ.turltnttf'hbrnLtf brltwh t !; 'liUfP" A UJW• 

mwC.ntJfi'l!• ""'' r..wlnr'l n-m •Jrnrawr~.,.tltbr,ILtl A-t brl.rtu'b l/r qtu

LJru (brbu.'b I; 'fLU[Jru A "iwmu.t:.utJfJf!)l ~"'"'" nr 

P(A)=p, P(A)=1-p=q, 

LU"Jw eum ptu'ltftu"iwm~tfw'b [Jbnrbt!Jr A It A "iwmtur..n•JfJ'ilbrf' "'1'1-

"iP up f.,b rfJ u.'qRLJmfJ 1w'il '>wqu.'bw~w'but{J Jn• 'i,l! ~LJr'il Jr 
p'". qn-m1 

PLUJ9 n tftnrawr~nttf'hhrJr [!h{Ju.s,emtf A UJLULnw'>n•JPl! ~wrn'l I; 

m tuhqwtf brLw'b 'JWL A b. A "iwmw'>n•J{J'hhrf• t:.hrfJLU'lLUJIIL{iJJw'U 

mr/rz r..wlnr'lwl,w'bntft1Jwtfp1 OrJr'bw~, AA •.. A A A ... A A I PwJ9 A --...-.- _________...__, 
m- 1 n-m I 

"iwmw'>mJfill! "i"'f' Lnw'l/rr ltbl'"'n'i "ihm,e !; ~wmwrtf/r m w'bqwtf, Jrull 

A "iu.mu. '.nt!fJl!' n-m w'bqwtfl A b. A MfUJLnnLt:.n.,ptbrJr LUJ'l"'P"" 

f.,brfiJwqwJmfiJJwh hl'Lwh qw[nL r..wqwhw~whnL{JJnLhf! luJr'bJr 
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, I qn - mp-p'"qn- m pm- - 1 

f>u~ A b. A u1u.mu.t:.nLf{cJ'ilf.rft ,f!'u'i!Jr mu.ppbr f.,brfJwqwJnL{JJnt 'il

ilbr /Lwrn'l. I; LJr'bbl n fnr~wr~,tf'hbrJr e"'P"'!J.en•·'· nrn'ils t!bp_ A 
."Jwmtu'>••JfJl! b['btu'b t1qw rrJ "'"''l"'tf1 U.ft'b'>u.Jm I;, "r wJh t:.u.qwuu.r 

I; fl mwrrbf!Jrs ffi•LU/fwh 'l"tfl"f''f"'fJJnLhhbrf' fJtfJr"l,• 

n (n -' l )(n-2) ... [n -(m . 1 )} 
C~"= 1 2 'J • •u• •• m 

U.Ju"iftuntf, f!.U,. qmt!u.rtfw'if [r1bnrbt!Jr umw'iutttf b'b,e 

P(x= m ·)= ~-'"+p'"q" -m+ •.. + p'"q n-m 

n e m 
n 

(l) 

fil'bnrbt!t "'UJLUS"' yqwd 1;: 
U."/w,qnLsbLntf {Jhnpl.tf{!• 'lrw'bnq Jru~ nrnzbsJr"'.e X UJLULnWt:.w~w'b 

t!bJm.{JJw'il ptuz/utftuh opb"ii.J!l!• nre b. u.rmwt:.wJrnnttf b'b,e f.,bmb.Jwl 

Ul'l.JnLUtu~Jr mbu,en•J· 

11-; I 1 

I 
2 I· ·I 

m 

I· 
I 

·I n 
- - - ·I· -

X 
n 11 n 11 

( m p x=-; Ill . q" lc ~pqn- I I C ~p2qn - 2 I· , ·IC ~npmqn -m I· , ·I· .II. P" 
I 

UtniU9 wJ pwzfut!w'il orbt.el!. ~nt_tfn•tf I; bp~wli'lmtfmJrli opblil!, 

nrmf'>hmb p( X=:) t:,,..q_w'ilwltw'ilnt{JJnt 'il'ilbr/! t:."'qwuwr b'il (q+p)'' 

-,..rmw'>wtmm{J!w'b' f!ULn hJf'Lmn'bJr br~wh'lwtfwJJrh pw'bwJ.b.Jr 4_hrtm

Jmfi'Jw'il '>wt!w"iu.mwufuwh wh'lwt!'hbrJr'h . 

n 

(q+P)'"=~ C~p'" qn-m l 
m=O 

(2) 

f>'ht"ibu f. UJhtn,e l;r u"iwubl , •Jrnfn/utU~w'£ tfbJnt{JJw'il pntnr 

f.'bwrwtfnr wrJb,e'hhrf' '>wcJ"'"'"'~whn~ {JJnth'hbrJr qnttfwrl!. '>wqwuwr !; 

1-Jr 1 ,etuh/r n r 
{p+q)"=1 "= 11 

'}- fo m n '1. n L ftl In L hi ~wm '>~rsbr ntunLJ'bwuJrrbtfou '>u.rft I; LJr

ilnLtf nrn zhL "'.1"' pw'bJr t:,,..,,w'bw~w'bnt .. [JJnL'il(!, nr A "iwmw'.nLJPl! 'tJr

ru.IJ•uhwhw ([ 'fnhh tfb!/ whqflltf», WJU/rh,eh' WJif UJLULnLU {:, IILJP/r '>wrw-
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-~ 
pbpw~wil t:.w6.wfUitlPJno..ile' x :)- ~I U.~ilf\wlur L nr IUJ'1 p (X~~ ) 
f.wqw'ilw~w'ilnL{tljm 'i.e ~npn 2'/fr 

P(x:> ~ )=l-P (x= ~ )=l-qn (3) 

f.wtJ.wuwpnL{tljn'-ilfrs: ~w2fu.!wil "''IJ"'-"w~frs 'i.wt. f.burl•nuf L "P 

p( x> ~ ) Wj'b pw'ilfr 1\w'fw'ilw~wilttLfiiJm'ilf!., nr A "fwurwl\nLJPI!. mb-

'lfr ~nL'i.b'ilw nl_ "fw~wu ,ew'i. k w'il'lw.!, ~nrnz'ffr 

p( x;:a: ~ ) j;k c~ pmqn-m (4) 

~uul 

pw'i.wa.l.ntJ.t 
0 r"., w 't J, '1-['wf#>r~"l'""' "{W<n~bl'/;-l X "'"''""''w~w'l. J/r,)no..fiJ'""' l'w2r · Jw'l. 

1 I 
lt['~W'I.'lwJw;//!: O(',..,l'l! • "rt' n=8· P=2. q= 2' 

( n '-,) n '- J, flr"zb'l.~ "''11"'-"'"~f Jbt_ J<n'l.n'l l'"l"l' i;wo[w'l.w~w'I..,Lfl J'fL'I.

'I.Itrfr wpJite'l.bre• 

P(x=O)=cgq8=1. (-+ Y=2~6 ' 

( 
1 ) 1 ( t )

7 
8 I I 

P x=B =CA """"i • 2 =1 · 256=32 • 

( 
3) (1 a 8-7·6 I 7 

p x=s = q 2 ) "·' }."'"2,3' 2s =32' 

( 
4 ) ( t )~ 8 . 7 . 6 . 5 1 35 

p x=s =q 2 a 1 . 2 . 3 . 4 · ?12s ' 

528 

lfwun~ob'l.~ pwz[uJw'r• pw'/Jw'l.~JitL'l.{!_ ('l.~. 410) • 

0 {' /• 'l. w ~ 2, ,..,l"t/w/o'l.'l. ~ r. wqw'l.w~w'l.n~fiJnL'r.'b WJ'l. pw'l./• 1 "[' A UjW-

mw l; nLJfll! "'"'If• ~uo..'l.l.-'l.w 2 w'l.'lwJ w ) bl'lt"'- •/•npJ.u•f't"'-'l'bbl'r 'lb"'e"o..J, p) b{'bp

.pnl'a"'l'~"~J'l.l.-l'/t .,~s .. 1 ~no..J , 'I) mu.ue .pnpJ.wr~no..J'l.bpr """t~"'-J, bplt 1"'-l'"''-"'"'

lJ"•l' of•nt•J.w[•~J,.,'l. e'l.flwg~n~J "lwmwl;n'-Jflf b{'l..w'l. '1"'1"'- r.wqw'ruu~..,'l.n<fl ;n< 'l.[!· 

~wqwuwr ~ 0 ,4·r • 

{ n L ~ .. L J, w) "'1".,/;-'l 11=2, r = OA, q= 0,6. 

p( X= ~ ) =q p2q0= ~ : ~ (0,4) 2=0,16: 

p) WJ " "'"'l n=3, p- 0,4 , q=0 ,6 

( 2) 3·2 p X=3 = (5p2q1 =~(0,4)3 • 0,8=0, 288; 

") "'1""'"'1 n=10 , p=OA, q=0, 6. 

P(x=2)=CioP2q8 = ~(0.4r . (0,6)8= 0,121· 
10 1 • 2 

0 ('"., W ~ 3, 'L"(WU>W~w~bmr ofrw ~WLnW('o[no..J /;-'1. J w'l.~w{u : ~('w~ng'J.br r 

On<pwfw'l.un'-l' ~['"'~"Oft JwJw'bw~ 'l."'w<nw~w~l.-.,l! funoltt"'- r.wqw'l.w~w'l.no..fil ;no..

i.e r.wqw~W(' ~ 0 , 2, 'LuJWUIW~w~/s<n{!_ nl'l.1wo'1./sfnL r.wJwr f'wofw~w'l. t 3 fungno..J~ 
nl'"l "t 'l."fw<n-~w~l.- .. c n 1 '1.1 wg'l.b l"'- r.wqw'l.wltw'l.no..p 1"'-"'c · 

1. n L,) n L J , u.,.,.,,., n=S , p=0 ,2, q=0,8. U.~'l.r. .... ,,, t. "l' 

~wqw'l.w~w'l.n<£1 1"'- 'I.e "i/r.,l! t <wzoflrl 

l'w'l.wALnq 1 

£:uu• wnw!r'~• t'w'l.wJ.t..r no..'l.b'l.l! 



5 . 4. 3 
P. l~ =qp3q2 + Cf.p4ql + Ci:Ps= (0,2)3. (0,812+ 

1 . 2. 3 

5. 4. 3. 2 . ' 
+ . (0,2 )4. 0 ,8+1. (0, 215=0,05792~ 0 .06 . 

I . 2 · 3. 4 

0 l' ft 'b w ~ 4 1 t,wwwr4nLJ b'b in/'" w'b~wfu •fmrJ.wr~nLtf1,hr, 8rtL('"'l!"''bi

J"Ll' fnrJ.wr~•lw'i. Jw ,fw'bw~ A "i"'"'"''"LJ[J[• brLw'b 'l"'l"L r.w4w'bw~w'bnLp JnL'b[! 

.0,5 1;, flrnllrl "'J'b pw'bf• '"'4w'bw~m1mLf/Jn• 'be, "l' A "L""n"''"LJf/l! lirLw'b hw 
·hr~nL w'b'lwJfry n i ''l"'~"'u' 

1, n L,}, L ,/, U.Ju"'"" n=4. p= 0 ,5, q- o,s . 

~'u2.Jb'br. r.,u4w'bw~w'lmLfJ J"L 1'1!.• 

p( x<+ )=P( x= ~ )+P( x=+ )=q4+4q3p1=(0,5)4+4(0,5)4- 0,.1125, 

p( X~ ~ )=1-((0,5)4+4(0,5)4]=0,6875~0,69, 

0 l' [t 'b w ~ 5 1 ').bwwl'bbrft m4J"'L fu•fpwr.tu'bw~nLJ funmw'b[r r.w•Jw'bw~ .w'buL

fJJnL1•e' p=O,I. l•'bi"'ftuft''b I; LUJ.., r•u1•ft r.w4w'bw~w'bnLfiJnL'b[!, "l' lrrlr iJ 'l""'"'L

"blrrf• fuJpw[!w'bw~rtL•I ~Jft'bb'b m-0, I, 2, 3 fu rtmw'b 'llrmwt'blrr• 

J. n L ~ n L J, 

p( x= ~ )=cgq3=1. 0,93=0,729, 

p i x=··1- ) = c 11)q2 = .2_ . 0,1. 0,92-0,243, 
\ 3 

3 
1 

P(x=2 \ = C§p2q= ~. 0,12. 0,9=0,027, 
3 ) I· 2 

P(x=+)=qp3 _1. O,P=O,OO J, 

§ 9. 'l-)~ulJphm UJWmwhwlJw\t UlibULp]WU UW~huwm~lJwlJw\t UUJWUULU(! 

'~-P9"L.[! nL~b~.[! X '1ftullrbur "'rumw~w~w~ J'bdiiL{JJm~e' ~wJ'w

"'wmwufr•wh pwzfuJ'w~ orb~.[!nt{. 
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X II X 1 x2 I· · ·I Xk l· ; ·l x,l 

P(x=xk) II Pt P2 I· ·I Pk I· ·I Pn 

U w ~ J' w ~ n L J' 1: X 'ffrullrbm "iwmw~w~w~ J'bJnLfiJJw~ UmiJb• 
uwmpqwqwfi Ulllwum.u (wn ~~pwhw~b~.[! M[x I ~wJ' mx) ~nl_tfmJ' I; 

WJ'f UfWWW~W~W~ J'bJmfiiJW~ pn[fl{l ~hwrwtfn [' wrJb.[!~brfr /.,_ WJ'I 

wrdb.[!~brfr t..wtfw~W~WhnL{iJ JIIL~~bf'" Ulf'lnUI'ff'JW[~brfr 'fnLJ'Wf'f! \ 

M[x]=x 1 p 1+x 2p~+ · · · +xnp., 

n 

M[x ]= ~ XkPk' 
k~l 

n 

r:~'1 nrmJ', fti.l."'bu 9"' J9 I; mrtfbt wtfblfr ""''l • L Pk=lt 
k = l 

(1) 

b[ilb UfiUWUI~UI~Wh J'bJIIL{iljw~ wrtfb.{!~bf'{! ~wqJ'mJ' b~ wrJb.{!~ 

~brfr w~'lbrl ~"'l"l''f"'~w~m{JJmh , "'"i"' .. 
mx= ~ XkPk 1 

h= l 

(1') 

~~~"'l'~bl'n b~.[! J'"'ul~ "'J~"fJ•ufr UJWmw~w~w~ J'bJm{JJnL~flbr1 
nrn~s ~wJ'wr WJ'f 2"'['.{!/! qm 'fwJ'pmnLJ' /;r 

IJw"i ~wuurwurb~.[! <frnrawr~nLII~brfr J'bJ {Jtffr '1b"i.£!"' J' "iwmw

~w~w~ J'bJnLfiJJw~ J'w[ilbJ'wur[r~w~w~ UUJWunufJr h "iwmw~w~wfl J'b

,}nt{iJJw~ J'frlfr~ {iJqwpw~w~w~ wrrlb.f!fr J',.2h, "'J~ I;' gm 19 mw~.[!• nr 

t}tnpuwpqmulibpp ub<} ~&qJt qbuu~ m.tf qpmlJn'l wpdbJ!Iibp~ ufl~pfi 

pqwpwfiwqwli~ tfnm k lipw UWfJhtfwmpqwqwfi ulllwumtfpfi 1 ~wJ' § 
1-nLJ' {!~'flll~t{wJ mbrJ'fr~~brnt[, ~wrbLfr I; wubl, "[' UIWmwnwqmfi ub
c}m.pJwfi qpunln'l mpdbJ!fibpfl tfp~pli r:>lJ.wpmfiwqwli~ 1wpuwpqm.tflibpfl 
p{lqfi wfiuwntfwliwtftm~npbfi wti.btru uqutnt.tf k WJq "!Wmwnwqmfi 
ubbinpJWU UWIJbtfrumflqwqwli ll"!Wum.upli: 

'1-psnL.[! ~wmwrt{nLJ' b~ N wfl~wfu <frnrabr: b~fl"''frb~.[!' nr 

x1 wrtlb.[!{! brhw~ ~ b~bl n1 w~'lwJ', 

x2 wrJb.[!/! brl..w~ I; b~bl n2 "'~'lwJ', 
\ . . . . . . . . . . . . . . . 

X UJWIDUI~W~UI~ J'bJnLfiJ"L~~ {!~'fnt~nLJ' I; xl, x2, ••. ' X, wr-
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.Jb.J!'iJbff!' ~w;_.,b'b.J! X JbJm{JJwb umw9qwJ wf'clb.J!'bbrp Jf•t_pb {ih[w

pw'bwl/w'b[! ( "'Jb ~'bzw'bwl,b'b.J! M[ X]·"" ~w,{ mx-nq). 

(2) 

~"'I!J .J!"''bfr "r N JbJ {JtJ.nq fnrawr~mJ'bbrp 'lb"l.J!"•" 
0

k 
N 

fuurwpb l'"'~w"b l\w6.wfu,L{J jnt 'he a 'l"'.m J I; X k w rd b.J!p Lrlnu'b 'l"'l"L 

1\wqw'bw~w'bm {J J"'b[! 1 "'UJ"' 

" nk ., 
~.:x k - ~ ~ XkPk1 

k-t N k = l 

~~~~qw~w'bwl_w,P p'bw~w'b b'bfJw'l-l'mfJJm'b'bbrf. 'lbUJ.J!mJ 
-/mJ I; 

M jx]---Mfx], (3) 

'1- p., n 'l n • p 1 n L 'b lt bpb 'IP.,"'r~bp'b.J! N pqntJ. 'l'b'l-p~'bbr 
"'l"'f11Lbwl;n'l uw,Pnr'bbrp /u'b'I-Pl'l!• nrmb'l nl 'l'b'l-f.~'bbp'b m'bb'b X] 

{Jqw'bzn•Jc, n~ 'ft'lf.~'hbrc' X2 Ptfw'bzmJc "- "'Jl'b, "'"l"' Jb~ 'l'bfM 

f.w'bbLJ.u U.UUJwutJ.n'l Pl't/.e» ll"'l'.,"'r,"'I.,'IP (1) pw'bw3.1. 111f, "'Jup'b.J!'b' 

1\wqwuwr I; m x-f.: 

0 r"., w ~ I I flrn ~ b, .~ ~, ..... ~ .. :J~• hrfr '~""II'"',, '""9"L•Itbrf. flfr1 r. w'I..'If.uw-

9"'1 X "'"'"'w~w~w~/ ,/b.}n•£1 JUI'I. Jwflb,fwmp~ou~w'i. u"'wuraJ['_, hflb , ·,.l'"...,l!"''bl

J"'l' ~l''"~"9"Y f"":JI.jnL >wyw'bou~w'bn•fiJnL'i.l'_' p=0,4, 
{ n L J .. L J, X "fUI<nou'w~w'b Jh.}nLfiJnL'b['_ ~"'l'"'l I; et'lnL'bbl r.bm£J"'l "'1'

.Jbe'i.bre· 

X 1= 0, X2= 1, XJ=2, X4=3• 

'Iw'lJbi.l! "''fJwl "i"'"'wr.w~w'b Jb.}nLfJ J'""'b 1'"'2fuJw'i._ '""'IJ"• uw~e• 
U.J'j wr.Jbe'i.bf'/_i r.w.fw'i.w~w'l.nLfiJ"'~'f!. 'f"''j,,L,f bi,l! f'.""' ~l'~'l..fn'l .f•n['J.w['-

~nLJi,b['p ,fwup'l. flhnrbJf• (n=3 , p= 0,4, q=0 ,6) . 
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PI x=0) =cg(0,6JJ=0 ,216, 

P(x=1 )= C .3(0 ,4)(0 ,6)2=0.43:.:', 

P(x=2)=C~t0 ,4l 2 • (0,6)= 0,288, 

P(x=3)=q (OA) J=0,064· 

X II 0 2 

0.432 0,221) 

3 

0,064 

mx=O · 0,216:- 1 · 0,432 i-2 0,288+3 • 0,064=1.2 fun9nd, 

0 [' p 'i."' ~ 2, OpJb~mp .frou ~"'"''"l'.J.nt~l I; ,fh/1 ~1'"'~"9' Jln9lr1nL r.ou.fou'i.ou

~ou'tm•fiJnL'I.['_ '"'""'""'!' t p-f.• flrntbl fun9nL,f'l.brf' £1•1/•' x "l"'"'"'~"'~"''j, ,fb.}nL

fiJou'b JouflbJ.,.,.,p~ou+w~• ""l"'"nLJr, 

''"''l'"'j,l! "l'"""'wr.w~w~• Jb.)nLp J"'~' l''""lfuJw~• "''IJnLuou~C• • 

X 1\ 0 

Pk 111-p P 

'}o" Ln n 'l ·" L pI, L 'b 2, ~bmw'I"'J"·" ~'.wumwmtJ.p, nr n w'b~wfu 
P"rawp~trul'bbrnLJ A UJ.~»mwr.m 1pp bpkw'b 'f"'L"• {tl•jp M[ x] Jwpb

J,..Uip~w~w'b u"i"'""•"c 1\wqwuwr I; •frnra"'r~mJ'bbrJ. P•IP b. l"•rw

.J!w"bun•r ,Pnpawr~Jw'b clwJw'bw~ A UJ~»mwl\mJfJP brJ.w'b 'I"'L"L p 
f.w qw'bw~w'bm{J JWb w fLn"''J-rJ"'L/''b' 

M[x]=np, (4) 
b[lb (4) pw'hwaJ.,.J O•f! ~rw~ns'hbrp ftlp•/'h 1;, p-'b' ft•nsbLnL 

f.wqw'bw~wbnL{JJnL'bJ!, "'"l"' orp'hw~ 1-p fv'b'lfP lnu)n•Jc ~lp'bp. 

M[x]=np=3 · 0,4,..,1.2 funs,;,,r, 

bpb (4) pw'bwat..,.J '.w1m'bp b'b M[x]-1! k p-'b1 "'"i"' 'lm'bnd 

b'b n-c' tP"ra"'t+•LJ'bbrf. ftlf.qe, "N! ww1pu I; "l"'mwl\mlftlp brhw'b 
'fUllfiL mrqwJ Jw[JbJwmp~w~u>b UUJUIUIIL,{f!• 

M[x] 
n=--: 

p 
0 l' pi."'~ 3, lf'/;~ ~l'"'~"9"•ffun9blnL r.w1w~•ou~w'bnLfJJnL'b['_' p=0 _,2, flrn

·2bl .},fu•1."'l wr~"rl! "'J"' £11!11' I "l'"l""·tl· '""fl"'-''~·"rl! £111! .twpbJwmHou~w'b 

5 -
n=-= 2J wp~· 

0,2 

( Ub~ w'b'l"''' Lu 'b2b'l.l', "I' i.Jw'i. [u'b'lf.l''i.bf'p r.u,'b'lf"l"•J bi. <n wppb[' r.b

"'"''l"mn•fJJnL'bi.bpnL.ft U.Ji."'b'l cfun9"L.t> l'"'"-l'. tf.nfuwr[•'i.•fnLJ I; rl'•i .,"'"'' "'fP 
hr£w'b 'f"'P pwn.brn.f, '~1''""~"9' pwn.e; c•p"['J.wr~nul> pwn.u.f)• 

Orf.b"' /1 4, flrn2b1 "'J~' X "l"'"''"" ' "'~"''b Jb.}n•fiJ•ui. JwflbJwonp~w~•u'b 

UIILWilnLJe_, "['~ nL'b/_r ~bur/1JUIJ pw:_f-11/w'b 1-UIJJIILUW~f!.• 

X ll 2 3 K 

1 (1--p)k-l p l 
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Sbu oc•f.'ttw~ 3, § 7, 

~ n L .l n L J • £:uon ( l) [•w'hwJ.Lf• nL'hH'l! ('hzw'bu.~bln'f 1-p=q), 

m,=l . p+2qp--i-3q2p+ ... + kqk-lp+ ... = 

:::;:;p(I+2q+ 3q2+ ... + kqk-1 + .•• )= 

( 
q )' 1-q+q =P(q + qqqLj- • • . + qk + .. • )'=p ~- =P • 

1- q (l-q)2 

p 

(l - q)2 
p I 

=p;-=-p· 

mx=-· 
p 

b~t.Uurb'j,J! I n f 

mx -+ 1, lirp p-1, 

mx-+001 brp p-+01 

l1.1u .uniltmfJJnL'il'ilbrf! ~.urbtfr I; pU19 Uiurrbt' bt'ilbtn</. (u'b'lrfr 

frJ'.uuurJr91 

l·r"Jl• I.[<Jb J"'r"'~"'.-,l!"' r fnra"'r~J',...-, cJ,..J,..'iJ,..~ A Uf."'"'"'~ 
f.nLJfJJr brl..u'J. 'lwlnL f.w<[.u'b.u~.u'bmfllnL'b[! J'nur I; 1-Jr'il (p;:;::;l )1 UIUf.UI 

IJ.urblfr I; uUf.Uiubl, nr A Uf."'"'"'r,"LJfl£! urh'lfr lfnL'ilb'iJIU J'b~ (~»n.u2f>'b) 
fnraUir~J',..'j, J,..J',..'iJ,..~ (mx;:;::;l )1 l'u~ b[<Jb p f..ut[.u'b.u~.u1.mLfJJnL'ilf! 

fn~r I; (p;=;::;O). LUUf.UI ~u·rblfr I; UUf.wubtl nr _,.., p.u'bfr r,, .. J'Uir• nr

Uf.buqfr A "f."'urwf.mJ{d£! urb'lfr nL'bb'b.u 1 ~Uf."'f,w'b2t[Jr ~Uiur.urhl .2"'"' nL 

zUiur fnra"'r~•nJ''iibr (m,;:;::;oo)l 
X Uf."'"'"'f,,..~w'b J'bJnLfiJ.u'il J.u[rlbJ'.uurJr~w~.u'b UUf..uumJ'l! ~nt

t/_nLJ' I; X '\wmwfiwlj,wG ub~nL~JWU fiwqw.Gwlj,wGnL~Jnll.iGbpr pw2lu
uwli qbGmpnli: 

?-Jrurn'lnLfJJnL'il /J1 ([~LU<[UI'iiW~IU'iJnLfJJnL'iJ'j,brfr pLUz_fuJLU'j, 

"b'ilurr~r'il» Ul'b,fw'bnufe J'urg<[wi I; cJ.u'ilrnLfJJw<f, ~b'iiurr~r'il}) Ul'bt[w'bt!Uib 

'£J'w'bntfJJU1J'p1 b[<Jb ox wnw'hg.pfr xl, x2 ..•. I Xn Ulpuofru'bbr'£ nL'ilb-

9"'l ~burbr•nJ urb'l.utJnrt[wJ b'il p1, p2, ••• 1 Pn q.u'il'lt[wJ'ilbrf!• U1Uf.tu 

.u'iJwlfrurfr~ brftr W} wfnt{<J JilL 'i.Jrs f,UIJUJ'bfr I; I n r "'I'J lf_IU'iJ'ft/_JUcJ'iJbrfr 

f1.u'iJrmP1w'iJ ~b'iJurrn'iiJr Wpusfruf! nrnzt[•ntf I; f.burf..lwl pLU'iJ.ua£nt[; 

b[<Jb 

Xc 

n 

11 

2: XkPk 
k=l 

~ Pk=L WUf.IU 
k-l 

(5) 

(5) pU1'iuual.{! urbu~nt[ f,,..J'[!'b~'bnuf I; J.u[<JbJ'.uurJr~.u~.u'b UUf..u

unLJ'Jr f..uJ'.ur ( 1) p.u'iJ.uaf..Jr'iJI 

b<[ UIJUUf.bu, f..uuur.uur<[UIJ 

lfb'burrn'il(! b J'~»[<JbJ'.uurJr~.u~w'b 

p.u'b.ua!.brmf: U.luurb'lf>9 t t' 
~b'ilurrn'iiJ> w'btf.u'bmJ'£!1 

t, "r qm'b'l<["'c1'bbrfr Jw'brm[riJ"''il 

UUf.IUUntJ'(! f..uzt/</."LI' b'iJ f.wJUI'bJ'.u'b 

rr:f..ut/.u'il.u~UJ'bmfl JnL 'fl'j,b rfr p.uz{nJ' ,...-, 

'1-JronL~ urr<[uu1 I; X Uf."'"'"'r. ... ~ ... 'b J'l.c}nL[iiJnL'il(! r,,..J'UIUf.IUUliUU-

JuUI'b orbh~n4_ ('iJ~. 411). 'JP9"L[! 'JfUI J'.u[rJbJ'.uurH.u~.u'iJ UUf.IUUnLJ'iJ 

I; ffixl U.J'ilnLr.burb. 'lfrurUir~b'b~ X Uf.1UUJIUr,IU~IU'b J'bJnL{<J , ... 'b " 'ilr.u 

JUI[<JbJ.uurfr~w~.u'b uUf.UIUnLJ'fr X -mx ur.urpbrnL[riJnL'il£!1 

U.1u Uf.,..,,..r,,..~,..'iJ J'bJ,nflJnL'il£! t1.u'b<[.u'bb'b~ qbGmpnGw'ir p upu

wwfiwqwG ub~m~JnLG ~,..J' 2b'lnu.l' t, IJ'bzUI'b.u~b'b~ X
0

• m{1 

D z, 

lJ./f'iJf,LU Jln 

orh'il~(! ~l/> 'bfr. 

1 
t~. 411 

xo. II x'/=X 1-mx 

Pk 11·· Pt 

{ urbu 'b~. 412 )1 

I 
I 
i 
! 

. I 

t~. 412 

x ~=x 2--m, I ... I 0 

I 
Xk=Xk- mx 

P2 I ... I Pk 

9•ur'iJb'iJ~ ~b'burrn'ilw'fp r "f.WUJIU(,IU{(IU'b J'bJm fJ JIU'j, J' .u[<JbJ' IUUJJr~w

itw'il U"f.IUUntJ'{!• 

n n n 

M[x- m,]=l: (xk-mx)Pk= L; XkPk- L m,pk= 
k = l h~l k= l 

Tl 

=m,-m, 2: Pk=m,-m, · l =01 
k = l 
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.. lu"'bu, mpbJ''b, ~h!impnGwqjlp Utmmwfiw~wli tfb<}nq>Jmli tfw
pbtfwm~~w~wG utqwund(! fiwtlwuwp k qpnJJl: 

?- /r UJ n 'In._ pIn._ 'b 4, bppbJ'b 'b"fauUJw~aur.uopJwp I; tfr'i.m J' nt. 

"f1ULnW'Yu~cu'j, (r.wqauu111fr) C r.uiULnLUUJnL'j, J'bJnLfiJtiL'j,f!. 'JfrUJwr~bl nr

'Ufbu "fWLnwr.w~•u'i. J'b~nLPJnL'i. 1 "l'f!. 1 r.w1.au'iJw~au'iJnLfiJauJ'p f!.'iJ'Jm 'iJnuf 

I; C auprfb.[!f!.• fru~ J'JnLU tuprfb~';,bp'iJ f!'iJ'JnL'iJnLJ' I; Q r.auqau'i.au~tu'j,nL

PJIUJ',.I 
flJu 'lb"'.~nLJ' frJauuLn m'i.fr frtnubl r.auuLnUILnnt'bfr J'w[JbJ'auLn/r~~

~au'b u "iwuntJ'fr J' wufr'b 

M[c]=c · l=c, (6) 

UIJufr"b~"b' fimummmnt.Gr tfwpbtfwmr q w q w!i utqmunLtf(! fi mtl mump k 
f.iblig ~ pbG' fiwummmm.Gjl!i: 

§ t 0. 'lltuUJhpu~w: tf~j!~b ~wnw~nLUWJ~b 2tqnuf: <wu~wgntpJntb 
undl:ibmbhp~ uwu~b 

f:wsfr X UfWLnaur.w~au'b J'bdm{i 1au'il J' au{ibJ'au-fr~au~au'b u"'auun._J'fr9• 

npf!. npnzmJ' I; l',w'fau'iJLU~LU'iJntf!JnL'i.'iJbrfr pauzfuJ'au'iJ ~b'iJLnrn'i./r 'ffrl'J!{!J 

UfLUUJUir,LU~LU'i. J'bt)m PJLU'il pauzfr•J' au'b ~LU'iJLU~IU~LU'iJ p'bin Pau'lfrr'i. I; X 

UftuLnaur.au~ur'i. J'Umf!Jau'il qpuUJbpup•fi• 
'1-fr.,.'lbrufr.w'i. ~'i.zau'bau~b'ii.J! D[ X) ~auJ' 0 ~1 
.:'1-fru"'/brufrauJJ ptull{! 'bzau'bau~ntJ' I; srm.J'1 '1-fruutbrufrau'iJ "'LUUJLU-

r,LU~LU'iJ J'bdnafJJau'il auprlb,e'ilbrfr' frr J'auflbJ'wuoMw~au'b U"fLUUntJ'f's 

nL'ilhsmJ- srJ' w'b, u<frnJ'au'b P'iwJfr'il p'iluLfrJau'lfrr'il /;t 

Uwr.J',..'bnLJ' i, X "i'"Lnwf>w~w'iiJ'bdnLfiJau'il qpuUJ.bpujlm ~nt-
1rrLJ' I; X "'l'"""ut>w~au'il J'bdnLfiJw'i. k 'ilpw J'w[ibJ'auLnfr~w~w'b u"'.wUnL

J'fr uowppbpnL{JJau'il ,J!Wilw~nLilnL J'wflbJ'wLnJr~w~w'b ull[wumJ'l!. (wl

uJ.t'il,e'il' /'.,wJ'W"fWLnWU{uau'iJ ~b'iJ-rn'iJau'Jfrr "fLUUJIUf,LU~LU'iJ J'Un'-flJLUf, 

~Wf'LU~nLMIH. J'au{JbJ'auLnfr~LU~LU'j, U"fLUUnLJ'f!.)• 

D[x)=M[(x-mx)2
] (1) 

n 

D[ X]=~ (xk-mxYPk' (2) 
k = l 

'tfruUJ.bpufrau'b n•'bfr "fLULnwr.au~w'i. J'bdmf!Jw'il ,eaunaul/nLUnL }_m<frau-

~w"bnL/IJnL'ilt flpplzJ''iJ 1 9r"'-J'f!. p'iJntfitulfpb[nL t>wJ/wp, auiJizlfr f,aupJ'wp· 

I; OlfLn'lhl . WJ'il"'lfrufr J'hdntfiJnL'i.frsl nrfr l_LU</rW~IUr,LUpJnL'ilf!. r.auJ'e'i.~-
'i.nLJ' I; "fWLnwf.w~au'il J'bd•n[iiJau'il lau<frau~w'ilnL{iJau'i.f!t flJ'f"ifrufr J'bdnt_w 

flJnL'iJ /; tfltt~(i ~Wnmqm.UWJpfi zb'lRLUe: 
ill6 

U au r, J' .au 'il n L J' 2, "'autncur.w~w'i. J'hJm f!Jw'i. tfJ12pG }!lllnm{pn.-
UWJrG zb'lnl..U ~nlqm.J' 'f• 'ilrw 'lfru"'.brufrwJfr .gu•nw~ntup aupJ'w-e' 

o[xJ=VD[xJ. 

a[x]=V ~ (xk-rn, )'pk' 
k ~ l 

(3) 

b'i. 'i.wk ax-n'/z 11'fr2fr'i. .j!UIIlW~IJLUUIJfr'i. zbrznLJ'f!. izau'bw//nLJ' 

?- /r Ln n '1 n ._ p 1 n ._ 'b 1, '1-fru"'hrufr..,'j, 

'iiRLJ' {1} pau'i.au.l/,1!. a/,au,JrnfubL "'Ju"'.bu. 
/)zuz1_btfru /)aul'Jw1r I; Lfr-

n n n 11 

D[x]=~ (xk-mx) 2Pk= ~X kPk-2 ,.., xkm~pk + ~ m~rk= 
k= l k = 1 K= l k = l 

(4) 
LUJufr'i.l!'b' 'JP""'brufrau'i. r.wqcuuUir I; "fWUJaur.w~au'b J'hdmflJ,..'j, ,ewnau

~nLunL J'w(rlbJ'auu.fr~au~au'i. ""fLUUrrLJ'fr /, "f"'Jirauf\w~cu'i. J'lzdtn{riJw'i. J'au

[ibJautnJr~au~w'i. U"ftuumJ'fr .J!LUilm~rrLUnL UJtuppbpm{JJw'i.f!.t 

0 I' fr ~ •u ~ 1, OPJ/s~mf• 1rw ~wmwr1nL.! I; Jb~ ~rw~n9: hn 11 b 1.,L ~w•fw~ou
~w'bnLfJ;nL~/! p /;: flru2kl ,r..,pb,fwmf~w~UI~ ,,.,1wunulf!, 'lfru•'fbtrufr.u'b L. 1lfff~ 
l!,.ltUI~nLuwJJr~ ;ls'lnLif£!.• 

1. n L .+" L .r, ltw«nLsls~p funsn .. l'blrpfr P•lfo wrJbc~·brfr W'IJ"•Uw~l!.· 

Pk II p q 

q = 1-p. ~kUJftwpw{', 

M[x)=l · ptO . q=p, } 
D[x) =( l-p)2p+ (O - p)2q = qzp t pzq=pq , 

:[x] = {pq. 
(5) 

'J•JruUJbpuJrw;Jr f. JpfJr~ pwn•u~n<u.uJJr~• 2/,'['f"'~' •L'"tb" "LUI'"w <. .u~m~ ,(/,,},,__ 

fJJu.'IJ !J(''''U~ {'~'nLfJW'/('nLfJJnL~1,/,['fr frJ.uUmf!. U[W•u~brwa1.1sjnL ~.u.fwp .('~~"'('~ls~p 
•rf'i..,~~lsr, 

0 I' I·~"'~ 2, X "l"'"'wr.uz~w~ Jlsbn•fJJnL~£!. mr</wb I; r.bmLJWL 1""2fuJw~ 
Of/;'IJ/?n</ (mbu .u 7JRLUW~£!. f. ~~~. J13-e)• 
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X II 2 I 3 4 

Pk II 0 ,3 1 
I 

0,41 0,3 

flpn 2 j,1\ 1) Jwfl bJwmp~w ~w'j, UU[UIUnLJ[!_ 1 2) 'ffouUfb['uforu'b , 3) Jfo!}'b e w

ftUJ~Rl.UUIJfo'j, 2b'fnLJ[!_ I 

{ n &.. ~ n &.. ,( 1 

1. M[x]=2 · 0 ,3 + 3 · 0.4+ 4 · 0,3=3, 

2. D[x]=(2- 3)2 . 0 ,3 + (3- 3)2 . 0,4 -l-(4 - 3)2 · .0 ,3-0 ,6, 

3. c[x]={ D [x] = f 0,6 = 0,77. 

0 p /> 'b w ~ 3, X "lwmwr.w~w~• ,/b~n'-fiJnL 'be mp1wJ I; r,b.,t.Jwl pw2fuJw1. 

opb'be n1 ( mbu W'JJ"'-""'~l' b. 'b~. 414-e.). · . 

X II I 3 5 

Pk ll 0,3 1 0,4 0, 3 1 

flpn2b1, 1) JwflbJwmf>~w~w'b "Uf"'""'-Jf!. 1 3) 'lf>uu[bp u/.,u'b 1 3) •lftf>'b [!W-. 

nw~nL UWJfo'b 2b'1n'-'f(!• 

p 'f 0,3 M 0,3 
0,3 o.~ 0,3 

0 z 3 ~ z 
0 I J 5 ~ 

t~. 03 t~. 414 

{n LJ. n L J , 

J, M[x] = l · 0 ,3+ 3 · 0.4+ 5- 0,3=3, 

2. D[x]=(l - 3)2 · 0,3 t 13- 3)2 . 0.4+(5-3)2 . 0,3= 2.4 , 

3- c[x] = Y2.4=L55, 

lf.uwpf>~• o pf•~•w~nt..! "f""""'t;rulfm'b Jb~n'-f/Jw'b 91'"'-'11! "' "[! (' ~ bl'~l'"l''l o t•fo

'bwH• "[Wmw r. wltw'b Jb.lnt.f/Jw~l p('n•J/• o (mhu 'b~, 4 14 b. 4 15 ) 1 lJ.J'l JbJnLfJJnt.'b

'b bp{• •J/•uulbl' "/•w'bbt'l! r. wJ.uulw ;,•wufuw'bwpwp r.w•[wuwp b'b 0 ,6 {, 2 1 4 1 

0 (' [• ~~ LU ~ 4 , X U[ WUIWr,lll~w'b Jb J nt.fJJn'-'b[! mp1w~ /; f, b.,{,J"'l P"' 2fu Jw'i. 

opb~'l!"1 (mbu "''lJ"' uw~[!_ {, ~~~. 415- e.) -
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I ' ' ' 
" I 

fl('" 2. ~~ { 1) Jwflb Jwmfo~UI~UI'j, UUfUJURLJf[!_ 1 . 

2 } 'lf""lbl'ufow'b 1 3) Jf• if ~' 1! "'""'~"'- " "'Jf>'b 2b- Q J 

t~. 415 

1. M[x]=3 · 1=3 , 

2. D[x] = (3-3 )2 . 1= 0 , 

3. cr [x]=O • 

'J· pur n 'In L {iJ J n L h 2, b[iJb t..wuurwurmh {iJ/tt/1!. 'lfrurbil,e npUJbu 

"'wurwt..wll'""i' J£dnL{iJJnth 1 npf!. 1 t..wqwilw~wilmfiJJwtfp [!h'JnLhmtf!; C 
wprlb,e[! l UIUJW t..b z ur !; 9nLJ9 urwl, nr D[ c ]=Ot 

Uu1w9nL9n L tft 8nLJ9 I; urpqbl, np M[ c!=c (urbu § 9 , (5}t 

Cuur {1) p•uilwabp uu.w'i.tnfll' bil,e. . 

D[ c]= M[(c- crJ=M[OJ=O, frill UJ· WUJ·' 

'f pur n 'l n L {J J n L iJ 3t U'bfuwhp~wJuLJ l!'i.t'lnLhqw() urbpJpilw-

pwhnLfiJJwh iltfwilnL{iJJwtfp, (x -m,) . (x - mx)2 JbdnLfiJJuL'bilbrfr tfw

[iJbtfwurfrllw~wil uUJwunLJ[! w'i.tqwilnLJ bil X ll}UlutWiimqwli tfbam.pJWU 
wn.w2~1i L. bpqpnpq. 4mpq~ l]bGmpnliwqwli tfntfblim: 'l-frurwp~'{nLJ !; 

'i.twk bprnr'l ~"'P'P llbilurpnh•ultwil Jntfbilure' 

n 

~ ( Xk- mx)3
Pk' 

k= l 

bpb UJwurwt..w~wh Jbdu<{iJJnL'i.tf!. t..wqwilw~wilmfiJJmililbpfr pwz frtJw'fl 

~b'burpnilp il~wurtfwJp pwz /uqwd I; uptfburrM ('411• 411), WUJW w~[!'i.t

r.wJur !;, nr hput bppnr'l ~wr'l/t ~bilurpnhw~wh Jntfb'iture t..wqtuuwr 

lufrilfr qpnJpl bpb brrnr'l ~wr'IP Jntfbilur[! qpnJfr9 urwppbp L WUJUI 

UJwurwt..w~wil JbdnLfiJ'ILh(! lP ~wrn'l pwzfrtqwd- tfrilbl uptfburpMt 

§ t t. ~wmwhrn4rnu tiMntflJDtuulipft .)mu4gftwutp 

'1-fr9"'-J! UJWurwt..w~wh JbdmfiJJn<hf!. urpqwd- !; t.. b<n/.Jwl Wt1JnLuw

~p urbu,eil tnilb9n'l pwz{utfwil O[•bil,enq. 
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X It xi I x2 \ ... I xk I ... I Xn 

' I 

' 
I 

I \ Pn Pk I PI P2 I 
... Pk ... 

y=f(x) 

lpnL5Jbfrtu'ill 

:J,nL'itJ19ptu1fr yk=f(xk) turd-betb1,1! lllfr'itbil y uituure~w~tu'it J'hJnL

filltu'it wrJ-b.[!ilb rl!' 

h[ilb Yk=f(xk) P"J"r turclb.[!'bbrl! urturpbr bil, tu"itu y "JUIUltu• 

f.wfJtu'it J'bJmfrlltu'it ptu2fuJw'it O[•b'j,J!/! urrafnLJ t- i,burJ.Itul lU'JJIILUtufJntf., 

y=f(x) I YI=f(xl) I Y2=r(x2) I· ·I Yi< '= f(xk ) I· ·I Yn=f(xn) 
I 

Pk I I. PI P2 I· .. , Pk I· Pn 

IJ[ilh Yk=f(xk) turclbJ!ilbrfr Jb2 ~tu'it f.tu,Jtuuturilbrf!, lU"JlU t.w-

Jw"ituurtuufuw'it UJnL'itwfi.tlirf! "ibm.[! t" Jfrtu•/trrbl Jb~ "Jm'ittufJ/r Jbp_, 

qnLJ tu r" L n" t.wJ' Ul "JlUUltuU/rttu'b r..wqtu'ittuftw'itm (rl Jill il'bb rl! I 

X "i"'"'"'~'u~tu'it J'hdmfJiw5J y=f(x) f/>nL'ilfJ9frwJfr Jtu{JbJwurJt~w
IJw'b "Uf.tuunLJ'f! fJ"/'"2'/fr § 10. fr ( 1) ptu'ittuai.Jril t.tuJ' tu'bJ' tu'it ptu5Jtual. n.J.. 

n 

M[f(x)]= 1: f(xk)Pk' (1) 
k= l 

n 

D[f(x) J=M[ (f(x )-M[ •Hx )])2]= L (f(xk)-mt(xJ)2Pk' 
k=l 

0 r I• ~ Ul ,,. q> "JIUurtufl.ul,tu'it J'bdmfiJnLtf! urpqwJ ;- t.hmLitul pwzfu

Jw'it orhil.[!nq. 

