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NAXABAN

Ditarkvo� bnagava�i het a�n�vo� grqeri �arqowm sowyn
�e�narkn a�ajinn � hayeren lezvov: Ayn nvirva� � komp{
leqs banaxyan hanraha�ivneri tesow�yan�, spektral te{
sow�yan�, komowtativ banaxyan hanraha�ivneri gelfandyan
tesow�yan�  nra kira�ow�yownnerin o� inqnahamalow� �pera{
torneri tesow�yownowm:

�e�nark� ba�kaca� � �ors glxic: A�ajin glowx� nvirva�
� kompleqs normavorva� hanraha�ivneri tesow�yan�, erk{
rord�` komowtativ banaxyan hanraha�ivneri gelfandyan
tesow�yan�, orte� a�ancqayin � bolor komowtativ B∗{ han{
raha�ivner� bnow�agro� Gelfand-Naymarki �eorem�: Errord
glxowm, himnvelov naxord glowxnerowm zargacva� aparati
vra, owsowmnasirvowm � kompleqs hilbertyan tara�ow�yownowm
gor�o� g�ayin sahmana�ak �peratorneri hanraha�iv�  
apacowcvowm � spektral �eoremi gelfandyan tarberak�,
orte�ic orpes het anq stacvowm � sahmana�ak normal
�peratorneri hamar spektral �eorem� hamapatasxan
fownkcional ha�vi het miasin: �orrord glowx� nvirva� �
o� komowtativ B∗{ hanraha�ivnerin: Nranowm apacowcvowm
en Boxneri �eoremi abstrakt tarberak�  o� komowtativ
B∗{ hanraha�ivner� bnow�agro� Gelfand-Naymarki �eorem�:

�e�narkowm �ndgrkva� en na verjers stacva� oro� ar{
dyownqner: Dranc mi masi hamar trva� en sxematik apa{
cowycner, oronq teqstowm berva� en manr ta�atesakov:

Girq� mat�eli � bowheri fizikama�ematikakan masna{
gitow�yamb bar�r kowrsi owsano�neri hamar: Ayn karo� � �g{
takar linel na aspirantneri, gita�xato�neri  dasa{
vando�neri hamar:
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Glowx 1

NORMAVORVA HANRAHA
IVNER

§ 1.1. Kompleqs hanraha�ivner

Sahmanowm 1.1.1: Dicowq P {n or � da�t �, isk A{n P -i nkat{
mamb g�ayin tara�ow�yown �: Kasenq A{n P {i nkatmamb han{
raha�iv �, e�e A{owm nermow�va� �  s mek hanraha�vakan gor{
�o�ow�yown` artadryal, or� bavararowm � het yal ereq pay{
mannerin (aqsiomnerin).

1) (xy)z = x(yz) (∀x, y, z ∈ A),
2) x(y + z) = xy + xz, (y + z)x = yx+ zx (∀x, y, z ∈ A),
3) α(xy) = (αx)y = x(αy) (∀x, y ∈ A, ∀α ∈ P ):

Erb bavararvowm � na 
4) ∃e ∈ A, or ex = xe = x (∀x ∈ A),

payman�, A{n ko�vowm � miavorov hanraha�iv, isk e{n` nra
miavor: E�e 1) { 3) paymanneri het miasin bavararvowm �

5) xy = yx (∀x, y ∈ A),
payman�, apa A hanraha�iv� ko�vowm � komowtativ:

Nkatenq, or hanraha�iv� karo� � ownenal mekic o� aveli
�vov miavor: Iroq, e�e hanraha�vi e  e′ �lementner� miavor{
ner en, apa ee′ = e′e = e′, e′e = ee′ = e  , het abar, e = e′:

Dicowq A{n hanraha�iv �: Het yal kanonakan �ndlaynowm�
�owyl � talis A{n lracnel miavorov, aysinqn nerdnel in�{or A′

miavorov hanraha�vi mej: N�anakenq

A′ = {(x, α) : x ∈ A, α ∈ P} = A× P

 (x, α), (y, β) ∈ A′  λ ∈ P hamar sahmanenq

(x, α) + (y, β) = (x+ y, α+ β),

λ(x, α) = (λx, λα),

(x, α)(y, β) = (xy + αy + βx, αβ) :

7



8 Glowx 1. Normavorva� hanraha�ivner

He�t � stowgel, or ayd depqowm A′{i hamar kbavararven g�a{
yin tara�ow�yan aqsiomner�  hanraha�vi 1)-3) aqsiomner�,
in�pes na 4) aqsiom�, orowm miavori der� katarowm �
(0, 1) �lement�: x 7→ (x, 0) artapatkermamb A{n izomorf ar{
tapatkervowm � A′{i in�{or en�atara�ow�yan vra: x∈A
�lement� nowynacnelov (x, 0)∈A′ �lementi het` karo� enq ha{
marel, or A ⊂ A′: E�e A hanraha�iv� komowtativ �, apa A′{�
nowynpes klini komowtativ:

Hanraha�iv�  nra en�ahanraha�iv� karo� en ownenal
tarber miavorner: �rinak, e miavorov A hanraha�vi dep{
qowm A′ hanraha�vi miavorn � (0, 1) �lement�, isk nra {(x, 0) :
x ∈ A} en�ahanraha�vi miavorn � (e, 0) �lement�: Heta{
gayowm, xoselov miavorov hanraha�vi miavor owneco� en�a{
hanraha�vi masin, ken�adrenq, or en�ahanraha�vi miavor�
ham�nknowm � hanraha�vi miavori het:

Menq himnakanowm kditarkenq ayn depq�, erb P = C: Ayd
depqowm A hanraha�iv� ko�vowm � kompleqs hanraha�iv:

Hanraha�vowm orpes M  G en�atara�ow�yownneri MG
artadryal khamarenq het yal bazmow�yown�.

MG = {xy : x ∈M, y ∈ G :}

Sahmanowm 1.1.2: J ⊂A en�atara�ow�yown� ko�vowm � �ax (aj)
ideal, e�e AJ ⊂ J (JA⊂ J):

J{n ko�vowm � erkko�mani ideal (kam, parzapes, ideal),
e�e ayn  | �ax,  | aj ideal �:

J ideal� ko�vowm � se�akan, e�e J 6= {0}  J 6= A:

J se�akan ideal� ko�vowm � maqsimal, e�e goyow�yown �owni
J{n parownako�  J{ic tarber se�akan ideal:

�rinakner:

1) E�e CN{owm erkow z = (z1, z2, . . . , zN ), z′ = (z′1, z
′
2, . . . , z

′
N )

vektorneri artadryal� sahmanenq

zz′ =
(
z1z
′
1, z2z

′
2, . . . , zNz

′
N

)
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bana� ov, apa CN-� kda�na miavorov komowtativ hanra{
ha�iv (miavorn � e = (1, 1, . . . , 1) vektor�):

2) Ditarkenq `∞ = `∞(C) tara�ow�yown�, or� ba�kaca� �
bolor z = (zk)

∞
k=1 ⊂ C sahmana�ak hajordakanow�yownneric:

`∞{i erkow z = (zk)
∞
k=1, z

′ = (z′k)
∞
k=1 �lementneri  α ∈ C �vi

hamar sahmanenq

z + z′ =
(
zk + z′k

)∞
k=1

, αz = (αzk)
∞
k=1 , zz′ =

(
zkz
′
k

)∞
k=1

:

Ayd depqowm `∞{� kda�na miavorov komowtativ hanraha�iv,
orowm e miavori der� katarowm � ayn hajordakanow�yown�, ori
bolor andamner� 1 en: Ays �rinakowm gor� ownenq anverj �a{
�ani hanraha�vi het:

3) X g�ayin tara�ow�yownowm gor�o� bolor g�ayin �pe{
ratorneri L(X) bazmow�yown� kda�na miavorov hanraha�iv,
e�e nranowm T , S �peratorneri artadryal� sahmanenq

(TS)(x) = T (Sx)

bana� ov (miavor� nowynakan artapatkerowmn �):

4) X banaxyan tara�ow�yowm gor�o� bolor g�ayin sahma{
na�ak �peratorneri BL(X) bazmow�yown� miavorov kompleqs
hanraha�iv �: Bazma�a� X-i depqowm BL(X) hanraha�iv�
komowtativ ��, �nd orowm, erb X{� anverj �a�ani �, BL(X){�
nowynpes anverj �a�ani �:

Anverj �a�ani separabel X hilbertyan tara�ow�yan
depqowm BL(X){� orpes �peratorayin normov banaxyan ta{
ra�ow�yown separabel ��: Iroq, X{n izometrikoren izomorf
� L2(0, 1){in, owsti BL(X){� izometrikoren izomorf klini
BL

(
L2(0, 1)

)
{in  mnowm � apacowcel, or BL

(
L2(0, 1)

)
{� se{

parabel ��: Cowyc tanq, or ∀M ⊂BL
(
L2(0, 1)

)
amenowreq xit

en�abazmow�yan hzorow�yown� �oqr �� kontinowmi hzorow�yow{
nic: t ∈ (0, 1) hamar Pt ∈ BL

(
L2(0, 1)

)
�perator� sahmanenq

(Ptf)(x) = χ(0,t)(x)f(x)
(
f ∈ L2(0, 1)

)



10 Glowx 1. Normavorva� hanraha�ivner

bana� ov (χ(0,t){n (0, t) mijakayqi bnow�agri� fownkcian �):
0 < t1 < t2 < 1 hamar ownenq (Pt2 − Pt1) f (x) = χ(t1,t2)(x)f(x),
owsti ‖(Pt2 − Pt1) f‖ 6 ‖f‖

(
f ∈ L2(0, 1)

)
 , het abar,

‖Pt2 − Pt1‖ 6 1: Myows ko�mic,

‖Pt2 − Pt1‖ = sup
‖f‖61

‖(Pt2 − Pt1) f‖ >
∥∥∥∥(Pt2 − Pt1)

χ(t1,t2)√
t2 − t1

∥∥∥∥ = 1:

Ayspisov, t1, t2 ∈ (0, 1), t1 6= t2 depqowm ‖Pt2 − Pt1‖ = 1:

∀t ∈ (0, 1) hamar ∃Q = Qt ∈ M , or ‖Pt −Qt‖ <
1

2
: t1 6= t2

depqowm ownenq

‖Qt2 −Qt1‖ = ‖(Pt2 − Pt1)− (Pt2 −Qt2 +Qt1 − Pt1)‖ >

> ‖Pt2 − Pt1‖ − ‖Pt2 −Qt2 +Qt1 − Pt1‖ >
> ‖Pt2 − Pt1‖ − ‖Pt2 −Qt2‖ − ‖Qt1 − Pt1‖ > 0,

owsti Qt1 6= Qt2 : Stacvec, or t 7→ Qt artapatkerowm� (0, 1)
mijakayq� �oxmiar�eq artapatkerowm � M{i mej  , het a{
bar, M{i hzorow�yown� �oqr �� kontinowmi hzorow�yownic:

5) Dicowq X{� lokal kompakt topologiakan tara�ow�yown
� (aysinqn ∀x∈X ket owni haraberakan kompakt �rjakayq):
Cb(X){ov n�anakenq bolor f :X→C sahmana�ak  an�ndhat
fownkcianeri bazmow�yown�: Cb(X){� miavorov kompleqs han{
raha�iv � (miavor� nowynabar 1 fownkcian �), in�pes na 
banaxyan tara�ow�yown �, orowm f ∈ Cb(X) fownkciayi normn �

‖f‖ = sup
x∈X
|f(x)| :

N�anakenq C0(X){ov bolor ayn f ∈Cb(X) fownkcianeri
bazmow�yown�, or ∀ ε> 0 hamar ∃Kε⊂X kompakt, aynpes, or

|f(x)| < ε (x ∈ X \Kε) :

C0(X){i fownkcianerin anvanowm en ∞{owm anhetaco� (0{i
�gto�) fownkcianer: Sa Cb(X){owm �ak erkko�mani ideal �:
Erb X{� kompakt ��, C0(X){� miavor �owni:
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N�anakenq C00(X){ov (kam Cc(X){ov) bolor ayn f ∈ Cb(X)
fownkcianeri bazmow�yown�, oronc

supp f = {x ∈ X : f(x) 6= 0}

kri�� kompakt �: Parzvowm � (in�n aknhayt ��), or

C00(X) = C0(X) :

Ayn depqowm, erb X{� kompakt �, kownenanq

C00(X) = C0(X) = Cb(X) = C(X),

orte� C(X){� bolor f : X → C an�ndhat fownkcianeri ta{
ra�ow�yownn �:

6) Dicowq E{n or � bazmow�yown �, isk X{� P da�ti nkat{
mamb hanraha�iv �: Ayd depqowm

J(E,X) = {f : E → X}

artapatkerowmneri bazmow�yown� klini P da�ti nkatmamb
hanraha�iv, e�e f1, f2,∈ J(E,X), α ∈ P hamar sahmanenq

(f1 + f2) (x) = f1(x) + f2(x),

(f1f2) (x) = f1(x)f2(x),

(αf1) (x) = αf1(x) :

Erb X-owm ka e miavor, J(E,X)-� nowynpes owni miavor  mi{
avori der� katarowm � f(x) ≡ e artapatkerowm�:

Ay�m berenq idealneri �rinakner:
1) DicowqX{� banaxyan tara�ow�yown �: Ayd depqowmK(X)

kompakt g�ayin �peratorneri bazmow�yown� BL(X){i �ak
erkko�mani ideal �:

2) Ditarkenq K kompakti vra an�ndhat fownkcianeri
C(K) tara�ow�yown� (or�, in�pes arden n�vec, komowtativ
hanraha�iv �): Dicowq E ⊂ K: N�anakenq

JE = {f ∈ C(K) : f(x) = 0, x ∈ E} :
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Parz �, or JE{n ideal � (komowtativow�yan a�kayow�yan �nor{
hiv avelord � xosel aj kam �ax idealneri masin. dranq ham{
�nknowm en): Parzvowm �, or C(K){owm bolor maqsimal idealnern
ownen J{x0} tesq�, orte� x0 ∈ K: Ays pndowm� menq kapacow{
cenq hetagayowm (tes` § 2.1, �rinak 1):
Sahmanowm 1.1.3: x ∈ A �lement� ko�vowm � hakadar�eli �axic
(ajic), e�e goyow�yown owni aynpisi y ∈ A, or yx = e (xy = e):
Aydpisi amen mi y �lement ko�vowm � x{i �ax (aj) hakadar�:

Sahmanowm 1.1.4: x ∈ A �lement� ko�vowm � hakadar�eli, e�e
goyow�yown owni aynpisi y ∈ A, or xy = yx = e: Aydpisi y{�
ko�vowm � x{i hakadar�  n�anakvowm � x−1-ov:

Mia�amanak �axic  ajic hakadar�eli �lement� ha{
kadar�eli �  nra miako�mani hakadar�er� ham�nknowm en:
Iroq, e�e yx = e = xz, apa

y = ye = y(xz) = (yx)z = ez = z :

Ayste�ic bxowm �, or o� mi x ∈ A �lement �i karo� ownenal
mekic aveli �vov hakadar� (aysinqn` aynpisi z, or xz = zx =
= e): A hanraha�vi bolor hakadar�eli �lementneri bazmow{
�yown� kn�anakenq A−1{ov: Parz �, or e ∈ A−1:

Nkatenq, or miayn mi ko�mic hakadar�eli �lementi mia{
ko�mani hakadar�� miak� ��: Iroq, dicowq x ∈ A �lement�
�axic hakadar�eli �, isk ajic` o�: Dicowq y-� x �lementi or �
�ax hakadar� �: Ayd depqowm he�t � stowgel, or cankaca�
λ ∈ C hamar yλ = y + λ (e− xy) �lement�  s klini x-i �ax
hakadar�: Qani or xy 6= e, owsti λ1 6= λ2 depqowm yλ1 6= yλ2 :

§ 1.2. Banaxyan hanraha�ivner

Sahmanowm 1.2.1: e miavorov A kompleqs hanraha�vowm ner{
mow�va� norm� ko�vowm � hanraha�vakan, e�e
1) ‖xy‖ 6 ‖x‖ · ‖y‖ (∀x, y ∈ A),
2) ‖e‖ = 1:
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Sahmanowm 1.2.2: Miavorov A hanraha�iv�` nranowm nermow�{
va� hanraha�vakan normi het miasin ko�vowm � normavorva�
hanraha�iv: E�e A{n na lriv �, apa ayn ko�vowm � banaxyan
(kam Banaxi) hanraha�iv:

Dicowq A hanraha�vowm nermow�va� norm� bavararowm �

‖xy‖ 6 ‖x‖ · ‖y‖

paymanin: Ka�owcenq naxord paragrafowm n�va� A′ �ndlay{
nowm�  (x, α) ∈ A′ hamar sahmanenq

‖(x, α)‖ = ‖x‖+ |α| :

He�t � tesnel, or A′{� khandisana normavorva� hanraha�iv:
x 7→ (x, 0) artapatkerowm� A{n izometrikoren kartapat{
keri A′{i �ak erkko�mani ideali vra, �nd orowm, e�e A{n lriv
�, apa A′{� (het abar, na ayd ideal�) klini lriv:

Ayspisov, e miavori goyow�yan  ‖e‖= 1 pahanjner� �en
hangecnowm �ndhanrow�yan me� korsti  hetagayowm dranq
khamarenq bavararva�:

Berenq banaxyan hanraha�ivneri �rinakner: In�pes
ktesnenq, naxord paragrafowm ditarkva� kompleqs hanra{
ha�ivneric �ater� banaxyan hanraha�ivner en: Ayd �rinak{
nerowm normi aqsiomner� stowgvowm en he�tow�yamb:

�rinakner:

1) CN-� verjavor �a�ani komowtativ banaxyan hanra{
ha�iv �, orowm z = (z1, z2, . . . , zN ) ∈ CN vektori normn �

‖z‖ = max
16i6N

|zi| :

2) `∞-� anverj �a�ani komowtativ banaxyan hanraha{
�iv �, orowm z = (zk)

∞
k=1 �lementi normn �

‖z‖ = sup
k
|zk| :

3) X banaxyan tara�ow�yowm gor�o� bolor g�ayin sah{
mana�ak �peratorneri BL(X) bazmow�yown� �peratorayin
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normi nkatmamb banaxyan hanraha�iv �: In�pes n�vec na{
xord paragrafowm, bazma�a� depqowm ays hanraha�iv� mi{
avorov o� komowtativ hanraha�iv �, �nd orowm, e�e X{n
anverj �a�ani separabel hilbertyan tara�ow�yown �, apa
BL(X){n anverj �a�ani o� separabel banaxyan tara�ow{
�yown �:

4) Dicowq X{� lokal kompakt topologiakan tara�ow�yown
�: Sahmanenq

‖f‖ = sup
x∈X
|f(x)| (f ∈ Cb(X)) :

He�t � stowgel, or Cb(X){� banaxyan hanraha�iv �:
Erb X{� kompakt �, kownenanq

C00(X) = C0(X) = Cb(X) = C(X),

orte� C(X){� bolor f :X→C an�ndhat fownkcianeri tara{
�ow�yownn �: Ays depqowm karo� enq grel

‖f‖ = max
x∈X
|f(x)| :

5) Ditarkenq T = {z ∈C : |z|= 1} bazmow�yan hamar C(T )
hanraha�iv�: N�anakenq A(T )-ov C(T )-i bolor ayn fownk{
cianeri bazmow�yown�, oronq �owyl en talis an�ndhat �arow{
nakow�yown {z ∈ C : |z| 6 1} �ak �rjani vra, oro�elov anali{
tik fownkcia {z ∈ C : |z| < 1} bac �rjanowm: He�t � stowgel,
or A(T ){n klini C(T ){i �ak en�ahanraha�iv  kparownaki
C(T ){i miavor�: Erbemn A(T ){in anvanowm en disk hanraha{
�iv: f ∈ C(T ) hamar sahmanenq

f̂(n) =
1

2π

2π∫
0

f
(
eiθ
)
e−inθdθ (n = 0,±1,±2, . . .) :

Kareli � cowyc tal, or

A(T ) =
{
f ∈ C(T ) : f̂(n) = 0 (n = −1,−2, . . .)

}
:
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Baci ayd, parzvowm �, or A(T ){n C(T ){owm �lracvo� en�ata{
ra�ow�yown �, aysinqn` goyow�yown �owni aynpisi L ⊂ C(T ) �ak
en�atara�ow�yown, or

C(T ) = A(T )⊕ L :

Ayn, or A(T ) 6= C(T ), aknhayt �, orovhet C(T ){in patkano�

f(z) =
1

z
fownkcian �i patkanowm A(T ){in:

Sahmanowm 1.2.3: A kompleqs hanraha�iv� ko�vowm � topolo{
giakan hanraha�iv, e�e A{n mia�amanak handisanowm � to{
pologiakan tara�ow�yown  A-owm sahmanva� gor�o�ow�yown{
nern an�ndhat en:

Banaxyan hanraha�ivner� handisanowm en topologia{
kan hanraha�ivneri masnavor depq: Owsti ver� ditarkva�
�rinaknerowm berva� hanraha�ivner� topologiakan en: Be{
renq topologiakan haraha�vi  s mi kar or �rinak:

Dicowq Ω ⊂ C bac bazmow�yown �: Ω{i vra holomorf fownk{
cianeri H(Ω) bazmow�yownn aknhaytoren komowtativ komp{
leqs hanraha�iv �: H(Ω){n kareli � dar�nel topologiakan
hanraha�iv het yal kerp: Vercnenq Ω{i or � {Kn}∞n=1 kom{
pakt spa�owm, aysinqn` kompakt bazmow�yownneri hajorda{
kanow�yown, orn ��tva� � het yal hatkow�yownnerov`

a) Kn ⊂ intKn+1 (n = 1, 2, . . .),

b) Ω =
∞⋃
n=1

Kn:

Ω 6= C depqowm orpes Kn kareli � vercnel, �rinak,

Kn =

{
x ∈ Ω : |x| 6 n, ρ(x, ∂Ω) >

1

n

}
bazmow�yownner�, isk Ω = C depqowm kareli � vercnel Kn =
= {z ∈ C : |z| 6 n}:

pn : H(Ω)→ R kisanormer� sahmanenq

pn(f) = max
z∈Kn

|f(z)| (n = 1, 2, . . .)
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bana� erov: f, g ∈ H(Ω) hamar sahmanenq

ρ(f, g) =
∞∑
n=1

an
pn(f − g)

1 + pn(f − g)
,

orte� an{er� or � drakan �ver en, oronc hamar
∞∑
n=1

an < ∞(
�rinak, kareli � vercnel an = 2−n): Ayd depqowm ρ{n klini

metrikaH(Ω){owm, �nd orowm fn
ρ−→ f kn�anaki, or Ω{i nersowm

fn(z) ⇒ f(z): He�t � tesnel, or (H(Ω), ρ){n klini topologia{
kan hanraha�iv:

§ 1.3. �qsponent

∀x ∈ A hamar sahmanenq

ex = exp(x) =
∞∑
n=0

xn

n!

(ex - � n�anakowm � e �vi x asti�an�, o� �e A hanraha�vi
e miavori x asti�an�): Ver� grva� �arq� zowgamet �, qani
or zowgamet � nra andamneri normeric kazmva� �arq�: �nd
orowm kownenanq

‖ex‖ 6
∞∑
n=0

‖x‖n

n!
= e‖x‖ :

�qsponenti hatkow�yownner� stanalow hamar berenq mi qani
pndowmner:

Lemma 1.3.1: E�e an → a, apa

sn =
a0 + a1 + · · ·+ an

n+ 1
−−−→
n→∞

a :

Apacowyc: Ownenq

‖sn − a‖ =

∥∥∥∥a0 + a1 + · · ·+ an
n+ 1

− a
∥∥∥∥ =
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=
‖(a0 − a) + (a1 − a) + · · ·+ (an − a)‖

n+ 1
6

6
‖a0 − a‖+ ‖a1 − a‖+ · · ·+ ‖an − a‖

n+ 1
:

Vercnenq ∀ε > 0 �iv: N1{� �ntrenq aynpes, or

‖an − a‖ <
ε

2
(n > N1) :

Ayd depqowm n > N1 hamar kownenanq

‖sn − a‖ 6
1

n+ 1

n∑
k=0

‖ak − a‖ =
1

n+ 1

N1∑
k=0

‖ak − a‖+

+
1

n+ 1

n∑
k=N1+1

‖ak − a‖ <
1

n+ 1

N1∑
k=0

‖ak − a‖+

+
1

n+ 1
· (n−N1) · ε

2
6

1

n+ 1

N1∑
k=0

‖ak − a‖+
ε

2
:

Ownenq
1

n+ 1

N1∑
k=0

‖ak−a‖ −−−→
n→∞

0, owsti N > N1 kareli � �ntrel

aynqan me�, or

1

n+ 1

N1∑
k=0

‖ak − a‖ <
ε

2
(n > N) :

Ayd depqowm n > N hamar kownenanq

‖sn − a‖ <
1

n+ 1

N1∑
k=0

‖ak − a‖+
ε

2
<
ε

2
+
ε

2
= ε :

Lemman apacowcva� �:
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Lemma 1.3.2: E�e an → a, bn → b, apa

σn =
a0bn + a1bn−1 + · · ·+ anb0

n+ 1
−−−→
n→∞

ab :

Apacowyc: Ownenq

σn =
a0(bn − b) + a1(bn−1 − b) + · · ·+ an(b0 − b)

n+ 1
+

+
a0 + a1 + · · ·+ an

n+ 1
· b = xn + yn :

Naxord lemmayic bxowm �, or yn −−−→
n→∞

ab: Mnowm � cowyc tal, or

xn −−−→
n→∞

0: Qani or an{� zowgamet �, owsti sahmana�ak �`

∃M > 0, or
‖ak‖ 6M (k = 0, 1, . . .) :

Owsti

‖xn‖ 6
‖a0(bn − b)‖+ ‖a1(bn−1 − b)‖+ · · ·+ ‖an(b0 − b)‖

n+ 1
6

6
‖a0‖ · ‖bn − b‖+ ‖a1‖ · ‖bn−1 − b‖+ · · ·+ ‖an‖ · ‖b0 − b‖

n+ 1
6

6M
‖bn − b‖+ ‖bn−1 − b‖+ · · ·+ ‖b0 − b‖

n+ 1
−−−→
n→∞

0,

orte� verjin qayl� bxowm � ‖bn − b‖ −−−→
n→∞

0 a�n�ow�yownic  

naxord lemmayic (orowm kvercnenq A = C, an = ‖bn − b‖):
Lemman apacowcva� �:

Sahmanowm 1.3.1: Dicowq ownenq 2 �arqer`

∞∑
k=0

ak = a0 + a1 + · · ·+ ak + · · · (1.3.1)

 
∞∑
k=0

bk = b0 + b1 + · · ·+ bk + · · · : (1.3.2)
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Elnelov drancic kazmenq

∞∑
k=0

ck = c0 + c1 + · · ·+ ck + · · · (1.3.3)

�arq�, orte�

ck = a0bk + a1bk−1 + · · ·+ akb0 :

(1.3.3){� ko�vowm � (1.3.1)  (1.3.2) �arqeri Ko�ow artadryal:

Abeli �eorem�: Dicowq (1.3.1), (1.3.2) �arqer�  nranc (1.3.3)
Ko�ow artadryal� zowgamet en  

s =

∞∑
k=0

ak, p =

∞∑
k=0

bk, q =

∞∑
k=0

ck :

Ayd depqowm
q = s · p :

Apacowyc: N�anakenq

sn =

n∑
k=0

ak = a0 + a1 + · · ·+ an,

pn =
n∑
k=0

bk = b0 + b1 + · · ·+ bn,

qn =

n∑
k=0

ck = c0 + c1 + · · ·+ cn, :

Ownenq

qn = (a0b0) + (a0b1 + a1b0) + · · ·+ (a0bn + a1bn−1 + · · ·+ anb0) =

= a0(b0 + b1 + · · ·+ bn) + a1(b0 + b1 + · · ·+ bn−1) + · · ·+ anb0 =

= a0pn + a1pn−1 + · · ·+ anp0 :
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N�anakenq

rn =
q0 + q1 + · · ·+ qn

n+ 1
:

Kownenanq

rn =
a0p0 + (a0p1 + a1p0) + · · ·+ (a0pn + a1pn−1 +· · ·+ anp0)

n+ 1
=

=
(a0 + a1 + · · ·+ an)p0 + (a0 + · · ·+ an−1)p1 + · · ·+ a0pn

n+ 1
=

=
snp0 + sn−1p1 + · · ·+ s0pn

n+ 1
=
s0pn + s1pn−1 + · · ·+ snp0

n+ 1
:

Ayspisov`

q0 + q1 + · · ·+ qn
n+ 1

=
s0pn + s1pn−1 + · · ·+ snp0

n+ 1
: (1.3.4)

(n = 1, 2, . . .)

�st paymani` sn → s, pn → p, qn → q: (1.3.4) havasarow�yan
mej ancnenq sahmani, erb n → ∞: �st 1.3.1 lemmayi` (1.3.4)-i
�ax mas� k�gti q{in: �st 1.3.2 lemmayi` (1.3.4){i aj mas� k�gti
s · p{in: Owsti

q = sp :

�eoremn apacowcva� �:
Ay�m verada�nanq �qsponenti hatkow�yownneri owsowmna{

sirow�yan�: Dicowq a, b ∈ A �lementner� te�a�oxeli en`

ab = ba :

Ditarkenq

ea =

∞∑
k=0

ak

k!
, eb =

∞∑
k=0

bk

k!

�arqer�  ha�venq nranc Ko�ow artadryal�`

∞∑
k=0

ck = c0 + c1 + · · ·+ ck + · · · ,
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orte�

cn =

n∑
k=0

ak

k!
· bn−k

(n− k)!
=

1

n!

n∑
k=0

n!

k!(n− k)!
akbn−k =

=
1

n!

n∑
k=0

Ckna
kbn−k ,

 �gtvelov nranic, or ∀a, b ∈ A te�a�oxeli �lementneri ha{
mar te�i owni

(a+ b)n =

n∑
k=0

Ckna
kbn−k

Nyowtoni binomi bana� � (ayn himnavorelow hamar kareli � ki{
ra�el ma�ematikakan indowkciayi me�od� n bnakan cowci�i
nkatmamb), kstananq

cn =
(a+ b)n

n!
:

Ayspisov,
∞∑
k=0

ak

k!
 

∞∑
k=0

bk

k!
�arqeri Ko�ow artadryal�

∞∑
k=0

(a+ b)n

n!
�arqn �, owsti �st Abeli �eoremi`

( ∞∑
k=0

ak

k!

)( ∞∑
k=0

bk

k!

)
=
∞∑
k=0

(a+ b)n

n!
,

ea · eb = ea+b : (1.3.5)

Apacowcvec, or ∀a, b ∈ A te�a�oxeli �lementneri hamar te�i
owni (1.3.5)-�: (1.3.5){owm vercnelov a = x, b = −x  a = −x,
b = x, kstananq

ex · e−x = e−x · ex = e0,
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 qani or e0 = exp(0) = eA, owsti ∀x ∈ A hamar ex ∈ A−1, �nd
orowm

(ex)−1 = e−x :

N�enq, or exp(A) = {exp(a) : a ∈ A} bazmow�yown� handisanowm
� A−1{i kar or en�abazmow�yown:

§ 1.4. Kompleqs homomorfizmner

Sahmanowm 1.4.1: Dicowq A, B{n kompleqs hanraha�ivner en:
ϕ : A → B artapatkerowm� ko�vowm � homomorfizm, e�e ayn
g�ayin �  

ϕ(xy) = ϕ(x)ϕ(y) (∀x, y ∈ A) :

E�e B = C, apa homomorfizm� kanvanenq kompleqs homomor{
fizm:

Lemma 1.4.1: Dicowq A{n e miavorov kompleqs hanraha�iv
�: ϕ : A→ C nowynabar 0{ic tarber kompleqs homomorfiz{
mi hamar

ϕ(e) = 1, ϕ(x) 6= 0
(
x ∈ A−1

)
:

Apacowyc: ∃x0 ∈ A, or ϕ(x0) 6= 0: Ownenq`

ϕ(x0) = ϕ(x0e) = ϕ(x0)ϕ(e),

ϕ(x0) · [ϕ(e)− 1] = 0 :

Ayste�ic stanowm enq

ϕ(e) = 1 :

∀x ∈ A−1 hamar

ϕ(x)ϕ
(
x−1

)
= ϕ

(
xx−1

)
= ϕ(e) = 1,

owsti
ϕ(x) 6= 0 (x ∈ A−1) :

Lemman apacowcva� �:
ϕ : A→ C homomorfizmnerin ha�ax anvanowm en mowltip{

likativ fownkcionalner:
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Lemma 1.4.2: Dicowq A{n banaxyan hanraha�iv �, x ∈ A  
‖x‖ < 1: Ayd depqowm`

1) ∃(e− x)−1 =
∞∑
n=0

xn (Neymani �arq),

2) ‖(e− x)−1 − e− x‖ 6 ‖x‖2

1− ‖x‖
,

3) ∀ϕ : A → C mowltiplikativ fownkcionali hamar
|ϕ(x)| < 1:

Apacowyc: N�anakenq

sn =
n∑
k=0

xk :

Ownenq

‖sn+m − sn‖ =

∥∥∥∥∥
n+m∑
k=n+1

xk

∥∥∥∥∥ 6
n+m∑
k=n+1

∥∥∥xk∥∥∥ 6
6

n+m∑
k=n+1

‖x‖k 6
∞∑

k=n+1

‖x‖k

Qani, or ‖x‖ < 1, owsti
∞∑
n=0
‖x‖n <∞  het abar`

∞∑
k=n+1

‖x‖k −−−→
n→∞

0,

orte�ic kbxi, or {sn}∞1 hajordakanow�yown� A{owm fowndamen{
tal �: A{i lrivow�yan �norhiv` goyow�yown owni

s = lim
n→∞

sn =
∞∑
n=0

xn

sahman�: Cowyc tanq, or s = (e− x)−1: Ownenq

sn(e− x) = e− xn+1, (e− x)sn = e− xn+1,



24 Glowx 1. Normavorva� hanraha�ivner

orte� ancnelov sahmani, erb n → ∞  ha�vi a�nelov, or
xn+1 → 0 (��? or ‖xn+1‖ 6 ‖x‖n+1 −−−→

n→∞
0), kstananq

s(e− x) = (e− x)s = e,

owsti ∃(e− x)−1 = s:
Lemmayi 2) pndowm� bxowm � 1){ic`

‖(e− x)−1 − e− x‖ =

∥∥∥∥∥
∞∑
n=2

xn

∥∥∥∥∥ 6
∞∑
n=2

‖xn‖ =
‖x‖2

1− ‖x‖
:

Cowyc tanq 3){�: Dra hamar cowyc tanq, or

ϕ(x) 6= λ (|λ| > 1) :

Iroq, �st 1) pndman` e−λ−1x ∈ A−1, owsti �st naxord lemmayi`

ϕ
(
e− λ−1x

)
= 1− λ−1ϕ(x) 6= 0,

ϕ(x) 6= λ :

Lemman apacowcva� �:

Lemma 1.4.3: ∀ϕ : A→ C mowltiplikativ fownkcional` oro�{
va� A banaxyan hanraha�vi vra, an�ndhat �, �nd orowm
ϕ 6= 0 depqowm ‖ϕ‖ = 1:

Apacowyc: Vercnenq ∀x ∈ A  cowyc tanq, or

|ϕ(x)| 6 ‖x‖ :

x = 0 depqowm da aknhayt �: Dicowq x 6= 0: Vercnenq kama{

yakan λ ∈ (0, 1) �iv  n�anakenq y = λ
x

‖x‖
: Ownenq ‖y‖ < 1,

owsti �st naxord lemmayi 3) keti`

|ϕ(y)| < 1,∣∣∣∣ϕ( λ

‖x‖
x

)∣∣∣∣ < 1,
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|ϕ(x)| < λ−1‖x‖,

orte� ancnelov sahmani, erb λ→ 1− 0, kstananq

|ϕ(x)| 6 ‖x‖ :

Ayste�ic bxowm �, or ϕ{n sahmana�ak �  ‖ϕ‖ 6 1: ϕ 6= 0
depqowm 1.4.1 lemmayic kbxi, or ϕ(e) = 1, owsti

1 > ‖ϕ‖ = sup
‖x‖61

|ϕ| > |ϕ(e)| = 1

 het abar` ‖ϕ‖ = 1:
Lemman apacowcva� �:

Parzvowm �, or banaxyan hanraha�ivneri depqowm 1.4.1
lemman liovin bnow�agrowm � mowltiplikativ fownkcionalner�
(�eorem 1.4.1): Da cowyc talow npatakov nax apacowcenq
erkow lemma:

Lemma 1.4.4: Dicowq f-n aynpisi ambo�j fownkcia �, or

Re f(z) 6 K|z|N (|z| > K), (1.4.1)

orte� K > 0  N ∈ N hastatownner en: Ayd depqowm f-�
bazmandam �, ori karg� �i gerazancowm N-�:

Apacowyc: A�anc �ndhanrow�yown� xaxtelow karo� enq en�ad{
rel, or f(0) = 0 (haka�ak depqowm f(z)-i �oxaren karo� enq
ditarkel f(z)− f(0) fownkcian): Dicowq

f (z) =

∞∑
k=1

akz
k (1.4.2)

Kownenanq

Re f
(
reiθ

)
=

∞∑
k=1

rk (Re ak cos kθ − Im ak sin kθ),

(r > 0, θ ∈ [0, 2π])
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orte�ic

Re f
(
reiθ

)
cosnθ =

∞∑
k=1

rk (Re ak cos kθ cosnθ−

− Im ak sin kθ cosnθ) (n = 0, 1, . . .) , (1.4.3)

Re f
(
reiθ

)
sinnθ =

∞∑
k=1

rk (Re ak cos kθ sinnθ−

− Im ak sin kθ sinnθ) (n = 0, 1, . . .) : (1.4.4)

Qani or
∞∑
k=1

|ak| rk <∞, owsti (1.4.3), (1.4.4) �arqer� [0, 2π]-owm

�st θ-i havasara�a� zowgamet en: (1.4.3)-i  (1.4.4)-i erkow
ko�mn �st θ-i integrenq 0-ic 2π: Havasara�a� zowgamitow{
�yan �norhiv aj maserowm grva� �arqer� kareli � integrel
andam a� andam: Ha�vi a�nelov, or

2π∫
0

cos kθ cosnθdθ =

2π∫
0

sin kθ sinnθdθ =

{
π, k = n,

0, k 6= n,

2π∫
0

cos kθ sinnθdθ =

2π∫
0

cosnθ sin kθdθ = 0,

kstananq

Re an =
1

πrn

2π∫
0

Re f
(
reiθ

)
cosnθdθ (n ∈ N) ,

Im an =
1

πrn

2π∫
0

Re f
(
reiθ

)
sinnθdθ (n ∈ N) ,
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2π∫
0

Re f
(
reiθ

)
dθ = 0 :

Owsti

|Re an| = ±Re an =
1

πrn

2π∫
0

Re f
(
reiθ

)
dθ±

± 1

πrn

2π∫
0

Re f
(
reiθ

)
cosnθdθ =

=
1

πrn

2π∫
0

Re f
(
reiθ

)
(1± cosnθ) dθ6

6
K

π
rN−n

2π∫
0

(1± cosnθ) dθ = 2KrN−n,

|Re an| 6 2KrN−n (n ∈ N) , (1.4.5)

 nmanapes`

|Im an| = ± Im an =
1

πrn

2π∫
0

Re f
(
reiθ

)
dθ±

± 1

πrn

2π∫
0

Re f
(
reiθ

)
sinnθdθ =

=
1

πrn

2π∫
0

Re f
(
reiθ

)
(1± sinnθ) dθ6

6
K

π
rN−n

2π∫
0

(1± sinnθ) dθ = 2KrN−n,
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|Im an| 6 2KrN−n (n ∈ N) : (1.4.6)

n > N depqowm (1.4.5)-owm  (1.4.6)-owm ancnelov sahmani, erb
r → ∞, kstananq Re an = Im an = 0, orte�ic  (1.4.2)-ic

kbxi, or f (z) =
N∑
k=1

akz
k:

Lemman apacowcva� �:

Lemma 1.4.5: E�e f ambo�j fownkcian bavararowm �

f(0) = 1, (1.4.7)

f ′(0) = 0, (1.4.8)

0 < |f(z)| 6 e|z| (1.4.9)

paymannerin, apa f(z) ≡ 1:

Apacowyc: Qani or f-� zroner �owni, owsti goyow�yown owni
ln f(z)-i miar�eq �egowlyar �yow�, aysinqn goyow�yown owni ayn{
pisi g ambo�j fownkcia, or

f(z) = eg(z) : (1.4.10)

(1.4.9)-ic  (1.4.10)-ic ownenq

Re g (z) = ln |f (z)| 6 |z| (z ∈ C) ,

orte�ic  1.4.4 lemmayic bxowm �, or g-n g�ayin fownkcia �`

g(z) = az + b (z ∈ C) : (1.4.11)

(1.4.10)-ic ownenq
f ′(z) = f(z)g′(z), (1.4.12)

g′(z) =
f ′(z)

f(z)
: (1.4.13)

(1.4.8), (1.4.11), (1.4.13)-ic stanowm enq a = 0: Ayste�ic  
(1.4.11), (1.4.12)-ic stanowm enq, or

f ′(z) = 0 (z ∈ C) : (1.4.14)

(1.4.7), (1.4.14)-ic bxowm �, or f(z) ≡ 1:
Lemman apacowcva� �:
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�eorem 1.4.1 (Glison{Kaxan{	elyazko): E�e ϕ{n e miavo{
rov A kompleqs banaxyan hanraha�vi vra oro�va� ayn{
pisi g�ayin fownkcional �, or

ϕ(e) = 1, ϕ(x) 6= 0 (x ∈ A−1),

apa
ϕ(xy) = ϕ(x)ϕ(y) (∀x, y ∈ A)

(nax�roq ϕ{ic an�ndhatow�yown �i pahanjvowm):

Apacowyc: Dicowq x, y ∈ A : ϕ (e) = 1 paymani �norhiv kowne{
nanq

x = a+ ϕ (x) e, y = b+ ϕ (y) e,

orte�
a, b ∈ ker (ϕ) = {x ∈ A : ϕ (x) = 0} :

Owsti
xy = ab+ aϕ (y) + bϕ (x) + ϕ (x)ϕ (y) ,

 het abar`

ϕ (xy) = ϕ (ab) + ϕ (x)ϕ (y) : (1.4.15)

(1.4.15)-ic bxowm �, or ϕ (xy) = ϕ (x)ϕ (y) (x, y ∈ A) hava{
sarow�yownn apacowcelow hamar bavakan � cowyc tal, or e�e
a ∈ ker (ϕ) kam b ∈ ker (ϕ), apa ab ∈ ker (ϕ):

En�adrenq, �e apacowcva� � n�va�i het yal masnavor
depq�. e�e a ∈ ker (ϕ), apa a2 ∈ ker (ϕ): (1.4.15)-owm vercnelov
x = y, kstananq

ϕ
(
x2
)

= ϕ2 (x) (x ∈ A) : (1.4.16)

(1.4.16)-owm x-� �oxarinelov (x+ y)-ov` kownenanq

ϕ
(

(x+ y)2
)

= ϕ2 (x+ y) ,

ϕ
(
x2 + xy + yx+ y2

)
= [ϕ (x) + ϕ (y)]2 ,
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ϕ
(
x2
)

+ ϕ (xy + yx) + ϕ
(
y2
)

= ϕ2 (x) + 2ϕ (x)ϕ (y) + ϕ2 (y) ,

orte�ic  (1.4.16)-ic kstananq

ϕ (xy + yx) = 2ϕ (x)ϕ (y) : (1.4.17)

(1.4.17)-ic bxowm �, or e�e x ∈ ker (ϕ)  y ∈ A, apa
xy + yx ∈ ker (ϕ):

(xy − yx)2 = 2 [x (yxy) + (yxy)x]− (xy + yx)2

nowynow�yownic  (1.4.16)-ic bxowm �, or xy − yx ∈ ker (ϕ): Qani
or

xy =
1

2
[(xy + yx) + (xy − yx)] , yx =

1

2
[(xy + yx)− (xy − yx)] ,

owsti xy, yx ∈ ker (ϕ):
Hetaga dato�ow�yownner� �arownakelow hamar nax cowyc

tanq, or ϕ fownkcional� sahmana�ak �  ‖ϕ‖ 6 1:
Qani or hakadar�eli �lementneri vra ϕ-n zro �i da�nowm,

owsti �st 1.4.2 lemmayi`

‖e− a‖ > 1 (a ∈ ker (ϕ)) : (1.4.18)

(1.4.18)-owm a-n �oxarinelov − a
λ-ov, orte� λ 6= 0, kstananq∥∥∥e+

a

λ

∥∥∥ > 1 (a ∈ ker (ϕ) , λ 6= 0) ,

‖a+ λe‖ > |λ| (a ∈ ker (ϕ) , λ 6= 0) : (1.4.19)

(1.4.19)-n aknhaytoren �i�t � na λ = 0 depqowm: Qani or
∀x ∈ A �lement nerkayacvowm � x = a + ϕ (x) e tesqov, orte�
a ∈ ker (ϕ), owsti (1.4.19)-ic kstananq

|ϕ (x)| 6 ‖a+ ϕ (x) e‖ = ‖x‖ ,

|ϕ (x)| 6 ‖x‖ (x ∈ A) ,
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in�� cowyc � talis, or ϕ fownkcional� sahmana�ak �  ‖ϕ‖ 6 1:

Ay�m cowyc tanq, or e�e a ∈ ker (ϕ), apa a2 ∈ ker (ϕ): A�anc
�ndhanrow�yown� xaxtelow karo� enq en�adrel, or ‖a‖ = 1:
Iroq, e�e n�va� depqi hamar pndowmn arden apacowcva�

�, apa a 6= 0 depqowm
a

‖a‖
∈ ker (ϕ) a�n�ow�yownic kbxi, or(

a

‖a‖

)2

∈ ker (ϕ), owsti a2 ∈ ker (ϕ), isk a = 0 depqowm

a2 ∈ ker (ϕ) a�n�ow�yownn aknhayt �:

Dicowq a ∈ ker (ϕ)  ‖a‖ = 1: f : C → C fownkcian sahma{
nenq

f (λ) =
∞∑
k=0

ϕ
(
ak
)
λk

k!
(λ ∈ C)

bana� ov:
∣∣ϕ (ak)∣∣ 6 ∥∥ak∥∥ 6 ‖a‖k = 1 (k = 0, 1, 2, . . .) gna{

hatakanneric bxowm �, or f-n ambo�j fownkcia �, �nd orowm
|f (λ)| 6 e|λ| (λ ∈ C): Baci ayd, f (0) = ϕ (e) = 1, f ′ (0) =
= ϕ (a) = 0: ϕ-i an�ndhatow�yan �norhiv ownenq

f (λ) =
∞∑
k=0

ϕ
(
λkak

)
k!

= ϕ

( ∞∑
k=0

λkak

k!

)
= ϕ

(
eλa
)
,

 qani or eλa ∈ A−1, owsti |f (λ)| > 0 (λ ∈ C): �st 1.4.5 lem{
mayi` f (λ) ≡ 1  het abar, ϕ

(
a2
)

= 0:
�eoremn apacowcva� �:

§ 1.5. Analitik fownkcianer

Sahmanowm 1.5.1: Dicowq Ω ⊂ C bac bazmow�yown �, X{�
kompleqs topologiakan vektorakan tara�ow�yown �, isk
f : Ω→ X: Ayd depqowm`
1) kasenq f{� Ω{owm �owyl analitik (holomorf) �, e�e ∀Λ ∈ X∗
hamar Λf ∈ H(Ω),
2) kasenq f{� Ω{owm ow�e� analitik (holomorf) �, e�e ∀z ∈ Ω
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hamar goyow�yown owni

lim
ω→z

f(ω)− f(z)

ω − z
= f ′(z)

sahman�:

Dito�ow�yown 1.5.1: Ver� grva�
f(ω)− f(z)

ω − z
haraberow�yown�

haskacvowm � orpes (ω − z)−1 skalyari  f(ω)− f(z) vektori
artadryal:

Nkatenq, or
f(ω)− f(z)

ω − z
−−−→
ω→z

a

a�n�ow�yown� kareli � grel

f(z + h)− f(z)

h
−−−→
h→0

a

hamar�eq tesqov: Qani or ∀A : C → X g�ayin �perator
an�ndhat �  owni

Ah = ha (h ∈ C)

tesq�, orte� a ∈ X , owsti e�e X-� normavorva� tara�ow{
�yown �, apa ver� grva� a�n�ow�yown� hamar�eq � aynpisi
A ∈ BL(C, X) �peratori goyow�yan�, ori hamar

‖f(z + h)− f(z)−Ah‖
|h|

−→
h→0

0,

in�� n�anakowm �, or f{� z ketowm �st Fre�ei diferenceli �:
Ayspisov, f : Ω → X fownkciayi ow�e� analitikow�yown� n�a{
nakowm � Ω{i vra �st Fre�ei diferenceliow�yown: I

Erbemn k�gtvenq het yal n�anakowmneric.

D(z0, r) = {z ∈ C : |z − z0| < r} ,

D(z0, r) = {z ∈ C : |z − z0| 6 r} ,

∂D(z0, r) = {z ∈ C : |z − z0| = r} :
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�eorem 1.5.1: Dicowq Ω ⊂ C bac bazmow�yown �, X{� banax{
yan tara�ow�yown �, isk f : Ω → X: Ayd depqowm orpeszi
f{� Ω{owm lini ow�e� analitik, anhra�e�t �  bavarar,
or ayn Ω{owm lini �owyl analitik:

Apacowyc: Anhra�e�tow�yownn aknhayt �:
Bavararow�yown: Vercnenq kamayakan z0 ∈ Ω  cowyc tanq,
or

∃ lim
h→0

f(z0 + h)− f(z0)

h
:

N�anakenq

g(h) =
f(z0 + h)− f(z0)

h
,

γr = ∂D(z0, r)  �ntrenq r > 0 aynpes, or D(z0, 2r) ⊂ Ω:
Dicowq 0 < |h| < r: Vercnenq kamayakan ϕ ∈ X∗: Ownenq
ϕ(f(·)) ∈ H(Ω), owsti �st Ko�ow bana� i`

ϕ(g(h)) =
1

h
[ϕ (f(z0 + h))− ϕ (f(z0)m)] =

=
1

h

 1

2πi

∫
γ2r

ϕ(f(ξ))

ξ − (z0 + h)
dξ − 1

2πi

∫
γ2r

ϕ(f(ξ))

ξ − z0
dξ

 =

=
1

2πi
· 1

h

∫
γ2r

ϕ(f(ξ))

[
1

ξ − (z0 + h)
− 1

ξ − z0

]
dξ =

=
1

2πi
· 1

h

∫
γ2r

ϕ(f(ξ)) · h
[ξ − (z0 + h)] (ξ − z0)

dξ =

=
1

2πi

∫
γ2r

ϕ(f(ξ)) dξ

[ξ − (z0 + h)] (ξ − z0)
:

Het abar 0 < |h| < r, 0 < |h′| < r hamar

ϕ(g(h))− ϕ(g(h′)) =
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=
1

2πi

∫
γ2r

ϕ(f(ξ)) dξ

[ξ − (z0 + h)] (ξ − z0)
− 1

2πi

∫
γ2r

ϕ(f(ξ)) dξ

[ξ − (z0 + h′)] (ξ − z0)
=

=
1

2πi

∫
γ2r

ϕ(f(ξ))

ξ − z0

[
1

ξ − (z0 + h)
− 1

ξ − (z0 + h′)

]
dξ =

=
h− h′

2πi

∫
γ2r

ϕ(f(ξ)) dξ

(ξ − z0) [ξ − (z0 + h)] [ξ − (z0 + h′)]
:

Hetaga dato�ow�yownner� tanelow hamar cowyc tanq, or f
fownkcian γ2r{i vra sahmana�ak �:

Ditarkenq Fz : X∗ → C (z ∈ γ2r) g�ayin an�ndhat fownk{
cionalneri �ntaniq�, orte�

Fz(ϕ) = ϕ(f(z)) (ϕ ∈ X∗) :

Qani or ∀ϕ ∈ X∗ hamar ϕ(f(z)) fownkcian, linelov an�ndhat,
γ2r{i vra sahmana�ak �, owsti ∀ϕ ∈ X∗ fownkcionali hamar
{Fz(ϕ) : z ∈ γ2r} �ntaniq� (orin anvanowm en ϕ{i �rbita)
sahmana�ak �: Het abar, �st Banax{
teynhaowsi �eoremi`
{‖Fz‖ : z ∈ γ2r} �ntaniq�  s sahmana�ak �`

sup
z∈γ2r

‖Fz‖ <∞ :

�gtvelov
‖x‖ = sup

ϕ∈X∗, ‖ϕ‖61
|ϕ(x)| (1.5.1)

bana� ic` kownenanq

‖Fz‖ = sup
ϕ∈X∗, ‖ϕ‖61

|Fz(ϕ)| = sup
ϕ∈X∗, ‖ϕ‖61

|ϕ(f(z))| = ‖f(z)‖ ,

owsti
sup
z∈γ2r

‖f(z)‖ <∞ :

Dicowq
‖f(z)‖ 6M (ξ ∈ γ2r) :
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Ayd depqowm ξ ∈ γ2r hamar kownenanq

|ϕ(f(z))| 6 ‖ϕ‖ · ‖f(z)‖ 6M ‖ϕ‖ :

Qani or ξ ∈ γ2r hamar |ξ − z0| = 2r,  |h|, |h′| < r, owsti

|ξ − (z0 + h)| = |(ξ − z0)− h| > |ξ − z0| − |h| > 2r − r = r,

 nmanapes` ∣∣ξ − (z0 + h′
)∣∣ > r :

Het abar, �gtvelov ver� ϕ(g(h))−ϕ(g(h′)){i hamar stacva�
nerkayacowmic  integrali gnahatakanic` kstananq, or∣∣ϕ(g(h))− ϕ(g(h′))

∣∣ 6 |h− h′|
2π

· M ‖ϕ‖
2r · r · r

|γ2r| =
M

r2
‖ϕ‖ · |h− h′| :

Verjins te�i owni ∀ϕ ∈ X∗ hamar: Dicowq ‖ϕ‖ 6 1: Ayd
depqowm∣∣ϕ (g(h)− g(h′)

)∣∣ =
∣∣ϕ(g(h))− ϕ(g(h′))

∣∣ 6 M

r2
|h− h′|,

 noric �gtvelov (1.5.1) bana� ic` kstananq∣∣g(h)− g(h′)
∣∣ 6 M

r2
|h− h′|,

(
0 < |h| < r, 0 < |h′| < r

)
:

Stacva� gnahatakanneric  fownkcianeri hamar Ko�ow zow{
gamitow�yan skzbownqic (or� kira�eli � X{i lrivow�yan �nor{
hiv) kbxi, or goyow�yown owni

lim
h→0

g(h) = lim
h→0

f(z0 + h)− f(z0)

h

sahman� (verjinis goyow�yown� apacowcelow hamar kareli �r
��gtvel fownkcianeri hamar Ko�ow zowgametow�yan skzbownqic,
ayl parzapes cowyc tal, or ∀{hn}∞1 ⊂ C \ {0}, hn → 0 hajor{
dakanow�yan hamar {g(hn)}∞n=1 hajordakanow�yown� fownda{
mental �):
�eoremn apacowcva� �:
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Sahmanowm 1.5.2: Dicowq

γ : z = z(t) (α 6 t 6 β)

C kompleqs har�ow�yan mej or � kor � (sa n�anakowm �, or
z(·) ∈ C[α, β]), X{� banaxyan tara�ow�yown �, f : γ → X:
Ditarkenq [α, β]{i kamayakan

P : α = t0 < t2 < · · · < tn = β

trohowm, yowraqan�yowr [ti, ti+1] trohman hatva�ic �ntrenq me{
kakan ξi ∈ [ti, ti+1] ket  kazmenq

σ =

n−1∑
k=0

f (z (ξk)) ∆zk, ∆zk = zk+1 − zk

gowmar� (zk = f(tk), k = 0, n): N�anakenq

∆ti = ti+1 − ti, λ = max
i

∆ti :

E�e goyow�yown owni (X{owm normi imastov)

lim
λ→0

σ

sahman� (or� kaxva� �� o|� P trohowmneri � ic, o|� ξi keteri
�ntrow�yownic), apa ayn ko�vowm � f{i koragi� integral` ta{
ra�va� γ korov  n�anakvowm∫

γ

f(z) dz

simvolov:

Erbemn koragi� integrali sahmanman mej vercnowm en
ξi = ti:
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In�pes dasakan depqowm, ayste� �l kareli � apacowcel, or
e�e γ korn ow��eli �, isk f{n an�ndhat �, apa∫

γ

f(z) dz

integral� goyow�yown owni,  te�i owni∥∥∥∥∥∥
∫
γ

f(z) dz

∥∥∥∥∥∥ 6 sup
z∈γ
‖f(z)‖ · |γ|

gnahatakan�: Ayste� �l menq �st �ow�yan gor� ownenq Stil{
tesi integrali het:

Parz � na , or e�e

∃
∫
γ

f(z) dz = x, (1.5.2)

apa ∀ϕ ∈ X∗ hamar

∃
∫
γ

ϕ (f(z)) dz = ϕ(x) : (1.5.3)

Ha�ax �gtakar � linowm het yal �ast�. e�e x ∈ X ayn{
pisin �, or

ϕ(x) = 0 (∀ϕ ∈ X∗) ,

apa x = 0: Iroq, da bxowm � Han-Banaxi �eoremi het anq
handisaco�

‖x‖ = sup
ϕ∈X∗,‖ϕ‖61

|ϕ(x)|

bana� ic: N�va� �astic bxowm �, or e�e (1.5.2) integral�
goyow�yown owni  y ∈ X aynpisin �, or∫

γ

ϕ (f(z)) dz = ϕ(y) (∀ϕ ∈ X∗),



38 Glowx 1. Normavorva� hanraha�ivner

apa y = x: Ays pat�a�ov erbemn (1.5.3) havasarow�yown�
 s vercvowm � orpes integrali sahmanowm: Analitik fownk{
cianeri tesow�yan mi �arq �aster te�a�oxvowm en na ays
�ndhanowr depq: Dranc mi mas� kareli apacowcel �i�t nowyn
dato�ow�yownnerov, in�pes sovorakan depqowm: Sakayn ver�
n�va� kap� (1.5.2){i  (1.5.3){i mij �owyl � talis �at �aster
tara�el ays �ndhanowr depqi vra` a�anc d�varow�yownneri:
Berenq drancic mi qani himnakanner�:

Ko�ow �eorem�: Miakap tirowy�owm analitik fownkciayi
integral�` tara�va� ayd tirowy�owm �nka� kamayakan
�ak ow��eli korov, havasar � zroyi:
Apacowyc: Dicowq Ω ⊂ C miakap tirowy� �, f : Ω → X ana{
litik �, isk γ ⊂ Ω �ak ow��eli kor �: Ayd depqowm ∀ϕ ∈ X∗

hamar ϕ(f(·)) ∈ H(Ω), owsti Ko�ow dasakan �eoremic kbxi,
or

ϕ

∫
γ

f(z) dz

 =

∫
γ

ϕ(f(z)) dz = 0 (∀ϕ ∈ X∗)

 het abar` ∫
γ

f(z) dz = 0 :

�eoremn apacowcva� �:
Ko�ow bana� �: E�e f fownkcian analitik � Γ kontowrov
sahmana�akva� D �ak tirowy�owm, apa ∀z ∈ D keti
hamar �i�t �

f(z) =
1

2πi

∫
Γ

f(t)

t− z
dt

bana� �:
Apacowyc: ∀ϕ ∈ X∗ hamar ownenq

ϕ (f(z)) =
1

2πi

∫
Γ

ϕ (f(t))

t− z
dt = ϕ

 1

2πi

∫
Γ

f(t)

t− z
dt

 ,
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orte�ic �l kbxi mer pndowm�:

Liowvili �eorem�: E�e f : C→ X fownkcian (�owyl) analitik
� ambo�j C har�ow�yan vra  �owyl sahmana�ak �, apa
f{� hastatown �:

Apacowyc: ∀ϕ ∈ X∗ hamar ϕ(f(z)){� klini ambo�j  sahmana{
�ak, owsti Liowvili dasakan �eoremic kbxi, or

ϕ (f(z)) = ϕ (f(0)) (∀z ∈ C),

ϕ (f(z)− f(0)) = 0 (∀z ∈ C) :

Ayste� fiqselov z{�  �gtvelov ϕ{i kamayakanow�yownic`
kstananq

f(z)− f(0) = 0 (∀z ∈ C) :

�eoremn apacowcva� �:

Ko�ow tipi integral: Min� Ko�ow tipi integrali owsowm{
nasirow�yann ancnel� nkatenq, or e�e f : Ω ⊂ C → X ow�e�
analitik �, apa f{n owni bolor kargi a�ancyalner�, �nd orowm
∀ϕ ∈ X∗ hamar

dn

dxn
ϕ (f(x)) = ϕ

(
dn

dxn
f(x)

)
(x ∈ Ω) : (1.5.4)

N�va� pndowm� apacowcelow hamar katarenq indowkcia �st
n{i: n = 0 depqowm pndowmn aknhayt �: Ay�m dicowq haytni �,
or f{� Ω{owm owni k{rd kargi a�ancyal  te�i owni

dk

dxk
ϕ (f(x)) = ϕ

(
dk

dxk
f(x)

)
(x ∈ Ω, ϕ ∈ X∗) (1.5.5)

havasarow�yown�: Qani or ϕ (f(·)) ∈ H(Ω), owsti ϕ(f(x)){�
Ω-owm anverj diferenceli �: Masnavorapes

∃ d
k+1

dxk+1
ϕ (f(x)) =

d

dx
ϕ

(
dk

dxk
f(x)

)
(∀ϕ ∈ X∗) :
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Het abar 1.5.1 �eoremic kbxi, or

∃ d
dx

(
dk

dxk
f(x)

)
=

dk+1

dxk+1
(f(x)) :

�gtvelov verjinis goyow�yownic  (1.5.5){ic` d�var �� cowyc tal,
or (1.5.4){� te�i owni na n = k + 1 hamar:

Ay�m dicowq γ ⊂ C kamayakan ow��eli kor �, isk g : γ → X
an�ndhat fownkcia �: Ayd depqowm

F (z) =
1

2πi

∫
γ

g(t)

t− z
dt (z ∈ C \ γ)

integral� ko�vowm � Ko�ow tipi: ∀ϕ ∈ X∗ hamar kownenanq

ϕ (F (z)) =
1

2πi

∫
γ

ϕ (g(t))

t− z
dt (z ∈ C \ γ) :

Aj masowm stacva��, in�pes haytni � kompleqs analizic, han{
disanowm � γ{i lracman vra analitik fownkcia  

dn

dzn

 1

2πi

∫
γ

ϕ (g(t))

t− z
dt

 =
n!