2 4 4 2 II 0 

II 0,1 0.1 0,2 0,3 0,3 

'rfornwp~1~•J I; wJ'l "fwu•u• r.w ltw'b JbJn'-f/Jw'b y=As incp :J>n'-'b'tofrw'b: 

,w'lJb'lle y "fwu.wr,w~u,'b ,/bJn._p,w'i. r,w,fwp pw: fuJw'b "''lJnLuW~f.• 
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y II - A Av2 0 Ay2 A - - 2 - --2-

Pk II 0,1 0,1 0,2 0,3 0,3 

'/>m~•lt'bl' :J>n• 'b~9{"uJfr Jw{Jb,fwu.fo~w~w'b uulw""'-''f!.· 

A f •J A{2 . 
M[A sin 'fl=-A · 0,1-+ 0,1+0 · 0,2 + -

2
- · 0,3+A • 0 .3= 

'!,Jw'i. mfoulf• /-'b'lfol''bbpf!. ~wl!"'l b'b tlw9b1 mwmw'bn'lw~w'b "Ll'"fllzu'blrpf!. 'lfr

m.,p~btfou: 

§ t2. llu(!11qhwm UJUtmwhwltwu tiMnqtJmU: 
llU(!Uqhwm UJWmwhwltwu aiMnL(clJWU (!W2Jmhau fumnL~JnLU(!: 
~wmwhwltwu tiMnL~Jwb' tm{JWt ti~~wltwu~u pult\JhtnL hw~wbwqwum~JnL\if! 

0 {' {r 'b w ~~ l;wr.w'lnl'J,fw'b "l't.t Jw.fw'b.u~wrf{r£no/•o '> lzu.n tw•f-1n•J t •uw

'i.[r .rw2•fwJI' fo .fbJn'-PJ"'-"'f!. ' ll.J'[ JlzJn•fJ I" '- ~'/!_ npn:_1n,_J I; •uw'i.fo u.pwrlw9tl/t Jlz-

h•usJw'b "'~' ''tzP"'I• llw -;, 2 w'bw~lz"'e x-n·t ." lu~·'lrfo t; .. ._p,n._~·fro c.tz.,Ltn._.r 1; , "l' x ""
Jn,_pJ"• .,['_ ~Uif'"'l I; fop r.'bwpw'[up wpJite~·"rf ·'fo£wftwlft~9 ['_'i.'[n'-~'"' uw'b~wowJ 

wpJize. 

U.n"lfrufr J'bdnL{JJnL'it'i. tu'itqtu5JnLJ bil wG~GI}R.wm tqt•mmfiw\wfi 

tfbhnL~Jnt.fi, 

u.,u"ibu, mrbJ''b, 'ffrurwr~Jbt.[! "r"t- (s, b) Jfr2.tufJtu1J!nLif urpqtu6 

X-: tu'itf!'b'lt.wur "iwurwt.wiJtu'it JbJmfiJmill! , /!i,'f np11LJ (a, b)-il IJwpn'l_ t" 
tJrilbl 'itwl. ( -oo, co) tuilqkr2 Jfr'lmfJwJJ!l!' U.n Jfr'l.tufJUIIJ!f! x0, x1, 

X 2, ••• , Xn fJtuJIUJWV"'i, fJburbrn'f pwdlu'bbi,.[! LlX; _ r=X;- Xi - 1 brfJw

rnL{JJtuJ'p t/rnJ!r J'frytufJtuJJ!brfr: 

. Ct'lm 'bbi,.[!• nr Jbq t.wJur'bfr t- tuJ'it put..,, f.tuqw'itiUI{willrLfJJm.il[!, 

"I' X "ituurm:.wtl'u'it JbJnL{rllnL'b'it f!'bltbl t" ( Xi- 1• X;) ,f{•y_wfJ•uJ.[!/r ilbr~ 
."1!' lJ.J'I >.wqtu'itwl1wii,L{JJnL'it[! 'itztuilwiJb'b.[! wJu''ib,' P(x 1_t<x<x 1) b, 

w/i, "JWUlfJ/l pbi,.{! LlX; f>frJ'en'f IIL'J'[w'iJfJJ•u'it tfwiJbpbuf. urbu.{!"" ('iJIJ. 416), 

Bmptu.[!tu'itunLr (x 1_ 1, x1) ,ffr'l.tulJwJJ!fr f.tutftup "P"2'[nLJ t- x "JUI

urw f.tu//tu'j, JbJ nLp /'U'j,' U1 J'f J" 2_WfJUI J.[!'IJ [!i,LJ',b [IlL fltuqtu'itwfJW 'itm {J JnL 'j,f! 

L, flburLwpwp, IJwrn'l t" fJumms'fbl f.wtftu"ituurwuf.,w'it "''l'ltu'it'fJnL'ill 

U.lu"lfrunt/ 1 uurw'itm J hi,.[! uw'it'lrzwaiL pbfJJtul' 



Uwt.Jw'bnLJ' 1: IJ[ilb 'l"JnLfJJnLh 

tj.nL'bl1gpw, "r 

lim P(x<x <x + llx) 
6 x ... o Ax 

!(x), (1) 

u•Ufw wn f(x) f/>m'blt9Pw'b ~nt<JmJ t X U}UHnwfiwqwG tfb.}m.pjwG 
pw2}uuw6 Jumnt.pjnt.G ~w.i pm2}utfwli opbGJ!: (U.u,,f b';, 'bwl. «pwzlu-

J'w'b pturnLfJJnLhl> ~wJ ((t.w<J.UI~LU~w'bmfiltw'b fuurnL{dJtiLh»}: X-_n<J. 'bzw

itwl/b';,.[! UfWUtUir..wl/w'b whf!h'lr..wur Jbfl,IL{d JnLh[! 1 X· nt/ ~wJ Xk• n { w J'1 
. ' 

t~. 416 

"fWUJWt.wl,w'b .tbJm flJwh wrfh.[''bhrl!.' Pww hrpb,f'b, bf.Jh 'fUI lP 

P,w'i.'lwrm.l; t.wu~m'i.wf"L'j,, I. w~wj!p'b 'lb"l.[!"',/1 'fdplJ[! pw9 ~fln'l'bb'h".pt 
Y=f(x) ~"rl! IJnt<JmJ t fiwtJ wGw~wGm.pJmGGbp}t pm(}utfwG qnp J1wJ 

J!W(}utfwfi qnp {'b~. 417): O'tur'lhLn<J. uwt.Jw'bp uw'.Jw'i.nLJP9• (1) t.w-

1_wuwrmfiJJrtLhp,1 llx-r ..,~wurJwJp pwrar ~wr'lr m'h<J.bN 'l"'.er"rr 
nz_urnLfJJwJ'pl t.burJ.m,/ t t.hurbtwl Jnurw<J.nr t.w<J.utuutrnLfi'JnL'j,{!\ 

P( x )<x<x+llx)--- f(x )llx: (2) 
Y~ U.t'hnLf.burl. U1UfW9nL9b'j,.[! r..burb-
' '- .. JWL [tJb,rbJ'e: 

J 

· fil'hnrbJ 1: '1-Jtgnt.l! f(x)·e 

~ ' ~X upumwfimqwG tfb.}nt.pjwli pwzJu-
Ca •· - t.x tfwli Jumnt.p-jmGii };: U.jq. qbll}J!DLU 

t~. 417' fiunlwGwllwlint.pjnt.GG tujG pwlijt 1 np 

X upumwfim~wG ubl'lntpjluli mp.dbJ!e 
'JefiqGJt (a., ~) tfhwlJ.mn:dt Gbptq~, fitutlmuwp }; f(x) ~mliqgJHuJfl 
npnzjw[ JtGmbqpml~!i' tlbpgpw.} a.-Jtg tfJt!iLL. ~ uwfitfmGGhpnLtf, lUJ· 
uJtGJ!G' Jtpmtlwglt }; fibmhJWl fimqwumpnt.pjnt.li~. 
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~ 

P( 7. <x<B )=Jf(x )dx: (3) 

u. "I Ul 9 n L 9 n L ,J, (7:, ~) JftJ'_W~UIJ.l!{! a=x., x2, ••. I Xn+t=~ 

~burbrnt/ urrnt.b';,.[! 0 tf".f!r Jpl'_UI/JWJ.[!"rr {h/J• 418)t u.J'f Jpp_w~WJ.j!b
rP9 J"Lrw.ew'blJnLrP 'i:JI1wurJwJp ~prwnb'b.e (2) pw'bw3.bf!. 

P(x,<x<x 1) ~f(x 1 )ilx 1 • 

P(x 2< x< x3) ""'"'f(x 2)ilx 21 

P(xn< x< n+t) :::::f(xn)LlXn/ 

9-nu/ wrb';,.j! t.w<J.wuwrm {t/ JW·h 3.wfu /, Ulj! ,/ wubrf!.l U.~'b~w JUI t 1 "/" 

awp.p9 ~uurw'bw'b.e P(a.<x<~J: U.tu"lhu, '"rbJ'b 

Uww9w'b.[! tfnmwt/nr t.wtJwuwrmfJJmht U.2_ JuiUnuf w'bg'bb[n•/ uwt.tfw

'i.fr'b, hrp 1113XLlX j -->0 phurbt/(tUI[WJph 'fnLJwr'bbrJr t.wur~nLfJJnth'i.brfr
t,pJ' wh </.(lUI lfUUIUI'j,UI'j,UI';,.j!• 

n 

P(a<x<~) = lim ~f(x i )llxi 
max _\ xi-..0 i=l 

9 

D :r: 

Ufpup'h t", "r w2_ Jwup uw~J.,';,l!. 't"JIILfdtm'h tn'hp}: P"'J9 •u2_ J'wufr 

uw~Jw'bl!. f(x) f/>nLh~9frwlfr "l.n2!wl fr'burh'lrwl'b t' o.-frg Jfr'htl. ~· 
uwt.J w'b'bbrrtLJ't G<J. w!u"ll"' 1 

- ~ 
P(a. < x <: ~)=Jf(x)dx: 

filohnrhJ''b w"lw9nLo<J.wJ t: 
U.JuUfpuntf, frJw'bwl"'/ Ufuturwt.w~w'b tfbJmfiJJmh pwz_/uJut'b P,urm

fi'JnLh[! , ~·"r"'l L'b,e nrnzbL IUJh pru'bfr t.w'}m'i.wl,whlltfilt"''j,l!• nr UfW

u;wt.w~,.., tfbt)nL{dJwh wrrfb.f}'j, (!h~h{ t urqJWL JfrJ'.UI~IMJ./!fr hbrllf!l 
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. t;r~r"'t"'Pnl'b'b "'l'f ""''f"'i."'~"'i.n~.fJJmi.l! r.unf"'u"'l' t" t."'J'"'"i"'m"'u
,f""'i. IJ"P"''lfuJ uh'l"'i.fr ""'~hplwfri. (i.~. 4l9 ): 

'/- fr m n 'ln._ p J n ._ i.: lJ.iJI!iJ'If.wm Uf~»UJ~»r,UJ~~»'il JhJn._p l"'iJ 'lb"i-

. ./J.m,/' "'Ji. "i"'"'"'"IILJ{Jfr '-"'tf."'i."'~"''iunftlJmi.[!, l!"m npfr "X=x0, '-"'t/."'
""'P ~Lfr'ilft lfl"'l"' 

"r".J!• (2 ) ""''l"'""'rm{rlJ"''it Jbp_ l!'it'ln'-'itblntf. x==x0 , ~""'"'"'"'"'.e 

P( x0<x<xo+ li x )~f(x0)~ x:, 

lim P(x0<x < xo+·1x)=0 
cx~O 

(Sbu i.wk 1; 2 508-ft 'lftmn'lmfJJm'il 1-1!)' fl~.umft (3!_ "- i.wfunr'l 

t."'<["'u"'r"'PI"'-i.i.br"'-" ~"'r"'l b'it.e qrbL "l t!ft"'l'it P(a.<x < ~). "'Ilk 

.P(ct ~X~~), .J!"'ilft np 

P(a~x~~)==P(x=a.) + P(a < x < ~) + P(x=~)=P(o:<X"(' ~), 

t~. 419 

GfJlr X UfWmwr.w~wfl Jb

Jm{rlJ~»h l'"l"P t:.'ilwpwtfnl' wp-_ 

Jb.ei.hrl! 'l"'i.<[mJ bt (a, b) 

Jr 2 m~"'J.[!"'-"· "'"'"' 
h 

Jf(x )d x=l. (-t) 

.J!"'i.ft nr :;"'""'""'ft t. np "1"'

"'"'""'~"'"' ,fht}mp1wil "'rJb.ef! 

·Ifl!t~i.ft (a, b) .!ftp_w~"'J.eft 'ithl'"l!' 

t;pb r.i.wr"'"-"'' "'r.Jb.f!i.br/r ""l"'~"'Jl!f! (-co, co)-i. 1;, w"iw 

ro J f(x)dx:=l: (5) 

i~wmbi..e, np b{Jb .efl'it"'f'~</.n'l fu'it'll'ft l;mfJJm'itfts t.bm£mJ t, "I' f(x) 
:j.tniJ~sfrwiJ npn;1.u.d I; (a, b) t/hn~»t{np Jpp_~»~~»J.J!III,/, WUfW ~wphfp 

t- r.wt!~»rbl, np "'!'it "f"2'i"'t} I; "',/P"'ll. (-co, oo) wi.tf.bf"l ,fftpw-

f(x)=O 

(a, b) Jfrp_w~"'J.J!frB 'f"'f"' U.l" 'llt"i./J"'J mb'lft wi.ft f, (4) '.wtfwuw-

5H 

pm/11"'-'il(! £. ( 5) t."''I"'""'P"'filn'-fll!' 't"'ur"'t."'~"''j, JbtJn .. plw'il 1'•2/u~ 
J,..'j, fuurmfillmfl(! Lrft'/ npn2n'-J t" "l"'ur"''-"'~"''j, Jbtlmfiln'-'ill!' 

§ t 3. f!w2futfw\J ~nL\J~gftw\J ljwtf f!W2futfw\J ft\Jmliqpw(WJft\.1 opbll~[!: 
<w!J.wuw~wllmJaJnL\Jlllipft hw!J.wuwpw1_wlfl J!W2futfwu oplill~l! 

u Ul r." "'"' n .. " 1: '1-ftsm.e. f(x) :j.n .. i.~sft"'i. npl.t- x( -oo<x<oo) 
"l''"""'""'~"''j, Jb.Jn'-fil"'f, P"'2fu.!U1'il fuurmfilln._iJiJ t". "'1'1 '11"'1-6"'-" 

X 

F(x)= J f(x)dx (1) 
-liD 

/f>mi.~sft,..iJ ~nt<Jm.! t liw~wfiw~wfint.pjnt. filibp~ pwz)lnfwli ~nt.li~g~m 
~..,,/ pwz]tnfwfi rfimbqpW(WJrfi opbfij!t 

tt. 420 

'1-ftu~pbur "i"'"'"'t,"'~"'i. Jbtlm, l"'i. t."'Jwp pw;_fuJ"''j, lf.n~.'ii~!Jft"'fl 
f.w</_wu"'r t 'ilpw "'If, x. wpJbJ!flbpft t.w</_w'ilw~wflm[Jimflflbpft '1"'-
Jwpfti., nrnfl-8 pn.J!p bf, X·fts• 

§ 12-ft (3) ""'"-"'""'P"'-fil"''j, l,ftJwi. 1r"' r.burl.mJ t, np F(x) 
pwzfu""'"' :p,._iJbftUii. "'I"' pwi.ft r.w</_wbUI~Uii.n~.p,n .. 'it'il t' Dr X UfUI
urwt.UI~UI., Jbt}n._flln'-i.l! ~f!'il'ln'-i.ft x· Jrs pn.[!p w1,Jb.[! (t~. 421 ). 

F(x)=P( -oo<X<x): 
t~. 42()-fts t.burl•mJ t, np x-ft 

"'"-l"'l U1pJb6ft 'lb"i.J!"',/ P1112fu.!wi. 

/f>mlibft"'i. {1</.w"il.u ""'"-"'""'P t 
"'li. "i"'"'~brft ""'~bpbuJrfl, nrl! 
""'t,,/,..f,"'P"'~"-"',J t pwzfu,/"''j, ~n
pn <[ /. (!'il~wtJ t" X ~burn1. mUipwt} 
0 f'1ft'il ... .,ft!l a"''"' 

(2) 
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F(x) f/>m'it~af.mJr ~rwf/>He ~n}':{uuf t rwz]utfwG ~GmbqpmtmJ~fi 
qnp {'itlt• 421) : 

(1) t;.w'{wuw[•nL{<JJw'it J'hp_ w'ita'itbln':{ uwt;.,!u.'itp'it, hpp X-> +co 1.. 

r.wz•Jr wtr.'itbtn':{ § 12-r (-5 )-c , umw'itm J' b'it.f.!. 

X 00 

lim F(x)= lim j .. l(x)dx= J f(x)dx=l: 
x ~+co z ~+co 

-co -co 

lJ.J'itnLt;.bUJI.. w"'w9m9h'u.[! t;.bUJLJruf fJhnphJ'[!r 

fil'hnpbJ' 1: X tqmmmfiutlituG J.fb~nt.pjtuG' mptJ.m~ 
~mqutJilG ~GqGbptL fiwt[m!itulpulitrL['JJ111.G~ limtJ.wuwp h 
q UlJ~n uf pmz]utfm G. !}mL!i Y.u ~ w J I' tufi !• G. 

P( a<-; <~)=F( 13)-F( a): 

(a, ~) tfjt

mJ'l tfhm· 

U.Uf'"9nL.'JnLJ': lJ.pUJwr.u.Jmb'itJ! ~ "fiUUJwr.u.~u.'it . J'hJmfJJw'it' 

UJr•[wJ (a, ~) J'ppwii"'JJ!'it c'u~'ithlm- t;.,..,fru'itwl1w'itm(<l1m'itc: ; § 12- f. (3) 
pw'itwab[! 'lf'h'it.e wlu"thu. 

~ p r;. 

P(a<x < ~)= J f(x)dx= J f(x)dx- J f(x)d x 
''· -co -co 

'i..l; . 422 

(urhu 'u/1, 422) z lfwJ', '"l'mJhLn'f (1 ) t;.,UIJmuw{'m{<JJm'i•f.s, 1/"'Pn'l b'it.e 

'lrht 

P(a < x<B , =F(~)--F(a ). 

p'itj UfbU1.[! ~{' "'"1"'9m9bl (mlw 'u~. 423)r 

t~u.urb'it.e 1 "f i(x) piUzfuJ'UI'it /uUJm {J J"''itl! /, r.w,fw"'w~nwu/uiU'it 

F(x) pwzp,J'u.'u f/>m'ui/BP"''it ~w"l'f"'o b'it 

F'(x)=f (x) (3) 

Uln'itJ..m{<JJwlfp, 1tm t;.fnnLuLJ' t (1) t;.wqiUIIlnf"'fiJm'i,f•.lJ /, npn2Jw[ ,,'i,
urb'fpw['it (!UUI tJ"rr'it IJUIC.J'w'bf. '1/•f/>b{'b'ityb L"L J'w.,,,'i, flbnl'hJ'f.sz 
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ll.J'itmt;.bm/, 'ff"nwp~b'it.e fi wtl w Gm q m Gnt.pjm G.Gbp ~ fimtlmum pwl_ wt}t 
pmz}unttf mGbgn~ Ufwurwt;.w~w'it J'bonLflJm'itez ll.J'f"fpup Ufwurwr.w~w'it 
JbcJnLfJJw'it pruzfuJ'w'it opb'it.f!l! ~wJ' f(x) pw2{uJ'w'it fuurmfJJnL'itf! url!r
':{nLJ' ~ t;.burfljiU[ ~br"f· 

f(x)=O bpp x<a, 
f(x)=c brp a< x < b, 
f(x)=O brp b< x: 

(a, b) J'pl_W~IUj.[!tiLJ' f( x) piUmLflJnL'it'it nt'itp C 

.N 'f~' t 
----.... 

Ptx.<i:"'J·fffl]-fj:r} 

F(rJ F(p) 
c 

i 0 
&;. 

a " fJ . ·· :~ 

('it~. 424), f.u~ "'J'I J'pp_w~wurs 'JnLf"' r.w':{wuwr !; 'llmJpt U.1uUfpup 

pwzfunLJ''it w'it':(w'itmJ' b'it 'itwb fiwtJ.wuwpml_Ull~ ]umnt.p-jmli opbGJ!t 

co J f(x)dx=l UfWJJ'w'itf.s 'lur'itmJ' h'it.e C·r wpdb.el!· 

-co 

co b" 

.J f(x)dx= J cdx=c(b-a)=L 
- 00 

1 
C=--, 

b-a 
1 

b-a=-: 
c 

.Z,bpp_p'iJ r.w1wuwpmfrJJnt'itf.s t;.burbnLJ' t, np (a, b) J'pp_w~WjJJf!J 
npnLJ' urb'lr nt'up t;."'"-"'""'P"'l"'T pwz}~n•J', w'it"I"'JJ'w'it ':{hpp_w•Jnr !;: 

flrnzb'itJ! "'l'it P"''itr t;.'IU.;UI'itw~w'itm[dJnt'itf!, nr --x UfWurwr.wl,w'it J'bJnL

flJnL'it'it f!'it'lm'itmJ' I; (a, ~) •fhw~wJ.[!mJ' Ufwpfw~':{wcJ wpJb.t'itbp. 

- s~ . s:j 1 ~-a 
P(a<x<~)= f(x)dx= -- . dx = -: 

b-a b-a 
a 

bq WJUUfb u, n rn'it':{n 'L r.w1w'itw~w'ittnfl Jnt'itf! \ 

- t=t _ a 
P(a<x<n=-t" -

b-a 
5-17 



(~In urn~tnoftltrr•~e. r,..,J..,~J ... ~ t- l;t fjJ3 -mJ pbrqwt) br~zwtft 'lbUf.w 

l!fr f,,J..,r br~r"'l."'t/.t"'~"'~ f.wqw~w~w'bn'-fJiw~ uwr.J'w'i.Jw'i.f!)' 

flrnzh~l! pw;fuJw~ ,.~urb'lr"'L"'Ifo~ orb'iiJ'l!' 

X 

F(x)= Jr(x)d xr 

b[ilb x <a, ""'I" f(x ~=1 1., r.bm£wpwr• 

F( x)=O, 

1 
b(l£ a< x<bJ WUfUI f(x)=-- IJ, r.hm£wpwr, 

b-a 
X 

F(x)= -- · dx=--t 
\ 

1 . x-a 

. b-a b - a 

oo. 

i(x)=O, \ i(x)dx=O, 

b 

X b 

J r 1 b- a 
F(x)= l(x)dx= 1 - - dx= -oa:ol 

J b- a b -- a 
-oo 

( Lnhu ft~. 425 }1 . 
flhrb~ll r.wl{wuwrwzw·,. [uurmfltw~ orb~./! ,.~Lsn'l "l"'"'"'""'~wf. 

JUmfltm'i.~hrfr Jfr .ewltfr ~n'b~['Lur opfr~w~'iibrt 
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Orf•'bwft 1 • 

r D /1' 
flrbt Jlta,._p, .. .. ~ ~wpb,pu ''"'"'"'1' 4"'- '' t lti"l'"'9"'-J Jf~i£. 

""'"''l'l"'~f ( w J( aJia ) J,UJ.,/1"' pwJm~l'/!' 
,,,.,,.,!l'bblf.u fil" '- 11 U14.,J .. ~;.,,~lrre ..,.,,,.,_ 

t;.,~.,~~ .!bJn'-fiJ"'-~' It\., "/' "'-~6-1, l:,wo/w~•w

/Jw~mtfiJ"'~'~"I'/o t;.,,,,.,.,.,l'"'l"'P P"'2/"n._J, 

l;flb 21- e ..... ~''1'1"','" Jltft , .... .~ .. ~,!""' Jf.r 
I!'"~[• ,f/ow•Jnp\.bpfo fl/"/~ t, "'"'"' .,J'I UJWw 

2 

.,.., t; ,ft ... 'b J,a,.._p ,.,.., 1'"'2/u ''"'~ /u '"'" P ,,.,_ 
l,ft. 421 ~·e ,,,fo~·l·· 

i(x)=O , "''l' x <-1. 
1 

f(x)=-, J.l'l' -l<x<l. 
2/ 

f(x) = O, "rl' l< x• 
1 

u.,uUJir'f a=-/, b=l. r=-;;;. 

0 I' fo ~ w ft 2, ~"'""["'I ufoJIIInf'/oft w~foo/1! 2PJ"'~ U.onl.w~eno/ ftw\.y t wn-

1,,.._J. lJ.~""" ~ ... ~, ...... ,.._Jfos ~,.,.,. ~I'"' nr£1; ~~I'""',) 2"'""'"'1"" t. ... ~2"'1'" 2"'""'w 
4'1"4 ftw'IJo/w,) 9 w~ftJ"'- ~l! "l"'m"''"'ft"'~ Jlo,),._p J"'- ~ t, nrfo 1'"'2f.u•lw~ fuonnL
p 1"'- ..,.., t. 

f(6)d>, ,1'1' 6<0, 

1 
f(6)= -, "rl' 0<0<2r: , 

21t 

~wJw~J ... ~ ~rwit, fr~l.Ufbu If"' w¥htfr ""''I wrtfbl t- 'lfru~rbur 
"'wurwr.w~w~ Jb,),._fllw~ r,,.J..,r, l!'i.Lwr~b~.e f(x) pwzfuJw~ fuurm.-

filwJp X wf.l!~'lf.wm "'twurwr.w~w11 Jb,)rr•fltw'i. fJ'fwtF~ p~mfJwtrhrl!' 
Uwf.Jw~nLJ 11 f(x) rwzfuJ ... ~ fummfil"'-~ "'"'s"'l X wft

l!t.,r.wur "l"'"'"'""'~w'i. Jb,)mfJtwft uwpbuwmftlJ.w4wG mqwum.u ~nt
l{m J t-

00 

M(x I= J xf(x)d x (1) 

-oo 

wrm-r.wturrr•frlt"'-~f" 

bpb X "'wmwr.w~w~ Jh,)m{tlln'-'lll! 

J/rwlf. [a, b] l{brtw4.nr :r.wur'/w,)mJ, 
U"'.WUtrLJ~ wrurwr.wlur'ftr<J t-

b 

~wrn'l t- wrtlh.e~hr (!ft,_,._~bl 

,...,.., M[X I JwfibJ'w-/r~w~wft 

M[XJ= J xf(x)dx (1') 

pw'i.wal. nq• ( 1') pw'i.wa£{! ~w/'hlfr t 7frurwr~l.l ,;[' "'hu § 9-fr ( 1) pw~ 
ftw.a£fr l!~'lf...,f.r"'6"'J' 

~'r~~.e. [a. b 1 ""'"'""',e urrnr.b~t.e (xk-1• xk) Jfr1w~w1.,'rfr' a,.__ 
rw/lw~nmr Jfrp_w~WJ.j!n<J l{hr6,b'f..e ~k ~~~UI{!l '1-frLnwr~b~.j! ~ ot/wft

,IU~ 'l~u~pbm "'wmwr.w~w~ Jbdmftll"'-~l!• "rl! l1wrn'l t- l!'i.lfnL~hl 

"'rt14J>~hrl!, 

'1-frsn•.e 7-fru~rl.ur "'wurwr.w~.,f. JblmfJiw~ f,..,J..,"'wmwufuwft 

wrtl'-~'"'rfr f.wl{w'IIIII~Wf.n•PtrrLftLhr11 bft PJ· p2, • • • ' Pk• • • • I Pn• 
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p1=f(E1 )t.x Jl p2=!(e2)t.x2• • • · , 

pK=f( Ek)t.xk, • • • • Pn=f(~n)t.xn*)t 

Sl''fwa E 'lfru~rhur JbdmfJJw'i.. Jw(JhJwurfr~w~w'i.. u"lwu,LJf!. ~i/•'i..fr 

n 

M[ ~ ]=~Ekpk 
k= l 

n 

• • • +~~~ f(~n)t.xn= ~ ~d(~~~)~XKt 
k= l 

U.'i..s'i..bln'f uwf>tfw'i..fr'i.., brp ma xt.xk-OJ UU&w'i..mJ hi..e 

b 

lim ~~ ~kf(EK)t.xk = J xf(x)dx: 
a 

U.p_ ~"'l""'" 'lur'i..'fn'l wrurwl\wlurmp,mi.[! X mG~Gqflwm "/wurw

t.w~wu Jbdm{Jjw'i.. (nrl! ~wrn'l t l!'i..'fnL'i..bl [a, b] f>wurljwJfri. "lwur

~w'i..rr'l sw'i..~w9wa X wrtlb.e) JwflbJwurfr~w~w'i.. u"lwumJ'i.. b 4w

Jw'i..Jw'i.. 'f"'Ln"'f"' PtnL'b ~wrbLfr t ~wurwrbl 'i..wb w'i..4bry_ Jftp_wlfU!JJ!fr. 

t.wJwr 1 W[Up'iJj!'iJ' (1) wrurwf>WJUJnLfJJw'iJ 1\wJW('I (1) /.. (l') pw'iJw

a£.b{'{! 'i..Jm'iJ b'i.. 'ffru~rbur UfWUJWr.w~w'iJ JhamfJtw'h f>wJwr § 9•fr (1} 
pw'bwal.J.'i..t ll1uurb'l ~l JwflbJauurfr~w~w'i.. u"lwunLJ{! ~'bzw'bw~bi..e 

mx·n'ft 

lJ w(ilbJ'wurfr~w~w'b u"/wumJ'i.. w'b'fw'i..mJ b'b X "/wurwl\w~w'i.. J'b

Jm{Jjw'b t.wtf_w'i..w~w'i..nL{J[nL'i..i.brfr pwz}uuwli l}hGwpnG (i.~. 426 }t bpb 

pwz/uJ'w'i.. ~"('{! ufrJhurrH t 0 1 wnw'i..,'].f_!P 'i..~wurJwJ'p, wlufr'i...ei.' f(x) 
f/>m 'i..ftsfrw'i.. 'l"LJ'l t J WUfW w~'i..t.w JLn L n r 

00 

M[x] = J x!(x)dx=O, 

- oo 

U.!u 'llt"IJ!"'J' f>w•fu•'i..wftw'bmfd!m'i..i.brfr pwpfuJ'w'b ~b'burrn'hl!. t.wJ'l!.'i..~

'i..nd t ~""l''lfo'bwuri.brfr uhp'bw~hur{t f>hur ('i..~. 427 )t '1-frurwr~h'i...e 

x-mx ,,h'hurrn'hw'lfrr "lwurwl\wllw'b J'hamfdlm'hf!.t 9•ur'bb'b.e i.rw J'w

pt.Jwurfr~w~w'b u"/wumJ'/!.• 

* U'/,.ml u .. lw'bw~ f(~k ' .lxk-~' w1'b pu•~' C ~w1tJJ'bw~w~ln<fJJ"'~''b L np X Ju'h

c'h'J/•u"n "f'U"W' ... ~w1z ,fbJn<fJJ'" 'be. wpdbl:'~'bl' I; l'.~"J:"L'bn. J ( Xk-1' Xk ) ''r£w
~ ... J 1'/• :J. 
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, 00 00 ~ 

Mix- mx / = J (x-mx)f(x)dx= J xf(x)dx - mx J t( x )dx = 
-00 - 00 - 00 

I.JhGmpnGwqJlp nlwwwfiw~wG 
uu1wumtf~ flw~wump I; q_pnJ!l: 

=mx-mx · 1=0: 
uhdnt}&JWG tfwphtfwm~~m~wG 

Uwi\J' w'i..nLJ 2: X "lwurwl\w~w'i..Jbdm{dtw'i.. qpuulhpu!nu:]nt-

~+ 427 

00 · --

D fX ·J= J (x -mx)2f(x)dx, 
-00 (2) 

. U.1u pw'i..waf,l!. 'i..Jw'b t § 10.fr (.'J) pw'i..wtlLfr'b, tln'i..ftt•hur orft-

'bu,ft'bbr .e'i..'i..wr'thtfru fturbu'i..bi..e, "l' fr'i..t"/~" /.. '#frultrbur "lwur•ul\w~w'h 
JhJmflJw'i.. 'lb"I.[!"LJ, 'lfru"lbrufrw'i.. /, J'frpfr'b ,JJWrtw~nwwtfr'b ;b'lmJI!. 

p'i..nrnztnJ b'iJ "/WLnW~W~u:_'iJ JhJmflJw'b wrrfh.f'bbrfr . Bf''flUJIII f!JnL'h(!t 

b .. fJ w r. J w i. n 1
- J 4t X "/WLnwC.wftw'i.. J'bamfl tw'b W['i.. wrJb.f/!.J "l'P 

'J' "/.f_!ntJ pw;JuJw'b pturmf!Jm 'iJ'iJ nL'i..fr wJh'bwJbu wrrfb.f{!• ~nt_'fmJ t 
llnq (uw 'hzw'bwllbl"L hi..e Mo·n'/_}t U.t'b X "/"'Lnwf>wftw'b J'hanLfiJJw'b 

r..,~wr, "I'P pwzfuJ'w'b ~"{'!!. "lwurftbr'fwa t i.~. 426-uuf, /, 'b~. 
42

'·mJ, ""'11.! 1\wJc'i..ft'i..mJ /; J,.,{JbJ'wurfr~w~w'b u"lwumJfr l\hur
1 

Uwi\Jw'bnLJ 5, Me fJfr'/1!. ~"f.'/nLJ t' tfbq~mGm, hflh w/'b 
P"''iUir"' l'"' J 1; 

,\\ e oo 

\ f(x) dx= J f(x)dx=__!_ 
.::·oo Me 2 ( 4) 
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f.w'i.w"•r'"fll"'~l! (ft~. 428), r/.hnfo~ r.wt/_wuw1•mf'l"•~l!. ~wrhlfo 
t trhl wlu"'hu' 

t~ . 428 

- - l 
P(x<Me) = P(Me < x) =-, . 2 

w1up~~~. r.wtJ.wuwrwr.~~~~rw'i"r t, "r 
X "'wurwr.w~wft .!him fiJnL~f!. 'tl!.~'lnL

~p Me·i'• "'".er " Me-P!I .!116 wr
Jb.JJ~br, 

t~wurh~.e. nr X UfWurwr.w~w~ 

JhJnL{iJnL~f!. ~wrn'l t £. Me wrJh.ef' J./!.~'1-"'ft/,l' 

§ 15. f!w2fuuwu UOflUWt Opl:iU.J!(!: unpuwt J!W2Juuwu uwpl:ilhutn~ljwljwu 
UUJWUOLU(! 

Swrp'r brt. •• ,p~brJ. nLUriL.!~urrtfrrnLflJnLil(! !I"LJ!J t urWLP"• •r 
. zwur UfWLnwr.w~w'b .JUnLPJnL~~br, orJrft-~. wlft"fpufr.p. P~J."l'" tw-fr
, ... ~ eft[iws,enL.J ufuwlftbr/!.J "rwd.'fnLfiJwft JwJ'w'iJw~ Jfn'l,/'iJwlfrft ;_J.
'l"'~brf! /,_ nr£/; ~b~urpnftpg w'iJ~.Jwft ~burp 2/,'lnL~ (!ULn flhn.Utt/_n• 

rmfilw~, 2WUJ ,/hJ-w'iJfo'l,/~brmJ ,.hurwl~hrfo J'wtt/_JM6-6fo .JJ.dmfilm~e 
"- wll~ nL~b~ WJ~Ufpup llw'iw~w~w~mf/JnL~f,'rJ. pwzp,,Jw~ /uurnL

PI"'~' nr~ wrmwr. ... ,.,,nLJ t-

f( x) 
1 ---e aV 2n 

pw~wd.£ nt/_1 

(x-a)' 
-~ 

(1) 

n.,u '1-/,"f.JJ"LJ WUnLJ' /,~, nr "fiM

utUiflW~IU~ .!UmfitnL~f! b~ftlwr~tJ.nL.I 

t pmzj-uuw!i 6nptfmt o pbfij!~G ( w1u 
[' w ,~{~r~u/ft .. ft.,wftm ,/ bft ~w£ CJ.wnLup 

orh~J!)t tnrJ'w/ p-zfu.Ju,b ~nrf!. UfWUI~"r""'t} t 'iJ~, 429•tJL.!J (1) 
1/>nLt.~!J,UilP IU("Ih f~brf. 1111/l"'UIII~l!· brp a=O. a=l .,b'lwtJ.nrtJ.wd t 
tr.efo 'ibrp_m.J ( .,/,., w'll"' uLUif 2 )• :,,..J'wft.!wft ~"rl!. .!wftrw.!wuft 

nLunL.!ftwuJ.r1w6 t I r.wurnrfo V 'li/uP § 9-m .J, 

"Lwfu !1"'19 urw~.[! · nr (1) pwzfuJ'w~ tf.,.~~sJ.w~ pw'i.wrwrm.l 
t § 12-p ( 5) r.p.Jirw+w~ wn~J.mfillw'i.f!.• 

J f(x)dx-1, 
- co 

(urbu XV tLfufo, § .5), 

x-a 
V2 · ~ 

00 

t, 

f e -~'dt=r:Vn 
-oo 

flrnzbft.e (1) pwtfu.!wft ft,r.Jwl orb~,eft mfthsn'l "' ... ., .. r...,~wft 
Jlu,nL{IJw~ Jw[J,JwurMw~IM~ UUfUiumJ(!t Cu111 § 14-p (1) pw~wU[t 
mfth~,e• 

x-a =t 
V2 .a 

tfrn-frnfu,'twftp -frnfuwrJ.'i,rrL.If!., u<nwf,•J bf,,e. 

x .... a+Viot. dx-f2Jdt' 

00 

mx-= ~n J (a+ V 2at)e-t2dt-

-oo 
00 00 

= ~ 
11 

·a J e- 1'dt+~~ J te-t'dt, 
-go - 00 

(2) 

ll.tfo9 wnwt_p<;, pfturh'lr•LI!. -'•'i.,.,"wr t y-;.p, t,-_24.J.ftl! 6r~
l'"r'l /r~"''trwle• 

00 

f t • e- 1'dt=- -
1 

e- 1
' t .:0, 

2 -· -oo 

mx-a' (3) 
(1) pwft,at,mJ a "twl'•""uar~ "'r'"'~e "-'i.•u•r t t/r••r't'i"'l "t•-
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urw'-w~w'iJ J'bJnLfrJ JW'iJ J'ou[JbJ'wurfr~w~w'iJ UUfUIUIII J'p'iJ1 X=a ftb."nf! '-w

ljw~w~w'iJRt{tJJm'iJ'iJbrfr pwz/uJ'w'iJ ~wJ' 9('J'w'iJ ~b'iJurrnt.'iJ t1 brp X=3 

f(x) f/>m'iJ~ypw'iJ m'iJp wJ'b'iJwJ'bc} wrJb.j?{!l nLUUI" x=a wrdh.j?(! "fUJ

urUI'-UJ~W'iJ J'UnL{tJJw'iJ Un'}U /;• .PiUI'bfr nr (1} ~nl'l! u[,fburrfrlt I; X=a 

nL'l'lP 'iJ~wurJwJ'p, UJ"fUI 
a oo 

~· !( x )dx= f l(x )dx, 

-co " 
LUJufr'ii.e'iJ' X=a wrJh.ec 'iinrJ'wl pwz{uJ'w'iJ ubqlnuliw(i 1;: b(tlb (1) 

pw'ilwd.bmJ' f!.'L'[nL'iih'iJ.e a=O, WUfUI ~uurw'bwilp. 

X~ 

1 -2o " 
f(x)=-=-e 

aV~n 
(4) 

~wJ'wUfwurwu[uw'b ~n('l! upJ'lJLnrH I; Oy wnw'by,e[• 'iJ~wurJ'wJ'p: f(x) 
f/>nL'z.~ufrw'l. w1'ii "'wurw'-w~wil JbJm{tJJwil ilnrJwl pwzfuJ'wil fuuruL

fiJm'ii'iJ t, nrfr '-wqwilw~w'iJm[dJnL'iJ'iJbrfr pmzfr•Jwil f/b'iJurrn'iJf!. f.wJe'iJ~
ilnLJ' t ~nnr'lfr~wur'bhrfr u~'lp'iiw'thmp '-bur ('b~. 430), {1} iL (4) pwz/u-

Jwil orbil.eilhr'iJ nt'iJboll'l UfUIU1W"UJ~W'it J'b

Jm{tJJm'iJ'iJbrfr - 1il [ilqwJfr'ii p'ii,L{Jw'lrhrf!.• 

nrnil.p nruzmJ b'J. UfWLnW'-Wffwil J'bJnL~ ' 

fj 

{J Jwil wr<lb.e'iibrfr. urJ'w'iJ lth'iiurrn'iip 'iJ~wm
J'wJ'p srt/_wJmfi/lwil p'iJnLJ{iJf!, nrnzqni_J hil 

~nrfr d.£nlj1 nrf! ~w[uqwd J/; 3•/r J'bJnL-

----{)::-ti----~3! {J Jill 'iJp!JJ /, nLUUf" '-wJe'iJ~'iJmJ' b'iJ: a-fr 
tft• 430 J'bJm{tJJnLilf!. nrnzmJ' I; (1) ~nrfr mb'lw~ 

zwrrfe 'lhutfr Wl ( a>O '1-but.enLJ') ~wJ' 'I bUffr 

d.w{u (a<O '1-h"'.J?nLJ'), (J.rm[clJnL'Lf!. '-wJ'wnnurbl''L '-wJ'wr '-burw'lw 

zwur ~zn.w'l-wurm{tJJnLhhhf ~~wurwrbii.J? (4) pw'iiwd.fLn~[ rrrnzt/_n'l pwz{u

J'wil fr•urm{JJw'b 'iiltwur.!wJ'p, 

§ 16. l!wz.}udwb bnpdwt oplib.p(tb libpwpqt[nq lllwmwhwltwb dh()m(aJWb 
q(tullllipu(twb h d(t~(tb .pwnwqmuwJ(tb 2,hqmd(! 

'tfrsnLJ! X "''uurw'-wltwh J'hJm{tJJwil pwzp•J'wil {uurm{ilJnLilf!. 