2πi

∫
γ

ϕ (g(t))

(t− z)n+1
dt,

owsti ∀ϕ ∈ X∗ hamar

dn

dzn
ϕ (F (z)) =

n!

2πi

∫
γ

ϕ (g(t))

(t− z)n+1
dt,

or�, �norhiv (1.5.4)-i, kareli � grel

ϕ

(
dn

dzn
F (z)

)
= ϕ

 n!

2πi

∫
γ

g(t)

(t− z)n+1
dt

 (ϕ ∈ X∗)
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tesqov: Ayste�ic kbxi, or

dn

dzn
F (z) =

n!

2πi

∫
γ

g(t)

(t− z)n+1
dt :

�gtvelov sranic` he�t � apacowcel
Vayer�trasi I �eorem�: E�e Ω tirowy�owm analitik
fn : Ω→ X fownkcianeri hajordakanow�yown� Ω{i nersowm
(aysinqn` Ω{i kompakt en�abazmow�yownneri vra) zowga{
mitowm � havasara�a�, apa`

1) f(z) = lim
n→∞

fn(z) sahmanayin fownkcian klini (ow�e�)

analitik Ω{owm;

2) f
(p)
n (z) ⇒

x→∞
f (p)(z) (p = 1, 2, . . .) (havasara�a� Ω{i

nersowm): I

Qani or amen mi
∞∑
n=0

an(z − z0)n tesqi asti�anayin �arq

(orowm an ∈ X (n = 0, 1, 2, . . .)) ir zowgamitow�yan �rjani ner{
sowm zowgamitowm � havasara�a�, owsti Vayer�trasi I �eo{
remic bxowm �, or ayd zowgamitow�yan �rjani nersowm

f(z) =

∞∑
n=0

an(z − z0)n

fownkcian ow�e� analitik �  nra a�ancyalner� kareli � ha�{
vel andam a� andam diferencman mijocov: �i�t nowyn dato{
�ow�yownnerov, in�pes dasakan depqowm, cowyc ktanq, or e�e
f{n analitik � D(z0, R) �rjanowm, apa ayd �rjanowm te�i owni

f(z) =

∞∑
n=0

an(z − z0)n

nerkayacowm�, orte�

an =
f (n)(z0)

n!
=

1

2πi

∫
γr

f(t)

(t− z0)n+1
dt
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(ayste� γr = ∂D(z0, r), orte� 0 < r < R or � �iv �): Iharke,
sa  s kareli � amnijapes berel dasakan depqin, qani or
∀ϕ ∈ X∗ hamar ϕ (f(·)) ∈ H (D (z0, R))  z ∈ D (z0, R) hamar

ϕ(f(z)) =
∞∑
n=0

 1

2πi

∫
γr

ϕ(f(t))

(t− z0)n+1
dt

 (z − z0)n =

=
∞∑
n=0

ϕ
 1

2πi

∫
γr

f(t)

(t− z0)n+1
dt

 (z − z0)n =

=
∞∑
n=0

ϕ [an(z − z0)n] = ϕ

( ∞∑
n=0

an(z − z0)n

)
:

§ 1.6. Vektor {fownkcianeri integrowm�

Erbemn kariq � linowm integrel or � (Q,µ) �a�ov tara{
�ow�yan vra oro�va�  in�{or X topologiakan vektorakan
tara�ow�yownic ar�eqner �ndowno� fownkcianer�: Ayl kerp
asa�, aydpisi f fownkciayin petq � hamapatasxanecnel
X tara�ow�yan oro�aki ∫

Q

f dµ

vektor, orn ��tva� lini �vayin fownkciayi integrali himna{
kan hatkow�yownnerov: �rinak, cankaca� Λ ∈ X∗ fownkcio{
nali hamar petq � te�i ownena

Λ

∫
Q

f dµ

 =

∫
Q

(Λf) dµ

havasarow�yown�, qani or verjavor gowmarneri hamar analog
havasarow�yown� te�i owni, isk integral� mi�t handisanowm
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� aydpisi gowmarneri sahman�` ays kam ayn imastov: Integ{
rali mer sahmanowm� himnva� � linelow miayn ayd pahanji vra:

Sahmanowm 1.6.1: Dicowq (Q,µ){n �a�ov tara�ow�yown �, X{n
aynpisi topologiakan vektorakan tara�ow�yown �, or X∗{n
anjatowm � X{i keter�, isk f : Q → X fownkcian aynpisin
�, or cankaca� Λ ∈ X∗ hamar Λf skalyar fownkcian Q{i vra
�st µ �a�i integreli �: E�e goyow�yown owni aynpisi y ∈ X
vektor, or cankaca� Λ ∈ X∗ fownkcionali hamar

Λy =

∫
Q

(Λf) dµ, (1.6.1)

apa y{� ko�vowm � �st µ �a�i f fownkciayi integral` tara�{

va� Q bazmow�yamb,  n�anakvowm �

∫
Q

f dµ simvolov:

Dito�ow�yown 1.6.1: Qani or X∗{n anjatowm � X{i keter�,
owsti integral� (e�e ayn goyow�yown owni) miakn �:

Qani or lokal ow�owcik X tara�ow�yan hamar X∗{n an{
jatowm � X{i keter�, owsti integrali sahmanman mej orpes
X masnavorapes kareli � vercnel kamayakan lokal ow�owcik
topologiakan vektorakan tara�ow�yown:

�eorem 1.6.1: Dicowq`
1) X{n aynpisi topologiakan vektorakan tara�ow-
�yown �, or X∗{n anjatowm � X{i keter�, isk µ{n hava{
nakanayin borelyan �a� � Q kompakt haowsdorfyan ta{
ra�ow�yownowm,
2) f : Q → X fownkcian an�ndhat �  f(Q) bazmow�yan
ow�owcik �a�an�� haraberakan kompakt � X{owm:

Ayd depqowm

∫
Q

f dµ integral� goyow�yown owni  patka{

nowm � f(Q) bazmow�yan ow�owcik �a�an�i �akman�:

Apacowyc: A�anc �ndhanrow�yown� xaxtelow karo� enq en{
�adrel, or X tara�ow�yownn irakan � (kompleqs tara�ow�yan
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depq� kompleqs tara�ow�yownneri hamar Han{Banaxi �eore{
mi apacowyci dato�ow�yownnerin nman dato�ow�yownnerov he�{
tow�yamb bervowm � n�va� depqin): H{ov n�anakenq f(Q) baz{
mow�yan ow�owcik �a�an��: Menq petq � apacowcenq aynpisi
y ∈ H vektori goyow�yown�, or� cankaca� Λ ∈ X∗ hamar ba{
vararowm � (1.6.1){in:

Dicowq L = {Λ1, . . . ,Λn}{� X∗{i verjavor en�abazmow�yown
�  

EL =

y ∈ H : Λy =

∫
Q

(Λf) dµ (∀Λ ∈ L)

 :

Λ fownkcionalneri an�ndhatow�yan �norhiv EL bazmow�yown{
ner� �ak en  het abar, kompakt en, qani or H{� kompakt
�: �eoremi apacowycn avartelow hamar bavakan � cowyc tal,
or EL bazmow�yownneric o� mek� datark ��: Iroq, ayd depqowm
EL bazmow�yownner� kkazmen H{i kentronacva� hamakarg,
 H{i kompaktow�yownic kbxi, or bolor EL bazmow�yownneri
hatowm� datark ��: Ayd hatman� patkano� yowraqan�yowr y
vektor kbavarari �eoremi pahanjnerin:

L = {Λ1, . . . ,Λn}-� ditarkenq orpes X tara�ow�yan ar{
tapatkerowm Rn{i mej: Dicowq K = L (f(Q)): N�anakenq

mi =

∫
Q

(Λif) dµ (1 6 i 6 n) : (1.6.2)

Menq pndowm enq, or m = (m1, . . . ,mn) ket� patkanowm � K
bazmow�yan S ow�owcik �a�an�in:

Qani or Q{n kompakt �  kompakt bazmow�yan an�ndhat
patker� kompakt �, owsti K{n kompakt �: Qani or Rn{owm
kompakt bazmow�yan ow�owcik �a�an�� kompakt �, owsti
S ⊂ Rn kompakt bazmow�yown �: E�e t = (t1, . . . , tn) ∈ Rn ket�
�i patkanowm S{in, apa, �gtvelov kompakt  �ak �hatvo�
ow�owcik bazmow�yownneri anjatman veraberyal �eoremic  
Rn{owm g�ayin fownkcionalneri haytni tesqic, ezrakacnowm
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enq, or goyow�yown ownen aynpisi c1, . . . , cn irakan �ver, oronc
hamar

n∑
i=1

ciui <
n∑
i=1

citi (u = (u1, . . . , un) ∈ K) : (1.6.3)

Owsti
n∑
i=1

ciΛif(q) <
n∑
i=1

citi (q ∈ Q) : (1.6.4)

Qani or µ{n havanakanayin �a� � (µ(Q) = 1), owsti (1.6.4){i

erkow ko�mn integrelov stanowm enq
n∑
i=1

cimi <

n∑
i=1

citi: Het a{

bar, t 6= m:

Stacva�� cowyc � talis, or m ∈ S: Qani or K = L (f(Q)),
isk L artapatkerowm� g�ayin �, owsti goyow�yown owni aynpisi
y ∈ H , or m = Ly: Aydpisi y vektori hamar ownenq

Λiy = mi =

∫
Q

(Λif) dµ (1 6 i 6 n) :

Owsti y ∈ EL  het abar, EL 6= Ø:
�eoremn apacowcva� �:

Dito�ow�yown 1.6.2: Cankaca� ν verjavor drakan borelyan
�a� hastatownov bazmapatkelowc heto kda�na havana{
kanayin, owsti naxord �eoremowm integrali goyow�yan masin
pndowm� ow�i mej kmna na aydpisi ν �a�eri depqowm: �a�i
verlow�ow�yan masin 	ordani �eoremi mijocov n�va� ardyownq�
kareli � �ndhanracnel kamayakan irakan verjavor �a�eri  
aynowhet ` kamayakan kompleqs �a�eri depqeri hamar:

�eorem 1.6.2: Dicowq Q{n kompakt haowsdorfyan tara{
�ow�yown �, X{� banaxyan tara�ow�yown �, f : Q → X an{
�ndhat artapatkerowm �  µ{n Q{i vra drakan borel{
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yan �a� �: Ayd depqowm∥∥∥∥∥∥∥
∫
Q

f dµ

∥∥∥∥∥∥∥ 6
∫
Q

‖f‖ dµ :

Apacowyc: N�anakenq y =

∫
Q

f dµ: �st Han{Banaxi �eoremi

het anqi` goyow�yown owni aynpisi Λ ∈ X∗ fownkcional, or
Λy = ‖y‖  |Λx| 6 ‖x‖ (x ∈ X): Masnavorapes`

|Λf(q)| 6 ‖f(q)‖ (q ∈ Q) :

Het abar

‖y‖ = Λy =

∫
Q

(Λf) dµ 6
∫
Q

‖f‖ dµ :

�eoremn apacowcva� �:
Verjowm mi �oqr kang a�nenq A ar�eqani fownkcianeri

integrman vra, orte� A{n banaxyan hanraha�iv �: Dicowq
Q{n kompakt haowsdorfyan tara�ow�yown �, µ{n Q{i vra bo{
relyan �a� �, isk f : Q→ A an�ndhat fownkcia �: �st �eorem

1.6.1{i`

∫
Q

f dµ integral� goyow�yown owni: Apacowcenq, or ays

depqowm integraln ��tva� � het yal lracowci� hatkow�yamb.
e�e x ∈ A, apa

x

∫
Q

f dµ =

∫
Q

xf(p) dµ(p), (1.6.5)

∫
Q

f dµ

x =

∫
Q

f(p)x dµ(p) : (1.6.6)
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(1.6.5) bana� n apacowcelow hamar Mx{ov n�anakenq �axic
x �lementov bazmapatkman �perator�: Cankaca� Λ ∈ A∗

hamar ownenq ΛMx ∈ A∗, owsti integrali sahmanowmic kowne{
nanq

ΛMx

∫
Q

f dµ =

∫
Q

(ΛMxf) dµ = Λ

∫
Q

(Mxf) dµ (∀Λ ∈ A∗) :

Het abar

Mx

∫
Q

f dµ =

∫
Q

(Mxf) dµ,

orte�ic �l bxowm � (1.6.5){�: (1.6.6){n apacowcelow hamar orpes
Mx petq � vercnel ajic x �lementov bazmapatkman �pera{
tor�:

§ 1.7. Spektri himnakan hatkow�yownner�

Lemma 1.7.1: Dicowq A{n banaxyan hanraha�iv �, x ∈ A−1,

h ∈ A  ‖h‖ < 1

2

∥∥x−1
∥∥−1

: Ayd depqowm x+ h ∈ A−1  

∥∥(x+ h)−1 − x−1 + x−1hx−1
∥∥ 6 2

∥∥x−1
∥∥3 ‖h‖2 : (1.7.1)

Apacowyc: E�e x, y ∈ A−1, apa y−1x �lement� handisanowm
� x−1y �lementi hakadar��: Ayspisov` ∀x, y ∈ A−1 hamar
x−1y ∈ A−1, owsti A−1{� xowmb �:

Ownenq x + h = x
(
e+ x−1h

)
: Qani or

∥∥x−1h
∥∥ < 1

2
, owsti

�st 1.4.2 lemmayi` ∃
(
e+ x−1h

)−1
 

∥∥∥(e+ x−1h
)−1 − e+ x−1h

∥∥∥ 6 ∥∥x−1h
∥∥2

1− ‖x−1h‖
6

∥∥x−1h
∥∥2

1− 1
2

=

= 2
∥∥x−1h

∥∥2
:
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Owsti �st verin asva�i` ∃(x+ h)−1 =
(
e+ x−1h

)−1
x−1  ∥∥(x+ h)−1 − x−1 + x−1hx−1

∥∥ =
∥∥(e+ x−1h)−1x−1 − x−1+

+x−1hx−1
∥∥ =

∥∥[(e+ x−1h)−1x−1 − e+ x−1h
]
x−1

∥∥ 6
6
∥∥∥(e+ x−1h

)−1
x−1 − e+ x−1h

∥∥∥ · ∥∥x−1
∥∥ 6

6 2
∥∥x−1h

∥∥2 ·
∥∥x−1

∥∥ 6 2
∥∥x−1

∥∥3 ‖h‖2 :

Lemman apacowcva� �:

�eorem 1.7.1: E�e A{n banaxyan hanraha�iv �, apa
A−1{� A{owm bac bazmow�yown �, isk x 7→ x−1 artapat{
kerowm� handisanowm � A−1{i homeomorfizm ir vra:

Apacowyc: Naxord �eoremic bxowm �, or A−1{� A{owm bac �,
isk x 7→ x−1 artapatkerowmn an�ndhat �: Qani or
x 7→ x−1 artapatkerowm� A−1{� �oxmiar�eq artapatke{
rowm � ir vra  ayd artapatkerman hakadar�� henc inqn �,
owsti ayn homeomorfizm �:

�eoremn apacowcva� �:

Dito�ow�yown 1.7.1: F {ov n�anakenq ayn artapatkerowm�,
or� ∀x ∈ A−1 vektorin hamapatasxanecnowm � x−1 vektor�`

F (x) = x−1
(
x ∈ A−1

)
:

Qani or A−1{� bac �, owsti imast owni xosel F {i diference{
liow�yan masin: (1.7.1) havasarow�yownic bxowm �, or ∀x ∈ A−1

hamar ∥∥F (x+ h)− F (x)−
(
−x−1hx−1

)∥∥
‖h‖

−−−→
h→0

0,

owsti F {n �st Fre�ei diferenceli �,  [
F ′(x)

]
h = −x−1hx−1 (h ∈ A) : I
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Sahmanowm 1.7.1: λ ∈ C �iv� ko�vowm � a ∈ A �lementi hamar
�egowlyar ket, e�e λe−a �lement� hakadar�eli �` λe−a ∈ A−1:

a �lementi bolor �egowlyar keteri bazmow�yown� ko�vowm �
a{i �ezolventayin bazmow�yown  n�anakvowm � Ω(a) simvolov:
Ω(a){i vra oro�va�

Ra(λ) = (λe− a)−1

fownkcian ko�vowm � a{i �ezolvent:
σ(a) = C \ Ω(a) bazmow�yown� ko�vowm � a �lementi spektr:

�eorem 1.7.2: ∀a ∈ A hamar`
1) Ω(a) ⊂ C bac bazmow�yown �, isk Ra{n Ω(a){i vra ow�e�
analitik �,
2) σ(a) ⊂ C kompakt �, orn �nka� �

D̄ (0, ‖a‖) = {z ∈ C : |z| 6 ‖a‖}

�ak �rjanowm:

Apacowyc: 1) Fiqsenq a ∈ A  ditarkenq g(λ) = λe− a fownk{
cian: g : C → A an�ndhat fownkcia �: �st 1.7.1 �eoremi`
A−1 hakadar�eli �lementneri bazmow�yown� bac �, owsti nra
g−1

(
A−1

)
naxapatker�  s klini bac: Mnowm � tesnel, or

Ω(a) = g−1
(
A−1

)
:

1.7.1 lemmayi mej vercnenq x = λe − a, h = (µ − λ)e, orte�
λ ∈ Ω(a) nax�roq fiqsva� (kamayakan) ket �, isk µ{n
�ntrva� � λ{in aynqan mot, or patkani Ω(a){in: Ayd depqowm
λ{in bavakana�a� mot µ{eri hamar (1.7.1){i �norhiv kowne{
nanq

‖Ra(µ)−Ra(λ) +Ra(λ)(µ− λ)eRa(λ)‖ 6 2 ‖Ra(λ)‖3 |µ− λ|2,

ori erkow ko�m� ba�anelov |µ− λ|{i vra  ancnelov sahmani,
erb µ→ λ, kstananq, or

∃ lim
µ→λ

Ra(µ)−Ra(λ)

µ− λ
= −R2

a(λ)
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kam`
∃R′a(λ) = −R2

a(λ) (λ ∈ Ω(a)) : (1.7.2)

2) Naxord pndowmic bxowm �, or σ(a) = C\Ω(a) bazmow�yown�
�ak �,  apacowycn avartelow hamar bavakan � cowyc tal, or

σ(a) ⊂ D (0, ‖a‖) :

Dra hamar nkatenq, or |λ| > ‖a‖ paymanin bavararo� λ
kompleqs �ver� handisanowm en a{i hamar �egowlyar keter:
Iroq, �st 1.4.2 lemmayi`

e− a

λ
∈ A−1,

 het abar

λe− a = λ
(
e− a

λ

)
∈ A−1,

in�n �l n�anakowm �, or λ ∈ Ω(a):
�eoremn apacowcva� �:

Lemma 1.7.2: ∀a ∈ A hamar σ(a) 6= Ø:

Apacowyc: En�adrenq haka�ak�` in�{or a ∈ A hamar
σ(a) = Ø: Ayd depqowm kownenanq Ω(a) = C  naxord �eoremic
kbxi, or Ra �ezolvent� analitik � ambo�j C kompleqs har{
�ow�yan vra: Dicowq |λ| > ‖a‖: Ayd depqowm �st 1.4.2 lemmayi`

∃
(
e− a

λ

)−1
=

∞∑
n=0

an

λn
,

 het abar

Ra(λ) =
[
λ
(
e− a

λ

)]−1
=

1

λ

(
e− a

λ

)−1
=
∞∑
n=0

an

λn+1
,

Ra(λ) =

∞∑
n=0

an

λn+1
(|λ| > ‖a‖) : (1.7.3)
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Dicowq r > ‖a‖: Ayd depqowm (1.7.3) �arq�

γr = ∂D(0, r) = {z ∈ C : |z| = r}

�rjanag�i vra havasara�a� zowgamet � (qani or owni zow{

gamet ma�orant` ayn �`
∞∑
n=0

‖a‖n

rn+1
�arq�), owsti ayn kareli �

andam a� andam integrel: Ardyownqowm kstananq

1

2πi

∫
γr

Ra(λ) dλ =
∞∑
n=0

 1

2πi

∫
γr

dλ

λn+1

 an : (1.7.4)

Qani or Ra(λ){n analitik � C{owm, owsti �st Ko�ow �eoremi`∫
γr

Ra(λ) dλ = 0 :

Myows ko�mic, in�pes gitenq,

1

2πi

∫
γr

dλ

λn+1
=

{
1, n = 0,
0, n 6= 0,

in�� te�adrelov (1.7.4){i mej` kstananq

0 = e,

isk verjins hakasowm � ‖e‖ = 1 paymanin:
Lemman apacowcva� �:

Sahmanowm 1.7.2: A  B kompleqs banaxyan hanraha�ivner�
ko�vowm en izometrikoren izomorf, e�e goyow�yown owni aynpisi
ϕ : A→ B biektiv homomorfizm, or

‖ϕ(x)‖B = ‖x‖A (∀x ∈ A) :

Sahmanowm 1.7.3: A banaxyan hanraha�iv� ko�vowm � banax{
yan marmin, e�e A \ {0} = A−1:
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Gelfand{Mazowri �eorem�: Cankaca� kompleqs banaxyan
marmin izometrikoren izomorf � C kompleqs har�ow�ya{
n�:
Apacowyc: ∀a ∈ A hamar σ(a) 6= Ø, owsti ∃λ(a) ∈ σ(a): Sa
n�anakowm �, or λ(a)e−a 6∈ A−1, owsti �st paymani` λ(a)e−a =
= 0, kam`

a = λ(a)e :

Cowyc tanq, or λ(a){n klini oroneli izometrian: Nax nkatenq,
or e�e in�{or λ1, λ2 ∈ C hamar

a = λ1e = λ2e,

apa λ1 = λ2, qani or kownenanq

|λ1 − λ2| = ‖(λ1 − λ2)e‖ = ‖λ1e− λ2e‖ = ‖a− a‖ = 0 :

�gtvelov sranic` he�t � tesnel, or λ(a){n khandisana homo{
morfizm A{ic C: Ownenq, or

‖a‖ = |λ(a)| (∀a ∈ A) :

Ayste�ic kbxi, or e�e λ(a) = 0, apa a = 0, owsti λ(a){n
�oxmiar�eq (inektiv) �: He�t � tesnel, or ∀λ ∈ C tarr owni
naxapatker (ayn �` λe �lement�): Het abar λ(·) : A → C
khandisana izometrikakan izomorfizm A{i  C{i mij :
�eoremn apacowcva� �:

Sahmanowm 1.7.4: a ∈ A �lementi spektral �a�avi� � ko�vowm

ρ(a) = sup {|λ| : λ ∈ σ(a)}

me�ow�yown�: 1.7.2 lemmayi �norhiv σ(a) 6= Ø, owsti ays sahma{
nowm� ko�ekt �:

1.7.2 �eoremic bxowm �, or ∀a ∈ A hamar

0 6 ρ(a) 6 ‖a‖ : (1.7.5)



§ 1.7. Spektri himnakan hatkow�yownner� 53

Gelfandi bana� �: ∀a ∈ A hamar

ρ(a) = lim
n→∞

‖an‖
1
n = inf

n>1
‖an‖

1
n (1.7.6)

(grva� sahmani goyow�yown�  s apacowcvowm �):

Apacowyc: �st 1.7.2 �eoremi` Ra(λ){n Ω(a) �ezolventayin baz{
mow�yan vra ow�e� analitik �: Dicowq |λ| > ‖a‖: Ayd depqowm
�st 1.4.2 lemmayi`

∃
(
e− a

λ

)−1
=

∞∑
n=0

an

λn
,

 het abar

Ra(λ) =
[
λ
(
e− a

λ

)]−1
=

1

λ

(
e− a

λ

)−1
=

∞∑
n=0

an

λn+1
,

Ra(λ) =
∞∑
n=0

an

λn+1
(|λ| > ‖a‖) : (1.7.7)

Dicowq r > ‖a‖: Ayd depqowm (1.7.7) �arq�

γr = ∂D(0, r) = {z ∈ C : |z| = r}

�rjanag�i vra havasara�a� zowgamet � (qani or owni zow{

gamet ma�orant` ayn �
∞∑
n=0

‖a‖n

rn+1
�arq�): (1.7.7){i erkow ko�m�

bazmapatkenq λm{ov (m > 0)  integrenq γr{ov: Havasa{
ra�a� zowgamitow�yan �norhiv karo� enq katarel andam a�
andam integrowm  ardyownqowm kstananq

1

2πi

∫
γr

Ra(λ)λmdλ =
∞∑
n=0

 1

2πi

∫
γr

λm−n−1dλ

 an :
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Bayc in�pes gitenq`

1

2πi

∫
γr

λm−n−1dλ =

{
1, n = m
0, n 6= m,

in�� te�adrelov ver� stacva�i mej` kstananq

am =
1

2πi

∫
γr

λmRa(λ) dλ (r > ‖a‖, m = 0, 1, 2, . . .) : (1.7.8)

Spektral �a�av�i sahmanowmic bxowm �, or |λ| > ρ(a) payma{
nin bavararo� λ{n a{i �egowlyar ket �, owsti λmRa(λ) fownk{
cian analitik � |λ| > ρ(a) tirowy�owm: Bazmakap tirowy�neri
hamar Ko�ow �eoremic (or� himnavorvowm � nowyn � ov, in�pes
dasakan depqowm) bxowm �, or r > ρ(a) depqowm∫

γr

λmRa(λ) dλ

integrali ar�eq� kaxva� �� r{i �ntrow�yownic: Ayste�ic  
(1.7.8){ic kbxi, or

an =
1

2πi

∫
γr

λnRa(λ) dλ (r > ρ(a), n = 0, 1, 2, . . .) : (1.7.9)

Qani or Ra(λ) fownkcian γr{i vra an�ndhat �, owsti

M(r) = max
θ∈[0,2π]

∥∥∥Ra (reiθ)∥∥∥ <∞ (r > ρ(a)),

 (1.7.9) bana� owm kira�elov integrali gnahatakan�`
kstananq, or ∀r > ρ(a) hamar

‖an‖ 6 1

2π
· rn · M(r) · 2πr = rn+1M(r),

‖an‖
1
n 6 r n

√
rM(r),



§ 1.7. Spektri himnakan hatkow�yownner� 55

orte�ic kbxi, or

lim
n→∞

‖an‖
1
n 6 r (∀r > ρ(a)),

isk ayste�ic �l, r{i kamayakanow�yan �norhiv, kstananq

lim
n→∞

‖an‖
1
n 6 ρ(a) : (1.7.10)

Apacowycn avartelow hamar mnowm � cowyc tal, or

ρ(a) 6 inf
n>1
‖an‖

1
n : (1.7.11)

Dicowq λ ∈ σ(a): Nkatenq, or ayd depqowm

λn ∈ σ (an) (n > 1) :

Iroq, ownenq

λne− an =

= (λe− a)
(
λn−1e+ λn−2a+ · · ·+ λan−2 + an−1

)
: (1.7.12)

E�e en�adrenq, �e ∃ (λne− an)−1, apa (1.7.12){i erkow ko�m�
ajic bazmapatkelov (λne− an)−1{ov` kstananq

(λe− a)
[(
λn−1e+ λn−2a+ · · ·+ λan−2 + an−1

)
·

· (λne− an)−1
]

= e : (1.7.13)

N�anakenq

x = λn−1e+ λn−2a+ · · ·+ λan−2 + an−1, y = λne− an :

He�t � tesnel, or

(λe− a)x = x(λe− a),

(λe− a)y = y(λe− a) :
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Het abar na 

(λe− a)y−1 =
(
y−1y

) [
(λe− a)y−1

]
= y−1 [y(λe− a)] y−1 =

= y−1 [(λe− a)y] y−1 = y−1(λe− a)
(
yy−1

)
= y−1(λe− a),

owsti (1.7.13){i �ax mas� kareli � � a�oxel ayspes`

(λe− a)
[
xy−1

]
= x

[
(λe− a)y−1

]
= x

[
y−1(λe− a)

]
=

=
[
xy−1

]
(λe− a),

 (1.7.13){ic kbxi, or (
xy−1

)
(λe− a) = e,

kam or nowynn �`[(
λn−1e+ λn−2a+ · · ·+ λan−2 + an−1

)
(λne− an)−1

]
·

· (λe− a) = e : (1.7.14)

(1.7.13){ic  (1.7.14){ic kbxi, or ∃(λe − a)−1, in�� hakasowm �
λ ∈ σ(a) paymanin:

Ayspisov, e�e λ ∈ σ(a), apa λn ∈ σ (an) (n > 1), owsti
(1.7.5)-ic kbxi, or

|λ|n 6 ρ (an) 6 ‖an‖ ,

|λ| 6 ‖an‖
1
n (∀λ ∈ σ(a), n > 1) : (1.7.15)

Verjinic �l kbxi, or

ρ(a) = sup {|λ| : λ ∈ σ(a)} 6 ‖an‖
1
n (n > 1),

owsti te�i owni (1.7.11){�:
�eoremn apacowcva� �:
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�eorem 1.7.3: Dicowq a ∈ A  λ, µ ∈ Ω (a): Ayd depqowm te�i
owni Hilberti

Ra (λ)−Ra (µ) = (µ− λ)Ra (µ)Ra (λ) (1.7.16)

nowynow�yown�:

Apacowyc: Ownenq

Ra (λ)−Ra (µ) = (λe− a)−1 − (µe− a)−1 =

= (µe− a)−1
[
(µe− a) (λe− a)−1 − e

]
=

= Ra (µ)
{

[(µ− λ) e+ (λe− a)] (λe− a)−1 − e
}

=

= Ra (µ)
{

(µ− λ) (λe− a)−1 + (λe− a) (λe− a)−1 − e
}

=

= (µ− λ)Ra (µ)Ra (λ) :

�eoremn apacowcva� �:

Het anq 1.7.1: Dicowq a ∈ A  λ, µ ∈ Ω (a): Ayd depqowm

Ra (µ)Ra (λ) = Ra (λ)Ra (µ) : (1.7.17)

Apacowyc: λ = µ depqowm pndowmn aknhayt �: Dicowq λ 6= µ:
�st naxord �eoremi`

Ra (µ)Ra (λ) =
Ra (λ)−Ra (µ)

λ− µ
, (1.7.18)

orte� �oxelov λ  µ ta�eri derer�` kstananq

Ra (λ)Ra (µ) =
Ra (µ)−Ra (λ)

µ− λ
: (1.7.19)

(1.7.18)-ic  (1.7.19)-ic kbxi (1.7.17)-�:
Het anqn apacowcva� �:
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§ 1.8. Spektral �a�av�i bana� i het anqner

Sahmanowm 1.8.1: A banaxyan hanraha�vi a �lement� ko�vowm
� nilpotent, e�e goyow�yown owni aynpisi n = n(a) bnakan �iv,
or

an = 0

(n = 1 depqowm kownenanq a = 0):

Sahmanowm 1.8.2: a ∈ A �lement� ko�vowm � qvazinilpotent,
e�e ρ(a) = 0:

Sahmanowm 1.8.3: A banaxyan hanraha�vi bolor qvazinilpo{
tent �lementneri bazmow�yown� ko�vowm � A{i �adikal  n�a{
nakvowm � Rad(A):

Lemma 1.8.1: Nilpotent �lement� qvazinilpotent �:

Apacowyc: Dicowq a ∈ A nilpotent �` ∃k ∈ N, or ak = 0: Ayd
depqowm kownenanq

an = 0 (n > k),

owsti

ρ(a) = lim
n→∞

n
√
‖an‖ = 0 :

Lemman apacowcva� �:

Het anq 1.8.1: E�e a ∈ A nilpotent �, apa σ(a) = {0}:
Apacowyc: Iroq, ownenq ρ(a) = 0, owsti σ(a) ⊂ {0}: Qani or
σ(a) 6= Ø, owsti σ(a) = {0}: I
Lemma 1.8.2: ∀a, b ∈ A hamar ρ(ab) = ρ(ba):

Apacowyc: Ownenq

(ab)n = ab ab . . . ab︸ ︷︷ ︸
n

= a( ba ba . . . ba︸ ︷︷ ︸
n−1

)b = a(ba)n−1b,

owsti

‖(ab)n‖
1
n 6 ‖a‖

1
n ·
∥∥(ba)n−1

∥∥ 1
n ‖b‖

1
n ,



§ 1.8. Spektral �a�av�i bana� i het anqner 59

 het abar

ρ(ab) = lim
n→∞

‖(ab)n‖
1
n 6 lim

n→∞
‖a‖

1
n · lim

n→∞

∥∥(ba)n−1
∥∥ 1
n lim
n→∞

‖b‖
1
n :

Ownenq

lim
n→∞

∥∥(ba)n−1
∥∥ 1
n = lim

n→∞

{∥∥(ba)n−1
∥∥ 1
n−1

} n
n−1

 �gtvelov f(x, y) = xy fownkciayi an�ndhatow�yownic, ksta{
nanq

lim
n→∞

∥∥(ba)n−1
∥∥ 1
n =

{
lim
n→∞

∥∥(ba)n−1
∥∥ 1
n−1

}lim n
n−1

= ρ(ba) :

Ayspisov,

ρ(ab) 6 ρ(ba) lim
n→∞

‖a‖
1
n lim
n→∞

‖b‖
1
n :

Erb a 6= 0, b 6= 0, sa n�anakowm �, or

ρ(ab) 6 ρ(ba) : (1.8.1)

Verjins aknhaytoren te�i owni na ayn depqowm, erb a  b
�lementneric mekn ow mek� kam erkows� havasar en 0{i:

(1.8.1){owm �oxelov a  b ta�eri derer�` kstananq

ρ(ba) 6 ρ(ab) : (1.8.2)

(1.8.1){ic  (1.8.2){ic kbxi, or ρ(ab) = ρ(ba):
Lemman apacowcva� �:

Irakanowm parzvowm �, or vern apacowcva� lemman handi{
sanowm � het yal` a�avel �ndhanowr pndman het anq�.

Lemma 1.8.3: ∀a, b ∈ A hamar σ(ab) \ {0} = σ(ba) \ {0} : 1

1tes` [17], гл. 10, упр. 2, с. 291.
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Apacowyc: Cowyc tanq, or

Ω(ab) \ {0} = Ω(ba) \ {0} : (1.8.3)

Nax cowyc tanq, or

Ω(ab) \ {0} ⊂ Ω(ba) \ {0} : (1.8.4)

Dicowq λ ∈ Ω(ab)\{0}: Da n�anakowm �, or λ 6= 0  goyow�yown owni
(λe− ab)−1 hakadar��: (λe− ba)−1-i goyow�yown� cowyc talow  
ayn gtnelow hamar nax hamarenq, �e

|λ| > max {‖ab‖ , ‖ba‖} (1.8.5)

 (λe− ba)−1{� artahaytenq (λe− ab)−1{ov: �gtvelov 1.4.2
lemmayic` kownenanq

∃ (λe− ba)−1 =

[
λ

(
e− ba

λ

)]−1

=
1

λ

(
e− ba

λ

)−1

=

=
1

λ

∞∑
n=0

(ba)n

λn
=

1

λ

[
e+

∞∑
n=1

(ba)n

λn

]
:

Ownenq

(ba)n = ba ba . . . ba︸ ︷︷ ︸
n

= b( ab ab . . . ab︸ ︷︷ ︸
n−1

)a = b(ab)n−1a (n > 1),

owsti

(λe− ba)−1 =
1

λ

[
e+

∞∑
n=1

b(ab)n−1a

λn

]
=

1

λ

[
e+

1

λ
b

∞∑
n=1

(ab)n−1

λn−1
a

]
,

 stacva� gowmarowm katarelov m = n−1 gowmarman indeqsi
�oxarinowm, kstananq

(λe− ba)−1 =
1

λ

[
e+

1

λ
b

∞∑
m=0

(ab)m

λm
a

]
:
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Bayc qani or ‖ab‖ < |λ|, owsti

∞∑
m=0

(ab)m

λm
=

(
e− ab

λ

)−1

,

 kstananq

(λe− ba)−1 =
1

λ

[
e+

1

λ
b

(
e− ab

λ

)−1

a

]
=

1

λ

{
e+ b

[
1

λ

(
e− ab

λ

)−1
]
a

}
=

1

λ

{
e+ b

[
λ

(
e− ab

λ

)]−1

a

}
=

=
1

λ

[
e+ b (λe− ab)−1 a

]
,

(λe− ba)−1 =
1

λ

[
e+ b(λe− ab)−1a

]
: (1.8.6)

Ayspisov, (1.8.5) paymani depqowm te�i owni (1.8.6){�: Parz{
vowm �, or e�e λ 6= 0  ∃ (λe− ab)−1, apa ∃ (λe− ba)−1,  te�i
owni (1.8.6){�: Iroq, n�anakenq

x =
1

λ

[
e+ b (λe− ab)−1 a

]
 cowyc tanq, or

(λe− ba)x = x (λe− ba) = e : (1.8.7)

Ownenq

(λe− ba)x = λx− bax = e+ b (λe− ab)−1 a− ba

λ
−

−bab
λ

(λe− ab)−1 a = e− ba

λ
+ b

(
e− ab

λ

)
(λe− ab)−1 a =

= e− ba

λ
+
b

λ
(λe− ab) (λe− ab)−1 a = e− ba

λ
+
ba

λ
= e,
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 nman � ov

x (λe− ba) = λx− xba = e+ b (λe− ab)−1 a− ba

λ
−

− 1

λ
b (λe− ab)−1 aba = e− ba

λ
+ b (λe− ab)−1

[
e− ab

λ

]
a =

=
λe− ba

λ
+
b

λ
(λe− ab)−1 (λe− ab) a = e− ba

λ
+
ba

λ
= e,

orte�ic �l bxowm � (1.8.7){�:
Sranov isk (1.8.4){� himnavorvec: (1.8.4)-owm �oxelov a  b

ta�eri derer�` kstananq na 

Ω(ba) \ {0} ⊂ Ω(ab) \ {0} : (1.8.8)

(1.8.4){ic  (1.8.8){ic kbxi (1.8.3){�:
Lemman apacowcva� �:

�eorem 1.8.1 (L'Pa�): E�e ∃k > 0, or

ρ(a) > k ‖a‖ (∀a ∈ A),

apa A{n komowtativ �:

Apacowyc: Fiqsenq kamayakan a, b ∈ A  cowyc tanq, or

ab = ba :

Ditarkenq
f(λ) = eλabe−λa (λ ∈ C)

fownkcian (eλa, e−λa �qsponentner en  o� �e A hanraha�vi
e miavori asti�anner): �gtvelov �eoremi paymanic  1.8.2
lemmayic` ∀λ ∈ C hamar kownenanq

‖f(λ)‖ =
∥∥∥eλabe−λa∥∥∥ 6 1

k
ρ
(
eλabe−λa

)
=

1

k
ρ
(
be−λaeλa

)
=

=
1

k
ρ(b) 6

‖b‖
k

:



§ 1.8. Spektral �a�av�i bana� i het anqner 63

Bayc f : C→ A ow�e� analitik �, �nd orowm

f ′(λ) = eλa[a, b]e−λa ([a, b] = ab− ba) :

Stacvec, or ambo�j C{i vra analitik fownkcian ow�e� sah{
mana�ak �, owsti �st Liowvili �eoremi` f(λ){n hastatown �:
Het abar f ′(λ) ≡ 0: Masnavorapes,

f ′(0) = 0,

kam or nowynn �`
[a, b] = 0,

ab = ba :

�eoremn apacowcva� �:

Sahmanowm 1.8.4: Dicowq A{n  B{n kompleqs normavorva�
hanraha�ivner en: Ayd depqowm kasenq, or B{n A{i �ndlaynowm
�, e�e`
1) A ⊂ B  B{owm sahmanva� gowmarman, bazmapatkman,
skalyarov bazmapatkman gor�o�ow�yownneri ne�acowmner�
A{i vra ham�nknowm en A{owm sahmanva� hamapatasxan
gor�o�ow�yownneri het,
2) B{i norni ne�acowm� A{i vra hamar�eq � A{i normin:

1) payman� n�anakowm �, or A{n handisanowm � B{i g�ayin en{
�atara�ow�yown �  en�a��ak: �nd orowm, qani or A{n norma{
vorva� hanraha�iv �, owsti A{owm ka miavor: Erbemn lracow{
ci� �e�towm en, or A{n parownakowm � B{i miavor�: 2) payman�
n�anakowm �, or B{i norm� A{owm �nowm � nowyn zowgamitow�yown�,
in� or A{i norm�: Erbemn pahanjowm en, or B{i normi ne�acowmn
A{i vra ow��aki ham�nkni A{i normi het:

Mez khetaqrqri ayn depq�, erb A{n banaxyan hanraha{
�iv �, isk B{n nra banaxyan �ndlaynowmn �:

Sahmanowm 1.8.5: a ∈ A tarr� ko�vowm � 0{i topologiakan
ba�anarar, e�e

inf {‖ax‖+ ‖xa‖ : x ∈ S(A)} = 0,



64 Glowx 1. Normavorva� hanraha�ivner

orte�, in�pes mi�t,

S(A) = {x ∈ A : ‖x‖ = 1} = ∂B(0, 1) :

Ayl kerp asa�, a{n ko�vowm � 0{i topologiakan ba�anarar,
e�e ∃{xn}∞1 ⊂ S(A), aynpes, or

axn −−−→
n→∞

0, xna −−−→
n→∞

0 :

Kareli � na sahmanel na 0{i �ax  aj topologiakan
ba�anararner (dranq aynpisi a{ern en, oronc hamar ha{
mapatasxanabar axn −−−→

n→∞
0 kam xna −−−→

n→∞
0),  ayd

depqowm ver� sahmanva� 0{i topologiakan ba�anarar�
kko�vi erkko�mani: Hetagayowm mez petq kgan miayn erkko�{
mani ba�anararner:

Lemma 1.8.4: E�e {an}∞1 ⊂ A−1 hajordakanow�yown� zowga{
mitowm � a ∈ ∂A−1 �lementin, apa

∥∥a−1
n

∥∥ −−−→
n→∞

∞:

Apacowyc: En�adrenq haka�ak�`
∥∥a−1

n

∥∥ 6→ ∞: Ayd
depqowm

{∥∥a−1
n

∥∥}∞
n=1

hajordakanow�yownic kareli � anjatel{∥∥a−1
nk

∥∥}∞
k=1

sahmana�ak en�ahajordakanow�yown: Dicowq∥∥a−1
nk

∥∥ 6M (k = 1, 2, . . .) :

k0 hamarn �ntrenq aynpes, or

‖ank − a‖ <
1

M
(k > k0) :

Ayd depqowm k > k0 hamar kownenanq∥∥e− a−1
nk
a
∥∥ =

∥∥a−1
nk

(ank − a)
∥∥ 6 ∥∥a−1

nk

∥∥ · ‖ank − a‖ < 1,

owsti a−1
nk
a ∈ A−1 (k > k0)  het abar (qani or A−1{� xowmb

�) a = ank
(
a−1
nk
a
)
∈ A−1, in�� hakasow�yown �, qani or A−1{�

bac �, isk a ∈ ∂A−1:
Lemman apacowcva� �:
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�eorem 1.8.2: ∂A−1{i keter� 0{i topologiakan ba�ana{
rarner en:

Apacowyc: Dicowq a ∈ ∂A−1 kamayakan ket �: �ntrenq or �
{an}∞1 ⊂ A−1, or an → a: �st naxord lemmayi`

∥∥a−1
n

∥∥ −−−→
n→∞

∞:

N�anakenq xn = a−1
n

‖a−1
n ‖ : Parz �, or {xn}∞1 ⊂ S(A): Cowyc tanq,

or
lim
n→∞

axn = 0, lim
n→∞

xna = 0 :

Cowyc tanq grva� a�n�ow�yownneric a�ajin� (myowsn apacowc{
vowm � �i�t nowyn � ov): Ownenq

‖axn‖ = ‖axn − anxn + anxn‖ 6 ‖(a− an)xn‖+ ‖anxn‖ 6

6 ‖a− an‖ · ‖xn‖+

∥∥∥∥∥an · a−1
n∥∥a−1
n

∥∥
∥∥∥∥∥ = ‖a− an‖+

1∥∥a−1
n

∥∥ −−−→n→∞
0 :

�eoremn apacowcva� �:

Sahmanowm 1.8.6: A \ A−1{i �lementnerin kanvanenq A han{
raha�vi singowlyar �lementner: Kn�anakenq

sing(A) = A \A−1 :

Sahmanowm 1.8.7: a ∈ A �lement� ko�vowm � �a�angakan sin{
gowlyar, e�e A banaxyan hanraha�vi cankaca� B banaxyan
�ndlaynman hamar a ∈ sing(B):

�eorem 1.8.3: 0{i topologiakan ba�anararner� �a�an{
gakan singowlyar �lementner en:

Apacowyc: Dicowq a ∈ A handisanowm � 0{i topologiakan
ba�anarar, isk B{n A{i kamayakan banaxyan �ndlaynowm �:
Cowyc tanq, or a ∈ sing(B): En�adrenq haka�ak�` a ∈ B−1:
Ayd depqowm ∃b ∈ B, or

ba = ab = e :

�st paymani` ∃{xn}∞1 ⊂ S(A), or A{i normov

axn −−−→
n→∞

0, xna −−−→
n→∞

0 : (1.8.9)
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Qani or B{i norm� A{owm �nowm �r nowyn zowgamitow�yown�, in�
or A{i norm�, owsti (1.8.9) a�n�ow�yownner� te�i owni na B{i
normov,  artadryali an�ndhatow�yownic kbxi, or (B{i nor{
mov)

xn = b(axn) −−−→
n→∞

0 :

Qani or {xn}∞1 ⊂ A, owsti na A{i normov xn → 0, in��
hnaravor ��, qani or

‖xn‖A = 1 (n = 1, 2, . . .) :

�eoremn apacowcva� �:

Het anq 1.8.2: ∂A−1{i keter� �a�angakan singowlyar �le{
mentner en:

Apacowyc� bxowm � 1.8.2  1.8.3 �eoremneric: I

�eorem 1.8.4: Dicowq V {n  W {n X topologiakan tara{
�ow�yan bac en�abazmow�yownner en, �nd orowm V ⊂ W  
W ∩ ∂V = Ø: Ayd depqowm V {n handisanowm � W {i in�{or
komponentneri miavorowm�:

Apacowyc: F{ov n�anakenq W {i bolor ayn komponontneri
bazmow�yown�, oronq hatvowm en V {i het: Dicowq Ω ∈ F ka{
mayakan komponent �: Cowyc tanq, or Ω ⊂ V : N�anakenq
U = X \ V : Qani or W ∩ ∂V = Ø  Ω ⊂ W , owsti Ω ∩ ∂V = Ø
 het abar

Ω = (Ω ∩ V ) ∪ (Ω ∩ U) :

Ayste� (Ω ∩ V )-n  (Ω ∩ U)-n bac en, �nd orowm Ω ∩ V 6= Ø:
Owsti, Ω{i kapakcva�ow�yownic kbxi, or Ω∩U = Ø  het a{
bar`

Ω = Ω ∩ V ⊂ V :

Stacvec, or ∀Ω ∈ F hamar Ω ⊂ V , owsti

V =
⋃

Ω∈F
Ω :

�eoremn apacowcva� �:
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Dicowq B banaxyan hanraha�iv� handisanowm � A banax{
yan hanraha�vi �ndlaynowm: Ayd depqowm A−1 ⊂ B−1 aknhayt
a�n�ow�yownic bxowm �, or ∀a ∈ A hamar

ΩA(a) ⊂ ΩB(a) (1.8.10)

 het abar`

σB(a) ⊂ σA(a) : (1.8.11)

1.8.4 �eoremic �gtvelov` karo� enq stanal a�avel spa�i�
informacia` σA(a)  σB(a) spektrneri mij e�a� kapi ma{
sin:

�eorem 1.8.5: Dicowq B banaxyan hanraha�iv� handisa{
nowm � A banaxyan hanraha�vi �ndlaynowm: Ayd depqowm`

1) A−1{� handisanowm � A ∩ B−1 bazmow�yan oro� kom{
ponentneri �ntaniqi (or� karo� � linel datark) mia{
vorowm�,

2) ∀a ∈ A hamar σA(a){n handisanowm � σB(a){i  
ΩB(a){i oro� sahmana�ak komponentneri �ntaniqi
(or� karo� � linel datark) miavorowm�: Masnavorapes,
∂σA(a) ⊂ σB(a):

Apacowyc: 1) A−1{�  A ∩ B−1{� handisanowm en A{owm bac
bazmow�yownner (verjin bazmow�yan bac linel� bxowm � nranic,
or A{owm B{ic maka�va� (indowkcva�) topologian ba�kaca�
� A∩V tesqi bazmow�yownneric, orte� V {n bac � B{owm): Ownenq
na , or A−1 ⊂ A ∩ B−1, owsti �st naxord �eoremi` bavakan
� cowyc tal, or

∂A−1 ∩
(
A ∩B−1

)
= Ø : (1.8.12)

Qani or A{n �ak �, owsti ∂A−1 ⊂ A  (1.8.12){� kn�anaki, or

∂A−1 ∩B−1 = Ø : (1.8.13)

(1.8.13){� cowyc tanq hakaso� en�adrow�yan me�odov` dicowq

∃a ∈ ∂A−1 ∩B−1 :
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Ayd depqowm ∃{an}∞n=1 ⊂ A−1, or an → a: Qani or B−1{i vra
oro�va� x 7→ x−1 artapatkerowm� an�ndhat � (nowynisk di{
ferenceli �), owsti

a−1
n −→ a−1

 het abar
{∥∥a−1

n

∥∥}∞
n=1

hajordakanow�yown� sahmana�ak �,
in�� hakasowm � 1.8.4 lemmayin:

2) Nkatenq, or

∂ΩA(a) ∩ ΩB(a) = Ø : (1.8.14)

Iroq, dicowq λ0 ∈ ∂ΩA(a): Ayd depqowm, he�t � tesnel, or
λ0e−a ∈ ∂A−1, owsti (1.8.13){ic kbxi, or λ0e−a 6∈ B−1, aysinqn`
λ0 6∈ ΩB(a):

Qani or ΩA(a), ΩB(a) bac en, owsti (1.8.10), (1.8.14), a�n�ow{
�yownneric  1.8.4 �eoremic kbxi, or ΩA(a){n handisanowm �
ΩB(a) {i oro� komponentneri miavorowm�: Het abar, ΩB(a){i
mnaca� komponentner� �en karo� hatvel ΩA(a) {i het (erkow
komponentner ka|m �en hatvowm, ka|m ham�nknowm en), owsti ayd
komponentner� kparownakven σA(a){owm (avelin, dranq kpa{
rownakven σA(a) \ σB(a){owm): Stacvec, or σA(a) \ σB(a){n ir
mej ambo�jow�yamb parownakowm � ΩB(a)-i oro� komponentner
 �i hatvowm ΩB(a){i mnaca� komponentneri het: Qani or

σA(a) \ σB(a) ⊂ ΩB(a),

owsti ayste�ic kbxi, or σA(a)\σB(a){n handisanowm � ΩB(a){i
oro� komponentneri miavorowm�: Ayd komponentner� klinen
sahmana�ak, qani or sahmana�ak � σA(a) \ σB(a){n:

(1.8.14){ic bxowm �, or

∂σA(a) = ∂ΩA(a) ⊂ σB(a) :

�eoremn apacowcva� �:

Het anq 1.8.3: E�e A banaxyan hanraha�vi a �lementi
σA(a) spektrn amenowreq nosr �, apa A{i cankaca� B
banaxyan �ndlaynman hamar

σA(a) = σB(a) :
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Apacowyc: Iroq, kownenanq σA(a) = ∂σA(a) ⊂ σB(a),  qani
or σB(a) ⊂ σA(a) haka�ak nerdrowm� mi�t �i�t �, owsti
σA(a) = σB(a): I

Het anq 1.8.4: E�e B banaxyan hanraha�iv� handisa{
nowm � A banaxyan hanraha�vi �ndlaynowm, a ∈ A  σB(a){i
lracowm� kapakcva� �, apa