U1 rtJ.m J' I; 

1 -2a2 
f(x)= e 

aV21t 
( l) 
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pw'bwd.bnq: ll.'iJe'iJ'l-'-wur "lwurw'-w~w'b J'bdm{tJJw'ii 'lPu"lbrufrw'b nrnz
qm tf I; § 14-p {2} pw'bwd.£ nt/_1 

lfbr 'lbUf pnLJ' 

-co 

-oo 
/>ilmb'lrklnt/. J'wubrnt/_, ~umwilwil.[!• 

-co 

D[ xj . /,[ -t · e-•• [~+ le-''dJ 

-oo 

UJ"fW qbl'2'bw~w'bwUfbu umwilmJ bil.e 

D[XJ=a2
: (2) 

ll.Ju"'frunt/_, 'lfru"'brufrwil r.wqwuwr I; f.wtJ.wilw~wilmfiiJnLililbrfr 
pw2fuJ'w'iJ (1} pw'iiwd.ILmJ' Jwuilw~!Jn'l a2 Uf"'rwJburrfri11 t/.brbmJ 

Wf'[bil wubl bilj!l nr '[PUUfbrufrwil p'itnrnzm J' I; UfWU1UJ"UJ~UJil J'/,JnL

fiJwil wrJb.eilbrfr urqwJmfillmile' urJ'w'it ~bilurrnilfr il~wurJwJp: 

Sbuilbt.e fr'iil"lbu I; wq'[nLJ o2 Uf1MrwJburrfr UI['.Jb~e pwz{uJwil ltnrfr 

d.bfr IJrw: t~. 431-mJ UfWur~hr'l.wd bil pwz{uJouil ~nrbrl! a=-1-, a= 
. 2 

_:_t a=2 wrtfb.e'iJbrfr '-wJwrt '1-pmwr~blntJ. WJ'l ~nrbrf!., mbuilnuf 

£il,e, nr nr.J?Uih rrn.er I; a-il, WJil.pwil Jbc} I; f(x) f/>nLilbfrwJfr Jw.e

ufrJm J'{!1 srJwh ~bturrnilpt (x=-0) Jnur wrtlb.p_'J.brfr r.wqwtw~wilnL-
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d-Z 

ftlln~'ile Jlu) 1;, /ru~ ~b'iunpn'il/rg 

fobnnL wpJb.j!'bbpp fow1_w'bw~w~ 

'ilntp l"~'ile, "-'"l!r' IJ.Iu fow'b'l,.,~ 

JUI'b.j!f! pwnhpn1_ wpurwr:.wJurrrtJ 

b'b wlu"'.bu. nppw'il rfrnl!r I; '1/ru

"'.bru/rw'il, '"'l'iiJlwir +nl!r I; "'.w~ 

ururfow~w'b JbJmf'Ju•'il wrJb.j!'bb~ 

r/r sr1_wJmflln~'ilez 

§ t 7. ~wmwhwiJwb tfMmpJWb wpdl:ip~· mifJWt tf~2.WltWJpb l!bltbl:itm 
hwtfwbwltwbnLpJDLbl!: lwunwu~ ~mbltg~wb: ~w2fudwb ~bml:iq.pmtWJ~b 
~mbiJg~wb bnptfmt 1!W2fudwb hwtfwp 

§ 12·/r (3) pw'bw.ll•/r'il t.wJw"'.wurwufr:w'b nrnzh'b$ f.w'{w'ilw~w~ 

fm~fil~n~'b'il WJ'il pw'ilp 1 nr 

f(x )=z V 
o 2n 

pwzfuJwil "'"'"' p 1 ... il m ilbsn'l x "'.wurwt. ... ~ ... il JJ,J.,.p1wil wrt!b.j!il 

[!'b~'bn~J t (ex, ~) J/r 2.,.,~.,/.Pf!• 
;1 

P(a<x<~)= jt(x)dx 
a 

~ (X-8} 2 

P(cx<x<~)=- : je -~ dx 
0 2rt 

a 

x-a 
{2~=t 

+n+nfuw~w'il/r +nfuwpp'ilm Je: 
U urw'bntJ b'b$• 
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(1) 

( 1') 

ll.t. ~"'lJ,_J 'lur'il1_n'l /r'ilurb'lr"'lf! urwrrw~w'b fn•'ilb/rw'bbrn1 t/r wr~ 
urwr.w,ur1_ntJJ IJ.n J.'ilurb'lr"'l" wrJb.j!'ilbril wrurwr.w,ur1_n~J b'b 

X 

<P(x)= :; S e- 12dt (2) 

0 

fiwlJ.wGm~mlinLpJnLiilibp~ ~limbqpwl~ wpJbJ!'ilbrfr JJ.t.nan1_1 

Uwur'ilw'bzb'bl! <P(x) fm'b~.'J/rwi/r Jfr .j!w'ilp r:.w,~mf'Jnt'b'ilbr, 
nrn'ilgfrg o'l"'1bln~ b'b$ uurn,.£: ' 

1. ¢l(x) /f>n~'b~spw'b •pnz'/wJ I; X·/> pntnr wptlbl!'bbpp 'lb"il!"~J1 
2. <P(O)=O, 

00 

2 ,. 2 V11 
3. <P(+oo)= V n \ e-12dt= V n • - 2-=t, 

t > 
0 

4, <P(X•[!) (0, 00) Jpp_ur~WJ.j!nLJ Jn'bnurn'b wf.mJ t: 
5, <P(x) tj.,.'b~sf>w'b '~h'Lur t. J!"''il/r nr 

<P( -x)= ··-<P(x), (3) 
6

· <P(x) fn•'b~9/r"'JP 'lr"'fMe "'."'ur~br1_wJ t 'b~. 433·n<J: 

""''lJ1_w~ b'b "'I" fm'i1~9/r"'l" wrlh~ilbrf> Jw'ilrwJwu'b W'lJnL~ 
"'141 • 

'(,~. 233 

uw~'bbr' ~wJwnnm '"'l(n~uwl·e pbp.lwJ 1.- L ,1• J ( L 
"t "I "' 'IP./!t• "l"P2."' "'"" w'lJnL~ 

uw~ (1)t 

<J•ph'il$ (1') f.,!'1_wuwpn~filn~'ill!, o'lur1btn1_ pLurh'fpJw'b J/rp_w• 
IJwuf> urrnr:.Jw'b Jwufr'b ftlbnphJJ.s· 

e-"dt J= 
a. - a ~-a 

~ ~~[- T ·-··dt+ r .-··dt l 
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olfU"{blnl/_ <P(x) lpnLh~qfwtfr9 ( IIJbU (2 )), 1/_bflhu..~wbw"fbu wrmw .. 

r.wlmbh.[! hnr.fwl orb'il.[!fr'lt bitpwrll""'l X UfWIIJUif,W~UI'lt .fbdmfcllou'il' 

(~. ~) Jfrlw~w/l}'lt (!h~bblnL t.wl/_whou~whnL{iiJnL'ilf!• 

P(a<x < ~ )=- <P -.::... -<P -- , - 1 l. (~-a ) (a-a )l 
2 aV2 aV2 . 

(4) 

a. 

l,.u6wfu f..ur~ t Lfr'ltm.f t.wzqbl WJh p.wbfr t.wl/_w'bw~w'ltnLfiJnL'lt[! . nr 

"fOJUlwt..u~w'lt .fbJnLPJwh wpdb.[!f! ~f!h~hp X=a ~b.,Jr 'lt~wur.fw.fp. uJr

,{b.,f'p~ (a-[, a+L) Jfrlw~wt.[!/r 'bbrul! ('b~. 434), ll.1u 'JbUf.[!"L.r (4) 
p.u'ltwa.t. I! ~f!hiJrn'bJr f.b.,J, JW l .,b u I! I!• 

!I 

t~. 434 

P(a-l <x <a+ l) = +[ <P ( 0~2)- <P (- a~ 2)} 

l,wz'ffr wn'bbln'f, nr <P(' -~)=-¢( [r-) (.,bu (3) p,.flwa.Le)• 
aV 2 a~ 2 

1/_brl'ltw~.uhw"fbu uurw'llm.f b'bl!• 
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P(a-t< x < a+l)=<P(~)' 
a( 2 

(6) 

U.l Jouue ~wfl/IJoud ll; srJUJ'b lth'b·nrn'bfr 'IPrl'/'9• t.L.,t,"'P"'r• L a=O 
1b"f.[!nLJ uurouhmJ b'b.[! 

P( -t< x<t)=<P (~)' av 2 
(7) 

0 [' /! ~ w /1 1, X "JWU wr.w~w~ ,{/;J ,.,{JJnL~f!. h~flwp~•/w•~ I; P"'2fuJw~ ~'"['• 
. 1 

<fUif opb~'['f~ J nt•l• 9[11fw~ ~/,~"'f'"~f!.\ a= 0,5 /,. 'ffUUfbpuf·w~\ :;2= -' /lpntlr/ WJ~ 
8 

pw~f- ~w-fw'bw~w'tm•f/ JUL~f!.• np X "lwmwr.w~w~ ,f/r.}n, fiiJw~• wpJ/rl! f!. ~£!.~~~{! 
(0,4; 0,6) J[• i_ w~"'Jl!/• ~hl'"l! . {~~. 435 )• 

l 
{ n • .) n L ,/, lJ.Jumb'l :;'{'2 =2• £:um ( 4) pw~•wJ.h{! uu•w~uuf b~l!• 

- I 
P(0,4 <x <: 0,6) = 21 <fJ(2(0,6-0,5)]-<P[2(0A-0,5)] )= 

I 
= 21 ¢!0.2)-<P(-0 ,2)). 

flw19 •(-0,2)=-¢(0,2) (mhu (3) pw~wJ.be), ntumf- ~"'l'"'l hi! 'll'I'L• 

- I 
P(O A<:x < 0 ,6) = -;-:-[¢(0,2)+¢( 0,2)]=¢ (0,2)• 

'L 

<fJ(x) !pnL~'~9fU1Jf• mpJU[!~/;f'f• "''JJnLUUI~n<f (mlru 'ff'/'f <fb['i_nL.f Ul'lJnLUUI~ 
1-e) 'l'"~"L•f b~l! · 

0 [' /• ~. w ~ 2, 11.•/mn.fwmf- "l"'"'l'w"'nw.) 'llr.nwrf- lrp~wpn•fl J"L~f!. "1"'"'"''"'
"w~ Jb.tn• f/JnL~ I;, "l'f!. l'"'2fo"{•uJ I; £!""' ~npJwl opb~l!/• UwbJw/ "l"'l'"''flrmpb-

Y+ 
I 

I 
l 

t~. 435 

fJnLJf"'"'l'bJf! ~u"[•brL~ "lb"'l' I; /f~.b~ 10±0,05, 
1 I 

{ n L.) U L J, {fbp '/bufenLJ a-1 0 -- 10 /u ~~ p - ' cy2 = ' o= 10./ 2' nmw ' fu . 

559 



P,_ .=1 - P(9,9!kx<10 ,05l= 

= 1-_!_ ( 11>[10(10 ,05-10)]-11>(10(9,95-10)] )= 
2 
1 

=1-21 11>(0,5)-11>( -0,5) ) = 1-$(0,5)=1-0,52=0,48· 

0 l' fr 1,,., ~ 3, fl('nlft£ 21=3,5 J [WJ1.n'PJ"'Jl' 2/,1'"'~ ,Jbjl!'i.~'i.btnL ~wr{"'"""'
~au'ilnL@Jn<-'bf!., bpb ~l' ... d.'fn'-PJ"'"' ""'"'t'i.bl'c ""fl"'l'~'i·"J ,., a-0, G=L9 "("'
l'"'J""'l'"l' n._'bbgnoz E'"'lfuJ"''b 'bnl'J"'l ol'b"e~'i. • 

• 1 
tn<-~na.•f• lfbl' 'lb"tl!"a.J a=-1,75, ~=L75, a{"2-0,372• i:u"' (7) 

,,.,..,J.t.fr ,.,..,'l.na.J b'be. 

P(-1 ,75< x<L75)=11>(L75 · 0,372)=11>(0,651)=<1,643• 

IJo /t ur , 'l n a. p 1 n L L, ( 2} <1>( X) fm itb/twJJr +nfuwr£it r..w,wfu 

X t :! 
1 1 --2 

<l>{x) = V2n J e dt (8) 

u 

lw•nwup ~m.fil{gpwJ~9• nrf!. <l>(X) fm.LbJrwJJr r.,/,ur ~w"f1.w~ f; "(•rt 
t 

w 11 ftt,.,_fi 1w.t P' (8) Jriturl.trwlnL.t ~wurwrbln'i V :l =Z +nfuwr/r'it•L-

,r~, uuriM~nL.t l.ite 

- 1r 1 <1> (x r 2)= -<l>(x)' 
2 

o,urwtnrt)binr/. (t} (X) fnLftbJrwit £. (9) wll.itJ.mfiJnLft(! 

~wrhLJr I; 'lrhl wlu"f.hu. 

,t.. o= 1 '1/,"fJ!"L .t 
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P(a<x<P)= <1>(~ )-<I> (: ) 

(9) 

(tO) 

t 11) 

P(a <x<P) <1>(~)-<l>(a), 

<i>( x) {wunwu/t 'm Lb/twJ/t aurtlbl!~l.r/t W'l.J"I.U-~~ ,_l.urb'lr/. .. 4-

t 'frJ!/t '1./,rt_nLif ( url.u Ul'fJRLUUI~ lJ )1 
Ulkn .. f.l.urt.. nr"2."~J! pw2.fu.tw';, ~nr.twl ori.LJ!/t ~limbqpwpnJpli 

~n1.lilJg~wG, Cuur § 13-/t (1) pw~wal./r nLitl.~ol'· 

x x (x-a) 2 

F(x)= J f(x)dx=
0

:
2
nJ e-2a2dx=P( -oo<x<x), 

- OD -co 

0tur'/I.Ln1. (4) pwitwab/tg a=-oo, ~=X '1/,"'J!/t r..w.twr uurw~nuG 

"'l!· 

~UI"UiftUI~WftrrL[i JnLftitbrJr ~Jrrw•wtwit urbunL[i JUiit 2.WUI r.wrg/,

rm,/, .twu~w1.nrw-t6U "r"'a'fnLfiJwit url.umfilwit ""t· ,.~j_"(/,U j,,f., 

11/uwiftbr/t urbunLfiJwft ,//,p_ O'fur1.na.J bit fr,/wit pitmfiwlfr/rfJ nr'i, 

witr[witn .. .t hit liwtt_wlimlJwli 2.h'lm.t1 ~rwalfnLfiJwit urhunLfiJ"'it .tl.t 
WJit w'll'{w~nL,/ l.it fow'{w~w~wit ufuwlt 

U w f.,/ w L n L ,/ 11 ~w'{wft,.~wit 2./,'lnL,/ ~nt '/nLJ t wlit"fJru,. E 
filr'/.~1 b[ib WJ~ pwitJr fi..IM.J.wLw~w'fmLfiJnL~f!• nr "fUI"'Uif,UI~Wit J/,t)nL

fiJnL~~ (orJritw~, ufuww), nrl! hitflwrHwt) t 
x 2 

f( ) 
1 -~ 

x =----=-e 
crV2n 

l'-w2.fuJwit itnr.tw1 orhi~J!Jrit, ~~~~itJr ( -E, E) "l't."'~wufr ""t.· r.w

'{wuwr. I; ~ -/t (~~- 437 ), wlu/tit,eit' 
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- 1 
P(-E .<x<E)=-• 

2 
(1) 

8w'bliwswtJ X "lwmwt.w~w'b ,j/;tJm {iiJutU t.wt!wr, nrc x=a 9l!r

afw'b ~b'bmrnilfr 'lhUJ..enuf L'b[ilwr~t/_nLJ' t pwzfut!w'it 'bnrt!wl orb'hpp'b, 

E jt.wt/_w'bw/,w'b zb'lnLJ' {! (tt,. 438) flUJ'Lwrwrmt! I; t.bmt. J"' l wnb1nL

l' J"'U[!• 
- 1 

P(a- E < x< a+E) = -• 
2 

(2) 

0 Jfrp_fr'b .ewnw~NLUWJfr'b zb'lnLJ'U wrurwt.ru,ml.'b.e E t.wtfw'bw~w'b 
.ufrtwlfr Jfrp__nsnt/_: 

ftx) 

0 

'i+ 4 3 7 t~. 438 

(1) t..wr[wuwpmfdJw'b .lwfu t!wu'b wrmwt.•uJmh'b.e <f>(x) f/>m'b~

-tJ{'"'Jf• J'pp__nyn'/.· 

P( - E<-; <E)= 

1': 

\

• 1 
--e 
oy 2n 

v 
-E 

(3) 

( 4) 

(1) b. (4) t.wt[wuw1rn~:.{dJm'h'hbrfr .lwfu :fwubrl! f..wtJruuwl' bt , t..b

url.wpwp1 t..wtfwuwp b'b <iJ,[,_ rup__ Jwubrl!· 

<}Jc ~2 ) =i ~ (S) 

<f>( X) f/>nLU~yfrwJfr wrt!-b.ethrfr IU'l{nLUWI'n" 'lm'bmt! b'b.e WflfNL-

1 
Jh'brnfr x=0.4769 wrcib.el!• "l'f' t..rut!w1• <f>(x)=- : l, Lml.wpwr, 

2 

~-=0A7G9: oy 2 
562 

§ ( 9. f!w2Jutiw\J Unptfwt ophUJ!~ wpmwhwJmnqaJDLU(! hwt{wuw~wb 
2h1J.tfwu tf~~ngntJ.: lmunwu~ J!hpt{m() :Jmt\J~g~wu 

(6) 

(7) 

l.'um § 18-fr (7) pwbw.ll.fr 0 UJ.IUfUIIIbmr'b wrurwt.w,mblnt/_ E 
UJ."'l'"'J'bmrfr t!fr2."9"'1 I. t.nb'l"''ll'blnt/. § 15-" (4) pw'bw.ll.fr Jb2, ~cu
urw'bwt.e pwzfut!w'b ophb.[!p wrmwt.wJmn~:.f/JntU[! f.wt/_wUw~wU zb'lJ'w';, 
t!frp_nsnt/ 

x2 
- p .2 -p E2 

J(x)=--e 
EVr. 

(l} 

fllwmwt..w~w'b J'bJmfiJw'b {orfr'hw~, ufuwLfr) (o: , ~) Jfrpw~WJ.[!U [!U~'bbl"" 
t..wt/_w'hwt,w'bmfl JnL U[! § 17 -fr ( 5) pw'h wat. fr'b t..wJ' WUJ.Wtnwufuw'b ~lfr'bfr. 

~ a 
(Z) pw'bw.l"-fr "'l t!wum ,j 'fUJU'/.n'l -" - P"-"re nrnzt/_n.J b'b fu'b'fr" 

E E 
p'bnt/{ilnt/_, p-V t..wlm'bfr [<1/rt/_ t, p=0,4769: 

p-n'/. fl"''lt!w"'wm~hlnL(J funLUwrfr&LnL t.wJwp <f>(px) lpn~:.'b~yfrwJfr 
t..wt!wl' ~w'[dt/_wt} h'b w'lJ"Luw~'bhp: fl1.u f/>n~:.U~!Jfrw'b 'bzw'bw~n~:.J b<;, 
,..... 
<f>( X). 

A 
<f>( x )=<f>(px )1 (4) 

<f>(x)-u wUt/_wUnLJ' b'b Lmunwur pbplJ_mc\- ~nt.lill9flm: a,u f/>nLU~yfrwJfr 
wp.Jbe'hbr" IUtlJNLUW~(! l[brnbtf'/.Wt} I; 'ff'J!fr '/.h('lntd ( mbu "''lJIIL
l,.U~ 1 )1 
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/', 

§ 17-Jr (2 )-Jr f,.JrJw'il 'lrw ct>(x)-L' nrnz'lmJ t (,.JunbJ"'l Jr'ilmb-

'r"'Ln'l' 

(5) 

(2) f,.w'{wuwrmfJJw'i. "'l J,u'i. -rmw(,.wlurb'i.-1! ("'"il"'"" pbr<[wJ 

/jln<'i.~sfrwJn<[. 

- J [ "" ( ~) A(' a )J P(d<x<~)=2 cp E .-ct> E. I 
(6) 

Uwu'i.w'{nrw"lbu, "l"'"'"'""'~"''il Jhdmp1w'il wrJbl!'i.brL' ~rJw'il 
ltb'ilurrn'i.Jr 'i.'twurJwJp ufrJbmrfr't ( -[, /) Jfrp_w~wJ,e'il ~'i.~'i.bl"L (,.:"_ " 

'{w'i.w~w'i.n<fJJm'i.L' (3) pw'i.wabp (,.wJwawJ'il ~"'r'""'""'J"''ifr "'l""lbu, 

P(-L<:X < l)=ct>-- -( l) 
, E. 

(7) 

- 1 " ('" P(O<x< l)=-ct> -)1 
2 E 

(8) 

'i~wurb'ill!, nr X "i"'"'"'t:.wltw'i. JUmfiJnt'i.f! (ex, ~) "''l"'~"'u'il 
L''i.r~'i.blnL f,.w.J.w'i.w~w'ilnL{JJnL'LL', hfJb Jw{ibJwurJr~w'tw'i. U"f.WUnLJf!' 

a=f=O, E r,.,.qw'hwltw'i. ufuwtfr Jfrinsn'{ ~"'r"'"'""'J"'1.fr "'J""lbu ( ~nbu 
§ 17-Jr (4) pw'i.,al.L')· 

- 1[ (~-a) (a-a)] P(a<x<~)=z ct> p -E- -ct> p -E-, 1 (9) 

. . 
t/.,brt_fr'i. t,.,.4.wuwrn<fiJn<'i.L' ("'"il"'"P pbr'{wd !f>n<'i.'tsfrwJfr Jfrp_nsn4. 

'twrurwf,.wl"'t/.P "'l""lbu. 

- 1 [""(~- a ) ""'(ex-a )] P(a<x<~)="2 cp ,-E- - ct> E 1 ( 10) 
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§ 20. bpt~ u~quwbl:ip~ trwbnbl!: Utuwtbbplt r-w2tul.lwb 
hwl(wbwftwbnLf'JDtbbhp~ uwbqqwft.(! 

9-nrJ'i.w~w'i. t,.,..;_<[nLJ~br 'twurwrbtl•u "r"lbu 'i.,.rJ"'l orb'il,eJ'i. 

A'i.fl,rlt'l.n'l "lwurw~w~w'i. JbJ,LfJJw'il' frr ~rJw'i. 'tll.f.urrn'i.Jrs ( Jwpb

Jwurfr~w'tw'i. U"f.WUnLJfrsl zbrzJw'i. 1_uupJw'i. Jpw<[lfr L''il'lm'iJnLJ h'iJ 0 

"" pfr'il J!UIRIM~nLU W ,,., zb'lnLJ ~I IJ.n 'fb"{,cntJ § 1 '] •" (7) pw'ilwaf. /r 
f.pJw, </.riM uurws<[nLJ b'iJ urwrpbr f,.wz'lnLJ'i.brp JwJw'i.w~ O'fllfw~wr 

f,J.,ILJwl r,.,..'{wuwrnLp I"' ,'i.b rL'· 

P(-a <x< o) =ct>( :
2 

)=0,683. 

P(- 2a < x<f?o) """"ct>( V2)=0,954, 

P(- 3, < x<3a-)=<t>( ~ 
2 

)=0,9971 

u.,u wr'fJnL'iJJ!'iJbrL' br~rwtw.Jrnrb'j, "(Uiut~br1wJ b'j, 'j,~• 439-nufl 

~wJwrJW (,.w'{111uutp t 1 nr "f."'"'wf,.,..'tw'i. JbJnLp J"'';. ( ufuwlfrJ Jw

pbJw.urp~w~w'i. U"f.WIInLJfrs m'i.bswJ 2./,'lntJL' fiWSUiraw~ JbJmfiJwJp 

9a-Jrg w'{btfr tb IJ.1u "'""'t"''l-r"'PJnL'i.'i. "'"<[w'i.mJ b'i. bpbJ! upcp!w
libp ~ qwGnli: 

l,~. 439 l;~ . 440 

~r"'a'lmf1Jw'i. urbun<fiJw'i. Jbt_ k urw.rpbr 1Jrb.w~w'lr"'~"''i. 'iiJnL

Pbr .lzw'tblfr" O'f"'"'~"'r t lfr'i.n<J frJw'i.wl x JbJnLfiJw'i.' . (0, E), 
(E, 2E), (2E, 3E), (3E. 4E), (4E, SE) Jfrp_w~wu'ilbrb L''i.it'i.btnL t.w

'{w'ilw~"'""' [rJ JnL 'iJL' pw;fuJ w'i. W J'iJ"f.pu/• fumnL{JJw'il ,.~~"f.j!'fl,/1 nrL' nrn z

'{mJ t § 19-Jr ( 1) pw'i.wat.n4.1 IJ.n f,.w'{w'i.w~w'i.nLfiJJnL'ili.br'i. pJw'i.w/1! 

zwur 'lb"f.,ebrnLJ ~rbwutn& J t f,.wz'l.nLJflbrf! /._ O'f'iJIItJ t hrknLJ{rJ'iJbrL' 

"" rl nLfl/, f/tUI 

11.1'1 f,.w'{w'i.w~w'i.m.fiJnL'i.'i.brL' r,.,z1.btfru O'f~n'{btnL b'i..J' § 19-fr (8) 

""' pw'i.wakfrg I. ct>( X) f/> nL'i.~JfrwJfr "''lJnLu,..'tfrs• 
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- . 1 "' 
P(O <x < E)= - <1>( I) =0 2.500. 

2 

P(E<x< 2E)= +l$(2)- ~(1)1 '0,1613~ 

P(2E <x< 3E) =+ [; (3)- Ci>(2) l =0,0672, 

P(3E <x<4E) = ~[ ;t;(4)- ;f;(3)] =0~0180~ 

~wz<JnLJ'bb(l/r Wf'JJIILb.[!bbpf! br~fUitWtfrnpb'b UJWU1~br<JUI,j h'b 

it~. 4.JO-nLJI "rf! ~nj_qnLJ I; u]urutfibpp gpuwfi uwGqqru~1 IJ.1u t.wz

l{wp~itbrfr9 f,burknLJ' /; 1 np 'fnpditw~wbnphb f,UI<JUiuurfr /; 1 np UJWin=

f,UI~wb ,/bdnLf" JUib UJpdb.[!it [!bl['bnLJ /; ( -4E, 4E) Jfrp_UJ~WJ.[!£!1 IJ.J'j, 

pUJ'bfr t.wqUJ'bwllw'bm[clJnL'b'bbrf!~ np Ufwurwt.w~wit ,/bdmfJJwit wpJb.[!'j, 

c'it~'bm,/ I; WJ'f JfrpUJ~WJ.J!~9 'l'nrul T"J!r I; 0,01-fr!JI 

0 p [• 'it w ~ 1' 100 J l"'J'itn•fJ Jw•fp ,·2kprn[r ofpw ~wrnwp•/nLif t Jk~ ~pw~119t 

'i2w'itwnn•fJJ"L'j,f!. ftulurwpofwJ t 2kprnp •'[>£[>'it 'IJ[> nL'l'l"LfJJwJI" 8ptrLJf!. ls'itfJwp~

ofnLJ t f'."UI ~lsuwofnt•"•£1 J"''j, E=20 J ~w•fw'itw~w'it "P'"'l nL 'itkgn'l 'itnp•f•ut .P"'2fr•

Jw'it/!.l flpn2k{ 2kpur[> .Jk£e'itfi.#s[nL ~wyw'itwfJw'itnLfJJnL'itf! ('it~, 441)t e"rn ~#sn•fnL-

~ 
-MJ •• 

t~. 441 

p J"''j, ~wofw'itwftw'it 2kqn• Je ~pwJ.'fnLfJ ,..,-;, 

urls.,n•fJJw'it .!Is£ 'it2w'itwftnLJ ls'it B o-nof 1 

j ~nq1l'itwJf'r•e~ 86- nof' 

,/'-._ 

= <P (215)=019082=::: 0191 I 

'1-frurn'lnLfJJnLbl /u'it7frrc ~wrbtfr~ l; lnLdbl JnurwqnpwUJbu, 
,/'-._ 

to'lurt/btn<J <l>(x) f/>nL'it~sfrwtfr UI'LJ"Luw~'bbpfry~ UJ/l o'lur•Jbtn<J ypJ"'"j, 

u"''b'l'Lwl1p9 ('it~. 440), l!br 'lb"'C"LJ' l=2,5Et ~burl.wp"'fl 

P( -50<x<50)=2(0,2S+0,16+0~04)=0,901 
0 [' /• 'it wIt 2, 1/>npJ.nof r.ut.,rnwrnoJw~ t, np ~lsnwofnpnLfJJnL'itf!. lwrfrktnL r.w-

Jwp ""'1'1!/' "/u"'i/! k'i.fJwp~ofn• J t E=lOJ r.woJw'itw~w1. "fuwt'it nL'itlsgn'l 'itnpJwl 

opk'itef~'i., flpn2k1 wJ'it pw'itfr ~woJw'itw~w'itnLfJJnL'it[! 1 np "'J'l ""'l'l!'"' npn2oJwJ i;ls

nwoJnpnLfJJnL'itl!_ ,I.,"-UI~IIJ'j,"9 hk'lllfr 111_ w{Jiff j!UI'j, 11{) J1 
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Ufu"'(itbrfr p.'i.mL{Ju•'fr'!wit t.wJwr Juryitm.J b'b up2pG. pqmr•wfiw· 
ljwfi u]uwtfl 'tw'lw'fr"'Pf!• "Pf! r, ... 4.wuwp I; ufrlwt'itbrfr pwswpdw~ Jb

dnL{JJUJit Jw[JbJwurHw~Uiit UUJWumJfritr lfJr£fr'b fhJwpwitw~w'b ufrlwlf! 

it z "'itw~b["L b'b.[! d-n1: · flrnzb'b.[! dfrt~'b fJ'i.wpw'bw~m'b u/u"'l£!1 b[clb 

X ufrlUJt'bbp[! b'b[clUJ['~1nLJ b'b § 15-fr (4) 'bnpdUJL opb'bJ!fritr § 15-~ (2) 
putitwd.b~'b t.ruJ'w'bJ'wit pw'bwdl.n1 uurw'bnLd b'b.[! (a=O). 

J

<X> x2 . Joo x2 
1 -~"2 2 -2;2 

d= !xl--=e dx= .. xe dx= 
:1V 2n aV2rr _oo u 

2 
( 

2 - ~:: ) 1
00 

2a ---- -oe =--1 
oV2n o V2n 

l;q WJUU[hu 1 J'~2~'b [cltjwpw'bw~w'b "'"wlf! cr Jfrt~'b 
z_btfdw'it Jppnsn1 wpurwf,UIJLn't"' J' /; WJUUJbu. 

(1) 

§ 22. b.2qpmOL(aJWU 2Wtftf!: Ufuwt\ll:ipJt J!W2futiwu J!UDL(awqptp~ tilt~>.b 
liqiul) WllU20Lft]DLU(! 

&UJur "'P"9bu'bbp .[l'b'bwl'~blfru 1 t.wurlru"'bu r.,.wa'lmfJJw'b urbunL

fJJw'b ,/b£1 'bnpJ'u'l opb'bJ!fr pwz/uJ'm'b fuwnL{JJ"''bf! 'fpnLJ' bit 

( 1) 

.l.bn<Jt ~wJI.u'wu.l•t"t/ § 15-fr (4) pw'bwdbf! /, ( l ) -1! urbu'bmJ bit.e1 np 

dmsrwd h UJWpwJ'hurrf! 0 UJW[IUJJ'bUJrfr Lf/• .'t nsn1 Wf1nW~W£lni,IILJ' I; 

1 
h=--:.1 

oV2 
(2) 
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h JbdmfiiJnLt(! f..w~w'lw/'a t:,,J£Jwurw~wt t a-ft, WJuJtto~i.' f..w~w

'f"'ra f..wJbJwurw~wt ~ JJrtJrt l!"'""'~ntuwJJtL ufuwLJtL ~wJ J/tt/t'
l!wnw~m .. u"'l/ti. zb'lJ"'i.l!" flrl!wi. t/rnl!r t o2 '1/tu"illruJtw'i.i, ,;,lu/tti!L' 

npJ!wL t/rnl!r t 91'"'-Jl!, "'I"J!"''fl JhJ (- h-Jt wp.Jhl!f!l flt.uur/t h·b 
wt4_wLnt.J bil uzqpmnt.pJmfi iW~ll 

(2 )·Jtg 1.. § 21-Jt ( l)·/t• u.,wLnLJ h'i.i-6 

1 
(3) 0=----;:-=-· 

hJt 2 

1 
(4) d=o~-- I 

hV-; 
E f..w4_wLw~wL ufuwlf! h -l.z'frurnt.{JI,f, t"'+Jt JJtznsnt/. § 18-p 

(1-) pwLwai.Jt l.t (1)-/t f.JtJw'i.i tfr• "'l'""wf.wlur'i.nt.J t "'l"'¥hu. 

p 
E=-1 

h 
(5) 

lirr6JL f.wr~ t t.C.LmJ ufuwLL61'Jt ,.wzfuJwb Jh~ ,..-,1/fL/iw'li'rb 

"'P"'"'~"'I"'"L JlnLUnt/.1 nLUurfr OlfiiiUI~Uir hit tJtfi.,_J r.J.urlti•L "•.t/.wuw

pnt.fi J"'-"""re· 

E v- E , 1 - a Vn --p 2=0,6745, -=p r n-0,8453, _...,. -=1.2533, 
a d d 2 
a 1 d 1 

- = v-=1.4826, -- ,.r-=1.18291 
E ? 2 E Pr n 

I (6) 

bp~lwt}l UJ.Wmwliw~wfi ubbmpJD\.fifibp~ f,J,, '-•r~ (- t/tLnt.J 'fnp6 

"'""'"'l' orfrLw~, (xOy) r.wrfilnt.fillw'fl 'ir• ""'"""'1. OPJ"~"'l! ntL~w,'flh
tnt. "'rnsbul! 'IJturwr~6tJtul 

l;p~J.wt/r Ufwurwf.w~wt r JbJm filwt wpJbl!{! npnz"nt.J (- X h y 
hr~m (J'[hrn-1· br~tLU+ "'wurwr.w~wt JUn'-fillm'fle 'ilzw"ii,.~blm 6L,e 

(~ y)-n4_t 1-J;gml! x.--l! b. Y·e f!'b'lmLnt.J 6'fl Xi l.t Yl ,,.u~phur wr· 

tlhJ!thre l.t I"'P"'.e"'Ltl"'r (x 1, y 1) wpJhl!f,brJt 'l"'J'lJtL npl.tt r,,,r,. 
fu"r" fi 1"'-"Jts f.wJ UIUfWUrUIU/u wLnt.J t plj n rn 2wtJt r.w"IM"IM~w'flnt.fiJnL'iil 
r,wr"'l £L~ ~wqJJ.l •1Jru~rhur 6r~t•+ '¥wurwf,,~.,.f, J6J-n'-filwL f.w'l.w

Lw~wt,,_p 1,. tthrJt pwzfuJ wf, f.6ur&.l"'l "''ll"'-u"'~l!· 
568 

~II Xl I x2 

' 
. . . I . . . 1 

.. . I Xn 

Y! I Pu I P21 I I I I Pn1 
I I 

y, I Pn I Pn I I I l Pu2 

I I I I I I 
. !I I I I 1 I II I 

I I I I 
I 

I Ym P1m P2m I Pam 

ll~'flr.w,Uf (-, nr "'""'~! t- pwqwrwr¥/t f..hurkJUI£ f.wtjwuwrnL

p JilL"{!· 

(1) 

lllknt.r.6ur1L uwr.JwLbtl! wLf!L'It.wur br~l"''fr "'"'"'"''"'~wi. J#,J-.,_fllmL(!I 

flJ'ii pw'ii/t t:.wqwLw~w'i.int.{J Jnt.'ii(!, "p (X, Y) b/'~1. wt/r UfiUurul\w~w'i.i JbJnL

flJwS. LUr.JbJ!{! pwqwrwrm J' t x<x<x+~x. Y<Y< Y+~Y wLt.LU

"LUUwrmfiiJmLLbrfrL, ~'i.izwLw~bill! "'lu"'bu. 

P(x<x<x+~x. y <Y<Y+~Y)• 
U,f.Jw'i.in ,_ J 1, f(x, 'Y) lpnt.L~sfrwL ~ntqnt.J t (x, y)br~-

1."'+ "fwurwr.w~wt JbJmJIJwiJ f!W2}llUWfi }llmlllpjliLfi, £flb ~p= 

= V ~x2+~y2 L~wurJwJp p~rar ~"'r'lfr w'ilqbrt. •Jrnl!rbrJr -6.zurnt.
fl1wJp urb'lfr nt.'J.fr 

P(x<x<x+~x. Y< Y<Y+L\ y) ~f(x, y)~x~y (2) 

f.w4_wu"'r"'-flln'-ill!' (2} pw'ttw.!b{! tfrno/frL t:.wJ'w'iiJw'il t § 12-Jr (2) 
pwLwaiLJtL, 

?-frur"'r~'"l! ( xOy) "'-'I 'l"'"~rnt.'i.i ~nn r'lfrLwurUirfr'ii r..wJ UI~DI l''ll! I 

l;_pb (x, Y) UfWWwl\w~wil J'bt!ut.fiJJ"'" wr.JJ,I!'flbrl! LzwLm~bL.e t:.w

Jw..,_llltniUufuwil X " y ~""r'lfrtwurLbr nt.Lbsn'l r..wrflnt.frlrwil ''""'"rn'[, 

"'"!"' P(x < X< X+ ~x. Y<Y <Y + t. y ) wrurwr.w,mmfll"'-"1! "{!

zw'i.iw~nt.J t- . "'J"i. pwLJr r.wtjwi.w~wilmfil"'·ill!, "r ("X; y) "i"'"'"'t.w

~wil Jhtlm film "I! ~l!il'lnL'ilfr "''""'JruJr wrtl£1!' n ('{! Lzw"iiw~qwt! t ~s 
069 



Uuutbrullf~ll~UJJ nL'f'fiU<j,~JIIL'iJmJ 'lur'iJ'fn'l ~burn'f ('iJ~, 442 }t lftuuh'iJ.j!l np 

IT"f.IUUilLit,lLI~tu'b ,fbJmp,lLI'b "'rdb,e'h c'h~hl t- t.s U1ff"'-tf1P 'hbruc*:Pt 

P(x<X<x+t.x, Y<Y<Y+6y) t.u,'fw'blLI~lLI'bn•{J;nt.'hf! ~'b2"''b"'
~b'b.J! P[(x, y)ct.s]t U1u 'b2"''b"'ltmJ'hbtm'f (2) t.w'ftuulLirn•f1Jn'-'bl! 

~"'rbLJ. t 'lrbl "'l""'bu. 

(3) 

U.t'hnt.t.bmb "'"''"9m9b'bl! r..burhtlLIL {JhnphJc, nrc 'bJw'b t- § 1:!-p 

[JbnpbJ 1-p'bt 

fil'hnrbJ 1, Pl(x, y)cD] fiwqwGw4mfimpJut.fifi wJfi pmfir, 

np f(x, y) pw2Imfwfi Jummpptd! ut.fibguq (X, y) bpl]Lmtll utmmw
fim~mfi tfbbu•pJmfie ~~Gl1lilt D mllprnJPI!• wpmtulltuJmquuf }; f(x, y) 
~nt.G.~grwJr 4pl]Gm4r rfimbqpwptq' mwpw~tlw~· eum D UlpPilLJPrl 
wJupfip.u' 

Pj(x, y)cD]=\ \f(x, y)dxdy: (4) 
t..' tJ 

D 

lJ. "f. tu 9 II L 9 n I. tft f>'iJ}_"ff.u Wl'f Wflllbl t- ~~~~'iJtu//f p'iJmb'f['Wl'iJ!Jpp 

urbumfil JIIL'brnJ, D urf•ru•t{Jc mpnr..l,'iJ,e t. s r..w,.[Ju,~'hbr/11 f:J, .. rw,etu'h}.-· 

I'lL{' f.tup{ilwHt t.wJtup 'll'b'b.j! (.'J) t.w</tuuwpmpi'IL'b[! k 'l'nJ"'{'b'b./! 

uurwo'f"'" t.w'f•uuutpm {J J'IL'b'bhl'P a lLifu k "'2. Jwubl'f!' -f.w'bp "f' 

~t.s=D t. LPt(x. y)cL\s]=P[(x, y)cD], 

W"f"' t. s-p 'bl;wu;J"',J'p P"'rar ~wr'lP ut'b'i_b1,2 P".J!I'brJ. t,.2urnt.fdJwJp 

0 X .z:+4r. 

</.bflp'iJ t.ull[lLiutupmfJtw'h Jhp_ tub9'iJhln'f Utur..JIU'iJpb brp. t. s-+0, IU!_ 

'fn'lJmJ t1uurtu'btu'b,e ltr~'hlLIIfp ,.'burb'lr"'L k fo'burb'lf'lLIL"'tP'h 'ln'-J"'r" 

f.tuur~nLp JnL'iJ'Jib f'f .. ,., tu'iJ t/ptu I; l \ 

P[(X, Y)cD]~ S J f(x, y)dx dy 
D 

-(,.2'1:/'f.m t.tu'flLiutupmfJtnt.'h[!' fil'hnphJ'b "'"flLI9n'-9tJ.lLIJ- b 
?-,.urn 'l n L {J In I."" lt b[Jb D Lnff"'-!Pf! x=a, X=~. Y=l· 

y=1 "'-'lf'l'hbpnj/ utur..J,u'h"' 'f"''t'f"'J n'-'l'l'.u'hlunt.'b t", ('hit. 443 ), "'"'"' 
;~ 0 

P[a<x<~ · <i<t [~ s s!(x, y)dxdy• (5) 

1t f Ln n 'f n 1. p Jn L 'iJ :!: (1) t,lLI"IUUIUfiiL{JJ'"""f'. t.tutftu'iJJw'iJ mb'Jp 

m 'bp 'bwb. 

J' f f(x, y) dx dy~l (6) 

- oo -co 

f.w,/wuwpnt.fJJm'bp, .J!"''hp np t.unJtuuurf• t-, np br~l""P Jbt!m{J/n'-'bl! 

1tf!'il'l-m'hp J.'ht·nr tupdb.J!, U.J'hurb'l, npurh'l f(x, y) /f>nt.'bi/9Pw'b euur 

fu'b'fl'" """'uurfr nrn2.</.uJ- tt", l!'iJ'I"'-'bmJ b'h,e f(x, y)=O, 
bpb D mfrr"•Jfill! 'b~. 444-nt.J "lwm~bl''i"'J urbu.j!p nL'l'Jw'i.ltJnt.'b

'hbrJ• 'lnufwr 1;, '""iw "l"'urwr.."'~"''b Jbt)n•{JJw'h' wl'l-_"'P"P urprmtfJ'b 

e'h~'ilb L"'- "'"''f"''ii"'~"'"""'-P l"'-""e , r" 21, .. .r t- , r"'b .. "'""'""aJ.'h m 'l 'lw'b

'u" .. 'il'hhtJ. "'"'""'r r,"'•/ut'hwt1"''h, .. [J1, .. 'h'bhp,. '1:"'-.r"w,, "'t"r'il,e'b' nr"'b" 

(!Utn J11LfiU.j!IU'iJunLf' nL'J'f"'""~~tu'b 

nr"2J"'l p'hurb•tr"'L'bbrc 'l"'-""'r• 

P[(x, y)cD]=P[(x, y)cD1 ] + 
+P[(x, y)cD2]+ 

+P[(x, y)cDJ]z 
0 l' f 'b w ~· brluwrfr ulmrn.u>w

~w'b JIIJ-nLfJ JW'b pwzfuJw~r JumnLfJ JnL

'tf!. rnrrJnLJ I; ~IImJ.jUif pw1}wdkn-J' 

!J 

I Dz 
., 

0 

1 t~. 444 
f(x, v )=------- , 

• n 2(1 +- x2)(l+y2) 

IJJ 

IJf 

.__,_. 
.J: 

flrnzbf ~w•/w~rw~w'briLf' jnL~r'j, Ul,/1' ('w'uJr 1 n(' "/.WUlUI>wffw'b rfbJ-nLfJ.fw'b W('JJI~/!_ 

1 
~f!.'b~'bJ. x=O, X=l' Y= v' 3 ' Y=V 3 nL'l~'l'biirn•f uw'ufw'bturfrw~·fwJ- nL'l'l'u'b~-

JUI'b 'biirue• 

• 



--
1 ~3 ~~ 

=_!_j'~j" ld+ya=_!_arct gxj
1
arctgyl = 

r. 2 1Tx2 ~ r: 2 1 
0 -

0 1 ~~ 
r·a 

= n~ ( : -O )( ~ - ~ )= ~4' 
U w r. ,/ ... ~ n '- ,/ 2, 4burl..lwl f/>nL~~s/r ... ~' 

F(x, y)~ \ I f(u, v)du dv 
, ,... ,, 

(7) 

~n zaf_m,/ t (7. y) b r~zw+ llfWinUI(,W~W~ ,/btJnL{J , ... ~ r.w'/UJ~UJ
~UJ~nLPJnL'IJilbrf. pwzlntfwfi ltfimbqpw[tUJltfi ~nLfiqgltw: 

IJ.~~(, ... ,,.. t. nr PUJzfu.! ... ~ /r~urb'frUIJUIJ/r~ f/>nL~~~,. ... ~ UJrurUJr.UI,_ 

urm.! I; ... ,~ , ... ~,. r. ... af_ ... ~w~UJ~IILfiiJnL~f!• nr x < x, )~y. UIJUP~.J!~· 

F(x, y)=P(x<x, y<y): 
Pu.zfu.! ... 'll f/>m~~s/rw'll br~rwz ... +nrb~ ... rurw(,UJ1urn.._.t t ... 1fl 

PUJ~,. r.waf_w~tU~UI~IIt{J In'-~{'. nr br~zUI+ 

11ftUUIUI(,UI~UI~ ,/bJm{J JnL~~ f!~~bl t ~%• 

!/ 445-/r '/rUJ ucnafbrUI'fd'{UJd Ul~'{brt. .j!UI-

nw~~~UI~ .!bt.t flrnzJUil /r~urb'frwl~ f!UUJ 

"i ... r ... .tl.urr/r 'IPfl> b rh~9.t ... ~ .t ... u/r~ fibn

rb.!/r f\/rtftu~ af.rUI ~UI"/. I; r.UIUUituUI'{nL,/ 
~~~~~~~~~~~ 

~ p ... zf.r.!tu~ fu.,mfiJ ... 'i. iL ptuzf.r.!tu, /r~-

urb'fr ... lwl/r~ fn'-~~9/r ... l .1/rt.l... 
y 

\ oF J -= f(x, v)dv, 
ox ~00 (8) 

H · 445 
a ~ F 

f oxoy =f(x, y): 

Ur~J.tul{t llfWurtur;tu~w~ .!bdmfiiJw~ r..uaf_w~tu~UJ~mfillw~ fuurmfiJnL

~f! ptu z[u.!tu'ii /r~urb'frUittuJ/r~ fl>n'-~~9/r ... J/r hr~rnr'1 ~wr'l/r /rrwne 

... d ... ~BJWL~ t I 

:)72 

§ ~4. unpdW[ J!W2fudw\t opli\t~(! hW(IftDL(itJWU I{(IW 

Y w I;,/ ... ~ n L ,/ 1t br~zw+ "iwurwr.w~ ... ~ .thdmfiJw~ ,.,.,2/un'-.!1! 

~nzafn'-.1 t finptfwt, h[Jh ... 1'1 .!hdn'-fil ... ~ p ... zfu.! ... ~ fucnntfiJn'-"1! Ulr• 

,,..(,UIJuraf.nul t 

f( X, y) (1) 

,. ... ~ ... at..naf_t 

U1u f/>m'b~s/r ... JP 'fr ... fi.Mf! ~~. 446-p afr ... "i ... ur~br'/wJ .t ... ~brb

af.n'-JfJ'~~ b 
(1) F ... zfu.!w~ /rJurmfiJn•~~ nL~bsn'l "/.UiurUJ'>w~w~ .!bJn'-fiJUJ'il 

gptfw(i qbfimpnfij! (0, 0) ~b.,,lJ t ;:· : :Jx•f! /., Oy•f! ~nz'/nt.l £~ cnltJWt\np 
Ult!ltfi ~WnWqlHUWJltli (bqm.tffibpt 

( i) ,. ... ~ ... at.. I! 'lrb~-6 ... 1u"ibu. 

f(x, y) (2}. 

!I 
H· 4 46 

Ulu"i/runaf_ , 1(x, Y)·f! ~UJrbt/r I; '1/rurbl nl'"ibu X /., y "fUiurtur. ... ~ ... <j, 

.tbJmfiJn•~~brJ. br~'"- ~nr.!tul ptup_fun.._.t~br,. tururtu'lrltul ' />~z"'.bu t.. 

.l/rwzw+ "i'uurtu(,tuiJwk Jbdmf1Jw~ 'lb"i.J!"'"• utu~.!tu~b~.J! br~z.tu.[t 

* bf//z 9{"/ut'b ftb'bmrn~l(! 1f1n'bofn <J I; (a , b) ~/zmnLJ 1 WU[UI ('luzf" Jw'b 0('/z'j,[!{! 

mrofn,_J I; :.bmi...JWf ('W'butal...nof, 

. _( x a )' _ (y - b)2 

(I'} 

5i3 



'UflUUIWt.wl,w'b J'bdm fdtw'b Ex L_ Ey qLfuw'{nr f.w.Jw'bwltw'b z~nuf'bbrl! 

( mbu § 18-/t (7 } pw'bwJ.bc } • 
, - ,r -

E,=pJ! 'lo x, Ey::::pl; 2 Oyl (3) 

ax~l! L_ a,-l!• wrmwt.IUJU11fwJ E,-fr {, Ey-ft J'/tl.nsn.J, urb'lw'll'bln.J 

.(1} pw'bwJ.kf• J'bl, Ltuurw'bw'b.p. 

( 

,2 y2 ) 

f(x, y)= P~ e- r·
2 

E~ + t; , (4) 
r.:ExEy 

''1-fturwrltb'b.p (4) J'w~brbnLtPft J'w~"'r'lwltft 'fJbrc· 
x2 y2 . 
E2 + E2 =k2=const (5) 

X y 

.{wJu 'lbUf.pnd f(x, y)=const)r lfu+ur'lw~ft qJhr'b b'b kEx k kEy 
"ftuwwnw'bs.p'bbr,'b rn'bhsn'l ttft"'u'bbt'£!' ~'Lft"'u'bbpf! lth'hurpn'b'bbf'£! t.wJ'

l!'b~'bnLJ' b'b 9f'J',u'b ~b'burpn'b'bhpf• f.hurz U.J'I J;lft"fu'bbp[! ltnl'{mJ' b'b 

gpuwli ktrululibpz triU'b9 wnwt9.p'bbl'£!. 11n1.'1_mJ' L'b gptfwli runwlig}!

fibp: lfl•wtJ.np gptfw[i ktPU}U 't"l.""LJ' I; WJ'b l;lftUfU£!• nrfr 'tftuwwnw'bs.p~ 
izbr'f! f.w.jwuwr biz Ex ,, Ey f..u.Jw'bwl,wiz zb'JnLJ''bbpftizr_ IJ'ftw.J"r 

!;lftUfuft f.w•[wuwpmJ'f! ""urws•/ft• h[rlb (6) t.w•fwuwpmJ''bhpft J'bl c'b

'lm'btf/• k= 1. 
X~ yll 

E ~ +E• 2=lz (6) 
X y 

8ptfwft LPl•tJ. lltlmlu ~"lt/mJ' I; w(ir /;tft"'uf!, nrft ~ftuwwnw'bs.p'bb
f'l! f.w.jwuwp biz 4Ex /, 4Ey' U.l'l l;lft"!u/t f.w'l_wuwpnLJ''b I;. 

X~ y2 
(4Ex)" + (4Ey)2 =lz (?) 

~WfN[t'f UflU{'W'ff'W~IIlJ' /fU1UfiU911L9h'iJ.{!I nr br/uwtfr UfWurWf.tuf,w'iJ 

J'bdnL{rJJw'iJ' 9{'J'w'iJ ff'ft'L l;lft"fu'iJ f!'iJft'izb[IIL l:,wJ/_w'iJw~wiznL{rJJIILiz(! f.wt[w

UUif t 0,97 1 wJuftiz.p'b' qnpdizwftw'hnrrb~, f.w.Jwuurft l;z 

§ 25. tip~2_wtJ1 UJWmwhw~wu tfhbmJaJnLU(! gptfwu q}futuqnp wnwug,J!uh
p~u qnLqwhhn ~nqtihp muhgnq mqqwb~JWU tih~ (!U~uhtnL hwl{wuut~m

·unLJaJnLU(! (!ut2futiwu bnptiwt OphuJ!~ qhUJJ!mu 

f(x. 

:574 

f:uur § 23-ft (5) pw'bwal~r (urbu 'bit· 4.J3} Ufwurwf.w~~'b J'bJmfiJJw'b• 

X=a, x=~· y:x::"(, y=o "L'J"'l'bbpu'{ uwt:.Jw'bwrfuu~J/_wd NL'['[w'b~JWbo 
tfb f {!'iJ~'iJhfnL f.w.jw'iJw/(w'bm[rJ JnL ~.'iJ wpurwf.WJU1'{ntJ' I; WJU"fbu, 

P(a <x <~· 1<Y < 0) = J.( n;'E, e - ' '( ~: +-~) dxdy• (I) 

a i 

t'b[ilwf·'burbqrwlwl"iz ~,. 'b~sftwiz izhrltw/w,'J'bhl""- br~·n ~,n'b~.'Jftwizbrfr
wpmw'lf'!wlft urhu.ent/1 ~wrn'l lr'b.p 'lf'bl• 

L. § 19-ft (6} pw'bwJ.l,ft f.ftJ'wiz rfrw .JI'f''i'bwl/wizw"'bu umw'bn .. f b'b.p. 

P(a<x< ~. 1<"Y<o)= 

=_l_ r_¢(1-) -¢ c~ Yl r ;(-~ ) _(p (l)J~ 
4 , Ex Ex. _ Er . Ey 

(3). 

tpb .Jb/'Y/t'b pw'bwal,nJ' ct'l'"th'b.[! a=-[1, ~='l' "(=--[2, o=lz, 
wJuft'h.p'b' '!fturwp~h'h.p lt""{"i/''bu~tn'bh['/t ult'IP-'hw~burmJ' ~b'burr•n'h nL'bb~ 
9"'1 nL'l'lw'b~tm'b, WUfW § 19-ft (?} 'pw'bwJ.bft f./tJ'w'b .Jrw (3) pou'bw~ 
af,[! lt(!'b'f'IL'bft ;..b"'kJwl urhu.p[!• 

(4) 

?-/turn 'In L [il J n L 'bz 11/wmtuf.•u~w'b J'hJnL{tiJw'b, lt""f''lft'buun'bbpf• 

IUtLWb9.[!'iJb{r/tb '[NL'fwf.bn /fn'[J'hrmt/ IIL'[I[W'iJ/uw'iJ 'iJhpu'iJ f!'b/f'iJb[nt f.w~ 

J/_w'bwll'u'bmfJ-J•u'b J'uru/t'b fu'b'lf'f'{' ltturbtft l;p [ntd-bl izwl. wlu"'buz fl,'l~ 

'[W'iJiuw'iJ J'/iy__ {!'iJ~'iJI;/{! PWf"f UfUIUIUit,IILJ[tl 1; , "{'/! ~UI~tu'bn,_ J' I; -!1< 
< X<~ ll zhput[! L_ -lz<Y< lz zbrurp l!'bt,izbl'IL br+IL w'bltw/11 "flU~ 
urwf.mJfd'bhf'ft f.w.fl!'b~'bJ'w'b J'h'l_l (9•p,LfJtw'it f.wJ'wttnurm{tiJw'b f.wJ'wr 

'lfturwr~"LJ' b'b.p wt'bUffrufr "''l'lw'b~JnL'b 1 nt•Jr t1l;'burpn'bf! qrn'bt[...,_J' I; 

"nnr'l-ft'irwur'bbrf• u~'fpizw~bur, ,J"): 'tf•sm.p x Ufwurw~u,~w~• J'hJmfrltw'b 

pwzft•J'w'b /rllllnLfi'JnL'b'b J;' 

575· 



y• 
-p2-

E2 
y 

I 

J.,wzqb<;,l! "',.,,.r,,.~,.-;, JUmfll'"o;,' -/1<x<l1 zhrurl!. "- -L1<y<l2 

.;_brurl!. l!."i,~Lhtn< ~~~~'-[wLw~wLn<{JJn<"i,/!_1 f:•ur § 19-Jr (7) pwLw.U.Jr 

uurwLm J h"i,l!• 

P(--t~<x<t~)=¢( i)· 
-"" ' ( l ) P(-L2<y<l2)=Cl> ~y. 1 

F~ur'l- "l""""'~'"Jflfr' nul'lw"i,~l"''b Jb!. e'illfLI.LnL ~wqw'bw~w'bmfiJmLe 
~w'-[wu"'r ~tJr"i,fr ~wqw'ilw~wim<P Jn<'il"i,br/r "'r"'"''l-ri"'L/r'il• 

P(cx<x<J, ·r<y<o)=P( -L1<x<L1)P( -l2<y<l1)= 

. ¢( ~);( i,} 
.lJ "'"'9"''bl! ( 4) p•illllal. I!.' 

0 l' p 'i."' ~· l,wmwr>fnLJ I; ~l'"'J.'InLp J"L'i. 'llt"tfr 200 J k 100 J ~nqJhrrn>f 

X=-100, X=IOO, Y=-50, y=-50 
'f~ltl'n.[ uwr.J.,'i.wpw~c[w~ nL'['["''i.~Jw'i. Jw~hrrbrul!.' '1-tfuwyn[< ~wyw'i.w~w'i. 2ltqnLJ• 

·1,6rl'l!.• r.wJw"{wurwufuw'i.wl'"'l'• ~"'Y"'""'l' lt'i. Ex=Bd=~O J, Ey=Ba=lO J, 9-u,'bltl 

. Jis~ ~1'"'~"9f 'llt"tenLJ nLqqw'i.~Jw'i. Jlt1_ l!.'blt'i.ltlnL '"'c[w'i.w~w'i.nLfiiJ"L'i.f!. ('1.~. U7) 1 

~ n L ~ n L J I lflt{' 'l,"{f!"LJ 

11=100, 12=50, Ex=50, Ey=IO, 
U.JII IU('Jite'i.lt{'f!. 111/,'[IU'l('"LJ lt'i.e ( 4) pw'i.wJ./1p Jlty_ fL, O'fur>flt/nc[ <P(x) .f>nL'L~-

9/riUJf W{'Jfte'j,ft{'p "''[JnLUIU~f9 (urltu "''[J"LUIU~ 1-f!. '1/'ef cf.ltf'f_"LJ}, 

.... y 

50 

106 86 { I fOO -0 sa X 

-jO 

/' (100) ~ ( 50\ ~ -""" P=<P - · <P - != 1>(2). <P (&)=0,8227 · 0,9993=0, 822 1, 
50 10, 
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§ 26. tiplu_wtft lliWmWhatlJ.wb U'libmpJDLUJ! gpuwb l;tfllllu~ llli~ I!'IIJ.bli[DL 

.. w!lwbwl(wbntpJDLUI! 

U/uwi'i.brfr urbu,<f!J'u"i, J£2. ~~~~r~ t 1/r'ilmJ 'lfunwr~bl t.bmLI"'l 

fu"i,'f/rr/!.1 ~~~~2"-bl WJ'iJ pw"i,fr t.wqw"i,UI~UI'iJntf.iJIIL'iJ/!_, nr "/WUUIIt,.IU~W'£ 

Jbd,<f/J"'-;,1!, orJ•"i,wf u/uwll! r.wrf!m fiJw'b tJrw, ~[!'b~'bfr 

(1) 

orJw'iJ /;lfar'fr 1fb2_, bfrlb pw;_/uJw'iJ ponm{JJII<'iJf! urr'-[nLJ t § 24-fr 

(4} pw"i,waLm{t f.u111 § 2.1.Jr (4) pw'bwaLp uurw'bmJ b'ii.J!• 

r _\". P[(x, y)c OJ= J.., (2) 

Dt 

nrurluz Dt .,l•rn<Jfile uwt..r .. tunfrw~t/w.J 1; (1) ttfr"'un'-[1 IJw.,wrbt-1! 

•frntfrn/u-.J~w"i,Jr tfrn/uwrfr'itnuf, l!."i,'fnL"i,htmJ 

X=E1 U, y=Eyv, , 

"'/" aLwtfrn/umfJI"'-;, JwJw'itwll Dt I;Lfr"'ul!. ~-tailfr 

u2+vz==k2 (8) 

2rl_w'bfrt .Pwilfr nr J..buufrn/um{IJw'il J•~npfr.u<;,e r.wqwuwr t I=Ex . Ey, 
"'"!"' (2) ~wqwuwrn<{JJ"<'il/!_ ~l!'b'l-m'bfr ~burbl"'l urbu~l!.· 

(4) 

tf.brtfr'il p'i#mb'fr"'Ln<J w'ils'itb'£./! 

U=fCOS tp, V=f sin tp 

pt..bn.wJJr'il lfnnr'lfr'bwur'ilbrfr'itt U.1u '1-b"'J!mJ (4) . t. ... t{wuwrmf!Jw'b "'l 

Jwu'b /!."i,'lnL'ilmJ' f t,bm"-J"'l mbu.f/!.• 

u., JwumJ ~IUUliU(Iblnt/ t.wzt/n<J'itbr, ~uurw'itw'iJJ! srJw'iJ tt/r"fu/r 

Jbl (!'fl~~blnL ~~~~ t{UI<j,UI~IU"j,nl fllw'l. wrurW/)UIJLnnl f!Jnt 'iJ/!_• 

P[(~, y)cDd=l-e-r2
k

2 
1 (5) 
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• 
'1-frmwr+M.~,e ,fwu'bwt/nr 'lb"f.ehr' lfpu"/"r srJ'w'i.J /;Jfr"lufr Jh2. f!'i.J~~ 

'Uh[nL t:.wt/_..,i.Jw~w'Umfltm'Ul! ~umwst/_fr 1 h(rlb (ij) pw'Uw4bmJ' f!h'l"'-i.Jb'i.J.J! 
k=). 

(6) 

§ 24~fr (7} [{'/rt{ 9/''fw'i.J /;J!•"fuft J'b2. [!'Ufi.Jh[nt f.wt/whw~whm-
fJJnLhf!. ltumu.Jst/_fr, h[rlb ( ii} pwhwalm,_J [!'U'f"'.i.J'/fr k=4. 

(7) 

'l-frmwrl/b'U,e wl'U Jwuhwtfur 'fb"'J!f'' h/'1' § 24-fr (4) pw'Uwa/,,.J 

E,=Ey=Et § 2-1-f, (i5J .9/'J'w'i.J I;Lfrul"l! 'P"f"w'thr"l'i"'J' 1; R=kE 2w~ 
nwt/_'l ntj 

''+ ., l''E·' x- y·= < ·" (8) 

2nw'itfn 1J 1'~1 w•fr u;wwwt.w~ti.lt ,.rb ""' filwt' R 2wnw1'1"1 2r 2wtf• .tb l 
(!h~hb["'- P.wtjw'i.lw'tw'Um PJnth[! ( 5) pwhwlf•/t '.wJ'u,awJh ~Lfr'Ufr. 

P[( x, y)cDR]=-=1-e 

R' -r'v 
(9) 

UwC.,fwi.Jn,_,f 1: n·wqjnul fiwtlmGwljmGwJJlft zb'lnuf ~ntt/mJ'I; 
wlh"lfrufr Er{ flfrt/(! 1 "I' hrla_w•fr UfWUtwf.wiJw'U J'/u)m{rlJw'U' R=ER 2w

nw•L'f'"/ 2/' 2.w'Uft .r b 'i' c'i.J't'i.Jb L"'- C.wt/_•u'i.lwl,whm {J 1"'- 'L[! t:.uii,UIUUI r 1;-
1 
--/11 
2 

UwC.Jw'UmJ'fr!J C,.b,/,n,f 1;, "/' R=Er~ J'b,)mf'Jm.'ll(! "1~"2tfmJ' I; 

? f. 2 p 1 
t~- e - :-E2 =-

2 

wn'i.Jtnt {rJ Jm'i.Jp91 lfm [JlWJf''i.J q,,, ~.I~,'JfrwJfr wrJb.p'i.Jh ['P W'f JnL uw'tf•s 

'fUJ'i.JmJ' h'U,e. 

§ 27. lfwphtlmm~4m4wu tlt.&w4wqpDLftJWb fub!J-~pbhpf!: 'l.~&w4wqpw4wb 
bJOLft 

'1-frmttLJ'i.JbJ'fr Wf'l!"L'i.J.pmJ' b J'wUIIWJWffwh "fWLnwf.w~wh hrb

t/mJflhbfl 'lrw'Ushtfru umwstjn11f /, 'iJ 1fr-6.mll ... 'll'w~w'i.J mtJJw[hbt' ~wJ' 1/r

f:.w'tw'lrw'tw'il hJIII {Jt lj'UJLJhll'tjn{''""fbu, tjfr6.w'tw'frwf/w'i.J 'i.JJnLJtl £'i.J f_w

tpuLJ'j,bf'fr ufr•wt'&bl'l!' 
b[rlb 'ffrmmrltt/"'1 J'bJ,fJJm'h(! "'wmwr.wl1w'U J'brJmf'Jm'U 1;, w"lw 

w Jh fiLUm Ji.JUJ,,Irlfm .r I; f.wtfw'UwltwhuLf" I"' 'j,'i.Jb rfr tnbunL{J JLUb J'hfln'f-
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ilbrn t/t lJ.J'l "lwmwf.w'tw'il J' hrJm{tJ Jwh p'bm J{J [! f.wu'tw'bw l"'- t.wJ' utr 

"Jbm,e I; frJ'whw[ 'j,f'UI pwzfuJ'w'i.J orb'i.JJ!(!I '"J-pmwrftt/_n'[ J'LJnt{rJJnL'i.J'i.Jb-

rfr pu. 2fuJ'mh orh'U,e'itb rfr n ['" 2"' d[! " 'lfrmtjwrJ wrJ h,e'Ubrfr t.frJ' w'b 

1rw pwz/•nfwt "lwru.~Jbwrb1,fr wrrl&,etbrfr · 'ltwt.wwm.rl! .tw[rlbJ'w~ 

urfdtwltw'ii tj1'>6.w~w'lf"'-f1Jwh fu'U'lfrl''it b 

If w{tJbJ'wmfr~w~wh tjfr6.w~w'l[rnL{rl Jwh tfp fu'U7frr'U I; [ tJfr G.w~w

'lrw~wh hJ•n[Jbrfr J'zw'tJw'U /.. t/_b['[n<JnL{tJJmh J'b{tln'f'Ubrfr umh'lJn._JiJ 

I;' "1'"2"'/Jfr t.hutbiiL{tJJmh'Uhr umwhw["'- hulwmw~ntf, "l'"'i.JJ! w'Uf.rw

Jb ;_ m b'i.J WJh fWt/W'fnLJh "f['"9bufr ~wqJ'w~b['"flfWh f.wtfw['l nrmb'f 

J'wuhw't!JnLJ' b'i.J 'lfrmwrfJt/.n'[ J'brJm {tJ rL'i.Jhh['(!l 

0 l' p·'b w ~ 1, !/w•ft/tl_ 'lnl'~f.f'f o'l'bn<fJJwJp npl.l; OPJb~ut P"''lJw~{! 

i"'of,lw'b JwJw~•w~, ,fwu'bwofnpwulb" ,/f>'bil. upl.l; oPJb~on b'lw~ ~b,.,.ofnpn<fJJn'-'b[! 

npn:bJp 1 uonw9•/nLtf b'b 'J/•onwp~•/n'l ,fbJutfJ.tw'b onwppbp wpJbl!'bbp, lJ.J'J wpJbl!

'bbpf!. JLw~•tfw~.b'l.l! 'Jf"'ofw~ wpJbl!'bbr { "'l"ulbu ~w~•ofw'bb~' l! 9"'-;,~;.,9,.~ bpl.n'-Jflf 

nLunul'bwuppn<fJJw'b [.•'bfJwyj!nLt! ""'"'9'/w~ ,..,,1/,~, ,f[t wpJbi!)• 

U.Ju abnt/_ umwst/_wrJ wrJb.J!.'Uhrl!• 'Uwfu,ew'U 'Urw'Us f.ptftuh ,,,_ 

~wrbLfr Lfr'bfr 1/wmwrhL fr'Ut_~nr t:.bmlwt[dJmhi.Jbr, "lwt.w'it2_mJ b'i.J t.wJw

~wl''lbl /.. J';_w~bl' 

f>'Ut"lhu wr'fb'u 'Uz·Lhs, X 'lfrmt/_wrJ wrJL.efr /.. 'ffrmtJn'l wrJb.efr a 
frullw~w'U wrJb.pfr J'frp£. b'lwq a mwrpbrmf'Jnth(! (x-a=o) ~n]t/_mJ 
I; 2_1Dt}nfwfi ll):uwlt •{bl'l! wut/_wJl! ~wrhtfr I; wrmwf.wlmbl t.wJw~wr'lbL 

mbrJfr'U'Ubrnt/_t !!wtp.f'w'U ufuwl'&brl! "fwt.w'U2.n'-J' b'i.J J'w[ihJ'wmfr'tw~w'it 

J'zwllmJ' "1'"2,;.~/r t:.bmbmfrllm'i.J'i.Jbr umw'ilwl"'- h"fwmwll"1' 

0 (' f ';, W ~ 2, liwuUWJW~W';, W('U'W'J('n<fJJw'b f!'bfJw9j!nLJ ~W('~ 1;. Jft'bnuf 

'lf"'"'l'~bl nonw9qw/~ "'l"n "''ll'"''bl!f npl.l; ~ mp[t ( op[t'/,w~ 1 bp~mpn<fl 1w'b) 2b'l'lw'b 

· Jb~n• fJ JnL 'b[! uonu•9qwJ "'l'"'"''ll'"''beft. f,,uJwr 'bwfu•uonbuofw~ i wof•u/>9 ( "l"' "'l'"'""'

,fw'b ufuwlf!)• 

0 l' f 'b w ~ 3, ~pwd.'ln•fJJw'b Jw,fw'bwlt . w'b~Jw'b ~lion[t ~nnpqp'bwmp I. 'btw- ,J 
'bwnJw'b ~bon[t ~nnp'J/•~•won[t onwppbpn<fJJn'-~'1! ~pwd.'ln'-fJJw'b ufu,./'b I; {9l'n'-J), 1 

l];JU ufuw/'bbpf! UfWf,w'b£nt J b';, Jwpb,f'l/."'f~W~W';, ~bonw'[nonnL£1 r'-';,1 

0 l' [t 'b w ~ 4, l;wf,wynp~n,Jft9 f,/sonn I. .lft'bil. 2"''wynp~n<J[' ('bwfuw'll!wJf>'b) 

'Jbmwjp 2w.jtbpJ• 2/s'lntJ'i:.bpf ~wpdw'b Wp'JJ"L'bj!'l.bp[! "l"''"'~•£nLJ b'b ,fw(Jb,fwon[t

l[u•~w'b ofbl'l'"Un<fJJnL'bt (J,Ju 2/s'fn<>/~,bp'b /;J ~wpbfft /; 'J/t<nW['~bl np"J.bu ([nfuwl'b/rplJ< 

~hrt/wrJ ot•fr'Uw't'Ubrfr.'J t:.btnl.,._.r I;, "I' '{frmwr'tt/_wrJ J'bJ,._{rJ 1"'-'b-· 

'i.Jb ['I! "lwmwt.u,~wh ,{bt}m f" JRl 'i.J'i.Jb r b'i.J, fru't JnLrw,ew'i.lum r 'ffrmwrJ 

W('Jb,e Ufbm,e I; 'ffLnWf''tbl "['"fbu UfWUIWr:.UI~Wh J'bdmf/Juth tfwu'i.Jw~ 

""{' W['Jb,et 

lJ.J""fbu, of'frhwff, (!UUJ f.htLwtfnrm.f" Jwh ""'W[hU(I{! ( 9['"' J') t:.rw~ 
:>79 



d.'lmfJJw'ii 'lb"i.[!"',r nrnz'/mJ' I; Jf-9.[!1! lunhtfru ,,wurwpqwJ ufuwlnq, 

wr~f! "fWo.npwuurhtfru ~wmwpqwd u/vwtn'/1 bzw'bwn.nL{tJJw'iJ t~fuwtn1_, 

f.bn..wqnpm{rJJm"b{! npnzblfzu flmu urpqwJ u{uw[nq, O'J/,rl.m{JwpUJ'iJW-

~~~~'iJ "/"'JJ'w'iJ'iJb/,, pmfw/vJwJ' f• !._ · wJl'iJ1 U.J" pn[npf! "f'Uur-.Jt:.tal~,.'iJ 

,/bJm{<JJnL'iJ'iJbp b'iJ I. 9pnLJ[!' np"fbu 'iJpru'iJ9 t:.wJwurb'l W'J'JI.9nL{<JJw'iJ 

"'P'IJm'iJ.[!, Uf1Uurwt:.rulftu'U Jbdmfr/Jm'ii t: 

'tf>o.nullf'iJbrf> (l_wrf>mJhhf'll ) "'f'iJm{JJwJ'p Umw9qwJ '/Jr6.wffW'f('Lfl

~~~~'iJ 'iitmfJf! urb'lw1nr'/rnJ. I; bf''f"'· urrrrzm'iifr WllJ ~ILIJW~nLJ'l U.nw2_~'iJ 
urntzm,/ 'bzqm J t i :_•uf.lw'ii t:.wJ'wrl!• b;,ftr"r'lmrl' X l"'P'i"'l J'bdnL-

fJJw'ii Xi "'rrlbi'C· 

II 2 3 I· · ·I l .. ·Ill 
X j II X l Xz XJ l· ·I Xi I· . t Xn 

lJ.Ju"/J.up, "''lJ'nuwl/f! ~nlrjn11f I; UJ.W[lq tjjyfimqwqpwltwfi 21U!l}!: 

!lwpm.J'bhpfr J'b~ fiJ•/Jr 'lb"f-l""J "'1""1/•ufr "''li"L"wiJnLJ qburh'lqwJ 

qfr6.w/fw'frW~IU~! 'iJ1m ftJ (!. 'frJ rfwr I; (!'iJ~wJ'{IIL ,/ /11 t:.burbwpw('l 'iJflW rJhr

[nLdnrfJJnLb'iJ l;l I; 'ld'/mpwhrllrfl U.J'I "fwur6.umu'/ ""'"'9'/wJ "f'"f''l 

qJrf.w~w'lr"'~'"'iJ 2'"/'.fP '-.f>J,,'iJ 11'"' 1/w'IJ'qm,/ I; ]utfpwtlnpnuf: 11.1'1 

+wuuurrrJ.uLJ' I; t:.bur!rt"'l ~br''f' 

X ,/hdmfJJwh "_"''"S'Iwd "'l'db.J!'I'brfr wJ'pn'lp J'fr!.w~wJ.[!l! urpn

t:.mJ' b'iJ.[! (aQ/ a1), (a1 , a~ ), ••• 1 (ai.-1 • 1J 1. ) Jwubw~Jr t:.wrjWUIUfr J'f>pww 

't"'J.J!hrf> t. t:.wzrjm ,/ L'b.[! X JbJ, {J JWh (a k- !J ak) JftpwiliuJ.J,!b e'hl,wJ 

w1,Jh.f!'iibrfr m1( PJ.'Il!, 11.1-u "'l'db.f!'iibrf!~ "f'"'b.f! e'iitlbl h'b J'frt"''I"'J.f!P 

dwu•/> "''WI rJhrw'lrnLJ b'iJ ~~~~~ ,/ arufzl, ~~~~~ ,/ Wl_ Jpl_UI~UIJ.[!bf'fr'ii (hr-

. pbJ'iJ 'ff'w'iJs </.bpwqpmJ' b'iJ b' d.wfu 1 /,' Ill £ J'Jrpw~WJ.J!brfr'iJ' (!Uin 

'iirw'ii9 fJqfr ~J.ufr}: 

flpq(! (ak-ll ak) "f>twfJWJ.f!fzb t:.wJWL'fUIUJWU/uw'bn'l t:.wru•pbpw~UI'iJ 
t.w6.wfumfiJJm'b'iJ 1;: U.~'bt:.wlur 1;, nr 
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(2) 

U.Ju "fpuf> . wpriJnL'iJ.[!'iJhrfr t:.f>J' w'iJ "rw ffw'l,/ nL ,/ b'iJ.[! 3 urn'lw'iJp 

"''llnlUWffl U.nw2_p'iJ U1N'fnLJ', ak-/r wf.Jw'iJ f/w/''fnq, 'iizmJ' h'iJ.[! J'f>l_w

~~~~~.[!bp{!r br~rnr'l urn'lmJ'' 'll''"t9 t:.wJw"fwururu~rw'iin'l 111k filqbrl!• 

111k 
pu~ bppn{''JnLJ'' f.k=- t:.w6.wfumfiJJnL'ii'iibrl!· 

n 

Vfiu•~w1e- (a 0" , a 1) (a 1, a 2) (ak-1, ak) ' ( al--l' al- ) 'Lire• 

I 

I I· ·I I- ·I rn~ 

I 
ml mz nl k !Ill-

I 

. 
I 

. I . I· ·I . I· ·I-
. 

p k pI p 2 pk P 1-

Uw 1;1 t:.b'iJ9 ]uupwtlnpnufG };, luJpwr[npnLJ£' &t.w~bl'"fmJ' b'iJ 

hp~f'"'l"''P"I'b'iiz 11.1'1 ~tuurwprj11LJ I; t:.burLJ•"L af.tnq: Ox wnw'ii9.[!P qrw 

'iizmJ' b'iJ.J! a0, al' ... 1 ak, ... 1 a>. ~burbpf!: I ak-l1 akJ t:.wurqwufr 

"r"'l "r"fbu t:.pJ'.[!pl ,,wnm9mJ b'iJ.J,! nl'l'l'"''ii~JnL'ii, nrfr J'w~brbul! t:.w

qruuwr I; P~-p 1 Uurw9qwti "'"'"'~h/'l! ltnl_qrnJ' I; fl[luumqpwu 
('111,. 448 )• 

t~- 448 

/uJpw'/npJ'u.'ii t. t:.purnn'fpwJp t:.jrJw~t qpw J,urwqnr d.b.nq ~~~~

n.m9rfm,/ I; pwz{uJ'w'iJ qp6.wltw'lr"''l"'t fj>nL'ii'tsfrw'ii: 

. tJnLfJJ- t:.burw'f"' ,/zw~mJ'e J1wurwr1_mJ' I; t:.burblwl d.lrnqz (ak-1• 

ak) J'jrpw~wuhrfr J'jrp'iiw'tburbl'l!. 'iizw'iillllfnLJ' b'iJ Xk-nq IL LUJU wprlb.[!l! 

f.wJ'wpnLJ' b'iJ t•upJ'w'iJ Wf'll-lnL'iJ.[!p wprJbel npf! ~r~'iJq11LJ' I; mk w'iJ

'fWJ'l '1-rw'iip!f..r.hurn {uJ'pwqnrnLJ'f! 'iJJ.p~w1w9'iin'l "''ltnLuw~Jr 'P"fuw

pk'it ~wnm9qmJ I; t:.burLJ"'l "''lJnLUJU~(!• 
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I 
~ 

I 
~ - I 

~ -
Xk xl x 2 

... 
Xk 

. .. X !-

II I I 
I I I mk ml m2 I ffik ... ffi ). 

. 
II 

. 
I 

. 
I I 

. I 1-

. 
Pk PI P2 . . pk ... p, 

s"J"'l Jzw~nLII[! ~unnlllr</wJ I; WJh pw'hfr t.f .. lw'il 1rw, nr (ak- 1• 
3k) Jppw~"'JJ!fr pnlnr wprlb.[!'h6rl! Jnur b'il JfrJJcuh.tJ 1 .. ntuurfr 'lrw'ils 

t.cuJwrnLJ h'h Jfrp_w~wufr X ~ wpus/Jufr'h t.wqwuwpt 

0 f ph w ~~ 81.Jwl f.bn.wqnpnt{JJnLh{!_ 100 whqwJ l_wtfrblfru uurws

qwJ ,.f'l-1"'-'il.[!'ilhrf: t.frJw'h '-Jrw ~wn.ms'l.wJ t t.hml.lwl fuJpwqnpn'-Jl!.. 

lt~~;;;;l' 1180-110 I II0- 140 1140- 170 l li0-200 1200- 230 I 230- 260 -I 260- 290 1 290- 320 

m k II 2 I 5 I 16 1 24 l 28 1 18 I 6 I I 

. II 0,02 1 0 ,051 0,161 0,241 o, 28 1 0,1 8 I 0, 09 I 0,01 ' PI< 

luJ pw'-Jn rJ w11 t.frJ w'il 1rw 1/wn.ms b'il.[! 1fr-6.wl,wqrwltw'il zcurJ!fr . 

'lrwf/lfr~w~wb "iwurllhf'l! (t.fruurn'fpwJl!) ('h~ . 449) t , 

428 
0,24 

O,fB 
0,16 

' 170 200 230 260 Z!O 320 ~ 

t~t.. 4 49 
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~ II 95 1 125 1 155 1 J85 1 215 1 245 1 275 1 305 

2 5 1 16 1 24 l 28 1 18 1 6 I I 

0,02 1 0,05 1 0, 161 
I 

0, 24 I I 
o,2s I 0,18 1 0,06 1 0,01 

§ 29. ~WtJuJ.nq uhbULJJ]Wb hwplfwp Wpdh~Jl D(ID2DLU1! 

'1-frS"'J! npLt JbJnt.{riJm'h }_wtfrhlfru u~nwshl J.'h.[! X I' x 2, • ;
11; , Xn 

l_wtfrJm'il "'f''IJ"''h.[!'hbrl!' ll.1u wpd-h.[!'hbrl! ~wrhLfr !; 'lfrurhl nr"ihu x 
"iWLnUt~U:.4u.h JhJm fJJwh Jwu'iJw1nr UJptJh.[!hhpt ' 'pf'/,_ . nrnz'/n'l Jb

Jm{dJwh .,,;.rJwr wprJ/J.[! l!h'fnthntJ hb tturWs'/wJ UlrJb.[!bhpfr Jfrlfrb 

{ilqwpwbw~whf! 
1 

n 

~X ; 
• i c= 1 

m x=--t 
n 

m: JbJmfJJ"'-hh wb'i.tuhnuf b1J tl_ft u ip~wqpwqwu uft2ftu: 

(1) 

bpb }_wtfr,..J'hhpfr n Pfr'if! JbJ t, w"iw o'lt.n'ii/LJ b'h §:)28~n .. J 

'lfrtnwp~qwJ "''lJnLUW~fr '~~Jm{Jf19J k ITJ;•f! f.w ; 'imJ hb WJU"ibu, 

~ ~ ~ ~ 

• x1m1+ x2m2 ..L •• • + xkm k + . .. + x,m, 
mx= n 

(2) 

umwsqmJ w rd b.j!'il w'h'l.w'hnt.J b'il tfr 2ru lJ 2RlUJ r G: 
'1-frurn'ln'-fiJJnLht ~honw'lwJmJ [!Uur {1 ) L ( 2) pw'hwaLhpfr 

t:.w z qmJ'hbf'fr "'1''11"'-h.[!hkp[! ~'hz w'ilw~l.'h.[! Jfrl.'ilmJh urwn."'/' lJ.1u '1"
urn'lntfdJnt.'itl! ~·Jhpwphrfr 'hwl.. (3 ) L (4) pw'hwabhrfr'ht 

lfw,.blfr !; IU "iWSntshL , nr nrnz uwr.Jw1lwtfrw~nt J'hbrfr '1-b"i.[!"' J 

qfr-6.w~UI'ff'IU~Wh Jfrpfr'it'h f!UUJ t.w</wbw~w'hmf3-Jwh , hrp IT-+ N, a'lurmil 

t X "i"'urw~wl1.ub JbJ,.,{JJwh Jw[ilbJwutfrllw~w'il u"iwumJfr'ht lJ.1u 

"i'h'lmJc t.hurb m J !; !lbpfrz Lfr fihnpbJfrs• 
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lJ.I'iinLf.burb. uwt:.J'w'UIJ'il.e qptiwqwqp-.IqwG JilluUibpul~wG: ll1'U 

UUit.dw'b'inLJ' !: UIJU"/.bu*, 
n 

~(x1-m:)2 

0*-= 1= 1 I 

n 
(3) 

IJ.Ju JbJRL/JJnt'bfl p'iJnrnznLJ I; 'fPur'in'f JktJnL{dJUI'iJ wrcfb.e'iJb('p !Jf

('ntJ(!I 

bpb O'furtJb'il.e § 28wp W'fJRLUw~p 'i~JnL{i/rs> WUJIU tJJrf.w~W'f('UI~W'il 

'lfru"lbrufrw'b ~nrnzt//r £!-P"' 

D*= t (~k- m:)2p~ (4) 
k ~ I 

pw'bwa£p: U.1u pw'iiwa£{! 'UJw'U !: § 10-Jr (2) pw'iiwab.fr'iJ, 

0 p J. ~ w ~~ § 28-[r opJ.'bw~/• r/fr~w~III'I['UJ~w'b 'bJn•fJlrp[r ~[rJw'b rfp,. npn2lr1 

qJ.~w~..-'ll'"'~w'b Jfr!fr'bl' f. rJ[r~w~W'I['W~w'b ,[rurqlrpuJ.w'br 

~ n L .. n 1.. J, ~ULn (2) 1'"''-uwd.Afr ULnw'bnLJ b<ue• 

n 

LXi A 

.,~-=~=Lxkpk"=95 · 0,02+125 · o,o5+155. 0,.!.6+185. 0,24+ 
n k= l 

+215. 0,28+245. 0,18+275. 0,06t305. 0,01 = 201,20. 

~ULn (4) pw'b..,J..L[r u,•'bnLJ lr'bl!• 

n . 

~ (xk-mk)2 
A ~ A ~ 

0 *-[ l k=I ~ (x •)2p• ~ 2 • ,2 
X IE: = 4-J t- fix k= 4-J XkPk-mx = 

n k-1 k-I 
=~2 • 0,02+1252. 0,05+-!552. 0,16+1852. 0,24+215'. 0,2~+

+2151. 0,18+2752 . 0,06+3051 • 0,01-(201,20)2= 1753,56· 

§ 30. (!w2fulfwb ophbJ!~ UJWpwdhmphp~ D(1D2DLUJ!: l)WUJDLUD~~ flliDplilft: 
lmUJtWu~ phnphdi! 

'1-J,sm.e X·[! UfWurwt:.w~w'U JbtJr~tfJJnL'b t, orJr'iiw~, lwtfrJw'U wr'l

I"''U.[!'U !:, a-'ii' >wfqn'l JbtJnL{iJnt'b'U L o-'U' lwfrlw'ii ufuwl£!1 U.n 

'1-/,"'..IJnLJ w1u JUmfitm'b'blrrl! ~w"lqwtJ J,'j, t:.burb.Jwl wn.'blnL{tiJwJp' 

(1) 

* /•p•u~w'b•u ,( r/fr;,wl/w'll'.,~ru'b ?fruu[/;pufrw'i• w.Jlr,[r JWr/ I; ~w2•//;1 "'-l'P2 pw

'bwd.f.nrJ , npp plrprfw .. I; 587 /;,9•«J 1 

58.( 

PUiqJ'Uif"l"l tfrnra.br b. 7/r•nul'iibr !JR'-JS b'U LnUILJru, nr l"'fmJ''bbrJr 

uJu"'c'iibrl!. uJruurhJ'"'urp~ uJu"'LP• "'JuJr'ii.e'ii' "'J'ii"'.Jrup ufuwLJr, nrl!. pncnl' 
l"'tfrnLJ''i'JbrmJ' t:.wuurUJurnL'iJ !; ( orp'iJUJ~, UUifj!p ufuUJlf!.) b. UIJ'iJ"/.puJ. uJuww 

LP• nrf!. l"'t/rnLJ'powlWtfrntJ' tfrnJuqmrl I; f!.Uur r:.w,ur'Up orb'ii.J!Jr• pws .. w 

nbcnL!J t:.hurn h'U!JUir~'/nLJ' b'U P"'zJuJ'w'U wlll"lpup 'iinpJ'wc . orb'ii,e/r· 

nrJr P"'ZJuJw'U ~b'kurrn'iil!. 'lur'UqmJ !: ~nnr'IP'U"'ur'iibr/r u~qp'iiw~huruul: 
U.l'l 1\UJuurwur'/_nLJ !: 'U"'b. urbuw~w'U 1\pJ'UwtJnrmJ'iibpnq: 

b[tlb "'.wurwC.UJ~UJ'iJ JbtJnL{lJ".L'Uf!. Jbt) [lqnt/ "/.Uiurwt:.w~w'U JJ.tJnL

(il Jm'iJ'iJbrJr 'fnLJUI(' !;, UI"/.UI nrnz UUI{:,JUJ'iJwtfrw~nLJ'iJhpp 'fb"/..[!nLJ UIJ'f 

'lnLJW('f!. h'iJ[JUI('~qntJ !: pwzJuJw'iJ 'iJn('JUil orb'iJ.ep'iJ: u.,u "/.'iJ'fnLJ'f!. 

~b.w~br"lt/nLJ !;, "'Ju"lbu ~nl'/"'tJ 1 4b'iiurrn'iiw~w'lt uwt:.Jw'UwtJr'ii [tlbnw 

rbJp urbu.ent/1 R('f!. "/.UJur~w'iJnLJ !: l}., {j, (Jw"/.nL'iJn~fp'iJ (1857-1918): 

U.1uurh'l "'l'f pbnrhJI!. ~pw'UUJat..b'ii.e Jp l!Pl "l"'l''lbS'i"'~ urbu,enq: 

fiJ' h n r b J 1: bpb ~. ~ •.. , Xn wGqwJu u1wmwliwqruG tfb
rrm~JnLGlibpG nLGbG a tfwpbtfwmpqwqwG UUIWUnufllll L. cr 2 qJluUibr~ 

ullWJn•l tfllh.GnLJU p.m2JutfwG opbG.J!~ (wn.wGg ~Gqliw~pnLpJnLGe Juwiu
mbtnL, qwpbtr k bGpwqpbt, np a=O), wu1w n-~ wGuwlitfwGw~wqn-

n 

~~ 
1- ·1 

pbG tfb~wgGbtru Yn=-.r· qmtfwpp rwz}utfwfi opblil!e DJli!WU qw-
CJ v n 

ubGwG.J! I!Pi. }; mwppbpqmu Gnptfwtrg (Yn·e Gnpuwqnpqwrr k WJU• 

utbu, np M[yn)=O, D[YnJ=l): 
(Jw"/.nL'iJn'/_p pb npbJp 'fR rtJtw~m'iJ 'Uzw'Uw~ntfl JnL'iJf!. ~UIJW'iint J' !: 

t:.bur/IJUI[nLJI '1-Jrurwr~t/nLJ' t nrb.l; "/.UiurUit:.UI~W'iJ JbtJnLftlJnL'iJ, orp'iJUI~J 

p'iitwn{' JhtJnL{tiJw'iJ zb'lnLJf!. urr'/_wdpy: IJ.I'f zb'lnLJf!. "'."'JJw'iJUJqn{''/_wtJ 

!: l_IDLn 'ftl('tJn'iJ'iJhrJr 'iJb(''fR[ItJnt{JJwJp, nrn'iioJrs JRL('UIJ!W'iJlJnL('f!. urUiw 

tfru !: zb'lJw'U Jp npnz P"''l"''fl'Pl• orJr'iiw~, t:.r,a'lmfitw'ii 'fb"'..[!nLJ' 

'UzUJ'iJwnnLf1JUI'iJ b. JunsJ'UJ'iJ ~burhrp zh'fnLJf!. t:,b.,b.w'iJ.j! t 'Uzw'iJwnnL

fiiJw'iJ uJu"•LJr, t:.bn.w'/_npmp1w'k nrnzJw'il ufuwcJr, "'r''" "l"'urrwuurJ,ru 

uJuwc/r b. wu'k: Pncnr P"''l"''frPt'iihrl!. 'iimJ'UJru~ Jbq 1\wJur'iip tb'il, 

Jr'iit."lhu 'Uwb. ~wrn'l b'U c'Ut:."'lur cJr'iihc P"''l"''ll'Pl "lwurwt:.w~w'U J'bw 

·.· . dmfiJ'IL'U'iihrJr P"'ZP'J,'U orb'iie'iibrl!.: l~u'J9 (Jw"lm'Unqp pbnrbJpg 

f.burJ.mJ !;, nr "/.UianUJt:.w~uli.J JhtJnL/JJm'iJf!.' [l'j,'f{:,UI'iJnL(' zh'lmJf!. hflw 

[ilwr~tJnLJ !: 'bnrJUI[ orh'iJ.j!p'bt 

f.Jw"'.nL'bn'/_p pbnrbJfr!J t:.hurb.nLJ t' nr hpJ. X~, x2, ••• J Xn Jp 

nrnz JbtJnLf1Jw'j, twtfrJ'UI'j, "'(''f[IIL'iJ.IJ'iJb(''iJ b'j, (Xj•p!J JRLfWJ!Ut'iilJnL('/! 