σA(a) = σB(a) :

Apacowyc: Iroq, ditarkvo� depqowm ΩB(a){n �owni sahmana{
�ak komponentner (��? or σB(a){n kompakt �): I

Ver� n�va� het anqi amenakar or kira�ow�yown� vera{
berowm � σB(a) ⊂ R depqin (aknhayt �, or σB(a){i kompaktow{
�yan �norhiv σB(a) ⊂ R depqowm ΩB(a){n kapakcva� �):

Dito�ow�yown 1.8.1: Nkatenq, or naxord �eoremi paymanne{
rowm

∂σA(a) ⊂ ∂σB(a) : (1.8.15)

J Iroq, (1.8.11){ic bxowm �, or

int σB(a) ⊂ intσA(a) :

�st 1.8.5 �eoremi`

∂σA(a) ⊂ σB(a) :

Kownenanq

∂σA(a) ∩ [int σB(a)] ⊂ ∂σA(a) ∩ (int σA(a)) = Ø,

owsti ∂σA(a){i keter� �en karo� linel σB(a){i nerqin keter,
 het abar handisanowm en σB(a){i ezrayin keter: I

�rinak: Dicowq A = A(T ), B = C(T )  a(z) = z (z ∈ T ): Ayd
depqowm kownenanq σA(a) = D(0, 1), σB(a) = T  het abar
σB(a) = ∂σA(a):
Xndir: Dicowq A{n banaxyan hanraha�iv �, isk a ∈ A or �
�lement �: Ditarkenq A{i or � B banaxyan �ndlaynowm: (1.8.15)
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a�n�ow�yan �norhiv A{n �ndlaynelis a �lementi spektri ezri
keteri �ivn avelanowm �, het abar avelanowm � �ndhanrapes
a{i spektri �a�angakan singowlyar keteri �iv� (λ ∈ σA(a)
ket� ko�vowm � �a�angakan singowlyar, e�e aydpisin �
λe− a ∈ A �lement�): Harc� het yaln �` kareli? � ardyoq gtnel
A{i aynpisi B �ndlaynowm, or σB(a){n ba�kaca� lini miayn
�a�angakan singowlyar keteric: I

�eorem 1.8.6: Dicowq A banaxyan hanraha�vi hamar
∃M > 0 �iv, or

‖x‖ · ‖y‖ 6M ‖xy‖ (∀x, y ∈ A) : (1.8.16)

Ayd depqowm A{n izomorf{izometrik � C kompleqs �veri
da�tin:

Apacowyc: Cowyc tanq, or A−1 = A \ {0}: Nax hamozvenq, or

∂A−1 = {0} : (1.8.17)

Iroq, dicowq a ∈ ∂A−1: ∃{an}∞1 ⊂ A−1, or an → a: �st 1.8.4
lemmayi`

∥∥a−1
n

∥∥→∞, het abar

‖an‖ =
‖an‖

∥∥a−1
n

∥∥∥∥a−1
n

∥∥ 6
M
∥∥an · a−1

n

∥∥∥∥a−1
n

∥∥ =
M‖e‖∥∥a−1

n

∥∥ =
M∥∥a−1
n

∥∥ −−−→n→∞
0,

orte�ic kstacvi, or

‖a‖ = lim
n→∞

‖an‖ = 0⇒ a = 0 :

Ay�m dicowq a ∈ A kamayakan o� 0{akan �lement �, cowyc
tanq, or a ∈ A−1: Qani or σ(a){n datark ��  kompakt �,
owsti ∂σ(a) 6= Ø: Dicowq λ ∈ ∂σ(a): Ayd depqowm kownenanq
λe− a ∈ ∂A−1  (1.8.17){ic kbxi, or λe− a = 0, kam`

a = λe :

Qani or a 6= 0, owsti λ 6= 0  het abar λ−1e �lement� khan{
disana a{i hamar hakadar� �lement: Ayspisov` a ∈ A−1:
Het abar mer pndowm� kbxi Gelfand{Mazowri �eoremic:
�eoremn apacowcva� �:
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�eorem 1.8.7: Dicowq A{n banaxyan hanraha�iv �, a ∈ A,
Ω ⊂ C bac bazmow�yown �,  σ(a) ⊂ Ω: Ayd depqowm ∃δ > 0,
aynpes, or ‖b‖ < δ paymanin bavararo� cankaca� b ∈ A
�lementi hamar σ(a+ b) ⊂ Ω:

Apacowyc: C\Ω{n Ω(a){owm �nka� �ak bazmow�yown �: Nkatenq,
or Ra(λ) = (λe−a)−1 fownkcian C\Ω bazmow�yan vra sahma{

na�ak �: Iroq, |λ| > ‖a‖ hamar ownenq
∥∥∥a
λ

∥∥∥ < 1, owsti

Ra(λ) = (λe− a)−1 =
[
λ
(
e− a

λ

)]−1
= λ−1

∞∑
n=0

an

λn
,

‖Ra(λ)‖ 6 |λ|−1
∞∑
n=0

∥∥∥∥anλn
∥∥∥∥ 6 1

|λ|

∞∑
n=0

∥∥∥a
λ

∥∥∥n =
1

|λ|
· 1

1−
∥∥ a
λ

∥∥ ,
in�� cowyc � talis, or |λ| > ‖a‖ hamar Ra(λ){n sahmana�ak �
 de� avelin`

Ra(λ) −−−−→
|λ|→∞

0 :

N�anakenq

E1 = (C \ Ω) ∩D(0, ‖a‖), E2 = (C \ Ω) \D(0, ‖a‖) :

E1{� kompakt �, isk Ra(λ){n an�ndhat � E1{i vra (hi�enq,
or Ra(λ){n ir oro�man tirowy�owm analitik �), owsti Ra(λ){n
E1{i vra sahmana�ak �: Ayspisov,

C \ Ω = E1 ∪ E2,

 Ra(λ){n E1, E2 bazmow�yownic yowraqan�yowri vra sahmana{
�ak �, owsti ayn klini sahmana�ak C \ Ω{i vra` ∃M > 0,
or

‖Ra(λ)‖ 6M (λ ∈ C \ Ω) :

δ > 0 �ntrenq aynpes, or δM 6 1: Ayd depqowm kownenanq, or
‖b‖ < δ  λ 6∈ Ω hamar∥∥(λe− a)−1b

∥∥ 6 ∥∥(λe− a)−1
∥∥ · ‖b‖ = ‖Ra(λ)‖ · ‖b‖ < δM 6 1
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owsti

e− (λe− a)−1b ∈ A−1

 qani or λe− a ∈ A−1, isk

λe− (a+ b) = (λe− a)
[
e− (λe− a)−1b

]
,

owsti λe− (a+ b) ∈ A−1  het abar λ 6∈ σ(a+ b):
�eoremn apacowcva� �:

§ 1.9. Spektral �a�av�i kisan�ndhatow�yown�

Sahmanowm 1.9.1: Dicowq X{� metrikakan tara�ow�yown �,
f : X → R artapatkerowm �, isk x0 ∈ X: Ayd depqowm kasenq,
or f fownkcian x0 ketowm ver ic (nerq ic) kisan�ndhat �,
e�e ∀ε > 0 hamar ∃δ > 0, aynpes, or ρ(x, x0) < δ hamar

f(x) < f(x0) + ε (f(x) > f(x0)− ε) :

Kasenq f{� X{i vra ver ic (nerq ic) kisan�ndhat �, e�e f{�
ver ic (nerq ic) kisan�ndhat � X{i yowraqan�yowr ketowm:

Parz �, or f{� x0 ketowm an�ndhat klini ayn  miayn ayn
depqowm, erb ayn x0 ketowm kisan�ndhat � mia�amanak ver ic
 nerq ic:

�eorem 1.9.1: Cankaca� A banaxyan hanraha�vi hamar
ρ spektral �a�avi�� A{i vra ver ic kisan�ndhat �:

Apacowyc: Vercnenq kamayakan a ∈ A ket  cowyc tanq, or ρ{n
a ketowm ver ic kisan�ndhat �: Vercnenq kamayakan ε > 0
�iv: Ownenq

σ(a) ⊂ D(0, ρ(a)) ⊂ D(0, ρ(a) + ε)

owsti �eorem 1.8.7-ic kbxi, or ∃δ > 0, aynpes, or ‖b − a‖ < δ
depqowm

σ(b) = σ(a+ (b− a)) ⊂ D(0, ρ(a) + ε),
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orte�ic �l kbxi, or ‖b− a‖ < δ hamar

ρ(b) < ρ(a) + ε :

�eoremn apacowcva� �:

Sahmanowm 1.9.2: Dicowq X , Y -� topologiakan tara�ow�yown{
ner en  ϕ : X → 2Y : Kasenq, or ϕ-n x0 ∈ X ketowm
kisan�ndhat � ver ic, e�e ∀V ⊃ ϕ(x0) �rjakayqi hamar
∃U 3 x0 �rjakayq, or ϕ(x) ⊃ V (x ∈ U):

�eorem 1.8.7-ic bxowm �, or ϕ : A → 2C, ϕ(a) = σ(a) fownk{
cian A-i vra ver ic kisan�ndhat �:

Xndir: Dicowq X , Y metrikakan tara�ow�yownner en, Y -�
kompakt �,  ϕ : X → 2Y : Apacowcel kisan�ndhatow�yan
het yal haytani��. orpeszi ϕ-n X-i vra lini kisan�ndhat
ver ic, anhra�e�t �  bavarar, or xn ∈ X , yn ∈ ϕ(xn)
(n ∈ N), x = lim

n→∞
xn, y = lim

n→∞
yn ⇒ y ∈ ϕ(x):

Spektral �a�avi��, �ndhanrapes asa�, xzvo� fownkcia
�: Hamapatasxan �rinak� ka�owcelow npatakov nax mi
�oqr xosenq k�i�nerov miako�mani te�a�ar�i �peratorne{
ri masin:

Dicowq H{n anverj �a�ani separabel kompleqs hilbert{
yan tara�ow�yown �,

e0, e1, e2, . . . , en, . . .

hajordakanow�yown� H{i �r�onormavorva� bazis �, isk
{αn}∞n=0 ⊂ C sahmana�ak hajordakanow�yown �`

α = sup
n
|αn| <∞ : (1.9.1)

Ka�owcenq A : H → H �perator� het yal kerp: en vektor{
neri vra A{n sahmanenq

Aen = αnen+1 (n = 0, 1, 2, . . .) (1.9.2)
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bana� ov: E�e x =
∞∑
n=0

cnen ∈ H kamayakan vektor �, apa

Ax{� ksahmanenq

Ax =
∞∑
n=0

cnAen =
∞∑
n=0

cnαnen+1 =
∞∑
n=1

cn−1αn−1en (1.9.3)

bana� ov: Qani or
∞∑
n=0

cnen �arqi zowgamitow�yan �norhiv

∞∑
n=0

|cn|2 <∞,

owsti (1.9.1){ic kbxi, or na 

∞∑
n=1

|cn−1αn−1|2 <∞,

 het abar (1.9.3){i aj masowm grva� �arq� zowgamet
�: He�t � tesnel, or A �perator� g�ayin �: Kamayakan

x =
∞∑
n=0

cnαn ∈ H vektori hamar ownenq

‖Ax‖2 =
∞∑
n=1

|cn−1αn−1|2 6 α2
∞∑
n=1

|cn−1|2 = α2
∞∑
n=0

|cn|2 = α2‖x‖2,

aysinqn`
‖Ax‖ 6 α‖x‖ (x ∈ H) :

Het abar A �perator� sahmana�ak �,  ‖A‖ 6 α: Myows
ko�mic, n > 0 hamar

‖A‖ = sup
‖x‖61

‖Ax‖ > ‖Aen‖ = ‖αnen+1‖ = |αn|,

owsti
α = sup

n
|αn| 6 ‖A‖,
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 het abar
‖A‖ = α : (1.9.4)

A �perator� ko�vowm � αn k�i�nerov miako�mani te�a�ar�i
�perator:2

Ha�venq A{i spektral �a�avi��: Dicowq k ∈ N kamayakan
�iv �: N�anakenq

α(k)
n = αnαn+1 · · ·αn+(k−1) (n = 0, 1, 2, . . .),

α(k) = sup
n

∣∣∣α(k)
n

∣∣∣ :

Kownenanq α(k) < ∞ (k = 1, 2, . . .),  he�t � tesnel, or Ak{n

khandisana α
(k)
n k�i�nerov miako�mani te�a�ar�i �pera{

tor:3 Owsti �st (1.9.4) bana� i`∥∥∥Ak∥∥∥ = α(k) = sup
n

∣∣∣∣∣
k−1∏
i=0

αn+i

∣∣∣∣∣ ,
 het abar`

ρ(A) = lim
k→∞

∥∥∥Ak∥∥∥ 1
k

= lim
k→∞

sup
m>0

∣∣∣∣∣
k−1∏
i=0

αm+i

∣∣∣∣∣
1
k

: (1.9.5)

�gtagor�elov k�i�nerov miako�mani te�a�ar�i �perator{
ner�` ka�owcenq {Ak}∞k=0 nilpotent �peratorneri hajorda{
kanow�yown, or� �st �peratorayin normi zowgamitowm � dra{
kan spektral �a�avi� owneco� �peratori: N�va� hajorda{
kanow�yan �rinak� patkanowm � Kakowtaniin:

�ntrenq or � {εn}∞n=0 drakan �veri hajordakanow�yown`
aynpes, or εn −−−→

n→∞
0  

∞∑
k=0

ln εk
2k+1

2Dicowq p ∈ N kamayakan �iv �: D�var �� tesnel, or (1.9.2){�Aen = αen+p
a�n�ow�yownov �oxarinelis  s (1.9.4){� kmna ow�i mej:

3 tes to�atakowm arva� naxord dito�ow�yown�:
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�arq� lini zowgamet (�rinak, εk =
1

2k
): {αn}∞n=0 hajordaka{

now�yown� ka�owcenq het yal kerp: {αn}∞n=0 hajordakanow�yan
yowraqan�yowr erkrord andam� (sksa� amenaa�ajinic) verc{
nenq havasar ε0{i, aysinqn`

α0 = ε0, α2 = ε0, α4 = ε0, . . . :

{αn}∞n=0 hajordakanow�yan mnaca� andamneric yowraqan�yowr
erkrord� vercnenq havasar ε1{i, aysinqn`

α1 = ε1, α5 = ε1, α9 = ε1, . . . :

Aynowhet {αn}∞n=0 hajordakanow�yan hajordakanow�yan
mnaca� andamneric yowraqan�yowr erkrord� vercnenq hava{
sar ε3{i  ayln: Ays procesn anverj �arownakelov` kstananq
{αn}∞n=0 drakan �veri hajordakanow�yown, orn owni het yal
tesq�.

ε0, ε1, ε0, ε2, ε0, ε1, ε0, ε3, ε0, ε1, ε0, ε2, ε0, ε1, ε0, . . . :

A{ov n�anakenq αn k�i�nerov miako�mani te�a�ar�i �pe{

rator�: k > 0 hamar
{
α

(k)
n

}∞
n=0

{ov n�anakenq ayn hajorda{

kanow�yown�, or� stacvowm � {αn}∞n=0 hajordakanow�yan mej

bolor εk{er� 0{nerov �oxarinelis: Ak{ov n�anakenq α
(k)
n

(n = 0, 1, . . .) k�i�nerov miako�mani te�a�ar�i �perator�:
�rinak, A2{in hamapatasxan k�i�neri hajordakanow�yown�
owni het yal tesq�.

ε0, ε1, ε0, 0, ε0, ε1, ε0, ε3, ε0, ε1, ε0, 0, ε0, ε1, ε0, . . . :

Ka�owcowmic  ver� k�i�nerov miako�mani te�a�ar�i �pera{
tori asti�anneri hamar stacva� nerkayacowmic bxowm �, or

A2k+1

k = 0 (k = 0, 1, 2, . . .) :
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He�t � tesnel, or A − Ak �peratorner�  s handisanowm en
k�i�nerov miako�mani te�a�ar�i �peratorner, �nd orowm

‖A−Ak‖ = εk (k = 0, 1, 2, . . .) :

Het abar {Ak}∞k=0-� nilpotent �peratorneri hajordaka{
now�yown �, or� �peratorayin normov zowgamitowm � A �pera{
torin: Hamozvenq, or ρ(A) > 0: Dra hamar nkatenq, or

α0 = ε0,

α0α1α2 = ε2
0ε1,

α0α1α2α3α4α5α6 = ε4
0ε

2
1ε2,

 �ndhanrapes, e�e n = 2p − 2 (p = 1, 2, 3, . . .), apa

α0α1 · · ·αn = ε2p−1

0 ε2p−2

1 · · · εp−1 :

Owsti n = 2p − 2 hamar

ln (α0α1 · · ·αn) =

p−1∑
k=0

2p−1−k ln εk = 2p
p−1∑
k=0

ln εk
2k+1

,

kam

ln

[
n∏
i=0

αi

] 1
n+1

=
2p

2p − 1

p−1∑
k=0

ln εk
2k+1

: (1.9.6)

Qani or
∞∑
k=0

ln εk
2k+1

�arq� zowgamet �, owsti

2p

2p − 1

p−1∑
k=0

ln εk
2k+1

hajordakanow�yown� nerq ic sahmana�ak �: Het abar

e
2p

2p−1

p−1∑
k=0

ln εk
2k+1
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hajordakanow�yown� klini nerq ic sahmana�ak in�{or r > 0
�vov: N�anakenq

kp = 2p − 1 (p = 1, 2, . . .),

ayd depqowm (vercnelov n = 2p − 2) (1.9.6){ic kstananq

sup
m>0

∣∣∣∣∣∣
kp−1∏
i=0

αm+i

∣∣∣∣∣∣
1
kp

>

∣∣∣∣∣∣
kp−1∏
i=0

αi

∣∣∣∣∣∣
1
kp

=

[
2p−2∏
i=0

αi

] 1
2p−1

=

=

[
n∏
i=0

αi

] 1
n+1

> r,

 (1.9.5){ic kbxi, or

ρ(A) = lim
k→∞

sup
m>0

∣∣∣∣∣
k−1∏
i=0

αm+i

∣∣∣∣∣
1
k

= lim
p→∞

sup
m>0

∣∣∣∣∣∣
kp−1∏
i=0

αm+i

∣∣∣∣∣∣
1
kp

> r :

Ayspisov, ρ(A) > r > 0:
Stacva�� cowyc � talis, or An → A a�n�ow�yownic �i bxowm,

or ρ(An) → ρ(A) (��? or ρ(An) = 0 (n = 1, 2, . . .), isk ρ(A) > 0),
aysinqn` spektral �a�avi�� xzvowm �:

§ 1.10. �vayin patker  hanraha�vakan

�vayin patker

Dicowq H-� kompleqs hilbertyan tara�ow�yown �: Ditar{
kenq BL (H) g�ayin sahmana�ak �peratorneri hanraha�i{
v�:

Sahmanowm 1.10.1: T ∈ BL(H) �peratori �vayin patker �
ko�vowm

W (T ) = {(Tx, x) : ‖x‖ = 1}

bazmow�yown�:
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Tyoplic-Xelingeri �eorem: ∀T ∈ BL(H) hamarW (T )-n ow�ow{
cik bazmow�yown �:

�eoremn �ndownowm enq a�anc apacowyci: I
Xndir: Berel �peratori �rinak, ori �vayin patker� �ak ��:

�eorem 1.10.1: ∀T ∈ BL(H) hamar σ(T ) ⊂W (T ):

�eoremn �ndownowm enq a�anc apacowyci: I

Het anq 1.10.1: ∀T ∈ BL(H) hamar conv σ(T ) ⊂W (T ):

Apacowyc� bxowm � naxord �eoremic  Tyoplic-Xelingeri �e{
oremic:

Fiqsenq kamayakan x ∈ H , ‖x‖ = 1: Ditarkenq BL(H)-i
vra oro�va�

ϕx(T ) = (Tx, x)

fownkcional�: ∀T ∈ BL(H) hamar ownenq

|ϕx(T )| = |(Tx, x)| 6 ‖Tx‖ · ‖x‖ 6 ‖T‖ · ‖x‖2 = ‖T‖,

owsti ϕx-� sahmana�ak �  ‖ϕx‖ 6 1: Myows ko�mic

ϕx(I) = 1,

owsti ‖ϕx‖ = 1:
Ay�m dicowq A-n banaxyan hanraha�iv �, A∗-� A-i hama{

low�n �, isk
S(A∗) = {ϕ ∈ A∗ : ‖ϕ‖ = 1} :

N�anakenq

P(A, x) = {ϕ ∈ S(A∗) : ϕ(x) = 1} (x ∈ H) :

P(A, e)-i �oxaren kgrenq P(A): P(A)-in kanvanenq normali{
zacva� vi�akneri bazmow�yown, isk nra �lementnerin` norma{
lizacva� vi�akner: �st Banax-Ala�glowi �eoremi` S(A∗)-�
�owyl kompakt �, owsti P(A)-n  s klini �owyl∗ kompakt: Akn{
hayt �, na , or P(A)-n ow�owcik �, aysinqn` e�e ϕ,ψ ∈ P(A),
α, β > 0, α+ β = 1, apa αϕ+ βψ ∈ P(A):

Vern asva�ic bxowm �, or ϕx ∈ P (BL (H)):
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Sahmanowm 1.10.2: a ∈ A �lementi hanraha�vakan �vayin
patker � ko�vowm

V (a) = {ϕ(a) : ϕ ∈ P(A)}

bazmow�yown�:

Qani or P(A)-n �owyl∗ kompakt �, owsti V (a)-n klini C-owm
kompakt bazmow�yown: He�t � tesnel, or V (a)-n na ow�owcik �:

�eorem 1.10.2: ∀T ∈ BL(H) hamar W (T ) = V (T ):

�eoremn �ndownowm enq a�anc apacowyci: I
E�e owzowm enq �ndg�el, or a �lementi hanraha�vakan �va{

yin patker� ditarkvowm � A hanraha�vi nkatmamb, apa
V (a)-i �oxaren kgrenq V (a,A):

Dicowq B banaxyan hanraha�iv� handisanowm � A banax{
yan hanraha�vi �ndlaynowm,  a ∈ A: Nkatenq, or

V (a,A) = V (a,B) :

Iroq, �st Han Banaxi �eoremi ϕ → ϕ|A artapatkerowm�
P(B)-n artapatkerowm � P(A)-i vra: Hi�enq, or σA(a)-n  
σB(a)-n karo� en iraric tarber linel:

Berenq hanraha�vakan �vayin patkeri oro� hatkow{
�yownner:
1◦ ∀a ∈ A hamar V (a) ⊂ B(0, ‖a‖):
J Iroq, λ ∈ V (a) hamar ownenq |λ| = |ϕ(a)| 6 ‖a‖: I

2◦ Dicowq a, b ∈ A, isk α, β ∈ C: Ayd depqowm`
1) V (a+ b) ⊂ V (a) + V (b),
2) V (αe+ βa) = α+ βV (a):

Apacowycn aknhayt �: I
3◦ ∀a ∈ A hamar

V (a) =
⋂
z∈C

D (z, ‖ze− a‖) :

Apacowyc: Dicowq λ ∈ V (a) ⇒ ∃ϕ ∈ P(A) aynpes, or λ = ϕ(a):
Ayd depqowm ∀z ∈ C hamar kownenanq

|z − λ| = |ϕ(ze)− ϕ(a)| = |ϕ(ze− a)| 6 ‖ze− a‖,
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owsti λ ∈ D (z, ‖ze− a‖): Ayspisov`

V (a) ⊂
⋂
z∈C

D (z, ‖ze− a‖) :

Ay�m cowyc tanq, or na ⋂
z∈C

D (z, ‖ze− a‖) ⊂ V (a) :

Dicowq λ ∈
⋂
z∈C

D (z, ‖ze− a‖): E�e a-n  e-n g�oren kaxyal en,

apa kownenanq a = µe, owsti

V (a) = {µ} :

Ownenq λ ∈ D (z, ‖ze− a‖) (∀z ∈ C), orte� vercnelov z = µ,
kstananq λ = µ ∈ V (a):

Ay�m dicowq a-n  e-n g�oren ankax en: N�anakenq L =
= sp{a, e} (aysinqn` a  e vektorneri g�ayin �a�an��): ∀u ∈ L
vektor miak � ov kgrvi

u = αe+ βa

g�ayin kombinaciayi tesqov: Sahmanenq ϕ0 : L → C g�ayin
fownkcional�` ∀u = αe+ βa ∈ L hamar vercnelov

ϕ0(u) = α+ βλ :

Aknhayt �, or ϕ0-n klini g�ayin: Hamozvenq, or

|ϕ0(u)| 6 ‖u‖ (u ∈ L) : (1.10.1)

Dicowq u = αe + βa: Erb β = 0, (1.10.1)-� da�nowm � aknhayt:
Dicowq β 6= 0: Ownenq

λ ∈ D (z, ‖ze− a‖) (∀z ∈ C),
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orte� vercnelov z = −α
β
, kstananq

∣∣∣∣λ+
α

β

∣∣∣∣ 6 ∥∥∥∥−αβ e− a
∥∥∥∥ ,

ori erkow ko�m� bazmapatkelov |β|-ov` kstananq

|ϕ0(u)| = |α+ βλ| 6 ‖αe+ βa‖ = ‖u‖ :

Qani or ϕ0(e) = 1, owsti ‖ϕ0‖L = 1: Baci ayd, ϕ0(a) = λ: �st
Han-Banaxi �eoremi` ∃ϕ ∈ S(A∗), or

ϕ(u) = ϕ0(u) (u ∈ L) :

Ayd depqowm kownenanq ϕ ∈ P(A)  λ = ϕ(a), owsti λ ∈ V (a):
Hatkow�yownn apacowcva� �:
4◦ ∀a ∈ A hamar σ(a) ⊂ V (a):
Apacowyc: Cowyc tanq, or

C \ V (a) ⊂ Ω(a) :

Dicowq λ ∈ C \ V (a): �st naxord hatkow�yan` ∃z ∈ C aynpes,
or

|z − λ| > ‖ze− a‖,

orte�ic kbxi, or

e− (z − λ)−1(ze− a) ∈ A−1 :

Ownenq

e− (z − λ)−1(ze− a) = (z − λ)−1 [(z − λ)e− (ze− a)] =

= (z − λ)−1 [ze− λe− ze+ a] = (z − λ)−1(a− λe),

owsti (qani or z − λ 6= 0),

a− λe = (z − λ)
[
e− (z − λ)−1 (ze− a)

]
∈ A−1,
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 het abar` λ ∈ Ω(a):
Hatkow�yownn apacowcva� �:

Ay�m dicowq A-n  B-n banaxyan hanraha�ivner en, isk
π : A→ B homomorfizm� bavararowm �

π(e) = e, ‖π(a)‖ 6 ‖a‖

paymannerin (�i�t kliner grel` π(eA) = eB , ‖π(a)‖B 6 ‖a‖A,
sakayn indeqsowm A-n  B-n menq bac k�o�nenq` n�anakowmner�
��anrabe�nelow hamar):

Ayd depqowm nkatenq, or

V (π(a)) ⊂ V (a) :

Iroq, da bxowm � nranic, or e�e ϕ ∈ P(B), apa

ψ = ϕ(π(·)) ∈ P(A) :

§ 1.11. Faktor { hanraha�iv

Dicowq A{n g�ayin tara�ow�yown �, isk N ⊂ A en�atara{
�ow�yown �: ∀x ∈ A hamar π(x){ov n�anakenq A{i ayn harakic
dasn �st N{i, or� parownakowm � x{�, ayl kerp asa�`

π(x) = x+N :

A/N{ov n�anakenq bolor harakic daseri bazmow�yown�:
A/N{owm sahmanenq gowmarman  skalyarov bazmapatkman
gor�o�ow�yownner� het yal bana� erov`

π(x) + π(y) = π(x+ y), απ(x) = π(αx) :

Nkatenq, or sahmanowmner� ko�ekt en, aysinqn` e�e
π(x) = π(x′), π(y) = π(y′), apa

π(x) + π(y) = π(x′) + π(y′), απ(x′) = απ(x) :
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Iroq, qani or π(x) = π(x′), π(y) = π(y′), owsti x−x′, y−y′ ∈ N
 het abar

(x+ y)− (x′ + y′), αx− αx′ ∈ N,

orte�ic kbxi, or

π(x+ y) = π(x′ + y′), π(αx′) = π(αx)

 het abar`

π(x) + π(y) = π(x+ y) = π(x′ + y′) = π(x′) + π(y′),

απ(x) = π(αx) = π(αx′) = απ(x′) :

Ays � ov gor�o�ow�yownner� sahmanelow depqowm A/N{� da�nowm
� g�ayin tara�ow�yown (nranowm 0{i der� tanowm � π(0) = N
das�), orin anvanowm en A{i faktor{tara�ow�yown �st N
en�atara�ow�yan: Parz �, or π : A → A/N klini g�ayin
artapatkerowm, �nd orowm

ker(π) = N :

π{n ko�vowm � faktor{artapatkerowm kam kanonakan arta{
patkerowm` A{ic A/N{i vra:

Ay�m dicowq A{n hanraha�iv �, isk N{� A{owm erkko�mani
ideal �: E�e x′ − x, y′ − y ∈ N , apa

x′y′ − xy = (x′ − x)y′ + x(y′ − y)

nowynow�yownic kbxi, or x′y′ − xy ∈ N  het abar π(x′y′) =
= π(xy): Owsti

π(x)π(y) = π(xy) (x, y ∈ A)

bana� ov A/N{owm nermow�va� bazmapatkman gor�o�ow�yown�
klini ko�ekt,  he�t � tesnel, or A/N{� kda�na hanraha�iv:
E�e e{n A{i miavorn �, apa E = e+N klini miavor A/N{owm:
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Ay�m dicowq A{n g�ayin normavorva� tara�ow�yown �, isk
N ⊂ A �ak en�atara�ow�yown �: A/N{owm nermow�enq norm`

‖π(x)‖ = inf{‖x+ z‖ : z ∈ N}

bana� ov: He�t � tesnel, or ays sahmanowm� ko�ekt � (aysinqn`
e�e π(x) = π(x′), apa ‖π(x)‖ = ‖π(x′)‖): Fownkcional analizi
das�n�acowm apacowcvel �, or sa iroq A/N{owm handisanowm
� norm, �nd orowm e�e A{n lriv �, apa A/N{�  s lriv �: Parz �
na , or ‖π(x)‖ 6 ‖x‖ (x ∈ A):

Ay�m dicowq A{n banaxyan hanraha�iv �, isk N ⊂ A �ak
se�akan erkko�mani ideal �: Dicowq x1, x2 ∈ A kamayakan
�lementner en: Ayd depqowm ∀δ > 0 hamar ∃y1, y2 ∈ N , or

‖xi + yi‖ 6 ‖π(xi)‖+ δ (i = 1, 2),

in�n anmijapes bxowm � faktor{normi sahmanowmic: Qani or
(x1 + y1) (x2 + y2) ∈ x1x2 +N , owsti

‖π(x1x2)‖ 6 ‖(x1 + y1)(x2 + y2)‖ 6 ‖x1 + y1‖ ‖x2 + y2‖ 6

6 (‖π(x1)‖+ δ) (‖π(x2)‖+ δ) ,

orte�ic  δ{i kamayakanow�yownic kbxi, or

‖π(x1x2)‖ 6 ‖π(x1)‖ · ‖π(x2)‖ :

Cowyc tanq, or na ‖π(e)‖ = 1 (e{n A{i miavorn �): Iroq, qani
or N{� se�akan ideal �, owsti π(e) 6= N  

‖π(e)‖ = ‖π(e · e)‖ 6 ‖π(e)‖ · ‖π(e)‖

a�n�ow�yownic kbxi, or ‖π(e)‖ >
1: Myows ko�mic, ownenq ‖π(x)‖ 6
6 ‖x‖ (x ∈ A), owsti ‖π(e)‖ 6 ‖e‖ = 1  het abar ‖π(e)‖ = 1:

Ayspisov apacowcvec, or e�e A{n banaxyan hanraha�iv
�, isk N{� A{i se�akan erkko�mani �ak ideal �, apa A/N{�
 s banaxyan hanraha�iv �:
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§ 1.12. Faktor { hanraha�vi �lementneri
hanraha�vakan �vayin patker�

Dicowq A{n banaxyan hanraha�iv �, isk J ⊂ A erkko�mani
�ak (se�akan) ideal �: In�pes naxord paragrafowm te{
sanq, yowraqan�yowr aydpisi ideal �nowm � πJ : A→ A/J kano{
nakan homomorfizm`

πJ(a) = a+ J,

�nd orowm
‖πJ(a)‖ 6 ‖a‖ , πJ(e) = eA/J :

Fiqsenq kamayakan a ∈ A  n�anakenq â = πJ(a): Fak{
tor{norm� kn�anakenq ereq g�ov` ||| · |||: �st § 1.10-i verjowm
apacowcva� ardyownqneri`

V (â) ⊂ V (a) :

�st ayd paragrafi mej hanraha�vakan �vayin patkeri 3◦

hatkow�yan`

V (â) =
⋂
z∈C

D (z, |||zê− â|||) :

�st faktor{normi sahmanman`

|||zê− â||| = inf
j∈J
‖ze− (a+ j)‖ ,

owsti

D (z, |||zê− â|||) =
⋂
j∈C

D (z, ‖ze− (a+ j)‖) ,

 het abar

V (â) =
⋂
z∈C

⋂
j∈J

D (z, ‖ze− (a+ j)‖) =

=
⋂
j∈J

⋂
z∈C

D (z, ‖ze− (a+ j)‖) =
⋂
j∈J

V (a+ j) :

Ayste�ic anmijapes bxowm � na ver� grva� V (â) ⊂ V (a)
a�n�ow�yown� (��? or 0 ∈ J):
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§ 1.13. Hermityan  normal �lementner

Xndir 1: Dicowq A{n banaxyan hanraha�iv �,  a ∈ A: N�a{
nakenq

ρ+(a) = sup{Reλ : λ ∈ σ(a)},

ρ−(a) = inf{Reλ : λ ∈ σ(a)},

v+(a) = sup{Reλ : λ ∈ V (a)},

v−(a) = inf{Reλ : λ ∈ V (a)} :

ρ+(a), ρ−(a), v+(a), v−(a) me�ow�yownnerin anvanowm en hama{
patasxanabar a �lementi verin spektral abscis, storin
spektral abscis, verin �vayin abscis, storin �vayin abscis
(parz �, or v−(a) 6 ρ−(a)  ρ+(a) 6 v+(a)):

Apacowcel, or

v+(a) = lim
t→+0

ln ‖exp(ta)‖
t

,

ρ+(a) = lim
t→+∞

ln ‖exp(ta)‖
t

,

v−(a) = lim
t→−0

ln ‖exp(ta)‖
t

,

ρ−(a) = lim
t→−∞

ln ‖exp(ta)‖
t

: I

Kareli � nermow�el na spektral  �vayin �rdinatner (sah{
manowmneri mej Re{n k�oxarinenq Im{ov):

Sahmanowm 1.13.1: a ∈ A �lement� ko�vowm � hermityan, e�e
V (a) ⊂ R:

A banaxyan hanraha�vi hermityan �lementner� kazmowm
en irakan g�ayin tara�ow�yown, or� n�anakvowm � H(A):

�eorem 1.13.1: Orpeszi a ∈ A �lement� lini hermityan,
anhra�e�t �  bavarar, or

‖exp(ita)‖ = 1 (∀t ∈ R) :
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�eoremn �ndownowm enq a�anc apacowyci: I

Sahmanowm 1.13.2: v(a) = sup {|λ| : λ ∈ V (a)} kanvanenq a �le{
menti �vayin �a�avi�:

Sahmanowm 1.13.3: a ∈ A �lement� ko�vowm � hermityan imastov
trohvo�, e�e ∃h, k ∈ H(A), or a = h+ ik:

D�var �� tesnel, or a = h+ ik (h, k ∈ H(A)) nerkayacowm�,
e�e ayn goyow�yown owni, miakn �:

Sahmanowm 1.13.4: Hermityan imastov trohvo� a = h + ik
(h, k ∈ H(A)) �lementi hamalow� � ko�vowm a+ = h− ik �lement�:
Sahmanowm 1.13.5: a ∈ A �lement� ko�vowm � normal, e�e a{n
hermityan imastov trohvowm �` a = h+ ik, orte� h, k ∈ H(A),
�nd orowm [h, k] = hk − kh = 0:

Verjin havasarow�yown� hamar�eq � aa+ = a+a havasa{
row�yan�:

�eorem 1.13.2: E�e a ∈ A �lement� normal �, apa

conv σ(a) = V (a) :

Ays �eorem�  s �ndownowm enq a�anc apacowyci: I

Sahmanowm 1.13.6: a ∈ A �lement� ko�vowm � qvazinormal, e�e
goyow�yown owni aynpisi a+ ∈ A �lement, or [a, a+] = 0  ∥∥exp

(
λa− λa+

)∥∥ = o
(
|λ|

1
2

)
, erb |λ| → ∞, λ ∈ C:

Aknhayt �, or normal �lement� qvazinormal �, �nd orowm
1.13.6 sahmanman mej handes eko� a+ �lement� a �lementi ha{
malow�n �:
Xndir 2: Dicowq f : D (0, 1) → A aynpisi A-ar�eqani ana{
litik fownkcia �, or ∀λ ∈ D (0, 1) hamar f (λ)-n qvazinor{
mal �lement � A-owm: Apacowcel, or f (D (0, 1))-� komowtativ
en�abazmow�yown � A hanraha�vowm: I

Sahmanowm 1.13.7: Dicowq J-n ideal � A banaxyan hanraha�{
vowm: Kasenq J idealn ��tva� � (GFP) hatkow�yamb, e�e ka{
mayakan x-i  qvazinormal a-i depqowm [a, x] ∈ J paymanic
bxowm �, or [a+, x] ∈ J :
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Xndir 3: Apacowcel, or A-owm kamayakan �ak ideal ��tva�
� (GFP) hatkow�yamb:
Sahmanowm 1.13.8: a ∈ A �lement� ko�vowm � sowbnormal, e�e
goyow�yown owni A{i aynpisi B banaxyan �ndlaynowm  aynpisi
n ∈ B normal �lement, or

σA(a) = σB(n)
⋃⋃

j

wj ,

orte� wj{er� σB(n){i lracman in�-or komponentner en:

E�e a{n sowbnormal �, apa parzvowm �, or

conv σA(a) = conv σB(a) = V (a) : I

(verjin havasarow�yown� bxowm � 1.13.2 �eoremic):
Xndir 4: Kamayakan A banaxyan hanraha�vowm nkaragrel
ayn a �lementner�, oronc hamar

conv σ(a) = V (a) : I

�rinak: Orpes A vercnenq BL
(
L2(0, 1)

)
{�: Ditarkenq nowy{

nabar 1 korizov Volterayi integral �perator�`

(V f)(x) =

x∫
0

f(t) dt
(
f ∈ L2(0, 1)

)
:

Sa Hilbert{
midti �perator �, owsti liovin an�ndhat �:
D�var �� cowyc tal, or V {n �owni se�akan ar�eqner: Owsti
σ(V ) ⊂ {0}: Ayl kerp asa�` V {n qvazinilpotent �: Parzvowm
�, or V {i hanraha�vakan �vayin patker� handisanowm �

1− cos t

t2
± i t− sin t

t2
(0 6 t 6 2π)

korerov sahmana�akva� �ak ow�owcik tirowy��: Owsti V
�peratorn ��tva� �� naxord xndrowm n�va� hatkow�yamb: I
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N�enq, or in�pes ays, aynpes �l naxord paragrafnerowm
�vayin patkerin  hanraha�vakan �vayin patkerin ve{
rabero� nyow�� handisanowm � himnakanowm verjers stacva�
ardyownqneric i mi berva� nyow�  owni aveli �at informacion
bnowy�:

§ 1.14. Sowbharmanik fownkcianer  dranc oro� ki-

ra�ow�yownner banaxyan hanraha�ivnerowm

Ays paragrafowm menq kberenq sowbharmonik fownkcianeri
masin oro� �aster [4], [21] grqeric  kstananq dranc oro�
kira�ow�yownner banaxyan hanraha�ivnerowm: �asteri mi
masi hamar ktrven sxematik apacowycner:

Sahmanowm 1.14.1: Dicowq f : D → [−∞,∞), orte� D ⊂ C
tirowy� �: f{� ko�vowm � sowbharmonik, e�e`

1) f{� D{owm kisan�ndhat � ver ic, aysinqn`

f(λ0) 6 lim
λ→λ0

f(λ) (∀λ0 ∈ D) ,

2) e�e λo ∈ D  r > 0 aynpisin en, or D(λ0, r) ⊂ D, apa

f(λ0) 6
1

2π

2π∫
0

f
(
λ0 + reiθ

)
dθ :

Parz �, or harmonik fownkcian sowbharmonik �:

Lemma 1.14.1: Dicowq A-n banaxyan hanraha�iv �, D ⊂ C
tirowy� �, f : D → A analitik fownkcia �  p > 1: Ayd
depqowm ‖f‖p-� sowbharmonik �:

Apacowyc: Nax ditarkenq A = C depq�: �st analitik
fownkcianeri hamar mijin ar�eqi �eoremi`

f(λ0) =
1

2π

2π∫
0

f
(
λ0 + reiθ

)
dθ

(
D(λ0, r) ⊂ D

)
,
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owsti

|f(λ0)| 6 1

2π

2π∫
0

∣∣∣f (λ0 + reiθ
)∣∣∣ dθ :

Het abar |f |{� sowbharmonik �: Ay�m dicowq p > 1, isk q{n p{i

hamalow� cowci�n �

(
1

p
+

1

q
= 1

)
: �gtvelov Hyolderi anhava{

sarow�yownic` kownenanq

|f(λ0)|p 6

 1

2π

2π∫
0

∣∣∣f (λ0 + reiθ
)∣∣∣ dθ


p

6

6 (2π)−p ·


 2π∫

0

∣∣∣f (λ0 + reiθ
)∣∣∣p dθ


1
p

·

 2π∫
0

1q · dθ


1
q


p

=

= (2π)−p(2π)
p
q

2π∫
0

∣∣∣f (λ0 + reiθ
)∣∣∣p dθ =

2π∫
0

∣∣∣f (λ0 + reiθ
)∣∣∣p dθ,

 het abar |f |p{� sowbharmonik �:
Ay�m ancnenq �ndhanowr depqi apacowycin: Dicowq

D (λ0, r) ⊂ D: �st Han-Banaxi �eoremi het anqi`
∃Λ ∈ A∗ aynpisin, or ‖Λ‖ = 1  ‖f (λ0)‖ = Λf (λ0): �st vern
apacowcva�i` |Λf |p-� sowbharmonik �, owsti

‖f (λ0)‖p = [Λf (λ0)]p 6
1

2π

2π∫
0

∣∣∣Λf (λ0 + reiθ
)∣∣∣p dθ 6

6
1

2π

2π∫
0

‖Λ‖p ·
∥∥∥f (λ0 + reiθ

)∥∥∥p dθ =
1

2π

2π∫
0

∥∥∥f (λ0 + reiθ
)∥∥∥p dθ :

Lemman apacowcva� �:
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�ka{�ot�teyni �eorem�: E�e γ : z = z(t) (0 6 t 6 1) �or{
danyan korn �nka� � D tirowy�owm,  f : D ⊂ C → [−∞,∞)
sowbharmonik fownkcia �, apa

lim
t→0

f(z(t)) = f(z(0)) :

Apacowyc� tes` [4] grqowm: I

Lemma 1.14.2: E�e A{n banaxyan hanraha�iv �,  a ∈ A,
apa ∥∥a2n

∥∥ 1
2n ↓ ρ(a) :

Apacowyc� bxowm � (1.7.6) bana� ic  het yal a�n�ow�yownne{
ric.∥∥∥a2n+1

∥∥∥ 1
2n+1

=
∥∥a2n · a2n

∥∥ 1
2n+1 6

(∥∥a2n
∥∥ · ∥∥a2n

∥∥) 1
2n+1 =

∥∥a2n
∥∥ 1

2n :

Lemman apacowcva� �:

Lemma 1.14.3: E�e u > 0, apa orpeszi lnu lini sowbhar{
monik, anhra�e�t �  bavarar, or ∀α ∈ C hamar |eαz|u
fownkcian lini sowbharmonik: I

Vezentinii �eorem�: E�e f : D ⊂ C → A analitik �, apa
λ 7→ ρ(f(λ)) fownkcian sowbharmonik �:
Apacowyc: �st 1.14.1 lemmayi` λ 7→

∥∥f2n(λ)
∥∥ fownkcian sowbharmonik

�: 1.14.3 lemmayi �gnow�yamb cowyc ktanq, or 1
2n ln

∥∥f2n(λ)
∥∥ fownkcian

 s klini sowbharmonik: 1.14.2 lemmayic kbxi, or

1

2n
ln
∥∥∥f2n(λ)

∥∥∥ ↓ ln (ρ(f(λ))) ,

owsti ln (ρ(f(λ)))  s klini sowbharmonik,  het abar, sowbharmonik
klini

ρ(f(λ)) = eln(ρ(f(λ)))

fownkcian:

�eoremn apacowcva� �:
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�eorem 1.14.1: Orpeszi b �lement� lini qvazinilpotent
(b ∈ Rad(A)), anhra�e�t �  bavarar, or

lim
λ→∞

1

|λ|
ρ(a+ λb) = 0 (∀a ∈ A) : (1.14.1)

Apacowyc: Fiqsa� λ 6= 0 hamar n�anakelov t =
1

λ
, kownenanq

1

|λ|
ρ(a+ λb) =

1

|λ|
lim
n→∞

n
√
‖(a+ λb)n‖ = lim

n→∞
n
√
‖(b+ ta)n‖ =

= ρ(b+ ta) :

Owsti (1.14.1){� hamar�eq �

lim
t→0

ρ(b+ ta) = 0 (∀a ∈ A) (1.14.2)

a�n�ow�yan�: Qani or ρ(b + ta) > 0, owsti (1.14.2){� hamar�eq
�

lim
t→0

ρ(b+ ta) = 0 (∀a ∈ A) (1.14.3)

a�n�ow�yan�: Qani or t 7→ b+ ta fownkcian analitik �, owsti
Vezentinii �eoremic kbxi, or ρ(b+ ta) fownkcian sowbharmo{
nik �,  �ka{�ot�teyni �eoremic kbxi, or (1.14.3){� hamar�eq
� ρ(b) = 0 a�n�ow�yan�:
�eoremn apacowcva� �:
Kleyneke{
irokovi �eorem�: E�e or � a, b ∈ A hamar

[a; [a, b]] = 0,

apa
[a, b] ∈ Rad(A) :

Apacowyc: Ditarkenq f(λ) = exp(λa) b exp(−λa) fownkcian:
Sa A ar�eqani ambo�j analitik fownkcia �: Grenq f{i �ey{
lori verlow�ow�yown�`

f(λ) = f(0) + λf ′(0) +
λ2

2!
f ′′(0) + · · ·+ λn

n!
f (n)(0) + · · ·
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He�t � tesnel, or

f(0) = b, f ′(0) = [a, b], f ′′(0) = [a, [a, b]],

f ′′′(0) = [a, [a, [a, b]]],

 ayln: Owsti �eoremi paymannerowm

f ′′(0) = f ′′′(0) = · · · = 0,

 kstananq

f(λ) ≡ b+ λ[a, b],

het abar

ρ(b+ λ[a, b])

|λ|
=
ρ(f(λ))

|λ|
=
ρ (exp(λa) b exp(−λa))

|λ|
=

=
ρ (exp(−λa) exp(λa) b)

|λ|
=
ρ(b)

|λ|
−−−→
λ→∞

0,

 naxord �eoremic kbxi, or [a, b] ∈ Rad(A):
�eoremn apacowcva� �:

Het anq 1.14.1: E�e a, b ∈ A, apa [a, b] 6= e:

I apacowyc: En�adrenq haka�ak�` [a, b] = e: Ayd depqowm
kstananq

[a; [a, b]] = [a; e] = 0,

 Kleyneke{
irokovi �eoremic kbxi, or [a, b] ∈ Rad(A): Stac{
vec, or

e ∈ [a, b] ∈ Rad(A),

in�� hakasow�yown �, qani or ρ(e) = 1 6= 0:
II apacowyc� katarenq parz (iteracion) me�odov` ��gta{
gor�elov Kleyneke{
irokovi �eorem�: En�adrenq haka�ak�`
∃a, b ∈ A, or

[a, b] = e :
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Ayd depqowm n = 1, 2, . . . hamar kownenanq

[an, b] = anb− ban = aan−1b− ban = a
(
ban−1 +

[
an−1, b

])
− ban =

= aban−1 + a
[
an−1, b

]
− ban = (ba+ e)an−1 + a

[
an−1, b

]
− ban =

= ban + an−1 + a
[
an−1, b

]
− ban = an−1 + a

[
an−1, b

]
,

[an, b] = an−1 + a
[
an−1, b

]
:

�gtvelov verjinics  kira�elov indowkcia` he�tow�yamb
kstananq, or

[an, b] = nan−1 (n = 1, 2, . . .) :

Owsti

n
∥∥an−1

∥∥ = ‖[an, b]‖ = ‖anb− ban‖ 6 ‖anb‖+ ‖ban‖ 6

6 ‖an‖ ‖b‖+ ‖b‖ ‖an‖ = 2 ‖an‖ ‖b‖ = 2
∥∥an−1 · a

∥∥ ‖b‖ 6
6 2

∥∥an−1
∥∥ · ‖a‖ · ‖b‖,

orte�ic an−1 6= 0 depqowm kstananq

n 6 2‖a‖ ‖b‖ :

Het abar, e�e a-n nilpotent ��, apa

n 6 2‖a‖ ‖b‖ (n = 1, 2, . . .)

in�� hakasow�yown �: Owsti a-n nilpotent �:
Qani or [a, b] = e, owsti

[−b, a] = e,

 ver� arva� dato�ow�yownnerowm a-n �oxarinelov (−b)-ov,
isk b-n a-ov` kstananq, or (−b)-n nilpotent �, kam or nowynn
�` b-n nilpotent �:
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Ayspisov, a-n  b-n nilpotent en, �nd orowm

[a, b] = e :

Var� (tes` �eorem 2.2.1) komowtativ depqi hamar menq ktes{
nenq, or Rad(A) �adikal� A-i ideal � (dato�ow�yownner� me{
�amasamb kira�eli en na o� komowtativ depqowm): Owsti
a, b ∈ Rad(A) a�n�ow�yownic  

e = [a, b] = ab− ba

nerkayacowmic kbxi, or e ∈ Rad(A), in�� hakasow�yown �:
Het anqn apacowcva� �:

Dito�ow�yown 1.14.1: Vern apacowcva� het anqic bxowm
�, or X banaxyan tara�ow�yownowm gor�o� cankaca�
A, B g�ayin an�ndhat �peratorneri hamar [A, B] 6= I:
Erb A  B �peratorneric gone mekn ansahmana�ak �,
[A,B] = I a�n�ow�yown� karo� � te�i ownenal. aydpisi ira{
vi�ak � qvantayin mexanikayic haytni Hayzenbergi anoro{
�ow�yownnerowm: I

§ 1.15. Fownkcional ha�iv

Dicowq Ω ⊂ C bac bazmow�yown �, K{n Ω{i kompakt en�a{
bazmow�yown �, γ1, γ2, . . . , γn ⊂ Ω ko�mnoro�va� hatva�ner en,

oroncic o� mek� �i hatvowm K{i het  Γ =

n⋃
j=1

γj : Ayd depqowm

ϕ : Γ→ C fownkciayi integral�` tara�va� Γ{ov, sahmanvowm
� ∫

Γ

ϕ(λ) dλ =
n∑
j=1

∫
γj

ϕ(λ) dλ

bana� ov: In�pes haytni � kompleqs analizi das�n�acic,
Γ{n kareli � �ntrel aynpes, or ayn K{i yowraqan�yowr ket
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�rjanci mi angam, aysinqn`

IndΓ(z) =
1

2π

∫
Γ

dλ

λ− z
=

{
1, z ∈ K,
0, z 6∈ Ω,

(1.15.1)

 ayd depqowm yowraqan�yowr f ∈ H(Ω) holomorf fownkciayi
hamar �i�t �

f(z) =
1

2π

∫
Γ

(λ− z)−1f(λ) dλ (z ∈ K) (1.15.2)

Ko�ow bana� �:
(1.15.1){i het kapva� ha�ax asowm en, or Γ{n �ndgrkowm �

K{n Ω{owm:
N�enq, or K{n, Ω{n  Γ{n karo� en kapakcva� �linel:

Lemma 1.15.1: Dicowq A{n banaxyan hanraha�iv �, x ∈ A,
α ∈ C \ σ(x), Ω = C \ {α}  Γ kontowrn �ndgrkowm � σ(x){n
Ω{owm: Ayd depqowm

1

2πi

∫
Γ

(α− λ)n(λe− x)−1dλ = (αe− x)n (n ∈ Z) : (1.15.3)

Apacowyc: (1.15.3){i �ax mas� n�anakenq yn{ov: �st Hilberti
(1.7.16) nowynow�yan` λ 6∈ σ(x) hamar

(λe− x)−1 = (αe− x)−1 + (α− λ)(αe− x)−1(λe− x)−1,

owsti

yn = (αe− x)−1 · 1

2πi

∫
Γ

(α− λ)ndλ+ (αe− x)−1·

· 1

2πi

∫
Γ

(α− λ)n+1(λe− x)−1dλ :
(1.15.4)

Qani or IndΓ(α) = 0, owsti (1.15.4){i a�ajin gowmarelin ha{
vasar � 0{i: Het abar,

(αe− x)yn = yn+1 (n ∈ Z) : (1.15.5)
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(1.15.5){ic bxowm �, or bavakan � (1.15.3){n apacowcel n = 0
depqowm: Ayspisov, menq petq � apacowcenq, or

1

2πi

∫
Γ

(λe− x)−1dλ = e : (1.15.6)

Dicowq Γr{� 0 kentronov  r > ‖x‖ �a�av�ov drakanoren
ko�mnoro�va� �rjanagi�n �: Γr{i vra ownenq

(λe− x)−1 =

∞∑
n=0

λ−n−1xn :

Andam a� andam integrelov ays �arq�` kstananq (1.15.6){�,
orowm Γ{n �oxarinva� klini Γr{ov: Sakayn (1.15.6){owm en�in{
tegral fownkcian x �lementi �ezolventn �, orn irenic nerka{
yacnowm � σ(x){i lracman vra holomorf A{ar�eqani fownkcia:
Baci ayd

IndΓr(z) = 1 = IndΓ(z) (∀z ∈ σ(x)) :

Owsti, hama�ayn Ko�ow �eoremi, (1.15.6){i �ax mas� �i �oxvi,
e�e Γ{n �oxarinenq Γr{ov:
Lemman apacowcva� �:

�eorem 1.15.1: Dicowq

R(λ) =

n∑
j=0

pjλ
j +

N∑
m,k=1

cm,k(λ− αm)−k (1.15.7)

�acional fownkcia �, A{n banaxyan hanraha�iv �, x ∈ A
 R(λ){n σ(x){i vra b e�ner �owni: N�anakenq

R(x) =

n∑
j=0

pjx
j +

N∑
m,k=1

cm,k(x− αme)−k (1.15.8)



§ 1.15. Fownkcional ha�iv 99

Dicowq Ω ⊃ σ(x) bac bazmow�yownn R(λ){i b e�ner �i pa{
rownakowm, isk Γ kontowrn �ndgrkowm � σ(x){� Ω{owm: Ayd
depqowm

R(x) =
1

2πi

∫
Γ

R(λ)(λe− x)−1dλ :

Apacowycn anmijapes bxowm � lemma 1.15.1-ic: I
N�enq, or (1.15.8){� handisanowm � banaxyan hanraha�vi

�lementic �acional fownkciayi amenabnakan sahmanowm�:
�eorem 1.15.1{� cowyc � talis, or Ko�ow bana� �  s berowm �
nowyn ardyownqin: Ayspisov, hangowm enq het yal sahmanman�:

Sahmanowm 1.15.1: Dicowq A{n banaxyan hanraha�iv �, Ω ⊂ C
bac bazmow�yown �, isk H(Ω){n Ω{owm holomorf bolor kompleqs
ar�eqani fownkcianeri hanraha�iv �: �st �eorem 1.8.7{i,

ΩA = {x ∈ A : σ(x) ⊂ Ω} (1.15.9)

bazmow�yown� bac � A{owm:
H̃ (ΩA) bazmow�yown� oro�vowm � het yal kerp: Ayn ba�ka{

ca� � bolor f̃ : ΩA → A fownkcianeric, orte� f̃{� stacvowm �
f ∈ H(Ω) fownkciayic`

f̃(x) =
1

2πi

∫
Γ

f(λ)(λe− x)−1dλ (1.15.10)

bana� ov, orowm Γ{n σ (x){� Ω{owm �ndgrko� kamayakan kon{
towr �:

Berva� sahmanowm� pahanjowm � oro�aki parzabanowmner:
1) Qani or Γ{n gtnvowm � σ(x){ic drakan he�avorow�yan

vra  x 7→ x−1 artapatkerowmn an�ndhat � A−1{owm, owsti
(1.15.10){owm en�integral fownkcian an�ndhat �, het abar,
integral� goyow�yown owni  f̃(x){n iskapes handisanowm � A
hanraha�vi �lement:

2) En�integral fownkcian irakanowm handisanowm � σ(x){i
lracman vra analitik A{ar�eqani fownkcia (aveli �i�t,
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σ(x){i lracman  f{i analitikow�yan tirowy�i hatman vra
analitik A{ar�eqani fownkcia): Owsti Ko�ow �eoremic bxowm
�, or f̃(x){� kaxva� �� Γ kontowri �ntrow�yownic, e�e Γ{n �nd{
grkowm � σ(x){� Ω{owm:

3) E�e x = αe  α ∈ Ω, apa (1.15.10){ic stanowm enq

f̃(αe) = f(α)e : (1.15.11)

Nkatenq, or αe ∈ ΩA ayn  miayn ayn depqowm, erb α ∈ Ω:
E�e α ∈ C  αe ∈ A keter� nowynacnenq, apa yowraqan�yowr
f ∈ H(Ω) fownkcia kareli � ditarkel orpes ΩA{i in�{or en{
�abazmow�yan (aveli konkret, ΩA{i  e �lementov A{owm �nva�
mia�a� en�atara�ow�yan hatman) artapatkerowm A{i mej:
Ayd depqowm f̃{� kareli � ditarkel orpes f fownkciayi �arow{
nakow�yown: Ays konteqstowm ha�ax f̃(x){i �oxaren growm en
parzapes f(x): Ays en�avernagri tak menq k�gtagor�enq
f̃(x) n�anakowm�, qani or ayn hnaravorow�yown � �n�e�owm xow{
sa�el oro� erkimastow�yownneric, oronq karo� en �yowrimacow{
�yownneri berel:

4) E�e u, v : ΩA → A, apa uv artadryal� sahmanvowm �

(uv)(s) = u(s)v(s) (s ∈ ΩA)

bana� ov: He�t � tesnel, or ΩA{i vra oro�va� bolor A ar�e{
qani fownkcianer� kazmowm en hanraha�iv:

�eorem 1.15.2: H̃(ΩA){n kompleqs hanraha�iv �, isk f 7→ f̃
artapatkerowmn izomorfizm � H(Ω)  H̃(ΩA) hanraha{
�ivneri mij : Ayd artapatkerowmn an�ndhat � het yal
imastov.

e�e fn ∈ H(Ω) (n = 1, 2, . . .)  fn{� Ω{i kompakt en{
�abazmow�yownneri vra havasara�a� zowgamitowm � f
fownkciayin, apa

f̃(x) = lim
n→∞

f̃n(x) (x ∈ ΩA) : (1.15.12)

E�e u(λ) = λ (λ ∈ Ω)  v(λ) = 1 (λ ∈ Ω), apa cankaca�
x ∈ ΩA hamar ũ(x) = x  ṽ(x) = e:
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Apacowyc: Verjin pndowm� bxowm � �eorem 1.15.1{ic: (1.15.10)
integral nerkayacowmic aknhaytoren bxowm �, or f 7→ f̃ ar{
tapatkerowm� g�ayin �: E�e f̃ = 0, apa

f(α)e = f̃(αe) = 0 (α ∈ Ω),

owsti f = 0: Het abar, f 7→ f̃ artapatkerowm� �oxmiar�eq
�:

An�ndhatow�yan veraberyal pndowmn apacowcelow hamar
bolor fn{eri hamar (1.15.10){owm petq � vercnel mi nowyn Γ kon{
towr�  �gtvel integrali gnahatakanic ow Γ kontowri vra∥∥(λe− x)−1

∥∥ me�ow�yan sahmana�akow�yownic:
Mnowm � apacowcel, or f 7→ f̃ artapatkerowm� mowltipli{

kativ �: Aveli �i�t, petq � cowyc tal, or e�e f, g ∈ H(Ω)  
h(λ) = f(λ)g(λ) (λ ∈ Ω), apa

h̃(x) = f̃(x)g̃(x) (x ∈ ΩA) : (1.15.13)

E�e f{�  g{n Ω{owm b e�ner �owneco� �acional fownkcianer
en  h = fg, apa h(x) = f(x)g(x) (ayste� f(x){�  g(x){�
sahmanvowm en aynpes, in�pes �eorem 1.15.1{owm, isk n�va�
havasarow�yown� stowgvowm � anmijakanoren): �st �eorem
1.15.1{i` Ω{owm b e�ner �owneco� yowraqan�yowr R �acional
fownkciayi hamar R(x) = R̃(x), owsti ditarkvo� depqowm
(1.15.13){n apacowcva� �: �ndhanowr depq� �owngeyi �eoremi
mijocov bervowm � arden ditarkva� depqin: �st �owngeyi �e{
oremi` f  g fownkcianer� kareli � Ω{i kompakt en�abaz{
mow�yownneri vra havasara�a� motarkel fn  gn �acional
fownkcianeri hajordakanow�yownnerov: Ayd depqowm fngn ha{
jordakanow�yown� nowyn imastov kzowgamiti h{in,  qani or
f 7→ f̃ artapatkerowm� ver� n�va� imastov an�ndhat �,
owsti �ndhanowr depqowm (1.15.13){� kstacvi sahmanayin an{
cowmov:
�eoremn apacowcva� �:
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Dito�ow�yown 1.15.1: Nkatenq, or H̃ (ΩA) hanraha�iv� komow{
tativ �, qani or komowtativ � nran izomorf H(Ω) hanra{
ha�iv�: Ayl kerp asa�, yowraqan�yowr x ∈ ΩA hamar f̃(x){�  
g̃(x){� te�a�oxeli en: Sakayn f̃(x){�  f̃(y){�, �ndhanrapes
asa�, karo� en te�a�oxeli �linel: I

�eorem 1.15.3: Dicowq x ∈ ΩA  f ∈ H(Ω):
1) f̃(x) �lement� A{owm hakadar�eli � ayn  miayn ayn dep{
qowm, erb f(λ) 6= 0 (λ ∈ σ(x)),

2) σ
(
f̃(x)

)
= f (σ(x)) (spektrneri artapatkerman ma{

sin �eorem):

Apacowyc: 1) E�e f(λ) 6= 0 (λ ∈ σ(x)), apa g =
1

f
fownkcian analitik � in�{or Ω1 bac bazmow�yan vra, orte�
σ(x) ⊂ Ω1 ⊂ Ω: Qani or f(λ)g(λ) = 1 (λ ∈ Ω1), owsti naxord
�eoremic bxowm �, or f̃(x)g̃(x) = e  het abar f̃(x) ∈ A−1:
Haka�ak�, e�e in�{or α ∈ σ(x) hamar f(α) = 0, apa goyow�yown
owni aynpisi h ∈ H(Ω) fownkcia, or

(λ− α)h(λ) = f(λ) (λ ∈ Ω),

orte�ic  naxord �eoremic stanowm enq

(x− λe)h̃(x) = f̃(x) = h̃(x)(x− αe) : (1.15.14)

Qani or x−αe 6∈ A−1, owsti (1.15.14){ic bxowm �, or f̃(x) 6∈ A−1:

2) Fiqsenq or � β ∈ C: �st sahmanman, β ∈ σ
(
f̃(x)

)
ayn  

miayn ayn depqowm, erb f̃(x)− βe 6∈ A−1: f − β fownkciayi vra
kira�elov 1) pndowm�` stanowm enq, or f̃(x) − βe 6∈ A−1 ayn  
miayn ayn depqowm, erb f − β fownkcian σ(x){i vra owni zro,
aysinqn` β ∈ f(σ(x)):
�eoremn apacowcva� �:

�eorem 1.15.4 (�eorem bard fownkciayi veraberyal): Dicowq
x ∈ ΩA, f ∈ H(Ω), Ω1{� f(σ(x)){� parownako� bac bazmow{
�yown �, Ω0 = {λ ∈ Ω : f(λ) ∈ Ω1}, g ∈ H(Ω1)  h(λ) = g (f(λ))
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(λ ∈ Ω0): Ayd depqowm f̃(x) ∈ Ω1,A  h̃(x) = g̃
(
f̃(x)

)
(kar�

asa�, e�e h = g ◦ f , apa h̃ = g̃ ◦ f̃):
Apacowyc: �eorem 1.15.3{i 2) pndowmic bxowm �, or

σ
(
f̃(x)

)
⊂ Ω1, owsti g̃

(
f̃(x)

)
-� sahmanva� � ko�ekt:

Fiqsenq or � Γ1 kontowr, orn �ndgrkowm � f(σ(x)){� Ω1{owm:
Goyow�yown owni aynpisi W bac bazmow�yown, or σ(x) ⊂W ⊂ Ω0

 

IndΓ1(f(λ)) = 1 (λ ∈W ) : (1.15.15)

Fiqsenq or � Γ0 kontowr, orn �ndgrkowm � σ(x){� W {owm: E�e

t ∈ Γ1, apa
1

t− f
∈ H(W ): Owsti �eorem 1.15.2{� (orowm orpes

Ω petq � vercnel W {n) cowyc � talis, or t ∈ Γ1 hamar[
te− f̃(x)

]−1
=

1

2πi

∫
Γ0

[t− f(λ)]−1 (λe− x)−1dλ : (1.15.16)

Qani or Γ1 kontowr� �ndgrkowm � σ
(
f̃(x)

)
{� Ω1{owm, owsti,

�gtvelov (1.15.15), (1.15.16){ic, verjnakanapes stanowm enq

g̃
(
f̃(x)

)
=

1

2πi

∫
Γ1

g(t)
[
te− f̃(x)

]−1
dt =

=
1

2πi

∫
Γ0

1

2πi

∫
Γ1

g(t) [t− f(λ)]−1 dt (λe− x)−1dλ =

=
1

2πi

∫
Γ0

g (f(λ)) (λe−x)−1dλ =
1

2πi

∫
Γ0

h(λ)(λe−x)−1dλ = h̃(x) :

�eoremn apacowcva� �:

Ay�m menq kberenq ka�owcva� fownkcional ha�vi oro� ki{
ra�ow�yownner: Skzbowm xosq� kgna armatneri  logari�mi
goyow�yan masin: Asowm en, or x ∈ A �lementn owni m asti�ani
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armat, e�e ∃y ∈ A aynpes, or ym = x: E�e ∃y ∈ A, aynpes, or
x = exp(y), apa y{� ko�vowm � x{i logari�m:

N�enq, or § 1.3{owm mer tva� �qsponenti sahmanowm� �arqi
mijocov hamar�eq � (1.15.10){i mijocov trvo� sahmanman�:

Iroq, dicowq f(z) = ez (z ∈ C): Qani or
n∑
k=0

zk

k!
masnaki gowmar{

ner� n → ∞ depqowm C{i kompakt en�abazmow�yownneri vra
havasara�a� zowgamitowm en f(z){in, owsti �eorem 1.15.2{ic

bxowm �, or f̃(x) = lim
n→∞

n∑
k=0

xk

k!
=
∞∑
n=0

xn

n!
(x ∈ A): Parz �, or

asva�� ow�i mej � mnowm ez{� kamayakan ambo�j fownkciayov
�oxarinelow depqowm:

�eorem 1.15.5: Dicowq A{n banaxyan hanraha�iv �, x ∈ A  
x �lementi σ(x) spektr� �i anjatowm 0{n  ∞{� (aysinqn`
0 ket� patkanowm � spektri lracman ansahmana�ak
komponentin): Ayd depqowm`
1) x �lementn A{owm owni cankaca� asti�ani armat,
2) x �lementn A{owm owni logari�m,
3) ∀ε > 0 hamar goyow�yown owni aynpisi P bazmandam, or∥∥x−1 − P (x)

∥∥ < ε:

Baci dranic, e�e σ(x) ⊂ (0,∞), apa 1){owm x{i armat{
ner� kareli � �ntrel aynpes, or dranq linen nmanatip
hatkow�yamb ��tva� �lementner:

Apacowyc: Qani or 0 ket� patkanowm � σ(x){i lracman
ansahmana�ak komponentin, owsti goyow�yown owni in�{or
Ω ⊃ σ(x) miakap tirowy�owm analitik f fownkcia` aynpes,
or

exp(f(λ)) = λ :

�eorem 1.15.4{ic bxowm �, or exp
(
f̃(x)

)
= x, owsti y = f̃(x)

handisanowm � x{i logari�m: Dicowq z = exp
( y
m

)
: Ayd depqowm

zm = x: E�e σ(x) ⊂ (0,∞), apa f{� kareli � �ntrel aynpes,
or ayn σ(x){i vra lini irakan: �st spektrneri arta{
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patkerman masin �eoremi` ditarkvo� depqowm σ(y) ⊂ R:
Noric kira�elov spektrneri artapatkerman masin �eore{
m�` stanowm enq, or σ(z) ⊂ (0,∞): Sranov isk �eoremi 1), 2)
pndowmner�  verjin pndowmn apacowcva� en:

3) pndowmn apacowcelow hamar nkatenq, or
1

λ
fownkcian

analitik � σ(x){� parownako� in�{or miakap tirowy�owm, ows{

ti, �st �owngei �eoremi,
1

λ
fownkcian n�va� tirowy�i kom{

pakt en�abazmow�yownneri vra kareli � havasara�a� mo{
tarkel bazmandamnerov, orte�ic  �eorem 1.15.2{i an�ndha{
tow�yan pndowmic �l bxowm � 3){�:
�eoremn apacowcva� �:

Berva� ardyownqner� trivial �en nowynisk verjavor �a�a{
ni A hanraha�vi depqowm: �rinak, �eorem 1.15.5{i 2) pndowmic
bxowm �, or n{rd kargiM qa�akowsayin matricn owni logari�m
ayn  miayn ayn depqowm, erb 0{n �i handisanowmM{i se�akan
ar�eq, aysinqn` erb M matric� hakadar�eli �:

Sahmanowm 1.15.2: A banaxyan hanraha�vi p �lement� ko�vowm
� idempotent, e�e p2 = p:

Aknhayt �, or 0{n  e{n idempotentner en:

Sahmanowm 1.15.3: p idempotent� ko�vowm � o� trivial, e�e
p 6= 0  p 6= e:

�eorem 1.15.6: 1) Dicowq A{n banaxyan hanraha�iv �,
x ∈ A, P {n mi �o�oxakanic bazmandam �  P (x) = 0:
Ayd depqowm σ(x){� �nka� � P bazmandami zroneri baz{
mow�yan mej:
2) E�e p{n idempotent �, apa σ(x) ⊂ {0, 1}:
Apacowyc: 1) �st spektrneri artapatkerman masin �eo{
remi`

P (σ(x)) = σ(P (x)) = σ(0) = {0},

orte�ic �l bxowm � 1) pndowm�: 1) pndman mej vercnelov
P (z) = z2 − z, kstananq 2) pndowm�:
�eoremn apacowcva� �:
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�eorem 1.15.7: Dicowq σ(a) =

n⋃
j=1

Ej , orte� E1, E2, . . . , En-� C

kompleqs har�ow�yan zowyg a� zowyg �hatvo� o� datark
kompakt en�abazmow�yownner en (n > 2): Ayd depqowm
goyow�yown ownen p1, . . . , pn o� trivial idempotentner,
oronq patkanowm en

{
(ze− a)−1 : z ∈ C \ σ(a)

}
bazmow�yan

g�ayin �a�an�i �akman�, aynpes, or

e = p1 + · · ·+ pn,

pkpj = 0 (k 6= j) :

Avelin, e�e Ej = {ξj}, apa σ(apj) = {ξj , 0},  apj−ξjpj-n
qvazinilpotent � (aysinqn` ρ (apj − ξjpj) = 0):

Apacowyc: Dicowq Ω1, . . . ,Ωn-� hamapatasxanabar
E1, . . . , En{� parownako�, zowyg a� zowyg �hatvo� bac baz{

mow�yownner en: Dicowq Ω =
n⋃
k=1

Ωk  fk : Ω → C fownkcian

oro�vowm �

fk(z) =

{
1, z ∈ Ωk

0, z ∈ Ω \ Ωk

bana� ov: Ayd depqowm fk ∈ H(Ω)  f2
k = fk: Dicowq

pk = f̃k(a): Ayd depqowm p2
k = pk  pk-n patkanowm �{

(ze− a)−1 : z ∈ C \ σ(a)
}
bazmow�yan g�ayin �a�an�i �ak{

man�: Qani or σ(pk) = σ
(
f̃k(a)

)
= fk(σ(a)) = {0, 1}, owsti

pk 6= 0, e: Qani or f1(z) + f2(z) + · · · + fk(z) = 1 (z ∈ Ω)  
fk(z)fj(z) = 0 (z ∈ Ω, k 6= j), owsti

e = p1 + p2 + · · ·+ pn  pkpj = 0 (k 6= j) :

Dicowq Ej = {ξj}, isk g, h : Ω→ C fownkcianer� oro�vowm en

g(z) = (z − ξj)fj(z), h(z) = zfj(z)
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bana� erov: Ownenq σ(apj) = σ
(
h̃(a)

)
= h(σ(a)) = {ξj , 0}:

Parz �, or e�e z ∈ σ(a), apa g(z) = 0: Owsti σ (g̃(a)) =
= g(σ(a)) = {0}: Bayc g̃(a) = apj − ξjpj , het abar
ρ (apj − ξjpj) = 0:
�eoremn apacowcva� �:

Het anq 1.15.1: E�e A hanraha�vowm goyow�yown owni �ka{
pakcva� spektrov �lement, apa A{n parownakowm � o�
trivial idempotent: I

�eorem 1.15.8: Dicowq f{� parz zronerov ambo�j fownkcia
�, f (0) 6= 0, a ∈ A  f̃(a) = 0: Ayd depqowm σ(a) = {λ1, . . . , λq},
orte� f(λj) = 0 (j = 1, . . . , q),

(a− λ1e) (a− λ2e) · · · (a− λqe) = 0,

 goyow�yown ownen aynpisi p1, . . . , pq o� trivial idempo{
tentner, oronq patkanowm en

{
(ze− a)−1 : z ∈ C \ σ(a)

}
bazmow�yan g�ayin �a�an�i �akman�  

e = p1 + · · ·+ pq,

pkpj = 0 (k 6= j),

apj = λpj (j = 1, . . . , q) :

Apacowyc: Spektrneri artapatkerman �eoremi �norhiv`

f(σ(a)) = σ
(
f̃(a)

)
= {0}: Qani or σ(a)-n kompakt �, isk

f-n ambo�j fownkcia �, owsti σ(a) bazmow�yown� verjavor �,  
het abar, σ(a) = {λ1, . . . , λq}, orte� f(λj) = 0 (j = 1, . . . , q):
�st �eorem 1.15.7{i` goyow�yown ownen o� trivial p1, . . . , pq idem{
potentner, aynpisiq, or σ(aj) = {0} (j = 1, . . . , q), orte�
aj = apj − λjpj : g : C→ C fownkcian sahmanenq

g(z) =


(z − λ1)−1 · · · (z − λq)−1f(z), z 6∈ {λ1, . . . , λq} ,

f ′(λj)
∏
k 6=j

(λj − λk)−1, z = λj (j = 1, . . . , q)
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bana� ov: Ayd depqowm g-n ambo�j fownkcia �, g(z) 6= 0
(z ∈ σ(a))  het abar` 0 6∈ σ (g̃(a)): Qani or

g(z)(z − λ1) · · · (z − λq) = f(z) (z ∈ C),

owsti
g̃(a)(a− λ1e) · · · (a− λqe) = f̃(a) = 0 :

Bayc qani or g̃(a) ∈ A−1, owsti (a − λ1e) · · · (a − λqe) = 0:
Dicowq Q(z) = (z − λ1) · · · (z − λq) (z ∈ C): Qani or p2

1 = p1,
owsti pq1 = p1, het abar

p1Q(ap1) = p1(ap1 − λ1e) · · · (ap1 − λqe) =

= p1(ap1 − λ1e) · · · p1(ap1 − λqe) =

= (ap1 − λ1p1) · · · (ap1 − λqp1) = pq1Q(a) = 0 :

Bayc p1(ap1 − λ1e) = ap1 − λ1p1 = a1, het abar

a1(ap1 − λ2e) · · · (ap1 − λqe) = 0 : (1.15.17)

�eorem 1.15.7{i �norhiv σ(ap1) = {λ1, 0}, orte�ic  
spektrneri artapatkerman �eoremic bxowm �, or
j = 2, . . . , q hamar σ (ap1 − λje) = {λ1 − λj , −λj},  het abar
ap1 − λje ∈ A−1: Ayste�ic  (1.15.17)-ic bxowm �, or a1 = 0:
Nman � ov kstananq, or a2 = · · · = aq = 0:
�eoremn apacowcva� �:

Sahmanowm 1.15.4: T ∈ BL(X) �peratori ketayin spektr �
ko�vowm T �peratori se�akan ar�eqneri bazmow�yown�:

T �peratori ketayin spektr� n�anakvowm � σp(T ) simvo{
lov: A = BL(X) depqowm spektrneri artapatkerman masin
�eorem� �owyl � talis ayspisi ��grtowm:

�eorem 1.15.9: Dicowq T ∈ BL(X), Ω{n C{owm bac bazmow�yown
�, σ(T ) ⊂ Ω  f ∈ H(Ω): Ayd depqowm`
1) e�e x ∈ X , α ∈ Ω  Tx = αx, apa f̃(T )x = f(α)x,

2) f (σp(T )) ⊂ σp
(
f̃(T )

)
,
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3) e�e α ∈ σp
(
f̃(T )

)
 f − α fownkcian Ω bazmow�yan kom{

ponentneric o� mekowm nowynabar zro �i da�nowm, apa
α ∈ f (σp(T )),
4) e�e f fownkcian Ω bazmow�yan komponentneric o� me{

kowm hastatown ��, apa f (σp(T )) = σp

(
f̃(T )

)
:

Apacowyc: 1) x = 0 depqowm pndowmn aknhayt �: Dicowq x 6= 0
 Tx = αx: Ayd depqowm α ∈ σ(T ): Goyow�yown owni aynpisi
g ∈ H(Ω) fownkcia, or

f(λ)− f(α) = g(λ)(λ− α) (λ ∈ Ω) : (1.15.18)

(1.15.18){ic  �eorem 1.15.2{ic bxowm �, or

f̃(T )− f(α)I = g̃(T )(T − αI) : (1.15.19)

(1.15.19){ic  (T − αI)x = 0 havasarow�yownic �l bxowm � 1)
pndowm�:

Ayspisov, e�e α{n T �peratori se�akan ar�eq �, apa
f(α){n f̃(T ) �peratori se�akan ar�eq �: Owsti 2) pndowm�
bxowm � 1){ic:

E�e te�i ownen 3){i paymanner�, apa

α ∈ σp
(
f̃(T )

)
⊂ σ

(
f̃(T )

)
= f (σ(T )) , (1.15.20)

owsti

f−1(α) ∩ σ(T ) 6= Ø : (1.15.21)

E�e s{� f−1(α) ∩ σ(T ) bazmow�yan kowtakman ket �, apa ayn
klini kowtakman ket na σ(T ){i hamar,  qani or σ(T ){n
kompakt �, kstananq s ∈ σ(T ) ⊂ Ω: Stacvec, or f − α
fownkciayi zroneri bazmow�yownn owni Ω{in patkano� kowtak{
man ket: �st miakow�yan �eoremi` f − α fownkcian Ω baz{
mow�yan` s{� parownako� komponenti vra nowynabar da�nowm
� zro, in�� hakasowm � paymanin: Het abar, f−1(α) ∩ σ(T )
bazmow�yown� kowtakman ket �owni: Qani or f−1(α) ∩ σ(T )
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bazmow�yown� sahmana�ak �, owsti ayn verjavor �: Dicowq
σ(T ){owm f − α fownkciayi zronern en λ1, λ2, . . . , λn �ver�, �nd
orowm yowraqan�yowr zro vercvowm � aynqan angam, orqan ir pa{
tikow�yownn �: Ayd depqowm goyow�yown owni aynpisi g ∈ H(Ω)
fownkcia, or� σ(T ){i vra zroner �owni  

f(λ)− α = g(λ)(λ− λ1) · · · (λ− λn) : (1.15.22)

Kownenanq

f̃(T )− αI = g̃(T )(T − λ1I) · · · (T − λnI) : (1.15.23)

�eorem 1.15.3{i 1) pndowmic bxowm �, or g̃(T ) �lement� haka{
dar�eli � BL(X){owm: Myows ko�mic, �st paymani, α{n f̃(T )

�peratori se�akan ar�eq �, owsti ker
(
f̃(T )− αI

)
6= {0},

orte�ic  (1.15.23){ic bxowm �, or T −λiI �peratorneric gone
meki hamar ker (T − λiI) 6= {0}: Aydpisi �peratorin hama{
patasxan λi ketn �nka� klini σp(T ){owm: Ha�vi a�nelov, or
f(λi) = α, stanowm enq α ∈ f (σp(T )):
4) pndowmn anmijapes bxowm � 2), 3) pndowmneric:
�eoremn apacowcva� �:

Dito�ow�yown 1.15.2: Nkatenq, or naxord �eoremi 3)  4)
pndowmnerowm f{i vra drvo� lracowci� paymann �akan �: Iroq,

dicowq X = C[0, 1], f(λ) ≡ 0  (Tx)(t) =
t∫

0

x(s) ds: Ayd depqowm

he�t � tesnel, or σp(T ) = Ø, bayc σp
(
f̃(T )

)
= {0} 6= Ø: I



Glowx 2

KOMOWTATIV BANAXYAN
HANRAHA
IVNER

§ 2.1. Idealner  homomorfizmner

Aysowhet ken�adrenq, or A banaxyan hanraha�iv� ko{
mowtativ �`

xy = yx (∀x, y ∈ A) :

Dicowq J ⊂ A ideal �` AJ ⊂ J (qani or A{n komowtativ �,
owsti AJ ⊂ J  JA ⊂ J a�n�ow�yownner� te�i ownen mia�ama{
nak): Ayd depqowm aknhayt �, or J{�  s klini ideal:

Nkatenq, or e�e J ⊂ A ideal� se�akan �, apa

J ∩A−1 = Ø : (2.1.1)

Iroq, e�e en�adrenq haka�ak�` ∃b ∈ A−1 ∩ J , apa ∀a ∈ A
hamar kownenanq

a = ab−1 · b ∈ ab−1 · J ⊂ AJ ⊂ J,

owsti A = J  het abar J ideal� se�akan ��:

Lemma 2.1.1: E�e J ⊂ A se�akan ideal �, apa J{�  s klini
se�akan ideal:

Apacowyc: Ownenq {0} 6= J ⊂ J , owsti J 6= {0},  mnowm �
hamozvel, or J 6= A: Dra hamar nkatenq, or

J ∩A−1 = Ø :

Iskapes, vercnenq ∀a ∈ A−1  cowyc tanq, or a 6∈ J : Qani or
A−1{� bac �, owsti ∃δ > 0, or

B(a, δ) ⊂ A−1 :

111
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Ownenq A−1 ∩ J = Ø, owsti

B(a, δ) ∩ J = Ø :

Stacvec, or goyow�yown owni a{i aynpisi B(a, δ) �rjakayq, or�
�i parownakowm J{i keter, owsti a 6∈ J :
Lemman apacowcva� �:

�eorem 2.1.1: �i�t en het yal pndowmner�`

a) cankaca� J ⊂ A se�akan ideal parownakvowm �
gone mi maqsimal idealowm,

b) cankaca� J ⊂ A maqsimal ideal �ak �:

Apacowyc:

a) Dicowq J ⊂ A se�akan ideal �: P{ov n�anakenq A
hanraha�vi ayn bolor se�akan idealneri �ntaniq�, oronq
parownakowm en J{n: P �ntaniq� �st parownakman masnaki
kargavorva� bazmow�yown � (kasenq J1 6 J2, e�e J1 ⊂ J2):
Dicowq Q = {Jα} P{owm kamayakan g�oren kargavorva� en{
�a�ntaniq �: N�anakenq

I =
⋃
α

Jα :

�gtvelov nranic, or Q{n g�oren kargavorva� �, he�tow�yamb
nkatowm enq, or I{n klini A{i ideal: Qani or Jα{eric o� mek�
�i parownakowm A hanraha�vi e miavor�, owsti e 6∈ I ,  he{
t abar I{n klini se�akan ideal  khandisana Q{i hamar
verin ezr: �st Corni lemmayi` P{owm ka maqsimal �lement, orn
�l henc khandisana J{n parownako� maqsimal ideal:

b)-n anmijapes bxowm � 2.1.1 lemmayic:
�eoremn apacowcva� �:

MA{ov kn�anakenq A komowtativ banaxyan hanraha�vi
bolor o� 0{akan mowltiplikativ fownkcionalneri bazmow�yown�:
In�pes gitenq`

MA ⊂ P(A) = {ϕ ∈ A∗ : ‖ϕ‖ = ϕ(e) = 1} :
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Hetagayowm menq cowyc ktanq, orMA{i keter� P(A){i gaga{
�ayin keter en:
Xndir 1: Cowyc tal, orMA-n A

∗-owm g�oren ankax vektora{
kan hamakarg �:
MA{in anvanowm en maqsimal idealneri tara�ow�yown (ayn

erbemn n�anakowm en na ∆{ov): MA{n, iharke, g�ayin ta{
ra�ow�yown ��, sakayn hetagayowm menq ktesnenq, �e in�pes
kareli � MA{owm mtcnel topologia, oric heto ardaracva�
klini MA{in tara�ow�yown anvanel�: �e in�ow MA{n ko�vowm
� henc maqsimal idealneri tara�ow�yown, parz � da�nowm he{
t yal �eoremic:

�eorem 2.1.2: �i�t en het yal pndowmner�`
1) A hanraha�vi yowraqan�yowr m maqsimal ideal or �

ϕ ∈MA homomorfizmi mijowk � (m = ker(ϕ)),
2) ∀ϕ ∈MA homomorfizmi ker(ϕ) mijowk� A hanraha�vi

maqsimal ideal �,
3) A−1 = {a ∈ A : ϕ(a) 6= 0, ∀ϕ ∈MA},
4) orpeszi a ∈ A−1, anhra�e�t �  bavarar, or a{n

�patkani A{i o� mi se�akan ideal,
5) σ(a) = {ϕ(a) : ϕ ∈MA}:

Apacowyc:

1) Dicowq x ∈ A \m: N�anakenq

J = {ax+ y : a ∈ A, y ∈ m} :

Aknhaytoren J{n ideal �  parownakowm � m{�: Qani or
x ∈ J \m, owsti m 6= J , isk m{i maqsimalow�lan pat�a�ov
J = A: Het abar ∃a ∈ A, ∃y ∈ m, or

ax+ y = e :

�st naxord �eoremi`m{� �ak �, owsti A/m faktor� banax{
yan hanraha�iv �: Ditarkenq

πm : A→ A/m
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faktor{artapatkerowm� (or� amen mi x ∈ A �lementin ha{
mapatasxanecnowm � x+m harakic das�): Kownenanq

πm(e) = πm(ax+ y) = πm(ax) + πm(y) =

= πm(a)πm(x) + πm(y) = πm(a)πm(x)

(qani or y ∈ m, owsti πm(y){� A/m{i 0{n �),  qani or,
A{i komowtativow�yan �norhiv, πm(a)πm(x) = πm(x)πm(a), isk
πm(e){n A/m{i miavorn �, owsti stacvowm �, or πm(x){�
A/m{owm hakadar�eli �: Qani or A/m{i bolor o� zroyakan
�lementnern ownen πm(x) tesq�, orte� x ∈ A \m, owsti stac{
vec, or A/m{i bolor o� zroyakan �lementner� hakadar�eli en:
�st Gelfand{Mazowri �eoremi` goyow�yown owni j : A/m → C
izomorfizm: Vercnenq

ϕ = j ◦ π = j (π(·)) :

Ayd depqowm aknhayt �, or ϕ{n klini mowltiplikativ fownkcio{
nal  m = ker(ϕ):

2) Dicowq ϕ ∈MA: N�anakenq

m = ker(ϕ) = ϕ−1(0) :

He�t � tesnel, orm{� A{i ideal �: Cowyc tanq, orm{� maqsimal
�: Dra hamar cowyc tanq, or e�e J{n m{� parownako�  m{ic
tarber ideal �, apa J = A: Iroq, qani or m ⊂ J  m 6= J ,
owsti ∃x0 ∈ J \m: Qani or x0 6∈ m = ker(ϕ), owsti ϕ(x0) 6= 0:
Ditarkenq

y = − ϕ(e)

ϕ(x0)
x0 + e

�lement�: Kownenanq

ϕ(y) = − ϕ(e)

ϕ(x0)
ϕ(x0) + ϕ(e) = 0,
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owsti y ∈ ker(ϕ) = m ⊂ J : Qani or na 
ϕ(e)

ϕ(x0)
x0 ∈ J , owsti

kownenanq

e = y +
ϕ(e)

ϕ(x0)
x0 ∈ J

 (2.1.1){ic kbxi, or J = A:

3) �st 1.4.1 lemmayi, ∀a ∈ A−1  ∀ϕ ∈ MA hamar
ϕ(a) 6= 0: Ay�m haka�ak�` dicowq a ∈ A aynpisin �, or ϕ(a) 6= 0
(∀ϕ ∈ MA): Cowyc tanq, or a ∈ A−1: En�adrenq haka�ak�`
a 6∈ A−1: Ditarkenq

J = {ax : x ∈ A}

bazmow�yown�: He�t � tesnel, or J{n A-i ideal �: Qani or
ϕ(a) 6= 0 (∀ϕ ∈MA), owsti a 6= 0  het abar J 6= {0}: Qani
or a 6∈ A−1, owsti e 6∈ J ,  het abar J{n A{i se�akan ideal
�: �st 2.1.1 �eoremi` J-n parownakvowm � mi in�-or m ⊂ A
maqsimal idealowm: �st 1) pndman` ∃ϕ ∈MA, aynpes, or

m = ker(ϕ) :

Ayd depqowm, qani or a ∈ J ⊂ m, kownenanq

ϕ(a) = 0

in�� khakasi mer en�adrow�yan�:

4) E�e a ∈ A−1, apa (2.1.1)-ic kbxi, or a-n �i pat{
kanowm A-i o� mi se�akan ideali: Ay�m haka�ak�` dicowq
a-n �i patkanowm A-i o� mi se�akan ideali, cowyc tanq, or
a ∈ A−1: Dra hamar, �gtvelov 3) pndowmic, cowyc tanq, or
∀ϕ ∈ MA hamar ϕ(a) 6= 0: Iroq, dicowq ϕ ∈ MA kamayakan
mowltiplikativ fownkcional �: �st 2) pndman` m = ker(ϕ)
koriz� handisanowm � A-i maqsimal ideal: Qani or m-�
se�akan ideal �, owsti a 6∈ m: Ayspisov` a 6∈ ker(ϕ), owsti
ϕ(a) 6= 0:
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5) λ ∈ σ(a) n�anakowm �, or λe − a 6∈ A−1: Verjins, �st 3)
pndman, hamar�eq �

λe− a 6∈ {x ∈ A : ϕ(x) 6= 0 (∀ϕ ∈MA)}

a�n�ow�yan�, kam or nowynn �`

λe− a ∈ {x ∈ A : ∃ϕ ∈MA s.t. ϕ(x) = 0}

a�n�ow�yan�: Verjins n�anakowm �, or ∃ϕ ∈ MA, aynpes, or
ϕ(λe − a) = 0, in�� ϕ(e) = 1 a�n�ow�yan �norhiv kareli � grel
λ = ϕ(a) tesqov:

Ayspisov, λ ∈ σ(a) hamar�eq � nran, or ∃ϕ ∈ MA aynpes,
or λ = ϕ(a), in�n �l n�anakowm �, or

λ ∈ {ϕ(a) : ϕ ∈MA} :

�eoremn apacowcva� �:
�rinak 1: Dicowq K-n kompakt metrikakan (kam haowsdorf{
yan) tara�ow�yown �: Ditarkenq K-i vra oro�va� bolor an{
�ndhat kompleqs ar�eqani fownkcianeri C(K) hanraha�iv�:
Yowraqan�yowr x0 ∈ K ket �nowm � ϕx0 : C(K)→ C fownkcional`
het yal bana� ov.

ϕx0(f) = f(x0) (f ∈ C(K)) :

Dicowq A = C(K): Aknhayt �, or ∀x0 ∈ K hamar ϕx0 ∈ A∗

(ϕx0-in ha�ax anvanowm en Diraki fownkcional): Baci ayd,
qani or f0(x) ≡ 1 fownkcian A-ic � (ayn handisanowm �
A-i miavor�)  ayd fownkciayi vra ϕx0(f0) = 1 6= 0, owsti
ϕx0 ∈MA: Ayspisov`

{ϕx : x ∈ K} ⊂ MC(K) :

Cowyc tanq, or

MC(K) = {ϕx : x ∈ K} : (2.1.2)
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Dicowq ϕ ∈ MC(K) kamayakan o� 0-akan mowltiplikativ
fownkcional �, cowyc tanq, or ϕ-n owni ϕx tesq�: En�adrenq
haka�ak�`

ϕ 6= ϕx (∀x ∈ K) :

Sa n�anakowm �, or ∀x ∈ K hamar ∃gx ∈ C(K) aynpes, or

ϕ(gx) 6= ϕx(gx),

aysinqn`

ϕ(gx) 6= gx(x) (∀x ∈ K) :

Qani or f0(x) ≡ 1 fownkcian C(K)-i miavorn �, owsti

ϕ(f0) = 1 :

Kamayakan x ∈ K fiqsva� x-i hamar fx-ov n�anakenq he{
t yal fownkcian`

fx(y) = gx(y)− ϕ(gx) f0(y) (y ∈ K) :

Kownenanq fx ∈ C(K), �nd orowm

ϕ(fx) = ϕ (gx − ϕ(gx)f0) = ϕ(gx)− ϕ(gx)ϕ(f0) =

= ϕ(gx)− ϕ(gx) = 0

 

fx(x) = gx(x)− ϕ(gx)f0(x) = gx(x)− ϕ(gx) 6= 0 :

fx-i an�ndhatow�yan �norhiv ∀x ∈ K hamar goyow�yown owni
Ux ⊂ K bac �rjakayq, or

fx(y) 6= 0 (y ∈ Ux) :

Bayc {Ux}x∈K �ntaniq� �a�kowm � K kompakt�, owsti ayd
�a�kowy�ic kareli � anjatel verjavor en�a�a�kowy�: Ayl kerp
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asa�` goyow�yown ownen aynpisi x1, x2, . . . , xn ∈ K keter, or

K ⊂
n⋃
i=1

Uxi  

fxi(y) 6= 0 (y ∈ Uxi) :

Vercnenq
h = fx1fx1 + fx2fx2 + · · ·+ fxnfxn :

Ayd depqowm kownenanq h ∈ C(K)  

ϕ(h) =
n∑
i=1

ϕ (fxi) ϕ
(
fxi
)

= 0 :

Myows ko�mic`

h = |fx1 |
2 + |fx2 |

2 + · · ·+ |fxn |
2 ,

owsti h-� K-i o� mi ketowm 0 �i da�nowm  het abar` h ∈ A−1:
Verjins berowm � hakasow�yan` naxord �eoremi 3) pndman het:

Sranov isk (2.1.2)-n apacowcvec: Qani or

ker (ϕx0) = {f ∈ C(K) : f(x0) = 0} ,

owsti (2.1.2)-ic  naxord �eoremi 1), 2) pndowmneric kbxi, or
C(K)-i maqsimal idealner� handisanowm en

J{x0} = {f ∈ C(K) : f(x0) = 0} (x0 ∈ K)

bazmow�yownner�  miayn nranq:
�st Owrisoni lemmayi` C(K)-n anjatowm � K-i keter�, ay{

sinqn` ∀x, y ∈ K , x 6= y keteri hamar ∃f ∈ C(K) aynpes, or
f(x) 6= f(y) (ayn depqowm, erb K-n handisanowm � metrikakan
tara�ow�yown, orpes aydpisi fownkcia karo� � �a�ayel
f(t) = ρ(t, y), t ∈ K fownkcian): Het abar amen mi x ∈ K
ketin hamapatasxanecnelov ϕx ∈ MC(K) fownkcional�`
kstananq �oxmiar�eq (biektiv) artapatkerowm K-ic
MC(K)-i vra: Da �owyl � talis hamarel, or

MC(K) = K : (2.1.3)
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Xndir 2: Dicowq T = {z ∈ C : |z| = 1}, isk A(T )-n disk han{
raha�ivn �: Apacowcel, or

MA(T ) = D(0, 1) : (2.1.4)

Dito�ow�yown 2.1.1: (2.1.4)-� hamematelov (2.1.3)-ic bxo�

MC(T ) = T

havasarow�yan het` nkatowm enq, or en�ahanraha�vin anc{
nelis maqsimal idealneri tara�ow�yown� karo� � �oxvel: I

Sahmanowm 2.1.1: Dicowq A-n banaxyan hanraha�iv �,  
F = {xα} ⊂ A \ {e} �lementneri g�oren ankax hamakarg �:
Kasenq F -� A-i �ni� �, e�e F ∪ {e}-ov �nva� minimal �ak
en�ahanraha�iv� ham�nknowm � A-i het:

Dito�ow�yown 2.1.2: Nkatenq, or ∀F ⊂ A �lementneri �ntani{
qi hamar F -i �lementneric bazmandamneri bazmow�yan �a{
kowm� handisanowm � F -� parownako� minimal �ak en�ahan{
raha�iv: Owsti cankaca� F ⊂ A \ {e} g�oren ankax hama{
kargi hamar goyow�yown owni B ⊂ A �ak en�ahanraha�iv, ori
hamar F -� handisanowm � �ni�: I

�rinak 3: W = Wn-ov n�anakenq ayn bolor f : Rn → C fownk{
cianeri das�, oronq nerkayacvowm en

f(x) =
∑
m∈Zn

ame
im·x

tesqov, orte�
∑
m∈Zn

|am| <∞: W -owm nermow�enq norm` ∀f ∈ W

hamar sahmanelov

‖f‖ =
∑
m∈Zn

|am| :

He�t � tesnel, or W -n khandisana komowtativ banaxyan
hanraha�iv (gor�o�ow�yownner� haskacvowm en ketayin imas{
tov, miavor� e(t) ≡ 1 fownkcian �): Yowraqan�yowr x ∈ Rn
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hamar f 7→ f(x) artapatkerowm� handisanowm � o� 0-akan
mowltiplikativ fownkcional: Cowyc tanq, or �i�t � na ha{
ka�ak�, aysinqn ∀ϕ ∈MW hamar ∃y ∈ Rn, or

ϕ(f) = f(y) (f ∈W ) : (2.1.5)

r = 1, 2, . . . , n hamar n�anakenq gr(x) = exp(i xr), orte� xr-�
x keti r-rd koordinatn �: Aknhayt �, or

gr,
1

gr
∈W,

 

‖gr‖ =

∥∥∥∥ 1

gr

∥∥∥∥ = 1 :

Qani or ϕ ∈MA, owsti ‖ϕ‖ 6 1  kownenanq`

|ϕ (gr)| 6 1,∣∣∣∣ 1

ϕ (gr)

∣∣∣∣ =

∣∣∣∣ϕ( 1

gr

)∣∣∣∣ 6 1

(qani or gr ∈W−1 ⇒ ϕ(gr) 6= 0): Ayste�ic kbxi, or

|ϕ (gr)| = 1 :

Het abar ∃yr ∈ R (1 6 r 6 n), or

ϕ(gr) = exp(i yr) = gr(y), (2.1.6)

orte� y = (y1, y2, . . . , yn): Dicowq P -n kamayakan e�ankyowna{
�a�akan bazmandam � (da n�anakowm �, or P -n handisanowm

� gr,
1

gr
(1 6 r 6 n) fownkcianeri ambo�j asti�anneri ver{

javor g�ayin kombinacia): Ayd depqowm ϕ-i g�aynow�yownic,
mowltiplikativow�yownic  (2.1.6)-ic kbxi, or

ϕ(P ) = P (y) : (2.1.7)
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W -owm normi sahmanowmic parz er owm �, or e�ankyowna�a�a{
kan bazmandamner� W -owm amenowreq xit en, owsti (2.1.7)-ic
 ϕ-i an�ndhatow�yownic kbxi, or

ϕ(f) = f(y) (∀f ∈W ) ,

in�� henc (2.1.5)-n �:
N�enq, or e�e y = (y1, y2, . . . , yn), ỹ = (ỹ1, ỹ2, . . . , ỹn)

aynpisin en, or yi − ỹi handisanowm en 2π-i patikner, apa
f 7→ f(y)  f 7→ f (ỹ) fownkcionalner� klinen nowyn�: Qani
or (2.1.5)-i aj masowm grva� � f 7→ f(y) Diraki fownkcional�,
owsti in�pes (2.1.2)-� grecinq (2.1.3) tesqov, aynpes �l (2.1.5)-�
kareli � grel

MW = [0, 2π]n (2.1.8)

tesqov:
(2.1.5)-ic bxowm �, or e�e f ∈ W aynpisin �, or f(x) 6= 0,

∀x ∈ Rn, apa
1

f
∈W : Sa Vineri haytni �eoremn � (himnavo{

rowm� bxowm � (2.1.5)-ic  2.1.2 �eoremi 3) pndowmic): I

Dito�ow�yown 2.1.3:
{
gr,

1
gr

: 1 6 r 6 n
}

�ntaniq� handisa{

nowm � W Vineri hanraha�vi �ni�: I

Xndir 3: Apacowcel, or Cn[a, b]-n

‖f‖ =

n∑
k=0

1

k!
max
a6t6b

∣∣∣f (k)(t)
∣∣∣

normi nkatmamb handisanowm � banaxyan hanraha�iv  cowyc
tal, or

MCn[a,b] = [a, b] : I

§ 2.2. Gelfandi � a�oxow�yown�

Dicowq A-n komowtativ banaxyan hanraha�iv �, isk
MA-n A-i o� 0-akan mowltiplikativ fownkcionalneri baz{
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mow�yownn � (maqsimal idealneri tara�ow�yown�):

â(ϕ) = ϕ(a) (ϕ ∈MA)

bana� � yowraqan�yowr a ∈ A �lementin hamapatasxanec{
nowm � â : MA → C fownkcian, orin anvanowm en a �lementi
Gelfandi � a�oxow�yown: N�anakenq

Â = {â : a ∈ A} :

Â-� handisanowm � a 7→ â artapatkerman patker�: Ayd
artapatkerman�  s ha�ax anvanowm en Gelfandi � a�o{
xow�yown:

A-owm ditarkenq �owyl ∗ topologia: Hi�enq, or ayn oro�vowm
�

U (ϕ0; x1, x2, . . . , xn, ε) =

= {ϕ ∈ A∗ : |ϕ(xk)− ϕ0(xk)| < ε (1 6 k 6 n)}

�rjakayqeri hamakargov, orte� ϕ0 ∈ A∗, x1, x2, . . . , xn ∈ A,
 ε > 0 kamayakan en: Ditarkenq A∗-i �owyl ∗ topologiayov
MA-i vra maka�va� topologian: Verjins koro�vi

V (ϕ0; x1, x2, . . . , xn, ε) =

= {ϕ ∈MA : |ϕ(xk)− ϕ0(xk)| < ε (1 6 k 6 n)}

�rjakayqeri hamakargov, orte� ϕ0 ∈ MA; x1, x2, . . . , xn ∈ A
 ε > 0 kamayakan en: Sa ayn amena�owyl topologian �,
�st ori bolor â : MA → C fownkcianer� an�ndhat en: Ays
topologiayin anvanowm en gelfandyan topologia:MA-n, or�
ditarkvowm � gelfandyan topologiayi nkatmamb, ko�vowm �
maqsimal idealneri tara�ow�yown kam A hanraha�vi spektr:

Lemma 2.2.1: MA-n A
∗-owm �owyl ∗ �ak �:

Apacowyc: Dicowq ϕ0-n patkanowm �MA-i �owyl ∗ �akman�:
Menq petq � apacowcenq, or

ϕ0(xy) = ϕ0(x)ϕ0(y) (x, y ∈ A) (2.2.1)
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ϕ0(e) = 1 : (2.2.2)

Fiqsenq x, y ∈ A  ε > 0: N�anakenq

W = {ϕ ∈ A∗ : |ϕ(zi)− ϕ0(zi)| < ε erb 1 6 i 6 4} ,

orte� z1 = e, z2 = x, z3 = y, z4 = xy: Ayd depqowm W -n
khandisana ϕ0 keti �owyl ∗ �rjakayq, owsti �akman sahma{
nowmic kbxi, or ∃ϕ ∈W ∩MA: Ayd ϕ-i hamar kownenanq

|1− ϕ0(e)| = |ϕ(e)− ϕ0(e)| < ε,

orte�ic kbxi (2.2.2)-�: Ownenq

ϕ0(xy)− ϕ0(x)ϕ0(y) =

= [ϕ0(xy)− ϕ(xy)] + [ϕ(x)ϕ(y)− ϕ0(x)ϕ0(y)] =

= [ϕ0(xy)− ϕ(xy)] + [ϕ(y)− ϕ0(y)]ϕ(x) + [ϕ(x)− ϕ0(x)]ϕ0(y)

 ϕ ∈W a�n�ow�yownic kbxi, or

|ϕ0(xy)− ϕ0(x)ϕ0(y)| < (1 + ‖x‖+ |ϕ0(y)|) ε,

orte�ic �l kbxi (2.2.1)-�:
Lemman apacowcva� �:

�eorem 2.2.1: Dicowq A-n komowtativ banaxyan hanra{
ha�iv �, MA-n A-i maqsimal idealneri tara�ow�yownn �,
isk R-� A-i bolor maqsimal idealneri hatowmn �: Ayd
depqowm`

1)MA tara�ow�yown� haowsdorfyan �  kompakt,

2) Gelfandi x 7→ x̂ � a�oxow�yown� homomorfizm �
A-ic Â-i vra (verjins C(MA)-i en�ahanraha�iv �), �nd
orowm ayd homomorfizmi mijowk� ham�nknowm � R-i het:
Het abar, Gelfandi � a�oxow�yown� izomorfizm klini
ayn  miayn ayn depqowm, erb R = {0};
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3) ∀x ∈ A hamar x̂-i patker� (x̂(MA)-n) ham�nknowm �
x �lementi σ(x) spektri het: Ayd pat�a�ov

‖x̂‖∞ = ρ(x) 6 ‖x‖ , (2.2.3)

orte�
‖x̂‖∞ = max

ϕ∈MA

|x̂(ϕ)| :

4) R = Rad(A) = {x ∈ A : ρ(x) = 0}: 4

Apacowyc:

1) �owyl ∗ topologian haowsdorfyan �: Iroq, dicowq ϕi ∈ A∗
(i = 1, 2)  ϕ1 6= ϕ2: Owsti ∃x ∈ A, or

ϕ1(x) 6= ϕ2(x) :

Vercnenq

0 < ε 6
1

2
|ϕ1(x)− ϕ2(x)| :

Ayd depqowm aknhayt �, or ϕ1(x)  ϕ2(x) fownkcionalneri
U(ϕ1, x, ε)  U(ϕ2, x, ε) �rjakayqer� �en hatvi:

Ayste�ic bxowm �, or MA-i topologian, orn indowkcva� �
A∗-ic,  s haowsdorfyan �:

Dicowq S(A∗)-� A∗-i miavor sferan �: Ownenq

MA ⊂ S(A∗) ⊂ B(A∗),

orte�
B(A∗) = {ϕ ∈ A∗ : ‖ϕ‖ 6 1}

A∗-i miavor gowndn �: �st Banax-Ala�glowi �eoremi` B(A∗)-�
�owyl ∗ kompakt �, owsti naxord lemmayic kbxi, or MA-n  s
�owyl ∗ kompakt �:

2) Dicowq x ∈ A, y ∈ A, α ∈ C  ϕ ∈MA: Ayd depqowm`

(αx)̂(ϕ) = ϕ(αx) = αϕ(x) = (αx̂) (ϕ),

4 Qani or idealneri hatowm� ideal �, owsti R-� ideal �: Qani or
R = Rad(A), owsti stacvowm �, or Rad(A) ideal �:
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(x+ y)̂(ϕ) = ϕ(x+ y) = ϕ(x) +ϕ(y) = x̂(ϕ) + ŷ(ϕ) = (x̂+ ŷ) (ϕ),

 
(xy)̂(ϕ) = ϕ(xy) = ϕ(x)ϕ(y) = x̂(ϕ)ŷ(ϕ) = (x̂ŷ) (ϕ) :

Het abar x 7→ x̂ artapatkerowm� homomorfizm �: Ayd homo{
morfizmi patkern aknhaytoren Â-n �: Isk korizn irenic ner{
kayacnowm � {x ∈ A : ϕ(x) = 0 (∀ϕ ∈MA)} bazmow�yown�: Ver{
jins kareli � grel ⋂

ϕ∈MA

ker(ϕ)

tesqov: Isk sa, hama�ayn 2.1.2 �eoremi 1)  2) pndowmneri,
ham�nknowm � R-i het:

3) Ownenq

x̂ (MA) = {x̂(ϕ) : ϕ ∈MA} = {ϕ(x) : ϕ ∈MA} = σ(x),

orte� verjin qayl� bxowm � 2.1.2 �eoremi 5) pndowmic:
Het abar

‖x̂‖∞ = ρ(x) 6 ‖x‖ :

4) In�pes 2)-i apacowyci �n�acqowm tesanq`

R =
⋂

ϕ∈MA

ker(ϕ) :

Owsti x ∈ R n�anakowm �, or

ϕ(x) = 0 (∀ϕ ∈MA),

kam or nowynn �`
x̂ (MA) = {0} :

�st 3)-i` verjins hamar�eq �

σ(x) = {0}

a�n�ow�yan�: Isk sa �l hamar�eq �

ρ(x) = 0,
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kam or nowynn �` x ∈ Rad(A) a�n�ow�yan�:
�eoremn apacowcva� �:

Sahmanowm 2.2.1: A komowtativ banaxyan hanraha�iv�
ko�vowm � kisaparz, e�e Rad(A) = {0}:
�eorem 2.2.2: Dicowq a �lement� A komowtativ banaxyan
hanraha�vi �ni�n �: Ayd depqowm ϕ 7→ ϕ(a) (ϕ ∈MA) ar{
tapatkerowm� homeomorfizm �MA-i  σ(a)-i mij :

Apacowyc: Qani or σ(a) = {ϕ(a) : ϕ ∈MA}, owsti ϕ → ϕ(a)
artapatkerowmn an�ndhat � A topologiayowm: Het abar,
bavakan � cowyc tal, or ayn inektiv �: En�adrenq, �e ∃ϕ, ψ ∈
∈ MA, or ϕ(a) = ψ(a)  dicowq B = {x ∈ A : ϕ(x) = ψ(x)}:
Qani or ϕ,ψ ∈ MA, owsti B-n A-i �ak en�ahanraha�iv �,
or� parownakowm � a-n: Het abar B = A, aysinqn` ϕ = ψ:

�eorem 2.2.3: Dicowq a �lement� A komowtativ banaxyan
hanraha�vi �ni�n �: Ayd depqowm C \ σ(a) kapakcva� �:

Apacowyc: En�adrenq, or C\σ(a) owni o� datark sahmana�ak
W komponent  ξ0 ∈W : Dicowq B-n A{owm {e, a}-n parownako�
minimal en�ahanraha�ivn �: Qani or ∂W ⊂ σ(a), owsti
spektrneri artapatkerman masin �eoremic bxowm �, or ∀p
bazmandami hamar

|p(ξ0)| 6 max {|p(ξ)| : ξ ∈ ∂W} 6 max {|p(ξ)| : ξ ∈ σ(a)} =

= max {|λ| : λ ∈ p(σ(a))} = max {|λ| : λ ∈ σ(p(a))} 6 ‖p(a)‖ :

Vercnenq b ∈ B, ayd depqowm ∃p bazmandam, or b = p(a):
ϕ0 : B → C homomorfizm� sahmanenq

ϕ0(b) = p(ξ0)

bana� ov (orte� b = p(a)): Vern arva� dato�ow�yownneric
bxowm �, or e�e in�-or p1, p2 bazmandamneri hamar
p1(a) = p2(a), apa p1(ξ0) = p2(ξ0): Owsti ϕ0-i sahmanowm�
ko�ekt �: Qani or |ϕ0(b)| = |p(ξ0)| 6 ‖p(a)‖ = ‖b‖, owsti
ϕ0-n sahmana�ak �  ‖ϕ0‖ 6 1: �st Han-Banaxi �eoremi`
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ϕ0-n owni norm� pahpano� ϕ �arownakow�yown A{i vra: Bayc
ϕ0(e) = 1, het abar ϕ ∈ MA: E�e p(z) = z, apa p(a) = a  
ϕ(a) = ϕ0(a) = p(ξ0) = ξ0: Het abar, ξ0 ∈ σ(a), in�� hakasow{
�yown �:

�eorem 2.2.4: Dicowq K-n o� datark kompakt � C{owm, ori
lracowm� kapakcva� �: Ayd depqowm goyow�yown owni mia{
vorov  mek a �ni�ov A kompleqs komowtativ banaxyan
hanraha�iv, aynpisin, or σ(a) = K:

Apacowyc: Dicowq a(z) = z (z ∈ K), isk A-n C(K)-owm e-n  
a-n parownako� minimal �ak en�ahanraha�ivn �: Parz �, or
K ⊂ σA(a): E�e λ 6∈ K , apa inf {|λ− a(z)| : z ∈ K} = M > 0
 het abar ‖(λe− a)f‖∞ > M‖f‖∞ (f ∈ A): Ayste�ic bxowm
�, or (λe − a)-n A{owm zroyi topologiakan ba�anarar ��  
het abar ∂σA(a) ⊂ K: Dicowq U = int (σA(a)), V = C \ σA(a):
Ayd depqowm U , V �hatvo� bac bazmow�yownner en  

C \K ⊂ C \ ∂σA(a) = U ∪ V  

 (C\K)∩V 6= Ø: Qani or C\K kapakcva� �, owsti C\K ⊂ V :
Ayste�ic bxowm �, or σA(a) ⊂ K ,  het abar` σA(a) = K:

§ 2.3. Involyowcianer

Dicowq X-� kompleqs g�ayin tara�ow�yown �, isk A{n
kompleqs hanraha�iv �:

Sahmanowm 2.3.1: X{ic X gor�o� x 7→ x∗ artapatkerowm�
ko�vowm � g�ayin involyowcia (kam` involyowcia) X{i vra, e�e
ayn bavararowm � het yal paymannerin.