"'.wurwt:.w~w'b JbJmPJ"L'j, t), "'"'"' 

- x1+x2+·. ·+xn X.,.. ~-'-..!C..:'---~ 
n· 
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"''l~<u [ih/wpw'u..,~w"be, nrf!. "lwurw'>w~w.., Jbdu•fill"' "b t J pw<[w~w"bw-, 
t_wtp ,/be) n·/< 'fb"f,enLJ b"iJfJwr//<{nLd t Jp putz_frtJwil orbil.eft, nrf!. . 

nr.ew"'b ~wJbi.w'bll Jnur !; ilnrt!wtfr"b, b[ilb Xi "lwurw'>w~w"b JbdnL-

fiJnL"ii"bbrf!. b"b[iJwr~<[mJ b"b Jfrb"bmJ'it pwzfrtt!wil ol'b'b.efri.: 

Flrnz Lrwsn•gfrl "lwlt!w'b"bbrfr 'lh"f.pnLJ, "l'""b.J!, "r"lbu ~w"bn'fl, 
'l"rJ'b,.t1w"bnLJ 'lfrurwr~1.n'l "lwurutC.u,~w"b Jhdn<fciln<'b"iibrfr r.wt!wr 

urb'ffr nL'i.Jb'i.J, [Jbnrb,/f!. ,/\,nLd /; 6frzur 'iiw/, urwrpbr ptuzfuJw"iJ orb"iJ.e

ilf. m"bhsn'l "lwwwt.wl1w"b JhJm[riJm'b"bbrfr qmt!wr/• r.Utt!wr' f•"bl"lbu . r . 
sn•JS !; tnwlfru tfrnrO.f!., qn<Jwrbtfr"bbrfr 10.fr ~wrqfr P•Jfr 'fb"i.en•J 

~wrblfr · !; "iirwi..'l qn<Jwrf!. t.wt!wrbl "bnrt!wl pw;JrtqwJ, 

a•n'[ /,. a"-nq "bzw"iJw~h"iJ.p Jw(rJhJwur/•~w~w"iJ U"fWUntdp /, 'lfru

"''.brufrwJfr Jnurw<[nr wrJb.e'iibrl!.' U.n 'fb"l.emJ ~wrn'l bil.e Jnurw'{nrw

"lbu 'lrbl ~"-X UfWUIUJt.w~w'b Jbdn•fiJnL"b"iibrfr pwzfrtt!w"b orb"b.e-

~·brf!· ,,. 
1 - 2;2 

f(o)= e 
aV2r: 

(1) 

(x-a) 2 

1 ----
f(x)=~-=- e 202 

' 

a11 2n 
(3) 

a "lwrwt!brnre t{rnrO."bw~w"b urtflwl"bbpfr t.{rJw'b <[rw nrnzt/mJ !; 

§ 29.fr (1) pw'bwO.I•n'[' 

(4) 
n 

IJ.I'I t.bmbnLJ !;, wlu"lbu ~nl<[wd, !/bpfrzbfr ( 1821-1894) [ibn

rbJfra1 'lwilq l_wn"bbtn1. LU"fLU9ntSdW"b 1.rwl 'bzh"b.eJ nr w<[bJfr p"bw~w"b 
~£fw'i.Jp a "fwpwJburrf!. nrnzb£ nl_ pb f!.UUI § 29.fr (3) pw'ilwO.bfr, w/l 

f!..UUJ 
n -

_ }-:(xi- a)~ 
a~= :...:i~:.:I~---

n-1 
(5) 

pw"bwO.b pt 

'Lzh"b.e., nr ( 5) /, § 29-fr (3) pw"bwO.bbrfr wp_ ,/wubl'l!. urwrphr<[n.t! 

b"b 
n 

n-1 
ptulf.,W"fLUUJ~frt_n<[, nrf!. 

Jnur !; 

1-fr"br 
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§ 29-fr opfr.-,wft.nLJ pbp1wJ- ~wz1nLJ'j,bpfr r.J.Jw'j, 1rw 'll'bl "L"'"'"''"'ft.w.-, JltjnL

p J"'~' P"' ~Ju·fw'j, Of,..,l!fr wpurrur.WJutnLp rL ..,(!' 
J. n L J- n L J, § 29-fr opfr.-,wft.nLJ pbr1 .. J- r.wz1nLJ'j,bpfr r.JrJw'j, 1rw uut.,.-,nLJ 

~ n 100 
a = -- D*::.:- · 1754=177!, 

n-1 99 

-; ={177};:::::;4]' 
Sb'l"''ll'ltln1 ( 3) pw~•walrfr Jb£ 1 uurw'j,,LJ b'j,l!• 

( x-201 )2 

I 2. li7l 

f(x)= .r-e 
41 r 2tt 

?-"urn 'l n L {J In L ..,, b[ilb nrnz X UfUiurwr.w~w"b JbdmfJJw"b r.w

Jwr uurw,<{wd !; pu•zfat!w"b 'lfr6.w~wqpw~w"b q,,_"iJ~afrw"b1 w"lw w1it 

t.wr!//!.J fib "lbm.e 1: wr'fJ"J! t.wt!wrb,, nr urtflwl "lwurwr.w~wil Jb
dmftiJnL"bf!. b"iJ[Jwr~<{nLd !; pw2fu,/w"iJ "iJnrdW£ orb"iJ.pfr"iJ pb nl_ 1 brpb,/"iJ 

Ln<dnLJ b"b WJU"fbut 

?-fran•.e nL"b£"b.e "lwurw'>w~w"b JI.J,.p,wr,. XJ' x2' ••• J Xn wr

.lb.e"iibrf!.' ( 4) pw"bwUnt/ nrnzm J b"b.e a t!frp/•"b frltfwpw"bwl1wil wr

Jb.pf!.: flrnzn•J b"b.e "fWurw'>w~w'il Jbdm{JJw"b y1, y 2, ••• 1 Yn ~b'ilur

rn"bw'lfrfr wrJb.e"iibrf!.' 
Yi wrJb.e"iibrfr pwswrO.w~ Jhdm-fJlnL"ii"bbrf!. 'lwuw<[nrnLJ b"b zwr

-6fr Untf, w6.n'lw~wil ~wrqn<{t b[rlb n-e ~b"bur !; J LU"ILU flpr!.. Eo[ Jfrpfr"b 

zb'lnLd ~wd dppfr'il ufuw£ f!."iJ'InL"iJIILd b"iJ ~wqJwJ pwawr0.w~ wrJh.e• 

"bbrfr zwr.pfr WJ"b IY.tfo!l pwswrO.w~ JbdnL{JfnL"bf!, "rl! 'lrw<{nLJ 1: 
n-1 
--+1 mb'll!.• bpb n·e 'l"'l'l !;, W"fLU "r"lbu E,n· eil'lnL"bnLJ bil 

2 

.E._ fL ~+ 1 r.wJ wr"iJbrn<[ urb'lbrnLd qur'fl<[n 'l pwswrlw~ 1/ bJ nt{iiJnL'il-
2 2 

"bbpfr . Jfrpfr"b {J<[wpwfiw~w~f!.l 
1J.J"bmt.burb. 1 

pw"bwO.bn<[ ~Wlf.dnLd bfiJ! t!Jtpfr'il [il<{wpw"bw~w"b ufuwff!.l 

Cum (5) pw"bwO.bfr nrnzmt! bil.e 

Y 
n 2 

- i~I Yi 
a= --

n-1 

(6) 

(7) 

6&7 



Jppp'h .[!WRUJ~ntuwJJ.'h zb'lntJ{!t U.JtmJi.bu.l .. nrnt_mJ h'h,e ~'f. b E: t;.u,

rwpbrn•PJnL 'i.'hbre' 
u.,r;. UJW'!'UI(,wlt_w'i. Jbr)nt{Jjw'zt t:,._,Jwr, nrf! btpwr~t/_wr) I; 'hnr

E E 
Jwl orfi'i.J!/r'i., - £ - l.wrwpfirm[JJm'zt'i.firf!J t:.wJwUJwtnwufuUI'i.wpwfJ 

d a · 

f.wt[wuwr b'i. 0,84,')3 h 0,6745 (mbu § 2~-/r (6) pw'i.u,~!.l!)' bfiJb 

E,l 1.. E'i r.w,wpbrnr·PJnt'i.'hbre 0.8453 1.. 0,6745 Pt/.hr/r9 mwrpbrt[ntJ 
d a 

,r;. 10% •/r J'hdntflJwJ'p, WUJUI "f"'Jtfw'i.w/lw'hnrh'h f!'i.'ltrtilntJ' h'i., nr 

y "l"'mwt:.w~w'i. J'hdntfJJnt'i.f! b'i.(J .. ri['fmJ I; 'hnrJ'"'l orhtp/r'ht IJb'i.m

pnilw~wil uwt:.J'w'hwJ/r'b fJhnrbJ'p ~bm£w'h.J! I; t:.tu'i.'l-f>uw'i.mJ' (wUJlwup 

1Jwr£nrUI'fnll'j, flhnrbJ''j, WJ'zt povil/r r.w'fru'iJMJ+IUilntPJW'h Jwup'i.J nr 

"lwmwt:.nrJ/Jl! br£w'i. ~'lw nl_ "l"'~wu .J!w'i. a wilqwJ' !.. nl_ uo'fbl/r .[!"'<;, 

~ · w'i.qwJt ./~brfi'h.J! Wf'l pbnrbJ'i. UIILUJ'j,9 UIUfW9nL9Jwil: 

. fil'hnrbJ 2 ({"'Uflwu/r }t b~b qwmwp4_nuf )J[i n wfiqwJu 

t}tn powpqnuflibp, n pnlig rg J m pWJ!IUU~J D\. pnLtf A UtlUUlwfi Dl.JPr 
bpL.wG qw1n\. fiwqwGmqwfimpJnLG~ p k, wupu iizurnprm k fihmL.Jwl 

wnG~nt.p JOLlie. 

PCa<m < ~) =--}[ <~> (v~v:pq )-<~> (v;~;:pq) l (8) 

npmbq m-~ A utmmmfinLJPr bpL.nuflibpr pr4_G k, q=l-p, P(a< 
<m<~)-'h' WJii pwlir fiwqwGruqwlinLpJnLG~, np A utwmwfint.JPlt 
bpL.mtflibpll Prll~ utWJl~lwlplwt} k a L. ~ pqhpr ur2L.: 

<l>( X) !}»nLiiqg r mli uwfitfwGq rut} k k~ 556-n l.U! 

8m 19 mw'i.J! (wUJlwu/r [JbnrbJ'/r ~/rrwnm {rJ JnL'hf! fu'h7-Jtr'hbr/r 

lnu)J'wil t:.wJ'wr• 

Q [' ~ ~ w ~ 2 1 flpn2 'lbuow/bhp '"l'"'"''ll'hf~U ~onuow'b[o 'w•fw'bw~w'bnLfiJnL
'IIe' p=O,OJ, f/pn 2&l ,.,1'11 pw'b{.o 'wtfw'bw~w'bnL£1JnL'b[! 1 np 1000 '1~"'"'1~ pyn<J 

funuow'bywJ'bhpe 20-{.og wtfbtf.o tk'b, 

.58S 

~ n L J_n L J, St/J"'l 'lb"l.[!"LJ 

n=lOO, p=O,OI, q=0,99, a=O, ~=20, 

a-np 

{2 fnpq 

~-np 

f 2 f npq 

0-10 
f 2 y 9,9 =-2,25, 

20-IQ _/ f . =2,25· 
l' 2 9, 9 

1 . 
P(O <S m <S 20) =2 [<1>(2,25) -<!>( - 2,25)] = cl>(2,25)• 

f:uuo P(x) f/>u• 'b~.'ff.o"'Jf.o WIIJnL uw~~·krf• 'lon'bnul L'bj>• 

P( 0 .s m .s 20) =0, 9985, 

t2k'itp, "[' flku'bn<lf•p, /,JIUUfnL"'Itny~, !lklhl•f, /,"'"fl•uu~ pkupkJ'i.IJpe, npn~19 
Jwu~'b funutfbl I; tfkpp, ~"''t''"•J k'b "'J""tku ~n~ofwJ fiw~wGwllwGnpJnLG!Ihpjt uob
un•PJw'b tfh<'J p~hpl• ophlip[l• 

f, U~wJwJw'itw~ 'bbmynLJ b'b bp~nL {uw'lnu~p'bbp, flpn2k1 WJ'j, pw'b{.o ,,.,_ 

<jw'bw~w'itn•flr•'h[!, "l' 'bpw~'ll •/pw cpw9ywJJ1 J~wynp~;kp~ 'fnLJwpe 'wtfwuwp I; 
l 

6-[•' q'Jwm. -, 
9 

2· 'l,[ot>w~wfuw'lnLJ ~w 10 uonJu'' 5-e ~w".n'l 4 5-e i:"''"'l' 'l,kp9'bn,,f b'bl! 

bp~nL uuufu, /•'bt"l/.ou[o"'b .I; 2mr.lrlnL 'u•yw'bw~w'itn•fiJnL'b/!.' fllw,.,, ..!__, 
9 

3. hw'l""~f'l!. 'bbuoyn<J I; 5 ut'b'fwJ, />'bi"lf.ouf''b I; r.wyw'bw~w'bn•PJnL'ite, np 
4 J[•wynpe 'ln'bb Jk~ w'b'lwJ kp&.w'b 2 ~ 'I"'' lflwon. 0,99987 1 

4. ~l'"'9':"'bf.o ~l'"'~"9"Y ~'bc'bwp~u~'b ".wptfw~b[nL ".wyw'bw~w'bn•P J"' 'be ,.,_ 

<jwuwp I; 0,004, 'flw'b[o 'pwJf,'l'bkp "lb"'l! 1; J~,;J,.,Jw'bw~ ~pw~b'b, "l'"lbu'l~ '"'['

<jwHjnL ,,.yw'bw~m'itn<fiJnL'be JbJ l~'j,~ 70 %-~9 , .IIJWIR. n > 3Q0, 
::J, Op~nL r,('w'bnfl[og J~&.'bnLJ'b 'bulwuow~w~buo[o ypw ~wuowptfnLJ k'b Jkftw

't.w'it ~['"'~"9' U.nwYfo'b 'pw'bnp~l/ 'wpyw~bln'- 'wtfw'bw~uo'bn<fiJnL'ite 0,7 1;, fruft 

kp~f'"l''lrt!' 0,6, flpulbl 'ln'bb Jb~ ,.,'j,'fwJ r.wpywJk[nL 'wtfw'bwftw'itnLPJn•~•e• 
Q)wm. 0,88, ' · 

fi, 100 r,,.,., .(!W{'mbtffr ypw ypywJ IJ'j, i-~9 Jf.o'btk 100 Pofkl'e• flpn
2

b
1 

,.,
1

'j, 

pw'b~ 'wtfw'bw~,'bnL P J"L 'i.e, np utwuow,wpwp tfbl'9f'WJ .(!"'{'m[o ypw ~~~'b[o 5 £1•/w
'b2w'ite• fllwm. 0,19, · 

. '7. l(w i"ru Jlrl!b'bw, 1J.J'j, pw'b[o 'wtfw'bw~•4'im<fiJnL'ite 1 np Jbl!k'bw'b ~utJw-
JW~w'b t U[Wt;~'j, "'2/uwuonLJ 1;, ".w 1fwuwp I; 0,9 1 flpn2/il WJ'j, pw'b~ 'w•/w'bw~w'itnL
fiJnL~•e, "[' t "f.Wt;[o'b "'2/uwuon,J I; 'ln'bb Jb~ Jkl!_k'bw 1 lllwm. O,gggg, 

s. t"fWUOW~w~IJuoe funi/IJ[nL. 'w•fw'itw~w'itn."fJJnL'ite' p=O,g, flpn~IJ[ WJ'b 

pw'b[o 'wtfw'bw~w'bn.p JnL'be, np bpbj! ~('W~ng{.o 'lb''li!"'·J ~tf.o'bf• kpbj> fun9nLJ, 
lf)wm. ::::::0,73, 

9, lifo "'l'h/r 'lk"'wl'bbp~ 30 %-e, JJnLu wph[o 'lk"'wt'bbp[o 40 %-e wnw

!~'j, uokuw~[o b'b, 8nL['W.[!w'biJ'"l' "'l'h~ll ,,.,'b,fn•J 1; Jk~w~w'b 'lb"'"'l' (/pn
2
bl ,.,

1
'j, 

pw'b[o 'wtfw'bou~w'bn<fi.JnL'ite, np t;,.,'byw~ kp~nL 'lk"'wl'bbp'b l;l wnwl~'j, uobu,~fr /,'j, 1 CiliUm. 0,12· 

10. [jbfuw'b~'IJf!. ~w'lJywJ I; kpbll 'lk"'wtf.o9• U.nwl~'b 'lb"'wle "l"'"'f'"'uuok-
l~u funuow~•~ ,,.,,,,.,'b,.,~w'bnLp 'j, ' 0 008 k I. '-

!"•· e P1= • ' l''ll'"l''l 'l""'"'Le funww'b tf.o'bb[nL 
'wtfw'bw~w~on•P I"' 'be' P2-0,012, kppnp'J 'l""'"'t~'be' P3=0 ,OJ' flpn2kl wtlpn'll Jk

fuw~'f.o'lJe "l"'"'l'"'umktf.ou funm,'j,~ 'wtfw'bw~w'itn<fiJn•'ite, lflwm, 0,03, 

589 



11. lfb~ ~l"u~nsn.ffunsblnL ~wofw'Lw~w'bn<fJJnL'bf!' p=0,6, flpn2b1 w1'b pw'bfo 

~wofw'bw~w'bn•fiJn•~'l!• "l' bpbj! ~pw~nsfra 'ln'bb Jb~l!. ~funs/! 'b"lwmw~w~bm/!.' 

fllwm. 0,936, 
12. 350 ,fbfuw'bf.q.!'bbp[• Jh£ 160-e wnw£fr'b mkuw~r 1;, 110-e' kp~l'"l''l 

mliuw~f! f. 80-e' lipP"P'l mkuwf[fr• fl.nw£/!'b mkuw~/! dkfuw'bfr'l.l'bbpf! Jbf funmw'bfr 

~w 1fw1.w~w1.nLfJ JnL'bf!. 0,01 I; 1 /;p~pnp'l mk11w~fr Jk£' 0,02, bppn l''l mbuw~fr ,fb£' 

O,OJ, l/pn 21I1 ~wofw~rw~w'bnLfiJnL'bf!, np ofkt'9l'w~ Jb~ ~lbfuw'bf!'l~fe· ~lfr'bfr urupj!f!'br 

"lwm. 0,98r . 
13. '/ofr!fnLj! ~w1m'bfr I; 1 np ~pwJ.'In•P 1w~1f! 'bwfuw"lwmpwumofiilf!" flu•Ji 

mpofwi- ufuwt'bkpfr ~bmbw'bl!nof wp~bpfr fJplfu,'b ~k'bmpn~'l!. {lJ.Bit) wn.wff!'b ftpw~ngfr 

JwJw'bw~ I!.""' ~IInwofnpn<fiJw'b ~wpn'l I; '1"''bofbl ~~~~''I ~bmbpfrs npkl; Jb~n<Jr 
~wofw'btu~w'bnLfJ JnL'b'b w 1'b pw'bfr, "l' lJ.Blf-'b lf•tm'bof/! WJ'l lfiTmb['nLJ, ~wlfw"lw

mwufuw'bwp•up1 ~wofwuwp !I'll p 1=0,1~ P2=0,2, P3=0A1 P4=0,2, Ps=O,Ir ~wJm'bfr 
1; 'bwk, •p b{Jb U.Blf-'b qm'bof/! wntu£/!'b ~l.mnLJ 1 w"lw f!""' ~bn.ofnLfl 1w'b 'b"lwmw-

~IIU~bmfr'b furfrkcnL ~wofw~,w~r.tJ'bnLfJ,JnL'bf! ~wofwuwp ~tf!'bf! p 1 0~15 b. J'bwgw~ ~b

mbpfr ~wJwp 1 ~wJwr'lwmwufuw'bwpwp, p2 0,2.), PJ 0,60, P;- 0,2.)1 ~=0,J5, 
t 2w'bwon•;s/! 'bwfu'bw~w'b 'lfrPI!"of ~wmwprfw~ I; ~pw~n9 1 npfr ~bmb.w'bl!nof eurn 

~ITuofnL/J;,.'b 11 mwgrfw~ I; ofpf!Ut_uLJr flpn2II1, fJII f!'b~/! I; ~wofwuwp ~wofw'bu.~w
'i;,,, ':JJnL'b'b wJ'b pw'bf!, np' ~pw~nsl! ~wmwpoflrl I; 'b2w'i.wonLJ9/! w;'b 'lfrl'/!"1/• "PI!. 

~wJw"'.8lmwufuw'bnLJ t U.Blf-/! 'b2w~ ~f!'b'f ~kmlipf!'b, wJuf!'bi!'b' npn2IT1 rf.npJ.wp~nL
Jf!s (~pw~nsf!B) ~burn U.Blf-fr 'l~l'l!nd mwppbp ~ufuwl'bbpf! _ J":_uf!'i. ~fr"lnflb'l'bbpfr 
~wrfw1.w~w'bn<fJJnL'b'bbpf!.• fllwm. 0,85; 0,75; 0140; 01?b ; 018<Jr ·~ . 

J4, Jlw'[nu~pf! 'bbmofnLII t 5 w'b'lwJr fr'bz."lfrufr"'b /; ~wrfw'bu.~w'bnLpJnL'bf!., 
625 ---· 
3888~ 

ffJ, lfwmwpofw~ I; 6 ~pw~n9 1 flpn2bi w1'b pw'b/! ~wofw'bw~w'bnLfJJn<'bf!., np 

"i P"l"l' ~rwf[no'bbre ~mw'b 'lbrfJnfri.l! (nepeiieT) 1 lrplr 'lbrfJn/!z.efr • ~wofw'bw~w-

'bn<fJJnL'bf!.' p=+, fllrffJ"hl'l! (Heli.Oiler) ~wofw'/Jwr,_w'bn•fiJnL'bf!' q= ~ ' (~pwJ.e-
31 

< 1. .1 J I; c~1 1T'l• 'bwwmwl•wl•/rurl. .lpw)• fllwm. -, 'lnLfJ J"L "I! "lwmwp.,n• , ' "I "I I' l 32 

u;, twfunp'l fu'i:.'lpfr "lWJJw'i:.'bbpfr ~wJwf' nfll'2/rf WJ'j:, pw'bf! ~wrfw'bw~w'bnL-
5 

fJJnL'bf!, "I' ~c/·'bf! 3 'lbpfJn/!il!" £. 3 pbpflnf!z.p• fllwon.lti' 

l"i • <J.m'bbl fuw'lnu~pf! Jbr,_ 'blrmJw'b JwJw'llwr,_ Jfrwofnr'blrpfr fJr/fr JwflbJw-

7 
mf!r,.w~w'b u"lwun<Jf!' fllwm. -2' 

ts. '1-rn'i:.IIl WJ'i;, X "lUIUJw~wr,_w'b Jlrt!nLfJJw'b 'lr""lkpufw'b, "/'/!. mr•/w~ I; 

~bmbJwl pw2fu'F,.'b W'fJ"Luw~nof, 

fllwm. 1,05• 

590 

p II o, 1 1 0,61 0,3 

19• lfb~ •frupJ.wpf[Jw~r l!.'bf'w9l!"LJ A "lwrnw~n•;flfr bplrw'b 'lW/nL ~wofw

'/JiU~w'bnLfJJnL'bf!. l',wo{w~twp t 0,4, lfwmulpofnrJ I; 5 w~•~wfu •frnpJ.wp~nL,ft <J.u,'biTl 

A "lwmwr.nL.ffJ/! kt•knL,f~,&pf• fJ•I/• 'lfr""fbpuf!w'b, fllwm. I ,2, 
20. fil'/•pwfu/! oft•w ~wwu•pofnul t r,f'""\'f"LfJJnL'b, /unglr[nL r.wrfw'bw~w'bnL

fiJn<'bf!. 0,8 1;. ~pwJ.'fn<fJJnL'bf!. 2'"l'l"~'ru~ofn•J I; ,(,,'blk wnu•£/!~• /nnsnLJf!r r,w 4 

W('~r lltm2J./ O'fUIW'Jnp<hfw~ wpff/;pfr F'1fr lfwfiJJ.,(mrnfr~w~m'll IIUfW'unLJ{!I flloutn• 1.2421 
2(. Vlll-"l' Cpwp•uf[~ 'b2w'bwf[kmf• ofpw ltwmwpofn'l ~pwJ.'I"'fJJw'b Jw,(w'bw~ 

I 
'fkpfln/• 2#/! ~wofw'Lw~w~"" fJ J"L ~•!!.' p= - 1 fJhpf! nhefr ~wofw~•ru~w'bn•fJ J"' 'be' q= 

4 
3 

= -, flfm2J./ of/;9 f[(IW~nar '{'"1{#" 1 J 2 '//;pflnher {" 4 [Jbpflnrl#r ~wJwbnL-4 ' 
f/;w'b ~wofw'bw~w'bn<fJJnL'IIf!.' fllmm, 0,297r 

~2. '/-brnwff! fr"'rnw'b tf!'bhfnL ~uufw'bw~w'i.nLfJJnL'bf!.' p=O,OJ I fr'bi."'fruf,''b I; 

w;'b pw~•/• r.wofw'bw~w'bn</J;nL'bf!., "I' 10 'lbrnwtf•s ~w'l'''fw~ fuJpwe•u'bw~n<J ~t/!

'J,&'b 0 1 1, 2, 3 funmu•~• 'lbmwt'Lbr, fllwm• 0,9045, O,O:J04, O,Qi4J, 0~0011, 
23. 9-rn'Lkl 10 ~l'wftnsf• '1/;"'#"LJ 'I"'Lb Jk~ w'b'lwJ 'llutw;,.w~w~kme fr•ngb

f"L ~wofw'bw~w'bnLfJJnL'bf!. 1 bfJb ,fb~ ~~~w~nsnof 'b•'{wmwltw~b"'l!. funsbcnL ~w•fw'bw

~w'bnLfJJnL'hf!.' p=O,I5, fllwm. I-(O,b5)10~0,803, 

24. X u1wurw~w~w'b Jbtlnr fJ ;nL'Lf!. mp•fw.t I; ~bmb;wl pw2/u Jw'b /!'bwk'lpw

[WJfr'b lpn• 'bf[gfrw;nof' 

0~ brr x<O, 

x, bpp O ""x~ l, 

!, "rr l<x• 

<J.,,.'bbl f(x) P"'2fr,lw'b fumnLf/ 1nL'Lf! 1 M[x]-e h D[x]-e• 

l 
0, krp x<-::0~ 

Qluun. f(x)= 1, krp O ~ x~ l, M[x]=+~ 
0, krr I <x• 

I 
D(x)=-~ 

12 

2i). X "lwmw~w~w'b J/rJ.,LfJ.fnL'bf!. lr~~{Jwp~ofn•J (: w;'b•'f/!ufr 'bnpJwf pw2fu

Jw'b opb'be/! 1 npfr JwfJirJwrnf!~wr,.w~• u"lwunL-;I'b I; 30, f!ur,. '1/!""lkpufrw'b' 1001 

'/om'bb/ WJ'b f'"'""" ~Wifw'bw~ru'bnLfT JnL'b/!_ 1 "f' "lWUJW~W~w'b JJ.~nLfl JW'b wrJbj!/!_ 

Ut,wprf.w~•fw.} I; , ( 10, 50) •lfrlw~ruJf!nLJ, Cllwm. 0,954, 
26. '1/wmw~wr,_w'b JbJnLfJJnL'bf!. k'bflwpHw.t I; w;'b"'f!u/! pru2fuJw'b 'bnr•fwl 

Of'/r'i:.er 1 npfr •tf•uu[/rpufrw'b' cr'=O, J6r 'J.m'b/r/ WJ't, pw'bf! ~wofw'bw~w'bnLfJJnL~If!> "f' 

"'wmwr.w~w'b ,(b.>nLfJ ;w'b wpJk{!f! Jwpb,lwmf!~w~w'b u"lwunLJf!s pwswpd.w~ Jlr

.tn<.fJJw•fp r,.rnwppbrofr "i "''fktf•, .f'W~' 0,3-e, fllwm. 0 15468r 
27. X "l"'"""'w~w'b Jb.tnt p J"L 'be k'bflwrr,.r/w~ I; a=0,3 spJw'b ~lr'brnpn'bnof 

b. h=2 6.2mnLfJ;w'b i wr/rnof pru2fuJw'b "'lnpJwl opk'bp{•'br <J.m'bkt (0 1 5; 2 10) ,f/!£w-

~Wj(?'b l!.'b~'bbfnL ~~~~~fw'brur,_w~IIILfJJn<'bf!' fllwm. 0 1262r 
2S. 4 tl l"'J'bn<f/;wJp 2krm/! ofpw r,.rurnwrofnLJ I; r.pwd.'lnLfJJnL'b, 'b2w'bw

n.nLPJw'b uf!uurkJwm/!~ ufuwlf! 1 tl I; ( ulwllruunp'fn•/)• Z,wof.u'bw~w'b 2/r'lnul/! 5 J l;r 

9-ur'b/;f fJ{'Jw'b 'bnp1fwf opk'bef! 'Jb"l{!"L J 2kpmf! 1//r~ f!.'b~'j:,J./nL ~wofw'bru~ru'bnLfl JnL

'bf!.l qloum. 0~21 Ir 
29. ~rwJ.'InLfJJ"L'bf! ~wu•wpofnL,f I; X 1=10 tl, X2=20 .I, y 1=I5 J, y 2=3) J 

n•'l/''l'bbpnof uw~•fu,'bwof•wr,_ofwJ nL'['[w'b~;w'b ofrw w;'b nL'lfr'lfr nL'l'["•fJ;w•fp, "PI!. 

l[f!unLI! I; nL'l'lw'b~;w'b •frner ~"'l'lf!' ~wpfJnL{J;w'b ofpw 'bnpJwc pw2fuJw'b r.wof•u-

591 



'bw~w'b tlr'ln~J'blip'b l.'b' Ex=5 ti 1 Ey= 10 tf' 9-ur'blit Jls~ ~pw~non<[ n~'l'lw'b~;w'b 

,fb£ e'bt'bblnL ~IU'[w'bw~w'bnLpJnL'b[!l lflwm , 0 1 25, ' 

30· SpqwJ 20 uti b p~.,l'nLP JnL ~. n• 'blron'l 'lb mw J!• "lwmpwum ,f w'!. J wJ w

'bw~ ~wrnwpwJ ufuww "lwmw<:w~w'!. Jbltn•P ;nL'l, I; 1 npe l.'bpwp~qw~ I; 'bnpJwl 

opb'bl!fr'b (~=0,2 utf), flpntlrl IUJ'b pw~•/r ~wqw'bw~w'hn~.:pJn• 'be, np "l•mpwumqwlt 

'lliu•wJfr bp~wpn•PJnL'b[! mp.JwJfro 1/mwppl.pqfr 0 ,3 uti-fro "lw~.,un<f• lllwm. 0,866, 
St. twfr.nl''l fr.'b'lrfr "lwJJw'b'blrpn••' npn2b1 'llrmw/f! "lwmpwumlrtfru Pn•n 

mpqwlt wl'b '!fr.ww, npe ~/r 'llrl'w'lw'bo.Jfr 0,95 ~wqw'bw~w'bn•P JwJ p< lflwm. 0,392• 
32. X "f1UUIIU~IU~IU'b JlrJn~p, ... 'be pw2f" qwJ I; cum M[ x]= 5 b. cr=2 "fiU['IU

Jirmplrp nL'blro"'l 'bnpJ.ul oplr'bl!fr• flpntlr/ IUJ~' pw'bfr ~wqw~•w~w"lln~P JnL'b[!, nl' 

"lwmw<:w~w'b JIIJn~fiJJnL'b[! ~lfr'bfr ( l, 10) Jfrlw~"'l{!nLJ, 'twmwplrl 'l,)w'lfrl'l!• 

GJ•um. 0,971• 
33. lJ.if.mnJwm/r UJwmpwumwJ 'llrmwJ/r lrp~wpn•PJnL'bf! "lwmw<:w~w'b Jlr

ltnLPJnL'b 1;, npe pw2fr.iwJ I; cum M[x]=15, cr=0,2 "fiU['IUJirmplrp nL'bl.on'l 'bnp

Jwl oplr'bl!fr• 'lom'blrl [unmw'bfr ~wqw'bw~w'bn•P JnL 'be, Eiplr 'llunw 1/r PnLJJIUmpi.J/! 

lwflrpe "llr"'l! I; 1/r'bt'b 1.)± 0,3, G,97 ~ wqw'bw~w'bn•PJwJp "lwmpwum<fn'l 'll.mw1fr 

bp~wpn•P1w'b fr'bi"lfrufr 62 mnLfJJn•'b ~wplrJfr I; lrpw2fr.wqnp lrt • 'Iwmwplsl 'IJw'llrl'e• 

3~. flpn2 J/rJn•PJnL'b liU'f/rJfU UUI !Ufl<f/rl /; ~lrmb.Jwl qfrc>w~IU'f['IU~IU'b 

21U['{!f!• 

X 

II 2 3 4 

~w6wfuw-

II 20 15 10 5 
~frn•P JnL 'b 

flpntl.l if.frr>w~w'll'w~w'b Jfrlfr"'e 4 .Jfrc>w~w'fp~~w'b 'lf""l'l'"frw'b, lflwm . . 2; 1, 
3l'). !lw.[rJw'b IU[''fJnL'b{!'blrpe mp<fn~.t lr'b ~bmlt.Jwl w'lJnLuw~n•f. 

X 

~w6wfr.w

~frn~p JnL'b 

11 0,1 8 1 0,20 1 0, 22 l 0,241 0,261 0,28 

flpn 2£-1a """IU~IU'f['IU~IU'b Jf.lfr'be f. ;T """IU~LU'(['IU~IU'b 'ffru"flr{'Uf 1U'bl ll!UJtn ° 

0,226; 0,004. 
36. 'J.bmwt'blrpfr wpmw'fpn~PJw'b JwJw'bw~ fun~nw'bfr ~ w •/w'bw~w'bn•P JnL

'be' p= 0,021 'lom'bbl w;'b pw'!.fr ~wif.w'bw~w'!m~fJ J'tL'bf!, np 40 {) 'llrmwl'bl.pfr [u ,fpw 

{!w'bw~nLJ ~lfr'bl.'b 1-fro •lfr'b2b. 10 fr.nmw'bqwlt 'llrmwl'bl.p, 4q wm, 0,414• 
1 

1'~ 37. t"lwmw~w~lrme fr.nolrtn• r.wqw~•w~w'bn•PJn•'be' P= 2' f>'bi"l/rufr"'b I; 

w 1'b pw'bfr r.wqw'bw~w'bn•P;u•'be, np 250 ~pw~nofr 'llr"l{!nL•f 'b"lw uw~w~lsme ltfun

ol.'b 100- frf/ J fr'b l/,. 150 ~['IU~n {/' Cllwm • 0,9981 
3S • flpn t 'll.rnw/'!.lrp "lwmpwumbJfru funrnw'bfr r.wqw'bw~w'bnLp JnL'bf!' p=0 ,02' 

f}rn t bl w;'b pw'bfr ~wqw'bw~w'bn•P Jn L'b[!, np qlrpopwlt 1000 'llrmwil• Jl.£ fr.nmw'b

"w/1- 'll.mwt'blrpe 25-fro w<fl.lfr llr'b, lllwm. 0,87, 
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X XI 'l- l. n J-. Ia 

lfUSPf"lBU utP: q.o-USf"lu 'l-f"l~t;PtuBf"lU.l 

~UtlUIJUPf1fllfutPf"l ~UlfU'-tUpq.t;pf"l ttl 'tJPU uB 
lf1fllrf1fllfut;Pf"l ~UlfU.4UPq.t;p f"l lfU.SPf"lBUSf"lu q.plJ.f1.f1fllfC 

. § t. q.bWJ~\t .\lmnJmfuntpJntb\tlip: lf wmp~gw 

'1-fr"'"'r'Jh'b.[! P t. Q hr~m. t:.wr(tlmflt';,'b'bbrc: '1-frgn<.[! P t:.wr

flmfllw'h t/r"' Ul[rt{w(} t x}O x2 '"'f'fUI'b~~nL'b ~nnr'lfr'bwwwlfr'ii r..w.tw

~Wf'ff! t. Q t:.wrflmfiJ"''il t/r"'' Y10 y2 ~nnr'lfr'ii"'"'"'lfr.'ii r..w.r"'~"'r'lf!' 
P t. Q r.."'rfln•ftlllft'i.'iihrf! 't"'rnr1 b'b r.."'.tl!'b~'iibt t IJnnr'JJ.'b"'"'"'

lfr'ii t:."'Jwll"'f'lbrc 'iln<t'iiUJ.bu ~"'l'n'l h'b t:.wJc'b~'iibtt '1-f•urwr~b'b.[! :.b
"'"J"'l t:.utt{UiawrmJ'hbrfr r.."'""'~"'f'll!· 

YI=allx 1 ..:f-a 1~x2 , 
} (1) Y2= a21X1+ a22x2: 

(1) f,,.t{Uiuwrn<(JJnL'il'iibrJ. f.p,/UI'i# rfrw Xl0X2 t:,"'f{Jn<f/J"''il J"L

f"'.[!"''i#l.JnLf M(xl, x2) ~butfr'b t.wJwUJ.UIUIWufuwt,._,r t yl0 y2 r..wr(tlnL

(IJ"''ii M(y1, y2) ~b'"l! ' 

z, « g, iii • .. 
D z, 0 !I 

t~. 450 

ll.un<J h'ii , nl' ( 1) t:.wt{"'u"'rn<J'iibrc ~nnrtJ.'iiwut'iibrfr q~wJJtfi 
AhallJ.tnJum.~JnLfilibp bfi: U./'1 r..u.t{wuwrn•J~brl! (x

1
0x!),t:.wr{JnLf/Jn<'ilc 
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·wrmw"iw~.Jibrnul b'i. (y10y2 ) r.wr[Jm [J!w~ 1_rw ( "iwrmw'lftr tt" wJ'

P"'ll. r..wrPmfiltw'b •trw)• -f. ... 'j,,, nr (1) r..w,Jwuwrm. J~'rl! 'l,wtft~ ~.~. 
~»"fW wrmw"fu.lln//bf'nLJf! /JnJt/ntJ t- q~ lllj}lfi ruptnU!UJU!UlqOpnu.f: 

bfJb (x 10 x2) r..wr{Jmfltw~ t/{'lU ?JIInUif'~b~J! nrnz u mftrnt.J{J , 

w"iw ( 1) ;,w,fwuwrnt.fd t"''i.t'i.th['/t .!J"L"9""- IJ"l"'2t/ft ( y1 0y~) f.wrfiJnt. · 

fiJJw~ U ~bmbrft I'""IJ,nplm~(! (~~. 4 5 0) r 
11-" m II?. II I {J J n L ~ 1 bzh'it.[! 1 nr 'ffrmwr~m,/ £~ ~wf.. 

• 

nl_ 'l,wtf.~ wrmw"iwm~hrmJ~hrr" 

U.tumbrz ,,uw'.Ju,'itw,fr"''"'h~.e .!ftw/b 'l,)wtft~ wrmw"iwmflbrm.J

'bbrft J!~~wr~Jw.!p: 

( 1) IU['LnW"fWLn~'r"'"(! '""""~ nrnz qut. .! t- a ll ' aJ 2' a 2J' a 22 qnr
,)wft/t9~hrp Jf.2."9""' 

U.n 'l"f'dwltfts~h1,t, 9 t1w'l.!'lwtJ "'- '1'1"'~~!"'-~wab. w?.!"' uw~l! 'll!r

'-[mJ t" w!u"ibu. 

II ::: ::: II 
"rt! ~"l""'" t- ( 1) wrmw"iwm~£,,,/w~ tfunnpJlgm: il II ~wJ ( ) 
uft.!tJn 1 ~bl'l' Jwmrf.awtft uft.!t{nl~br~ b~, 

If "'mrf>sw~brc ~zw~w~nLJ b~ ~wiL Jb~ mwnnq, orft~w~ , A ~w,/ 

A=![ au a l2 11, 
' a21 a 2~ I 

u.1, 'lbmbrJfr'bm~ml!, "1'1! ltwq.!tJw,) t- JwmrftswJfr 

.unw~g "iirw~9 mb?.wfnf.t.!w~ (~zw~w~b~,e wt~ f.(A)·n•/) 

A=l an -3a I 
a l~ 822 

~nt<Jnt.J t- w/'1 tfunnppg mJ }1 qhwhpuJl li.mlim: 

0 l' f 'b w ~ 1, ~bmJ.Jw( wrmw"lwur~bpnule' 

y 1= x 1cos a- x,s in a, 
y ~=x 1s i n a-!-x 2 cos a 

(2) 

(3) 

a wG I,JnlGn•l "l'""'lm l;: lJ.J" Wf""w''l"'"'ftbrJw'i¥ Jw.!w'bwft ( p, H) pt.b rt wJf•'b 

ftnnr'lft'ilwm ~• brn1 J" Lrw;.w'bil"'l' M ~bin[! w'bq'iln<rl f; ( p, O+ a) p£bnw1f,'b ~nnr-

'lf'bwm-'bbpn•f M ~bm[t, bfllr (x 10x 2) L. (y 10 y·2) t; ruJwftwl''lbl'l! r.wJ[!_';,~';,,,J b'b 

('bt,_ . 4 5 l )• 

fl.J'f rupmruulw"'llbl'rlw~• .!wmr/•qw'b f; 

A= I ' I
I cos a - s in a II 
1 S iil -'l COS U 
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0 l' /• 'i¥ w t,_ 2 : {bonf,Jwl wrmwu1w m t,_brnule 

Y1= kx 1, 

Y2= X2 

Ox 1 wnwG!Irl• hpqwJGf.'n~ qwmwp~nl &qnuf l' k J.'lJw'i¥ 'l"l'ttwfton.f 
('ilt,_. 452 ). 

U.i'l wrmwUf."'"' ftbr.!w'i¥ Jwonrfrow'i¥ t 

1,t,_ . 45 1 

A= I ( ~ ~ I I· 

0 

y 1= kxl' 
Y ~=kx2 

'l,t,_. 452 

oqnuf l k w'il.,wJ f'i¥ ~ Uf_bu Oxl wnw'ilqQ/• "L'l'l"'fl JWJp I WJ'iiUJ_bu tl Ox2 wnw'ilqQ[• 

"''l'lnLfJJw•fp ('ilt,_. 453)• 

lJ.Ju wpmwulwmftbprfw'i¥ Jwmr/•qw'i¥ I; 

0 [' [t 'i¥ w ~ 4 , ~bmkJWL J.L.wr[tnf•n<fJJnL~'l!. 

y ~=-x l' 

Y2= X2 
ftn11n<J f; fiwJhpnj~G wpmWUJUIInqbpnuf 
Ox2 wnwGgp~g ('ilt,_, 454) r l/t.wr[tnfun<-

fiJw'rt Jrumpfqw'i¥ f;' .' 

A=ll-~ ~ II· 
0 (' {t 'i¥ w ft 5, ~bmL.Jrul J.L.w.[, •-

Jun LfJ J"L'iJ[!_\ 

Y t=x ~+h2 
Y2=x2 

ftn1•fnd f; mhqm2wpd Ox 2 umwGgp~ hp
qwJGf.'nol ('bt,_, 455) r lJ.Ju _ Hw1•nJunLfl 1w'b 

Jwmrruw'i¥ t' 

A=ll ~ ~ II· ' JJ, 
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'lwrbtfr t 'Jpmwr~bl +n•pnfuw~w'i/i.brfr 9w'i.~w9w~ fiJ•/nof 'l~"'/~'i. 

~/, wtfrn fu IlL" JnL 'iJ'iJJ, f I 
IJ.Iu"ib u, 

YJ=au x l+a~~ x2+aia XJ' \ 
Y2=a ~lxl+a22x2+a2, x a • f 
y J=a31 x 1 + a3~X 2 + a33 x3 

(4) 

.aLwfn/umfiJ JILL';.[! (xi' x2, X ) bttw}_wtfr urwrwdmftiJw'i. 

~brmJ'i. t (y1, y2, y3) bn.utzw•/t urntrwJmfJJnL'i.mJ, U.1u 

WfUIW"fUltn

aft wtfrnfunL-

PJw'i. dutur[•P9"''i. ~t/, 'bft. . 

a11 a1o. a13 

A= a2t a22 a2J 1 (5) 
aaJ aa2 aJa 

ltwrhtft t .e.'b'i.wr~b[ n}_ _fwllw~nLuwJfr'i. Jwu.rf•sw'i.Li"'t/. (wJuft'i..e.'i.' 

•·t~
~x- r, • !t 

-----~ -- -- . . ,... . . ~, 
!/I 

t't· 455 

w'iJf,wtJ.wuwr [ilt/.ntj Ulll'[bf /, UJnL'iJbr m'iJb9n'[) 'fdwjp'iJ aLwtfrnfunL

p JnL'i.'i.brl ll.Ju"ibu, 

YI=anxJ+aJ2Xz' I 
Y~=a2lxl+azzxv 
Ya=aa,xi+aaaX 2 

( 6) 

aLt,;;q., p•m[il JilL 'i.f! X 10x2 f..wrfilm p l"''i. "'f'""'"i"'ur~b f'LLJ'i. I; (y ]I y 2' 

Ya) UIUI[IWdntPJ•u'i. Jbp_ ~h~br~ ,~,, nrnz P"''lJmfiiJw'i. ofrwl 

u.1u abw•ftnfrm•PJ"'"" Jwurrf>. 9 "'"' ~Lf·'i.fr. 

l
. an a12 

A= a21 a,2 
' aa] aa2 

(7) 

•fi'b'bwl'~"LJ h'b 9w'i.l1"'9"'d {iJ'{ntJ. urn'lhr lt 9"'""~"'9"'t} [ilofntJ. 

UJnL'iJhr IJL'iJh9n'[ dwurrfrsw'iJbf l llwUifp~w'iJbf{! 'f~Wff.'iJ abwtpnpmL

fiJJm'iJ'iJbr/>9 P"'.'IP o'lurw'tnrdt.J.m.! b'i. 'i.wb ·mrfrz pwJfr'i.'bbrmJI fltuurp 

dwurrfrsw'iJ p'iJJ!_'iJntfnLJ'iJ dw[ilbJwurftffut~w'iJ r.wu~w9ntflJnL'iJ 1;, nf{! 

'i.Jw'i. t 'lhurbrJfr'i."''burfr r.!-Uuii"'!J"L{JJw'b{!l Uu,rl. at.w~br"ih'i..e. Jwur· 

fP9"'JP r.wu~ut~mfiJJw'i. f..bur ftwulofwd Jp .[!."''i.p uwt:.Jtu'i.nL.!~'bfl 
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§ 2. 1fwmpi'9WJJt qwiJ.waJiwpJt hlim ItwUJtJ.mb (!\Jqhw\Jntp mulufw\anufulip 

Uu.r.Jw'i.nLII 11 mn [tltJ.brfr9 't"''l,/ofw~ m l#Jn'l b n UJIIL'i. 

"i"'fnL'i.w~n'l 

I 
a11 a12 ••• a1n 

A= ...... . 

1 aml am2 .•. mmn 
(1) 

nLtf'[W'iJ~jnt'i. W'[JIILUW~(! ~~~}_qntJ t UlUU\ppgWI llwmr~9w'iJ ~r6.wur 
'i.zw'i.w~nLJ b'i. w JU "ib u. 

A=\ja;dl (i=L 2 ...• , m; j = L 2, .... , n). (2) 

nrurh'l aw'b Jwurrft9 w 1fr w'b7 wJ'i.hr'i. b'i.1 

O[lb J',.,urrfr9"'JP urn'lhl'ft [il/tt/f! r.w'fwuwr I; uJm'i.hrfr fdtjft'i.' 

n1=flj . W"fW WJ'iJ ftnttJmJ /; }!lURWlptLUlUJPU• 

an al2 a). I 
A= a2I a2?. a2n II (3) . . 

an] 3n2 ..• 3nn I 
I 

IJ w ",/ Ul 'b n L ,/ 21 .P~unw~llLUWJft'i. JwurrPB"'JP mwrrhrft9 

( "'""'""9 urb'l"''PnfuJw'b} ~"''lJ'fw~ 'lburhr·•lfr'i.w'burf! ~~~ttJ.nt~f I; tfwm
p pgwJlt qbmbpurlimlim. w 1'i. ~'bzw'bw~b'i.J! t.(A)·n'{· 

an al2 aln 
1 -

!.(A)= a2J a22 a2n i I (4) 
I 

anl 3n2 .•. -3nn I 
't~wurb'iJ_p, nr II}_ J!IUilWfflll uwJf.'iJ dwtnff9w'iJ 'JbmbrJf.'bw'iJm }_nL'iJft1 

U,ur.Jw'bnLJ 8 1 A* Jwurrfrgw'b ~nztfmJ I; A J 'wmr/>9"'JP 

'b~wtnduofp mpwliuuptliwgtj_wh-, h[ilb A ,fwtnrf.9"'JP "J"L'i.brf! r.w'i.'lf.

uw'i.mJ ,.b'i. A* JwtnrP9"'!P urn'lbl" 
0 l' [• ~~ w ~· l;'b£1w•lf'b'te 

A= II ' :~~~~~ II· a31 a32 

A• "'l'u'~'u"ln'twrl'fwJ- Jwmpf!uu•'t ~tf!'tf!' 

A*=\i all a2
1 

aa
1 {jl, 

. a12 a2a aa2 
i 

UwC.Jw'bnL.! 4 1 A .p•un.w~muwlf.'b Jwtnrf.sw'b ltnz'{m.! t 
qtJumqnp wlilun .. Gmqt)p liqwmtfwup upubmpp!J, b[ilh a;i=aiil IJ.~'i.-
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f.wlur 1;, nr upJburpp~ Jwurrf.sw'ii f.w.!e'iif/ilnuf !; l•r urpw'bu"in'bws-
,,wJ[r f.bur: . 

lj w f, ,/ w 'iJ n L ,/ lJ 1 IJ.J'iJ JJWII..W~nLUWJPk Jwurpfraw'iJI npfr 'llfrlw'fnp 

w'b~JnL'bw'lJfr 'frw aur'b'fn'l P"l"f urwrrbre f.w'fwuwr b'b 'lf"Jfr• ~nl_
'fmJ I; wG.~Jmltwq c) wJ~fi: b[ilb w'b~JnL'iiw'lJ"'Ifr'b Jwurp[rgwJfr 'ltfr.w

'[np w'b~JnLkw'lJfr 'lrw 'lur'b'[n'l P"l"f urwrrbre f.w'fwuwr b'b Jh~[r, 

w"iw Jwurpfrsw'b ~rrt'[nLJ I; tf~wt}npt IJ.1'b 'bzm'bw~blnL b'ii.e E urwnn'f. 

1 0 . .. 01 
0 1 ... 0 

E= 0 •0 ·, ~ •' d I 

(5) 

Uwf.Jw'bnLdl 6, 't[rurwpl1mJ b'b /b~ uJnL'iifrs ~wJ urn'lf.S 

~wq.!,fwJ Jwurrfrsw'bbr• 

xt 

X= ~ 2 
I Y=I IYt Y2 ..• YU111 1 (6) 

U.nw2[r'b Jwurrfrsw'b ~"l"-"'" I; UJnt..G.wJ~Ii 1 br~r"P'It!.' mn'lWJ~fi, 

Uwf..!w'iinLt! 7, A I.. 8 bp~nL .!wurppgw'bbre f.wJwp•fnLJ b'b 

fiwt}_wuwp 1 b[ilb 'bp"''b.[l nL'hb'b J[rL.'iimJ'ii .ew'iiw~nLfiJJw.!p urn'lbr k 

UJntkbp t._ 'iJpw'iJs f.wJw"iWLnwUfuwk urwrrbre f.w1[wuwr b'iJ, WJufr'iJ.e'iJ \ 

(7) 

1\a; dl=llb;ill (i=L 2 . . .. , m; j = I, 2~ ... , n). (8) 

(9) 

GppbJ'b f.wpJwp I; tfr'iinLJ uJnL'iiwlfr'b Jw",.,rfrsw'ii knLJ'hws'iibl 

t,.',.,,tw"iwurwu[r.w'b 1_wt[rmJ'bbp[r {J'fn'f urwpwJm{tllw'b '[hlturnp[r f.burl 

npurb'l JwurrfrswJfr Ulwrrbre 'fb~urnrfr "if"l"~sfrw'bbp'b b'b f.wJw"iw

urwufuw'b wnw'iis.e'iibrfr tfpwt U.lu"ibu, IJwrn'l b'ii.e 'lrbt' 

X 1 I · 
X 2 =x1i+x .. J+ x3kt 

Xa i 

( 10) 

GpphJ'k f.wpJwp I; Lfr'bmJ urn'lwJfr'b Jw.,rfrsw'b l..u 'iimJ'iiws'bbl 

,,b~urn rfr f. hull 
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§ 3. <m(JwqwpA. A.ll.wafmfuntppub 

§ 1-[r ( 1 ) f.w'fu•uwrnd'bbp[rg' 

Y1=aux1+ aJ2x2. 
Y 2= a21 x 1+ a22x2 } (1) 

f.bur/..nLd I; 1 nr x10x
2 

f.wrfilnLfiJJwk WfUIW"iWur~bpnLdf! yl0y2 f.wp

filmfilJw'iJ '/pw U~Wpdb (! I; > .ew'iJ[r np X 10X2 f.wpfilnLfiJw'iJ JH1fUI.fJW'iJl 

J11Lf 11hurJ1'b f.w,fw"iwurwu[r.w'buLJ I; y 10 y2 f.,upfcJmf!Jw'ii Jb~ ~bur, 

tJpb a"w'f"'/"m p1w'h .rwurrfrswJfr 'lburhr.rt,'bw'iiure 'lr"Jfrs urwr

pbr !;' 

t.(A)=I au at2 l=l=o ~w.r a na~~- a2 . a i2=/=0, 
a,l a22 \ 

(2) 

w"iw 1 fr'ht"ibu f.wJur'b[r /; 1 (1} f.w'fwulUpmJ'bbp[r f.w.!m~wl"lf!. X1· [r I.. 

x2-[r 'b~wurJwJp nL'bfr J[rw~ f"'t}mJe• 

I YI at2 
I Xl= y2 a%2 

' an 
at2 I , 

a21 a22 

~UJ.r pws'fUJJ urbu.en'f' 

I au 
a2, 

x2= l au 
a21 

l 
r 

yl I Y2 
al2 
an 

(3) 

(y ,Oy 2) f.w rfilm fiJJUlk JnLfWJJWklJnLf M(y 1' y J ,,burfr'b f.wJ W"lUJ

utwufr.m'b,LJ t ( x10x2) t.w,.{iJm{cJJ'U'il nrn zw~fr M( xl' x! ) ~bLn(! l U.!u 

'lb"i.e'nJ ( t ) wpurUJ"iu1 ur~hpnLdf! 'tn l 'fmJ I; t[rnfu.!frwpclb.e (2liwt}ln}u

ll we)): 

(y Jl y?) ~nnr'lfr'bwm'bbt·fr at.w•frnfr.nLft! JNLkf! ( Xv x2) ~nn r'lfr'bUJur

'bbpfr ~"l"m" I; fiwqwqwpill ll.!u 'lb"i.emJ f.w'tw'lwrd. wrurw"iwurl,b

pntdf! qdluJfr'ii b t~wurb'b./JI nr qf}wJfrk l l;wifrnfr11UIJ Ul[ILnUI"liiiLnffb

riiLd[! ~nt'fmJ I; w~llliwqwfi: 

t, wllw'lwra abUJtfrnfumfcJiw'b ,/wmrfrsw'b ,,'bzw.'bwt,L'b.e A- L,". 

j a~ ~:·2 
A- 1= · 

.I -a21 an 
, -:;,--- t: I. 

(4) 

509 



bpb A rfuunr/rswJ/r 'fburbrrl/r'bw'bur[! r:.wrfwu,.r I; 'lf"IP' 

aua2t-anan~• (5) 

WUfW (1) aJ..wfnfumfiJrrL'iJ{! ~nJrJmrf t ktu~lD~\Jll\Ut\ 1 U.J'iJ rpnfurf/rwrrfb.j! 

t/;: 

U.'1w!JnLsb'i.J! wl'l' '1-pmwrllb'i..e br~"L r:.'bwrw1_nr 'lb"fll· 

1) bpb an=a12=a21=a22=0, WUfW ow'i.~wstU" x l~/r J.. X2·/r r:.w

rlwr ~t/r'i.b'i. Y1=0. y2=0: U.Ju 'lb"fl!"' rl (x 10x?) r:.wrflnLfiJw'i. 9 w'b. 

~wow<} (xl' x2) ~bur'i. w'i.s'bmrl t (y10y2) r:.wr[Jm{JJw'i. ~""r'l/r'i.wur
'i.brp u~~p'i.w~bUl[!l 

2) '1-/rsnL.j! d./,wfnfumf!Jut'i. 'f"ft)w///rs'iJbr/rs 'fn'iJb rib~{! urwrpbr • 

t 'lf" JP9 , orp'i.w~ . an=f=O: 
(1) r:.wqwuwr"'-fi:JJm'i.'i.br/rs wnw pp'i.[! pwqrlw"fwur~btn1_ an-""-• 

br~f"r'l· f! au•nq, WJ'i.nt.f.burh r:.w'iJbln1 /, f,Uiz'(/r wn'flhtn1 (5)•(! , ~(!U -
uiw'iJw'fl.e • 

a~ t I Y 1=anx 1+a12Xz• 
an Y 2=az1X 1+a2zx2, 

a21 Y ~--any 2=0 

(6) 

fJ1_ WJU"fbuJ sw'iJ~UJswJ XJ' x2 'fb"f.j!ntrf y) [,_ y2 wrifb.e'iJbf'fr f.wriUif 

uurw'flm .. J b'iJ.j! (6) f.w1_wuwrmfiJnL'iJ(! 1 UIJU/r'iJ.e'iJ' x10x2 f.wrflmfiJw'fl · 

f.w.twUfwurwufuw'i. ~bur'i. [!'i.~'i.mrl I; y 10 y2 f.wrfJnLfiJw'i. (6} nulP'lP 

'(rw: Ult'bf.wJur 1;, nr "'lu wrurw"fwur~brm.tl! fnfurl/rwrtfb.e t/;1 .ew'i.p 

nr Y10Y2 f.wrflnL{tljlll'iJ (6) IILII/r'l/r JnLfW.j!W'iJumr ~burp'fl f.wrfW"fW

UlWU{uw'bntlf I; X10X2 r:.wrfimf!Jwfl WJ'fl //burbr/r pwqrfnt.fJJnL'iJf!. 1 nrn'iJ.e 

f!.'b~w" b'i. y=aux1+a12X2 m'l/r'lfr 1_rw • 

{Jf~IIL 'lb"f.j!nt,/ t[ WfUlW"f.WUl~brm rff! pnfuJfrwrifb.e ttl 

0 l' [• 'j, w ~ 1 , ~/r,./,Jwl J.J.wp"f.u"<f'Jn'-";,1!.' 

Y1= 2x 1+x2, 

Y3=xi-x2 

Y'"[uJfowrJirl! 1;, [!Wbf "l' A Al.wfnfun•f'Jw'b tl(A) 'llrurlrpJp'bw'i.urc urwpplrp 

'll'"lf9· 

tl(AI= I ~-~ 1=-3· 
~ w~wqwpJ. J.l.wf" fun• £1 J"' 'j,C ~Lfr'bp. 
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I I 
x1=3Y1+3Y2• 

I 2 
X2=;;-YI-3 Yl' 

Y1=Xd- 2x2 , 

Y2= 2xit4x2 

l;wp"fuyw~ t , l! w";,fo "l' J.bwf"f.u "'-£1 Jw'j, .!wmrfoowJp .,~t.,.lrr,lfo";,w'b urc' 

U.Ju J.l.w.p .. J.u .. <£1 J"L .. e. (xI' x2 ) · ~wrf'n<fJ JUI~I P"l"P ~burbrc fnf.Uw'lr r. .. l t (y I' y 2) 
~wpfJn<fJJwb y2-2y 1-=:0 UL'l'lf'j,' 

§ 4. q.npbnqntpJntbbllp ·tiwmp~gmbhp~ 'a~wunfwlfl!: lfwmJ+gwbhp~ 
qmumpntlfl! 

U"' f, rl "''i. n • rl 1: lla 1i\1 J.. 1\b;j \\ urn'lhr, rlpb'ilnLJ'i. .ew'i.w~nL
fllm'iJ J.. uJnL'i.bpp rf/>l•'i.nLJ'i. J!"''i.w~nt.fJtm'b ,L'bb9 n'l br~"'- rf,..urrfrsw

'bbr/r qnufwp ~nt.1_mrl ~ LMJ'i.Ufpup ll cu ll rlwurr/rsw'b, nrfr Ci j urwrrl! 

laull [,_ 1/bJjil rfwurr/>sw'IJbr/r r:.wr/UJ"f.UJLnWUfuw'iJ urwrrbr/r a;j + b1j IfiiL

rfw(•'iJ 1;, WJufr'i..e'i.' 

(1) 

a;j + b;j=Cij 
Opp";, w ~ 1, 

(i=L 2J ••• , m; j=L 2, . .. , n)• (2) 

t,wrlw'i.rl"''i. d.J.n'( u"' t:. rlwil1_nLrl I; br~nL rlwmr/rsw'i.brfr mwpplt
pnt.pjnt.G)!: 

br~nL rlwurr/rsw'i.br/r 'lmrlwr/> w!u"fpu/r uwr:.rlwilrl"''b 'iJ"fwurUI

~wr:.wrrlwrnLfJJnL'i.[!, r!UJu'i.wtf.nrw"fbu, r:.f.urJ..mrl I; t(b~urnrfr' "l'"f.bu 

UJIIL'iJUIJp'iJ rfUiurf'l•swJ/r 'iJhr~w 1 w9uufp!J1 
lf,..urr/rswJ/> P"''l""'"fwm~nLrlf! 

fl1_n1_ pw'lrlw"f•uur~bluL t:.wrlwr "fbm.e ~ "'J'f 

,t,...,r/r!Jw!/r J"•rw.e,.'flnmr urwrrl!· 

I.Jiaiill = ll '·aii ll· · 

fl 1_ n 1_• lfwurr/rgw'i. ). 

{J """ pwqrl WUfUILn~b l 

(3) 
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b[JI. A·~ wJ'pnn t. W"fW (3) ~ ... ~wal.l[! uurw9"'"" I; "r"lbu 

J' wurrJ.9w~bpp 'l"' J' "'''" w~ ''"'~"~" t.burb. w~.p· 
0 pfr'zt Ill~ 2, 

lJ f ~ n L J' Ul U1 f" f/ w ~ b f" Ul f U1 W 'f f [ w [f!l ,.,.9NLJ! NL~b~,e • 
x 1Qx~ t.wrfi'nL{ilJnL~{! y 10y 2 f;wrfilmfriJw~{! d/J.wpnptn'l q<}ruJp~ aJ.unpn

{unL{J JNL~(! \ 

Y1=anx1 1- a1 2Y~· 

Y 2=a21x1+a~2x2 

npp aJ.wpn{umfJJw~ J'wurrf>o ... ~ I;' 

A=l! ::: :: \\' 

} 

?-p9 m.p WJ~mt.hwb. llwurwptJw<} I; y10y2 

al..wrftnplrllftl Jrtt~[! z10z2 r:. ... ,.{JmfriJ"'~· 

Zl=blly 1 + bl~Y 2 1 l 
Z2=b21 y] + b~2y 2' f I 

npp al..wpn{u,LfJJw~ J'"'urrP9"'~ I;' 

B=ll bn bl2 ·I' 
b21 b22 ' 

(4) 

(5) 

(6} 

(7) 

f!Jwr:.w~2.tJ"uf I; npnzbl x1Qx 2 t.wpflmfl J"L~[! z10z2 t.wpf'mfJJw~[! 

aJ.wpnfum{iJ Jw'b J'wurf'P9"'"'' ( .J) wpurwf;"'JurnL{riJnL~~bp[! urhrzur'fpbtnt/ 

(6} f;u,fwuwpm{riJnL~'bbpf> .!b2, uurw'bnLJ' J.~.p. 
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z1=bu(a11 x1+ a12X2) + b1z{a 21 x1+ a22 X2) . 

z~=( bJJan+bJ2a2J)xl+( bna12+b12a22)x2, } 

z2=C D21a 11 +b22821) x ~+( h21a 12+ b22a ?2 ) X2 ' 

Uur ... yqwJ aJ.wpnfunLfil JLU"' J'wwrr9"'~ 'ttr'~~r' 

C='! b~ ~a n+b,2a 2 1 bna12+b12an '1! 

: b ~ ~ a 11 + h 2"a ~ ~ b21a12+ b 2~a22 

(8} 

(9) 

( 10) 

(9) J'wurpp9 w~ w~1_wr,nLJ' b~ (7) b. (5) J'wurpp9w~hrf1 wpmw

'IPJUil 1.. 'lr"'" h~' 

II bu b1zll·l' an a,2 'l=/ 'bJJa)J+bJ2a21 b)Jal2+bua22ll 
h12 b22 I az1 a22 l /b2Jau+b22a2J b21a1~+b2za22 

( 11) 

~,.J' ltwr-6.' 

B. A=CI (12) 

u.,~nLt.burb. akwJ,br"lb~.p B 1.. A Jwuri'P9"''bbpp pwq.fwUf_WurltJ'w'b 

"UI~N~{!I hfrJb UIILUI2_P~{! UfWfNL~WJ,ntJ I; ffi UIN'l /1 k IIJIIL'b, p11~ 

britr"r'fl!' k ur"'l 1.. n "J"L~' 
UfuhJ'wurpltnrb~ w(b 9"'!.9 I; urrtfwct t.bmllJWL t. ... qwuwpnLfriJnL

'b m ,/, 

bu b12 'b1k all al2 · • ali • • • a1n Cn ...... C1n 

- • ... C;j ... 

. . 

.. 
Cm 1 ••• ... Cma 

(13) 
B 1.. A J'wmpf>yw~brp "'rurw'lr!.wlf' t.w~'IP"'-,9"'1 C J'wmrp9U1JP 

Cij "'"'f'f'{! t.U.1_wuwr I; B J'wurrr9"'JP i·r'f urn'lp ur•urrbrf1 " A· 
.fwurf'P9U1Jp 1-r'f U~W~ f;wJWUf_UIUlWU{uw'b . U1Wf'f'bf'p WfU1W'fi'JIU[~brf1 

qnLJwrJ.~. "'!."P~J!~· 

k 

C;j= :E b J),3 ).j 
A=l 

(i=L 2, ... , m; J=L 2, 

Opft'ztw~ 3, 'J.ftonLe 

1) 

2 ) 

B=-,1 ~ ~ ll· A= II~~ II· 
BA=I! ~ ~ 11·11 ~ ~ 11=11 ' ~ ~ II· 

AB=II ~ ~ !1·1] ~- ~ 11=11 ~ ~ II, 
BA+AB· 

... ' 

lfh~.p b~"''b.p t.burb.Jwl hqpwltw9mfiJJw'b[!l lfwmppgwGbp~ pwq
UWUJ.WIDqblpu mb'lwtJm}uwqwG opbGp~ mb'lr i_nGp: 
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0 r /r 'b.., ~ 4, Sr{w~ b'b 

A=ll~~! l l· B=ll~gfll 
Jw,rfrsw"'ll.rl!.• '/.,o;,/,l AB-'b b BA-'b, 

{ n L ~ n L J, f:u"' (8) pw'bwAbf. 'l:"''bn<J b'bl!' 

11

1·0+ 0·2+ 0·1 1·1 + 0·0 +0·0 AB= i·0+ 2·2+ 1·1 <i·I +2 ·0 + I · O 
3·0+ 0·2 + 0·1 3·1 + 0·0+ 0·0 

l·io·I+I·0+0.3 o.o+ l·2 + o.o 
BA= 2 · I -tO 0 +- I . 3 2 . 0 + 0 • 2+ I · 0 

I· 1+0·0+ 1 ·3 1·0+ 0·2+ 1 ·0 

I . 0+0. I+O. I II. II 0 I 0 . 0 I 2 · I+ I · I := 5 0 
3·0+ 0·1 + 0·1 1 o 3 

0. O+ I . 1+0. 0 'I II 0 2 
2. 0+0. I+ I. 0 I= 5 0 
I·OtO lti·O 4 0 

U.'bJ"f. 2wl1w'b umm q•futJ" p 'twrb1f. t t:.wJ" nq-Jb L tlwur r/>sw'bb rf. t:.w

J"wr t..bu,/. 1,.,1 wn'b1.m{rJ1,,ttbrfr -6.zmmft1Jw'hc (k · 'h {J/"1. t, A, B, 
C .'iJ' tfwmrf' 9 ,.,tbr), 

(kA) · A=B · (kB), 

(A+B) · C=A · C+B · C, 

C · {A+B)=CA+CB, 

A(BC) = (AB)C, 

( 14) . 

(15) 

(16) 

{17) 

A .pwnw"muwJf.'b J"wmrf.sw'b k {rJqnq pwqJ"IIU"/wm"bl"' 1/w'b,'iJ/_J 

t./_JJ" w'b tjpw b n~ f''l fJwr'lf' ,J wmr•/>yw Jf. 'fltLnb rJ"f.'bw'bmfr u 1m 'bbr/> 

UIWff'"r" f!'b'ft.w'bmr pw'/Jw"f.WUJ""1_{! 'fnlfU pbpb[nL fJw'iJn'iJ/_J9 t.b

mL.mJ" t. nr 

(18) 

of.w'b/_J nr A ,, B brllnt .ewnwlfnLUWJfr'b J"wurrf.sw'bbr pwqJ"w

"f.WIIJ""'"" umwst{mJ" t J!WIIW"nLUWJ/_J'iJ ,/wmr/>sw, nrf. IIJWf'rbrc 

" '"'l.J"'j"' ,J b'b '1-bmbrJ/_J'bw'bm'bbr/.> pwqJ'w"lwm/1,/w'b 1/w'bn'bn.J., W"f.LU 

W"'"""WJLn t~ nr b/_Jzm t t:.bmbjW[ t.wtjwuwpmfJ JilL 'be' 

ll{AB)=ll(A) · ll( B), · (19) 

F IU q ,J w "I w UJ "n L ,J {! ,, "w•f n r ,J w UJ r" 9 Ill! n "' of.wnw~ 
"tJLUW'"'"" J"wmrf.9w'iJ, nr/> IJ/fuwt.J.n(' IU'"""'nL'iJw'lJ/> .J.rw 'fiiJ'btfn'f mwr

rbrf!. f..w.J.wuwr b'b J b/1/.>• J•u't tfJm u P"l"f mwrrbrc t.wqwuwr b~ 

'lf'"Jf. (f.'bt"lbu 'bzt.J.bL t qbrl!) , ""t.J.mJ" t u!twt}np uwrnppgw: 
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(20). 

AE=-11 an a
12 11·1/ 1 0 II= II an a

12
11· a~~ a22 0 1 a21 a2.~ 

AE-=A, (21). 

. EA=At (22). 

~bzm t urbu'iJbb nr sw'iJf/w,wJ 'twr'ffr .JJWIIW"tJLUWJf.'iJ J"lllmrf.

swJ/> L_ t:.wJ"W"f.WinWUfuw'b Jf'w.J.nr J"wmrf..Cfw!f. WfUIW'IrJWJf! t:.wqw

UWf t" uhp'hw'tw'b J"wmrf.swlf.'b, tvlufr'b.e'b' . (21) J. (22) t.w.J.wuwrnL

fJJm'i,'bbrf!. f.f.zm b'b, U.1u"lf.unrf , J"wmrf.sw'bbre pwqJ"wuiwm"bJ/_Ju· 

J"f.wtJnr J"wurp/_J9 w'b "wm".urmJ" t 1-fr 'fbrl!• wn "l'uurf.wnnq tt 'tnt-

· qmJ" t J"f.wt{nr' 

(20) J"f.wtJ.nr J 'ww.r/_Jsw.Jf.'b t:.wJ"w"lwurwufuw'bnLJ" t t:.bmblwf 

a/,. wfn{um p £IlL 'h(!• 

U.tu"lf.uf. aL.wfn{umftll'"'""l! 11"1-t/.mJ" t Gnt.JGw~wG: ~w'tw'fwrd.c, 
'bmt'bwllw'b J./twpn{um fr1Jw'he '.wJ"w"lwmutufuw'bmJ" t J"/_Jwt.J.nr J"wm

rf.sw'b: tJ"w'iJ abntf Uw .. J"w'iJt{nLJ" t 9w'iJ'tw9wJ p.;nq fnfnf.llu"LU'iJ

'iJbr/> 'btuJ'hw'tw'b a/,w,/_JnfumfJJm'be t 

X:z=x 1i+x 2j-t-x3k 

qb'tmnrf!J nrc 'lr"'"".e "Jm'bw!f.'b J"wmr/>9wJ/> mbu.J!nt.J.' 

I X 1 'I 
X= X~ I I (I) 

j X3 I 

6U5-



llutnwhwh.p 

Jl an aa a13 

A=l <'~21 a22 a2J 
a ~ ~ aJ2 aJJ 

y ~=aJJxl+aJ2x2+aJJxa, } 
y 2=a2Jxl+a22x2 + a2aXa, 

Y J=aaJxl+ aa2X 2+aaaXa• 

Y=y 1ity2J+y3k 

(2) 

(3) 

~nr tjb~tnllrf!• "PI! UJnLhWJPh J'wurrfoswtft urbu.pntj ~wrhtft t 'll'bl 

.WJUUJbu. 

YJ . I anx.+a~~ x 2 +aJaXa 

' Y= Y2 \=·j' a21x1+a22x2 + a23 x3 ' ( 4) 
Ya aa1X1 + aJ2Y2+aaaXa 

0'f~tJ.bLntJ Jwurf'p9w'i.b{'p pwcl'fwUJwtn~J'w'i. ~whnhp!J• · abwtpn-

}umfiJw'h w!u 'l"r6nrlmfl JnLhf! ~wrbLf• t 'lrbt w!u"ibu. 

an al2 ala! I xl anxl+al~x2+aJJxa lj 

8 21 822 a2a . · xt = a21x1+322x2+a2~x a , (5) 
aJJ aa2 aa) I · X a a31X1 +a32 x ~ t a33 x3 I 

(6) 

of1wn.mltnunuJpli uwmphwli UJnLUUlJPU uwmppgwJml pmq_um
.upumqhtpu umwgllnuf ~ Ullt.JU pwpopnL(ilJUlUp UJnLUUljpli uunnppgm: 

U.~'i.C.w!ur 1;, nr X bnwtwf r[b~urnr•fo akwtjmfunLfiJttLhf! y tjb~
mnrft' bnwtw<ft urwrwdnLfJJnLhf! br<wl_w<{t tnwpwdm P!w'b . at.wtjw

.fum f/Jw'h w!l pw'itwat.mJ'it {;t 

t2.b'iJ.p, np (3) f\wlfwuwpmf!JnLh'itbpp f\wJw/JWfl'f(! pfumJ' I; (4) 
Jwutpp{fwJph f\uJtJwuwpm{iJJ11Lhp{f' Wl_ " awfu ,/wubpmJ' 'fur'i.tJ.n'J. 

.J'wmr/tswitbr•r mwrrbrfo f.wtJwuwfb 9 J'w'it f:..w'itw"iwl'r,,,l: 

( 4} 1\w,Jwuwrn• {J Jmhf! urw1pu t A J'wurrftBw!ft .!ftl."9"'/ X t.Jb~
mnpp akwpnfuru fltm'b'it y ,,b~tnnppt 

Pbp'/wt) P"l"P 'fwmn'lm{JJmhbhpf! bnwl_wp mwpwJmfJJwh tJb~

mnr/.t 1\w.!wr urb'lwtftnfu'lnL.! I 'j, l_wpnt Jitbrfo yw'b~wsw6 ftlt.Jntf tnw

;['w6mf!Jwb tJh4urnpithrft '/rw: 
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f i. <wlJwq.wp! dwmp~gw 

'1-J.snL.p mrtJ.w6- I; X tJhltur"f'l" trw h~wmJ'wJ'p A .pwnwltmuw

!P'j, .!wmrfoBw!ft J'ft2."9"1 ~wurwrbLniJ ~bwfnfum ft!Jm'h, ~umwhwh,e· 

Y ...;£~urnrr!' 
Y-AX• ( 1 ). 

'1-ftsm.p A J'wurrfoswJp 'lburbpJ'pitw'iture urwpph[' I; 'IP"IP9' 

6(A)=f=O· u.,ll '1bUJ.p11Ld qnJnL[t!JtiLb IILhr y tJbltur"l'P 1\wl/w'lwra at.w

.pnfum[t!JnLb[! X "b~ur"'''" U.n at.wtfwplltt ft!JnLhf! qtn'itmJ' bit § 5-ft 

(3) r.w.fwuwpnufitbrft 1\wJ'w~wr'lf! xl' x ~ , X3·p tt,wm.!w.!p lmt)b[ttL 

f:..w'itwu,wpf.ntft l,wlfWifwra at.wtfwp•mft!Jwh tfwmrftsw'b ~~~ttJmil' I; A-pli 
limlJW!pUp6. ummppgw J.,_ itzwitw~""'" I;' A- I, U.!uUJfountJ, ~wr"'l bit.e· 

'lrb/ 

(2) 

U.Juur1,1 X·e· Y-e· AX-e uJnLhw!pit .!wurrftsw'b!Jp L'b, ftu~ A- 1·c' 

.IJWIIW~fllfJWJph J'wurf'fo9w I; t {2} f.w1_wumrm fJJwb w2. J'wurnJ' Y tjtn

fuw{'hb mL'lw'lrbLntf (1) f.wtJUiuwrmfiJwh u•2. J'wuc, umw'itmJ' b'b.p. 

X=A- 1AX• (3) 

X tJb~m"rP it~wm.!w.!p 1\wl."P'lwP"'l' ~wurtupbflph.p A /.._ A- 1 

J' WUf rftsw bb f' h IlL b!J 9n 'f aJ, Wtpflpttn{J Jlll.h, IU JU ph .ph\ ftw UJW rbsft'h.e· 

(A - 1A) J'wurrfoswitbrft IU[IU1IU'frJwlft'b f.wt[wuwr .fwmrft9w!n1 at.w

•ftnfumflt"''it: U.r'fJIILhJ!IILd Uurws'l.bs hnt JhW~Wb afLwtjtnfflmfJJttLbt l,b

urf...wpwf'• A - 1A J'wurrftswit .lftwtfnr J'murrftsw I;' 

(3} C.wtJwuwpnL{t/ JfiLhh nLhp 1\!Jmb JWJ tnbu.pf!• 

X___:EX• 

(4} 

(5) . 

fiJ'b n rb.! 1, bpb A- 1 ummpjtgwli A ummppgmJJl Gqmmumup 
fiwqwqwp6. }; , lUUJW A uutmpjtgtuG kt fitultwqwp6. k A- 1 utumpj1gmjp 
Gqwmutmfp, w.JuplipG'npzm}; fibmhJmt ~wtlmumpmpJnLG~' 

(6) 

lJ. UJ W 9 Ill 9 tiL dt (3) f.wtJwuW rm[tf JWb b r~IIL d Utubrft h~WLIId Wd P 

A J'wutr/.tsutJp J'r2."9"" ,,IUtnlllrhit.p at.w.pnfumft!tm'it 

AX==A(A- 1A)X • 

Oqm •Jbln" "wmrft .gw~.b rfo pwq.! UJ UJWur~J' wit qm 'I" r? Ill ft! JWh 1\wur

~mftl !"''bfr .'J• tfbr2fo'it f.wtJwuwrmfJJnth(! 11wrbtft I; qrbl ut!u"'bu. 

AX=(AA- 1)AX· 
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(7) 
fTJ'i.fnLJ'i. W"fW9m9tJul(} /;t 

( 4) " (7) t.wqwuwpm frl JnL i.'i.brfr9 f.burliiiLJ' !;, n r A " A- I J'tuur

rfr9wi.bre •frnfu C. w~"''l"'ra hi.: t 2t/"'d t.wq,.,umpm (rJ I"' i.i.hrfr9 t:.bur£m J' 
}; 'iJUJ/, 

(A- 1)-I=A: 

"('".[!, (7) f,tutJ.UIUW('11LflJ"L'iJ'j,b('/t9 f,J.ur£mJ' !;' 

-A-1(A-')- 1=Ez 

(8) 

~tuJ'bJ'tuurhtntJ. tJ.b/'2fr'i. t:.tutjwuwp11L{J J"L'i.[! ( 4} t:.wqruuUJpmfJJw'i. t:.bur
1 

-llurw'i.IILU b'i..IJ (8} t:.tut{uJU*Upm{rJJm'i.[!t 

§ 7. Sptlmb thumpftgwJtt hwltw'lwp..\ Liwmpftgwlft qmbhm 

1-fr9"'$ urpq~»J !; t:.burbl"'l uwuorfr6w'i., "£'{! h'lw~f. t!:' 

lJ. "f Ul 9 IJL 9 b 'iJ .[!I 

au a. 
A= a21 8zz 

aJJ aJ2 

a11 3 12 

t!.=&(A)=- a ~l a 2~ 

"[' 

tl31 a3~ 

A - 1 t:.w~UI'f"'ra 

A11 Au A31 

6. 6 6. 
AI2 A21 A32 

/j. /j. 6. 

~E A~l A33 
6. .l D. 

al3 
a~3 . 
a3~ 

aJ3 
a23 =f=O: 
aJa 
uw .. rfr9w'i. 

(I) 

(2) 

(3) 

•II rurb'l Alj~i. 6.=6.( A) 'lburb rJ'fr'i.w'i.mfr a i j urwrrfr r...u'i.pu.t:.wztJ.~~w'i. 
J.rw9 , u'fl t, 

CJ.ur'hbi.e C J'wmrfr9 w'i/ AA- 1 J'~urrfr9u.i.brfr wrur"''lrJ"'Ll!• 

Au A21 Aal 
6. /j. 6. 

I' an at2 3]3 A,2 A~z A32 1 0 0 I 
C=AA- 1=1 a a! a.~l - ·-- - 0 1 0 I' 'I OJ t. ~ !::.. I a:J aJ!l a11 A1a A2J A3a 0 0 1 

.:. 6. 6. 
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/>pn_p, Jtumrfrs"'i.hrfr P"''lJ"'Uf"'ur~J'tu'i. ~w'i.n'i.fr t.frJ'w'i. t/r"' C Utuur~ 
rfrswJ/> w'i.~Jnt 'bwqd•uJfrb "''i.'ltuJ'i.hrf! 6. 'lhurbpJ'fr'i.tu'i.urfr urn'lft urtup

rhrfr h 'i.ptu'i.s t.wJ'tuUfUIUJUIUfuw'iJ f.w'iJpult.IUztJ.w~w'iJ Lf'W911LU'bhrfr Ul('~ 

urw'lrlwl'i.hrfr 'fnLJ'wp'i. !; , pwcfw'i.wd 6. 'lhurhpJ'f.i.w'i.mfr tJr"'• "'lufr'i.J!i.' 

f,UI,,UIUUI(' hi. J'hl,fr: Orfr'i.w~. Cn urwrre "l'"Zt/IILJ' t WJu"ibu. 

A11+ A12+ A13 a11An+a12A12+a13 An 1 c11 =a11 - a12 - an - :::co t 

~ 6. 6. 6. 

fJmpw_pw'i.t_JnLr nl_ w'iJ/IJnL'iJwqJ~»JJ.f. tub'fwU np£!; urn'fp urwpplzpp U 

J'fr "'II urn'lfr t.w'i.rtut:.wz•Jwllw'i. ll'"'9'1LJ''i.brfr wpuru"ll'l"'li.brfr qnL

J'wp'i. !;' pwcfw'i.wJ 6. 'lhurbpJ'fr'i,.,'iJurfr tjpw. ~rfri.w~, c23 urwrrl! nrnz- . 

unLJ' !; "'J""Ibu, 

AJ,+ 6.3~ + AJJ a2,A3J+aa,A32+anAaa 0 0 Cza=a21- an- a2J - = =-=- = z 
6. 6. 6. ll Q. 

ll.Ju"'frunq, {ilhnpbJ'i. "'"i"'.IJ"L9tJ.wJ !;: 

1- fr urn 'l n L (riJ n L 'i.t l,burbl"'l J'wurrfr9wi.' 

An A2I A3t I 
A= At2 A%2 A3zl (4) 

AJ3 A2) A3a 

~nt_qmJ' !; A J'wurrfr9wJfr qgtJm~ J'wurrfr9"'' A- 1 t:.w~w'lwrd. uwurrfr-

9wi. A ~9</u•J J'wurrf>9wlfr •lfrpn9nt/ wpurwt.wJmtJ.nLJ' !; "'lu"ibu, 

1 ~ 
A-'=--Az 

t!.(A) 
(5) 

ll.1u t.mt[wutupnL[IIJw'i. {,zmnL{riJ"<'i.[! t.burbmJ'!; (9} t.tuqwutupm{rJJnL'i.fr9' 

0 (' p 'j, Ul ~~ Spofw~ I; 

A= II g ~~II 

All= 5, AI.= 0, AIJ= 0, 

A 21=-4, Az2= 2. A 23=-l• 

AJI= 2, A 32=-l, A33= 3· 
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I 
5 4 2 
----r--
5 5 5 

A -1 --:- 0 
2 1 -·---5 5 
I 3 

0 - - -
5 3 

A=1 o 2-1 I. - 115-4 2 \' 
I 0- 1 3 t\ 

§ 8. Q.bwJflb hwtJ.wuwpnui\Jiipfl hwtiwqwpqfl lt bpm tntbtiw\J tiwmpflgwJflb . 

qpwnntti[! 

'twurn'l•nfil !"~.. "b'bbrc ~wurwrbl'n b"tJJ,? bn"'~"'rp urwl'wdmfltw'b 1\w-

""'r: 't~9"LJ? m 'l.b'i.J? (,burb !wl 'ldwJ,'b 1\w'{wuUJrn~...r'bbr~ t:.wJw~"'f'lf{!• 

anx1 + ai2x 2+auxJ=dl, t 
a2 1 x l+a22x~+a ,3x 3=-_,d 2. f 
a31 x1+ a,zx 2+ a33 X 3= d3: 

'1-Jrurwp~h'b,J,? 1\burl• !"'l hrhJ> J'wm1•f•9ru'bl•['[! • 

I au a •2 a 1J I 
A=

1 
\ a ~ l a22 a23 . · 

a31 a32 aJ3 

(1) 

(2) 

(3) 

(4) 

U.Ju 'fb"'J!"',j' o'lm'fbln'f J'wml'~!lw'bbpfo pwqJ'w"'wur~J'w'b ~w'bn
'b~9• ( 1) 1\UJJ'UJ~W['lf(! J'wurrf'!I"'J~b urbu,J,?n'{ IJ"'l'bl~ t lfl'bl wlu"'bu. 

(5) au atz an I 
a ~t a22 azJ · 
an aJz a33 1 

f>r".J'• 1_brz~'b 1\w'fUJuwr"' [rl 1w'b dw/r• J'wuc br~"L J'wurl'Jr9 w"bb

l'P IM['LnW'J['Jwl'b !;, "['(! l\wr/_wul1lr t (3} 1\wr/_wuwpmf'JwJ'p npnz.r/n'l 
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urwrrbrn'{ UJffl..bWJ~b J'wurr~9WJ~b/ ll.z ffn'JJ'n1..J' bnLJb"JbU UJrrl..bUIJ~b 

""'"'f'P9"' b GpffnL J'wurf•fo9"' 1\wtfUJuUJ[' b'iJ, bfrJb bpU1hfJ 1\wJ'UI"JWw 

UJUIU/uwb urwrrbf'{! 1\ tu'{UIUUI[' b"b: l.. w'{WUUI['b,'Jbb[u'{ f\UJJ'UI"fUIInUIU

fuw"b mrn ['['/, ['{! 1 ~UtnUib~n'f../,? (1 ) f\uuJwUW['trLJ'hb['" f\wJ' UI~Uif'lf{!l ( 0) 
J'rnltlf'~9WJ~h f\w'{UIUUif'IUfdJnt"b(! ~Wf16_ lf['nLJ' /,'iJ UIJU"Jbu' 

Opp'bwlu 

x 1~2x2 = 5, 
3x2+ x3= 9, 

x2 +2x 3 8: 

(6) 

{ n L J n • J • <J.pb'llp ufJUurlrJp A Jwurp[r9w'b, X [nLJ.!w'b Jwurppgw'b /,. D 
ouqwur w'b'lwrl'blrpp Jwurppgw'b , 

118 ~ ~ 11·11 ~~ li=ll i Jl· 

§ 9. Q.bwJflb hwtJ.wuwpnttiblipfl hwtiwltwpqfl tntbntti[! tiwmpflgwJflb 
dbpnqn'tJ. 