1) (x+ y)∗ = x∗ + y∗,

2) (λx∗) = λx∗,

3) (x∗)∗ = x:
h ∈ X �lement� kanvanenq inqnahamalow� (simetrik) ∗ in{
volyowciayi nkatmamb, e�e h∗ = h: X{i bolor inqnahamalow�
tarreri bazmow�yown� n�anakenq sym(X):
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Pndowm 2.3.1: Dicowq ∗-� g�ayin involyowcia � X{i vra:
Ayd depqowm sym(X)-� irakan g�ayin en�atara�ow�yown
� X{owm  

X = sym(X)⊕ i sym(X) :

Apacowyc: He�t � stowgel, or sym(X)-� X-i irakan en�a{
tara�ow�yown �: Dicowq x ∈ sym(X) ∩ i sym(X): Ayd depqowm
x = iy, orte� y = y∗  x = x∗ = (iy)∗ = −iy∗ = −iy = −x,
owsti x = 0,  het abar, ∃ sym(X)⊕ i sym(X): ∀x ∈ X hamar
x+ x∗

2
,
x− x∗

2i
∈ sym(X)  

x =
x+ x∗

2
+ i

x− x∗

2i
,

het abar` X = sym(X)⊕ i sym(X):
Pndowmn apacowcva� �:

Pndowm 2.3.2: Dicowq Y -� irakan en�atara�ow�yown �
X{owm  X = Y ⊕ iY : Ayd depqowm h + ik 7→ h − ik (h, k ∈
Y ) artapatkerowm� g�ayin involyowcia � X{i vra, �nd
orowm sym(X) = Y :

Apacowycn aknhayt �:

Sahmanowm 2.3.2: Hanraha�vakan involyowcia (kam` involyow{
cia) A{i vra kanvanenq aynpisi ∗ g�ayin involyowcian, ori
hamar te�i owni na het yal payman� (aqsiom�).

(xy)∗ = y∗x∗ (x, y ∈ A) :

Hanraha�iv�, orowm ka involyowcia, ko�vowm � ast�ani� kam
involyowtiv hanraha�iv:

Trva� x, y ∈ A hamar
xy + yx

2
 
xy − yx

2i
�lementnerin

kanvanenq x, y tarreri hamapatasxanabar irakan  
ke�� �ordanyan artadryalner:

E�e A{n ast�ani� hanraha�iv �, apa he�t � tesnel,
or sym(A) �ak � irakan  ke�� �ordanyan artadryali
nkatmamb:
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Pndowm 2.3.3: Dicowq Y -� A{owm irakan g�ayin en�ata{
ra�ow�yown �, or� �ak � irakan  ke�� �ordanyan
artadryalneri nkatmamb  A = Y ⊕ iY : Ayd depqowm
h + ik 7→ h − ik (h, k ∈ Y ) artapatkerowm� involyowcia
� A{i vra, �nd orowm sym(A) = Y :

Apacowyc: �st 2.3.2 pndman` bavakan � apacowcel, or
(ab)∗ = b∗a∗ (a, b ∈ A):

Dicowq a = h+ik, b = p+iq, orte� h, k, p, q ∈ Y : Ayd depqowm

ab+ b∗a∗ = (h+ ik)(p+ iq) + (p− iq)(h− ik) =

= (hp+ ph)− (kq + qk) + i(kp− pk) + i(hq − qh) ∈ Y :

Nman � ov
1

i
(ab− b∗a∗) ∈ Y : Qani or ab =

1

2
(ab+ b∗a∗) +

+ i
1

2i
(ab− b∗a∗), owsti

(ab)∗ =
1

2
(ab+ b∗a∗)− i 1

2i
(ab− b∗a∗) = b∗a∗ :

Pndowmn apacowcva� �:

Sahmanowm 2.3.3: Dicowq A{n involyowtiv hanraha�iv �,  
ϕ : A→ C g�ayin fownkcional �: ϕ∗ g�ayin fownkcional� sah{
manenq

ϕ∗(a) = ϕ(a∗) (a ∈ A)

bana� ov: Ayd depqowm ϕ 7→ ϕ∗ artapatkerowm� g�ayin
involyowcia � A-i A′ hanraha�vakan hamalow� tara�ow�yow{
nowm: ϕ : A→ C g�ayin fownkcional� kanvanenq inqnahama{
low�, e�e ϕ = ϕ∗ (aysinqn` ϕ(a∗) = ϕ(a) (∀a ∈ A)):

Parz �, or inqnahamalow� fownkcional� �ndownowm � irakan
ar�eqner sym(A){i vra  haka�ak�` e�e ϕ0-n irakan g�ayin
fownkcional � sym(A){i vra, apa ayn

ϕ(a) = ϕ0

(
a+ a∗

2

)
+ iϕ0

(
a− a∗

2i

)
(a ∈ A) (2.3.1)
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bana� ov �nowm � inqnahamalow� ϕ g�ayin fownkcional A{i
vra:

A banaxyan hanraha�vi vra oro�va� bolor inqnahama{
low� an�ndhat g�ayin fownkcionalneri bazmow�yown� kn�ana{
kenq sym(A∗):

Dito�ow�yown 2.3.1: DicowqH(A){n naxkinowm ditarkva� her{
mityan �lementneri bazmow�yown �: Ayd depqowm d�var �� tesnel,
or

H(A) ⊂ sym(A),

sakayn hnaravor �, or H(A) 6= sym(A): I

Sahmanowm 2.3.4: A involyowtiv banaxyan hanraha�iv� ko�{
vowm � B∗ hanraha�iv, e�e

‖xx∗‖ = ‖x‖2 (∀x ∈ A) : (2.3.2)

Nkatenq, or ‖x‖2 = ‖xx∗‖ 6 ‖x‖ · ‖x∗‖ gnahatakanic
bxowm �, or ‖x‖ 6 ‖x∗‖: Bayc x∗∗ = x, owsti ver� stacva�ic
kbxi, or

‖x∗‖ 6 ‖(x∗)∗‖ = ‖x∗∗‖ = ‖x‖,

het abar B∗ hanraha�vowm

‖x∗‖ = ‖x‖ (∀x ∈ A) : (2.3.3)

(2.3.3){ic bxowm �, or B∗ hanraha�vi involyowcian
an�ndhat �:

�eorem 2.3.1: Dicowq A{n miavorov B∗ hanraha�iv �: Ayd
depqowm H(A) = sym(A):

Apacowyc: Dicowq h ∈ A, h∗ = h  t ∈ R: Qani or

‖e+ t2h2‖ = ‖(e+ ith)(e− ith)‖ = ‖e+ ith‖2,

owsti

lim
t→+0

1

t
{‖e+ ith‖ − 1} = lim

t→+0

{√
‖e+ ith‖ − 1

}
= 0 :
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Het abar, V (h) ⊂ R:
Haka�ak�, e�e h ∈ H(A)  h = p+ iq, orte� p = p∗, q = q∗, apa

V (h) = {ϕ(p) + iϕ(q) : ϕ ∈ P(A)}: Qani or h, p, q hermityan en, apa
∀ϕ ∈ P(A) hamar ϕ(q) = 0 ⇒ h ∈ sym(A):

�eoremn apacowcva� �:

Vidav{Palmeri �eorem�: E�e A banaxyan hanraha�vowm
trva� ∗ involyowcian aynpisin �, or

H(A) = sym(A),

apa A{n B∗ hanraha�iv �:
�eoremn �ndownowm enq a�anc apacowyci: I

�rinak 1: C(K){owm f 7→ f artapatkerowm� klini involyow{

cia (f∗
def
= f): Aknhayt �, or C(K){n B∗{hanraha�iv �:

�rinak 2: Ditarkenq H hilbertyan tara�ow�yan vra oro�{
va� BL(H) g�ayin sahmana�ak �peratorneri hanraha�i{
v�: Dicowq ∗{� A ∈ BL(H) �peratoric nra hermityan ha{
malow�in ancman gor�o�ow�yownn �: Ayd depqowm BL(H){� klini
B∗{hanraha�iv: Sa menq gitenq fownkcional analizi das{
�n�acic, bayc apacowcenq ankax �anaparhov: Nax tanq
ayspisi`

Sahmanowm 2.3.5: Dicowq X , Y , Z mi nowyn �vayin da�tov
(irakan kam kompleqs) g�ayin tara�ow�yownner en, isk
B : X × Y → Z: Yowraqan�yowr x ∈ X  y ∈ Y �lementnerin
hamapatasxan` ka�owcenq

Bx : Y −→ Z  By : X −→ Z

artapatkerowmner` vercnelov

Bx(y) = B(x, y) (y ∈ Y ) ,

 
By(x) = B(x, y) (x ∈ X) :

a) B artapatkerowm� ko�vowm � big�ayin, e�e ∀x ∈ X  
∀y ∈ Y hamar Bx, B

y artapatkerowmner� g�ayin en:
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b) B artapatkerowm� ko�vowm � kisag�ayin (полуторали-
нейный) e�e ∀y ∈ Y hamar By artapatkerowm� g�ayin �, isk
Bx{� ∀x ∈ X hamar hamalow�{g�ayin �, aysinqn`

Bx (λ1y1 + λ2y2) = λ1Bx(y1) + λ2Bx(y2),

(∀y1, y2 ∈ Y , ∀λ1, λ2 skalyarneri hamar): Kisag�ayin fownk{
cionali �rinak � skalyar artadryal�:

Lemma 2.3.1: E�e f : H × H → C kisag�ayin fownkcional�
sahmana�ak � ayn imastov, or

‖f‖ = sup {|f(x, y)| : ‖x‖ = ‖y‖ = 1} <∞,

apa goyow�yown owni miak S : H → H artapatkerowm, or

f(x, y) = (x, Sy) (∀x, y ∈ H) :

�nd orowm` S ∈ BL(H)  

‖S‖ = ‖f‖ :

Apacowyc: He�t � tesnel, or |f(x, y)| 6 ‖f‖·‖x‖·‖y‖ (∀x, y ∈ H),
owsti cankaca� fiqsa� y ∈ H hamar

x 7→ f(x, y)

artapatkerowm� handisanowm � g�ayin sahmana�ak fownk{
cional H{owm, �nd orowm ayd fownkcionali norm� �i gerazancowm
‖f‖ · ‖y‖{�: �st �isi �eoremi` goyow�yown owni miak Sy ∈ H , or

f(x, y) = (x, Sy) (x ∈ H),

�nd orowm
‖Sy‖ 6 ‖f‖ · ‖y‖ : (2.3.4)

He�t � tesnel. or S{n aditiv �: E�e α ∈ C, apa

(x, S(αy)) = f(x, αy) = αf(x, y) = α(x, Sy) = (x, αSy),
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∀x, y ∈ H hamar: Owsti S{� g�ayin �: (2.3.4){ic kbxi, or
S ∈ BL(H)  

‖S‖ 6 ‖f‖ :

Baci ayd, ownenq

|f(x, y)| = |(x, Sy)| 6 ‖x‖ ‖Sy‖ 6 ‖x‖ · ‖S‖ · ‖y‖,

 het abar na ‖f‖ 6 ‖S‖:
Lemman apacowcva� �:

E�e T ∈ BL(H), apa f(x, y) = (Tx, y) � � handisanowm �
kisag�ayin sahmana�ak fownkcional, owsti �st naxord lem{
mayi` goyow�yown owni miak T ∗ : H → H artapatkerowm, or

(Tx, y) = (x, T ∗y) (x, y ∈ H), (2.3.5)

�nd orowm T ∗ ∈ BL(H)  

‖T ∗‖ = ‖T‖ : (2.3.6)

T ∗{� ko�vowm � T sahmana�ak �peratori hermityan hamalow�:
Cowyc tanq, or T 7→ T ∗ artapatkerowm� BL(H){owm involyow{
cia �, aysinqn bavararowm � het yal paymannerin`

(T + S)∗ = T ∗ + S∗,

(αT )∗ = λT ∗,

(ST )∗ = T ∗S∗,

T ∗∗ = T

(∀T, S ∈ BL(H), ∀α ∈ C): Srancic a�ajinn aknhayt �, isk
myowsner� bxowm en

(αTx, y) = α(Tx, y) = α (x, T ∗y) = (x, αT ∗y) ,

(STx, y) = (Tx, S∗y) = (x, T ∗S∗y) ,

(Tx, y) = (x, T ∗y) = (T ∗y, x) = (y, T ∗∗x) = (T ∗∗x, y)
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havasarow�yownneric: Qani or ∀x ∈ H hamar

‖Tx‖2 = (Tx, Tx) = (T ∗Tx, x) 6 ‖T ∗T‖ · ‖x‖2,

owsti ‖T‖2 6 ‖T ∗T‖: Myows ko�mic, (2.3.6){ic bxowm �, or

‖T ∗T‖ 6 ‖T ∗‖ ‖T‖ = ‖T‖2 ,

owsti ∀T ∈ BL(H) hamar

‖T ∗T‖ = ‖T‖2 :

Ayspisov, apacowcvec, or BL(H){� B∗{hanraha�iv �: I

�eorem 2.3.2: Dicowq A{n involyowtiv banaxyan hanraha{
�iv �,  x ∈ A: Ayd depqowm`
1) x+ x∗, i(x− x∗), xx∗ �lementner� simetrik en,
2) x �lement� miak � ov nerkayacvowm � x = u+ iv tesqov,
orte� u{n  v{n A{i simetrik �lementner en,
3) e miavor�  0{n simetrik en,
4) x ∈ A−1 ayn  miayn ayn depqowm, erb x∗ ∈ A−1, �nd orowm
(x∗)−1 =

(
x−1

)∗
,

5) λ ∈ σ(x) ayn  miayn ayn depqowm, erb λ ∈ σ(x∗):

Apacowyc: 1) pndowmn aknhayt �:
2) Vercnenq u = 1

2 (x+ x∗), v = 1
2i (x− x∗) = i

2 (x∗ − x): Ayd
depqowm kownenanq u, v ∈ sym(A)  x = u + iv: En�adrenq �e
na x = u′ + iv′, orte� u′, v′ ∈ sym(A): N�anakenq w = v′ − v:
Ownenq w ∈ sym(A): Qani or

iw = i(v′ − v) = iv′ − iv = (x− u′)− (x− u) = u− u′,

owsti na iw ∈ sym(A),  het abar

iw = (iw)∗ = −iw∗ = −iw,

orte�ic kstananq, or w = 0: Ayste�ic kbxi, or v = v′  
het abar` na u = u′:
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3) Ownenq 0∗ = (0 + 0)∗ = 0∗ + 0∗ ⇒ 0∗ = 0: Ownenq e∗ = ee∗,
owsti 1){ic kbxi, or e∗ = (e∗)∗ = e:
4){� bxowm � 3){ic  (xy)∗ = y∗x∗ havasarow�yownic:
5){� stanalow hamar 4){� kkira�enq (λe− x){i vra:
�eoremn apacowcva� �:

�eorem 2.3.3: E�e A komowtativ banaxyan hanraha�iv�
kisaparz �, apa A{i vra cankaca� involyowcia an�nd{
hat �:

Apacowyc: A{n irakan �veri da�ti nkatmamb banaxyan
tara�ow�yown �, isk ∗{� A{ic A irakanoren g�ayin: Owsti
∗{i an�ndhatow�yown� cowyc talow hamar` �ak grafiki masin
�eoremi �norhiv bavakan � cowyc tal, or ∗{i grafik� �ak �:
Dicowq

xn → x, x∗n → y :

Petq � cowyc tal, or y = x∗: Vercnenq ∀ψ ∈ MA  ditarkenq
ϕ(z) = ψ(z∗) (z ∈ A) bana� ov oro�vo� fownkcional�: In{
volyowciayi hatkow�yownneric kbxi, or ϕ ∈ MA: Owsti ϕ{n
an�ndhat �,  kownenanq

ψ(x∗) = ϕ(x) = limϕ(xn) = limψ (x∗n) = ψ(y),

ψ (x∗ − y) = 0,

aysinqn` x∗ − y ∈ ker(ψ): Qani or ψ{n kamayakan �r, owsti
stanowm enq

x∗ − y ∈
⋂

ψ∈MA

ker(ψ) = Rad(A) = {0},

 het abar y = x∗:
�eoremn apacowcva� �:

Sahmanowm 2.3.6: Dicowq K{n haowsdorfyan kompakt �:
A ⊂ C(K) ko�vowm � havasara�a� hanraha�iv, e�e`
1) A{n C(K){i �ak en�ahanraha�iv �,
2) A{n anjatowm � K{i keter�,
3) e ∈ A (e{ov n�anakva� � C(K){i miavor�):
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�rinak, A(T ) disk hanraha�iv� C(T ){owm havasara�a�
en�ahanraha�iv �:

Sahmanowm 2.3.7: C(K){i A en�ahanraha�iv� ko�vowm � si{
metrik, e�e ∀f ∈ A hamar f ∈ A:
Ston{Vayer�trasi �eorem�: E�e havasara�a� hanra{
ha�iv� simetrik �, apa ayn ham�nknowm � C(K){i het:

Sa menq apacowcel enq ma�. analizi das�n�acowm: I

Lemma 2.3.2: Dicowq A{n komowtativ banaxyan hanraha{
�iv �,  

r = inf
x∈A\{0}

∥∥x2
∥∥

‖x‖2
, s = inf

x∈A\{0}

‖x̂‖∞
‖x‖2

:

Ayd depqowm
s2 6 r 6 s :

Apacowyc: ∀x ∈ A hamar ownenq ‖x̂‖∞ > s‖x‖, owsti∥∥x2
∥∥ > ∥∥x̂2

∥∥
∞ = ‖x̂‖2∞ > s

2‖x‖2 :

Het abar` s2 6 r:
Qani or ∀x ∈ A hamar

∥∥x2
∥∥ > r‖x‖2, owsti �st n{i

indowkciayov kstananq, or

‖xm‖ > rm−1 ‖x‖m (m = 2n, n = 1, 2, 3, . . .) :

Stacva� a�n�ow�yownic hanenq m{rd asti�ani armat  
aynowhet ancnenq sahmani, erb m→∞: �gtvelov spektral
�a�av�i bana� ic` kownenanq

ρ(x) > r‖x‖,

 qani or ρ(x) = ‖x̂‖∞, owsti kstananq

‖x̂‖∞ > r‖x‖ (x ∈ A),

orte�ic �l bxowm �, or r 6 s:
Lemman apacowcva� �:
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�eorem 2.3.4: Dicowq A{n komowtativ banaxyan hanra{
ha�iv �: Ayd depqowm`

1) Gelfandi � a�oxow�yown� izometria klini (ay{
sinqn` ‖x‖ = ‖x̂‖∞ (∀x ∈ A)) ayn  miayn ayn depqowm, erb∥∥x2

∥∥ = ‖x‖2 (∀x ∈ A),

2) orpeszi A{n lini kisaparz  mia�amanak Â{� lini
�ak C(MA){owm, anhra�e�t �  bavarar, or ∃K > 0,
aynpes, or

‖x‖2 6 K
∥∥x2
∥∥ (∀x ∈ A) :

Apacowyc: 1) Naxord lemmayi n�anakowmnerov` Gelfandi � a{
�oxow�yown� izometria klini ayn  miayn ayn depqowm, erb
s = 1 (��? or, �st (2.2.3)-i, mi�t ‖x̂‖∞ 6 ‖x‖), in��, �st ayd lem{
mayi, hamar�eq � r = 1 paymanin: Qani or mi�t ‖x2‖ 6 ‖x‖2,
owsti r = 1 payman� hamar�eq � �eoremi paymanin:

2) N�va� K > 0 �vi goyow�yown� n�anakowm �, or r > 0,
in��, �st ayd lemmayi, hamar�eq � s > 0 paymanin: E�e s > 0,
apa x 7→ x̂ artapatkerowm� �oxmiar�eq �  owni an�ndhat
hakadar�: Owsti aydpisi iravi�akowm Â hanraha�iv� lriv �
( het abar �ak �) C(MA){owm: 5

Ay�m haka�ak�, dicowq x 7→ x̂ artapatkerowm� �ox{
miar�eq �  Â hanraha�iv� �ak � C(MA){owm: Ayd depqowm
hakadar� �peratori masin Banaxi �eoremic kbxi, or x 7→ x̂
artapatkerman hakadar�� sahmana�ak �: Het abar ayd
�peratori norm�`

0 < sup
x∈A\{0}

‖x‖
‖x̂‖∞

<∞,

in�� hamar�eq � s > 0 a�n�ow�yan�: Naxord lemmayic kbxi, or
r > 0:
�eoremn apacowcva� �:

5 �st 2.2.1 �eoremi` A{n kisaparz � ayn  miayn ayn depqowm, erb x 7→ x̂
artapatkerowm� �oxmiar�eq �:
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�eorem 2.3.5 (Gelfand{Naymarki komowtativ �eorem�): Di{
cowq A{n komowtativ B∗ hanraha�iv �: Ayd depqowm
Gelfandi � a�oxow�yown� handisanowm � izometrikakan
izomorfizm A{i  C(MA){i mij , �nd orowm

ϕ(x∗) = ϕ(x) (x ∈ A, ϕ ∈MA), (2.3.7)

kam or nowynn �`
(x∗)ˆ = x̂ (x ∈ A) : (2.3.8)

Masnavorapes, x ∈ A �lement� simetrik � ayn  miayn
ayn depqowm, erb x̂{� irakan fownkcia �:

Apacowyc: Dicowq ϕ ∈ MA  u ∈ sym(A): Nax cowyc tanq, or
ϕ(u){n irakan �iv �: Dicowq ϕ(u) = α + iβ, orte� α, β ∈ R:
Vercnenq kamayakan t ∈ R  ditarkenq z = u+ ite �lement�:
He�t � tesnel, or

zz∗ = u2 + t2e,

ϕ(z) = α+ i(β + t),

owsti

α2 + (β + t)2 = |ϕ(z)|2 6 ‖z‖2 = ‖zz∗‖ 6 ‖u‖2 + t2,

kam`
α2 + β2 + 2βt 6 ‖u‖2 (−∞ < t <∞),

in�� hnaravor � miayn β = 0 depqowm: Verjins �l n�anakowm �,
or ϕ(u){n irakan �:
∀x ∈ A kareli � nerkayacnel x = u + iv tesqov, orte�

u = u∗, v = v∗: �nd orowm` x∗ = u− iv: �st vern apacowcva�i`
û, v̂ fownkcianer� irakan en, orte�ic �l kbxi (2.3.8){�:

Vern apacowcva�ic bxowm �, or Â ⊂ C(MA) simetrik
hanraha�iv �, aysinqn e�e f ∈ Â, apa na f ∈ Â:

E�e x ∈ A  y = xx∗, apa y = y∗, owsti ‖y2‖ = ‖y‖2:
Ayste�ic �st n{i indowkciayov stacvowm �, or

‖ym‖ = ‖y‖m (m = 2n, n = 1, 2, . . .) :
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Stacva� havasarow�yownic hanenq m{rd asti�ani armat  
aynowhet ancnenq sahmani, erb m→∞: �gtvelov spektral
�a�av�i bana� ic` kownenanq

ρ(y) = ‖y‖,

 qani or ρ(y) = ‖ŷ‖∞, owsti kstananq

‖ŷ‖∞ = ‖y‖ :

Qani or y = xx∗, owsti (2.3.8){ic bxowm �, or ŷ = |x̂|2: Het a{
bar

‖x̂‖2∞ = ‖ŷ‖∞ = ‖y‖ = ‖xx∗‖ = ‖x‖2 ,

kam ‖x̂‖∞ = ‖x‖: Ayspisov, x 7→ x̂ artapatkerowm� izomet{

ria �: Het abar Â{n klini �ak C(MA){owm:
Ayspisov, Â ⊂ C(MA) �ak en�ahanraha�iv �: Aknhayt

�, or Â{� anjatowm � MA{i keter�: C(MA){i miavor�`
nowynabar 1 fownkcian �, handisanowm � e{i Gelfandi � a{
�oxow�yown�, owsti  patkanowm � Â{in: Het abar Â{�
havasara�a� hanraha�iv �: Qani or Â{� na simetrik �,
owsti Ston{Vayer�trasi �eoremic kbxi, or Â = C(MA):
�eoremn apacowcva� �:

§ 2.4. Involyowciayi an�ndhatow�yown�

�eorem 2.4.1: Dicowq A-n banaxyan hanraha�iv �: Het yal
paymannern irar hamar�eq en.
1) ∗ involyowcian an�ndhat � A{i vra,
2) sym(A∗)-n anjatowm � A{i keter�,
3) sym(A)-n A{i �ak en�atara�ow�yown �:

Apacowyc� tanenq 1)⇒ 2)⇒ 3)⇒ 1) sxemayov:
1) ⇒ 2) Dicowq ∗-� an�ndhat involyowcia � A{i vra  
h ∈ sym(A) \ {0}: �st Han{Banaxi �eoremi goyow�yown owni
sym(A)-i vra oro�va� aynpisi ϕ0 irakanoren g�ayin an�nd{
hat fownkcional, or ϕ0(h) = 1: Ditarkenq ϕ0{ov �nva�  
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∗-i nkatmamb inqnahamalow� ϕ kompleqs g�ayin fownkcional�
(tes` (2.3.1)-�): Qani or ∗ involyowcian an�ndhat �, owsti
ϕ ∈ sym(A∗), ϕ(h) = 1: Qani or A = sym(A) ⊕ i sym(A)
 sym(A∗){i �lementner� sym(A){i vra �ndownowm en irakan
ar�eqner, owsti ayste�ic bxowm �, or sym(A∗)-n anjatowm �
A{i keter�:
2) ⇒ 3) Dicowq sym(A∗)-n anjatowm � A{i keter�  
{hn} ⊂ sym(A), lim

n→∞
hn = h + ik, orte� h, k ∈ sym(A):

∀ϕ ∈ sym(A∗) hamar ownenq

iϕ(k) = ϕ(ik) = ϕ
(

lim
n→∞

(hn − h)
)

= lim
n→∞

ϕ(hn − h) :

Qani or ϕ-n sym(A){i vra �ndownowm � irakan ar�eqner, owsti
ϕ(k) = 0 (∀ϕ ∈ sym(A∗)), orte�ic k = 0: Ayspisov` sym(A)-n
�ak � A{owm:
3)⇒ 1) Dicowq sym(A)-n �ak � A{owm  lim

n→∞
an = a, lim

n→∞
a∗n = b:

Ayd depqowm

a+ b = lim
n→∞

(an + a∗n) ∈ sym(A),

i(a− b) = lim
n→∞

(i(an − a∗n)) ∈ sym(A) :

Het abar, a + b = a∗ + b∗, a − b = −a∗ + b∗, orte�ic b = a∗:
Mnowm � kira�el �ak grafiki masin �eorem�:
�eoremn apacowcva� �:

In�pes cowyc enq tvel, kisaparz komowtativ banaxyan
hanraha�vowm bolor involyowcianern an�ndhat en: Sakayn
�ndhanowr depqowm partadir ��, or normavorva� hanraha�{
vowm involyowcian lini an�ndhat: Da haskanalow hamar di{
tarkenq erkow �rinak:

1) Dicowq A-n aynpisi anverj �a�ani kompleqs banaxyan
hanraha�iv �, or A2 = {0}: Dicowq {en}∞1 ⊂ A g�oren ankax
 normavorva� vektorakan hamakarg �: Ditarkenq {eλ}
hanraha�vakan bazis� A{owm, or� parownakowm � {en}{�: {eλ}
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bazisi �lementneri vra involyowcian sahmanenq

e∗2n = ne2n−1, e∗2n−1 =
1

n
e2n (n ∈ N),

e∗µ = eµ (∀eµ ∈ {eλ} \ {en}∞1 )

bana� erov: Qani or {eλ}-n A-i bazis �, owsti {eλ}-i vra
�ndowna� ar�eqnerov involyowcian miar�eqoren ksahmanvi
A{i vra: Ays involyowcian xzvo� � A{i vra:

2) Dicowq A normavorva� hanraha�vowm ownenq erkow`
‖ · ‖1, ‖ · ‖2 hanraha�vakan normer  ∗ : A → A involyowcian
an�ndhat � ‖ · ‖1 normov: Qani or ∗{� irakanoren g�ayin
�perator �, owsti nra an�ndhatow�yown� n�anakowm �, or
∃k > 0, aynpes, or

‖x∗‖1 6 k‖x‖1 (∀x ∈ A) :

Ka�owcenq
B = (A, ‖ · ‖1)⊕ (A, ‖ · ‖2)

ow�i� gowmar�: �st sahmanman`

B = {(a, b) : a, b ∈ A} ,

�nd orowm (a1, b1), (a2, b2) ∈ B  λ ∈ C hamar �st sahmanman

(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2) ,

λ(a1, b1) = (λa1, λb1) ,

(a1, b1)(a2, b2) = (a1a2, b1b2) :

He�t � tesnel, or B{n klini kompleqs hanraha�iv: (a, b) ∈ B
hamar sahmanenq

‖(a, b)‖ = max {‖a‖1, ‖b‖2} ,

(a, b)∗ = (b∗, a∗) :
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Ayd depqowm B-n kda�na involyowtiv normavorva� hanraha{
�iv:

Dicowq ‖ · ‖1  ‖ · ‖2 normer� irar hamar�eq �en (anverj
�a�ani hanraha�ivneri hamar aydpisi normer �ntrel�
praktikoren mi�t hnaravor �)  {an}∞1 ⊂ A aynpisin �, or

‖an‖1 −→ 0  ‖an‖2 −→ 1 :

Ayd depqowm kownenanq

‖(0, an)∗‖ = ‖a∗n‖1 −→ 0,

bayc
‖[(0, an)∗]∗‖ = ‖(0, an)‖ = ‖an‖2 −→ 1,

owsti ∗ : B → B involyowcian an�ndhat ��:
Katarenq mi kar or dito�ow�yown hamar�eq normeri

masin: Dicowq A hanraha�iv� lriv � ‖ · ‖1  ‖ · ‖2 normeric
yowraqan�yowri nkatmamb  ∃k > 0, or

‖x‖1 6 k‖x‖2 (∀x ∈ A) : (2.4.1)

Ayd depqowm ∃k1 > 0, or

‖x‖2 6 k1‖x‖1 (∀x ∈ A) : (2.4.2)

Iroq, (2.4.1){� cowyc � talis, or I miavor �perator�, e�e
nran ditarkenq orpes (A, ‖ · ‖1) tara�ow�yown� (A, ‖ · ‖2)
tara�ow�yan mej artapatkero� �perator, an�ndhat �,
orte�ic  hakadar� �peratori masin Banaxi �eoremic
kbxi, or ayd �perator� klini an�ndhat na orpes (A, ‖ · ‖2)
tara�ow�yan� (A, ‖ · ‖1){i mej artapatkero� �perator:
Ayste�ic �l kbxi (2.4.2){�:

§ 2.5. Modowli ga�a�ar�

Dicowq A{n kompleqs hanraha�iv �, isk X{�` kompleqs g�a{
yin tara�ow�yown: X{� ko�vowm � �ax A modowl, e�e goyow{
�yown owni A × X → X artapatkerowm, or� ∀(a, x) zowygin
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hamapatasxanecnowm � ax ∈ X �lement�, aynpes, or bava{
rarvowm en het yal paymanner� (�ax modowli aqsiomner�).
LM1. ∀a ∈ A fiqsa� a{i hamar x 7→ ax artapatkerowm�
g�ayin �,
LM2. ∀x ∈ X fiqsva� x{i hamar a 7→ ax artapatkerowm�
g�ayin �,
LM3. (a1a2)x = a1(a2x) (∀a1, a2 ∈ A, ∀x ∈ X):

E�e A{n banaxyan hanraha�iv �, isk X{� banaxyan ta{
ra�ow�yown, apa �ax A modowli aqsiomnerin avelacvowm � na 
het yal�.
LM4. ∃k > 0 aynpes, or ‖ax‖ 6 k‖a‖ · ‖x‖ (∀a ∈ A, ∀x ∈ X):

E�e X-� hilbertyan tara�ow�yown �, isk A-n` involyowtiv
banaxyan hanraha�iv, apa drvowm �

(ax, y) = (x, a∗y)

lracowci� payman�:

Nman � ov sahmanvowm � aj A modowl�: Ays depqowm arden
pahanjvowm �, or goyow�yown ownena X × A → X artapatke{
rowm, aynpes, or bavararven het yal paymanner� (aj modowli
aqsiomner�).
RM1. ∀a ∈ A fiqsva� a{i hamar x 7→ xa artapatkerowm�
g�ayin �,
RM2. ∀x ∈ X fiqsva� x{i hamar a 7→ xa artapatkerowm�
g�ayin �,
RM3. x(a1a2) = (xa1)a2 (∀a1, a2 ∈ A, ∀x ∈ X):

X{� ko�vowm � A bimodowl, e�e ayn mia�amanak handisanowm
� �ax A modowl  aj A modowl: Ayd depqowm drvowm � na 

(ax)b = a(xb) (a, b ∈ A, x ∈ X)

payman�:

�rinak, A{n klini A bimodowl:
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§ 2.6. Kira�ow�yownner o� komowtativ hanraha�iv-

nerowm

Sahmanowm 2.6.1: Dicowq S-� A banaxyan hanraha�vi en�a{
bazmow�yown �:

Γ(S) = {x ∈ A : xs = sx (∀s ∈ S)}

bazmow�yown� ko�vowm � S-i komowtant (centralizator):

Sahmanowm 2.6.2: Kasenq S ⊂ A bazmow�yown� komowtativ �,
e�e ∀x, y ∈ S hamar xy = yx:

Lemma 2.6.1 (komowtanti hatkow�yownner�): Dicowq S ⊂ A ka{
mayakan en�abazmow�yown �: Ayd depqowm`
1) Γ(S)-� A-owm miavorov �ak en�ahanraha�iv �,
2) S ⊂ Γ(Γ(S)),
3) e�e S ⊂ T , apa Γ(S) ⊃ Γ(T ),
4) e�e S-� komowtativ �, apa komowtativ � na 
Γ(Γ(S))-�:

Apacowyc: 1) Dicowq x, y ∈ Γ(S), isk s ∈ S: Ownenq xs = sx,
ys = sy, owsti aknhaytoren

(λx)s = s(λx), (x+ y)s = s(x+ y), (xy)s = s(xy),

 , het abar, Γ(S)-� A-i en�ahanraha�iv �: Aknhaytoren`
e ∈ Γ(S): Qani or A-owm bazmapatkman gor�o�ow�yownn an{
�ndhat �, owsti Γ(S)-� �ak �:
2) Dicowq s ∈ S: Ayd depqowm ∀x ∈ Γ(S) hamar xs = sx, in��
n�anakowm �, or s ∈ Γ(Γ(S)):
3)-� aknhayt �:
4) Nkatenq, or e�e or � E ⊂ A hamar Γ(E) ⊂ E, apa Γ(E)-n
komowtativ �, in�� bxowm � Γ(E)-i sahmanowmic:

Dicowq S-� komowtativ �: Ayd depqowm S ⊂ Γ(S)  �st 3)-i

Γ (Γ(S)) ⊂ Γ(S),

isk ayste�ic, vern asva�i himan vra, stanowm enq Γ (Γ(S))-i
komowtativow�yown�:
Lemman apacowcva� �:
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�eorem 2.6.1: Dicowq A{n banaxyan hanraha�iv �, S ⊂ A
komowtativ bazmow�yown �,  B = Γ(Γ(S)): Ayd depqowm B{n
komowtativ banaxyan hanraha�iv �, S ⊂ B  ∀x ∈ B
hamar

σB(x) = σA(x) : (2.6.1)

Apacowyc: Lemma 2.6.1-ic bxowm �, or B{n komowtativ banax{
yan hanraha�iv �  S ⊂ B: �eoremi pndowm� hamar�eq �

B−1 = A−1 ∩B (2.6.2)

havasarow�yan�: Iskapes, dicowq ∀x ∈ B hamar te�i owni
(2.6.1){�: E�e b ∈ B−1, apa 0 6∈ σB(b)  (2.6.1){ic kbxi, or
0 6∈ σA(b), kam or nowynn �` b ∈ A−1: Qani or B−1 ⊂ B, owsti
b ∈ B  het abar b ∈ A−1 ∩ B: Ayspisov, B−1 ⊂ A−1 ∩ B
(sa parz �r na A−1, B−1{i sahmanowmneric): Myows ko�mic
nkatenq, or A−1 ∩ B ⊂ B−1: Iroq, dicowq b ∈ A−1 ∩ B: Ayd
depqowm 0 6∈ σA(b)  (2.6.1) paymanic kbxi, or 0 6∈ σB(b), owsti
b ∈ B−1: Het abar te�i owni (2.6.2){�:

Haka�ak�, e�e (2.6.2){� te�i owni, apa or � x ∈ B, λ ∈ C
hamar λe− x 6∈ B−1 payman� hamar�eq �

λe− x 6∈ A−1 ∩B

paymanin, in�� x ∈ B �norhiv hamar�eq � λe − x 6∈ A−1 pay{
manin: Het abar te�i owni (2.6.1){�:

Cowyc tanq (2.6.2){�: Aknhaytoren mi�t te�i owni

B−1 ⊂ A−1 ∩B

nerdrowm�, cowyc tanq, or na 

A−1 ∩B ⊂ B−1 :

Dicowq x ∈ A−1 ∩B: Qani or x ∈ B, owsti

xy = yx (∀y ∈ Γ(S)) :
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Ayste�ic kbxi, or

yx−1 = x−1y (∀y ∈ Γ(S)),

aysinqn` x−1 ∈ B: Sa �l n�anakowm �, or x ∈ B−1:
�eoremn apacowcva� �:

�eorem 2.6.2: Dicowq A{n banaxyan hanraha�iv �, x, y ∈ A
 xy = yx: Ayd depqowm`

σ(x+ y) ⊂ σ(x) + σ(y)  σ(xy) ⊂ σ(x)σ(y) :

Apacowyc: N�anakenq S = {x, y}, B = Γ(Γ(S)): �st paymani`
S{� komowtativ �, owsti 2.6.1 lemmayi hama�ayn B{n klini
komowtativ banaxyan hanraha�iv: Ownenq x+y, xy ∈ B: �st
naxord �eoremi` bavakan � cowyc tal, or

σB(x+ y) ⊂ σB(x) + σB(y), σB(xy) ⊂ σB(x)σB(y) :

Qani or B hanraha�iv� komowtativ �, owsti cankaca� z ∈ B
�lementi σB(z) spektr� ham�nknowm � ẑ Gelfandi � a�oxow{
�yan �ndowna� ar�eqneri bazmow�yan (patkeri) het: Owsti
�eoremi pndowm� bxowm �

(x+ y)̂ = x̂+ ŷ, (xy)̂ = x̂ŷ

havasarow�yownneric:
�eoremn apacowcva� �:

Sahmanowm 2.6.3: Dicowq A{n involyowtiv hanraha�iv �: x ∈ A
�lement� ko�vowm � normal, e�e xx∗ = x∗x: S ⊂ A bazmow�yown�
ko�vowm � normal, e�e S{� komowtativ �  ∀x ∈ S hamar x∗ ∈ S:

�gtvelov Corni lemmayic` he�tow�yamb hamozvowm enq, or
amen mi normal en�abazmow�yown parownakvowm � mi in�{or maq{
simal normal en�abazmow�yan mej:

�eorem 2.6.3: Dicowq A{n involyowtiv banaxyan hanraha{
�iv �, isk B ⊂ A maqsimal normal en�abazmow�yown �: Ayd
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depqowm`
1) B{n A{owm miavorov �ak komowtativ en�ahanraha{
�iv �,
2) σB(x) = σA(x) (∀x ∈ B):

Apacowyc: Nax apacowcenq B{in patkanelow het yal hay{
tani��. e�e x ∈ A normal �  cankaca� y ∈ B hamar
xy = yx, apa x ∈ B:

Iroq, dicowq x ∈ A �lement� bavararowm � ver� n�va�
paymannerin: Qani or ∀y ∈ B ⇒ y∗ ∈ B, owsti

xy∗ = y∗x (∀y ∈ B)

orte�ic`
(xy∗)∗ = (y∗x)∗ (∀y ∈ B),

yx∗ = x∗y (∀y ∈ B) :

Het abar B ∪ {x, x∗} bazmow�yown� klini normal: Qani or B{n
maqsimal �, owsti B = B ∪ {x, x∗},  het abar x ∈ B :

E�e �gtvenq n�va� haytani�ic, apa parz kda�na, or
∀x, y ∈ B  ∀λ ∈ C hamar x + y, xy, λx ∈ B  e ∈ B (��? or
e = e∗): Owsti B{n miavorov komowtativ hanraha�iv �:

Ay�m cowyc tanq, or B{n �ak �` B ⊂ B: Iroq, dicowq x ∈ B
 {xn}∞1 ⊂ B, xn → x:

xny = yxn (y ∈ B)

havasarow�yownic  artadryali an�ndhatow�yownic kbxi, or

xy = yx (y ∈ B) :

Qani or ∀y ∈ B hamar y∗ ∈ B, owsti na xy∗ = y∗x,  kowne{
nanq

x∗y = (y∗x)∗ = (xy∗)∗ = yx∗ :

Masnavorapes (vercnelov y = xn) kstananq

x∗xn = xnx
∗ (n = 1, 2, . . .),
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orte�ic  artadryali an�ndhatow�yownic kbxi, or x∗x = xx∗:
Het abar, ver� B{in patkanalow hamar mer apacowcva�
haytani�ic kbxi, or x ∈ B:

2) In�pes 2.6.1 �eoremi apacowyci �n�acqowm tesanq,

σB(x) = σA(x) (∀x ∈ B) (2.6.3)

pndowm� hamar�eq �

B−1 = A−1 ∩B

havasarow�yan�: Qani or mi�t B−1 ⊂ A−1∩B, owsti (2.6.3){�
hamar�eq �

A−1 ∩B ⊂ B−1 (2.6.4)

a�n�ow�yan�:
Cowyc tanq (2.6.4){�: Dicowq x ∈ A−1 ∩ B: Qani or x ∈ B,

owsti x{� normal �,  het abar x−1{�  s normal �: Qani or

xy = yx (∀y ∈ B),

owsti
x−1y = yx−1 (∀y ∈ B)

 ver� B{in patkanelow hamar mer apacowca� haytani�ic
kbxi, or x−1 ∈ B, het abar x ∈ B−1:
�eoremn apacowcva� �:

§ 2.7. Kira�ow�yownner B∗{ hanraha�ivnerowm

Sahmanowm 2.7.1: Dicowq A{n involyowtiv banaxyan hanraha{
�iv �, isk x ∈ A: Kasenq (involyowciayi nkatmamb) x > 0, e�e
x = x∗  σ(x) ⊂ [0,∞):

�eorem 2.7.1: Dicowq A{n B∗ hanraha�iv �: Ayd depqowm`
1) simetrik �lementnern ownen irakan spektr,
2) e�e x ∈ A �lement� normal �, apa ρ(x) = ‖x‖,
3) e�e y ∈ A, apa ρ(yy∗) = ‖y‖2,
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4) e�e u, v > 0, apa u+ v > 0 (u, v ∈ A),
5) e�e y ∈ A, apa yy∗ > 0,
6) e�e y ∈ A, apa e+ yy∗ ∈ A−1:

Apacowyc: Cankaca� x ∈ A normal �lement parownakvowm � mi
in�{or B ⊂ A maqsimal normal bazmow�yan mej: Ayd depqowm
B{n komowtativ B∗{hanraha�iv �  het abar Gelfandi
� a�oxow�yown�, hama�ayn Gelfand{Naymarki �eoremi, B{n
izomorf{izometrik kerpov artapatkerowm � B̂ = C(MB)
hanraha�vi vra: In�pes gitenq`

σB(z) = ẑ(MB) (z ∈ B) : (2.7.1)

Bayc qani or B{n maqsimal normal bazmow�yown �, owsti
σA(z) = σB(z)  het abar`

σA(z) = ẑ(MB) (z ∈ B) : (2.7.2)

1) E�e x = x∗, apa �st Gelfand{Naymarki �eoremi` x̂{�
MB{i vra irakan ar�eqani fownkcia �,  (2.7.2){ic kbxi,
or

σ(x) = σA(x) ⊂ R :

2) E�e x{� normal �, apa (2.7.2){ic bxowm �, or ρ(x) = ‖x̂‖∞:
Qani or B{n  B̂{� izometrikoren izomorf en, owsti

‖x̂‖∞ = ‖x‖,

 het abar` ρ(x) = ‖x‖:
3) E�e y ∈ A, apa x = yy∗ �lement� simetrik �,  2){ic

kbxi, or
ρ(yy∗) = ‖yy∗‖ = ‖y‖2

(verjin qayl� bxowm � nranic, or A{n B∗-hanraha�iv �):
4) Dicowq u, v ∈ A  u, v > 0: N�anakenq α = ‖u‖, β = ‖v‖,
w = u+ v, γ = α+ β: Ayd depqowm σ(u) ⊂ [0, α]: Nkatenq, or

σ(αe− u) ⊂ [0, α] :
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Iroq,
λe− (αe− u) = − [(α− λ)e− u] ,

 qani or σ(u) ⊂ [0, α], owsti α − λ 6∈ [0, α] depqowm
λe− (αe− u) ∈ A−1  het abar`

σ(αe− u) ⊂ {λ : α− λ ∈ [0, α]} = [0, α] :

Ayste�ic kbxi, or
ρ(αe− u) 6 α,

 �gtvelov 2){ic bxo� ρ(αe − u) = ‖αe − u‖ a�n�ow�yownic`
kstananq

‖αe− u‖ 6 α :

�i�t nowyn � ov cowyc ktanq, or

‖βe− v‖ 6 β :

Het abar

‖γe− w‖ 6 ‖αe− u‖+ ‖βe− v‖ 6 α+ β = γ,

‖γe− w‖ 6 γ : (2.7.3)

Qani or w = w∗, owsti 1){ic bxowm �, or

σ(γe− w) ⊂ R

(��? or kownenanq (γe− w)∗ = γe− w): (2.7.3){ic kbxi, or

σ(γe− w) ⊂ [−γ, γ] : (2.7.4)

Bayc spektrneri artapatkerman masin �eoremic bxowm �,
or

σ(w) = γ − σ(γe− w),

owsti (2.7.4){ic kstananq σ(w) ⊂ [0, 2γ],  het abar` w > 0:
5) N�anakenq x = yy∗: Ayd depqowm x∗ = x: Dicowq B{n
nowynn �, in�{or apacowyci skzbowm �r: Ayd depqowm, in�pes
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1){n apacowcelis tesanq, x̂{� MB{i vra irakan fownkcia
�: (2.7.2){i �norhiv mez mnowm � cowyc tal, orMB-i vra x̂ > 0:

Qani or B̂ = C(MB), owsti ∃z ∈ B, or

ẑ = |x̂| − x̂ : (2.7.5)

Ayd depqowm ẑ{� klini irakan, owsti �st Gelfand{Naymarki
�eoremi` z = z∗: N�anakenq w = zy  w{n nerkayacnenq

w = u+ iv

tesqov, orte� u, v simetrik en: Ayd depqowm

ww∗ = zyy∗z∗ = zxz = z2x (2.7.6)

(�gtvecinq nranic, or z, x ∈ B �norhiv zx = xz),  het abar

w∗w = (u− iv)(u+ iv) = 2u2 + 2v2 − (u+ iv)(u− iv) =

= 2u2 + 2v2 − ww∗ = 2u2 + 2v2 − z2x : (2.7.7)

Qani or u = u∗, owsti σ(u) ⊂ R: Ayste�ic  spektrneri
artapatkerman �eoremic kbxi, or u2 > 0: �i�t nowyn � ov
cowyc ktanq, or v2 > 0: (2.7.5){ic parz �, orMB{i vra ẑ2x̂ 6 0:
Iroq, qani or x̂{� irakan �, owsti

ẑ2x̂ = (|x̂| − x̂)2 x̂ =
(
|x̂|2 − 2 |x̂| x̂+ x̂2

)
x̂ =

=
(
2x̂2 − 2 |x̂| x̂

)
x̂ = 2x̂2 (x̂− |x̂|) 6 0 :

Ayste�ic, z2x ∈ B paymanic  (2.7.2){ic kbxi, or −z2x > 0:
Het abar (2.7.7){ic  4) pndowmic kbxi, or w∗w > 0: �st 1.8.3
lemmayi`

σ(ab) \ {0} = σ(ba) \ {0},

owsti

σ(ww∗) ⊂ σ(w∗w) ∪ {0},
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orte�ic  ww∗ > 0 a�n�ow�yownic kbxi, or ww∗ > 0: (2.7.6){ic
 (2.7.1){ic kbxi, or ẑ2x̂ > 0: Bayc qi� a�aj tesanq, or na 
ẑ2x̂ 6 0, owsti ẑ2x̂ = 0: In�pes ver� tesanq` ẑ2x̂ = 2x̂2 (x̂− |x̂|),
owstiMB{i vra

2x̂2 (x̂− |x̂|) = 0 : (2.7.8)

Het abarMB{i vra
x̂ = |x̂| (2.7.9)

((2.7.8){ic bxowm �, or MB{i yowraqan�yowr ketowm 2x̂2 kam
x̂ − |x̂| artadri�neric gone mek� 0 �, sakayn parz �, or e�e
or � ketowm 0 � da�nowm a�ajin artadri��, apa erkrord�  s
ayd ketowm kda�na 0):

(2.7.9){ic kbxi, or x̂ > 0, orte�ic  (2.7.2){ic kstananq
σ(x) ⊂ [0,+∞):
6) Ownenq

σ (e+ yy∗) = 1 + σ (yy∗) :

�st 5){i` σ (yy∗) ⊂ [0,+∞), owsti σ (e+ yy∗) ⊂ [1,+∞),
 het abar` 0 6∈ σ (e+ yy∗): Sa �l henc n�anakowm �, or
e+ yy∗ ∈ A−1:
�eoremn apacowcva� �:

�eorem 2.7.2: Dicowq A{n B∗-hanraha�iv �, isk B ⊂ A
aynpisi �ak en�ahanraha�iv �, or e ∈ B,  ∀x ∈ B hamar
x∗ ∈ B: Ayd depqowm

σA(x) = σB(x) (∀x ∈ B) :

Apacowyc: In�pes 2.6.3 �eoremi 2) keti apacowyci �n�acqowm
n�vec, bavakan � cowyc tal, or

A−1 ∩B ⊂ B−1 :

Cowyc tanq verjins: Dicowq x ∈ A−1∩B: Ayd depqowm kownenanq
na , or x∗ ∈ A−1 ∩B  het abar`

xx∗ ∈ A−1 ∩B :
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�st naxord �eoremi` σA(xx∗) ⊂ (0,∞): Owsti σA(xx∗)-i
lracowm� C{owm klini kapakcva�  1.8.4 het anqic kbxi, or
σB(xx∗) = σA(xx∗): Stacvec, or σB(xx∗) ⊂ (0,∞),  het a{
bar 0 6∈ σB(xx∗), in�� n�anakowm �, or xx∗ ∈ B−1:

Ownenq
x−1 = x∗(x∗)−1x−1 = x∗(xx∗)−1,

owsti kstananq x−1 ∈ B,  het abar` x ∈ B−1:
�eoremn apacowcva� �:



Glowx 3

GAYIN SAHMANA�AK �PERATORNER
HILBERTYAN TARAOW�YOWNOWM

§ 3.1. Naxnakan te�ekow�yownner

�eorem 3.1.1: Dicowq {xn}{� H hilbertyan tara�ow�yownowm
vektorneri zowyg a� zowyg �r�ogonal hajordakanow�yown �:
Ayd depqowm het yal ereq pndowmnern irar hamar�eq en`

1)
∞∑
n=1

xn �arq� H{i normov zowgamet �,

2) ∀y ∈ H hamar
∞∑
n=1

(xn, y) �arq� zowgamet �,

3)
∞∑
n=1

‖xn‖2 <∞:

Apacowyc� tanenq 1) ⇒ 2) ⇒ 3) ⇒ 1) sxemayov:
1) ⇒ 2) Sa anmijapes bxowm � skalyar artadryali
an�ndhatow�yownic:
2) ⇒ 3) Sahmanenq Λn ∈ H∗ fownkcionalner�

Λny =

n∑
i=1

(y, xi) (y ∈ H, n = 1, 2, . . .)

bana� erov: 2) paymanic bxowm �, or ∀y ∈ H hamar
{Λny} �vayin hajordakanow�yown� zowgamet �  het abar
sahmana�ak �: �st Banax{
teynhaowsi �eoremi` {‖Λn‖}∞n=1

hajordakanow�yown� sahmana�ak �: Bayc Λny =

(
y,

n∑
i=1

xi

)
,

owsti

‖Λn‖ =

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ =

[
n∑
i=1

‖xi‖2
] 1

2

,
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het abar,
∞∑
i=1

‖xi‖2 <∞ :

3) ⇒ 1) Ownenq∥∥∥∥∥
n+m∑
i=1

xi −
n∑
i=1

xi

∥∥∥∥∥
2

=

∥∥∥∥∥
n+m∑
i=n+1

xi

∥∥∥∥∥
2

=

(
n+m∑
i=n+1

xi,

n+m∑
k=n+1

xk

)
=

=
n+m∑
i=n+1

n+m∑
k=n+1

(xi, xk) =
n+m∑
i=n+1

‖xi‖2 ⇒
n→∞

0, m ∈ N

owsti
n∑
i=1

xi hajordakanow�yown� fowndamental �  het abar`

zowgamet �:
�eoremn apacowcva� �:

�eorem 3.1.2: E�e H{� kompleqs hilbertyan tara�ow�yown
�6, DT = H  T : DT → H g�ayin �peratorn aynpisin �, or

(Tx, x) = 0 (x ∈ DT ),

apa T = 0:

Apacowyc: ∀x, y ∈ DT  α ∈ C hamar ownenq

(T (x+ αy), x+ αy) = 0,

(Tx, x) + α(Tx, y) + α(Ty, x) + |α|2(Ty, y) = 0,

or�, �gtvelov
(Tx, x) = (Ty, y) = 0

havasarow�yownic, karo� enq grel

α(Tx, y) + α(Ty, x) = 0

6Aysowhet menq kditarkenq miayn kompleqs hilbertyan tara�ow�yown{
ner�:
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parzecva� tesqov: Vercnelov α = 1  α = i, kownenanq{
(Tx, y) + (Ty, x) = 0,

− (Tx, y) + (Ty, x) = 0,

orte�ic kstananq

(Tx, y) = 0 (∀x, y ∈ DT ) :

Skalyar artadryali an�ndhatow�yownic  DT = H paymanic
kbxi, or

(Tx, y) = 0 (∀x ∈ DT , ∀y ∈ H) :

Ayste� fiqselov x{�  vercnelov y = Tx, kstananq Tx = 0
(∀x ∈ DT ): Owsti T = 0:
�eoremn apacowcva� �:

Het anq 3.1.1 (Miakow�yan �eorem): E�e H kompleqs hil{
bertyan tara�ow�yan vra oro�va� S  T g�ayin �pera{
tornern aynpisin en, or

(Sx, x) = (Tx, x) (x ∈ H),

apa S = T :

Apacowcelow hamar naxord �eorem� kkira�enq S − T �pera{
tori vra: I

T ∈ BL(H) hamar kn�anakenq

ker(T ) = {x ∈ H : Tx = 0}, Im(T ) = T (H) :

Lemma 3.1.1: ∀T ∈ BL(H) hamar

ker(T ∗) = [Im(T )]⊥  ker(T ) = [Im(T ∗)]⊥ :

Apacowyc: Het yal �ors pndowmneric yowraqan�yowrn aknhay{
toren hamar�eq � ir hajordin  (kam) naxordin.

T ∗y = 0,
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(x, T ∗y) = 0 (∀x ∈ H),

(Tx, y) = 0 (∀x ∈ H) ,

y ∈ [Im(T )]⊥ :

Het abar`

ker(T ∗) = [Im(T )]⊥ :

Qani or T ∗∗ = T , owsti �eoremi erkrord pndowm� bxowm �
a�ajinic, e�e nranowm T {n �oxarinenq T ∗{ov:
Lemman apacowcva� �:

Sahmanowm 3.1.1: T ∈ BL(H) �perator� ko�vowm �`
a) normal, e�e TT ∗ = T ∗T ,
b) inqnahamalow� (kam hermityan, simetrik), e�e T ∗ = T ,
g) ownitar, e�e T ∗T = I = TT ∗, orte� I{n nowynakan arta{
patkerowmn � H tara�ow�yownowm,
d) proyektor, e�e T 2 = T :

Parz �, or inqnahamalow�  ownitar �peratorner� normal
en:

�eorem 3.1.3: Dicowq T ∈ BL(H): Ayd depqowm`
1) T {n normal � ayn  miayn ayn depqowm, erb

‖Tx‖ = ‖T ∗x‖ (∀x ∈ H) ;

2) E�e T �perator� normal �, apa ker(T ) = ker(T ∗) =
= [Im(T )]⊥;
3) E�e T {n normal �,  or � x ∈ H ow α ∈ C hamar Tx = αx,
apa T ∗x = αx;
4) E�e T �perator� normal �, isk α{n  β{n T �peratori`
iraric tarber se�akan ar�eqner en, apa dranc hama{
patasxan se�akan en�atara�ow�yownner� �r�ogonal
en:

Apacowyc: 1){n anmijapes bxowm �

‖Tx‖2 = (Tx, Tx) = (T ∗Tx, x)
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‖T ∗x‖2 = (T ∗x, T ∗x) = (TT ∗x, x)

havasarow�yownneric  3.1.1 het anqic:
2) pndowm� bxowm � 1) pndowmic  3.1.1 lemmayic:
3) E�e T {n normal �, apa T−αI �perator�  s normal �, owsti
2){ic kbxi, or

ker(T − αI) = ker (T ∗ − αI) ,

orte�ic �l kbxi 3){�:
4) Dicowq Tx = αx, Ty = βy, �gtvelov 3){ic, kownenanq

α(x, y) = (αx, y) = (Tx, y) = (x, T ∗y) =
(
x, βy

)
= β(x, y),

(α− β)(x, y) = 0,

 qani or α 6= β, owsti x ⊥ y:
�eoremn apacowcva� �:

�eorem 3.1.4: E�e U ∈ BL(H), apa het yal ereq payman{
ner� hamar�eq en`
1) U-n ownitar �perator �,
2) Im(U) = H  (Ux,Uy) = (x, y) (∀x, y ∈ H),
3) Im(U) = H  ‖Ux‖ = ‖x‖ (∀x ∈ H):

Apacowyc� tanenq 1) ⇒ 2) ⇒ 3) ⇒ 1) sxemayov:
1) ⇒ 2): Qani or UU∗ = I , owsti Im(U) = H : Ownenq na , or
U∗U = I , owsti

(Ux,Uy) = (x, U∗Uy) = (x, y) :

2) ⇒ 3): Sa aknhayt �:
3) ⇒ 1): ∀x ∈ H hamar

(U∗Ux, x) = (Ux,Ux) = ‖Ux‖2 = ‖x‖2 = (x, x),

owsti 3.1.1 het anqic kbxi, or U∗U = I: Bayc 3){ic bxowm �,
or U{n BL(H) banaxyan hanraha�vi hakadar�eli �lement
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�` U−1U = UU−1 = I , owsti U∗U = I a�n�ow�yownic kbxi, or
U∗ = U−1   het abar`

U∗U = UU∗ = I :

�eoremn apacowcva� �:

�eorem 3.1.5: Dicowq P ∈ BL(H) proyektor �: Ayd depqowm
het yal �ors pndowmnern irar hamar�eq en`

1) P {n inqnahamalow� �;
2) P {n normal �;
3) Im(P ) = [ker(P )]⊥, 7

4) (Px, x) = ‖Px‖2 (∀x ∈ H):

Apacowyc� katarenq 1) ⇒ 2) ⇒ 3) ⇒ 4) ⇒ 1) sxemayov:
1) ⇒ 2) pndowmn aknhayt �:
2) ⇒ 3): 3.1.3 �eoremi 2{rd pndowmic kbxi, or

ker(P ) = [Im(P )]⊥ :

Qani or P {n proyektor �, owsti Im(P ) = ker(I − P ),  
het abar Im(P ){n �ak �: Owsti Im(P ) = [ker(P )]⊥:
3) ⇒ 4): Vercnenq kamayakan x ∈ H vektor  ayn
nerkayacnenq

x = y + z

tesqov, orte� z ∈ Im(P ), y ∈ ker(P ): Kownenanq z = Ph, orte�
h ∈ H : Het abar

Pz = P 2h = Ph = z :

Qani or z ⊥ y, owsti Py = 0 paymanic kbxi, or

‖Px‖2 = (Px, Px) = (Py+Pz, Py+Pz) = (Pz, Pz) = (Pz, z) =

= (P (x− y), x− y) = (Px− Py, x− y) = (Px, x)− (Px, y) =

7Im(P ) = [ker(P )]⊥ paymani het kapva� ha�ax asowm en, or P {n �r{
�oproyektor �:
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= (Px, x)− (Py + Pz, y) = (Px, x)− (z, y) = (Px, x) :

4) ⇒ 1): ∀x ∈ H hamar

(P ∗x, x) = (x, P ∗x) = (Px, x) = ‖Px‖2 = ‖Px‖2 = (Px, x),

owsti 3.1.1 het anqic kbxi, or P ∗ = P :
�eoremn apacowcva� �:

�eorem 3.1.6: Dicowq S, T ∈ BL(H), �nd orowm S{� inqna{
hamalow� �: Ayd depqowm orpeszi ST = 0, anhra�e�t �  
bavarar, or

Im(S) ⊥ Im(T ) :

Apacowyc� bxowm � (Sx, Ty) = (x, STy) havasarow�yownic:
�eoremn apacowcva� �:
Xndir: Dicowq X{� banaxyan tara�ow�yown �, S(X){� X{i miavor
sferan �, isk F = {U} izometrik �peratorneri xowmb �: Kasenq
F{� gor�owm � tranzitiv S(X){i vra, e�e ∀x, y ∈ S(X) hamar
∃U ∈ F , or Ux = y:

Haytni � (tes` [13]), or e�e X{� verjavor �a�ani �  goyow�yown

owni S(X){i vra tranzitiv gor�o� F izometrik �peratorneri

xowmb, apa X{� hilbertyan tara�ow�yown � (sa o� trivial, nowrb

ardyownq �): Harc� kayanowm � nranowm, �e ardyo?q anverj �a�ani

depqowm  s sa �i�t � (patasxan� haytni ��): I

§ 3.2. �eorem te�a�oxeliow�yan masin

Ays en�avernagri tak  s khamarenq, or H{� kompleqs
hilbertyan tara�ow�yown �:

�eorem 3.2.1 (Fowglid{Powtnam{�ozenblyowm): Dicowq M,N,
T ∈ BL(H), �nd orowm M  N �peratorner� normal en:
Ayd depqowm, e�e

MT = TN, (3.2.1)

apa

M∗T = TN∗ : (3.2.2)
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Apacowyc: Dicowq S ∈ BL(H) kamayakan �perator �:
Vercnenq V = S − S∗  ditarkenq

Q = exp(V ) =
∞∑
n=0

1

n!
V n (3.2.3)

�perator�: Ayd depqowm V ∗ = −V ,  het abar`

Q∗ = exp(V ∗) = exp(−V ) = Q−1 : (3.2.4)

Het abar, Q{n ownitar �: Ayspisov`

‖exp(S − S∗)‖ = 1 (∀S ∈ BL(H)) : (3.2.5)

(3.2.1){ic �st k{i indowkciayov kstananq, or

MkT = TNk (k = 1, 2, 3, . . .) :

Het abar
exp(M)T = T exp(N), (3.2.6)

kam`
T = exp(−M)T exp(N) : (3.2.7)

N�anakenq U1 = exp (M∗ −M), U2 = exp (N −N∗): Qani or
M{�  N{� normal en, owsti

exp (M∗) exp(−M) = exp (M∗ −M) ,

exp (N) exp(−N∗) = exp (N −N∗) ,

orte�ic  (3.2.7)-ic kownenanq

exp (M∗)T exp (−N∗) = U1TU2 : (3.2.8)

(3.2.5){ic bxowm �, or ‖U1‖ = ‖U2‖ = 1, orte�ic  (3.2.8){ic
kstananq

‖exp(M∗)T exp (−N∗)‖ 6 ‖T‖ (3.2.9)
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anhavasarow�yown�: N�anakenq

f(λ) = exp (λM∗)T exp (−λN∗) (λ ∈ C)

(sa hi�ecnowm � § 1.8-owm apacowcva�` Lepa�i �eoremowm di{
tarkva� ��andak fownkcian):M  N �peratorneri het mek{
te� λM  λN �peratorner�  s normal en, ow bavararowm en(

λM
)
T = T

(
λN
)

paymanin, owsti (3.2.9){owm M{�  N{� kareli � �oxarinel
hamapatasxanabar λM{ov  λN{ov,  ardyownqowm
kstananq, or

‖f(λ)‖ 6 ‖T‖ (∀λ ∈ C) : (3.2.10)

Bayc f{� C{owm` ambo�j (ow�e� analitik) BL(H) ar�eqani
fownkcia �, owsti (3.2.10){ic  Liowvili �eoremic kbxi, or f{�
hastatown �`

f(λ) = f(0) (∀λ ∈ C) :

Het abar

f ′(λ) = 0 (∀λ ∈ C) : (3.2.11)

Bayc he�t � tesnel, or

f ′(λ) = exp (λM∗) (M∗T − TN∗) exp (−λN∗) ,

owsti (3.2.11){owm vercnelov λ = 0, kstananq

M∗T − TN∗ = 0,

orte�ic �l kstacvi (3.2.2){�:
�eoremn apacowcva� �:

Dito�ow�yown 3.2.1: Veranayelov 3.2.1 �eoremi apacowyc�`
nkatowm enq, or ayd apacowycowm �gtagor�vowm en BL(H){i
miayn ayn hatkow�yownner�, oronq n�anakowm en, or ayn
B∗-hanraha�iv �: Owsti 3.2.1 �eoremi apacowyc� kareli �
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ba�acioren anckacnel B∗-hanraha�ivneri hamar: Ays han{
gamanq�, sakayn, �st �ow�yan �i berowm 3.2.1 �eoremi �nd{
hanracman, qani or, in�pes menq hetagayowm ktesnenq,
cankaca� B∗-hanraha�iv kareli � involyowcian pahpano�
izometrikakan izomorfizmi (∗ { izometrikakan izomorfizm)
mijocov artapatkerel mi in�{or H hilbertyan tara�ow�yan
vra oro�va� BL(H) g�ayin sahmana�ak �peratorneri
hanraha�vi in�{or �ak en�ahanraha�vi vra: N�enq, or 3.2.1
�eoremn owni �ndhanracowm kamayakan kompleqs banaxyan
hanraha�ivneri hamar: I

§ 3.3. Miavori verlow�ow�yown�

Sahmanowm 3.3.1: Dicowq Ω{n in�{or bazmow�yown �, isk M{�
Ω{i en�abazmow�yownneri �ntaniq �` M ⊂ 2Ω: M{� ko�vowm
� σ{hanraha�iv, e�e te�i ownen het yal 3 paymanner�.

1) Ω ∈M,
2) e�e w ∈M, apa Ω \ w ∈M,

3) e�e {wi}∞i=1 ⊂M, apa
∞⋃
i=1

wi ∈M:

E�e M{� σ{hanraha�iv �, apa (Ω,M) zowyg� ko�vowm � �a{
�eli tara�ow�yown:

Sahmanowm 3.3.2: Dicowq (Ω,M){� �a�eli tara�ow�yown �, X{�
banaxyan tara�ow�yown �, isk m : M −→ X : m{� ko�vowm
� X ar�eqani (vektorakan) �a�` M{i vra, e�e ayn M{i
vra σ{aditiv �, aysinqn` ∀{wn}∞n=1 ⊂ M ha�veli �vov zowyg

a� zowyg �hatvo� bazmow�yownneri hamar
∞∑
n=1

m(wn) �arq� X{i

normov zowgamitowm � m

( ∞⋃
n=1

wn

)
vektorin`

m

( ∞⋃
n=1

wn

)
=
∞∑
n=1

m(wn) :
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Hi�enq, or e�e qi� a�aj trva� sahmanman mej amenowreq X{�
�oxarinenq [0,∞]{ov, apa stacvowm � o� bacasakan �a�i
sahmanowm�:8

Sahmanowm 3.3.3: Dicowq (Ω,M){� �a�eli tara�ow�yown �, isk
H{� hilbertyan tara�ow�yown �: Ayd depqowm E : M −→ BL(H)
artapatkerowm� ko�vowm � (M{i vra) miavori verlow�ow�yown,
e�e ayn bavararowm � het yal paymannerin`
1) E(Ø) = 0, E(Ω) = I ,
2) ∀w ∈M hamar E(w){n �r�oproyektor �,
3) E (w′ ∩ w′′) = E (w′)E (w′′) (∀w′, w′′ ∈M),
4) e�e w′ ∩ w′′ = Ø, apa E (w′ ∪ w′′) = E (w′) + E (w′′),
5) ∀x, y ∈ H hamar

Ex,y(w) = (E(w)x, y)

bana� ov oro�vo� fownkcian handisanowm � kompleqs �a�`M{i
vra:

Dicowq X{� kompakt kam lokal kompakt haowsdorfyan
tara�ow�yown �: In�pes gitenq, B(X) borelyan
bazmow�yownneri das� sahmanvowm � orpes bac bazmow�yownner�
parownako� minimal σ{hanraha�iv (kam or nowynn �` kompakt
bazmow�yownner� parownako� minimal σ{hanraha�iv): B(X){i
vra trva� �a�er� ko�vowm en borelyan �a�er: Dicowq
m : B(X) → C kompleqs borelyan �a� �: |m| : B(X) → [0,∞)
�a�� sahmanenq

|m|(E) = sup

∞∑
i=1

|m (Ei)|

bana� ov, orte� ��grit verin ezr� vercvowm � �st bolor hna{
ravor {Ei}∞i=1 ⊂ B(X) zowyg a� zowyg �hatvo� ha�veli �nta{
niqneri, oronc hamar

∞⋃
i=1

Ei = E :

8�a�i tesow�yan het kapva� tes [12], [19], [22], [28] grqer�:
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Apacowcvowm �, or |m|{� B(X){i vra o� bacasakan verjavor
�a� �: Ayn ko�vowm � m �a�i lriv variacia: Erbemn lriv va{
riacia en anvanowm na 

|m|(X)

verjavor �iv� (he�t � tesnel, or |m|(X) > |m(X)|, sakayn
partadir ��, or |m|(X) = |m(X)|):

µ : B(X) → [0,∞) �a�� ko�vowm � �egowlyar, e�e ayn bava{
rarowm � het yal erkow paymannerin.
1) ∀E ∈ B(X) hamar

µ(E) = inf{µ(V ) : E ⊂ V, V − bac �},

2) ∀E ∈ B(X) hamar

µ(E) = sup{µ(K) : K ⊂ E, K − n kompakt �} :

m : B(X)→ C kompleqs �a�� ko�vowm � �egowlyar, e�e �egowlyar
� nra |m| lriv variacian:

Ay�m dicowq 3.3.3 sahmanman mej M = B(X) : Ayd depqowm
3.3.3 sahmanman 5) paymani mej sovorabar avelacnowm en ayn
pahanj�, or ∀x, y ∈ H hamar Ex,y{� lini �egowlyar borelyan
�a�:

Berenq 3.3.3 sahmanman 1)-5) paymanneric bxo� oro� parz
het anqner:

Qani or E(w) �peratorneric yowraqan�yowr� handisanowm
� �r�oproyektor, owsti

Ex,x(w) = (E(w)x, x) = ‖E(w)x‖2 (x ∈ H) :

Het abar Ex,x fownkcianeric yowraqan�yowr� klini M{i vra
o� bacasakan �a�  nra lriv variacian havasar klini`

‖Ex,x‖ = Ex,x(Ω) = ‖x‖2 :

3){rd paymanic bxowm �, or cankaca� erkow E(w)
proyektorner te�a�oxeli en:
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1)  3) paymanneric bxowm �, or w′∩w′′ = Ø depqowm E(w′)  
E(w′′) �peratorneri patkerner� �r�ogonal en: 4) paymani
hama�ayn E fownkcian verjavor aditiv �: Harc � �agowm`
klini? ardyoq E fownkcian ha�veli aditiv, aysinqn`

∞∑
n=1

E (wn) (3.3.1)

�arq� kzowgamiti E(w){in �st BL(H){i normi, e�e w{n han{
disanowm � wn ∈ M ha�veli �vov zowyg a� zowyg �hatvo� baz{
mow�yownneri miavorowm: N�anakenq

Sn =
∞∑
k=1

E (wk) :

Ownenq

Sn+m − Sn =

n+m∑
k=n+1

E (wk) :

Qani or E(wk){er� zowyg a� zowyg �r�ogonal �r�oproyektorner
en, owsti (Sn+m − Sn){� klini �r�oproyektor: Het abar

‖Sn+m − Sn‖ = 0

kam
‖Sn+m − Sn‖ = 1 :

Owsti (3.3.1) �arqi masnaki gowmarner� kkazmen BL(H){owm
fowndamental hajordakanow�yown ayn  miayn ayn depqowm, erb
∃N bnakan �iv, or

Sn = SN (n > N) : 9

Owsowmnasirow�yownic hanelov aydpisi trivyal depqer�, kow{
nenanq, or E fownkcian erbeq n�va� imastov σ{aditiv �i
linowm:

9 Sa n�anakowm �, or sksa� oro� hamaric (3.3.1) �arqi andamner� da�{
nowm en 0{akan: Da bxowm � na E(wn) → 0 zowgamitow�yan anhra�e�t
paymanic  nranic, or E(wn){� �r�oproyektor �:
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Lemma 3.3.1: E�e E : M → BL(H) miavori verlow�ow�yown �
 x ∈ H , apa

w 7−→ E(w)x

fownkcian handisanowm � M{i vra σ{aditiv H ar�eqani
�a�:

Apacowyc: Dicowq wn ∈ M (n = 1, 2, . . .) zowyg a� zowyg �en
hatvowm  

w =

∞⋃
n=1

wn :

Ayd depqowm kownenanq

Im [E(wn)] ⊥ Im [E(wm)] (n 6= m),

owsti

E(wn)x ⊥ E(wm)x (n 6= m) :

�st miavori verlow�ow�yan sahmanman 5) paymani`

∞∑
n=1

(E(wn)x, y) = (E(w)x, y) (∀x, y ∈ H),

 qani or {E(wn)}∞n=1{� �r�ogonal hamakarg �, owsti 3.1.1 �e{
oremic kbxi, or H{i normov`

∞∑
n=1

E(wn)x = E(w)x :

Lemman apacowcva� �:

Lemma 3.3.2: Dicowq E : M → BL(H) miavori verlow�ow�yown
�: Ayd depqowm e�e wn ∈ M, E(wn) = 0 (n = 1, 2, . . .)  

w =
∞⋃
n=1

wn, apa E(w) = 0:
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Apacowyc: Qani or E(wn) = 0, owsti Ex,x(wn) = 0, ∀x ∈ H
hamar: Qani or Ex,x �a�eric yowraqan�yowr� σ{aditiv �,
owsti Ex,x(w) = 0, ∀x ∈ H : Bayc

‖E(w)x‖2 = Ex,x(w),

owsti

E(w)x = 0, ∀x ∈ H

 het abar E(w) = 0:
Lemman apacowcva� �:

Ay�m dicowq (Ω,M, µ){n �a�ov tara�ow�yown � (µ{nM{i vra
σ-aditiv o� bacasakan �a� �): f : Ω → C fownkcian ko�vowm
� �apes sahmana�ak (µ{i nkatmamb), e�e ∃N ∈ M, aynpes,
or µ(N) = 0  f{� Ω \N{i vra sahmana�ak �: Ayd depqowm

inf
N ∈M
µ(N)=0

sup
s∈Ω\N

|f(s)|

me�ow�yown� ko�vowm � |f(·)|{i �apes ��grit verin ezr  n�a{
nakvowm �

vrai sup
µ s∈Ω

|f(s)|

kam

sup ess|f(s)|

simvolov: e�e f{� �apes sahmana�ak ��, hamarowm en, or

vrai sup
µ s∈Ω

|f(s)| =∞ :

L∞(Ω){ov knanakenq bolor �a�eli �apes sahmana�ak fownk{
cianeri das� (ha�ax �apes sahmana�akow�yan sahmanman
mej mtcvowm � fownkciayi �a�eliow�yan pahanj�): L∞(Ω){n

‖f‖∞ = vrai sup
µ s∈Ω

|f(s)|
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normi nkatmamb handisanowm � komowtativ B∗{hanraha�iv
(miavor� f(s) ≡ 1 fownkcian �): Owsti �st Gelfand{Naymarki
�eoremi`

L̂∞ (Ω) = C
(
ML∞(Ω)

)
:

Ays ardyownq� parzabanowm � na , �e in�ow an�ndhat fownk{
cianeri tara�ow�yownowm norm� ha�ax growm en ‖·‖∞ simvolov:

Nkatenq, or e�e f : Ω→ C fownkcian �a�eli �  goyow�yown
owni aynpisi r ∈ [1,∞) �iv, or

‖f‖r =

∫
Ω

|f |rdµ

 1
r

<∞,

apa

‖f‖p −−−→
p→∞

‖f‖∞ :

Iroq, e�e 0 < ‖f‖∞ < α, apa p > r hamar

‖f‖p =

∫
Ω

|f |r · |f |p−rdµ

 1
p

6 ‖f‖
p−r
p
∞ · ‖f‖

r
p
r −→p→∞ ‖f‖∞ < α,

owsti bavakana�a� me� p{eri hamar ‖f‖p < α: Myows ko�mic,
e�e ‖f‖∞ > β, apa ∃Ω1 ⊂ Ω drakan �a�i bazmow�yown, or
|f(x)|>β1>β (x ∈ Ω1), owsti

‖f‖p >

∫
Ω1

|f |pdµ

 1
p

> β1 [µ (Ω1)]
1
p ,

 het abar, bavakana�a� me� p{eri hamar ‖f‖p > β:

Apacowcva� pndowm� parz � dar�nowm L∞(Ω)  ‖f‖∞
n�anakowmner�:
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§ 3.4. L∞(E) hanraha�iv�

Dicowq (Ω,M){� �a�eli tara�ow�yown �, H{� hilbertyan
tara�ow�yown �,  E : M → BL(H) miavori verlow�ow�yown �:
C-i separabelow�yan �norhiv goyow�yown owni bac �rjanneri
{Di}∞i=1 ha�veli �ntaniq, or� handisanowm � C{i baza: Dicowq
f : Ω→ C �a�eli fownkcia �: V {ov n�anakenq E

(
f−1(Di)

)
= 0

paymanin bavararo� bolor Di �rjanneri miavorowm�: 3.3.2 lem{
mayic kbxi, or E

(
f−1(V )

)
= 0: He�t � tesnel, or V {n ayd

hatkow�yamb ��tva� amenalayn bac bazmow�yownn �:
C \ V bazmow�yown� ko�vowm � f{i �akan ar�eqneri bazmow{

�yown: C \ V {n ayn amena�oqr �ak bazmow�yownn �, or� parow{
nakowm � f(p) ar�eqner� hamarya bolor p ∈ Ω hamar: Verjins
n�anakowm �, or

f−1(V ) = {p ∈ Ω : f(p) 6∈ C \ V } ⊂ w,

orte� w ∈M  E(w) = 0:
Kasenq, or f fownkcian �apes sahmana�ak �, e�e nra

�akan ar�eqneri bazmow�yown� sahmana�ak � ( het abar`
kompakt �): Ayd depqowm

‖f‖∞ = sup {|λ| : λ ∈ C \ V } = max {|λ| : λ ∈ C \ V }

me�ow�yown� ko�vowm � f{i �apes verin ezr:
Dicowq B{n bolor f : Ω → C sahmana�ak �a�eli fownk{

cianeri hanraha�ivn �`

‖f‖ = sup {|f(p)| : p ∈ Ω}

normov: Ayd depqowm aknhayt �, or B{n handisanowm � banax{
yan hanraha�iv,  

N = {f ∈ B : ‖f‖∞ = 0}

bazmow�yown� B{i ideal �, �nd orowm ayd ideal� (hama�ayn 3.3.2
lemmayi) �ak �: Het abar B/N faktor{hanraha�iv� handi{
sanowm � banaxyan hanraha�iv: Ayn sovorabar n�anakvowm �
L∞(E){ov:
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[f ] = f +N �lementi (harakic dasi) norm� L∞(E){owm ha{
vasar � ‖f‖∞, isk σ ([f ]) spektr� ham�nknowm � f fownkciayi
�akan ar�eqneri bazmow�yan het: N�anakowmnerowm menq �enq
tarberi f fownkcian  ayn parownako� [f ] das�` in�pes da
�ndownva� � fownkcianeri tesow�yownowm:

Sahmanowm 3.4.1: s : Ω → C fownkcian ko�vowm � parz10, e�e
nra �ndowna� ar�eqneri bazmow�yown� verjavor �: Dicowq s
parz fownkcian �ndownowm � w1, w2, . . . , wn ar�eqner� (wi 6= wj ,
i 6= j): Ayd depqowm s{� kgrvi

s(x) =
n∑
i=1

wiχAi(x)

tesqov, orte� Ai = s−1 ({wi}): Parz �, or Ai ∩Aj = Ø, i 6= j  
s{� klini �a�eli ayn  miayn ayn depqowm, erb �a�eli en bolor
Ai bazmow�yownner�:

Lemma 3.4.1: Parz fownkcianer� amenowreq xit en
L∞(E){owm:

Apacowyc: Dicowq f ∈ L∞(E)  K{n f{i �akan ar�eqneri
bazmow�yownn �: Vercnenq ∀n ∈ N bnakan �iv  C har�ow�yan

vra ditarkenq
1

2n
ko�ov qa�akowsayin canc�: N�anakenq

∆
(n)
mk =

{
z ∈ C :

m

2n
6 Re z <

m+ 1

2n
,
k

2n
6 Im z <

k + 1

2n

}
:

(m, k = 0,±1,±2, . . .)

N�anakenq In =
{

(m, k) : ∆
(n)
mk ∩K 6= 0

}
: Qani or K{n kom{

pakt �, owsti In{� verjavor bazmow�yown �: ∀(m, k) ∈ In zowygi
hamar �ntrenq mekakan

ξ
(n)
mk ∈ ∆

(n)
mk ∩K

10Erbemn parz anvanowm en na ayn fownkcianerin, oronc �ndowna�
ar�eqneri bazmow�yown� ha�veli �, isk miayn verjavor �vov ar�eqner
�ndowno� fownkcianerin anvanowm en asti�ana� :
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ket  sahmanenq

sn(x) =
∑

(m,k)∈In

ξ
(n)
mkχA(n)

mk

(x);

orte� A
(n)
mk = f−1

(
∆

(n)
mk ∩K

)
: Aknhayt �, or sn{� parz fownk{

cia �: Parz �, or sn ∈ L∞(E): Qani or f−1(K) =
⋃

(m,k)∈In

A
(n)
mk,

 A
(n)
mk{er� �en hatvowm, owsti∑

(m,k)∈In

χ
A

(n)
mk

(x) = 1
(
x ∈ f−1(K)

)
,

 het abar

|f(x)− sn(x)| =

∣∣∣∣∣∣
∑

(m,k)∈In

(
f(x)− ξ(n)

mk

)
χ
A

(n)
mk

(x)

∣∣∣∣∣∣ 6
6

∑
(m,k)∈In

∣∣∣f(x)− ξ(n)
mk

∣∣∣ · χ
A

(n)
mk

(x) :

Nkatenq, or x ∈ A
(n)
mk depqowm f(x), ξ

(n)
mk ∈ ∆

(n)
mk, owsti∣∣∣f(x)− ξ(n)

mk

∣∣∣{� �i gerazancowm ∆
(n)
mk{i ankyownag�i erkarow�yow{

nic, or� havasar �

√
2

2n
: Het abar

∣∣∣f(x)− ξ(n)
mk

∣∣∣ · χ
A

(n)
mk

(x) 6

√
2

2n
χ
A

(n)
mk

(x)
(
x ∈ A(n)

mk

)
:

Ays gnahatakan� �i�t � na x 6∈ A(n)
mk depqowm, qani or ayd{

pisi x{eri hamar anhavasarow�yan erkow ko�mn �l da�nowm en
zro: Het abar

|f(x)− sn(x)| 6
√

2

2n

∑
(m,k)∈In

χ
A

(n)
mk

=

√
2

2n
,
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|f(x)− sn(x)| 6
√

2

2n
(
x ∈ f−1(K)

)
,

orte�ic kbxi, or

sup
x∈f−1(K)

|f(x)− sn(x)| 6
√

2

2n
:

Ayste�ic, ha�vi a�nelov, or sn(x) = 0 (x 6∈ f−1(K)), stanowm
enq

‖f − sn‖∞ 6 sup
f−1(K)

|f(x)− sn(x)| 6
√

2

2n
−→
n→∞

0,

orte�ic �l kbxi, or sn
L∞(E)−−−−→
n→∞

f :

Lemman apacowcva� �:

�eorem 3.4.1: Cankaca� E miavori trohman hamar

(Ψ(f)x, y) =

∫
Ω

f dEx,y (f ∈ L∞(E), x, y ∈ H) (3.4.1)

bana� ov oro�vowm � Ψ : L∞(E) → A izometrikakan izo{
morfizm L∞(E){i  BL(H){i oro�aki A �ak normal en�a{
hanraha�vi mij : Ayd Ψ izomorfizm� bavararowm �

Ψ
(
f
)

= Ψ(f)∗ (f ∈ L∞(E)) (3.4.2)

 

‖Ψ(f)x‖2 =

∫
Ω

|f |2dEx,x (x ∈ H, f ∈ L∞(E)) (3.4.3)

paymannerin:
Baci dranic, Q ∈ BL(H) �perator� bolor E(w) �pe{

ratorneri het te�a�oxeli klini ayn  miayn ayn dep{
qowm, erb Q{n te�a�oxeli � bolor Ψ(f) �peratorneri
het:
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Dito�ow�yown 3.4.1: (3.4.1) bana� � ha�ax growm en

Ψ(f) =

∫
Ω

f dE (3.4.4)

tesqov: I

Apacowyc: Ditarkenq Ω{i kamayakan {w1, w2, . . . , wn} tro{
howm wi ∈M bazmow�yownneri: Dicowq

s =
n∑
i=1

αiχwi

parz fownkcia �: Ψ(s) ∈ BL(H) �perator� sahmanenq

Ψ(s) =
n∑
i=1

αiE(wi) (3.4.5)

bana� ov: Qani or E(wi) �peratorneric yowraqan�yowr� inq{
nahamalow� �, owsti

Ψ(s)∗ =

n∑
i=1

αiE(wi) = Ψ (s) : (3.4.6)

E�e {w′1, w′2, . . . , w′m}{� nowyn tipi mek ayl trohowm �,  

t =
m∑
j=1

βiχw′j , apa

Ψ(s)Ψ(t) =
∑
i,j

αiβjE(wi)E
(
w′j
)

=
∑
i,j

αiβjE
(
wi ∩ w′j

)
:

Qani or st {n parz fownkcia �, or� wi ∩ w′j{i vra �ndownowm �
αiβj ar�eq�, owsti ayste�ic bxowm �, or

Ψ(s)Ψ(t) = Ψ(st) : (3.4.7)
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He�t � na tesnel, or

Ψ(αs+ βt) = αΨ(s) + βΨ(t) : (3.4.8)

E�e x, y ∈ H , apa (3.4.5) bana� i hama�ayn`

(Ψ(s)x, y) =
n∑
i=1

αi (E(wi)x, y) =

=
n∑
i=1

αiEx,y(wi) =

∫
Ω

s dEx,y : (3.4.9)

(3.4.6)  (3.4.7) bana� eric bxowm �, or

Ψ(s)∗Ψ(s) = Ψ (s) Ψ(s) = Ψ (ss) = Ψ
(
|s|2
)

: (3.4.10)

Het abar (3.4.9){ic kbxi, or

‖Ψ(s)x‖2 = (Ψ(s)∗Ψ(s)x, x) =

=
(
Ψ
(
|s|2
)
x, x

)
=

∫
Ω

|s|2dEx,x : (3.4.11)

Ayste�ic, ha�vi a�nelov, or Ex,x(Ω) = ‖x‖2, stanowm enq

‖Ψ(s)x‖ 6 ‖s‖∞ · ‖x‖ : (3.4.12)

Myows ko�mic, qani or E(wi) proyektorneri patkernern irar
�r�ogonal en, owsti x ∈ Im (E(wj)) hamar kownenanq

Ψ(s)x = αjE(wj)x = αjx : (3.4.13)

E�e j{n �ntrenq aynpes, or |αj | = ‖s‖∞, apa (3.4.12){ic  
(3.4.13){ic kstananq, or

‖Ψ(s)x‖ = ‖s‖∞ : (3.4.14)
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Ay�m dicowq f ∈ L∞(E): �st naxord lemmayi` ∃ {sk}∞1 parz
�a�eli fownkcianeri hajordakanow�yown, or� L∞(E){i normov
zowgamitowm � f{in: Hama�ayn (3.4.14) a�n�ow�yan, {Ψ(sk)}{n
klini BL(H){owm fowndamental hajordakanow�yown, owsti ayn
kzowgamiti oro�aki �peratori, orn �l menq kn�anakenq
Ψ(f){ov: He�t � tesnel, or Ψ(f){� kaxva� �� {sk} hajorda{
kanow�yan �ntrow�yownic: (3.4.14){ic aknhaytoren stacvowm �
aveli �ndhanowr`

‖Ψ(f)‖ = ‖f‖∞ (f ∈ L∞(E)) (3.4.15)

bana� �: (3.4.9){owm s{� �oxarinelov sk{ov  ancnelov sah{
mani, erb k → ∞ ow �gtvelov Ex,y �a�i verjavor line{
lowc` kstananq (3.4.1){�: (3.4.2)  (3.4.3) bana� er� bxowm en
(3.4.6){ic  (3.4.11){ic: f, g ∈ L∞(E) fownkcianer� motar{
kelov s  t parz fownkcianerov` nkatowm enq, or (3.4.7)  
(3.4.8) bana� er� ow�i mej en mnowm dranc mej s  t parz
fownkcianer� f  g kamayakan �a�eli sahmana�ak fownk{
cianerov �oxarinelis:

N�anakenq A = Ψ (L∞(E)): Ayd depqowm Ψ{n klini izomet{
rikakan izomorfizm L∞(E){i  A{i mij : Qani or L∞(E){n
lriv �, owsti A{n klini �ak BL(H){owm:

Or A{n klini normal, bxowm � (3.4.2){ic  (3.4.7){ic:
Verjapes, e�e Q{n te�a�oxeli � bolor E(w) �peratorne{

ri het, apa ayn te�a�oxeli klini bolor Ψ(s) �peratorneri
het, orte� s{� parz fownkcia �,  ver� kira�va� motarkman
proces� cowyc � talis, or Q{n te�a�oxeli � A hanraha�vi
cankaca� �lementi het (haka�akn aknhayt �, qani or
E(w) ∈ A):
�eoremn apacowcva� �:

§ 3.5. Spektral �eorem�

Spektral �eoremi himanakan pndowm� kayanowm � nra{
nowm, or hilbertyan tara�ow�yownowm gor�o� cankaca� T sah{
mana�ak normal �perator (in�-or kanonakan � ov) �nowm
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� nra σ(T ) spektri borelyan en�abazmow�yownneri vra E
miavori verlow�ow�yown  or T �perator� E-i mijocov kare{
li � verakangnel naxord en�avernagrowm nkaragrva� tipi
integrman procesov: Normal �peratorneri tesow�yan ard{
yownqneri me�amasnow�yown� himnva� � ayd �asti vra:

Havanabar, avelord �� n�el, or xoselov T �peratori
σ(T ) spektri masin` menq mi�t nkati ownenq ambo�j BL(H)
hanraha�iv�: Ayl kerp asa�, λ ∈ σ(T ) n�anakowm �, or
T − λI �perator� �owni hakadar� BL(H)-owm: Dra het
mekte� menq gor� kownenanq na BL(H) hanraha�vi aynpi{
si A �ak en�ahanraha�ivneri het, oronq ��tva� en he{
t yal lracowci� hatkow�yamb. I ∈ A,  S ∈ A ⇒ S∗ ∈ A
(aydpisi hanraha�ivnerin erbemn anvanowm en ∗-hanraha{
�ivner): Qani or BL(H)-� B∗-hanraha�iv �, owsti aydpisi
iravi�akowm ∀T ∈ A �peratori hamar σ(T ) = σA(T ) (tes
�eorem 2.7.2-�):

Ayspisov, T �peratorn owni nowyn spektr� BL(H)-i bolor
∗-hanraha�ivnerowm, oronq parownakowm en ayd �perator�:

Spektral �eorem� (�eorem 3.5.3, tes` var�) menq kstananq
orpes het yal ardyownqi masnavor depq: Ays ardyownqowm xos{
q� gnowm � o� �e a�an�in �peratori, ayl normal �peratorneri
hanraha�vi masin:

�eorem 3.5.1: Dicowq A-n BL(H)-i in�-or �ak normal en{
�ahanraha�iv �, or� parownakowm � I miavor �pe{
rator�, isk MA-n A hanraha�vi maqsimal idealneri
tara�ow�yownn �: Ayd depqowm �i�t en het yal pndowmne{
r�`
a) MA tara�ow�yan borelyan en�abazmow�yownneri vra
goyow�yown owni miak E miavori verlow�ow�yown, or

T =

∫
MA

T̂ dE (∀T ∈ A), (3.5.1)

orte� T̂ -� T �peratori Gelfandi � a�oxow�yownn �` A
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hanraha�vi nkatmamb: (3.5.1)-i tak haskacvowm �, or

(Tx, y) =

∫
MA

T̂ dEx,y (x, y ∈ H, T ∈ A), (3.5.2)

b) ∀w ⊂MA o� datark bac bazmow�yan hamar E(w) 6= 0,
g) S ∈ BL(H) �perator� ayn  miayn ayn depqowm klini
te�a�oxeli A-i bolor T �peratorneri het, erb ayn te{
�a�oxeli � cankaca� E(w) proyektori het:

Apacowyc: Qani or BL(H)-� B∗-hanraha�iv �, owsti trva�
A hanraha�iv� klini komowtativ B∗-hanraha�iv: Ayste�ic,
�st Gelfand-Naymarki 2.3.5 �eoremi, bxowm �, or T 7→ T̂ ar{
tapatkerowm� handisanowm � izometrikakan ∗-izomorfizm
A-i  C(MA)-i mij :

Da berowm � E miavori verlow�ow�yan miakow�yan �a{
�ancik apacowyci: En�adrenq, �e E-n bavararowm � (3.5.2)
paymanin: Qani or T̂ -� spa�owm � ambo�j C(MA) tara{
�ow�yown�, owsti Ex,y kompleqs borelyan �a�eri �egowlyarow{
�yownic bxowm �, or Ex,y �a�er� miar�eqoren oro�vowm en
(3.5.2) paymanov: Aveli xist linelow hamar n�enq, or ays
asva�� handisanowm � haowsdorfyan kompakti vra oro�{
va� bolor an�ndhat fownkcianeri tara�ow�yownowm g�ayin
sahmana�ak fownkcionali �ndhanowr tesqi masin �isi �eo{
remi miakow�yan masi het anq (tes` [28], �eorem 6.19): Qani
or �st sahmanman`

(E(w)x, y) = Ex,y(w), (3.5.3)

owsti E(w) proyektorneric yowraqan�yowr� nowynpes miar�e{
qoren oro�vowm � (3.5.2) paymanov:

Berva� miakow�yan apacowyc� how�owm � E-i goyow�yan ays{
pisi apacowyc: E�e x, y ∈ H , apa �st Gelfald-Naymarki
�eoremi`

T̂ 7−→ (Tx, y) (3.5.4)



§ 3.5. Spektral �eorem� 179

artapatkerowm� C(MA)-owm g�ayin sahmana�ak fownkcio{
nal �, �nd orowm ‖T̂‖∞ = ‖T‖ havasarow�yownic bxowm �, or
ayd fownkcionali norm� �i gerazancowm ‖x‖ · ‖y‖-�: �st �isi
�eoremi (ori masin ver� xosvec) MA-i vra goyow�yown owni
miak µx,y �egowlyar kompleqs borelyan �a�, or

(Tx, y) =

∫
MA

T̂ dµx,y (x, y ∈ H, T ∈ A) : (3.5.5)

�st Gelfand-Naymarki �eoremi` (T ∗)ˆ = T̂ : Owsti e�e T̂
fownkcian irakan �, apa T -n inqnahamalow� �: Ayd depqowm
(Tx, y)  (Ty, x) �ver� irar hamalow� kompleqs �ver en, owsti

(Tx, y) = (Ty, x) =

∫
MA

T̂ dµy,x,

orte�ic  (3.5.5)-ic kbxi, or∫
MA

T̂ dµx,y =

∫
MA

T̂ dµy,x,

e�e T̂ -� irakan �: �st Gelfand-Naymarki �eoremi` T̂ -� spa{
�owm � ambo�j C(MA)-n, erb T -n spa�owm � A-n: Owsti ver�
grva� havasarow�yownic kbxi, or ∀f ∈ C(MA) irakan fownk{
ciayi hamar ∫

MA

f dµx,y =

∫
MA

f dµy,x :

Ayste�ic kbxi, or ∀f ∈ C(MA) hamar∫
MA

f dµx,y =

∫
MA

f dµy,x,

orte�ic  �isi �eoremowm miakow�yownic kbxi, or

µx,y = µy,x (x, y ∈ H) : (3.5.6)
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Fiqsa� T ∈ A hamar (3.5.5)-i �ax mas� handisanowm � �st
x-i g�ayin  �st y-i` hamalow� g�ayin fownkcional: Ayste�ic
 �isi �eoremi miakow�yan pndowmic kbxi, or ∀w ⊂MA borel{
yan bazmow�yan hamar (x, y) 7→ µx,y(w) artapatkerowm� kli{
ni �st x-i g�ayin  �st y-i` hamalow� g�ayin: Iroq, (3.5.5)-ic
bxowm �, or ∀x1, x2 ∈ H  ∀α1, α2 ∈ C hamar∫
MA

T̂ dµα1x1+α2x2,y =

∫
MA

T̂ d (α1µx1,y + α2µx2,y) (T ∈ A),

 qani or T̂ -� apa�owm � C(MA)-n, owsti �isi �eoremi mia{
kow�yan pndowmic kbxi, or

µα1x1+α2x2,y = α1µx1,y + α2µx2,y :

Nowyn � ov cowyc ktanq, or

µx,β1y1+β2y2 = β1µx,y1 + β2µx,y2 :

Qani or x, y ∈ H hamar T̂ 7→ (Tx, y) fownkcionali norm� mi
ko�mic �i gerazancowm, in�pes ver� tesanq, ‖x‖ · ‖y‖-�, myows
ko�mic, �st �isi �eoremi, havasar � ‖µx,y‖, owsti

‖µx,y‖ 6 ‖x‖ · ‖y‖,

orte�ic �l kbxi, or kamayakan f : MA → C sahmana�ak
borelyan fownkciayi hamar∫

MA

f dµx,y (3.5.7)

integral�  s khandisanaH-owm sahmana�ak kisag�ayin � ,
owsti �st 2.3.1 lemmayi` goyow�yown owni miak Φ(f) ∈ BL(H), or

(Φ(f)x, y) =

∫
MA

f dµx,y (x, y ∈ H) : (3.5.8)
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(3.5.5), (3.5.8) a�n�ow�yownneric bxowm �, or

Φ
(
T̂
)

= T (T ∈ A) : (3.5.9)

Het abar Φ artapatkerowm� handisanowm � C(MA)-n A-i
vra artapatkero� T̂ 7→ T artapatkerman �ndlaynowm:

E�e f fownkcian irakan �, apa (3.5.6)-ic kbxi, or

(Φ(f)x, y) = (Φ(f)y, x) = (x,Φ(f)y) (x, y ∈ H),

in�� n�anakowm �, or Φ(f) �peratorn inqnahamalow� �:

Ay�m menq cowyc ktanq, or cankaca� f , g sahmana�ak bo{
relyan fownkcianeri hamar te�i owni

Φ(fg) = Φ(f)Φ(g) (3.5.10)

havasarow�yown�:

E�e S, T ∈ A, apa (ST )̂ = ŜT̂ ,  (3.5.5)-ic kbxi, or∫
MA

ŜT̂ dµx,y = (STx, y) =

∫
MA

Ŝ dµTx,y : (3.5.11)

Qani or Â = C(MA), owsti ayste�ic bxowm �, or

T̂ dµx,y = dµTx,y (∀x, y ∈ H, ∀T ∈ A) : (3.5.12)

Het abar (3.5.11)-owm integralner� havasar kmnan na Ŝ-�
f-ov �oxarinelis: Owsti∫
MA

fT̂ dµx,y =

∫
MA

f dµTx,y = (Φ(f)Tx, y) =

= (Tx, z) =

∫
MA

T̂ dµx,z, (3.5.13)
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orte� z = Φ(f)∗y: Ver� katarva�in nman dato�ow�yownner�
cowyc en talis, or (3.5.13)-owm a�ajin  verjin integralner�
kmnan havasar, e�e T̂ -� �oxarinvi g-ov: Het abar`

(Φ(fg)x, y) =

∫
MA

fg dµx,y =

∫
MA

g dµx,z =

= (Φ(g)x, z) = (Φ(f)Φ(g)x, y) , (3.5.14)

 sranov isk (3.5.10)-n apacowcva� �:
Ay�m menq patrast enq sahmanel E-n: E�e w ⊂MA kama{

yakan borelyan bazmow�yown �, apa ksahmanenq E(w) = Φ(χw):
(3.5.10) bana� i hama�ayn` E (w ∩ w′) = E(w)E(w′): Sa

w = w′ depqowm n�anakowm �, or E(w)-n proyektor �:
Qani or irakan f-eri hamar Φ(f)-� inqnahamalow� �, owsti
bolor E(w) proyektorner� klinen inqnahamalow�: Parz �, or
E(Ø) = Φ(0) = 0: E(MA) = I havasarow�yown� bxowm �
(3.5.9)-ic: (3.5.8)-owm vercnelov f = χw, kstananq, or

(E(w)x, y) = µx,y(w), (3.5.15)

orte�ic kstacvi, or E fownkcian verjavor aditiv �: Ayspi{
sov, E-n miavori verlow�ow�yown �:

Qani or (3.5.2) bana� � bxowm � (3.5.5)-ic  (3.5.15)-ic, ows{
ti a) pndman apacowycn avartva� �:

Ay�m en�adrenq, �e w ⊂ MA bac bazmow�yown �  
E(w) = 0: E�e T ∈ A  T̂ fownkciayi kri�� �nka� � w-i
mej, apa (3.5.1)-ic kbxi, or T = 0: Het abar T̂ = 0: Bayc
Â = C(MA), owsti �st Owrisoni lemmayi` w = Ø: Sranov isk
b) pndowm�  s apacowcva� �:

g) pndowmn apacowcelow hamar �ntrenq kamayakan
S ∈ BL(H); x, y ∈ H  n�anakenq z = S∗y: Ayd depqowm
∀T ∈ A �peratori  ∀w ⊂ MA borelyan bazmow�yan hamar
kstananq.

(STx, y) = (Tx, z) =

∫
MA

T̂ dEx,z, (3.5.16)
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(TSx, y) =

∫
MA

T̂ dESx,y, (3.5.17)

(SE(w)x, y) = (E(w)x, z) = Ex,z(w), (3.5.18)

(E(w)Sx, y) = ESx,y(w) : (3.5.19)

E�e ST = TS (∀T ∈ A), apa (3.5.16), (3.5.17)-ic  �isi �eo{
remi miakow�yan masic kbxi, or

Ex,z = ESx,y (∀x, y ∈ H),

orte�ic  (3.5.18), (3.5.19)-ic kbxi, or cankaca� w ⊂MA bo{
relyan bazmow�yan hamar SE(w) = E(w)S:

E�e ∀w ⊂MA borelyan bazmow�yan hamar SE(w) = E(w)S,
apa (3.5.18), (3.5.19)-ic kbxi, or

Ex,z = ESx,y (∀x, y ∈ H),

orte�ic  (3.5.16), (3.5.17)-ic kbxi, or ST = TS (∀T ∈ A):
�eoremn apacowcva� �:

�eorem 3.5.2: Dicowq A-n komowtativ B∗-hanraha�iv �,
or� parownakowm � aynpisi x �lement, or x-ic  x∗-ic erkow
�o�oxakani bazmandamnern amenowreq xit en A-owm:
Ayd depqowm

(Ψf )̂ = f ◦ x̂ (3.5.20)

bana� ov oro�vowm � Ψ izometrikakan izomorfizm
C(σ(x))  A hanraha�ivneri mij , �nd orowm

Ψf = (Ψf)∗ (f ∈ C(σ(x))) : (3.5.21)

Baci ayd, e�e f(λ) = λ (λ ∈ σ(x)), apa Ψf = x:

Apacowyc: x̂-� MA-i vra an�ndhat fownkcia �  nra
patker� σ(x)-n �: Cowyc tanq, or x̂ :MA → σ(x) homeomorfizm
�: Iroq, dicowq ϕ1, ϕ2 ∈ MA  x̂(ϕ1) = x̂(ϕ2), aysinqn`
ϕ1(x) = ϕ2(x): Ayste�ic  Gelfand-Naymarki �eoremic kbxi,
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or ϕ1(x∗) = ϕ2(x∗): Qani or ϕ1, ϕ2-� homomorfizmner en, owsti
ver� stacva�ic kbxi, or kamayakan P (x, x∗) bazmandami
hamar

ϕ1 (P (x, x∗)) = ϕ2 (P (x, x∗)) :

Qani or P (x, x∗) bazmandamner� amenowreq xit en A-owm, isk
ϕ1, ϕ2-n an�ndhat en, owsti kstananq, or

ϕ1(y) = ϕ2(y) (∀y ∈ A)

 het abar` ϕ1 = ϕ2: Stacva�� cowyc � talis, or
x̂ : MA → σ(x) artapatkerowm� �oxmiar�eq (hakadar�e{
li) �: Qani or kompakti vra an�ndhat hakadar�eli fownk{
ciayi hakada��  s an�ndhat �, owsti x̂ : MA → σ(x) klini
homeomorfizm:

Het abar f 7→ f ◦ x̂ artapatkerowm� khastati izomet{
rikakan izomorfizm C(σ(x))-i  C(MA)-i mij , or� pahpa{
nowm � kompleqs hamalow�ow�yown�:

Het abar ∀f ∈ C(σ(x)) hamar, �st Gelfand-Naymarki
�eoremi, goyow�yown owni miak y ∈ A �lement, or f ◦ x̂ = ŷ: Ayd
y-� kn�anakenq Ψf-ov: Parz �, or ‖Ψf‖ = ‖f‖∞: (3.5.21)-�
bxowm � Gelfand-Naymarki �eoremic:

E�e f(λ) = λ, apa f ◦ x̂ = x̂,  (3.5.20)-ic kstacvi, or
Ψf = x:
�eoremn apacowcva� �:

�eorem 3.5.3: E�e N ∈ BL(H) normal �perator �, apa N
�peratori σ(N) spektri borelyan en�abazmow�yownneri
vra goyow�yown owni miak E miavori verlow�ow�yown, or

N =

∫
σ(N)

λ dE(λ) : (3.5.22)

Baci dranic, S ∈ BL(H) �perator� ayn  miayn ayn dep{
qowm klini te�a�oxeli N-i het, erb ayn te�a�oxeli �
cankaca� E(w) proyektori het:
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Apacowyc: A-ov n�anakenq BL(H)-i ayn minimal �ak en�a{
hanraha�iv�, or� parownakowm � I , N , N∗ �peratorner�: He�t
� tesnel, or A-n irenic nerkayacnowm � N-ic  N∗-ic bolor
hnaravor

p(N,N∗) =
n∑

m,k=0

αmkN
m(N∗)k (3.5.23)

erkow �o�oxakani bazmandamneri dasi �akowm�: Het abar
A-n klini BL(H)-i normal en�ahanraha�iv  nra hamar ki{
ra�eli � �eorem 3.5.1-�, hama�ayn oriMA-i borelyan bazmow{
�yownneri vra goyow�yown owni miak E miavori verlow�ow�yown,
or

Q =

∫
MA

Q̂ dE (∀Q ∈ A) : (3.5.24)

�gtvelov naxord �eoremic` A hanraha�vi MA maqsimal
idealneri tara�ow�yown� nowynacnenq σ(N)-i het: Ayd depqowm
N̂-� knowynacvi f(λ) ≡ λ fownkciayi het,  (3.5.1)-ic bxo�

N =

∫
MA

N̂ dE

havasarow�yown� kgrvi

N =

∫
σ(N)

λ dE(λ)

tesqov: Sranov isk E(λ)-i goyow�yown� himnavorvec: Ay�m cowyc
tanq nra miakow�yown�:

3.4.1 �eoremic bxowm �, or e�e te�i owni (3.5.22)-�, apa
kamayakan p(x, y) erkow �o�oxakani bazmandami hamar

p(N,N∗) =

∫
σ(N)

p
(
λ, λ

)
dE(λ) : (3.5.25)



186 Glowx 3. G�ayin sahmana�ak �peratorner . . .

Bayc �st Ston-Vayer�trasi �eoremi` p
(
λ, λ

)
bazmandamnern

amenowreq xit en C(σ(N))-owm: Het abar ∀f ∈ C(σ(N))
fownkciayi hamar ∫

σ(N)

f (λ) dE(λ)

integral� miar�eqoren oro�vowm � p(N,N∗) tesqi bazman{
damneri mijocov (handisanowm � nranc sahman), owsti ayd
integral� miar�eqoren oro�vowm �N-i mijocov: �gtvelov �isi
�eoremowm miakow�yownic` nmanatip � ov, in�pes 3.5.1 �eoremi
apacowycowm, cowyc ktanq, or E-n miar�eqoren oro�vowm � N-i
mijocov:

E�e SN = NS, apa �st 3.2.1 �eoremi` SN∗ = N∗S:
Het abar S-� te�a�oxeli � ∀Q ∈ A �peratori het,
owsti �st 3.5.1 �eoremi` S-� te�a�oxeli � yowraqan�yowr E(w)
�peratori het, orte� w-n σ(N)-i borelyan en�abazmow�yown
�: Haka�ak�, e�e S-� ∀w ∈ σ(N) borelyan bazmow�yan hamar
te�a�oxeli � E(w)-i het, apa �st 3.5.1 �eoremi` S-� klini
te�a�oxeli A-i bolor �peratorneri  , masnavorapes, na 
N-i het:
�eoremn apacowcva� �:

§ 3.6. Fownkcional ha�iv normal �peratorneri hamar

Dicowq H{� hilbertyan tara�ow�yown �, N ∈ BL(H) normal
�perator �, isk E{n nra spektral verlow�ow�yownn �: Dicowq
f : σ(N)→ C sahmana�ak borelyan fownkcia �: Ayd depqowm

Ψ(f) =

∫
σ(N)

f dE (3.6.1)

�peratorn �ndownva� � n�anakel f(N){ov:

�gtagor�elov ayd n�anakowm�` mi �peratori depqi hamar
3.4.1, 3.5.1, 3.5.3 �eoremneri tva�� kareli � � akerpel ayspes.
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�eorem 3.6.1: f 7→ f(N) artapatkerowm� handisanowm
� homomorfizm σ(N){i vra oro�va� bolor sahmana�ak
borelyan fownkcianeri hanraha�vic BL(H) hanraha�vi
mej: Ayd artapatkerowm� f(λ) = 1 fownkcian tanowm �
I miavor �peratorin, f(λ) = λ fownkcian tanowm � N
�peratorin  bavararowm �

f(N) = f(N)∗, (3.6.2)

‖f(N)‖ 6 sup {|f(λ)| : λ ∈ σ(N)} (3.6.3)

paymannerin: �nd orowm`
1) e�e f ∈ C(σ(N)), apa (3.6.3){owm te�i owni havasarow{
�yown,
2) e�e fn ⇒ f , x ∈ σ(N), apa ‖fn(N)− f(N)‖ −−−→

n→∞
0,

3) e�e S ∈ BL(H)  SN = NS, apa cankaca� f
sahmana�ak borelyan fownkciayi hamar Sf(N) = f(N)S,
4) f(N) �perator� patkanowm � BL(H){owm E(w) proyek{
torneri dasi g�ayin �a�an�i �akman�,
5) e�e S ∈ BL(H)  cankaca� w ⊂ σ(N) borelyan bazmow{
�yan hamar SE(w) = E(w)S, apa SN = NS:

Apacowyc: 3.4.1, 3.5.1, 3.5.3 �eoremneric bxowm �, or apacowcman
kariq ownen miayn (3.6.3) a�n�ow�yown�  1), 2), 4) pndowmner�:

(3.6.3){n apacowcelow hamar �gtvenq

‖f(N)x‖2 =

∫
σ(N)

|f |2dEx,x

havasarow�yownic (tes` (3.4.3)-�): Ays havasarow�yownic kbxi,
or

‖f(N)x‖2 6 sup
λ∈σ(N)

|f(λ)|2 ·
∫

σ(N)

dEx,x =

= sup
λ∈σ(N)

|f(λ)|2 · Ex,x((σ(N))),
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 qani or Ex,x(σ(N)) = (E(σ(N))x, x) = (x, x) = ‖x‖2, owsti
kstananq

‖f(N)x‖2 6 sup
λ∈σ(N)

|f(λ)|2 · ‖x‖2,

orte�ic`

‖f(N)x‖ 6 sup
λ∈σ(N)

|f(λ)| · ‖x‖ (x ∈ H) :