'tfo!J"'J! A ''"'"'1'~9"'1~ 'fbmbpJ'~'bUJ'bure' A(A)=f=Oz § 8-~ ( 6) t:."'

ljwu"'l'"'f'Jw'b a"'P' " "'l ""'u'rc dUJ/ufr9 pwqJ'w"'wur~b'bJ? A ""'"'-
1'~9"' J~'b 1\w~w'fwpa A - I J' wm l'P9"'1"'1• ~uurUJbUJb,J,?' . 

nLUmfr (1)-fr9 1\burbmJ' I; 

A-1AX=A-1D: 

A -I A=L EX= X, 

A21 A3I 
A ~~ A32 
A23 A33 

(1) 

(2) 
'fbppJr'b 1\UJr/_wuu'l'""--

(3) 
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'IUJuuurbLnt/. wp_w~n'lJ'Jw'h J'wmt•/>su.'ilbt'" P"''lJ'"'UJ."'ur'f'uJ'e, ~l!uw 
urw'hw'h.[!• 

d 1A11+d2A,1+daA3 1 

dt A le+d2A22 + dJA3z 
d1A13+ d2 A23 + d 3A~J 

(5) 

l,wtJ.wuwrhstblnrJ d.wfu J. wp_ J'wubrnul 'fur'iltJ.rr'l . J'wmrfrsw'ilbrfr w'ilw 

'fwJ'iJ/t f{! 1 umw'iJmJ' b'IJ.J!o 

d/\ 1 ,+d~ A!1+d3 A31 ~ 
!l J 

d1A12+d2A22 + d3A32 

ct,A,+ ct,:,+ct.A,. : J 
(6) 

(6) lmJm J'e ~wpb1f ~ 'frbl ?b,.brJ/>'ilw'ilmthr/> Jf~"sntJ.. 

dl au alJ all dl al3 
d2 a23 ata a?. l d~ a ~3 

d3 a32 a33 a3, da aaa 

an al2 aJJ an a•2 au 
a21 a?.2 a23 a21 822 a2a 
a31 aJ2 aJ3 a a• 3;,2 a 3 I 

an al2 d) 
(7) 

a21 a 22 d2 

a a• ac2 dl 

a •• a•2 a.J 
a21 a22 an 
a3) a a?. aaa 

O l' Jr 't.., ~ 11 ~lsur£.;wl ~"'''"'""'l'nu/'bbl'[• ~wJw~"'l''ll!. lnLiiil Jwur('JrqwJJr't. 

J"P"'l"1· 

Il
l 2 0 II 

.l(A)= 8 f ~ J =5· 
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1- _i_ 2 
x. - . 5 

5 5 
4 2 

1 . 5-5 . 9+ 5 . 8 

2 1 
9 x2 - 0 ---

5 5 
2 1 

- 0 • 5 + 5 • 9-5 • 8 ' 

X a I 3 8 
0 - - -

.5 5 
1 3 

0·5-5 ·9+--s·8 

~u11fwuwl'b9'!,blnof J.wfu £. wf Jwub['nLJ 'lur'l,.fn'l Jwurl'Jrsu.'i.bl'Jr urn'l/,l'l!• uurw'imLJ 

""'I!· 4 2 
x1=1 ·5-5 · 9 +5 · 8=1, 

2 I 
x2=0 · 5+5 • 9-5 · 8=2, 

1 3 
x3=0 · 5-S · 9+ 5 · 8=3• 

0 l' Jr '!, w ~ 2, ~bur£J"'l ~wofwu..,('nLJ'I,bl'Jr ~wJw~wl''ll!. lnL~bl Jwur('jgwJJr'i. 

Jlrpn'l"Y' 