Ayste�ic �l bxowm � (3.6.3){�:
1){n apacowcelow hamar �gtvenq (3.4.15) a�n�ow�yownic (in��

n�anakowm �, or Ψ : L∞(E) → BL(H) artapatkerowm� izo{
metrik �), hama�ayn ori`

‖f(N)‖ = ‖f‖L∞(E) :

Mnowm � cowyc tal, or

‖f‖L∞(E) = ‖f‖C(σ(N)) = sup {|f(λ)| : λ ∈ σ(N)} :

K{ov n�anakenq f{i �akan ar�eqneri bazmow�yown�: N�ana{
kenq V = C \K: Ownenq

‖f‖L∞(E) = sup
λ∈K
|λ| :

Cowyc tanq, or K = f(σ(N)): Aknhayt �, or K ⊂ f(σ(N)): Cowyc
tanq, or na f(σ(N)) ⊂ K: Sa n�anakowm �, or

f(σ(N)) ∩ V = Ø

kam or nowynn �`
f−1(V ) = Ø : (3.6.4)

Cowyc tanq (3.6.4){�: Qani or f ∈ C(σ(N))  V {n bac �, owsti
f−1(V ){n  s klini bac: �st V {i sahmanman` E

(
f−1(V )

)
= 0:

Qani or ∀w ⊂ σ(N) o� datark bac bazmow�yan hamar
E(w) 6= 0, owsti ayste�ic kbxi (3.6.4){�: Sranov isk 1){�
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himnavorvec:
2){� bxowm � (3.6.3){ic, qani or kownenanq

‖fn(N)− f(N)‖ 6 sup
λ∈σ(N)

|fn(λ)− f(λ)| −−−→
n→∞

0 :

4){� bxowm � f(N){i sahmanowmic (tes` 3.4.1 �eoremi apacowy{
c�):
�eoremn apacowcva� �:

�eorem 3.6.2: E�e N ∈ BL(H) �perator� normal �, apa

‖N‖ = sup {|(Nx, x)| : x ∈ H, ‖x‖ 6 1} :

Apacowyc: Qani or ‖x‖ 6 1 hamar

|(Nx, x)| 6 ‖Nx‖ · ‖x‖ 6 ‖N‖ · ‖x‖ 6 ‖N‖,

owsti bavakan � cowyc tal, or ∀ε > 0 hamar ∃x0 ∈ H , or
‖x0‖ = 1  

|(Nx0, x0)| > ‖N‖ − ε :

Dicowq A{n 3.5.3 �eoremi apacowyci �amanak ditarkva�
hanraha�ivn �,  N̂{� N{i Gelfandi � a�oxow�yownn � (A{i
nkatmamb): �st Gelfand{Naymarki �eoremi` ‖N‖ = ‖N̂‖∞ =
= ρ(N): Dicowq λ0 ∈ σ(N) ayspisin �, or |λ0| = ρ(N): Ayd
depqowm kownenanq |λ0| = ‖N‖: N�anakenq

w = {λ ∈ σ(N) : |λ− λ0| < ε} = σ(N) ∩D(λ0, ε) :

Ayd depqowm w ⊂ σ(N) klini o� datark  bac σ(N){owm, owsti
N �peratori E spektral verlow�ow�yan hamar kownenanq
E(w) 6= 0: Het abar ∃xo ∈ H , or ‖x0‖ = 1  E(w)x0 = x0:

Dicowq

f(λ) =

{
λ− λ0, λ ∈ w,
0, λ ∈ σ(N) \ w :

Ayd depqowm aknhaytoren

f(N) = (N − λ0I)E(w),
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owsti

f(N)x0 = Nx0 − λ0x0

 kownenanq

|(Nx0, x0)− λ0| = |(Nx0, x0)− λ0(x0, x0)| =
= |(f(N)x0, x0)| 6 ‖f(N)‖ 6 ε,

qani or |f(λ)| < ε (λ ∈ σ(N)): Qani or |λ0| = ‖N‖, owsti
kownenanq

|(Nx0, x0)| = |(Nx0, x0)− λ0 − (−λ0)| >

>
∣∣|(Nx0, x0)−λ0|−|−λ0|

∣∣ > |−λ0|−|(Nx0, x0)− λ0| > ‖N‖−ε :

�eoremn apacowcva� �:

�eorem 3.6.3: N ∈ BL(H) normal �perator� handisanowm
�`
a) inqnahamalow� ayn  miayn ayn depqowm, erb σ(N){n
�nka� � irakan a�ancqi vra,
b) ownitar ayn  miayn ayn depqowm, erb σ(N){n �nka� �
miavor �rjanag�i vra:

Apacowyc: Dicowq A{n  N̂{� nowynn en, in� or 3.5.3 �eoremi
apacowyci mej: Ayd depqowm λ ∈ σ(N) hamar kownenanq
N̂(λ) = λ  (N∗) (̂λ) = λ: Owsti N = N∗ ayn  miayn ayn
depqowm, erb

λ = λ (∀λ ∈ σ(N)),

 NN∗ = I ayn  miayn ayn depqowm, erb

λλ = 1 (∀λ ∈ σ(N)) :

�eoremn apacowcva� �:
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§ 3.7. Invariant en�atara�ow�yownner

Sahmanowm 3.7.1: H hilbertyan (banaxyan) tara�ow�yan M
�ak en�atara�ow�yown� ko�vowm � invariant Σ ⊂ BL(H)
�peratorneri �ntaniqi hamar, e�e

T (M) ⊂M (∀T ∈ Σ) :

�rinak, T �peratori amen mi se�akan en�atara�ow{
�yown invariant � nra hamar: Dicowq dimH < ∞, isk
N ∈ BL(H) normal �perator �: Ayd depqowm, in�pes haytni �
hanraha�vic, σ(N){n verjavor �  nra keter� N{i se�akan
ar�eqnern en: Dicowq σ(N) = {λ1, λ2, . . . , λn}: Ayd depqowm kow{
nenanq

χ{λ1}(λ) + χ{λ2}(λ) + · · ·+ χ{λn}(λ) = 1 (∀λ ∈ σ(N)) : (3.7.1)

�st 3.6.1 �eoremi` f 7→ f(N) artapatkerman �amanak
f(λ) ≡ 1 fownkciayin hamapatasxanowm � I miavor �pera{
tor�, owsti kstananq

χ{λ1}(N) + χ{λ2}(N) + · · ·+ χ{λn}(N) = I :

N�anakenq Ei = χ{λi}(N) (1 6 i 6 n): Qani or

χ{λi}(λ)χ{λj}(λ) =

{
χ{λi}(λ), i = j

0, i 6= j
(λ ∈ σ(N)),

owsti

EiEj =

{
Ei, i = j,
0, i 6= j :

Qani or χ{λi}(λ) fownkcianer� irakan en, owsti Ei �pera{
torner� inqnahamalow� en: Het abar Ei �peratorner� han{
disanowm en zowyg a� zowyg �r�ogonal proyektman �perator{
ner: N�anakenq

Mi = Ei(H) (1 6 i 6 n) :
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Qani or E1 + E2 + · · ·+ En = I , owsti

M1 ⊕M2 ⊕ · · · ⊕Mn = H : (3.7.2)

Dicowq f(λ) ≡ λ (λ ∈ σ(N)): (3.7.1){ic kbxi, or (λ ∈ σ(N))
hamar

f(λ) = λχ{λ1}(λ) + λχ{λ2}(λ) + · · ·+ λχ{λn}(λ) :

He�t � tesnel, or verjin havasarow�yown� kareli � grel na 

f(λ) = λ1χ{λ1}(λ) + λ2χ{λ2}(λ) + · · ·+ λnχ{λn}(λ)

tesqov: Ayste�ic kbxi, or

f(N) = λ1χ{λ1}(N) + λ2χ{λ2}(N) + · · ·+ λnχ{λn}(N),

 ha�vi a�nelov, or (3.6.1 �eoremi �norhiv) f(N) = N , kowne{
nanq, or

N = λ1E1 + λ2E2 + · · ·+ λnEn :

Ayste�ic kbxi, or Ei{n λi se�akan ar�eqin hamapatasxan
se�akan en�atara�ow�yan vra �r�ogonal proyektman
�peratorn �, isk Mi{n λi{in hamapatasxan se�akan
en�atara�ow�yownn �:

Het abar (3.7.2){� cowyc � talis, or H{� nerkayacvowm �
N �peratori se�akan en�atara�ow�yownneri ow�i� gowmari
tesqov:

Sakayn dimH = ∞ depqowm N �perator� karo� � se�a{
kan ar�eqner �ownenal:

Cowyc tanq, or �naya� dran` cankaca� normal �perator
owni o� trivial (aysinqn` {0}{ic  H{ic tarber) invariant
en�atara�ow�yown: Menq cowyc ktanq avelin, or (o� trivial)
invariant en�atara�ow�yown goyow�yown owni na 3.5.3 �eore{
mi apacowycowm ditarkva� A normal hanraha�vi hamar:

Iroq, e�e MA{n ba�kaca� � mi ketic, apa A hanra{
ha�iv� ba�kaca� klini miavor �peratori patikneric, ows{
ti ays depqowm H{i cankaca� en�atara�ow�yown klini in{
variant A{i hamar: Ay�m dicowq MA{n parownakowm � 1{ic
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aveli �vov keter: Ayd depqowm MA{n aknhaytoren kareli
� nerkayacnel MA = w ∪ w′ tesqov, orte� w{n  w′{� o�
datark �hatvo� borelyan bazmow�yownner en (�rinak, orpes w
kareli � vercnel 1 ketic ba�kaca� bazmow�yown): Dicowq M{�
 M ′{� hamapatasxanabar E(w)  E(w′) �peratorneri
patkernern en: Qani or

TE(w) = E(w)T (∀T ∈ A),

owsti x ∈M hamar kownenanq

Tx = TE(w)x = E(w)Tx,

 het abar` Tx ∈M : Nowyn� �i�t � na M ′{i hamar:
Het abar M{�  M ′{� A{i hamar invariant en�ata{

ra�ow�yownner en: Baci ayd, M ′ = M⊥  

H = M ⊕M ′ : (3.7.3)

Iroq, M ′ = M⊥ havasarow�yown� bxowm �

E(w)E(w′) = E(w ∩ w′) = E(Ø) = 0,

E(w) + E(w′) = E(w ∪ w′) = E(MA) = I

havasarow�yownneric:
w{n  w′{� kareli � �ntrel aynpes, or

M 6= {0}, M ′ 6= {0} (3.7.4)

Iroq, qani orMA tara�ow�yown� parownakowm � gone erkow` ϕ  
ψ iraric tarber keter  qani orMA{n haowsdorfyan �, owsti
ϕ  ψ keter� ownen �hatvo� �rjakayqer: Het abar MA{owm
goyow�yown ownen U  V o� datark bac �hatvo� bazmow�yownner:
E�e vercnenq w = U , apa kownenanq, or w′ = MA \ w ⊃ V :
Qani or w{n bac �, owsti E(w) 6= 0: Nowyn pat�a�ov na 
E(V ) 6= 0, owsti

E(w′) = E(V ) + E(w′ \ V ) 6= 0 :
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Stacvec, or
E(w) 6= 0, E(w′) 6= 0,

owsti (3.7.4){� te�i owni:
(3.7.3){ic  (3.7.4){ic kbxi, or na 

M 6= H, M ′ 6= H : (3.7.5)

Ayspisov,M{�  M ′{� klinen o� trivial invariant en�ata{
ra�ow�yownner A{i hamar:

Nmanapit dato�ow�yownnerov kstananq, or MA tara{
�ow�yan trohowm� verjavor kam ha�veli �vov o� datark �hat{
vo� borelyan bazmow�yownneri �nowm � H tara�ow�yan verlow{
�ow�yan irar �r�ogonal verjavor kam ha�veli �vov en�a{
tara�ow�yownneri ow�i� gowmari, �nd orowm ayd en�atara�ow{
�yownneric yowraqan�yowr� invariant � A{i hamar:

Min� ay�m parz ��, �e ardyo?q amen mi T ∈ BL(H) �pera{
tor owni o� trivial invariant en�atara�ow�yown H anverj
�a�ani separabel hilbertyan tara�ow�yownowm:

§ 3.8. Normal �peratorneri se�akan ar�eqner�

�eorem 3.8.1: Dicowq E{n N ∈ BL(H) normal �peratori
spektral verlow�ow�yownn �: Ayd depqowm e�e f ∈ C(σ(N))  
w0 = f−1(0), apa

ker(f(N)) = Im(E(w0)) : (3.8.1)

Apacowyc: Dicowq

g(λ) =

{
1, λ ∈ w0,
0, λ ∈ σ(N) \ w0 :

Ayd depqowm fg = 0,  het abar` f(N)g(N) = 0: Qani or
g(N) = E(w0) (tes` 3.5.1 �eoremi apacowyc�), owsti ayste�ic
kbxi, or

Im(E(w0)) ⊂ ker(f(N)) : (3.8.2)
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Cowyc tanq, or te�i owni na haka�ak nerdrowm�: N�anakenq
w̃ = σ(N) \ w0: w̃{� nerkayacnenq

w̃ =

∞⋃
n=1

wn (3.8.3)

miavorman tesqov, orte� wn{er� zowyg a� zowyg �hatvo�
borelyan bazmow�yownner en, oronq gtnvowm en w0{ic drakan
he�avorow�yan vra: Dra hamar nax nkatenq, or

w̃ = σ(N) \ w0 = σ(N) \ f−1(0) = f−1 (C \ {0}) ,

 qani or f{n an�ndhat �, isk C\{0}{n bac �, owsti ayste�ic
kbxi, or w̃{� bac � σ(N){owm: Het abar

ρ(x,w0) > 0 (∀x ∈ w̃) : (3.8.4)

Vercnenq

w1 = {x ∈ w̃ : ρ(x,w0) > 1} ,

w2 =

{
x ∈ w̃ :

1

2
6 ρ(x,w0) < 1

}
,

w3 =

{
x ∈ w̃ :

1

3
6 ρ(x,w0) <

1

2

}
,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

wn =

{
x ∈ w̃ :

1

n
6 ρ(x,w0) <

1

n− 1

}
(n > 2),

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Ayd depqowm (3.8.4){ic kbxi, or (3.8.3){� te�i owni: Aknhayt
�, or wn{er� zowyg a� zowyg �en hatvowm: Mnowm � hamozvel, or
wn{er� borelyan bazmow�yownner en:

ϕ(x) = ρ(x,w0) fownkcian an�ndhat � σ(N){i vra: He{
t abar ayn klini borelyan fownkcia: Ayste�ic kbxi, or ira{
kan a�ancqi amen mi borelyan bazmow�yan naxapatker�
σ(N){owm borelyan bazmow�yown �: Masnavorapes,

{x ∈ σ (N) : ρ (x, w0) > 1} = ϕ−1 ([1, ∞)) ,
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{
x ∈ σ (N) :

1

n
6 ρ (x, w0) <

1

n− 1

}
= ϕ−1

([
1

n
,

1

n− 1

))
(n = 2, 3, . . .)

bazmow�yownner� khandisanan σ(N){owm borelyan bazmow�yown{
ner: Qani or w̃ ⊂ σ(N)  s borelyan � (avelin, w̃{� bac �),
owsti

ω1 = w̃ ∩ ϕ−1 ([1, ∞)) ,

ω2 = w̃ ∩ ϕ−1

([
1

n
,

1

n− 1

))
(n > 2)

havasarow�yownneric kbxi, or wn{er�  s σ(N){owm borelyan
bazmow�yownner en:

Aknhayt �, or

ρ(wn, w0) > 0 (n = 1, 2, . . .) : (3.8.5)

Sahmanenq

fn(λ) =


1

f(λ)
, λ ∈ wn

0, λ ∈ σ(N) \ wn :

(n = 1, 2, . . .) (3.8.6)

(3.8.5)-i �norhiv

f(λ) 6= 0 (λ ∈ wn),

owsti
1

f(λ)
fownkcian klini oro�va�  an�ndhat wn{i vra:

Qani or wn{� kompakt �, owsti
1

f(λ)
fownkcian klini sahma{

na�ak wn{i vra: Het abar (3.8.6)-ic kbxi, or fn{er� sah{
mana�ak borelyan fownkcianer en σ(N){i vra:

Qani or

fn(x)f(λ) = χwn(λ) (n = 1, 2, . . .),
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owsti
fn(N)f(N) = E(wn) (n = 1, 2, . . .) : (3.8.7)

Dicowq x ∈ ker(f(N)), aysinqn` f(N)x = 0: Ayd depqowm
(3.8.7){ic kbxi, or

E(wn)x = 0 (n = 1, 2, . . .),

 w 7→ E(w)x fownkciayi σ{aditivow�yownic kbxi, or
E(w̃)x = 0: Bayc

E (w̃) + E(w0) = E (w̃ ∪ w0) = E(σ(N)) = I,

owsti kownenanq`
E(w0)x = x :

Verjins �l n�anakowm �, or x ∈ Im (E (w0)):
Ayspisov, apacowcvec, or

ker(f(N)) ⊂ Im(E(w0)) : (3.8.8)

(3.8.2){ic  (3.8.8){ic kbxi (3.8.1){�:
�eoremn apacowcva� �:

�eorem 3.8.2: Dicowq E{n N ∈ BL(H) normal �peratori
spektral verlow�yownn �, λ0 ∈ σ(N)  E0 = E ({λ0}): Ayd
depqowm`
1) ker(N − λ0I) = Im(E0),
2) λ0{n handisanowm � N �peratori se�akan ar�eq ayn
 miayn ayn depqowm, erb E0 6= 0,
3) σ(N) spektri cankaca� mekowsacva� ket handisanowm
� N �peratori se�akan ar�eq,
4) e�e σ(N) bazmow�yown� verjavor � kam ha�veli`
σ(N) = {λ1, λ2, λ3, . . .}, apa ∀x ∈ H vektor miar�eqoren
nerkayacvowm �

x =

∞∑
i=1

xi (3.8.9)

tesqov, orte� Nxi = λixi: �nd orowm xi ⊥ xj (i 6= j):
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Apacowyc: 1){� apacowcelow hamar naxord �eoremowm kverc{
nenq f(λ) = λ− λ0:
2){� anmijapes bxowm � 1){ic:
3){� apacowcelow hamar nkatenq, or e�e λ0{n σ(N){i
mekowsacva� ket �, apa {λ0}{n klini bac σ(N){owm  het a{
bar` E ({λ0}) 6= 0: Owsti 2){ic kbxi, or λ0{n N{i se�akan
ar�eq �:
4) N�anakenq Ei = E ({λi}) (i = 1, 2, 3, . . .): i 6= j depqowm
ownenq

EiEj = E ({λi})E ({λj}) = E ({λi} ∩ {λj}) = E(Ø) = 0,

orte�ic bxowm �, or i 6= j depqowm Im(Ei) ⊥ Im(Ej): Qani or
w 7→ E(w)x artapatkerowm� σ{aditiv �, owsti

∞∑
i=1

Eix =
∞∑
i=1

E ({λi})x = E(σ(N))x = x (x ∈ H) :

N�anakenq xi = Eix: 1){ic bxowm �, or Ei{n λi se�akan ar�e{
qin hamapatasxan se�akan en�atara�ow�yan vra �r�o{
gonal proyektman �peratorn �, owsti Nxi = λixi:

Ay�m cowyc tanq (3.8.9) nerkayacman miakow�yown�: Iroq, di{
cowq

x =

∞∑
i=1

xi,

orte� Nxi = λixi: Ayd depqowm kownenanq

Ejx = Ej

( ∞∑
i=1

xi

)
=

∞∑
i=1

Ejxi :

Qani or

Ejxi =

{
xj , i = j
0, i 6= j,

owsti kstananq

xj = Ejx (j = 1, 2, . . .),
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orte�ic �l bxowm �, or xj{er� miar�eqoren oro�vowm en x{i mi{
jocov:
�eoremn apacowcva� �:

Het anq 3.8.1: E�e N ∈ BL(H) normal �peratori spek{
t�r� verjavor � kam ha�veli, apa N{i se�akan
vektorneric kareli � kazmel H tara�ow�yan �r�onorma{
vorva� bazis:

Apacowyc: Dicowq σ(N) = {λ1, λ2, λ3, . . .}: ∀n ∈ N hamar
ker(N − λnI){i hamar �ntrenq {eni}i∈In �r�onormavorva�
bazis: N�anakenq

M = {eni : n ∈ N, i ∈ In} :

Naxord �eoremi 4) ketic bxowm �, or M vektorakan hama{
kargi g�ayin �a�an�n amenowreq xit � H-owm: Het abar
M{� klini H{i �r�onormavorva� bazis:
Het anqn apacowcva� �:

�eorem 3.8.3: Orpeszi N ∈ BL(H) normal �perator� lini
kompakt, anhra�e�t �  bavarar, or te�i ownenan he{
t yal erkow paymanner�`
a) σ(N){� �owni o� 0{akan kowtakman ket,
b) e�e λ 6= 0, apa dim ker(N − λI) <∞:

Apacowyc: Anhra�e�tow�yown� kapva� �� normalow�yan het.
e�e N ∈ BL(H) kamayakan kompakt �perator �, apa a), b)
pndowmner� te�i ownen:
Bavararow�yown: a){i �norhiv N �peratori σ(N) spektri
o� 0{akan keter� kareli � grel

λ1, λ2, . . . , λn, . . .

verjavor kam anverj hajordakanow�yan tesqov, �nd orowm
kareli � hamarel, or

|λ1| > |λ2| > · · · > |λn| > · · ·
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 λn → 0 (e�e spektr� ha�veli �): Sahmanenq

fn(λ) =

{
λ, λ = λi (1 6 i 6 n),
0, λ ∈ σ(N) \ {λ1, λ2, . . . , λn} :

N�anakenq Ei = E ({λi}) (i = 1, 2, . . .): b) paymanic  naxord
�eoremi 1) ketic bxowm �, or dim Im(Ei) < ∞ (i = 1, 2, . . .),
orte�ic kbxi, or Ei{n kompakt �: Ownenq

fn(λ) =
n∑
i=1

λiχ {λi} (λ),

owsti

fn(N) =
n∑
i=1

λiχ {λi} (N) =
n∑
i=1

λiEi,

orte�ic kbxi, or fn(N) �peratorner� kompakt en:
E�e σ(N){n anverj �, apa

|λ− fn(λ)| 6 |λn+1| (λ ∈ σ(N))

gnahatakanic kbxi, or

‖N − fn(N)‖ 6 |λn+1| −−−→
n→∞

0

owsti N{� khandisana fn(N) kompakt �peratorneri ha{
jordakanow�yan sahman �st BL(H){i normi  het abar N{�
klini kompakt:

E�e σ(N){� verjavor �, apa ∃n ∈ N, or

fn(λ) ≡ λ

 kownenanq fn(N) = N , orte�ic kbxi, or N{� kompakt �:
�eoremn apacowcva� �:

�eorem 3.8.4: Dicowq N ∈ BL(H) kompakt normal �pera{
tor �: Ayd depqowm`
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a) goyow�yown owni N �peratori aynpisi λ se�akan ar{
�eq, or |λ| = ‖N‖,
b) e�e 0 ∈ σ(N), f ∈ C(σ(N))  f(0) = 0, apa f(N) �pera{
tor� kompakt �: 11

Apacowyc: a) In�pes gitenq (tes` 2.7.1 �eorem�), ρ(N) = ‖N‖,
owsti ∃λ ∈ σ(N), or |λ| = ‖N‖: E�e ‖N‖ > 0, apa �st
3.8.3 �eoremi λ{n klini σ(N){i mekowsacva� ket, owsti �st
3.8.2 �eoremi 3) keti` λ{n klini N{i se�akan ar�eq (ayste�
kareli �r ��gtvel 3.8.2  3.8.3 �eoremneric, ayl �gtvel nranic,
or kompakt �peratori spektri o� 0{akan keter� se�akan
ar�eqner en): E�e ‖N‖ = 0, apa a) pndowmn aknhayt �:
b) Qani or σ(N){� verjavor � kam ha�veli, owsti C \ σ(N)
lracowm� klini kapakcva� C{owm: Het abar, �st Mergelya{
ni �eoremi` goyow�yown owni {gn(z)}∞n=1 bazmandamneri hajor{
dakanow�yown, or� σ(N){i vra havasara�a� �gtowm � f{in:
Kownenanq gn(0) −−−→

n→∞
f(0) = 0, owsti pn(z) = gn(z) − gn(0)

hajordakanow�yown�  s σ(N){i vra havasara�a� k�gti f{in,
�nd orowm pn(0) = 0 (n = 1, 2, . . .): Fiqsenq n ∈ N: Dicowq

pn(z) = a0z
m + a1z

m−1 + · · ·+ am−1z

(pn(0) = 0 paymanic bxowm �, or azat andam� 0 �): Ayd depqowm
kownenanq

pn(N) = a0N
m + a1N

m−1 + · · ·+ am−1N,

orte�ic kbxi, or pn(N){� kompakt �: Qani or pn(z) ⇒
x→∞

f(z),

z ∈ σ(N), owsti

pn(N)
BL(H)−−−−→
n→∞

f(N), 12

11E�e 0 6∈ σ(N), apa ∃N−1 ∈ BL(H), orte�ic  N{i kompaktow�yownic
kbxi, or I = NN−1 miavor �perator� kompakt �  het abar dimH <∞:
Owsti ayd depqowm ∀f ∈ C(σ(N)) hamar f(N){� kompakt �:

12N�enq, or verjavor spektri depqowm orpes pn(z) kareli � vercnel f-i
Lagran�i interpolyacion bazmandam�. ayd depqowm parzapes kownenanq
pn(z) = f(z) (z ∈ σ(N)) , het abar` pn(N) = f(N):
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orte�ic kbxi, or f(N){� kompakt �:
�eoremn apacowcva� �:
Lracowm: E�e N{� H anverj �a�ani hilbertyan tara�ow{
�yownowm kompakt normal �perator �, f ∈ C(σ(N))  f(N)
�perator� kompakt �, apa f(0) = 0:
Apacowyc: Qani or H{� anverj �a�ani �,  N{� kompakt �,
owsti 0 ∈ σ(N): σ(N){i vra ditarkenq g(λ) = f(λ) − f(0)
fownkcian: Kownenanq g ∈ C(σ(N))  g(0) = 0, owsti �st na{
xord �eoremi b) keti` g(N) = f(N) − f(0)I �perator� kom{
pakt �: Qani or f(N){�  s kompakt �, owsti kompakt klini
na 

f(0)I = f(N)− g(N)

�perator�: Qani or dimH = ∞, owsti ayste�ic kbxi, or
f(0) = 0: I

§ 3.9. Drakan �peratorner  qa�akowsi armatner

�eorem 3.9.1: Dicowq T ∈ BL(H): Ayd depqowm het yal erkow
paymannern irar hamar�eq en`
1) (Tx, x) > 0 (x ∈ H),
2) T = T ∗  σ(T ) ⊂ [0,∞):

Apacowyc: Nax cowyc tanq, or 1) ⇒ 2): Qani or (Tx, x) > 0,
owsti (Tx, x) = (Tx, x) = (x, Tx) = (T ∗x, x): Stacvec, or

(Tx, x) = (T ∗x, x) (x ∈ H),

owsti �st miakow�yan �eoremi (tes` 3.1.1 het anq�), kowne{
nanq T = T ∗:

σ(T ) ⊂ [0,∞) nerdrowm� cowyc talow hamar apacowcenq, or
∀λ > 0 �vi hamar −λ 6∈ σ(T ), orte�ic kbxi (k�gtvenq 3.6.3
�eoremi a) ketic), or σ(T ) ⊂ [0,∞): Iroq, ∀x ∈ H hamar 1){ic
bxowm �, or

λ ‖x‖2 = λ(x, x) 6 λ(x, x) + (Tx, x) =

= ((T + λI)x, x) 6 ‖(T + λI)x‖ · ‖x‖ ,
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‖(T + λI)x‖ · ‖x‖ > λ‖x‖2,

or� x 6= 0 depqowm kr�atelov ‖x‖{ov` kstananq

‖(T + λI)x‖ > λ‖x‖ : (3.9.1)

Verjins �i�t � na x = 0 hamar: (3.9.1){ic bxowm �, or −λ
�iv� T �peratori hamar �egowlyar tipi ket �, isk qani or
inqnahamalow� �peratori hamar �egowlyar tipi keter� ham{
�nknowm en �egowlyar keteri het, owsti −λ{n klini T {i �egowl{
yar ket` −λ 6∈ σ(T ):

−λ 6∈ σ(T ) a�n�ow�yown� kareli � himnavorel na het yal
kerp (ayd himnavorowm� �st �ow�yan krknowm � ayn �asti apa{
cowyci dato�ow�yownner�, hama�ayn ori inqnahamalow� �pe{
ratori hamar �egowlyar tipi keter� ham�nknowm en keteri
het): In�pes gitenq (tes` 3.1.1 lemman),

[Im(T + λI)]⊥ = ker (T + λI)∗ ,

 qani or

(T + λI)∗ = T ∗ + λI = T + λI,

owsti

[Im(T + λI)]⊥ = ker (T + λI) :

Bayc (3.9.1){ic bxowm �, or ker (T + λI) = {0}, owsti kownenanq
[Im(T + λI)]⊥ = {0}  het abar`

Im(T + λI) = H : (3.9.2)

Cowyc tanq, or

Im(T + λI) = H : (3.9.3)

Dra hamar, �norhiv (3.9.2){i, bavakan � cowyc tal, or
Im(T + λI){n �ak �`

Im(T + λI) ⊂ Im(T + λI) : (3.9.4)
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Vercnenq ∀y ∈ Im(T + λI): Ayd depqowm ∃{xn}∞n=1 hajordaka{
now�yown, or

Im(T + λI)xn −−−→
n→∞

y : (3.9.5)

(3.9.1){ic kbxi, or

‖xn − xm‖ 6
1

λ
‖(T + λI)xn − (T + λI)xm‖ ,

orte�ic bxowm �, or xn{� fowndamental �: Qani or H{� lriv �,
owsti

∃ lim
n→∞

xn = x : (3.9.6)

(3.9.5){ic  (3.9.6){ic  T + λI �peratori an�ndhatow�yownic
(kam` �akow�yownic) kbxi, or

y = lim
n→∞

(T + λI)xn = (T + λI)x,

 het abar y ∈ Im(T + λI):
(3.9.1){ic  (3.9.3){ic bxowm �, or ∃(T+λI)−1 ∈ BL(H), owsti

−λ 6∈ σ(T ):
Ay�m cowyc tanq, or 2) ⇒ 1):

Dicowq E{n T �peratori spektral verlow�ow�yownn �: Ayd dep{
qowm

(Tx, x) =

∫
σ(T )

λ dEx,x(λ) (x ∈ H) : (3.9.7)

Qani or Ex,x �a�eric yowraqan�yowr� drakan �  λ ∈ σ(T ) ha{
mar λ > 0, owsti (3.9.7){ic kbxi, or

(Tx, x) > 0 (x ∈ H) :

�eoremn apacowcva� �:

�eorem 3.9.2: ∀T ∈ BL(H) o� bacasakan �peratori ha{
mar goyow�yown owni miak S ∈ BL(H) o� bacasakan �pera{
tor, or S2 = T : �nd orowm, e�e T {n hakadar�eli �, apa
hakadar�eli � na S{�: 13

13Hakadar�eliow�yown� kareli � haskanal �e| sovorakan imastov, �e|
BL(H){i imastov:
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Apacowyc: Dicowq A ⊂ BL(H) or � �ak normal en�ahanra{
ha�iv �, or� parownakowm � I{n  T {n: �st Gelfand{Naymarki
2.3.5 �eoremi` Â = C(MA): Qani or T > 0, owsti (�st naxord
�eoremi) σ(T ) ⊂ [0,∞)  qani or σ(T ) = T̂ (MA), owsti T̂ > 0:
Bayc cankaca� o� bacasakan an�ndhat fownkcia owni miak
o� bacasakan an�ndhat armat: Het abar goyow�yown owni
miak S ∈ A, or S2 = T  Ŝ > 0: Isk Ŝ > 0 payman� hamar�eq
� S > 0 paymanin:

Ay�m dicowq A0{n ditarkva� A hanraha�ivneric �oqra{
gowynn �. A0{n irenic knerkayacni T {ic bazmandamneri dasi
�akowm�: Ayd depqowm �st vern asva�i, ∃S0 ∈ A0, or S

2
0 = T

 S0 > 0: Dicowq S ∈ BL(H)  s aynpisin �, or S2 = T  
S > 0: Cowyc tanq, or S = S0: A{ov n�anakenq I{ov  S{ov
�nva� minimal �ak en�ahanraha�iv�: Qani or T = S2, owsti
T ∈ A: Het abar A0 ⊂ A, owsti  S0 ∈ A: Bayc A{n normal
en�ahanraha�iv �, owsti` �st vern asva�i T {n A{owm owni
miak o� bacasakan armat: Het abar S = S0:

Ay�m dicowq T {n hakadar�eli � BL(H){owm: Cowyc tanq, or
ayd depqowm S{�  s klini hakadar�eli BL(H){owm, �nd orowm

S−1 = T−1S :

Qani or T−1S ∈ BL(H), owsti mnowm � nkatel, or(
T−1S

)
S = ST−1S = I :

Qani or TS = TS, owsti T−1S = ST−1  het abar

ST−1S = T−1S2 = T−1T = I :

�eoremn apacowcva� �:

�eorem 3.9.3: ∀T ∈ BL(H) hamar goyow�yown owni miak
P ∈ BL(H) o� bacasakan �perator, or

‖Px‖ = ‖Tx‖ (x ∈ H) :

Ayd �perator� T ∗T {i o� bacasakan qa�akowsi armatn
�:
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Apacowyc: Nax nkatenq, or

(T ∗Tx, x) = (Tx, Tx) = ‖Tx‖2 > 0 (x ∈ H), (3.9.8)

owsti T ∗T > 0:
E�e P ∈ BL(H)  P = P ∗, apa(

P 2x, x
)

= (Px, Px) = ‖Px‖2 (x ∈ H) : (3.9.9)

(3.9.8){ic  (3.9.9){ic bxowm �, or ‖Px‖ = ‖Tx‖ (x ∈ H)
havasarow�yown� hamar�eq �(

P 2x, x
)

= (T ∗Tx, x) (x ∈ H)

havasarow�yan�, orn �l, �st miakow�yan �eoremi, hamar�eq �
P 2 = T ∗T havasarow�yan�:
�eoremn apacowcva� �:

Ayn �ast�, or ∀λ ∈ C �iv nerkayacvowm � λ = α|λ| tesqov,
orte� |α| = 1, berowm � T ∈ BL(H) �perator� T = UP tesqov
nerkayacnelow xndrin, orte� U{n ownitar �perator �  
P > 0: E�e aydpisi faktorizacian hnaravor �, apa menq
UP {n kanvanenq T �peratori b e�ayin nerkayacowm:

Qani or ownitar �perator� izometrik �, owsti b e�ayin
nerkayacman mej P artadri��, in�pes cowyc � talis 3.9.3 �e{
orem�, miar�eqoren oro�vowm � T {i mijocov:

�eorem 3.9.4: Dicowq T ∈ BL(H): Ayd depqowm`
a) e�e T {n hakadar�eli � BL(H){owm, apa ayn owni miak
T = UP b e�ayin nerkayacowm,
b) e�e T {n normal �, apa ayn owni aynpisi T = UP b e{
�ayin nerkayacowm, orte� U , P , T �peratorner� te�a{
�oxeli en mek� myowsi het:

Apacowyc: a) E�e T {n BL(H){owm hakadar�eli �, apa
BL(H){owm hakadar�eli klinen na T ∗  T ∗T �peratorner�,
owsti �st 3.9.2 �eoremi` T ∗T �peratori P o� bacasakan qa{
�akowsi armat�  s klini hakadar�eli BL(H){owm: Vercnenq
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U = TP−1: Ayd depqowm U{n klini hakadar�eli BL(H){owm  
kownenanq

U∗U = P−1T ∗TP−1 = P−1P 2P−1 = I,

owsti U{n ownitar �perator �  T = UP : Qani or P {n
hakadar�eli �, owsti T = UP nerkayacowm� miakn � (e�e
T = UP , apa U = TP−1):
b) N�anakenq

p(λ) = |λ|,

u(λ) =


λ

|λ|
, λ 6= 0,

1, λ = 0 :

Ayd depqowm p(λ), u(λ){n klinen σ(T ){i vra sahmana�ak
borelyan fownkcianer: Dicowq P = p(T )  U = u(T ): Qani
or p > 0, owsti P > 0: Qani or uu = uu = 1, owsti
UU∗ = U∗U = I: Qani or λ = u(λ)p(λ), owsti T = UP :

T , U , P �peratorneri te�a�oxeliow�yown� bxowm � λ, u(λ),
p(λ) fownkcianeri te�a�oxeliow�yownic:
�eoremn apacowcva� �:

Dito�ow�yown 3.9.1: Kamayakan T ∈ BL(H) �perator par{
tavor �� ownenal b e�ayin nerkayacowm: Var� menq kberenq
�peratori �rinak, or� �owni b e�ayin nerkayacowm: Sakayn
e�e P {n T ∗T {ic o� bacasakan qa�akowsi armat �, apa

‖Px‖ = ‖Tx‖ (x ∈ H),

 
V Px = Tx

bana� ov oro�vowm � V izometria Im(P ){ic Im(T ){i vra`

‖V y‖ = ‖y‖ (y ∈ Im(P )) :

V {n an�ndhatoren miak � ov �arownakvowm � Im(P ){i vra
 ardyownqowm kstananq izometrikakan izomorfizm Im(P ){i
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 Im(T ){i mij : E�e na goyow�yown owni V1 izometrikakan
izomorfizm [Im(P )]⊥  [Im(T )]⊥ en�atara�ow�yownneri mij ,
apa z = x+ y (x ∈ Im(P ), y ∈ [Im(P )]⊥) hamar sahmanelov

Uz = V x+ V1y,

kstananq, or U-n V -i �arownakow�yown �  U{n ownitar �, �nd
orowm

T = UP,

aysinqn T {n �owyl � talis b e�ayin nerkayacowm: Aydpisi V1

�perator goyow�yown owni ayn  miayn ayn depqowm, erb

dim[Im(P )]⊥ = dim[Im(T )]⊥ : (3.9.10)

Sakayn, �naya�, or Im(P )  Im(T ) en�atara�ow�yownneri
izomorf{izometrik linelow pat�a�ov

dim Im(P ) = dim Im(T ), (3.9.11)

karo� � patahel, or (3.9.10){� te�i �ownena:
Nkatenq, or dimH <∞ depqowm

Im(P )⊕ [Im(P )]⊥ = H

Im(T )⊕ [Im(T )]⊥ = H

a�n�ow�yownneric kbxi, or

dim[Im(P )]⊥ = dimH − dim Im(P ),

dim[Im(T )]⊥ = dimH − dim Im(T ),

orte�ic  (3.9.11){ic kbxi (3.9.10){�: Het abar dimH < ∞
depqowm ∀T ∈ BL(H) �perator �owyl � talis b e�ayin nerka{
yacowm:

Sakayn �ndhanowr depqowm partadir ��, or dimH <∞:
(3.9.10){� te�i kownena, masnavorapes, ayn depqowm, erb

[Im(P )]⊥ = [Im(T )]⊥ : (3.9.12)
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Hamozvenq, or (3.9.12){� hamar�eq �

ker (T ∗T ) = ker (TT ∗) (3.9.13)

havasarow�yan�: Dra hamar nkatenq, or het yal a�n�ow{
�yownneric yowraqan�yowr� hamar�eq � ir hajordin (naxordin).

y ∈ [Im(P )]⊥,

(Px, y) = 0 (∀x ∈ H),

(x, Py) = 0 (∀x ∈ H),

Py = 0, (3.9.14)

Ty = 0, (3.9.15)

T ∗Ty = 0, 14

 , myows ko�mic, het yal a�n�ow�yownneric yowraqan�yowr� ha{
mar�eq � ir hajordin (naxordin).

y ∈ [Im(T )]⊥,

(Tx, y) = 0 (∀x ∈ H),

(x, T ∗y) = 0 (∀x ∈ H),

T ∗y = 0,

TT ∗y = 0 :

Masnavorapes, e�e T �perator� normal �, apa (3.9.13)-�
te�i owni:

Verada�nalov �ndhanowr depqin` nkatenq, or e�e sahma{
nenq

V y = 0
(
y ∈ [Im(T )]⊥

)
14 (3.9.14){i  (3.9.15){i hamar�eqow�yown� bxowm � ‖Py‖ = ‖Ty‖

havasarow�yownic:
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 V {n �arownakenq ambo�j H{i vra, apa kstananq

T = V P

nerkayacowm: Ayste� V {n ownitar ��, ayl ayspes ko�va�`
masnaki izometrik �perator �: Ayspisov, stacvec, or
∀T ∈ BL(H) �perator �owyl � talis T = V P faktorizacia,
orte� P {n o� bacasakan �perator �, isk V {n masnaki
izometrik �perator �:

Ay�m berenq sahmana�ak �peratorneri �rinakner, oronq
�owyl �en talis b e�ayin nerkayacowm: Dicowq H = `2, orte�
`2 = L2 (Z+): Sahmanenq

(SRf) (n) =

{
0, n = 0,
f(n− 1), n > 1,

(SLf) (n) = f(n+ 1) (n > 0) :

Ayd depqowm he�t � tesnel, or

S∗R = SL, S∗L = SR :

He�t � na tesnel, or

(SRSLf) (n) =

{
0, n = 0
f(n), n > 1

; (3.9.16)

SLSR = I : (3.9.17)

N�anakenq
P1 = SRSL, P2 = SLSR = I :

Ayd depqowm kownenanq

P 2
1 = S∗LSL, P 2

2 = S∗RSR :

Cowyc tanq, or SL  SR �peratorner� �owyl �en talis b e�ayin
nerkayacowm: Iroq, e�e en�adrenq, �e SL{� �owyl � talis

SL = UP
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b e�ayin nerkayacowm, orte� U{n ownitar �  P > 0, apa
kownenanq

‖SLx‖ = ‖Px‖ (x ∈ H),

 3.9.3 �eoremic kbxi, or P = P1: Owsti kownenanq

SL = US∗LSL,

SLf = US∗LSLf
(
∀f ∈ `2

)
,

 qani or SL(`2) = `2, owsti kstananq, or

US∗L = I,

S∗L = U−1 = U∗,

SL = U,

in�� cowyc � talis, or SL{n ownitar �, isk da hakasowm �
(3.9.16){in:

Ay�m en�adrenq, �e SR{n � �owyl talis

SR = UP

b e�ayin nerkayacowm, orte� U{n ownitar �  P > 0: Ayd
depqowm noric kownenanq P = P2, owsti

SR = U :

Stacvec, or SR{� ownitar �, in�� hakasowm � (3.9.16){in: I

�eorem 3.9.5: Dicowq M,N, T ∈ BL(H), �nd orowm M{�  N{�
normal en, isk T {n hakadar�eli � BL(H){owm: Dicowq

M = TNT−1 : (3.9.18)

Ayd depqowm e�e T = UP {n T �peratori b e�ayin nerka{
yacowmn �, apa

M = UNU−1 : (3.9.19)
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Apacowyc: (3.9.18) payman� kareli � grel MT = TN tesqov:
Ayste�ic  Fowglid{Powtnam{�ozenblyowmi �eoremic bxowm �,
or M∗T = TN∗: Het abar

T ∗M = (M∗T )∗ = (TN∗)∗ = NT ∗,

owsti, qani or P 2 = T ∗T , kownenanq

NP 2 = NT ∗T = T ∗MT = T ∗TN = P 2N :

Ayste�ic kbxi, or ∀f ∈ C
(
σ
(
P 2
))

hamar N{� te�a�oxeli
� f

(
P 2
)
{ow het: Qani or P 2 > 0, owsti σ

(
P 2
)
⊂ [0,∞):

Vercnenq f(λ) =
√
λ > 0

(
λ ∈ σ

(
P 2
))
, ayd depqowm kownenanq

f2(λ) = λ  het abar f2
(
P 2
)

= P 2: Qani or P 2{ow o�
bacasakan qa�akowsi armat� miakn �, owsti f

(
P 2
)

= P :
Het abar Nf

(
P 2
)

= f
(
P 2
)
N havasarow�yownic kbxi, or

NP = PN : Owsti (3.9.18){ic kbxi, or

M = (UP )N(UP )−1 = UPNP−1U−1 =

= UNPP−1U−1 = UNU−1 :

�eoremn apacowcva� �:

Dito�ow�yown 3.9.2: (3.9.18) a�n�ow�yamb kapva� M  N �pe{
ratorner� ko�vowm en nman: E�e U{n ownitar �perator �  
te�i owni (3.9.19){�, apa M  N �peratorner� ko�vowm en
ownitar hamar�eq (izomorf): Ayspisov, naxord �eorem� cowyc
� talis, or e�e normal �peratornern irar nman en, apa
dranq ownitar hamar�eq en: I

§ 3.10. Hakadar�eli �peratorneri xowmb�

�eorem 3.10.1: Bolor T ∈ BL(H) hakadar�eli (BL(H){owm)
�peratorneri G = [BL(H)]−1 xowmb� kapakcva� �,  
yowraqan�yowr T ∈ G �perator nerkayacvowm � erkow �qs{
ponentneri artadryali tesqov:

(�qsponenti tak, haskanali �, nkati ownenq exp(S)
tesqi �perator, orte� S ∈ BL(H)):
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Apacowyc: Dicowq T ∈ G  T = UP {n nra b e�ayin ner{
kayacowmn �: Ayste� U{n ownitar �, isk P > 0, �nd orowm
P {n hakadar�eli � BL(H){owm: Het abar σ(P ) ⊂ (0,∞),
owsti σ(P ){i vra karo� enq ditarkel ϕ(λ) = lnλ fownkcian:
Kownenanq

exp(ϕ(λ)) = λ (λ ∈ σ(P )),

owsti n�anakelov S = ϕ(P ), kstananq

exp(S) = P :

Qani or U{n ownitar �, owsti σ(U){n �nka� � miavor �rjana{
g�i vra: Het abar goyow�yown owni f : σ(U)→ R sahmana�ak
borelyan fownkcia, or

exp{i f(λ)} = λ (λ ∈ σ(U)) :

Iskapes, orpes f(λ) kareli � vercnel argowmenti glxavor
ar�eq� (nkatenq, or n�va� hatkow�yownnerov ��tva� f
an�ndhat fownkcia karo� � goyow�yown �ownenal): N�anakenq
Q = f(U): Ayd depqowm Q ∈ BL(H) inqnahamalow� �perator
�  U = exp(iQ): Het abar`

T = UP = exp(iQ) exp(S) :

Ayste�ic bxowm �, or G xowmb� kapakcva� �: Iroq, r ∈ [0, 1]
hamar sahmanenq

Tr = exp(irQ) exp(rS) :

Ayd depqowm r 7→ Tr klini an�ndhat artapatkerowm [0, 1]{ic
G{i mej, �nd orowm T0 = I  T1 = T : Stacvec, or G{i cankaca�
T �lement kareli � G{in patkano� an�ndhat korov miacnel
I miavor �peratorin: Ayste�ic kbxi, or G{i cankaca�
erkow �lementner kareli � miacnel irar ambo�jow�yamb G{in
patkano� an�ndhat korov: Het abar G{n kapakcva� �:
�eoremn apacowcva� �:
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Dito�ow�yown 3.10.1: 1.15.5 �eoremic bxowm �, or e�e A{n ver{
javor �a�ani banaxyan hanraha�iv �, apa ∀a ∈ A−1 �le{
ment nerkayacvowm � a = exp(b) tesqov, orte� b ∈ A in�{or
�lement �: �ndhanowr depqowm partadir ��, or T ∈ G �pera{
tor� handisana �qsponent: Hark � n�el, or amen mi �qspo{
nent ��tva� � qa�akowsi armatov. exp(S) �peratori hamar
exp

(
1
2S
)
�perator� handisanowm � qa�akowsi armat: Var�

menq ktesnenq, or partadir �� T ∈ G �peratorn ownena
qa�akowsi armat:

�eorem 3.10.2: Dicowq D ⊂ C aynpisi bac sahmana�ak
bazmow�yown �, or

Ω =
{
α ∈ C : α2 ∈ D

}
(3.10.1)

bazmow�yown� kapakcva� �  0 6∈ D: Dicowq H{� ayn bolor
f ∈ H(D) fownkcianeri tara�ow�yownn �, oronc hamar∫

D

|f |2dm2 <∞ (3.10.2)

(orte� m2{� R2{owm Lebegi �a�n �): H{owm skalyar ar{
tadryal� sahmanenq

(f, g) =

∫
D

fg dm2 (3.10.3)

bana� ov: Ayd depqowm H{� hilbertyan tara�ow�yown
�: M ∈ BL(H) bazmapatkman �perator� sahmanenq
het yal kerp.

(Mf)(z) = zf(z) (f ∈ H, z ∈ D) :

Ayd depqowm M{� hakadar�eli � BL(H){owm, bayc �owni qa{
�akowsi armat:
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Apacowyc: Parz �, or (3.10.3){� skalyar artadryal � H{i
vra  H{� L2(D){i en�atara�ow�yown �: Dicowq z ∈ D
kamayakan ket �: ∆z0 = D (z0; εz0) �ntrenq aynqan �oqr, or
D (z0; 2εz0) ⊂ D: �st mijin ar�eqi �eoremi` ∀f ∈ H hamar

f(z) =
1

πε2
z

∫∫
D(z,εz)

f(t) dm2 (z ∈ D(z, εz)) ,

het abar

|f(z)|2 =
1

(πε2
z)

2

∣∣∣∣∣∣∣
∫∫

D(z,εz)

f(t) dm2

∣∣∣∣∣∣∣
2

6

6
1

(πε2
z)

2

∫∫
D(z,εz)

12dm2 ·
∫∫

D(z,εz)

|f(t)|2dm2 =

=
1

πε2
z

∫∫
D(z,εz)

|f |2dm2 6
‖f‖2

πε2
z

,

|f(z)| 6 ‖f‖√
π εz0

(
z ∈ D (z0, εz0) , f ∈ H

)
: (3.10.4)

Ay�m dicowq {fn}∞n=1 hajordakanow�yown� fowndamental �
H{owm: (3.10.4){ic kbxi, or kamayakan zo ∈ D keti hamar

sup
z∈∆z0

|fn(z)− fm(z)| 6 ‖fn − fm‖√
π εz0

−−−−−→
n,m→∞

0,

in�� cowyc � talis, or {fn(z)}∞n=1 hajordakanow�yown� z0

keti ∆z0 �rjakayqowm ( ∆z0{i �akman vra) havasara�a�
zowgamet �: Stacvec, or {fn(z)}∞n=1 hajordakanow�yown� D{i
yowraqan�yowr keti �rjakayqowm havasara�a� zowgamet �,
owsti ayn havasara�a� zowgamet klini D{i kompakt en�a{
bazmow�yownneri vra: Het abar, �st Vayer�trasi �eoremi,

f(z) = lim
n→∞

fn(z) (z ∈ D) (3.10.5)
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sahmanayin fownkcian patkanowm � H(D){in:
Myows ko�mic, H{owm {fn} hajordakanow�yan fowndamenta{

low�yownic bxowm �, or {fn}{� fowndamental � na L2(D){owm,
owsti ∃ϕ ∈ L2(D), or

fn
L2(D)
−→

n→∞
ϕ : (3.10.6)

(3.10.5){ic  (3.10.6){ic kbxi, or f = ϕ h.a. D{owm (��? or L2

normov zowgamet yowraqan�yowr {fn} hajordakanow�yown pa{
rownakowm � hamarya amenowreq zowgamet en�ahajordakanow{
�yown, ori f sahmanayin fownkcian handisanowm � mia�ama{
nak {fn}{i sahman� L2 normov): Het abar f ∈ L2(D)  

fn
L2(D)
−→

n→∞
f : (3.10.7)

Stacvec, or f ∈ H(D) ∩ L2(D) = H ,  (3.10.7){ic kbxi, or

fn
H−→ f : Sranov isk H{i lrivow�yownn apacowcvec:
Qani or D{n sahmana�ak �, owsti M ∈ BL(H): Baci ayd,

1

z
fownkcian sahmana�ak � D{owm, owsti M{i

(
M−1f

)
(z) =

1

z
f(z) (f ∈ H)

hakadar�� klini BL(H){ic:
Cowyc tanq, or @Q ∈ BL(H), or Q2 = M : En�adrenq

haka�ak�: �ntrenq or � α ∈ Ω  n�anakenq λ = α2: Ayd
depqowm λ ∈ D: N�anakenq

Mλ = M − λI, S = Q− αI, T = Q+ αI : (3.10.8)

Ayd depqowm he�t � tesnel, or

ST = Mλ = TS : (3.10.9)

Qani or menq gor� ownenq holomorf fownkcianeri het,

(Mλg) (z) = (z − λ)g(z) (z ∈ D, g ∈ H) (3.10.10)
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bana� � cowyc � talis, or Mλ �perator� inektiv �  

Im(Mλ) = {f ∈ H : f(λ) = 0} : (3.10.11)

Ver� menq tesanq, or fn
H−→ F n�anakowm �, or fn

L2

−→ F
 fn(z) ⇒ f(z), D{i nersowm: Owsti (3.10.11){ic kbxi, or
Im(Mλ){n H{owm �ak en�atara�ow�yown �: Nkatenq na , or
Im(Mλ){i ko�a�� havasar � 1{i`

dimIm(Mλ)H = dimH/ Im(Mλ) = dim[Im(Mλ)]⊥ = 1 : (3.10.12)

Iroq, ∀f ∈ H kareli � grel

f = f1 + f2

tesqov, orte� f1 ∈ Im(Mλ), f2 = const (kvercnenq f1(z) =
= f(z)− f(λ), f2(z) = f(λ), ∀z ∈ D):

Mλ{i inektivow�yownic  (3.10.9){i a�ajin havasarow�yow{
nic bxowm �, or T {n  s inektiv �, isk (3.10.9){i erkrord hava{
sarow�yownic bxowm �, or S{�  s inektiv �: Ownenq Im(Mλ) 6= H
(��? or f(x) ≡ 1 fownkcian H{ic �  �i patkanowm Im(Mλ){in),
owsti Mλ{n BL(H){owm hakadar�eli ��: Ayste�ic  (3.10.9){ic
kbxi, or S  T �peratorneric gone mek� hakadar�eli ��
BL(H){owm:

Cowyc tanq, or S, T �peratorneric �i�t mek� hakadar�eli
� BL(H){owm: Ayd npatakov en�adrenq, �e S{� hakadar�eli
�� BL(H){owm  cowyc tanq, or ayd depqowm T {n hakadar�eli
� BL(H){owm: Nax nkatenq, or Im (S)-� �ak �: Iroq, e�e

fn ∈ H (n ∈ N)  Sfn
H−→ g, apa (3.10.9)-i �norhiv Mλfn =

= T (Sfn) → Tg, orte�ic  Im (Mλ)-i �akow�yownic kbxi, or
goyow�yown owni aynpisi f ∈ H fownkcia, or

Mλf = Tg : (3.10.13)

(3.10.9), (3.10.13)-ic kownenanq TSf = Tg, orte�ic  T -i
inektivow�yownic kbxi, or g = Sf ∈ Im (S): Qani or S{�
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inektiv �  hakadar�eli ��, owsti Im(S) 6= H . haka�ak
depqowm, �st hakadar� �peratori masin Banaxi �eoremi,
S{� kliner hakadar�eli: Het abar

dim [Im (S)]⊥ > 1 : (3.10.14)

Mλ = ST havasarow�yownic bxowm �, or Im(Mλ) ⊂ Im(S),
owsti [Im (S)]⊥ ⊂ [Im (Mλ)]⊥, orte�ic  (3.10.12), (3.10.14){ic
kbxi, or [Im (S)]⊥ = [Im (Mλ)]⊥: Het abar Im(S) = Im(Mλ):
Stacva�� cowyc � talis, or S{� H{� �oxmiar�eq artapat{
kerowm � Im(Mλ){i vra: Bayc myows ko�mic Mλ = ST havasa{
row�yown� cowyc � talis, or S{� Im(T ){n � �oxmiar�eq arta{
patkerowm Im(Mλ){i vra: Het abar` Im(T ) = H , orte�ic,
T {i inektivow�yownic  hakadar� �peratori masin Banaxi
�eoremic bxowm �, or T {n hakadar�eli � BL(H){owm:

Ayspisov, menq cowyc tvecinq, or ∀α ∈ Ω hamar Q − αI  
Q+αI �peratorneric �i�t mek� hakadar�eli �: Nkatenq, or
0 6∈ D paymani �norhiv kownenanq, or 0 6∈ Ω: D�var �� tesnel,
or

σ(Q) ∩ Ω 6= Ω : (3.10.15)

Iroq, e�e α ∈ σ(Q) ∩ Ω, apa Q − αI �perator� BL(H){owm
hakadar�eli ��, owsti Q + αI �perator� klini BL(H){owm
hakadar�eli  het abar −α 6∈ σ(Q), min�de� −α{n aknhay{
toren patkanowm � Ω{in:

Qani or Ω{n handisanowm � α 7→ α2 an�ndhat artapat{
kerman depqowm D bac bazmow�yan naxapatker�, owsti Ω{n
bac �: Cowyc tanq, or σ(Q) ∩ Ω{n bac � Ω{owm: Dra hamar
vercnenq ∀α ∈ σ(Q) ∩ Ω  cowyc tanq, or ∃ ε > 0, aynpes,
or D(α, ε) ⊂ σ(Q) ∩ Ω: Iroq, α ∈ σ(Q) n�anakowm �, or Q −
αI �perator� BL(H){owm hakadar�eli ��: Het abar Q + αI
�perator� klini hakadar�eli BL(H){owm` Q + αI ∈ G: Qani
or G{n bac �, owsti ∃ ε > 0, or λ ∈ D(α, ε) hamar Q+ λI ∈ G:
Qani or Ω{n bac �  α ∈ Ω, owsti ε{� kareli � �ntrel aynqan
�oqr, or

D(α, ε) ⊂ Ω : (3.10.16)
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Ayd depqowm λ ∈ D(α, ε) hamar Q − λI �perator� �i lini
hakadar�eli (��? or aydpisi λ{ner� Ω{ic en  nranc hamar
Q + λI ∈ G), in�� n�anakowm �, or D(α, ε) ⊂ σ(Q): Ayste�ic  
(3.10.16){ic �l kbxi, or

D(α, ε) ⊂ σ(Q) ∩ Ω :

Myows ko�mic, qani or σ(Q){n kompakt �, owsti σ(Q)∩Ω{n klini
na �ak Ω{owm: Ayste�ic  Ω{i kapakcva�ow�yownic kbxi, or
σ(Q) ∩ Ω = Ø kam σ(Q) ∩ Ω = Ω: Stacva�ic  (3.10.15){ic
kbxi, or σ(Q) ∩ Ω = Ø, in�� hakasowm � ayn banin, or ∀α ∈ Ω
hamar Q±αI �peratorneric mek� hakadar�eli �� BL(H){owm
kam or nowynn �` ±α �veric mek� patkanowm � σ(Q){in:
�eoremn apacowcva� �:

Dito�ow�yown 3.10.2: In�pes apacowycic tesanq, H{i lrivow{
�yan veraberyal pndowm� �i�t � ∀D ⊂ C bac bazmow�yan
hamar: I



Glowx 4

B∗- HANRAHA
IVNERI NKARAGROW�YOWN�

§ 4.1. Qa�akowsi armatner

�eorem 4.1.1: Dicowq A{n involyowtiv banaxyan hanraha{
�iv �, x ∈ A, x = x∗  σ(x) ⊂ (0,∞): Ayd depqowm ∃y ∈ A, or
y = y∗  y2 = x:

Apacowyc: A�anc �ndhanrow�yown� xaxtelow karo� enq hama{
rel, or A{n komowtativ hanraha�iv �: Iroq, haka�ak depqowm
A{n k�oxarinenq x{� parownako� �ak normal hanraha�vov,
ori ardyownqowm x{i spektr� �i �oxvi:

Dicowq Ω = C \ (−∞, 0]: Qani or Ω{n miakap �, owsti
∃f ∈ H(Ω), or f2(λ) = λ  f(1) = 1: Qani or σ(x) ⊂ Ω, owsti
karo� enq ditarkel

y = f̃(x) (4.1.1)

�lement�: Kownenanq y2 = x: Cowyc tanq, or y∗ = y:

Qani or Ω{n miakap �, owsti �st �owngei �eoremi`
∃{Pn}∞1 ⊂ H(Ω) bazmandamneri hajordakanow�yown, or� Ω{i
nersowm havasara�a� zowgamitowm � f{in: N�anakenq

Qn(λ) =
1

2

(
Pn(λ) + Pn

(
λ
))

:

Qani or f
(
λ
)

= f(λ), owsti Qn{er�  s Ω{i nersowm hava{
sara�a� kzowgamiten f{in: Qn{er� irakan gor�akicnerov
bazmandamner en, owsti

yn = Qn(x) (n = 1, 2, . . .)

�lementner� klinen hermityan, qani or x = x∗: Kownenanq

y = lim
n→∞

yn :

220



§ 4.1. Qa�akowsi armatner 221

E�e en�adrenq, �e involyowcian an�ndhat �, apa yn = y∗n
havasarow�yan mej ancnelov sahmani, erb n→∞, kstananq
y = y∗: �ndhanowr depq� bervowm � n�va�in het yal kerp:

Dicowq R{� A hanraha�vi �adikaln �  π : A → A/R ka{
nonakan artapatkerowmn �: A/R faktor{hanraha�vi vra

(π(a))∗ = π(a∗) (a ∈ A)

bana� ov oro�vowm � ko�ekt sahmanva� involyowcia: E�e
a ∈ A �lement� hermityan �, apa π(a){n  s klini hermityan:
Gelfandi � a�oxow�yan masin pndowm� cowyc � talis, or
A/R hanraha�iv� izomorf � Â{in  het abar, kisaparz �:
Ayste�ic kbxi, or A/R{owm cankaca� involyowcia an�ndhat
�  het abar` π(y){� hermityan �` π(y) = π(y∗):

Apacowcva�� cowyc � talis, or y − y∗ ∈ ker(π) = Rad(A):
y{� nerkayacnenq y = u + iv tesqov, orte� u = u∗  v = v∗:
Ownenq y − y∗ = 2iv ∈ R, owsti v ∈ R: Qani or x = y2, owsti

x = u2 − v2 + 2iuv : (4.1.2)

Dicowq ϕ ∈ MA kamayakan kompleqs homomorfizm �: Qani or
v ∈ R, owsti ϕ(v) = 0: Het abar

ϕ(x) = [ϕ(u)]2 :

�st en�adrow�yan` 0 6∈ σ(x): Het abar ϕ(x) 6= 0, owsti
 ϕ(u) 6= 0: Ayste�ic  ϕ{i kamayakanow�yownic kbxi, or
u ∈ A−1: Qani or x = x∗, owsti (4.1.2){ic kbxi, or

uv = 0 :

Bayc v = u−1(uv), owsti v = 0: Stacvec, or y = u  u = u∗,
owsti y = y∗:
�eoremn apacowcva� �:

Dito�ow�yown 4.1.1: �eoremi paymannerowm σ(y) ⊂ (0,∞):
Iroq, da bxowm � (4.1.1){ic, σ(x) ⊂ (0,∞) paymanic  
spektrneri artapatkerman �eoremic: I
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§ 4.2. Drakan fownkcionalner

Dicowq A-n involyowtiv banaxyan hanraha�iv �, isk A′{�
A{i vra oro�va� bolor g�ayin fownkcionalneri dasn � (A{i
hanraha�vakan hamalow��):

Sahmanowm 4.2.1: F ∈ A′ fownkcional� ko�vowm � drakan (o�
bacasakan), e�e

F (xx∗) > 0 (∀x ∈ A) :

Nax apacowcenq het yal ��andak pndowm�:

Lemma 4.2.1: Dicowq L1, L2{� X banaxyan tara�ow�yan
aynpisi �ak en�atara�ow�yownner en, or X = L1 + L2:
Ayd depqowm ∃γ > 0 �iv, aynpes, or ∀x ∈ X vektor kareli
� nerkayacnel x = x1 + x2 tesqov, orte� x1 ∈ L1, x2 ∈ L2  

‖x1‖+ ‖x2‖ 6 γ ‖x‖ :

Apacowyc: N�anakenq Y = L1 × L2: Y {owm gor�o�ow�yownner�
sahmanenq komponent a� komponent: (x1, x2) ∈ Y vektori
norm� sahmanenq

‖(x1, x2)‖ = ‖x1‖+ ‖x2‖

bana� ov: Ayd depqowm he�t � tesnel, or Y {� kda�na banax{
yan tara�ow�yown: Λ : Y → X �perator� sahmanenq

Λ(x1, x2) = x1 + x2

bana� ov: Ayd depqowm Λ{n klini g�ayin an�ndhat �perator,
or� Y {n artapatkerowm � X{i vra: �st bac artapatker{
man masin �eoremi` Λ artapatkerowm� bac �: Ownenq

Λ
(
B(0, 1)

)
⊃ Λ(B(0, 1)),

 qani or 0 ∈ Λ(B(0, 1)) ow Λ(B(0, 1)){� bac �, owsti ∃ε > 0,
aynpes or

Λ(B(0, 1)) ⊃ B(0, ε) :
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Kownenanq

Λ
(
B(0, 1)

)
⊃ B(0, ε) :

Owsti ∀x ∈ B(0, ε) hamar ∃(x1, x2) ∈ B(0, 1) ⊂ Y , or
x = Λ(x1, x2) = x1 + x2  

‖(x1, x2)‖ 6 1,

aysinqn`

‖x1‖+ ‖x2‖ 6 1 :

Ay�m dicowq x ∈ X \ {0} kamayakan vektor �, ayd depqowm
y = x

‖x‖ε ∈ B(0, ε) ⊂ X , owsti ∃(y1, y2) ∈ Y , or

y = y1 + y2

 

‖y1‖+ ‖y2‖ 6 1 :

(y1, y2) ∈ Y n�anakowm �, or y1 ∈ L1, y2 ∈ L2: Vercnelov

x1 =
‖x‖
ε
y1, x2 =

‖x‖
ε
y2,

kownenanq x1 ∈ L1, x2 ∈ L2, x = x1 + x2  

‖x1‖+ ‖x2‖ =
‖x‖
ε

(‖y1‖+ ‖y2‖) 6
1

ε
‖x‖ : (4.2.1)

E�e x = 0, apa vercnelov x1 = x2 = 0, kownenanq, or (4.2.1){�
krkin te�i owni: Mnowm � vercnel γ = 1

ε :
Lemman apacowcva� �:

�eorem 4.2.1: Dicowq F {� drakan fownkcional �: Ayd dep{
qowm`
1) F (x∗) = F (x) (∀x ∈ A),
2) |F (xy∗)|2 6 F (xx∗)F (yy∗) (∀x, y ∈ A),
3) |F (x)|2 6 F (e)F (xx∗) 6 F (e)2ρ(xx∗) (∀x ∈ A),
4) e�e x ∈ A normal �lement �, apa |F (x)| 6 F (e)ρ(x),
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5) F {� handisanowm � A{i vra g�ayin sahmana�ak fownk{
cional:

Baci dranic, e�e A{n komowtativ �, apa ‖F‖ = F (e),  
e�e A{i involyowcian bavararowm � ‖x∗‖ 6 β ‖x‖paymanin,

apa ‖F‖ 6 β
1
2F (e):

Apacowyc: Dicowq x, y ∈ A: N�anakenq

p = F (xx∗), q = F (yy∗), r = F (xy∗), s = F (yx∗) : (4.2.2)

Qani or F [(x+ αy) (x∗ + αy∗)} > 0 (∀α ∈ C), owsti

p+ αr + αs+ |α|2q > 0 (α ∈ C) : (4.2.3)

Ayste� vercnelov nax α = 1  apa α = i, tesnowm enq, or s+r
 i(s− r) �vern irakan en: Kownenanq{

s+ r = s+ r

i(s− r) = i(s− r)

{
s+ r = s+ r
− (s− r) = s− r

{
s+ r = s+ r
s− r = r − s

 verjin erkow a�n�ow�yownner� gowmarelov` kstananq s = r:
y = e depqowm ayd a�n�ow�yown� talis � 1){�:

r = 0 depqowm 2){n aknhayt �: Dicowq r 6= 0: (4.2.3){owm

vercnenq α =
tr

|r|
, orte� t ∈ R: Ayd depqowm kstananq

p+ 2|r|t+ qt2 > 0 (t ∈ R),

orte�ic kbxi, or

|r|2 6 pq :

Sa �l henc 2){n �:

Qani or ee∗ = e, owsti 3){i a�ajin mas� stacvowm � 2){owm
vercnelov y = e: 3){i erkrord masn apacowcelow hamar verc{
nenq or � t > ρ(xx∗) �iv: Kownenanq

σ (te− xx∗) ⊂ {z ∈ C : Re z > 0} ,
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owsti �st 4.1.1 �eoremi` ∃u ∈ A, or u = u∗  u2 = te− xx∗: Ayd
pat�a�ov

tF (e)− F (xx∗) = F (u2) = F (uu∗) > 0,

F (xx∗) 6 tF (e) (∀t > ρ(xx∗)) ,

orte�ic �l kbxi, or

F (xx∗) 6 F (e)ρ(xx∗) :

Sranov 3){� apacowcvec:
Ay�m dicowq x{� normal �lement �` xx∗ = x∗x: Ayd depqowm

kownenanq σ(xx∗) ⊂ σ(x)σ(x∗) (tes` 2.6.2 �eorem�), owsti

ρ(xx∗) 6 ρ(x)ρ(x∗) :

Bayc aknhayt �, or σ(x∗) = σ(x) =
{
λ : λ ∈ σ(x)

}
, owsti

ρ(x∗) = ρ(x)  het abar kownenanq

ρ(xx∗) 6 ρ(x)2,

orte�ic  3){ic kbxi 4){�:
E�e A hanraha�iv� komowtativ �, apa 4){� te�i kownena

bolor x ∈ A hamar (bolor �lementner� klinen normal), owsti

|F (x)| 6 F (e)‖x‖ (∀x ∈ A),

 het abar F {� sahmana�ak � ow ‖F‖ 6 F (e): Myows ko�mic
‖F‖ = sup

‖x‖=1
|F (x)| > |F (e)| = F (e), owsti ‖F‖ = F (e): E�e

‖x∗‖ 6 β‖x‖, apa 3){ic kbxi, or

|F (x)| 6 F (e)
√
ρ(xx∗) 6 F (e)

√
‖xx∗‖ 6

6 F (e)
√
‖x‖ · ‖x∗‖ 6 F (e)β

1
2 ‖x‖,

 sranov isk 5){i het kapva� erkow depqeri hamar n�va�
pndowmner� himnavorva� en:
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Mnac �ndhanowr depqowm cowyc tal 5){�:
3){ic bxowm �, or F (e) > 0, �nd orowm F (e) = 0 depqowm

kownenanq F (x) = 0 (∀x ∈ A): Owsti bavakan � ditarkel
F (e) > 0 depq�: A�anc �ndhanrow�yown� xaxtelow kareli �
�ndownel, or

F (e) = 1 :

H{ov n�anakenq A{i bolor simetrik �lementneri bazmow�yow{
n�: H{�  iH{� irakan g�ayin tara�ow�yownner en, �nd orowm,
�st 2.3.1 pndman, A = H ⊕ iH : 4) pndowmic bxowm �, or H{i
vra F {i ne�acowm� 1 normov g�ayin fownkcional �: Owsti ayn
norm� pahpanelov miar�eqoren �arownakvowm � H{i vra  
ardyownqowm menq stanowm enq in�{or Φ : H → R g�ayin irakan
fownkcional ( 1){i �norhiv H{i vra F {� irakan �r), ori norm�
havasar � 1{i: Cowyc tanq, or

Φ(y) = 0
(
∀y ∈ H ∩ iH

)
: (4.2.4)

Iroq, dicowq y = limun = lim(ivn), orte� un, vn ∈ H : Ayd
depqowm u2

n → y2, v2
n → −y2  3), 4){ic kbxi, or

|F (un)|2 6 F
(
u2
n

)
6 F

(
u2
n + v2

n

)
6
∥∥u2

n + v2
n

∥∥→ 0,

owsti

Φ(y) = limF (un) = 0 :

�st 4.2.1 lemmayi` ∃γ > 0 �iv, aynpes or ∀x ∈ A �lement ner{
kayacvowm � x = x1 + ix2 tesqov, orte� x1, x2 ∈ H  

‖x1‖+ ‖x2‖ 6 γ‖x‖ :

Dicowq x = u+ iv, orte� u, v ∈ H : Kownenanq`

x1 − u, x2 − v ∈ H :

Myows ko�mic,

x = x1 + ix2 = u+ iv,



§ 4.3. Drakan fownkcionalner komowt. hanraha�ivnerowm 227

owsti
x1 − u = i(x2 − v),

 het abar x1 − u, x2 − v ∈ iH : (4.2.4){ic kbxi, or

Φ(x1 − u) = Φ(x2 − v) = 0,

owsti Φ(u) = Φ(x1), Φ(v) = Φ(x2)  het abar`

F (x) = F (u+ iv) = F (u) + iF (v) = Φ(x1) + iΦ(x2),

|F (x)| 6 |Φ(x1)|+ |Φ(x2)| 6 ‖x1‖+ ‖x2‖ 6 γ‖x‖ :

Sa �l cowyc � talis, or F {n sahmana�ak �:
�eoremn apacowcva� �:

§ 4.3. Drakan fownkcionalner komowtativ
banaxyan hanraha�ivnerowm

Lemma 4.3.1 (lemma e�yaki masin): Dicowq X , Y , Z{� g�ayin
tara�ow�yownner en, A : X → Y  B : X → Z g�ayin �pe{
ratorner en, �nd orowm B(X) = Z  

ker(B) ⊂ ker(A) : (4.3.1)

Ayd depqowm`
1) ∃C : Z → Y g�ayin �perator` aynpes, or A = CB,
2) e�e X , Z{� banaxyan tara�ow�yownner en, Y {� g�ayin
normavorva� tara�ow�yown �,  A, B �peratorner� an{
�ndhat en, apa 1) pndman mej orpes C kareli � vercnel
an�ndhat �perator:

Apacowyc: 1) Vercnenq kamayakan z ∈ Z �lement: �st pay{
mani` ∃x ∈ X , or z = Bx: Sahmanenq

Cz = Ax : (4.3.2)

Hamozvenq, or C{i sahmanowm� ko�ekt �, aysinqn` (4.3.2){i �ax
mas� kaxva� �� x{i �ntrow�yownic: Iroq, e�e na z = Bx1,
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apa kownenanq Bx = Bx1,  het abar x − x1 ∈ ker(B):
Ayste�ic  (4.3.1){ic kbxi, or x−x1 ∈ ker(A), owsti Ax = Ax1

 het abar (4.3.2){i aj mas� kaxva� �� x{i �ntrow�yownic:

Aknhayt �, or C{n klini g�ayin  CB = A:
2) Hamozvenq, or ditarkvo� depqowm ver� ka�owcva� C
�perator� an�ndhat �: Dra hamar vercnenq ∀G ⊂ Y bac
bazmow�yown  cowyc tanq, or C−1(G){n bac �: Ownenq

C−1(G) = B
(
A−1(G)

)
:

A{i an�ndhatow�yan �norhiv A−1(G){n bac �: Ayste�ic, B{i
an�ndhatow�yownic  bac artapatkerman �eoremic kbxi, or
B
(
A−1(G)

)
{n  s klini bac:

CB = A havasarow�yown� ha{
�ax growm en ajic patkerva�
diagrami tesqov:

-

Z
Z
ZZ~ �

�
��>

X Y

Z

C

A

B

Lemman apacowcva� �:

Lemma 4.3.2: E�e µ{n X{i vra aynpisi kompleqs �a� �, or
|µ|(X) = µ(X), apa µ{n drakan �a� �:

Apacowyc: Vercnenq ∀A ⊂ X �a�eli bazmow�yown  cowyc tanq,
or µ(A) > 0: N�anakenq B = X \ A: Kownenanq A ∩ B = Ø  
A ∪B = X , owsti

µ(A) + µ(B) = µ(X) :

Myows ko�mic, �st �a�i lriv variaciayi sahmanman,

|µ(A)|+ |µ(B)| 6 |µ|(X) :

Owsti µ(X) = |µ|(X) paymanic kbxi, or

µ(X) = µ(A) + µ(B) 6 |µ(A) + µ(B)| 6

6 |µ(A)|+ |µ(B)| 6 |µ|(X) = µ(X),
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 het abar`

µ(A) + µ(B) = |µ(A)|+ |µ(B)| :

N�anakenq z1 = µ(A), z2 = µ(B): Kownenanq

z1 + z2 = |z1|+ |z2| : (4.3.3)

Ayste�ic bxowm �, or (z1 + z2){� irakan �,  het abar`
Im(z1 + z2) = Im z1 + Im z2 = 0, orte�ic kbxi, or ∃a, b, c ∈ R,
aynpes, or

z1 = a+ ic, z2 = b− ic :

Kownenanq

(a+ ic) + (b− ic) = |a+ ic|+ |b− ic|;

a+ b = |a+ ic|+ |b− ic| :

Ayste�ic kbxi, or c = 0, qani or haka�ak depqowm kownenanq

a+ b 6 |a|+ |b| < |a+ ic|+ |b− ic| = a+ b,

in�� hakasow�yown �: Het abar z1, z2 ∈ R: Cowyc tanq, or
z1 > 0: Iroq, haka�ak depqowm kownenanq z1 < |z1|, owsti

z1 + z2 < |z1|+ |z2|,

in�� khakasi (4.3.3){in:
Ayspisov µ(A) = z1 > 0:

Lemman apacowcva� �:

�eorem 4.3.1: Dicowq A komowtativ banaxyan hanraha�{
vowm ka involyowcia, or� bavararowm �

ϕ(x∗) = ϕ(x) (x ∈ A, ϕ ∈MA) (4.3.4)

simetrikow�yan paymanin: K{ov n�anakenq F (e) 6 1 pay{
manin bavararo� bolor F : A → C drakan fownkcio{
nalneri bazmow�yown�: Dicowq M{� MA{i vra oro�va�
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 µ(MA) 6 1 paymanin bavararo� bolor µ drakan
borelyan �a�eri bazmow�yownn �: Ayd depqowm

F (x) =

∫
MA

x̂ dµ (4.3.5)

bana� � hastatowm � �oxmiar�eq hamapatasxanow{
�yown K{i  M{i mij , ori depqowm mi bazmow�yan gaga�{
nayin keterin hamapatasxanowm en myows bazmow�yan
gaga�nayin keter�:

Masnavorapes, K{i gaga�nayin keter� mowltipli{
kativ fownkcionalnern en (nera�yal 0{akan fownkciona{
l�)  miayn dranq:

Apacowyc: (4.3.5){ic bxowm �, or µ ∈ M hamar F {� g�ayin
fownkcional �: (4.3.4){i �norhiv (xx∗)̂ = |x̂|2, owsti

F (xx∗) =

∫
MA

|x̂|2 dµ > 0 (∀x ∈ A) :

Het abar F {� drakan fownkcional �: Ownenq

F (e) = µ(MA) 6 1,

owsti F ∈ K:
Ay�m dicowq F ∈ K kamayakan �lement �: �st 4.2.1 �eoremi

4) pndman, ownenq

|F (x)| 6 F (e)ρ(x), (4.3.6)

orte�ic kbxi, or Rad(A) ⊂ ker(F ): Bayc in�pes gitenq, x 7→ x̂
artapatkerman koriz� Rad(A){n �, owsti �st 4.3.1 lemmayi`
∃F̂ : Â→ C g�ayin fownkcional, or

F (x) = F̂ (x̂) (∀x ∈ A) :

(4.3.6){ic kbxi, or∣∣∣F̂ (x̂)
∣∣∣ = |F (x)| 6 F (e)ρ(x) = F (e) ‖x̂‖∞ (x ∈ A),
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in�� cowyc � talis, or F̂ {� C(MA) tara�ow�yan Â en�atara{
�ow�yownowm sahmana�ak fownkcional �, ori norm� �i gerazan{
cowm F (e){n: Qani or

F̂ (ê) = F (e),

owsti ‖F̂‖ = F (e): �st Han{Banaxi �eoremi` F̂ {� norm�
pahpanelov �arownakvowm � ambo�j C(MA){i vra: �st �isi
nerkayacman �eoremi` MA{i vra goyow�yown owni µ kompleqs
borelyan �a�, or te�i owni (4.3.5){�, �nd orowm ‖µ‖ = F (e):
Kownenanq

‖µ‖ = F (e) =

∫
MA

ê dµ = µ(MA),

owsti 4.3.2 lemmayic kbxi, or µ{n drakan �a� �: Qani or
F (e) 6 1, owsti µ(MA) 6 1  het abar µ ∈M :

(4.3.4) paymani �norhiv Â hanraha�iv� cankaca� fownk{
ciayi het miasin parownakowm � nra hamalow��: He�t � tesnel,
or Â{� parownakowm � hastatown fownkcianer�  ba�anowm
� MA{i keter�: �st Ston{Vayer�trasi �eoremi` Â{�
amenowreq xit � C(MA){owm: Ayste�ic  �isi nerkayacman
�eoremic kbxi, or µ �a�� F {i mijocov oro�vowm � miar�eqoren:
�gtvelov dranic, he�t � tesnel, or F 7→ µ artapatkerman
depqowmK{i gaga�nayin keterin hamapatasxanowm enM{i
gaga�nayin keter  haka�ak�:

0{akan �a��M{i hamar, aknhaytoren, gaga�nayin ket �:
D�var �� tesnel, orM{i myows gaga�nayin keter� mi ketanoc
kri�ov �a�ern en, oronc hamar µ(MA) = 1: Iroq, parz �, or mi
ketanoc kri�ov miavor �a�er�M{i hamar gaga�nayin keter
en: Ay�m dicowq µ 6= 0 handisanowmM{i gaga�nayin ket: Nax
cowyc tanq, or µ(MA) = 1: En�adrenq haka�ak�, ayd depqowm
kownenanq 0 < µ(MA) < 1, owsti ∃k > 1 �iv, or

kµ(MA) < 1 :

Vercnenq

µ1 =
1

k
µ, µ2 = kµ, α =

k

k + 1
:
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Ayd depqowm kownenanq µ1 6= µ2  µ = αµ1 + (1−α)µ2, �nd orowm
µ1, µ2 ∈ M : Ayste�ic kbxi, or µ{n M{i hamar gaga�nayin
ket ��, in�� hakasow�yown �: Owsti µ(MA) = 1: Ay�m cowyc tanq,
or µ{n mi ketanoc �a� �: En�adrenq haka�ak�: Cowyc tanq,
or e�e C1 ⊂ MA  µ(C1) > 0, apa µ(MA \ C1) = 0: Iroq,
haka�ak depqowm kownenanq, or ∃C1 ⊂ MA, or µ(C1) > 0  
µ (MA \ C1) > 0: N�anakenq C2 = MA \ C1  C ∈ B(MA)
hamar sahmanenq

µ1(C) = µ (C ∩ C1) , µ2(C) = µ (C ∩ C2) :

N�anakenq α = µ(C1), kownenanq 1− α = µ(C2)  

µ = αµ1 + (1− α)µ2 :

Parz �, or µ1, µ2 ∈ M , �nd orowm µ1 6= µ2, qani or
µ1(C1) = µ(C1) > 0  µ2(C1) = µ2(Ø) = 0: Stacva�� cowyc
� talis, or µ{n M{i gaga�nayin ket ��, in�� hakasow�yown �:

Ayspisov, e�e µ(C1) > 0, apa µ (MA \ C1) = 0  het a{
bar` µ(C1) = µ(MA)− µ(MA \ C1) = 1:

Vercnenq ∀x ∈ MA ket: �st mer en�adrow�yan` {x}{� �i
handisanowm µ �a�i kri�, het abar

µ (MA \ {x}) > 0,

 vern asva�ic kbxi, or µ (MA \ {x}) = µ(MA) = 1, owsti

µ ({x}) = 0 (∀x ∈MA) :

Qani or µ{n �egowlyar �, owsti ∀x ∈MA hamar ∃Vx �rjakayq,
or

µ(Vx) < µ ({x}) +
1

2
=

1

2
:

Ayste�ic kbxi, or µ(Vx) 6= 1, het abar, �st vern asa�i`

µ(Vx) = 0 (∀x ∈MA) : (4.3.7)
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Bayc MA ⊂
⋃

x∈MA

Vx,  qani or MA{n kompakt �, owsti

∃x1, x2, . . . , xn ∈MA, or

MA ⊂
n⋃
i=1

Vxi :

Ayste�ic  (4.3.7){ic kbxi, or

1 = µ(MA) 6
n∑
i=1

µ (Vxi) = 0,

in�� hakasow�yown �:
Asva�ic bxowm �, or K{i gaga�nayin keter� ownen (4.3.5)

tesq�, orte� µ = 0 kam µ{n mi ketanoc kri�ov miavor �a� �:
A�ajin depqowm kownenanq F = 0: Erkrord depqowm, erb µ{n ϕ
kri�ov miavor �a�n �, kownenanq

F (x) = ϕ̂ (∀x ∈ A),

kam` F (x) = ϕ(x) (∀x ∈ A), aysinqn` F {� mowltiplikativ
fownkcional �:
�eoremn apacowcva� �:

�eorem 4.3.2: Dicowq A{n involyowciayov komowtativ ba{
naxyan hanraha�iv �,  K{n F (e) 6 1 paymanin bava{
raro� bolor drakan fownkcionalneri bazmow�yownn �: Ayd
depqowm F ∈ K hamar het yal ereq pndowmnern irar ha{
mar�eq en`
1) F (xy) = F (x)F (y) (∀x, y ∈ A),
2) F (xx∗) = F (x)F (x∗) (∀x ∈ A),
3) F {� K{i gaga�nayin ket �:

Apacowyc� tanenq 1) ⇒ 2) ⇒ 3) ⇒ 1) sxemayov:
1) ⇒ 2) aknhayt �:
2) ⇒ 3): 2){owm vercnelov x = e, kstananq

F (e) = F (e)2,
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owsti F (e) = 0 kam F (e) = 1: F (e) = 0 depqowm 4.2.1 �eoremi 3)
pndowmic kbxi, or F = 0, owsti F {n aknhaytoren khandisana
K{i gaga�nayin ket: Ay�m dicowq F (e) = 1: Dicowq
F = αF1 +(1−α)F2, orte� 0 < α < 1  F1, F2 ∈ K: Cowyc tanq,
or F1 = F : Iroq, �i�t nowyn � ov, in�pes ver�, khamozvenq, or
F1(e) = F2(e) = 1: Hamozvenq, or

ker(F ) ⊂ ker(F1) : (4.3.8)

Iroq, dicowq x ∈ ker(F ), aysinqn` F (x) = 0: �st 4.2.1 �eoremi
3) keti`

|F1(x)|2 6 F1(e)F1(xx∗) = F1(xx∗) =
1

α
αF1(xx∗) 6

6
1

α
(αF1(xx∗) + (1− α)F2(xx∗)) =

=
1

α
F (xx∗) =

1

α
F (x)F (x∗) = 0,

owsti x ∈ ker(F1): (4.3.8){ic  

F (e) = F1(e) = 1 (4.3.9)

havasarow�yownic kbxi, or F = F1: Iroq, vercnenq ∀x ∈ A  
cowyc tanq, or

F (x) = F1(x) : (4.3.10)

Ownenq x − F (x)e ∈ ker(F ), owsti (4.3.8){ic kbxi, or
x− F (x)e ∈ ker(F1), aysinqn`

F1(x− F (x)e) = 0,

F1(x)− F (x)F1(e) = 0,

orte�ic  (4.3.9){ic kbxi (4.3.10){�:
Stacvec, or F = F1, het abar F {� K{i hamar gaga�{

nayin ket �:
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3) ⇒ 1): Nax menq kapacowcenq, or te�i owni 1) paymani
het yal masnavor depq�.

F (xx∗y) = F (xx∗)F (y) (x, y ∈ A) : (4.3.11)

Dicowq x{n aynpisin �, or ‖xx∗‖ < 1: �st 4.1.1 �eoremi ∃z ∈ A,
or z = z∗  z2 = e− xx∗: N�anakenq

Φ(y) = F (xx∗y) (y ∈ A) :

Ayd depqowm kownenanq

Φ(yy∗) = F (xx∗yy∗) = F [(xy)(xy)∗] > 0 (4.3.12)

 

(F − Φ)(yy∗) = F [(e− xx∗) yy∗] =

= F
(
z2yy∗

)
= F [(yz)(yz)∗] > 0 : (4.3.13)

Qani or

0 6 Φ(e) = F (xx∗) 6 F (e) ‖xx∗‖ < 1, (4.3.14)

owsti (4.3.12){ic  (4.3.13){ic kbxi, or Φ, F − Φ ∈ K: E�e
Φ(e) = 0, apa Φ = 0  ayd depqowm (4.3.11){� aknhaytoren
te�i owni: E�e Φ(e) > 0, apa (4.3.14){ic kbxi, or

F = Φ(e) · Φ

Φ(e)
+ (F − Φ)(e)

F − Φ

F (e)− Φ(e)
:

Qani or F {� K{i gaga�nayin ket �, owsti stacva�ic kbxi,
or

F =
Φ

Φ(e)
,

Φ = Φ(e)F,

in�� henc (4.3.11){n �:
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Sranov isk ‖xx∗‖ < 1 depqowm (4.3.11){� himnavorvec:
�ndhanowr depq� aknhaytoren bervowm � ayd depqin (x{i �o{
xaren kditarkenq cx �lement�, orte� c{n �ntrva� hasta{
town �):

Ay�m dicowq x, y ∈ A kamayakan �lementner en: Cowyc tanq,
or

F (xy) = F (x)F (y) :

Vercnenq or � n > 3 bnakan �iv: N�anakenq zp = e + w−px,

orte� w = e
2πi
n : Hamozvenq, or

x =
1

n

n∑
p=1

wpzpz
∗
p : (4.3.15)

Ownenq

1

n

n∑
p=1

wpzpz
∗
p =

1

n

n∑
p=1

wp
(
e+ w−px

) (
e+ w−px∗

)
=

=
1

n

n∑
p=1

wp
(
e+ w−px

)
(e+ wpx∗) =

=
1

n

 n∑
p=1

wp

 e+

 n∑
p=1

w2p

x∗ +

n∑
p=1

x+

 n∑
p=1

wp

xx∗

 =

= x+

 n∑
p=1

wp

 (e+ xx∗) +

 n∑
p=1

w2p

x∗ : (4.3.16)

Bayc ∀k ∈ N hamar

n∑
p=1

wkp =
wk
(
wnk − 1

)
w − 1

=
wk
(

(wn)k − 1
)

w − 1
=
wk
(
1k − 1

)
w − 1

= 0,
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owsti (4.3.16){ic kbxi (4.3.15){�: (4.3.15){ic  (4.3.11){ic kbxi,
or

F (xy) =
1

n

n∑
p=1

wpF
(
zpz
∗
py
)

=
1

n

n∑
p=1

wpF
(
zpz
∗
p

)
F (y) =

= F

 1

n

n∑
p=1

wpzpz
∗
p

F (y) = F (x)F (y) :

�eoremn apacowcva� �:

§ 4.4. Gelfand{Naymarki �eorem� o� komowtativ
hanraha�ivneri hamar

�eorem 4.4.1: E�e A{n B∗ hanraha�iv �  z ∈ A, apa go{
yow�yown owni A{i vra oro�va� aynpisi F drakan fownk{
cional, or

F (e) = 1  F (zz∗) = ‖z‖2 : (4.4.1)

Apacowyc: Ar{ov n�anakenq A hanraha�vi bolor simetrik
�lementneri bazmow�yown�, isk P {ov` bolor o� bacasakan
�lementneri bazmow�yown�: In�pes gitenq (tes` 2.7.1 �eorem�),
P {n handisanowm � kon, aysinqn e�e x, y ∈ P  c > 0, apa
cx, x + y ∈ P : �st ver� hi�atakva� �eoremi, ∀x ∈ A hamar
xx∗ ∈ P : �eoremi apacowycn avartelow hamar bavakan �
ka�owcel aynpisi f : Ar → R g�ayin fownkcional, or� bava{
rari (4.4.1) paymanin  

f(x) > 0 (x ∈ P ) : (4.4.2)

Iroq, e�e en�adrenq, �e aydpisi f fownkcionaln arden
ka�owcva� �, apa ∀x ∈ A �lement� nerkayacnelov x = u + iv
tesqov, orte� u, v ∈ Ar, ksahmanenq

F (x) = f(u) + if(v) :
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He�t � tesnel, or F (ix) = iF (x), owsti F : A → C g�ayin
fownkcional �: (4.4.2){ic kbxi, or F fownkcional� drakan �,
owsti ayn kbavarari �eoremi pahanjnerin:

Dicowq M0{n Ar{i ayn (irakan) en�atara�ow�yownn �, or�
�nva� � e{ov  zz∗{ov: M0{i vra f0 fownkcional� sahmanenq
het yal bana� ov.

f0 (αe+ βzz∗) = α+ β ‖zz∗‖ (α, β ∈ R) :

He�t � tesnel, or f0{n M0{i vra sahmanva� � ko�ekt nowynisk
ayn depqowm, erb e  zz∗ vektorner� g�oren kaxyal en: Iroq,
dicowq

α1e+ β1zz
∗ = α2e+ β2zz

∗,

cowyc tanq, or

α1 + β1 ‖zz∗‖ = α2 + β2 ‖zz∗‖ :

N�anakenq α = α1 − α2, β = β1 − β2: Kownenanq αe+ βzz∗ = 0:
Petq � cowyc tal, or

α+ β ‖zz∗‖ = 0 :

β = 0 depqowm da aknhayt �: Dicowq β 6= 0, ayd depqowm

kownenanq −α
β
e − zz∗ = 0, oswti −α

β
∈ σ(zz∗): Qani or

σ(zz∗) ⊂ [0,∞), owsti ayste�ic kbxi, or −α
β
> 0: Het abar

zz∗ = −α
β
e havasarow�yownic kbxi, or

α+ β ‖zz∗‖ = α+ β

∥∥∥∥−αβ e
∥∥∥∥ = α+ β · −α

β
= 0 :

Qani or zz∗{� normal �lement �, owsti (tes` 2.7.1 �eorem�)
ρ(zz∗) = ‖zz∗‖  het abar` ‖zz∗‖ ∈ σ(zz∗): Ayste�ic kbxi,
or α + β ‖zz∗‖ ∈ σ (αe+ βzz∗): Ayl kerp asa�, e�e x ∈ M0,
apa f0(x) ∈ σ(x), orte�ic kbxi, or f0(x) > 0 (x ∈ P ∩M0):
Parz � na , or f0{n kbavarari (4.4.1) paymannerin:
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Ay�m dicowq Ar{i M1 (irakan) en�atara�ow�yan vra
oro�va� f1 g�ayin fownkcional� handisanowm � f0{i �arowna{
kow�yown  

f1(x) > 0 (x ∈ P ∩M1) :

Dicowq y ∈ Ar  y 6∈M1: N�anakenq

E′ = M1 ∩ (y − P ), E′′ = M1 ∩ (y + P ) :

E�e x′ ∈ E′  x′′ ∈ E′′, apa y − x′ ∈ P  x′′ − y ∈ P : Qani or
P {n kon �, owsti ayste�ic kbxi, or

x′′ − x′ = (y − x′) + (x′′ − y) ∈ P,

 het abar` f1(x′) 6 f1(x′′): Owsti

sup
x′∈E′

f1(x′) 6 inf
x′′∈E′′

f1(x′′),

 het abar ∃c ∈ R, or

f1(x′) 6 c 6 f1(x′′) (∀x′, x′′ ∈ E) : (4.4.3)

Sahmanenq

f2(x+ αy) = f1(x) + αc (x ∈M1, α ∈ R) :

Hamozvenq, or f2{� sahmanva� � ko�ekt: Dicowq x + α1y =
= x + α2y (x ∈ M1; α1, α2 ∈ R), cowyc tanq, or f1(x) + α1c =
= f1(x) + α2c: N�anakenq α = α1 − α2: Kownenanq αy = 0:
Petq � cowyc tal, or αc = 0: Iroq, qani or y 6∈ M1, owsti
y 6= 0  het abar α = 0: Dicowq x ∈ M1: E�e x + y ∈ P ,
apa −x ∈ E′, owsti (4.4.3){ic kbxi, or f1(−x) 6 c, orte�ic
f1(x) > −c: Het abar f2(x + y) > 0: Ay�m e�e x − y ∈ P ,
apa x ∈ E′′, owsti (4.4.3){ic kbxi, or f1(x) > c  het abar
f2(x− y) > c− c = 0: Ditarkva� erkow depqeric kbxi, or

f2(u) > 0 (u ∈ P ∩M2) : (4.4.4)
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Iroq, dicowq u = x + αy, orte� x ∈ M1, α ∈ R: α = 0 depqowm
(4.4.4){n aknhayt �: Dicowq α 6= 0, ayd depqowm kownenanq

f2(u) = f2(x+ αy) = |α|f2

(
1

|α|
x+

α

|α|
y

)
: (4.4.5)

Qani or u ∈ P  P {n kon �, owsti
1

|α|
u =

1

α
x+

α

|α|
y ∈ P : Qani

or
1

α
x ∈M1  

α

|α|
= ±1, owsti ver� ditarkva� erkow depqer�

cowyc en talis, or

f2

(
1

|α|
x+

α

|α|
y

)
> 0,

orte�ic  (4.4.5){ic kbxi (4.4.4){�:
Φ{ov n�anakenq ayn bolor ϕ irakan g�ayin fownkcional{

neri bazmow�yown�, oroncic yowraqan�yowr� oro�va� � mi in�{or
L ⊂ Ar en�atara�ow�yan vra (or� tarber ϕ{eri hamar
karo� � linel tarber), handisanowm � f0{i �arownakow�yown  
bavararowm �

ϕ(x) > 0 (x ∈ P ∩ L)

paymanin: Φ{owm nermow�enq masnaki kargavorva�ow�yan
a�n�ow�yown het yal kerp` kasenq ϕ1 6 ϕ2, e�e ϕ2{� ϕ1{i
�arownakow�yown �: Cowyc tanq, or Φ{owm cankaca� Φ0 g�oren
kargavorva� en�abazmow�yownn owni verin ezr: Iroq, L0{ov
n�anakenq Φ0{in patkano� bolor hnaravor ϕ fownkcional{
neri Dϕ oro�man tirowy�neri miavorowm�`

L0 =
⋃
ϕ∈Φ0

Dϕ :

Qani or Dϕ oro�man tirowy�ner� (ϕ ∈ Φ0 hamar) kazmowm
en �st ⊂ a�n�ow�yan g�oren kargavorva� bazmow�yown,
owsti he�t � tesnel, or L0{n klini Ar{i en�atara�ow�yown:
ϕ0 : L0 → R fownkcional� sahmanenq het yal kerp: Dicowq
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x ∈ L0 kamayakan ket �: Ayd depqowm ∃ϕ ∈ Φ0, or x ∈ Dϕ:
Sahmanenq

ϕ0(x) = ϕ(x) :

He�t � tesnel, or ϕ0{i sahmanowm� ko�ekt �, aysinqn ϕ0(x){�
kaxva� �� ϕ{i �ntrow�yownic: Owsti ϕ0{n klini Φ0{i verin ezr:

�st Corni lemmayi` Φ{owm ka maqsimal �lement: Dicowq
f{� Φ{i maqsimal �lement �: Ayd depqowm Df = Ar, qani or
haka�ak depqowm, �st vern asva�i, f{� �owyl ktar �arowna{
kow�yown aveli layn en�atara�ow�yan vra:

f fownkcional� kbavarari mer pahanjnerin:
�eoremn apacowcva� �:

�eorem 4.4.2: E�e A{n B∗{hanraha�iv �, apa cankaca�
u ∈ A \ {0} �lementi hamar goyow�yown ownen aynpisi Hu

hilbertyan tara�ow�yown  Tu : A→ BL(Hu) homomorfizm,
or Tu(e) = I ,

Tu(x∗) = Tu(x)∗ (x ∈ A), (4.4.6)

‖Tu(x)‖ 6 ‖x‖ (x ∈ A), (4.4.7)

 ‖Tu(u)‖ = ‖u‖:
Apacowyc: �st 4.4.1 �eoremi` ∃F : A→ C drakan fownkcional,
aynpes, or

F (e) = 1  F (u∗u) = ‖u‖2 (4.4.8)

(4.4.1 �eoremowm kvercnenq z = u∗,  k�gtvenq nranic, or
B∗{hanraha�vowm ‖x∗‖ = ‖x‖): N�anakenq

Y = {y ∈ A : F (xy) = 0 (∀x ∈ A)} : (4.4.9)

�st 4.2.1 �eoremi, F {n an�ndhat �, owsti Y {� �ak � A{owm:
x ∈ A hamar kn�anakenq

x′ = x+ Y : (4.4.10)

Menq pndowm enq, or

(a′, b′) = F (b∗a) (4.4.11)
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bana� � talis � skalyar artadryali A/Y {i vra:
Nax hamozvenq, or (a′, b′){� (4.4.11) bana� ov sahmanva� �

ko�ekt, aysinqn (4.4.11){i{i aj mas� kaxva� �� a′, b′ daseri a,
b nerkayacowci�neri �ntrow�yownic: Dicowq a′ = ã+Y , b′ = b̃+Y :
Kownenanq a− ã ∈ Y , b− b̃ ∈ Y  

F
(
b̃∗ã
)
− F (b∗a) = F

((
b̃− b

)∗
ã
)
− F (b∗ (a− ã)) ,

owsti bavakan � cowyc tal, or e�e a, b �lementneric gone mek�
patkanowm � Y {in, apa F (b∗a) = 0: E�e a ∈ Y , apa (4.4.9){ic
anmijapes kbxi, or F (b∗a) = 0: Dicowq b ∈ Y : Ayd depqowm
(4.4.9){c kbxi, or F (a∗b) = 0,  �gtagor�elov F > 0 payman�,
kownenanq

F (b∗a) = F ((a∗b)∗) = F (a∗b) = 0 :

Aknhayt �, or (a′, b′){� g�ayin � �st a′{i  hamalow� g�ayin �
�st b′{i: Baci ayd, F > 0 paymanic bxowm �, or

(a′, a′) = F (aa∗) > 0 : (4.4.12)

Ownenq na , or

(a′, b′) = F (b∗a) = F ((a∗b)∗) = F (a∗b) = (b′, a′) :

E�e (a′, a′) = 0, apa (4.4.12){ic kbxi, or F (a∗a) = 0: Ayste�ic
 4.4.1 �eoremic kbxi, or ∀x ∈ A hamar

|F (xa)| 6 F (xx∗)F (a∗a) = 0,

owsti a ∈ Y  het abar a′ = 0:

Ayspisov, A/Y {� ‖a′‖ = (F (a∗a))
1
2 normov naxahilbertyan

tara�ow�yown �: Dicowq H{n ayd tara�ow�yan lrivacowmn �:
T (x) : A/Y → A/Y �perator� sahmanenq het yal kerp.

T (x)a′ = (xa)′ (a′ ∈ A/Y ) : (4.4.13)

He�t � tesnel, or ays sahmanowm� ko�ekt �, aysinqn` (4.4.13){i
aj mas� kaxva� �� a ∈ a′{i nerkayacowc�i �ntrow�yownic: Iroq,
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(4.4.9){� cowyc � talis, or Y {� A{owm �ax ideal �, aysinqn y ∈ Y
depqowm xy ∈ Y (∀x ∈ A): Owsti e�e na a′ = ã + Y , apa
y = a′ − ã ∈ Y  

xa− xã = xy

nerkayacowmic kbxi, or xa−xã ∈ Y  het abar` (xa)′ = (xã)′:
Aknhayt �, or x 7→ T (x) artapatkerowm� g�ayin �,  

T (x1)T (x2) = T (x1x2) (x1, x2 ∈ A) : (4.4.14)

(4.4.13){ic bxowm �, or T (e){n A/Y {i vra miavor �peratorn �:
Cowyc tanq, or

‖T (x)‖ 6 ‖x‖ (x ∈ A) : (4.4.15)

Nax nkatenq, or∥∥T (x)a′
∥∥2

=
(
(xa)′, (xa)′

)
= F (a∗x∗xa) : (4.4.16)

Fiqsa� a ∈ A hamar ditarkenq G(x) = F (a∗xa) fownkcional�:
Aknhayt �, or G > 0, owsti �st 4.2.1 �eoremi`

G(x∗x) 6 G(e)‖x‖2,

 het abar`∥∥T (x)a′
∥∥2

= G(x∗x) 6 F (a∗a)‖x‖2 =
∥∥a′∥∥2 ‖x‖2,

orte�ic kbxi (4.4.15){�: Qani or (4.4.15){i �norhiv T (x){�
an�ndhat � A/Y {owm, isk A/Y {� amenowreq xit � H{owm,
owsti T (x){� an�ndhatow�yown� pahpanelov miar�eqoren
�arownakvowm � ambo�j H{i vra: Aydpisi �arownakowm� �i
�oxowm T (x){i norm�, owsti (4.4.15){� kmna ow�i mej na T (x){�
�arownakelowc heto: Qani or ‖e′‖2 = F (e∗e) = F (e) = 1, owsti
(4.4.8){ic  (4.4.6){ic kbxi, or

‖u‖2 = F (u∗u) =
∥∥T (u)e′

∥∥2
6 ‖T (u)‖2 ·

∥∥e′∥∥2
= ‖T (u)‖2 ,
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orte�ic  (4.4.15){ic kbxi, or

‖T (u)‖ = ‖u‖ :

Ownenq, or ∀a′, b′ ∈ A/Y hamar(
T (x∗)a′, b′

)
=
(
(x∗a′), b′

)
= F (b∗x∗a) = F ((xb)∗a) =

=
(
a′, (xb)′

)
=
(
a′, T (x)b′

)
=
(
T (x)∗a′, b′

)
,

owsti

T (x∗)a′ = (T (x))∗ a′ (∀a′ ∈ A/Y ) :

Ayste�ic, T (x∗), (T (x))∗ �peratorneri an�ndhatow�yownic  
A/Y {i amenowreq xit linelowc kbxi, or

T (x∗)h = (T (x))∗ h (∀h ∈ H),

owsti T (x∗) = (T (x))∗:
Vercnelov Hu = H , Tu = T , aknhaytoren kstananq, or

bavararvowm en �eoremi pahanjner�:
�eoremn apacowcva� �:

Sahmanowm 4.4.1: Dicowq I{n or � bazmow�yown �, isk ai > 0
(i ∈ I): Ayd depqowm

∑
i∈I

ai = sup
I0 ⊂ I
|I0| <∞

∑
i∈I0

ai = sup
{i1,i2,...,in}⊂I

n∑
k=1

aik

verjavor kam anverj me�ow�yown� ko�vowm � ai �veri gowmar:

Parz �, or e�e π : I → I biektiv artapatkerowm �, apa∑
i∈I

ai =
∑
i∈I

aπ(i):

Kasenq
∑
i∈I

ai �arq� zowgamet �, e�e
∑
i∈I

ai <∞:

Lemma 4.4.1: E�e
∑
i∈I

ai < ∞, apa 0{ic tarber ai{eri �iv�

verjavor � kam ha�veli:
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Apacowyc: Dicowq
∑
i∈I

ai = A < +∞: N�anakenq

I0 = {i ∈ I : ai > 0} ,

In =

{
i ∈ I : ai >

1

n

}
(n = 1, 2, . . .) :

Ownenq

I0 =

∞⋃
n=1

In : (4.4.17)

Nkatenq, or yowraqan�yowr In verjavor �: Iroq, In{� �i karo�
parownakel An{ic �at �vov andamner, qani or haka�ak
depqowm kownenayinq

A =
∑
i∈I

ai >
∑
i∈In

ai >
∑
i∈In

1

n
> An · 1

n
= A,

A > A,

in�� hakasow�yown �:
Owsti (4.4.17){ic kbxi, or I0{n verjavor � kam ha�veli:

Lemman apacowcva� �:

Sahmanowm 4.4.2: Dicowq ownenq bazmow�yownneri in�{or {Xi}i∈I
�ntaniq:

∏
i∈I

Xi{ov kn�anakenq ayn bolor x = xi, x : I →
⋃
i∈I

Xi

fownkcianeri bazmow�yown�, or xi ∈ Xi (∀i ∈ I):
∏
i∈I

Xi{n ko�vowm

� Xi bazmow�yownneri dekartyan artadryal:

Qani or x : I →
⋃
i∈I

Xi fownkcian oro�vowm � ir xi

(i ∈ I) ar�eqnerov, owsti ha�ax xoselov kamayakan
x ∈

∏
i∈I

Xi �lementi masin, x{i �oxaren growm en {xi}i∈I :

E�e I = {1, 2, . . . , n}, apa, {xi}i∈I-i �oxaren grelov
(x1, x2, . . . , xn), hangowm enq verjavor �vov bazmow�yownneri de{
kartyan artadryali hamar naxkinowm mez haytni sahman{
man�:
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πi :
∏
k∈I

Xk → Xi artapatkerowm� sahmanenq het yal

kerp.

πi ({xk}) = xi,

(
{xk} ∈

∏
k

Xk

)
:

πi{n ko�vowm � Xi{i vra proyekto� artapatkerowm:
�astoren, x ∈

∏
k

Xk �lement� kareli � grel {πk(x)}k∈I
tesqov:

Sahmanowm 4.4.3: Dicowq ownenq mi nowyn (irakan kam komp{
leqs) �vayin da�ti vra oro�va� hilbertyan tara�ow�yownneri
mi in�{or {Hi}i∈I �ntaniq: N�anakenq

∑
i∈I
⊕Hi =

{
x ∈

∏
i∈I

Hi :
∑
i

‖πi(x)‖2 <∞

}
:

∑
i∈I
⊕Hi{n ko�vowm � Hi tara�ow�yownneri ow�i� gowmar:

Parz �, or
∑
i∈I
⊕Hi{n kda�na g�ayin tara�ow�yown, e�e gow{

marowm�  �vov bazmapatkowm� sahmanenq

{xi}+ {yi} = {xi + yi} , α{xi} = {αxi}

bana� erov: Baci ayd,
∑
i∈I
⊕Hi{owm kareli � sahmanel skalyar

artadryal het yal kerp.

({xi}, {yi}) =
∑
i

(xi, yi) : (4.4.18)

Grva� �arq� bacar�ak zowgamet �, qani or �st 
varci an{
havasarow�yan`

∑
i

|(xi, yi)| 6
∑
i

‖xi‖ · ‖yi‖ 6

(∑
i

‖xi‖2
) 1

2
(∑

i

‖yi‖2
) 1

2

<∞
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(4.4.1 lemman liovin haskanali � dar�nowm ayd �arqi gowmari
imast�): He�t � tesnel, or skalyar artadryali bolor hat{
kow�yownner� bavararvowm en: Hamozvenq, or

∑
i∈I
⊕Hi tara�ow{

�yown� lriv �, aysinqn` handisanowm � hilbertyan tara�ow�yown:
(4.4.18){� grenq

(x, y) =
∑
i

(πi(x), πi(y))

(
x, y ∈

∑
i∈I
⊕Hi

)
(4.4.19)

hamar�eq tesqov: Ayste�ic kbxi, or

‖x‖2 =
∑
i

‖πi(x)‖2
(
x ∈

∑
i∈I
⊕Hi

)
: (4.4.20)

Dicowq {xn} ⊂
∑
i∈I
⊕Hi fowndamental hajordakanow�yown �: Ayd

depqowm (4.4.20){ic kbxi, or {πi(xn)}{�  s klini fowndamental
(Hi{owm), owsti Hi{i lrivow�yownic kbxi, or goyow�yown owni

hi = lim
n→∞

πi (xn) (i ∈ I)

sahman�: Dicowq x = {hi}: Ayd depqowm hi = πi(x),  (4.4.20){ic
kbxi, or ∀I0 ⊂ I verjavor en�abazmow�yan hamar∑

i∈I0

‖πi(xn)− πi(xm)‖2 6 ‖xn − xm‖2 : (4.4.21)

Vercnenq ∀ε > 0 �iv  N{� �ntrenq aynpes, or

‖xn − xm‖ < ε (n,m > N) :

(4.4.21){ic kbxi, or∑
i∈I0

‖πi(xn)− πi(xm)‖2 6 ε2 (n,m > N),
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orte� ancnelov sahmani, erb m→∞, kstananq∑
i∈I0

‖πi(xn)− πi(x)‖2 6 ε2 (n > N) :

Verjins te�i owni ∀I0 ⊂ I verjavor en�abazmow�yan hamar,
orte�ic kbxi, or∑

i∈I
‖πi(xn)− πi(x)‖2 6 ε2 (n > N),

‖xn − x‖ 6 ε (n > N),

in�n �l cowyc � talis, or xn → x:

�eorem 4.4.3 (Gelfand{Naymarki o� komowtativ �eorem�):
Cankaca� A B∗{hanraha�vi hamar goyow�yown owni H
hilbertyan tara�ow�yown, aynpes, or A{i  BL(H){i mi
in�{or �ak en�ahanraha�vi mij goyow�yown owni izomet{
rikakan ∗{izomorfizm:
Apacowyc: Dicowq H{� naxord �eoremowm ka�owcva� Hu

(u ∈ A) tara�ow�yownneri ow�i� gowmarn �: Dicowq Su ∈ BL(H)
(u ∈ A)  

‖Su‖ 6M (u ∈ A) :

S : H → H �perator� sahmanenq het yal kerp: ∀v ∈ H
hamar orpes Sv vercnenq ayn vektor�, ori hamar

πu(Sv) = Suπu(v) :

D�var �� stowgel, or
∑
u∈A
‖πu(Sv)‖2 < ∞  het abar`

S : H → H : D�var �� tesnel, or

‖S‖ = sup
u∈A
‖Su‖ : (4.4.22)

Dicowq Tu(x){er� naxord �eoremowm ka�owcva� �peratornern
en: Ver� n�va� sxemayov ka�owcenq aynpisi T (x) ∈ BL(H)
(x ∈ A) �peratorner, or

πu(T (x)v) = Tu(x) (πu(v)) (v ∈ H) :
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Qani or
‖Tu(x)‖ 6 ‖x‖ = ‖Tx(x)‖,

owsti (4.4.22){ic kbxi, or

‖T (x)‖ = sup
u∈A
‖Tu(x)‖ = ‖x‖ :

Naxord �eorem� kira�elov Hu tara�ow�yownneri vra` ksta{
nanq, or x 7→ T (x) artapatkerowm� bavararowm � �eoremi
bolor pahanjnerin:
�eoremn apacowcva� �:
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