x: 1+2x 2+x3=0, 
2x 1+ x2+x3=1, 
x 1+ 3x 2+ x3=2• 

9-m'tnLJ b'tl! ~ ... J..,~..,l''l/r J"'"'l'/r9"'J/r 'l/,urbl'JJr'tw'tu.e, 

1
1 2 1 l il(A)= '2 1 I =I=f:O, 
I 3 I 

I 
'2 1 I 

A-1-J =1 0 .1 II· 5-1-:3 

x2 = -1 0 1 · I '= 2 , 
II x. Ill'! -2 

I 

1 

1111 ° II II 
3

11 x3 · 5-r-3 . 2 I -7 

Ill 



~~~~1wuw[•lrs'hlrl'"/ rlwl, I. wj rfwultf'n LJ yrn'h1n'l JwrnpfrfJ•u'hlrp[t rnn'lbl'l! • urnw'hnLJ 

It 'hi!• 

§ tO. Oppnqnbwt wpmWUJWm~htmtU\J.hp: Opfitnqnbwt uwmp~gw .. tp 

. ,.f>ym.[! hnw.~ w+ mwpwJnL{JJmitmJ' mitbit.[! (x1 , x2 , X3 ) iL (xi, 
x2, Xa) hr~nL lfL'J'Jwit~~ntit ~nnr'l/>itwu.w!pit t.wJ'w~W{''ff!J nrnit.e nLitbit 

0 f!it'lt.witnt f U~'fpitw~hu.t ,.p,11L.(! //nnr'l/>itwu.wJpit IUiliU l_pit IJ bp~

f'"f''J t:..wJ'w~wp'fhpmJ' M ~bu.it ,.itfr ( xl, x2. x3) "- (x i, x2. x3) ~nnp
'lf!itwu.itl.p[! (lt""l''l/>itwu.ithpp U~'[pitw~hu.[! ~wrblfr I; itwL t_t:..wJ'w

u.b'lbL } ' 

e1, e ~ , e3-n-l_ itzwitw~Lit.e wnwp_f!it ~""r'l-/>itwu.w 1 frit t:..wJ'w~wr'll! 

~""l''IPitwu.wJf!it wnwits.eitbpp J'pw-l_np -l_b~u.np'hhp[! ( or#br) • fru~ 

ei, e2r e3• n1' hr~f'"f''l ~nnr'lfritwU.wJf•it f.wJIU~W(I'f/1 OfrftJh['f!l e1 , e2, 
e3 -l_b~u.nrithp[! (X 1, X2 , x 3) u.wpwJm fiiJm itmJ' pw'fpawJp'i, -I_IJ~u.npitbp 

bit, pu~ ei, e~ , ea·[!' pw'[puwJirit bit (xi, x2, x 3) · mJ' l 

U.n 'fL"'.e"'J' OM -[h~"'"l'l! u111wp_pit ~""l''IPitwu.wJ/>it t.wJ'w

~wp'fmJ' ll'lrt//! ..,.Ju"'hu. 

(1) 

(2) 

,.pmwp~bit.e ~wJ'ru!w~wit M ~bu.p XI' x2 ' x3 ~nnp'fpitwu.'i.hpp 

af.w1rnpmL#JnLit{! WJ'f irnLJit ~bu.p Xl, X2, Xa ~""f''fj.itwu.irhppit t 'Jw

pb[p t wul.l, np 'lfru.wr~bl'IL L'b.e (x~ , x2' x3) lnW[IWJmfiiJw'b aLw

+nf!m•PJmit[! (x i. x ~, x;i) u.wr,..,.,.p1 w'~~t!• 
u.,u abwrfrnf!lmPr·'~~it oJm-l_wJ I; WJit t:..<uu.~nL#JwJ'p. "I' l br

~Uirn•{d JwJ p t:..Uiu.-l_wJ'b uo'bsituuf /; 'bn<J'h [ bp~w pm# JwJ'p f.wmrfwt}pt 

bnw'b~lnL'h'h w'bs'hmJ' I; t:..w•fuiUwf' bnw'h~Jw'hl!, t.bu.Lwpw['• J'b~ ~burp9 

blit"'l L ~ w'b~J"'itl! IJIU'l""'l bp~nL "b~u.nrritbr w'bsitnLJ' bit itn•J'~~ bp

~wpm{JJwJ'p L 'hnLJ'~~ w'b~l"'itl! IJw'IJ'"'l hrriJnL 1.b~mnpithpJu 

b z'fwJ t:..wm~m{JJ,.,j'P oJu.1.wt} d.Lw•frn/!Jm#Jn<-it[! ~"ftfmJ' ~ op
pnqnGmt= 

IJwphLP · I; wubl, np op{Jn'lnflwl d.!.wtpn/!Jm #Jw'h 'lb"f.[!"LJ u.b'Jp 

!; nLith'bmJ' wJ'pn'Jp_ u.rurwJm#Jwit' np"fbu "1/>'~~'1- J'JUp,r:bp u.b'lwrfrn

/,mfriJn• 'II ~wJ' l;l mb'lw1rn/>lllr #Jm 'i, /, t.w!bl"'J/>it '"l'"'iu"fwu.~bpmJ'r 
flpn zb'lt.e wn d.bwrfrn/!Jn•friJwit J'wu.rfrs•u'~~l 
IIH 

ei, ez, e3 J'pw-l_nr tJb~u.npitbrit wpu.w t. wlu.bit.e el. e2, eJ 
'/."r 'lb~u. n pitbrf! JP2"9"1• 

IJ.Juu.b'l 

a 11=cos(e1, e i), c:t. 1 2=cos (e~' e2), c:t. 13= cos(e1, e3), } 
c:t. 21 = cos( e2, ei), a2~=cos( e2• e2 ), a 23=cos( e2, e3 ). 
a 31= cos (e3, e i), a 32= cos(e3, ei ). a 33=cos(e3, e3)' 

(3) 

(4) 

/•it{! nL'J'l"l''l ~nuf!itn< uithp[! 'lrbit.e t:.. bu.LJ"'l J'wu.pp9w!P u.bu.en-1_' 

_j cx ll a 2J o:3J j 
S- 0:12 0:22 a 32 I t I a 13 o:2J IX33 

O'lu.tJblntf (4 ) wnitt_m{riJtrLititbppg, ~wl'"'l bit.[! 'll'bl itwL, 

e1=et1 .e i+cx12e2+ a13e3. l 
e2= 7.21ei + ci22e2+ cx23e3. 
e3= o:31e i + cx32e2+ o:33e3. 

cxl 2 a1 3 I 
0: 22 a 23 

O:;l2 0:33 ,, 

(5) 

(6) 

(7) 

Jwu.ppywit S Jwu.rf!swJp it~wu.J'wJ'p u.pw'hu"fnitwe-l_wJ J'wu.ppswit 

t 1 -f.w'~Jp 11[' e;, e2, e3 J'pw'fnr 1rnP.IfL'I_'/Wt:,WJIU9 -l_b~lnlf['itbr b'IJ , W"fLU 

itpwit9 -[h~u.npwu~wuwr wpu.w'l-f'JWLf! t:..wqwuwp 1; ± 1-f! 1 ~hu.Lwp<up 1 

all 
SS*= al2 

al3 

o:ll 0:21 0:31 
(e;e2e3)= o: a e>:2 ~ o: 32 =± 1, 

0:13 0:23 IX33 

0:11 0:12 0:13 
0:21 0:22 a.~3 = ± 1: 
a31 0:32 0:33 

o:.'!l 0:31 a;ll 0:12 0:13 r= : 1 0 0 
0:22 0:32 o:21 CX ~2 IX ~a 0 1 0 
~23 0: 33 17.31 0:32 17.33 I 0 0 1 

(8) 

(9) 

I 
I =E, (10) 

I 
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f>rnl!, hfilb CJJ-n'f 'fl2.w'flwft£'fl.[! wruriii'JrJWf•J'wurrfrswJfr 

rbre· 111Uf111 ftuurw'flw'fl.[!. 

C11=rxPt+ :l~t+ llgJ= 1, l 
c22=cxh +"-22+a§~ 1, 
C33= o.ls +rx~g+lls3= 1 

c12= 1l121lll + Gtnll2~+ '-3 {'-az=( ele2 )=Ot 
~wJ'w'&Jw'il A.hn.J. 

c1i=eiej ltrp i=fj (1=1, 2 3; j=C 2. 3), 

SS*=Et 

urtur-

(11) 

( 12) 

lJ.Iu"lfrun.J., S* •rw'flu"ln'ilws.J.wtt J'wurrfrsw'h f.wJ'e'flft'iJ,,J I; S- 1 

t>wftw'Jwra JlllwrJ.swJfr t:.hur . 
S*=S-1

t (14) 

( 13) fL (14) UfWJJW'fl'fiJ.pfr'h pw.J.wrwrn'l> WJUJ.'fl~'j,\ frr urrw'flu"f~'f1Uis-
1wt)fr'fl f.wftw'JwpA. Jwurrfrsw'fl ftrrt..J.mJ' I; opp nqnliwp U(llnLf.burk 'lf!.ur

ftl,<;,~ (xi' x ~ , x3) ftnnr'lfr'hwur'flbre (xi, x2, x3) ftnnr'Jfr'flwur'flhrfr'fl 

A.J..wpnfubtnL J.. f.wftw'flllrA d.bwtfrnfumfiJw'fl pw'flwd.b.br-tft (3) £. (6 j 
pw'flwA.J..hrfr f.wJwd.wJ'fl (1) t.. (2) t>wtfwuwrnLftllm'h'hbrfr wp_ J'wulire 

ftwrhzfr I; wrurwf.wlmhz ( e1, e2, e3) pw'lfrufr J'frp_nsn'[, fr'ittUfltu "bw.IL 

(ei, e2. e3) pw'lfrufr J'fr2.nsn.J.t ~burJ..,.pwr, ftwrbtfr I; 'fphz f.burl..lwl 

f.w .J.w U Ill rnL[il JnL'flf!.• 

x1e 1+x2e2 + X3e3=Xiei +x2e2+x3e3, (15) 

(15) f.w'[.wuwrnLfiJw'fl pnznr w'fi'Jw,J'<;,flrf! ·t:,wl.nr'Jwpwr f'lll'l.J'w-

Uf_lllurftbzn1. ei, e2, . e3 .J.hfturnl''flbrn1. £. f.w2.1.fr wll'flbzn1., nr 

e ~e !=O brp i=fj, l 
e iei=1 bpp l=j, 
e;ei=:x li • 

xi=llnXt+cx21Xz+llat Xa ' l 
x2= a,2x1 +a22x 2+a3~x3 , 

x 3=1taxt+a:~Jx2 + llaaXa' 

( 16) 

( 17) 

(11) l',w1_wuwrnL{iJJw'il ..,'fl'lwJ'bltrf!. r.wp_nr'I"'Pwr pw'l.J'w"fwtnftb

Ln1. e1, e2 , e3·nq, ~utnw'flw'fl~. 
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Xt=atlxi+at2x2+ 11lax 3, l 
X 2=a~1 xi +a22 x2+ a23x3, 
X 3= :x31 xi+a32x2 + ll 33 X3t 

( 18) 

1;,1 WJU"fbUJ (17) orfiln'ln'flwz a./..wt[rnfunLfiiJnt'fl'flhr/r J'wurrJ.sw'fl 

S J'wurr/r!Jw'fl 1;, fruft ( 18) t>wftw'Jwrd. aluuqrnfunLfiiJw'fl J'wurrfr1111'fl' 
S*-e, 

ll.Ju"/frunt/.J W"fiii!JnL!Jt/_Wtt 1;, nr ftnnr'ffr'flwur'flhrfr 'JbftwrurJW'fl f.w
J'wftiMr'lnLJ' oppnqnlimt i\I.Lwtpn}unLpjwlie t:.•Jw.,wurwufuw'flnLJ I; op
p-nqn!imJ Ulllmpftgw; 'Iwrbzfr I; W"fiii!JnL!J,l• nr b[iiJr (17) /z (18) 

nuzfr'l. J.. l.wftw'Jwrd_ d,f, llltfrnfumfiiJnL'fl'flb rfr J' IUur rfrsw'flb rf! pw.J.wrlllr•LJ' 
/,<j, (13) ftwJ' (14) wn.'fll_nLfiJW'flf!., IIIJU/r'fl.j!'fl' orfiln'fn'flwz b'it, lll"flll /.. 

A.J..wrfrn/r:tlfiL{rlrL'flf!. fttfr'flfr orfiln'fn'flwzt 
lJ [il b J nuU 'fl.[! 

xi Xt 
X'-= x2 ' X= x2 

x3 ' :x2 
( 19) 

ulm'hwJfr'fl J'wurrf>sw'flbrf!., w"lw (17 ~ J.. (18) f.wJ'wftwr'lbrl' ftrurhtfr I; 
'lrhz w1u"Lbu . 

· x'=SX, 

X=S-1X't 
(20) 

(2!) 
Vflb J'nu)b'fl.j! (19) J'wurrfrsw'flbrfr urrw'flu"fn'flw!]4_LIItt Jwurrfrgru'flbrf!.' 

X'*=llxi x2 x31\. X*=llx 1 Xa x3\l, (22) 

w"lw ftwrn'l h'fl.[! 'lrhz ~ 

X'*=X*S-1
, X*=X'*S, (23) 

(1) 

xi+ x2+x;=r=o, 

bpb X .J.hfturnre A J'wurrfrswJfr J'frp_nsn1. A.bwtfrnfuhzms t:.hurn 
t.urws'[nLJ' I; Y qbfturnre' 

Y=AX, (2) 

(urbu § 5-fr (2)-e), nre 'l.m'lwr.hn. I; X .J.h~urnrfr'fl' 

(3) 
nrurb'l >-.-'it filfr4. 1;, w"lw X .J.bft :nnre ftnJ.J.mJ 1; A uwmpftgwJft ub
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l}lwqwG tlbqmnp ~wJ' mptJ.w~ q~W)~Ii hhwt}tnlun'-p)WG ubt}twqwG 

"tlbqmnp . A [l/t1.1! ~nt1.ntJ' I; uhlltw~wli wpdbJp 
'1-urilbil.[! ur'{wu 'l~w,fril aJ.wfnj.JIK[il JWil ~wJ' ~n1.wd A J'wurrfr-

9"'1" 

\

XI 

X= x2 

I Xa 

ub,frw~wil 1.b~urnre: flr"lbuq_fr X-e Lfrilfr A J'wurrfswJfr ubqrw~wil 
'{b~urnrf!• wilr.rwclbzur t-, nr urb'lfr ntilbilwil (2) b (3) r.w1.wu~nrn•

p,mi~ilb['l!l 4w1.wuwrbsilhln1. "'l'l r.w1.wuwrmfi1Jmililbrfr "'2 J'wubrf!• 

MurwilmJ' bil.[!• 
(4) 

(A-/..E)X=O: {5) 

U.1u r.w1.wuwrmfi11milfrs r.burbmJ' 1;, nr X 1.b~urnre nrnz1.n•J' I; 

r.wu~nwurnt iii' -6.2.~nm {i1 1wJ' pt 

'o'w1.wlmil urhu.[!n'/. (4) r.w1.wuwrmf1JnLilf! 'lr1.ntJ' I; WJUUfbu, 

anxJ+at2 x2+ataXa=AXJ' } 
a2lxt+a22x2+a2aXa=AX2' 
3atxl+aa2x2+aaaXa=AX a' 

ftu~ (5} r.w'{wuwrmfrlJmile 'lr1.mJ' I; wlu"lbu, 

(a 11 - A)x 1+ a12x2+ a13X3 0. } 
a2lxl+(az2-/.)x2+ a2aXa=0, 
aHx 1+ a32X2+(a33- /, ) x3=0: 

(6) 

(7) 

X '{b~urnrfr xl' xi' Xa ~nnr'lfrilwurilbre nrnzblnL r.wJ'wr uurw

'ilntJ' hi~.[! r.wJ'wubn qdwJfril r.w'{wuwrmJ'ilbrfr r.wJ'wiJwr'l : flr"lbuq_fr 

(7) r.wJ'w~wr'll! m 'ilbilw nt qrn!w~wil lmdmJ'ilbr, wilr.rwtlbzur /.. pw

'{wrwr 1;, nr r.wJ'w~wr'li' 'lburhrJ'i'ilwilure r.w'{wuwr Lfrili' qrnJfr· 

(8) 

~(A-AE)==Ot (9) 

Uw 1..-fr ~~uumlwJ'p brrnr'l wuurf'-6.wilfr r.w'{wuwrn•J' /;t U.Jil ~nt'/.ntJ' 
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t" A 1fwmpl19Wj~ pGmpmqp~~ fiwtJ.wuwpnLLf: IJ.1u r.w1.wuwrnulJ.s 

qur'imul bil A ub.p .. ~wil wrJb.f!ilbre: 

.P.'Itilwr~bil.[! w!il 'lbUJ.[!f!• brp pilmfilw'lrfrt r.w1.wuwrJ'wil pnlnr 

wrJ'wu.ilbrc frrw~wil bil "- urwrpbr: ?-rwil.f! ilzwilw~bil.f! ).1, A2, Aa·n1.: 
BnLrW.f!wilumr A ubqrw~wil wrtfh.f!fril r.wJ'wUfwurwufuwilmJ' t

ubqrw~wil qb~urnr, npfr ~nnr'lfrilwurilbre nrnztJmJ' bil (7) r.w.lw~wr

'1"9' A r.wJ'wUfwurwuJuwil ~nrJb.f!fr 'lb"f.[!IILJ't Uhqr,l[wil 1.b~urnpilbrl!. 

ilzwiJw~biJ.p 't1, 1:2, 't3•n"1 ltwrblfr I; snLJ9 UJW[t nr WJ'I 1.b~urnriibre 
qJnrbiJ wil~wJu bil, WJU,iJ.[!iJ\ ilrwilsfrs nt J'b~{! tfr wrurwf.wJur1.nLJ' 

J'Jnl uilbrfr J'frl.nsn1.t l,burkwpwr, swil~wswd 1.b~urnr 'twrblfr t- wr

Uiw'>wJurbl 't 1, "~· 'ta t.Jh~urnrilhrJ. J'frynsn'/. 1 "'J"Pil.f!il' 1.brtfrililbru ~w
rblfr I; {!iJ'fiiL'hbl nr"fbu pwqfruiMJi'iJ 1.b~urnpiJbrt 

lJ.nwiJs WUfWSnt9J'wiJ ilzbb,e, nr ufrJ'hurri'~ J'wurrfrswJfr pilnL

[Jw'fri't r.w1.wuwrJ'wil pnlnr wrJ'wurilhril frrw~wil bil: 

0 l' fr 'b w ~ 1, '/>u,'blrl 

II~ 111 
Jwonpf•owJfr uii ~(> w~w'b ylr~onnp'blrpf!. l.r. 'Il'"''b9 r.wJwulwonwujuw'bn'I ulrrJ.w~w'b fJylrpf!.r 

~ n L J n L ,/, IJw'IJir'bl! p'bnLfJw'll'fr! r.wyw<rwpn«ff!. l.r. 'luo'blt'bl! uluJ. 111 ~w'b 

.,pJirl!'blrpe.· .. 

1 1~ ~- . 1 I . 
o 3-A =0, "'Jufr'bl!'b' A2-41.-5=0, 1. 1=-1, !.2=5• 

~wJw"'.wrnwujuw'b (1) r.wywuwpntJ'bbpfr r.wJw~wp'ffrH hon'blt'bl! WJ'b ub 1fow~w'b 

ylr~"'"l'l!.• "l'l!. r,,.J.,"'.wonwujuw'bnLJ I; 1. 1=-1 ub•J.w~w'b wpJbl!fr'b, 

(l-A 1)x 1+ X 2=0, ~wJ 2x 1+ x2=0, 
8x 1+ (3-I.Jx2-0, 8x 1+4x2=<J , 

~nLJbi"Y WJU r.w.lw~wl''ll!.• ., ... 'bntJ lr'bl! Xl-m, x2=-2m, "l'"'lr'I m-e. ~wJwJW~w'b 
fJ[r1 f;, UbrJ.w~wy yf.~rnnpf!. ~lfr'bfr, 

't1=mi-2mj• 

/ . 2=5 ulryrw~w'b wpJirl!fr r.wJwp 'll'nLJ lr'bl! r.buof.Jwl r.wywuwpnLJ'bbpJ• r,IUJw~IU[''lf!.• 

-4x1+ x2=0, 
8x1-2x2=0, 

II~~=~-~ II 
J"'"'l'frHwJfr ufirJ.,.,Itw'b wpJbl!'biipf!. £. ubrJ.w~w'b ylr~uonp'bbpf!.• 

~ n L J n L 1/1 '/>pb'b.j! [''bnLf/W'I['/ri r.wywuwpnLJf!.• 
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ll.1u r,,.1,.uwl'Jw'b W['J,.,.,.'11o/zl''!, lz1, A1=3. /.. 2=6, A3=9• 
A1=3 "'l'JireJt r.,.,J..,l' ulr.f.w~w'b ojlz~"'"l'l!. "l'"2YnLJ t f,/,.,.f.Jwl r.wyiUuw

['"LJ'blrl'~ r.,.,J,.,~"'l''lftu' 

4x 1- 2x2 = 0, 
-2x 1+ 3x 2-2x3==<l, 

-2Jr 2+ 2x3=0, 

f:'~~'lnL'illri"Y x1= m, u.,.w'ilnLJ lz'ile x2= 2m , x3= 2m. Ulz.f...,ltw'b 1"~"'"l'l!. +1~'~~~ 

't 1=mi+2mj + 2mkr 

§ t 2. q.bwJitb !hwtJmtuDLJfJWb dntmp~gw, np~ qliuwnuf pwqfluwJ~b 
~liltmnpblipf! ubtJtwltwb tlliltmnpblipb lib 

,.,n"'il_nt/Jjm'h'hbp/!1 npUih'l -::;, -::; , -r;~l! 't1, -r2, 't3 'ih~tnnp'hbrfr 

~"r"'"r"' ,.,, 

'1-frsnLJ! aJ.wpnfum p JW'j, J'wmrfrsw'h t' 

ai1 ai2 ala 
A'= a21 a:h a2a ' (2) 

a3I aa2 a3a 

fl(tn2_h'j,J! WJU J'wtnrfrswJfr wfJ'fwJ''hhp[!1 't1 , 't2 , 't3 pwqfrunLJ' ~W

P"'l h'bl! 'lrhl. 

1 I 
'tt= 1 • 't~+O • 't2+o • 't3-:- ~ [ ' 

.Pw'hfr nr 'tl qh~urnre A' J'w .. rfrswJfr J'frt.nsnt/. aLwpn/unLPJnL
'hJrw f.burn ..,'j,!J'fiRtJ' t 't ; A1't1 t/.h%urnpfr'h' 

't;=At'tt+O • 't~+O • 't~, 
120 

AI ai1 8t2 a!a 
0 - a21 a:i2 a2a 
0 a3I a32 a:la 

~wJ' f.wqwuw,mJ'hhpfr t.wJ'wlfwp'ffr .,bu.en{ 

1 
0 
0 

A1= ai1 · 1+ai2 · O+aia . 0, l 
0=a21 · 1+a22 · 0 + a23 · 0, 
0=a3t · 1 + a:l2 · 0 + a33 · o, 

U.Ju f.wJ'ru~wr'lfr!J 'fUI'hm,/' h'hl!' 

ai 1=A1 , a2I=0, a3J=0z 

(3) 

(4) 

't:=t'2"2' -r;= AJ"' a wn'ht,LPJ"t'h'hhrfr t.frJ'w'h 'lrw 'hJ'w'i, a/,nq 
. hu.'hb'h,e. 

ai2=0, a22= A2 , aa2=0, 

ala=O, a23=0~ , a3a=A3z 

U.Ju"Jfrunq, al.wtfrn/umptw'b J'wtnrfrsw'h nt'bfr t.btnb.J"'l tnhul!l!• 

AI 0 0 
A'= 0 A2 0 

0 0 A3 

CJ.Jw Jfr'j, a/. wpnfuntp JlfL'j,[! ~tfr'hfr' 

yi=A1xi, 
y2= 
y3= 

(5) 

(6) 

IJ[Jh t.1= A2= J. 3=J,* , "'"/"' 'IJ"'Jfr'h ab.wpnfuntpJnt'b'b nt'bfr t.btnb.J"'l 
tnkul!l!• 

yl=>-~x;, 

y2- f-*x2, 
y3=1,*x3• 

U.Ju"lfrufr a b. wq~nfuntp J"''hf! ~nJ.qm J' t litfwGmpJwli aLwpn

/ulfl{iJnt'b' A* 'l"rJw~'""' U.Ju"'toufr at.w.,.nfuntp, ... 'b '1-h"'J!DlJ' LnW

rwt}nLp , ... ., I"' f"'I!"'"'J.tnLr "h~tnn r A. uhpw~w'h Pfr'l.'h nL 'hhsn 'l uh
.pw~w'h qh~tnnr t• 
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§ t 3. ~bw](lb !llwtJmfuntpJwb liwmp(lgwJ(l !llwlftn}untp]ntbf! lil:ilt pwq~u(lg 
UJntu(lb wbgblidtu 

X= 
xl J 

x2 ~·=x 1e1+x2e2+ x3e3 , 

X a 

(1) 

nrl! urr'l.wd I; (el, e2, ea) pw'ffrunLJ'I X ""~urnr'il A J'wmrfrswtfr J'f'
l.nsn.J akuufrnfr.'i.nLJ' I; Y 'i.A~mnrfr• 

Yl I 
Y= Y2 = ylel+y2e2+ Yaea• (2) 

Ya I 
Y=AX, (3) 

~'iJ'iJwr~'in'l llllllrutdntfJJnL'ilnLif J'nLJb'iJ.e (eiJ e21 e3) 'iJnr put'[/rU{!> 

nrl! l',fr'iJ pw'ffrufr r.b .. lf.w"f.t[wd ~ t:..bur!.Jwl w'bsJ'w'b pw'bwa!.brn'i.· 

e~=bnei+b21e2+baiea, l 
e2=b12e1+b22e2+b32e3 , 

e3=b]Jel=b23e2+ baaea' 

(4) 

(5) 

(6) 

t.w'l.wuwrnL/_JJnL'iJ{!J nrurb'[ Wl_ J'wumJ' urb'lW'ff'iutd b'iJ (4) WflllUiw 

f,UitmnL{ciJnL'iJ'iJbf(!l 1..UI'I.utuwrbs'iJbln'l. e1, e2 eJ "b~urnp'iJbrfr \ Ul2. A awp. 

J'wubrnLJ' nL"ilHsUIJ- qnrJUI~frs'iJHf(!J lf.uurUI'iJW"j,.J!• 
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X 1=bux~+b12x~+b13 X~, l 
x2= b21 x1+b22x2+ b23 Xa, 
X3=b31Xi+b32X2+b33 X3 

X=BX', 

. bu bl2 blJ 
B= b21 b22 b23 I 

bJl b32 b~J 

(7) 

(8) 

(9) 

ll.1u J'wurrfrsw'b l;wrfwfr"fwd t_l;, m_'bfr B-1 t.w~w'fwra J'w,rfrsw'il, 

.ew'iJfr nr (7) t.wJ'wf[Uif'f"j, nL~fr XJ1 x2, X3-fr 'iJ~wurJ'wJ'p nrnzw~fr lnL
(}mJ': b[Jb 'bn r pw'ffrunLJ' 'trb'bJ! Y •Jb~mnre' 

Y'=yiei+y2e2+y3e3, 
WUf.W 1 w~'bt:..wlm /; 1 mb'lfr m'bfr 

Y=BY' (10) 

r.w'l.wuwrnL/_JJnL'ilf!l (8) I. (10) wrmwt:..w,mmfJJnL'il'ilbrl! mb'lw'frbtn'l. 
(3)-Jr J'b2 1 ~umru'bw'b.p. 

BY' =ABX' I ( 11) 

1..w'l.wuwrmfJJw'il br~nL J'wubrl! pw'IJ'w"iu'm~bln'l. B-1-n'l., ~uurw'ilw'bl!• 

Y'=B- 'ABX', (12) 

l.,burkwpu'r • Ci!.u,fmfr.IIL{cltw'b A' J'wmrfrsw'b 'ilnr pw'l"u,,f lllfr'b,.. 

A'=B-'AB: (13) 

A-ill b ~II 
0 1 1 i 

Jw"'Pfrow;fr Jf•£non•f (e 1, e2 , e3 ) P"''fpunLJ ~w.,wpynLJ t •fk~"'"PP J./1 unfrnfrwL

fl ;nL 'b I flpnzbl (elI e;' e; ) pwqfrunul J.t.w•f•nfunLp J'"'b A I Jw"'PPow'b, bpb 

e;=ed-2e 2+ e3 • 

e ;=2ec~ e 3+3e3 , 

e~=e 1 +e,+ e3• 

( n L ~ n L J , U.Ju"'b'l B Jwmpfrow'b t ( "'"" ( 4) I. (9) pw'bwdL.bpf!) 

Il
l 2 I II B= 2 1 l 1:• 
1 3 1 1 

'/oUJ~.b'be r.w~w'lwpd .Jwmpf•ow'b ( 6( 8)=1 ). 

B-'=11 =t 6 lJI· 5-1-3 

A'=B-'AB=II-b ~ g II· 
I 4-2 2 

ll.J"ilnLt:..bmk "'"i"'911L9b~l! t:..burkJwl [JbnrbJ'l!' 

fil' b n f /, J' /1 ~finLJCtlUqph J!llif{_UWfiqwtfe (§ lJ.. r (8) fiW~WUWp-
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tfwG O.wJu tfwue) !~ ~m}uqnuf' mtl_JWl qbwj~G O.L.w.pnJunLpjwli pw

q~u~ efimpn~P"JilLfi~g ItwJuq W~! 
u. Uf IU 9 n L 9 n L Jt '1-rb'iJ.j! f.burkJWL /rf~nL Jwurrfr9ta~Jfr'j. r.w'{wuw

rnLfiJnL'iJ'iJbrf!• 

A'=B- 1AB, 

E=B- 1EB, 

nrurb'l A-'il b. A' -e Jfrl.'bnLJ'il qdw,fr'b aL.wfn{unLfillw'il Jwm rfr9w'ilhp'il 

h'b urwrpbr pw'lfru'i.bprnJ, B-'i. 'ilnr ~""l''ffr'ilwur'ilbrfr9 t>'i.bpfr'k w'i19'iib

L"L Jwurrfr9w'b t, E-'b Jfrw'fnr Jwurrfr9w tz 
o/.brp_fr'il bp~nL t:.w'{wu•upnLfiiJnL'i.'i.brfr f,JrJtu'il tJrw uurw'bnLJ b'b,e. 

A' -AE=B- 1(A-)£)B: 

Uwurrfr9w'ilbrfr9 w'b9'ilbl,.<f 'fburkrJfr'ilw'bur'ilbrfr'il I. o~'{I.Lnt/. 
Jwurpfrgw'bbrfr nL 'fburhrJfr'bw'bur'hbrfr pw'l.Jtu"'.wur~Jw'b ~w'bn'bfrg• 

uurw'bnLJ l.'b,et "' • 
t1(A' -AE)=A(B- 1(A -AE)B)=t1(B- 1) • t1(A-AE)t1(B): 

t1(B- 1)t1(B )=A(B-1B)=t1(E)= lz 

Ll{A' -1-E)=A(A-AE): 

U.2_ k aw[u Jwubrf! aJ.wpn{unLfl"Jw'iJ Jwurp/t!JIUJfr p'iJru [iwqrfrt 

pw'l.Jw'it,_wJ'bbr'b bi., (j-bnpbJ'il W-L_W9"L9tJwt} t•] 

§ t 4. .f!wmuJtntnWJltb !ltlipf! ll q.pwbg A.ltwtJmJuntpJDLbblip~ 

U tu t:, J w 'il n L J 1: llfr ,ew'bfr pnpn{utu~w'b'ilhpf. j!llln.wltnLUWJ {l!i 
fi1J. ~·1_1/.nl.lf t IUI'f pnpn{utu~w'iJ'iJbpfr bf~['"[''f wuurfr-6.w'bf. .f,wJwubfl. 

pw'l.J w'il'fiUJf!t 

xl' x2' Xa l.pb.j! pnpnfuw~tu'b'bhrfr J!IUiliU~IILUIUJf.'il aJ.'b ra.'bf. 

F=a11x~+a22x;+a33x;+2a12X1 X2 + 2a 13x1X.1 +2a23X2x3 ( 1) 

mbu./!1!• npurh'l a1j-'b urp'{wJ fl'{bp b'b, 2 qnpJw~f.g'bbpf! '{hp9'{tuJ h'b 

IUJ'j, pw'bfr r.wJwr, llf /:,/surwqtu pw'iJwa/1./r[''iJ nL'iJb'i.w'iJ w'{btfr "/.IU[''I. 

urhu.j!t 
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{1) r,.,'[wuwpnLfl"JnL'ilf! ~wrbtf. t qpbl IUJU"/.bu. 

F=x 1(anx1+a12X~+ a13 X3)+ 
+x2(a9.lx1+a22x2+a23X3)+ 
+ x3( a31 x 1+a32x~+aJ,x3 ), (2) 

nrurbf. 3ij''iJ urr'[w~ (i'{br'i. b'iJ (i=L 2, 3; j=l, 2, 3), f!Uur npnLJ 

a12=a21 • a13=a31, a~J=a3!• (3) 

an a12 a,a 
A= a.'?] a !~ a~a (4) 

a a, b J2 a a a 

~nl_'{nt J t (1) j!WILWltnLUU1Jpfi l\IJ.!1 Uwtarpgmz lJ./iJ upJburpfr~ Jwm

ffr!Jw /;t 
(x

1
, x21 X~)-f! f,IUJwrbtnL biJ.J! urwpwt}m{JJw'iJ ~burfr ~nnp'ffriJwur-

'iJJ.p ~IUJ '{b~urnf'fr ~llll[''fp'iJtuur'bbp (e1, e1• f3) op(inqn'iJWL fJIU'l.frunLJ, 

npurl.'l el. e?. ' e3-l! JJtw'{nr '{h~urnp'bbr b'bz 
( e

1
, e

21 
e

3
) pwqpunLJ 'ffrurw['~b'iJ,# f,~url.JWL qt} UIJpiJ al.,upn{unL-

fiJnL'iJf!• 

x _i=a 11 x,+a 12 x~+ a13 x 3 , l 
x2=a21 x1 + a~~ x 2 + a23 x3, 

x ~ =a~1 x1+a,2x2+a33 x3, 

u.,u al.wfnfumfilw'b Jwmrfr9w'b r.wJe'b~'bmJ 

JwurrJtswlfr r.burt 

u.,'iJnLr.burJ. nrnzb'iJ.J! bp~nL lJ.bf/urnri.brf!' 

X= :: \· 
X a 

~ 
xl 

X'= X ~ t 

X3 

(5) aJ.wpnfumfJJnL'iJ{! qpb'if.j! _r.burf.lwl urbu.j!nq' 

X'=AX: 

(4) 

-
(6) 

(7) 

(8) 

lJ./'f 'f/r"/..j!IILJ (2) .j!WtliU~IILUUIJJt'b al.f! ~wpbtf. t 'j,Jr['~IUJWJ'i.bl 

"l'"ibM "'!'I '[h~urnp'ilbrfr u~wuwr IUfUIIU'fl'I'"L' 

F=X ·AX: (9) 

?-f.9nL.j! e;1 e2, e;-f! (8) aJ.wpnfum{J/w'iJ opfinqn'bwl uJ.pwtw'il 

'{b~urnp'ilbr'il b'b1 np111'b9 r.mJw"'.wurwufuw'b ub<Jrw~tu'il wptlh.j!flbp'il bfi' 

~~ ),2, Aat ~wrblfr t w1JfW911L!Jbl, nr b[ib Jwurpfrgw'il uJtJburrfrlt t, 
WUJW qn /nL{tl JnL'il nLilf. A J tuurpfrsw tf. ubt[rw~w'il '{b~urnp'hhpfr!J ~,.'l.J
'{tuJ op[lnqn'btul P'"'l.f.ut (ei, ez, e3) ptu'ffrunuf' ~IUurwpb'ii.[J (8) al.tu-
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af,/umft'J"'itf! t lJ.t'l '[U"fj!""f J.t.unfruf,•n ft!Ju'b ,fw ·!·rfr.'lwb UJ•/t"'L prn

"lfru•t~f luftilfr m~dltu•hUI'l'huJfril ( mbu § 12) . 

~- \''! o o 1 
i\ - - u / . 2 0 ' I ( 10) 

I - I 
1 0 0 i._3 ; 

lfw['blfr I; 9"' ! 'J UJr.u[ 1 "(' "'!'f J.luufnfumftlt•nh[' ltfrrwnblnq ( 1) 

.!JUIILUifJIIL UUIJ fr~t J.l,f, b/[UIU11fu,f p, 1_hpl_frbu lfwf,/'{" /; phph[ t:. bUJ[,Jtn{ 

UJbuj!f•· 

el > e:J , e3 ub1pwffr.uh <fhf(u-lllf'hbrfr nL'l_'l_lll (Jtmhhb['f! lfuzqnLd b'iJ 

.J? IIfnw"nLu<utfr'iJ i!f,,. CJ[)Utu~ n p llll'jl'jlll(lj11l.GGIJp: 

§ t 5. tf rump~gruJ~ nru\Jq(!: q.t)ruJ~U hun{ruurupnuiulip~ hruurul}rupq~ 

tnu)muul:ip~ qnJnL~JnLUI! 

11 w r:, ,r IU b n L ,r 1, Sr•fmJ A "UI'"['f.'Jw!fr tfplinp ""l''IIL" I; 'hrw 
t!fr .j!wbfr UJntlbl'f' Lt. utmilbl'fr r_ ~•2_nLLffr9 t:.bmn wnw'iJ9 UJ·btlw'{w/uuL

fJ!'n'iJ'iJLrft J'hlii!JUIJ ww1•1,brfr9 f(wqt!q•J 'lbU1brt!fr'iJUI'iJU1£!' 

Ill ~~: ~ ~ ~ ~ ~! ~~: ll 
<~ 3 1 a32 a33 aJ-1 

/J. Ju Ju•wp{•fJwJ{• 1;/'i'"l"/ ~W/' '1 {• ,f{r'llnr'i.h/'1~ umw[J•/uuf /; ~, ,{/r/1 " ,I " L ~' l!. j ~• £ 1.

l " L[J h dw ml'f-',7"" Jf' II II 'J. 2 w~•[! '1/rmbp.lf,'i.w'i. m{r i j 'h2 whu•f •/r"fuwp{r'i.l./nL fJ ;,J:,,.. ,, 

IJ. J1f ,Jfr ~#nf1~'/rf'p l"f'Uh /; ~, , IJ{r~pnf''f ~Wf"{" "l•~"'f''j,/;{'{! umw[J•/n LJ /; 'j, bpffnL Uj n Lh 

k Jb~ mnq ~'L £ 1:iL"L tJ r.lunn, 'll'"'~'l! 18 .;..,,n b'i. : IJ.nw2fr'i. ~wp•f/• .rp .np'l.lree 12 
r. wm /;~, , 

u lU r:, ,r w h n L ,r 2 , A ,/IUU1f'/'9W !fr n wG q ,,, z•fnul t- IU !'1 ,j' IULn

l'fr 9 w! fr 'l r, tfr.'l U1U1f'P L I' ,r fr ~! II rr wt! /; hw p IU ril I' ~UI !' 'If! : 

II ~ --6 ~ I' 
I 1 I I 

JwmpfrowJfr n.w ~"/1.'. r. w<{w uwp I;; :.! -f•• 

0 f' f"u w ~ 3 , II ~ ~ ~ II dwmpf>:Jw i {' ruu'i.'/1!. >w•{.uuwp I;; 1-f•• 

l;pb A-'h n-r'l ltwr'll' .pwnml,, t uw!fr'b " "'U1f'fr9w 1; . W"f_W W!'f 

dwUJrfr9UJ!fr k n.w'u'lt: pmqw['w['rnJ I; k < n uiiL'ul."LflJ'"h£! : / •ilt "'.bu 
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il ztJbl I; t{b1,buuf, Lfr!b k=n, w"'.w JrnU1J'f'B"''iJ 1/u~•{•nJ I; Ill_ btpuq[I, 

b[t!h k<n .rwurpfrywh ltnt•fnuf I; Lflll1lltt: 

II ~ ?~ II 
"1 /ulwH• t, p w~•/• " I' 1(:\ )= I =f'O, " i'/' ~""/1 :!-{r """"L'/' .'J"' h &qwlLfr /;;, p w'i./r "I' 

UIJ'um/HJ !1= 3, k=2• 

lf UIUlf'fr 9 w tfr nUJhlf t:.wuf(w y " 'I'" {rJ J'lL h [! 

I; 'lJwlfr'h t:. un[wuUJpnul'hbrf' r:.u,!wllw/''lbrfr 

mhf' t:, /,U7bJwll!• 

1w!hnphil ortUJw'lnrJqnuf 

UJbum(J !wb Jhy_1 Sb'lp 

fJ.hnphJ 1, 'r[19nL}! mptJr•~ }; fi bmliJU'l 

pnuflibp[t ll nnimqwpq~ . 

il l ,x l+ a 12x ::?+ a 1Jx 3=bi' l 
a21 x 1 -t· a .,,. x 2+a23X 3=b~ , 

a:11 x1 + n :E· x ~-;- a33 X 3= D31 

'rf'urwpl1b'h.[!. t:. wt!wlf.wt•'fr t!wUJt•/•!Jw'h' 

I an at .. ? a \.1 

A= a ~ ~ a 2~ a2J 
3 31 b ; l ~ a33 

an il l ~ a iJ b, 
8= a~ ] a z~ a ~3 b2 

a31 aJo. a 3J b3 

fi tutltuuw-

(1} 

( '2 ) 

(3) 

(1) fimtfmqmpqll n1. 1ll1 [ll l. ~n.tffibp. b~b A tfwmpp9mJ\l nmllqe 
fi mtlmump k 8 tl\ump[1gwjp nmliqpli : .Z,wtfwlpupqe tm~n 1.. tfllb-p 2_n1..1llt, 
bpb A tl'umtppgwJ l1 nwllqe q1n}!p l> 8 ummpp9wj p nwllqpg: b p b A 
uwmppguiJtl nmliqe h_ 8 tfwmppgwJr nmliqe fiwtl_wuwp k 3-ll, WUlW 

fiwtfmqmpqll 1nll!• tf~w4 1 n1..~n1..tfe : bpb A h 8 tftumpltgwllbpP, n.wllqe 
fi wtl_wump k 2-[1, wUJ_w fimumqmpqll n1.1l[l mllp[nl pwq_tfnq.,.Jiutfp lnl.
~atlillbp. eGq npn1.tf bpqm mGfimJmllbpft wpmmfiwJmtln l. tf bft bppnp

q{t tfP2_n9ntl , npll ndiP, qmUWJwqwli wpdbl!' 
b )Cl b A h B tf wwpll9wllbp[t nwllqe fi wtl_wuwp ]; ubq[t , UJtllW fi w

uwljmpq li n1. 1i {1 mftp{11l ltw cttfn<p jmur- pl l. .)nl..u ubp , eliq. npmtf bpqm. 
wlifiwJmllbpli ndi bll l1wtfmjwqwfi utpd b}!libp, {tull bppnpqli mpmw-

fiut J u~tl m tf F. G ptu li9 uP2_ng ml: 
IJ.!" fd bnrht!p -D.zmnL{t!JnLh£! f. b2mmfJ1wJp t:.wuUJwUJt{nrd I; t:.w'h-

l'w t:.w z•ff'y r:. w!m'hf'' t:.wqwuwrnLJ'itbrf• t:.wJ"wl/wrqfr l"' JnLJ'hbrfr 
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.e.'i.'hwt•~J'u/'b t.~J'w'b 1rw: U./u [ilhnpbJ{! l.ftzm ~ yw'b~wywJ flt/nz/. C:.w

o[wuwptnJ''bbt•fw f\wJ'w~wr'IL' f\wJwl'' 

§ t 6. lfwmp~gwulip~ q~~lipliugnutu m ~umliqpnuiJ! 

1-pynt.j>. mrtfwu I; /lad( t)l\ tfwmrft,9w'b, npmbr[ JwurrrtJWJ~ 3; j(t) 
.Uh'fwJ'llb re Jft n ('n 2. t wpqnLJ'hhmp lpnL'b~y~wbb r b 'iJ, 

all(t) 3 12 (1) . · • 3in(t) 
1\au(t)\\= a2,(t) 3 22(t) · · . a2n (t) ( l) . . . . . . . . . . . 

3ru!(t) a,n,(t) .•. 3run(t) 
ltwJ ltUJ£'6. ~qpb'b.[! wlu"'bu. 

1\a(t)\\=1\a ,i(t)\1 (i=L2, ... , m; j=L2, ... , n). (:?) 
"'"91LL.[! ,r wmrf'swJft w'btlwJ'bbl,-;. "'~b'b 

dall(t) damn(t) 
, • • .. J 

dt dt 
wd m'by JW l'bh ['/!' 

u UJ t; ,r UJ 'b rt. J' lt \\a(t)\1 UWl:.lfl~9lliJ (1 mowGgJWl ~nttf.nuf I; WJ'b 

Jwmr/•yw'b {'i•zu ,'bwt,,,r /;'b.j! ~t\!a(t)\1). nrft w'btlwJ''hbre \! a(t)\\ Jwm

rl•swtft w'iJ'fwJ''iJhpp wdwbgJwl'iJbp'iJ b'iJ, UJ[U~'iJJ!'iJ' 

~ da12 da1n -- . . --
dt dt dt 

da2! da2_2_ da 2 n .--d dt dt dt I' -\\a(t)\1= (3) 
dt . 

I 

d 3m! dam? damn ---- . .. --
td dt dt 

l,ltwwf.'b.[!, "I' ,fwmp~.rJW!f wdw'hyJwlfr WJU"ffUf u•u~u'w'bnuF[! 

umw,9•/nttf I; p'bwltw'b l.w'bw"(wpt:.nzf., b[ilb Jwmrft.9w'bhpft i; w'bJw'b J.,_ 

fil'inrf pwlfJtU"(wmltf' l"' r..w!m'i1jr qnpdn'[rtL{t/JnLh'ilbp~h (mbu § 4) tfjrwy

'bb'b-1! 'bwlt u•ut:.Jw'bwtf'b w'byJw'b 'I"Pd"'l"'fJ!'n'b£!.• 

li m _!_{ lla;i (t + 61)\1-\\ a;i(t) \\}= lim jja;i(t+M)-au(t)jijl = 
L.t .... o ~t . :o t~o M 

1

!

1

1 

1. a;i ( t+M) - a;i( t)ll = 1m , 
~t1o M 

62& 

~ 1\\a (t)ll=l\ ~ta ii (t) \I 

d~ \\a(t)\\=lld~ a(t)ll' 

D\\ai\=IIDa II' 

U w f\ J'"' 'b n L J 2: \\a(t)\\ Jwmrftswlft (dimbqpwt ~niz/.rruf I; 

t 

J!ia(z)/ldz 
to 

(4) 

(5) 

(6) 

u~Jzf"L"'L 'bzw'ilw~zfn'l Jwmrftywh, npp w'btlw'filbp[! l;wzf.wuwr b'b 

mzf!wl Jwmrftswtft w'iltlwJ''bbrft ~'bmbqrwl'bbpf•'b. 

I
I t ~ 

I 
J lln{l)dz .... \ 3Jn(z)dz 

I l 0 t D 

I I t : 

.\ J\a(z)\jdz=l [a1 t(z)dz ... j a2.1 (z)dz (7) 
t o 8 lo 

I ~ o' I jami(z)dz · · ·j3 mn (z)dz 
11 to t 0 

t t 

Jl\a(z)l\dz= Jl.\'a;i(z) dz II (8) 
r o to 

t t 

Sl\a(z)\ldz= II j'a(z)dzll, (9) 
to to 

t 

J( )dz ufr.!•Jnlf! 'bzw'budilfLJ' h'b Jb/1 , op~'bwlt, S mwnnzf.. w!'f 
t o 

( 10) 
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§ f 7. l)..~:j>lipliug~llll hwtJ.wuwpnufulip~ hwtfwljwflqlip~ 11 hwumwmnLu 
qnpc'lwlj~gulipntJ. IJ~:j>lipliug~wl hwtJ.wuwpnLtfUiip~ hwtfwljwpqlip~ 
tmc'lmuulip~ uwmp)19WJ~u qpwnmtf(! 

•f.'i./i.uul'/Jb'ii.e- X1(t), X2(t), .. . , X11 (t) nrnf11{n'l f/>m'iihfw,';,brfr 

'JJ UJ Jfrb 'ffr :p b ['bb 9 f>w l f.w1.wu UJ ('11LJ'bh ('/> fob Ln!J JLU l t.wtf LU~UJ (''f{! , 

(1) 

3ij lf"l'Jw~f>s'iih/'l! t.wumwuwr.il'bbf' h'b 1 ll nt Jh'b.e- t.hmi,Jwl 'bzw 
ilut~m J''bbl'l! · 

\\xJJ= (2) 
x;,( t) 

Uw lnu}rnJ'ill.l'f> J'wmrf-gw'b I; ~wJ' (.1) f.wJ'w~wl''fft 1.b~m"rwl/w'b [n<

JmJ'l! : IJ.Jbm.:.hLnh nrnzh'b.e- lnL(}nLJ'bf>rft wJw'bsJLU[bhrr "UIL11f'f9Wb\ 

dx1 

dt 

1 /~:J!= dx ~ 
I 

(3) dt 

d xn 

dt 

9·rb 'b .j! •tfdp LrL'ii,'J f-u•L ~ f.wtfw 11UJ ['IILJ''bb·rr f. wJ'ml/w l''l" 'l" rJ w~r g'bb rr 
J' UJL/1 rr gw'b. 

I a ll al 2 •• • a 1 n I 
1\a \J=\\aii\\= a 2 J an ... a~u I (4) 

J! a•n 1 . a ,:~ : · ·. ~nn. 
O'l~ntJ.bLnr{ J'wwrfryw'uhrfr pwcl'fwuJw<nltJ'w'b lfw'bn'bf>g ( mbu (§ -J, (1) 
'ffr f{>h ('/;'iJgftut L r.. wtjw ULU f'IILJ'bh f'fr r:.wJ' UJ~IU ('If{! J' UJtn f•frsw Jlt b db niL lfw 
f'blfr I; lff'hl IUJUI'f"U I 
680 

dx au a l2 H1n X _J . . 
1 

dt 
dx~ 
dt - a ~] ~ 22 ll~n X~ 

dx n 

dt i:l n! 3n2 • 3nn x ~ 

lfwJ' ltwrf., ,fwu•t•frgw'bb1,r 'lf>fPhrh'iigJ'w'b ~w'bn'iif• t.frJ'w'b 1l'w' 

.i.llx(t)ll=\\a\1 \J xll ' 
dt 

·~br pfr'b f.w1.wuwrmJ'e l1wr-6. 'll"''J' h'b wJuu1hu, 

dx _ ~ r 
--aX, 
dt 

(5) 

(6) 

(7) 

,;flLnU'l X-{! uthtjwhuuf h'iJ bw/1. ljb4mnprul}Wfi llllt)nuf, a-'iJ' J'ww 

f'frsu•Jfr lfwr-6.wnn<n 'bz w'b""~nt J''b /;t 

'Jof>gnLJl-

(8) 

"f'Lnb'L :;. i-bre ,,,,2 frl1.hr b'b1 

1-fr:pb1,b'b9f>wl f. mtfwu•uf'""f 'iJLrf> -t:..wJ'wltru£" 11' lm Jm.J''iJhrf- pwq

,fmfJJnLh£! "rn'bb-Ln• b'b.e- ( UJbu XIII 'fLi"r § 3 0- f> (2) pw'bwJ.t.bl'l!) f.b
~nbJwl ~nbu.j!n{ 

(9) 
~wJ' 

( 10) 

ShtLUI'f('hl"" ( 10) -e (7 )· /> J'h y_ o,,,,{ i 9J-r• (6)-f> J'h£) , O'JIII1.bln'J 

J'w<nrfrsw'b frl•/n•j pw cl'iw"fwUJI1b1,L /, ,f ,UJt•f-HwJf- '1/>fl>b f' b'iJgJ'w'b ~w
iln'bfr9 , u~nw'imLJ' hl,$· 

( 11) 

a :t- k'J= Or ( 12) 
Z,f>zhy'iJb'iJ.p 1 nf' rjh(' r_ />b " •utJ.w uUJ{tiiL{JjlllhlltJ' a-'iJ (4 ) tfUIIrt{'/rgwb 1; , 
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k·il' (1/11/. l;, (X-il' (8) uJmilwJfril J'w,.r/rswil b ( 12) f.w"-wuwpm{tiJwil 

aw[u J'wufr J'w~nrfrswil ~wrbtfr !; 'lrbl "'luufbu. 

(a-kE)a.=O, (13) 

npmb'l E-il n-r'l- ~"'r'l/r J'!rw"-nr J'w~nrfrswil tt (13) r.w"wuwrmfiJnL

ile .Jw"-wtnLil ,.buJ!nt{ 'lr"--J' !; wlu"fbu. 

a11 - k a 12 a1n 
a21 a 22- k • • • a2 n 

{14) 

(12) r.w"wuwpnL[JJn&.il£! SnLJS !; UJUILfru, nt• (X t{b~tnnpf! a J'wmrfrswlfr 

J'frr_nsnt{ al.wtfrnfu"nuf !; frrbil qnu,_wr.bn. ko: "b~wnpfrilz ~burl.wpwr, 

(J. t{b~mnpf! a J'wtn['/r,'/tutfr ubfw~wiJ "b~tnnpiJ !;, npf! f.wJ'UJ"'_IUUJUIU

{uwiJmJ' !; k ubfw~w'i. wpJb.J]pil {~nbu § 11)t 
U~IUlJUir a.J..n" (12 ) f.w"UIUtupm[JtnLiJf! 'Jr'fnuf !; np"'_bu f.wiJpur

f.wz_"UI~Uib f.w"-wuwpnufilbrfr f.wJ'w~wpq ( ~nbu XIII 'ILfufr § 30-fr 

(3) r..uJ'w~wr'lf! • k flfr•le "l"-"'-l! t nrn2"-/r XIII 'ILfu/r § 30·fr ( 5) r.w
t{wuwpm.J'fr9 , npf! Ju,tnppswJpiJ af.nt{ ~wpb[p (; 'Jpbl UIJUUfbu, 

~(a-kE)=O, 

au-k a12 
a!l a22-k 

an] an] • • • ann-k 

'Jofrsu•$ (16) r.w"wuwpJ'wil pnlnr wpdwtnilbre wwpp!.r bil' 

k1, k2 , • • ., knt 

(15) 

(16) 

Bm rw-l!wilunLr kj wrJb-l!fr f.wJ'wr (13) r.wJ'w~wr'lfrS nrnz"nul !; 

0:•" wpclli.J!ilb rfr J' "'"' rfr sw'i. \ 
(X (I) 

I 

a. (I ) 
~ 

a~i> 

( wl'l- wpJb.[!ilbl'frS tfb~l! ~wJ'w1w~wil !; ) z ~b.,l.wpwp1 {1) f.wJ'w~wr'lfr 

1nuJmtfe J'wmrfrswJ/ril J.l.ntf 'lrtfmJ' !; wlu"ibu, 

XI I o:f' > a. F> . . a.(n) 
I 

C ek,t 
1 

x2 r_ ~( I ) a.<2) . a< n) C ek•t 
( 17) 3 2 • 2 

1- . . . 
I , _(1) cz(2) a.(n ) Cne\1 

· xn I n A " 
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nptnb'[ Ci·bpf! ~wJ'w1w~wil f.wutnwurnLililbr l,iJ, ~wJ' ~wr-6.' 

llx\1=\l?. \!Cek'll, ( 18) 

{•LJmJ'ilbrf! u~wuwr J.b.ntJ mr'fnul' bil XIII qlfufr § 30-fr ( 6) pw'i.w

at..brn"-1 

0 l' fr ~ w ~ 1, ~ bml.J"'L ., ~ w;fr~ 'lfrfi>lrplr'l.of•wt ~wofwuwrnt...J'I.Irpfr ~wJwiL"'l''ll!. 

!.. ~ w,f.,~u'l''lfr l"'-~nule. 'fl'/rl ,fwmpfryw;fr'l. dl.nof • 

dx 1 ---=2x1+ 2x 2, 
dt 
dx 2 -=x+3x 2 • 
dt 

~w•/wwwpnu/'1./.pfr f,..,Jw~W[''f(! ,fwmpfrowJfr~• J.!.. nof 'll''/"'-'1 I; "'J"ul/r" (utbu {5 ) ~IU• 

•fwuwpnLJ£!.). 

d x 1 

dt 
2 2 XI 

dx2 

dt 1 3 x2 

kl=1· k2=4· 

k
1
= 1 wpJwmJ.~ :.wJw,LwmwuJuw'l.n'l a\ 1

), a~ I) wrJire~kp[! 
~ .... , "'~"'l''l:l'. 

(2-1)a~' > + 2~ ~' >=0, 

a )' >+ (3- 1 )a ~ ' >=o• 

,.,,. a <' >=--1-, 
·- 2 2 

l,J .. ~ J.!..nof 'I"'~"' .J ~.~ .. a\2) _£!. b. a~2 )_ l! • npn~{! r, ..,,fwur.wrnwufuw~nt J b~ 

k 2= 4 wpJwmfr~•• Umw~n._J b'l.e . 

a \2>=1 . a~2 > =1· 
U.,J,f ~wpn'l b~l! 'll'lol r. w,!wllwl''lfr L" '- JnLJ(! Jwmpfrow .lf.~• J.bnof (rw~wJ.!.. l7) 

1 1 

1 
--1 

2 
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x 1=C 1e1 + C 2e4t, 
I 

x2=--Ctet+C 2e4t, 
2 

0 l' fo 'b Ul ~ .2, ~fzutbJwl 'l[~tpkpls'bofowt r.w1wuwpnul'bkpfo r,,.Jw~"'l''fl!. It ~;,._ 

J,~"'P'IP L"LJn<Jf!. 'll'lzl JwwrfoowJfr'b J.b.n1 • 

dx 1 
dt=Xt' 

dx 2 
-=x 1+2x 2 ~ 
dt 
d x3 -=x 1-t- x. -t-3x3 , 
d t • 

{, L J, L ,(, 'J.pb'be i;w,fw~wr'lfo Jwutpfoow'b. 
I 

A= Ill g ~ lll 
I I 3 I 

~kwbwp.wp 1 r.w1wuwpn<J'bkpfo r.w,ftu~wl'?l!. ,ftuutpfoowJfo'b J.lw1 'll''fnLJ t" 
"'Ju"Lbu ( tubu ( 5) l;tu1wutupnLJf!.)• 

d xtl 
' I 0 I ' XI 

I dt _I dx2 1 2 0 x2 • I 

dt 

II 1 

I 
dx3 3 I 
dt 

X a 

r,,'IJJ.'be (16) p~unfl"''ll'P i ' "'1LUuwpnufe It 'fu•~·b'be ~'l'"' tut"'"'"'"'"re • 

1- k o o I 
1 2-k 0 = L "'J "P~·e'b' (l - k)( 2--k)(3 - k)=O, 
I 1 3- k 

kt= l . k"= 2, k3=3. 

k
1
=1 t.U[Ufwwfo'z. r.tuJt.UU[W WWUfuw'bn'[ aiJ ) a~ J ) a ~ \ ) ;;,pJbc'iJ/ipf!. npn2/i'iJj! 

( 14) l;tu1tuuu•pnLJ'bkpfo I;,.Jw~Wl''l/r9• 

aP l+a~ I ) =0, 

a (I ) -t-a<I J I 2a <Il -0 I 2 I 3 - I 

k 2= 2 tupJwut[o'z. /;w,fWU[UIU•wuJ.uw'b n 'l a\2) 1 a~2 ) ' a~2 ) W['J/i, ,'iJ/ipf!. npnz/s'j,{i! 

r.lzwbJ ... L r. .... rwtl"'l''lfoo· 

a\2l = 0, 

a <2l -t- a<2l -t- a (2) ==V 
L 2 3 ' 

flrn2nLJ k'bj! ka=3 wpJuunfo~l r. wJW"[UIUJWUJ.uW'bn'l a\3) 1 a~3 ) 1 a~3 J wplltj!~lkl'f!. • 

-2a\3l =0, 

a i3l_a<3J_ 0 2 2 - ' 

a <3J -t-a<3• -o 
1 2 - • 

a 1

1
3l = 0 I a~3 l=O· ai3>=1, 

~ tuJtu~tul''lP J"LJnufe 'll'b'be Jtu.,pfogu• 1f,'b J.b.n•f (utltu ( 17) pw'bwJ.b.e ) 

11 ~~ 11-ll-l-1 ~ il [ ~~~~! II 
xt=C~et, 

x2=-Ctet+c2e2t, 

xl= --Cze2t + CaeJt, 

§ t 8. n-pq ltwpq~ qbwJ~b hwttwuwpuwb uwmp~gwJ~b q,pwnntdf! 

'1-frynL.[! nL'iJJ,'iJ.[! 

d"x d"- 1x d"- 2x 
--=an--+ an-I-- + .a1X (1) 

dtn dtn- I dtn-2 

(,wuurwurnL'h '1-nrJw~fry'hbl'mJ n-·r'l- ~wi''IP qJwJ,.'h 'lfrfi.brb'hyfrwL (,w

qwuwpnufl!' t~wurb'iJJ!I np (,burw'fw ; w('u''/f'w'iJ.efr9 (,burl.bfnL t-1 np 

'lnrJw~frs'hbrfr w!'l-"ffrufr t:.wJ'wpw~wlnuf[! r.wpJ'wp /;: tz w'bw~b'h,e 
X-= X1 I. UIJ'iJnLt:.burl.. 

• d x1 -=x() , 
dt • 
dx 2 ---x dt - 31 

d xn-1 
-=X n 
dt 

dxn "dt=a1 x1+ a2x2+ ... +anXn' 

9-pb'h_, w1u t:.wJ'w~wrttfr qnpJw~,.y'hbr,. J'wurrfrsw'h. 
o· 1 o o o 
0010 . . . 0 

II "'II . . . . • . . a· = oooo . .. 1 

(2) 

(3) 
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u.1u '1-b"i.,_.Lt! /21 r.,,JUI~wrqc § 17~p (5) p.UiitUJa£p ~J ... ~mfiJUit!p 

~u•rhtft !; qri.L UIJ""ibu. 

~ 
dt 

dx2 
crt 

dXn-1 
dt 
dxn 
dt 

~UIJ f,UI,/IUn.nur 

0 1 0 • • I 0 

0 0 1 ... 0 

- . . . . . . 
0 0 0 ... 1 

at a2a3 ... an 

d 
-llxll=\la*\1 · 1\x\1, 
dt 

X1 

x2 

(4) 

Xn-1 

Xn 

(5) 

. t,burUJqw tmdmt!e ~wurUJrqmt! !; UIJ~"ibu, /r~l"'bu £. § 17-nLJ, .[!,.,~fr 

nr (5) ,/IUurrftBUI//r'b r.wt/_UJUUifttL,/f! § 17-p (6) r.u.t/_UJUU1f,/U1~ .fwu

~wqnr '11."1$.., b 

0 l' [• 'b w ~· ~ lzonLJ"'I ~w-/wuwpnLJ(! 'll'lzl •fwmpfow;f'b d.b.n-/, 

d 2x dx 
-=p-+qx• 
dt 2 . dt 

{ n t. .. n .. J, '\,2w'bw~lr'be x=x 1, IJ.;'bn• 'lrUJJ.. 

dx 1 
dt=X2' 

dx3 - -=px + qx , d t l I 

~unfwuwpnLJ'bbpf ~wJw~"'l''ll! J~t~urpfuw;f'b d.Ln-/ 'll'-/nLJ ~ "'J""'.Izu, 

§ t 9. 4»mjm)uwftwb qnpbwft~gblipm{ qbwJ~b IJ.~~liplibg~wl hwl{wuwpnui
blip~ hwdmftwpq~ tntbnuf(! hwj!_npq.W(!Wp dnmlignu.(blip~ dlipnq.nl{' UWlft· 
p~gWJ~b qpwnuwb oqmwqnpbuwd(! 

116 

dx1=a11(t)x1+a12(t)x 2+ . · · +atn(t)x:n, 
dt 

dx 2=a21(t)x1+a22(t)x2+ . · . +atn(t)xn, 
dt 
. . . . . . . . . . . . . . . . . . 
~~11 =a 111(t)x 1+an2(t)x ~ + ·, · +ann(t)Xn 

(1) 

rpmpnfuUJ~w~ qnrJUI~PB~hrm{ .,~u•t/r~ 'lirfi»brb~s/rUil r.wt[;,.uwrmt!~brft 
f,UI,/W~UiflfP Ul/~ [nt.datf(!, nrc p.Uit/UifUJfnLtf !; 

(2) 

uhp.~UI~W~ "fUIJ,/UI'b'bbr/r'bt 
upb r.UI.rUI~UiflfP qnrJUI~/rs~br/r JUiurr/rsw//r [, [nLdnttf'bbrft 

Jruurr/rBUIJ/r r.bur 'l/rurwr~b'b.c 'bUJt. u~'IP.'bUJ~w'b "JUI/JUI'b~br/r t!UJur-

r/rsw'b' 

(3) 

Xnu 

W"JUI ( 1) r.wqUJuwrnt.tf'bbpft r,UJ,JUJ~wrqc' (2) u~'IP..-,w~w'b "fUilt!u.'b'bb

r/• UJn.~UIJIIlfiJw.fp ~lfrb'b.c UllU"fhu, 

d - ·-\ lx\1=1/a(t)/1 · 1\ xJj 
dx 

\\xll=llxo\1 bl'p. t-t, 

(4) 

(5) 

uff'fp.~w~w'b "JUil,/UI~'bbr/r 'fh"/.cn..tlz U,/uurful \la(t)\\-'b 'bnrfrs f,UJtfw-

~Uirlflr qnrJUI~/rs~br/r t!UJurr/rsw'b !;: 
/u'b'l/rrl! ~lmJb'b.c r,UJl.nr'lw~w'b tlnurbsnLt!'bhr/r t!bftln'l-nt/.t 

t,burUJlfUI ~JnL{J(! Lwrf et!pll'bhtnL r.wt!wr r.wl.nr'l'"~w'b tlnurbgnLJ

'bbr/r "b fin'lc 'bw/r• ~/r rwn.b<u.c Jb ~ wn.Uip/r'b 11w rtt/r ,~ w r/r'b 'lirfi» b rb'b

'"UIL t.UiqwuUJr.!UJ'b r.wt!Uir (urbu XVI tttfu/r . § 26): 

fiJUJr.UJ'bl_qmJ !; qur'bbt 

· dx =a(t-)x 
dt 

(6} 

Jh~ r.wqwuwrt!UJ'b lmJ,Ltf(! t>burulwl uhpilw~UJ'b "'wl.fw'b'bbr/r 'lb"i-

(7) 
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l;';,pUl,rbLnt. h'iie, nr a(t).i, Ul'i,[!'fl'f,UIUI ff,nL'iiq9f,w t:.

f>'iit"lhu "il2qbl I; XVI ,ufur § 26-mJ (•) 11J,ff,bph'iisfiwL t;.Ul,JUluwpJ,uf,
J_nuJnLJ'(! (7} 11hp'i,u,/l.,'i, "l."'J,lw'i,'i,bpf, 'lb "I..J!"LJ' pbp,[n1.J' I; 

t 

X=x 0 + f a(z)x(z)dz (8) .
to 

f'bmh11rwl t;.U1,J_U1uU1pJ'w'i, l"' ,J,I w"ile1 
u.,u t;.u,,J_,uuiupnL,/f! qlnuJb'i,Jl t;,,u2.nprfU1pu,p Jnurh9,/u,'fl ,/hfln11n,[ 

t 

X1=x0+ \' a(z)x 0dz, 
lo 

t 

X2
=x0 + Ja(z)x 1(z)dz, 

to I (9), 

t 

Xm=X 0 + f a(z)xm-1 (x)dz, 
lo 

. . . . . . . . . . . . ' 

t 

S( )=('( )dz, 
io 

/ (10) 

-O'lutUlqnprJbLn,[ s OUf.bpiuurnpf!., (9) t;.u11/u,uu,rmfl1nL'ii[! 'IP"',! b'i, iu1uw 

'"I.�"· 
x1= x_0+S(ax0),

x2=x0+S(ax1)=x0+S(a(x0fS(ax0)-) ),

Xa- Xo + S( a(x0+s (a( x0tS(ax0 )) ))) ,
. . . . . . . . . . . . . 

'Xm=xo+S(a(x0 + S(a(x0+S(a(x0+S(a ... ))))))), 
'4Ju,�,u'lrJbre f'U191, L n,[ Uutiu'itnL,I b'i,.J! ; 

x�=xo+S11x0+Sa Sax0 tSa Sa Sax0+ ... +sa Sa Sa ... Sax
0
,

m u,\ywJ' 

:Xo-'ii 'l"'P" t:.w'iib1n</. "'"'�"''l"/rs ( Xo-'i, '.UIUutU1utn1."il I;), uu,u,'i,n, ,I l,'i,.[!
•

Xo,-[l+sa+sasa+ ... + Sa Sa ... SaJ Xo: (11) 
m ..,,.,..,,, 

ct..,. .. � ... lJ,nL'ii�9f,u, L, Ul"f.UI {xm} ,;,,,,Z"r'l"'qw'iinLfllnL'iif!. 'i."L1fW,lf,urnuf
/; I o.,u. t;,u,tn r'IUl�W'i,tll fl"1w'f. uu,\,f w'fl(! 

x=[l+Sa+Sa Sa+ ... ]x0 ( 12} 
'i."''lUl,lf,urn'l. 2.UlrJlf, t,r 

'J, f, m n '1. n 1. [ii I n 1. f,, bpb a( t )=con st. UIUf.UI ( 12) pw"ilwal,"il e"il

'l 'IL "ilnL,l f; Uf.WP'I. mbu.[ll f>pn.J!, (10)-f, t;.f,J'w"il ,Jrw �u,rn'l. b"il.[l 1tr"L· 

Sa=aS l=a(t-t0),

(t-1 )� Sa Sa=a2S(t-t0)=a" 0 
2 

S S S m (t-to)m 

a a.. . a =a , 
� m! 

+ ... +a +··· x0
m (t-t3r 

J ml 

( 13 )i 

ITb� .(6) t:.w,Jwuwp,lu,f, l"',J,f,u'fl Jl'i,'bwl'�,J_wrJ ,lbfJn'l'i, u,Jpn'l_t_nLf'lw,lp 
urb'l.,;,,fmJ,,,[n1.J I; (2) uhp'ilu,�u,'fl ..,,,, I,! u,'i,'i,b r n,f (1) t:,.u,,fu,�,ur'lP L"L rJ-
,lw'i, ,Jpw1 

(2) uh�iu,"il .., .. ,J'wL'itbrf, 'lb"IJ!"'-J' (1) t;,u,,fu,�wr11f, tm6nL,lf!:
Jwurrf,11w 1t,t. Un,[ 'lr,[n,J I; "'l""lbu. 

:
t 

i\x\\=lla(l)l/ l\xlJ,

"�'ll''i,u,twft "l"'l,l wi.Url! 

,, '
1 Jlxll=llxoll bf'P t=to1 

t 

Hx(t)Jl=l/xo/1 + ('Jla(z)II · llx(z)Jldz 
tl � 

JwmpJ,9iu1J,'il J,f.1nb11rwlw/f,'i, t:.w <{wuu,p,lw'b l"' ,J,I w'iic, 
CJ.m'ilnLJ 6f,,/! 

. t 

JJxm( t) 11=1 lxoll+ Jlla(z )II /IXm-I ( z) J/dz 
to 

(14) 

( 15), 

(16} 

(17} 

639' 



liw pn f''l"'P"'[' ./ nurh,quu/"iib {'[!I b'itfilwf,"Uurblf:f'"'l w Jp"ii w ru•w r,UIJurm filJ"'"ii 

J'b2. f,"'!."l''l"'P"'l' J'nmb9m./"hhpf!. f.w!."f''lWP"'l' urb'l"''ll'bfnL -6w,w~ 

Uf.W['f.nq f.wJ'w~wl''IP l"' Jnu/1! .l"'"'l'P9"'JP"h al1n1_ ~wpurwf.wJurtJf• 

llx(t)il=\lxoll+ j~ lla(zl )II (llxoii+J~IIa(z211(llxoll+ 
to to 

t 

1/X( t )11=11 X oil+ Slla (z1 )II l!x0/ldz1+ 
to 
t z, 

+ J l\a(z1)li Jl!a(z~)l\ l\x01!dz2 dz1+ ( 18) 
to lo 

~lf:"'"'lf:"l'dbtn1_ S fr'burlllf['./w"h o"lhl'wmnp[!, (8) r.wqwuwpnLfiJJn'-"hf! ~w

l'blfr t lf:f'bf LUJU"fbu, 

llx( t)ll=l!IEII+SIIail-t Siiai!SiJa!l+ ... ]llxoll' ( 19) . 

~wnlil~nL ufr .pw~wlf:<Jb pnLJ' lf:ur"h<fn'l o"lb [' wurnp[! "hzw"hw~nL.! b"h .!bt, 

mMinntJl U.1"h 'ilzw"hwl(b"h.p /% 1<,:o,)> • "''' ( 19) f.wq•uuwpnL[il JnL"ii[! f,,tfwnnur 

"f['nl" b"h WJU"fbu 

(20) 

~burw.ppJ!f:l' t "hzbt f.buriLJ"'l f.w"hlf:w.! w"h.pf!l fJ fib ( 1) f.ru.! w-

lf"'l'<tfr lf:"l'qw~fr9"hbpf! f.UiumwurnL"ii"iibp b"h, "'"I"' Olfm<fbtn1_ J'rumpfr-

9"'JP P"l"l' w"h'lwJ'"hbpfr f!"h'lt;.u,"ii•L[' P"''l''"'"l"'"'~Pll! .!wurrfr9"'1P 

'htw"i1Jr9 'l"'l'u pkpb[nL ~w"hn"hfr9*• IL"'l'"'l k"hp lf:l'bl• 

Siiall=t-to l!a!l. 
1 

Sj\ai!SJial l =~t-to)
2 

lla l\\ 
2! 

S\la\\S\laiiSila\1= (t-to)
3 

\laW 
3! 

* lTwurpfoow'bl.pfo 'b+wurtfw•lp 'lnpJn'lnLfJJnL'h'hbpfo ~wtfwp uwr.Jw'l.w,t[•'b w'ba
Jw'b .!wufo'b r.wpoJ! lh'bl e'h'bwp~nt J, 

.·· ~ -

(19) pu/fiw.lf.{! f,UIUUIWUJnL, lf:Rf'dUI~frg"hhrfr '1/,"f.[!RLif' f!"h'fnL'fmuf' 
t f.burl.l"'l urhu.[!{!• 

IJx(t)l!= 

= [IIEII+t Ito \lall+(t~to~2 ljai?+ .. ·+(t mtt)n~ilaiJm+ .. ·]/lxoll' (21) 

t/..brtfr'it f.w1_UiuwpnL{IJnL"ii[! ufrJ'<fntM .ll.n1_ lf:['nLJ' h'it "'lu"lbu. 

llx(t)l!=e<l-to)l\all llxoll' (22) 

I. Y1=3x1+2x 2 , y 2=7x,+5x2 'IJwJfo'b J.£.wpnfun•f1J .. 'b r,,.,,fwp 'l"''blrl r,,.,_ 
tw'/wpJ. J.£.w1•nJunt.fJJw'b tfwurJ•foow'b, 

2. Spt/wJ t Y1=X1-X2' Y2=X1• 'lour'bbl r.w~w'lw/'J. tl£.wpnfun•fJJw'b tfwur-
1'/row'bl 

~wm.ll-~ ~ :I· 

II 
8 211 

~wm. IS -41' 
i(, Spt/wJ b'b 

II 4 4 I911 '126 3 221' ~wm, 9 0 I6 £. 14-1 8 I' 
I3 -:.1 20 I 5-4 -I I 

'II 2 3jj ;:). Spt/wd h'b A=, ~ ~ I? 1 E-'1. 3-p'l ~"'P'I/o tlfowt/np rlwurpfoow'b t• !Jpn-

2.bl A I 2E 1'"'"'Pfr.'lw'b, 

•wm.,, ~ ~ 1~ ll· 
6. Spt/wJ t A= II ~ ~ II Jw.npfru,.'b I t n'bbl A2 """"Pfoou.'b, 

~wm,/11~ ~~ /l· 
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'1· A=-11 ~ ~ fl· '/>rn'bbt A2+5A Jwurpfzs .. 'b• 

~WID· II ~~ !~ II· 
S. '/>rn'bbl A~l 1& i } \J J"'"'l'f9"'Jr ~"'~"''l"'l'~ Jrurnpf! 9 w't., 

II 
11 -4 I II lltw•11• -25 9 -! • 
Ii -5 1 

. 9. Spt[w~ (- ~lrrnhJ"'l ~wt[wuwpnLJ't.IIpf! ~wJw~"'l''fl!• 

x1+2x2+x 3= 10, 
2x 1+ x2+x3=~• 

x1+3x2+x3=30, 

'trw 1, .. ~, .. J'I.Irpe 'll'"l Jwurrri"'Jr't. ~l.nt[ £. trn't.IIl x1-e, x2-e, x3-e, 

10. Sr1"'~ t ~bur£.J"'l ~,t/,.uwpnLJ'bbpf! ~wJw~"'l''fl!• 

x1+ x2+ x3=3, 
5x1+4x 2+ 3x3= 11, 

10x 1+5x 2 + x,=ll,5, 

lllwm·ll xlCxa~ =II!~~-~-~ 11·11 tf II· x~,5, X2=1, x3=1,5• ; 15-S 1 11,1 

. I I 2 411 I 2-2=~ 
-4-2 1 

'"'"'l'rs"'Jr ubfw~w't. wpJire't.bpf!. £. ubfw~w't. t[b~urnp't.lrpf!t 

1 
Cllwm. k

1
=6, k2=k3=- 3, 't 1=mi+2mj-mk, 't 2-e ~,.,J,.,,,~,.,., 1"~-

,,l' (-, "l'l! pwt[wpwpnJ t ('t{:2)=0, "l"'JJ.,'t.f!'b, m-e5~wJwJw~w't. £11!1 t• 
~. ,.,.,bl 

II c~~ a sin a II 
s1n a cos a 

Jwurpfi"'Jr ulzpw~w't. ""~"'"l''t.bre• 
fllwm. 9-nJnLfiJnL'I. l"._'t,b't,, 

Jwrnpf!swJf• ub.ft•~w'b 1b~urnp't.lrpe• 

Cllwm• flnt"l' t/b~,.np'bbpf! ulrpru~w't. lr't., 

1<'1. Uruurpf!flwJJr'b lr'lm'bw~n•/ f"L~Irl 

dx 1 -+x 2-o, 
dt 

dxl 
-+4x =0• 
d t 1 

.,,.,,/!1. 'lf!ftL·pli't.sf!wl ~wt/ruuwpn.J't.bt•r ~w.!w~wl''ll!.' 

lltwm. x1=C 1e21+C2e-2t, x2=-2(C 1e2t_C 2e-2t)• 



2 X /'-

cf>(X)= y n S e -tt dt ~ntb~g~wl~ h ct>(x)=ct>(px) Lwunwu~ plipt[wb ~ntblt-
0 

x I ct>(x) 
.......... 
ct>(x) 

0,00 0,0000 564 o,ooco 269 1,40 0,9523 74 0,6550 169 
0,05 0,0564 561 0,0269 269 1,45 0,9597 64 0,6719 164 
0,10 0,1125 555 0,0538 268 1,50 0,9661 55 :),6883 159 
0,15 0,1680 547 0,0806 267 1,55 0,9716 47 o. 7042 153 
0,20 0,22~7 536 0,1073 266 1,60 0,9736 -41 0, 7195 147 
0,25 0,2763 523 0,1339 265 1,65 0,9804 34 0,7342 143 
0,30 0,3286 508 O,I604 262 I ,70 0,9838 29 0,7485 136 
0,35 0,3794 490 0,1866 261 1, 75 0,9867 24 0, 7621 132 
0 ,40 0,4284 471 0,2127 258 1,80 0,9891 20 0, 7753 126 
0 ,45 0,4755 450 0,2385 256 1,85 0,9911 17 0, 7879 121 
0,50 0,5205 428 0,2641 252 1,90 0,9928 

14 0,8000 116 
0,55 0,5633 406 0,2893 250 1,95 0,9942 11 0,8116 Ill 
0,60 0,603§ 381 0,3143 246 2,00 0,9953 

10 0,8227 105 
0,65 0,6420 358 0,3389 243 2,05 0,9963 7 0,8332 102 
0,70 0,6778 334 0,3632 238 2,10 0,9970 

6 0,8434 96 
0,75 0,7112 309 0,3870 2.35 2,15 0,9976 5 0,8530 92 
0,80 0,7421 286 0,4105 231 2,20 0,9981 4 0,8622 87 
0,85 0,7707 262 9,4336 226 2,25 0,9985 3 0,8709 83 
0,90 0,7959 240 0,4562 221 2,30 0,9988 3 0,8792 79 
0,95 0,8209 218 0,4783 217 2,35 0,9991 2 0,8871 74 
1,00 O,M27 197 0,5000 212 2,40 0,9993 2 0,8945 71 
1,05 0,8624 178 9,5212 207 

I 

2,45 0,9995 1 0,9016 66 
1,10 0,8802 159 0,5419 201 2,5() 0,99S6 1 0,9082 64 
1,15 0,8961 142 0,5620 197 2,55 0,9997 

1 0,9146 59 
1,20 0,9103 126 0,5817 191 2.00 0,9998 0 0.9205 56 
1,25 0,9229 111 0,6008 186 2,65 0,9998 1 0,9261 53 
1,~ 0,9340 98 0,6194 181 2,70 0,9999 0 0,9314 50 
1.35 0,9438 85 0,6375 175 2,75 0,9999 0 0,9364 46 

644 

X I cf>( X) I u 

2.80 0,9999 I 
2,85 
2,90 
2,95 
3,00 I ,0000 
3,05 
3,10 
3,15 
3,20 
3,25 
3,30 
3.35 
3,40 
3.50 
3,60 
3,70 
3,80 

x2 
I - - 2 

f(x)= r;- e 
y' 2;: 

X I f(x) 

0,00 0,3989 
0,05 0,3984 
0,10 0,3970 
0,15 0,39q5 
0,20 0,3910 
0,25 0,3867 
0,30 0,3814 
0,35 0,3752 
0,40 0,3683 
0,45 0,3605 
0,50 0,3521 
0,55 0,3429 
0,60 0,333~ 
0,65 0,3230 
0,70 0,3123 
0,75 0,3011 
0,80 0,2897 
0,85 0,2780 
0,90 0,2661 
0,95 0,2541 

I q;'(x) I ~ 
0,9410 44 
0,9454 41 
0,9195 39 
0,9534 36 
0,9570 33 
0,9503 32 
0,96l5 29 
0,9664 27 
0,9691 25 
0,9716 24 
0,9740 21 
0,9761 21 
0, 9782 36 
0,9818 30 
0,9848 26 
0,9874 22 
0,9896 19 

II X I 
1,00 
1,0.5 
1, 10 
1,15 
1,20 
1 ,2S 
1,;)0 
1,35 
1 .40 
1,45 
1,50 
1,55 
1,60 
1,65 
1, 70 
1, 75 
1,80 
1,85 
1.90 
1,95 

II X I ct>(x) I a ~~x) I ~ I 

3,90 0,9915 15 
4,00 0,9930 13 
4,10 9,9943 II 
4,20 0,9954 9 
4,30 0,9963 7 
4,40 0,9970 6 
4.50 0,9976 5 
4,60 0,9981 4 
4,70 0,9985 3 
4,80 0,9988 3 
4,90 0,999I 2 
5,00 0,9993 I 
5,111 0,9994 2 
5,:w 0,9996 I 
5,30 0,9997 0 
5,40 0,9997 

I 

U. 'l J "L u w~ 2 

f( X) II X I f(x) 

0,2420 I 2,00 0,0540 
0,2299 2,05 0,0488 
0,21i9 2,10 0,()440 
0,2059 2,15 0,0396 
0,1942 2,20 0,0355 
0,1826 2,25 0,0317 
0,1714 2,30 0,0283 
0,1604 2,35 0,0252 
0,1497 2,40 0,0224 
0,1394 2,45 0,0198 
0,1295 2,50 0,01_75 
0,1200 2,55 0,0154 
0,1109 2,60 0,0136 
0,1023 2,6'i 0,0119 
0,0940 2,70 0,0104 
0,0803 2,75 0,0091 
0,0790 2,80 0,0079 
0,0721 2,85 0,0069 
0,0656 2,90 0,0060 
0,0596 I 2,95 0,0051 
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l\ ( I( x) II X I I (x) 
If 

3,00 0,0044 3,35 I 0,0015 

I 3,05 0,0038 3,40 O,OOI2 
3,10 0,0033 3,45 0,0010 I 

I 
3, I5 0,0028 3,50 0,0009 I 
3,20 0,0024 3,55 0,0007 
3,25 0,0020 .3, 60 

I 
O,OOOG 

3,30 0,0017 :>.65 0,0005 I 
I 

X I <P ( x) l X I <P ( x) 
II 

0,00 0,0000 0,95 0, 3289 
O,OI 0,0040 1,00 o, .34 I3 
0,05 0,0199 1,05 0, 3531 
O,IO 0,0398 1, IO 0,3643 
0,15 0,0596 1, I5 0,3749 
o,:.m 0,0793 I, 20 0,3849 
0,25 0,0987 1,25 0,3944 
0,30 0, II 7! 1,30 0,4032 
0,35 0,1368 I ,35 0 ,4115 
0,40 0,1554 1,40 0,4I92 
0,45 0.!731J I ,45 0,4265 
0,50 0, 19I5 I ,50 0,4332 
0,55 0, 2088 I,55 0,4394 
0, 60 0,2257 I ,60 0,4452 
0, 65 6, 2422 I ,65 

I 
0,4505 

0, 70 0,2.180 1,/0 () ,,1 554 
0,75 0,2734 1, 75 0,4599 

I 0, 80 0,':?88I I, 80 0,4641 
0,R5 0,302.3 I ,85 I 0,4678 
O,l.O o.:nsg I 
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X I f( x) 

3,70 
I 

0,0004 
3,75 0,0004 
3,80 0, 0003 
3,85 0,0002 
3,90 

I 

0,0002 
3,95 0,0002 
4,00 O,OOOI 

X I <P(x) 

I ,90 0,4713 
2,00 0,4772 
2,10 0,48-;!I 
2,20 0,4861 
2,30 0,4893 
2,40 0,4918 
2,50 0,4938 
2,60 0,4953 
2,70 () .4965 
2,80 o.49n 
2,90 0,498I 
3,00 0,49865 
3,20 

I 
0,4993 I 

3,40 0,49966 
3,60 I 0,49984 I 

3,b0 I 0,499927 
4,0U I 0,499968 

I 

4,50 0,-!99997 
5,00 0,500000 
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